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SDEs with delay A motivating example
SDEs with delay in the state
SDEs with delay in the control

Optimal advertising with memory effects

dx(t) = aox(£)dt + f_ Z a1 (E)x(t +&)dédt + bou(t)dt

) f b1 (&) u(t + &) dédt + adB(t)

x(0) =m0, x(s) =n1(s), u(s) =uo(s) se[-d,0).
delay in the state, delay in the control term.

-
Maximize the functional E [fo Co(x(t),u(t))dt+p(x(T))|,

over the set of admissible strategies (to be fixed!).
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SDEs with delay A motivating example
SDEs with delay in the state
SDEs with delay in the control

Stochastic delay equations in R:

For 7€[0, T] and with dn(6) = apdo(0) + a1(0)do

®=[ am@r+o)

y(O) hg €R,
y(0)=h(0), 0€[-d,0], hiel?([-d,0],R).

dr+adW (1),

y:(0):= y(t+0). Define H=Rea L?([-d,0],R) and A by

@(A):{( Z‘l’ )eH,h1€ W1'2([—d,0],IR),h1(O)=ho},

h=a( " )z(f_idn(ev)hl(e) )
dhy /d6
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SDEs with delay A motivating example
SDEs with delay in the state

SDEs with delay in the control

Abstract formulation in H=Re L?([-d,0],R): XT:( y(7) )

dX; = AX;dt + GdW,, 7€[0, T]
Xo = h.

G:R—H, G :( g ), Controlled delay equations

0 =[[ an@y+o)

y(O) hoER
y(0)=h(0), 0€[-r0],  mel*([-d,0],R).

dt + u;dt + odW,, 7€[0,T],

{ dX, = AX;dT+ Go tu,dt+ GdW,,  1€[0,T]
Xo = h.

structure condition holds (if the diffusion o is invertible)
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SDEs with delay A motivating example
SDEs with delay in the state
SDEs with delay in the control

No smoothing for SDEs with dela

{dy(t):dW(t), 7€[0,T],
y(0)=ho, y(8)=h1(0), 0€[-d,0], ap=0,a1=0

h 0
w=A( 12 )= anyyas )
Ornstein-Uhlenbeck process : dX; = AXidt + GdW;, Xp = x.
O-U transition semigroup:
Re[](x) = EF(X*(£)) = f F(z+ ) AH(0, Qc)(d2).
regularizing property — rﬁull controllability in H of

{dz(t) =Az(t)dt+ Gu(t)dt, te[0,T],

Zp = X.

s (etA)tzo translation semigroup, it is not possible to steer to 0
x € H in small times even if xelmG
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SDEs with delay A motivating example
SDEs with delay in the state
SDEs with delay in the control

A controlled SDE with delay in the control: the simplest
case

e (Q,%,(ZFs)s=0,P), W standard Brownian motion in R, y € R
0
{ dy(s) = [aoy(s) + bou(s) +f bl(f)u(s+é)df] ds+adW(s),
-d
y(0)=yo R, u(&) = up(é) £ €[~d,0), ug € L?(~d,0;R).
o u(-) control process ag, bg,0 €R, by(-) € L?(~d,0;R).

e cost functional to be minimized

,
Jalyonugia()):=E | [ ((5) + E2(u(5))) s + 9 (T)) .
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SDEs with delay A motivating example
SDEs with delay in the state
SDEs with delay in the control

Infinite dimensional representation
([Vinter-Kwong '81, Gozzi-Marinelli '04])

The operators
e H=Rx L2(—d,O;IR{)
*e A:D(A)cH—H

D(A)={(y0,y1) € H: y1 € W?([~d,0],R), y1(—d) = 0}.
A(yo,y1) = (aoyo +y1(0), —y1),

o A* the adjoint operator of A:

A*(vo0,y1) = (a0y0,¥1)
D(A*)={(yo,y1) € H:y1 € WH*([-d,0],R), y1(0) = yo} .

« B:R—H, Bu = (bou, b1(-)u), ueR.
e G:R—H, Gy =(0y,0), yeR.
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SDEs with delay A motivating example
SDEs with delay in the state
SDEs with delay in the control

The semigroups

{e4)4=0 Co-semigroup generated by A

S
esA( Yo ): esaoy0+f0 e(sfr)ao}ﬁ(—f)l[—d,o](—f)df
7 Y1+ =)L [-g+s(")-
first component of the semigroup

snd
(eSA( ){(1) )) :ea°syo+f0 els%y, (=r)dr.
0

e = (e)* Co-semigroup generated by A*,
€53 7
sA*| 20 | _ 0
4

()% 201 _g g1 () + 21 (- +5) 1 —g) (")
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SDEs with delay A motivating example
SDEs with delay in the state
SDEs with delay in the control

Stochastic problems with delay in the literature

o Pawels 1977, Feichtinger-Hartl-Sethi 1994, Federico-Tacconi
2013.

e Gozzi-Marinelli 2004, Gozzi-Marinelli-Savin 20009, Gozzi-M-
Rosestolato 2024, De Feo 2024

e Gozzi-M 2017, Gozzi-M 2023, Gozzi-M 2023 arxiv

e Fuhrman-M-Tessitore 2010, M-Tessitore, De Feo-Federico-Swiech
2024 ....

e Fuhrman-Pham 2015, Bandini-Cosso, Fuhrman-Pham 2018 ...

e Hu-Peng 1996, Chen-Wu 2010, Guatteri-M 2021-2024-2023 arxiv,
Meng-Shi-Wang-Zhang 2023 arxiv......
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SDEs with delay A motivating example
SDEs with delay in the state
SDEs with delay in the control

The infinite dimensional state equation

(yo,up) € H, ue, y(s;0,yo, up,u) solution to the SDE
Define the process Y = (Yo, Y1) € L2,(Qx [0, T], H) where

¢
%(©)=r(s)  VEE)= [ heulcs-t)de.
Y unique solution in mild sense of the evolution equation in H

{ dY(s)=AY(s)dt+ Bu(s)dt+ GdW(s), se[0,T]
Y (0) = x = (x0,x1),

¢
where xp = yo, x1(¢) =f_d bi(¢)uo(c—¢&)ds
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SDEs with delay A motivating example
SDEs with delay in the state
SDEs with delay in the control

The control problem

The objective functional and the value function
e To minimize:

.
Jo(yo,UO?U(')):[EfO (€(s) + £1(u(s))) ds +¢(y(T))

Dynamic Programming approach: initial time t € [0, T] to vary, Y
starting at time t.

-
J(tx () = [Eft (£(s) + 01(u(s))) ds+E(Yo(T))

Note the dependence only on the first component Y.

e value function

v(t,x) ::u(i.r;i%J(t,x; u(-)), te0,T], xe A.
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The delay in the control case

The HJB equation and Verification Theorem = cllby fin dhe G eee
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© The HJB equation and Verification Theorem
@ The delay in the control case
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The delay in the control case

The HJB equation and Verification Theorem i by (i die Gt coee

The HJB equation for the value function

_0ALxX) _ 173 G* GD2v(t,x) + (Ax, Dv(t,x))
+Hmin(DV(t,X))+[(t), tE[O, T],XZ(X(),X]_)EH,
v(T,x)=¢(x),
Hamiltonian function

Hpmin(p) :=inf Hey(p; u) := inf{< p, Bu>z +01(u)}:= gmin(B* p).
ueR ueR

Goal: to find a solution with “enough” regularity for verification
theorem and optimal feedback map of the type

u*(s)=G(s,Y*(s)), se[t T] (u™,Y™) optimal pair

“Enough” < argmin of Hcy make sense, i.e. B*Dv(t,x) exists.
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The delay in the control case

The HJB equation and Verification Theorem i by (i die Gt coee

Overview on known results

@ value function v “smooth” (e.g. C1?) = v solves the HJB
equation.

o difficult to prove directly regularity results for the value
function going beyond the continuity.

@ good concept of solution for HJB equations seems to be the
concept of viscosity solution (Crandall and Lions, '80).
Problem: regularity not required..

@ Problem: Regularity results very rare for problems with delay
in the control: partial results for the first order deterministic
case ([Federico-Goldys-Gozzi '11, Federico-Tacconi '13])

@ However we want "enough” regularity .......
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The delay in the control case

The HJB equation and Verification Theorem i by (i die Gt coee

Overview on known results

To prove existence of “smooth” solutions three standard tools:

@ by fixed point arguments by means of smoothing properties of
transition semigroup (see e.g. [Cannarsa-Da Prato 1991] and
many others); no smoothing for the transition semigroup (as
usual for problems with delay);

@ representing the solution with a suitable Backward SDE (see
e.g. [Fuhrman-Tessitore '02]) ImB c ImG;

@ by suitable ad hoc change of variables or explicit
representation formulae only in very specific cases (see e.g.
[Da Prato-Debussche '99]).

Here
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The delay in the control case

The HJB equation and Verification Theorem i by (i die Gt coee

Partial smoothing

structure of the problem

o J only depend on the “present” variable xg;

« only a directional derivative B*Dv(t,x) is needed

Method and results: ZLy(x):= %Tr G* GD21// + (Ax, Dy);

Ornstein-Uhlenbeck process: dX(t) = AX(t)dt+ GdW/(t)

% generator the O-U transition semigroup:
t
Refw](x) =E w(etAx+ f e(f—s)AdW(s))]
0

t
f w(ex+y) AN, (dy), Qt:=f eAGG* e ds.
0
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The delay in the control case

The HJB equation and Verification Theorem i by (i die Gt coee

Method and results

e R: to rewrite the HJB in mild form:

v(t,x) = RT—¢[¢](x f Rs—t[Himin(Dv(s,-)) +€(s)](x) ds

= Rr_[p](x f Re-tlgmin(B* Dv(s,")) +£()](x) ds.

o fixed point theorem using regularizing properties of the O-U
semigroup R;.

Main idea: to exploit the fact that the final datum data ¢ in J
depends only on the “present” component of the state.

~ it is enough to prove a partial smoothing property of the O-U
semigroup.
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The delay in the control case
The delay in the state case

The HJB equation and Verification Theorem

 “Partial” smoothing property for the O-U semigroup: it maps By
continuous functions depending only on the first components into
differentiable functions or, “at least”, into functions for which B* Dv
is well defined (see e.g. [Lunardi, '97] for a similar result in finite
dimension, and [M., '05] for similar results in infinite dimensions).

o To prove the the “partial” smoothing property for the O-U

semigroup: study the “present” subsystem:

dy(s) = |aoy(s)+bou(s f bi1(&)u(s+¢&)dE | ds+odW(s), yeR
“present” subsystem
dy(s)=aoy(s)ds+odW(s), yeR

e The HJB equation admits a unique solution in a suitable space
to be chosen carefully when the datum ¢ depends only on the
“present”.
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The delay in the control case

The HJB equation and Verification Theorem i by (i die Gt coee

Statements of results

Infinite dimensional refromulation: controlled equation
dY(t) =AY (t)dt+ Bu(t)dt + GdW/(t)

uncontrolled O-U process:

dY (£) = AY (£)dt + GAW/(¢), G:( / )

0
t t
Lemma Let Qti=f eAGG* e ds, Q° :=f e*®go*e® ds.
0 0
0
Qt( io ):( (()?tXO ) ~ |mQt=|mQ?X{O}§IRx{O}
1

and Y ¢ € By(R,R), setting ¢(x) = ¢(x0)

R41()= [ Blzo+(e%x)0)-4 (0, Q) (dzo).

Federica Masiero University of Milano-Bicocca, Italy Partial smoothing for problems with delay



The delay in the control case
The delay in the state case

The HJB equation and Verification Theorem

Theorem (Gozzi-M 2017)
R[] is Fréchet differentiable and ¥V he H,

D(Re[91)(x)h= [ W(z0+ (o)
(@772 (e h) . (@0) /220 ) 4 (0, QP)(d20)

~ ID(Re[#]) ()bl < 1Bl [ (@F) /2 (%) | 151,
~ |DRe [§] (x)hl < CE™"Z [ Blloo .

r the Kalman exponent, it is O if and only if o is onto.

Note: control theoretic interpretation of this fact using null
controllability of the “present” subsystem.
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The delay in the control case

The HJB equation and Verification Theorem i by (i die Gt coee

The spaces

«ae(0,1), T>0, Cg’lB([O, T] x H space of
feCp([0, T]xA#)n COL[0, T)x H) s.t. Vte (0, T],xe H

(t,x)— (T -t)*B*Df(t,x),[0, T) x H* bounded and continuous
e Banach space with the norm

11l cox = sup  |f(t,x)l+ sup  (T-t)*|B*Df (t,x)||-
Cab (t,x)e[0, T]xH (t,x)e[0, T)xH

e v:[0,T]x H—R is a mild solution of the HJB equation if
. veCOl ([0, T] x H,R);

o v sat|sf|es

A6 = Ry )0)+ [ Recalamin(B"Du(s, )+ £o(5)] ()
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The HJB equation and Verification Theorem The delay n the control case
The delay in the state case

Solution of the HJB

Let gmin(-) :R— R Lipschitz continuous: 3K >0 s.t. V p1, p2,€R

|gmin(p1) _gmin(p2)| = K(|P1 —P2|)~

Then the HJB equation admits a mild solution which turns out to
be unique in a suitable space Z1(A, B).

Proof. Apply the contraction mapping principle in the suitable
space Z7(A, B) using the smoothing property of R; and careful
estimates on the integral convolution term.

Then prove uniqueness in Z7(A, B) using a Gronwall-like estimate.

Partial smoothing for problems with delay
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The delay in the control case

The HJB equation and Verification Theorem i by (i die Gt coee

Verification Theorem and Optimal Feedback Controls

@ Prove that the mild solution can be seen as the limit, in the
sense of 7 or A -convergence, of classical solutions.

o Apply Ito formula to the approximating solutions and to pass
to the limit to prove the Verification Theorem (sufficient
condition for optimality) through the so-called Fundamental
Identity.

@ We need to solve the Closed Loop Equation (CLE), and for
this we need to prove some further regularity of the solutions
under some further assumptions.
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The HJB equation and Verification Theorem The delay n the control case
The delay in the state case

Verification Theorem

Theorem (Verification Theorem - Gozzi-M 2017)

Let v be the mild solution of the HJB equation, (t,x)€[0, T]x H.

Then, for every admissible control u(-), we have the fundamental
identity

v(t,x)=J(t,x;u("))
T
- [Eft [gcv(B*Dv(s, Y (s)); u(s)) — 8min(B" Dv(s, Y (s)))] ds

u(s)e argmilr) gcv(B*Dv(s,Y(s));u), u admissible
ue

u(+) is optimal and the value function V(t,x) = v(t,x).
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The HJB equation and Verification Theorem The delay n the control case
The delay in the state case

Verification Theorem and Optimal Feedback Controls

Theorem (Optimal Feedbacks - Gozzi-M 2017)

Let v be the mild solution of the HJB equation. Assume gmin have
Lipschitz continuous derivative and that there exists a Lipschitz
continuous selection y of the map

p— argmingcy(p; u)
uelU
Fix (t,x)€[0, T] x H. Then, the closed loop equation

{ dY(s) =AY (s)dt+ By(B*Dv(s, Y(s)))dt+ GdW (s),
Y (0t) = x = (x0,x1),

has a unique solution Y*. Setting u*(s)=y(B*Dv(s,Y*(s))) the
couple (u*(+), Y*(+)) is optimal.
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The delay in the control case

The HJB equation and Verification Theorem Tz dlly i dhe S e

Control problems SDEs with delay in the state

dy(t):[f_(;y(t+9)dn(0) dt + ou(s) ds+ o dW (t)

Controlled SDE: Mild form: structure condition

t t
Xe = e, + f e(t=)AG y(s) ds+ f T=)AG dw/(s).
0 0

Cost functional with ¢ = ¢o P:
J(t,x,u [ g(u(s)) ds+Ep(X7).

where
X0 0
P H—R, P(X ):aonx0+f £(6)x1(0)d0
1 —d

where ap €R and f € L?([-d,0],R).
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The delay in the control case

The HJB equation and Verification Theorem Tz dlly i dhe S e

The HJB equation

Stochastic optimal control problem: minimize over all admissible
controls the cost functional:

T —
J(t,%u) =[Eft g (u(s)) ds+Ep(X2), p=hoP.

Value function: V/(t,&) :=infyeyq J(t,& u)

The HJB equation for the value function

- avgi’x) = % Tr G* GDzv(t,x) + (Ax, Dv(t, x))

+Hm,'n(VV(t,X)), l’E[O, T],X=(X0,X1)€H,
v(T,x)=(x),
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The HJB equation and Verification Theorem iz cldy [T #ie ceilic) cEeEe

The delay in the state case

look at the regularizing properties of the O-U transition semigroup

dX; = AXedt+ GdW,,  te0,T], X(0) = x.

Re[F](x) = EF(XX) = fH F(2) A (ePx, Q¢)(d2)
- fH F(z+e™) N (0, Qr)(d2).

regularization for special functions

0
P H—R P(§0)=a0x0+f «(0)F(0)d0, f < 12([~d, 0], R)
1 —d

Given ¢ : R — R define, ¢p: H —R

00 =9(PC) x=( 0 |t p=goP
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The delay in the control case
The delay in the state case

The HJB equation and Verification Theorem

Theorem (M-Tessitore, JDE 2022)

Let X O-U process, R; O-U transition semigroup, ¢ = ¢o P,

¢ € Cp(R) with ag and o invertible. Then R:[¢p]: H—R is
differentiable and moreover the following estimate holds true:

IVR[B](x)hl < C%nanm, he H

RISI() = | #(Py+e) 4 (0, Q0)(d)

&(z+ Pex) N (0, PQ:P*)(dz)

[Rn

and

Re[d](x + h) = fR B2+ Pe(x+ )N (0, PQP*)(d2)

&(z + PeAx)N (Peh, PQ:P*)(dz)
Rn
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The HJB equation and Verification Theorem iz cldy [T #ie ceilic) cEeEe

The delay in the state case

change of variable z= Py, P*¢ = ( ) eH

()

covariance operator Q; = PQ:P* of the Gaussian measures
N (0,PQ:P*)(dz) and A (Pet”h, PQ.P*)(dz) in R":

— t .

Q+ :f ape’®oo*e®0agds+o(t) as t — 0.

0

and

_1 t X

I*HE =f lo*es0agyl?ds+o(t),

0

N (0,PQ:P*)(dz) and A (Pet”h, PQ;P*)(dz) equivalent if ag, &

invertible
~ regularization of the semigroup on special functions
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The delay in the control case

The HJB equation and Verification Theorem Tz dlly i dhe S e

Method and results

@ Fixed point theorem that exploits the regularization properties
of the O-U semigroup R:;. Main idea: ¢ depends only on
the “P” component of the state: ¢ =¢oP So it is
enough to prove a partial smoothing property of the
0O-U semigroup.

o O-U semigroup R; has a “partial” smoothing property: it maps
bounded continuous functions depending only on the
“P"components into differentiable functions or, “at least”, into
functions for which Vv is well defined, it would be enough VvG

@ The HJB equation admits a unique solution in a suitable space
(to be chosen carefully) when the datum ¢ depends only on
the “P" component.

starting papers on partial smoothing Gozzi-M SICON 2017 & 2023
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The HJB equation and Verification Theorem iz cldy [T #ie ceilic) cEeEe

The delay in the state case

The spaces:
. C10/2([0, T] x H) functions f € Cp([0, T] x H)n CO1([0, T) x H)
such that for all t€ (0, T], x € H the map
(t,x)— (T —t)}/?Vf(t,x) is bounded and continuous.

. ZlT,l/z c C10)12([0, T] x H) the space of functions g e Cp([0, T] x H)
such that

g(t,x) =?(t, PetAx), V(t,x)e[0, T]xH,f:[0, T]xR"—=R
if, for any t € (0, T] the function g(t,-) is G-Fréchet differentiable
such that

t2Vg(t,x) = F(t,Pex)],  v(t,x)€[0, T]xH,Fe Co((0, TIxR")

. le,1/2 is a closed subspace of Cf)lz([O, T]x H)
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The delay in the control case

The HJB equation and Verification Theorem Tz dlly i dhe S e

Theorem (M-Tessitore JDE 2022)
Let w Lipschitz continuous. Then HJB equation admits a mild

: : S 0,1
solution, which turns out to be unique in le,l/z c C1/2([0, T]x H).

Idea of the proof For f € le,1/2' te[0,T],xeH let €

€ (F)(t,x) = Re[¢p](x) +f0t Ri—s[Hmin(Vf(s,-))](x) ds.

¢ well defined in ZlT,1/2 with values in ZlT,l/z'
le,l/z is a closed subspace of Cf)12([0, T]x H) + 6 contraction ~~
Contraction Mapping Principle there exists a unique (in % )

T,1/2
fixed point of the map €, ~ this gives a mild solution
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The delay in the control case

The HJB equation and Verification Theorem Tz dlly i dhe S e

Verification Theorem and Optimal Feedback Controls

@ The problem satisfies the so called structure condition.

@ Smooth the final datum ¢ and prove the so called
Fundamental Identity by means of BSDEs

@ Pass to the limit to prove the Verification Theorem (sufficient
condition for optimality) through the so-called Fundamental
Identity.

@ We need to solve the Closed Loop Equation (CLE), and for
this we need to prove some further regularity of the solutions
under some further assumptions.
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The lifted setting
Lifted partial smoothing for SDDEs
Lifting partial smoothing Extensions

Outline

@ Lifting partial smoothing
@ The lifted setting
o Lifted partial smoothing for SDDEs
@ Extensions
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The lifted setting
Lifted partial smoothing for SDDEs
Lifting partial smoothing Extensions

Motivation from control

Motivation from stochastic optimal control: cost functional with
p=¢poP,ly(s,")="2Co(s,-)oP:

.
J(tx,u) = [Eft (g (u(s)) + Lo(s, X)) ds +E(XL).

HJB equation associated

{ _avgi,x) =2L[v(t,)](x)+o(t,x) + Hm,-,,(VGv(t,x)),
V( TvX) = (P(X)

in mild form
v(t,x) = Rr_¢[¢](x) +ftT Rs—¢ [Hm,-n(va(s,.))] (x)ds

i
+ ft Re_+[Co(s, )] (x) ds,
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Problem: even if £o(t,x) = £o(t, Px) it follows that

f Re_slo(s, ) (x) ds
0

B fotszo(s, P(z+e(9%x)).4 (0, Q¢)(dz)ds
=f(t, P((e”x)0) refo, 1]

This convolution term cannot be written as a g(t, Pe*x)

€(f)(t,x) = Rt[<p](x)+f0t Re—s [Himin(VF(5,%)) + €o(s,") | (x) d.

|
€ does not take values in ZT,1/2

~» we need to introduce a lifted setting. (M-Gozzi arxiv 2023)
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Lifting partial smoothing
Recall: ¢o(s,x) = Co(s, Px)

t _
fo Re_sto(s,7)(x) ds = F(t, (Pe™x) refo.11)
(0, TI;H) :={F e C((0, T]; H) : £(¢) = Pe*x, vt e (0, T]}.
e (8)=Pex, YT H=%7((0, TIH), Y7(x) =y ljo,7]

Frtorog ((To, T x H) = {£ :3F¢ € By((To, TIx %4 (0, +00); H);R) :

(t,x)— (t— To)"Ff(t,x) bounded, f(t,x) = F(t,yF (- A t))}

Fog(To, T x H)) 1= {fey”((To, T]x H)n CP2C ([To, T] x H) :

(t,x)— (t— To)"VOf(t,x)e FE

prog((TO» T] x H; K)}
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Partial smoothing in the “lifted" setting

Assume that
1/2
YRl MGk Im(YF Quuo(YF) ).

/

-1/2
(Y5 Qes(¥E)") " ¥EeAGl=xo((t-5) T V1), V¥i>s=0.

then Vfe %P (0, T] x H,R)

t
g(t,x) ::fo Re—s[f(s,-)](x)ds well defined in yy{;,’iog((o, T]x H;K)

(Y 1g (8,910, k)1 = Clf o
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Lifted partial smoothing for SDDEs (M- Orrieri-Zanco)

a0 =0, a1 =0; prove that Y e(t=9)AGk e Im (Y£ Q;_o(YF)* )1/2

) 1/2
16l (YD) 2l = ey (£ - 9) T (YE Qs (YE)") 2l

I G*e(tfs)A*(Yf)*Z”%I
0

=| f (“OZ" M R QU O LY )drni,
—( )

t—s+ r)))l[—d+t—s+r,0]('

0
=1 ( ZOZO(r)+f_dv_(t_s+r)20(r)f(9)d9 )drui,

< C(t-s) V2 (Y0 Qes(Y ))1/ z|
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Solution of the semilinear Kolmogorov equation

v(t,x) = Rr—e[¢](x) + ft "Rt | Henin(VE v(s,1)) | (x) ds

+ ft " Ree[to(5,)] () ds

Theorem (M-Orrieri-Zanco)

The semilinear Kolmogorov equation admits a mild solution v,
which is unique among the functions w such that
w(T---)¢€ yy{;,’igg([o, T]x H) and it satisfies, for Ct >0

Iv(T - "')”yylvaG < Cr (lIglloo + 1€0ll0o) -
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Further work

o Lipschitz continuity of V¢v (M - Orrieri - Zanco)

e Partial smoothing for MFG (Calvia - Gozzi - M)

@ Smoothing in case of common noise for MFG (Calvia - Gozzi -
M -Tessitore)

@ partial smoothing for delay equations with multiplicative noise

Federica Masiero University of Milano-Bicocca, Italy Partial smoothing for problems with delay



The lifted setting
Lifted partial smoothing for SDDEs

Lifting partial smoothing Extensions

THANKS A LOT FOR YOUR ATTENTION!
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THANKS A LOT FOR YOUR ATTENTION!
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Solution of the semilinear Kolmogorov equation

coming back to applications to regularization by noise
T
V(t’X) :f R ¢ [e_(S—t)An GB(S,)] (X) ds
t

+ftTRs—f [e_(s—t)Anva(s’.)B(s,.)] (x)ds

The semilinear Kolmogorov equation admits a mild solution v,
which is unique among the functions w such that

w(T ---)€ yyz,';bg([o, T]x H) and it satisfies,Ct >0,

Iv(T =+ )l coze = C (I1Blloo) -
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Motivation from regularization by noise

stochastic evolution equation in H separable Hilbert space
dX¢ = AXidt + GB(t, X¢)dt + GdW;, Xo=x€eH,te[0,T]
B:[0, T]x H— H bounded continuous and 3K >06¢€(0,1) s.t.
IB((t,x) - B(t,y)lu=Kix—ylP, xyeH, te[o,T].

weak (mild) solution(Q, &,(%:),P, W, X),

Xe = elt=9Ax 4 f

t t
et=9)AGB(s, Xs)ds + f e(t=9AGaW,
0

0

~~ existence of a (weak) mild solution by the Girsanov theorem.
pathwise uniqueness: X!, X2 solutions on (Q, &,(%:),P, W,)

P(X!=X?ae te[0,T])=1
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e S. Watanabe, T. Yamada, J. Math. Kyoto Univ. (1971) weak
existence + pathwise uniqueness = strong existence

@ M. Ondrejat Dissertationes Math. (Rozprawy Mat.) (2004)
infinite dimensional version of Yamada-Watanabe result

Idea of the method: ODEs

o A variant of the Zvonkin-Veretennikov approach: the Ito-Tanaka
trick for SDEs (cf. Flandoli-Gubinelli-Priola 2010) :
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SDDEs with irregular drift

dy(t) = b(agy(t ff (t+0)do)dt+odW, te|0, T]
¥(
y

(

rewritten as

X0

0)=
0)=x1(0), 60€[-d,0)a.e,

{dXt AXedt+ GB(t, X:) + GdW,,  te[0, T],
Xo = x.

perturbed Ornstein-Uhlenbeck process with B(t, z) = b(t, Pz)
b only a Holder continuous.
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The BSDEs approach (Addona-M-Priola 2023)

PDE of Kolmogorv type in mild form
T
v(t,x) =f Rs-t [e_(s_t)A" GB(S,')] (x)ds
t

+fTRs [ —(s- t)AnVG )]
LIF(x) =2 Tr( GG* V2f(x)) + (Anx, VE(x)) + (GB(t,x), VF(x));

2 4 201810 = Av(tx) - GB(t ) x H, € [0,T]
v(T,x)=0.

t t
Xy —ePx+ f (4~ e(94) GB(s, X,)ds + f (A Gaw,
0 0

t
+uf,(0,x)+f Veut(s,X2)dW, P-as.,
0
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The associated HJB equation in R”

Calling &£ the generator of the above SDE when u(-) =0:

[Lv](z) == TrGG 0.:y(z) +(Az,0,¥(2))gn>
the HJB equation for the value function V is
-0 V(t,Z) —fV(t,Z) = HMAx(az V(l’,Z)) +€o(t,z),

where
Hmax(p) = SUB{(Bu,P)Rn +01(u)}

with terminal condition V(T,z)=¢(z). The candidate feedback
map is
F(t,z):=[¢}] 1 (B*a,V(t,2))
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