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SURVIVAL, EXTINCTION AND APPROXIMATION OF DISCRETE-TIME
BRANCHING RANDOM WALKS

FABIO ZUCCA

ABSTRACT. We consider a general discrete-time branching random walk on a countable set X. We
relate local and global survival with suitable inequalities involving the first-moment matrix M of
the process. In particular we prove that, while the local behavior is characterized by M, the global
behavior cannot be completely described in terms of properties involving M alone. Moreover
we show that locally surviving branching random walks can be approximated by sequences of
spatially confined and stochastically dominated branching random walks which eventually survive
locally if the (possibly finite) state space is large enough. An analogous result can be achieved by
approximating a branching random walk by a sequence of multitype contact processes and allowing
a sufficiently large number of particles per site. We compare these results with the ones obtained
in the continuous-time case and we give some examples and counterexamples.
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1. INTRODUCTION

The theory of branching random walks (BRWs from now on) has a long history dating back
to the earlier works on branching processes (see [5] for the original work of Galton and Watson
and [8]). In the last 20 years much effort has been put in the study of continuous-time BRWs
(see [10, 11, 12, 15, 16] just to name a few). Many interesting phenomena have been detected
regarding the distinction between local and global survival (see for instance [18, 20, 1, 2]) or the
relation between multitype contact processes and BRWs (see [3]) and some papers have explored
the subject of continuous-time BRWs on random environments (see for instance [7, 21}).

In recent years there has been a growing interest on discrete-time BRWs on deterministic graphs
and on random environments (see [4, 9, 13, 14, 17]). Indeed, any continuous-time BRW admits
a discrete-time counterpart with the same behavior (see Section 2.2), thus, under a certain point
of view, discrete-time BRWSs generalize continuous-time BRWs. Discrete-time BRWs have been
explicitly studied in some papers and implicitly used in some others (see for instance [1, 2]). The
aim of this paper is threefold: we want to study the global and local behavior of discrete-time BRWs,
the possibility of approximating BRW with a sequence of “spatially confined” and stochastically
dominated BRWs and, finally, the approximation of a BRW by means of a sequence of multitype
contact processes (that we call truncated BRWs). The results of this paper generalize those of
[1, 2, 3] not only because the class of discrete-time BRWs extends the class of continuous-time

BRWs but also since some of the theorems are stronger and require weaker hypotheses.
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The importance of studying fairly simple (and non-interacting) models such as BRWs relies
on the fact that they are fundamental tools in the journey to understanding more sophisticated
models: for instance, they are frequently used as comparison to prove survival or extinction of
different particle systems (using the well-known technique called coupling).

Here is the outline of the paper. In Section 2 we define discrete-time BRWs and discuss their
main properties. In Section 2.2 we briefly introduce continuous-time BRWs and we construct
their discrete-time counterparts. In Section 3 we give the technical definitions and we state some
basic results. Section 4 is devoted to the study of local and global survival. The main result
(Theorem 4.1) characterizes local survival by means of the first-moment matrix M of the process
(see Section 2.1), and global survival using a (possibly infinite dimensional) generating function
associated to the BRW. We show that, in general, global survival cannot be characterized in
term of the first-moment matrix alone (see Example 4.4), nevertheless some functional inequalities
(involving only the first-moment matrix M) must hold in case of global survival (see Theorem 4.1).
We introduce a class of fairly regular BRWs (which includes BRWs on quasi-transitive graphs and
BRWs on regular graphs) for which we can give a complete characterization of global survival in
terms of the matrix M. In Section 5 we first generalize a Theorem due to Sarymshakov and Seneta
(see [19, Theorem 6.8]) and then we use this result to obtain an approximation of a general BRW
by means of a sequence of spatially confined BRWs (Theorem 5.3). Here we show in particular
that, if we have a surviving process, then by confining it to a sufficiently large (possibly finite)
subgraph the resulting BRW survives as well. At the end of the section we give some examples
and counterexamples. Section 6 deals with the approximation of the BRW with a sequence of
truncated BRWs which are, in fact, multitype contact processes. The key to obtain such a result
is the comparison of our process with a suitable oriented percolation (as explained in Section 6.1).
The strategy is then applied to some classes of regular BRWs in Theorem 6.5 (concerning local
behavior) and Theorem 6.7 (concerning global behavior). Finally in Section 7 we briefly discuss

some open questions and possible future developments.

2. THE DYNAMICS: DISCRETE AND CONTINUOUS TIME

2.1. Discrete-time branching random walks. We start with the construction of the general
discrete BRW (see also [2] where it is called infinite-type branching process) on a set X which is
at most countable. To this aim we consider a general family p = {1, }.cx of probability measures
on Sy :={f: X eN: Zy f(y) < oo}. The updating rule is the following: a particle at a site
x € X lives one unit of time, then, with probability u,, a function f : X — N is chosen and the
original particle is replaced by f(y) particles at y, for all y € X; this is done independently for all
the particles.

Here is another equivalent dynamics: let us we define the function H : Sx — N as H(f) :=

> sex f(z) and denote by p, the measure on N defined by py(-) := pz(H 1(+)); this is the law of
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the (random) number of children of every particle living at z. For each particle (independently)
we pick a number n at random, according to the law p;, and then we choose at random a function
f € B (n) with probability pe(f)/pa(n) = 12(£)/ Sgen -1 12(9)

More precisely, given a family {finz}inenzex of independent Sx-valued random variable such
that, for every « € X, {fin}inen have the common law p,, then the discrete-time BRW {n, }nen

is defined iteratively as follow

N (y)
Nn+1(x Z Z fzny Z Z]l{nn(y) J}Zfln,y (2.1)
yeX i=1 yeX j=0

starting from an initial condition 7)q.

One can show that this frame includes every infinite-type BRW as well. Indeed, consider a
process where each particle on X is labeled with some ¢ € I (where [ is an at-most-countable set)
and it can possibly have offsprings carrying different labels: this process can be seen as a discrete
BRW on X x I. Moreover, our model is time-homogeneous, nevertheless any time-inhomogeneous
BRW on X can be seen as a particular case of a discrete time BRW on X x N (simply by coupling
time and space).

Define the expected number of particles from z to y (that is, the expected number of chil-
dren that a particle living at x can send to y) by mg, = ZfeSX f(y)pz(f) and suppose that
SUpP,c x Zye x Mgy < +00; most of the results of this paper still hold without this hypothesis,
nevertheless it allows us to avoid dealing with an infinite expected number of offsprings.

We denote the first-moment matrix by M = (myy)z yex and by m,(g;) the entries of the matrix
M™. We call diffusion matriz the matrix P with entries p(z,y) = mazy/ Y e x Maw-

From equation (2.1), it is straightforward to prove that the expected number of particles, starting

from an initial condition 7y, satisfies the recurrence equation E™(n,41(x)) = (E™(n,)M)(x) =

ZyeX My 7 (), (y)) hence

E™ (1 (x)) = Y mGIE™ (no(y)). (2:2)
yeX
Moreover, the family of probability measures, {u;}, induces in a natural way a graph structure

on X that we denote by (X, E,) where E, := {(z,y) : may > 0} = {(z,y) : 3f € Sx, p(f) >
0, f(y) > 0}. Roughly speaking, (x,y) is and edge if and only if a particle living at x can send a
child at y with positive probability (from now on wpp). We say that there is a path from z to v,
and we write x — y, if it is possible to find a finite sequence {z;}}_ such that ¢ = z, z, = y and
(i, xip1) € By foralli=0,...,n — 1.

Recall that the matrix M = (mgy)eyex is said to be irreducible if and only if the graph (X, E,,)
is connected, otherwise we call it reducible. We denote by deg(z) the degree of a vertex x, that is,
the cardinality of the set {y € X : (z,y) € E,}. We denote by d(z,y) the “distance” from x to y
(not necessarily symmetric) by d(z,y) = inf{n € N : z — y} (the distance d(A, B) between two

subsets of X is defined, as usual, as infyca yep d(z,y) = mingea yep d(z,y)).
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The survival of the colony can be local or global: we say that the colony survives locally wpp at
y € X starting from z € X if
P(limsup nn(y) > 0[no = 6z) > 0
n—oo

we say that it survives globally wpp starting from z if

(Znn >0Vn€N]n0—5>

zeX

From now on when we talk about survival, “wpp” will be tacitly understood. Often we will say
simply that local survival occurs “starting from z” or “at x”: in this case we mean that z = y.

Clearly local survival implies global survival and, if z — y (that is, there exists a path in (X, E,,)
from z to y), then local survival at x implies local survival at y starting from x. Analogously,
if x — y then global survival starting from y implies global survival starting from x. Moreover
if # — y and y — x then local (resp. global) survival starting from x is equivalent to local
(resp. global) survival starting from y. In particular, if M is irreducible then the process survives

locally (resp. globally) at one vertex if and only if it survives locally (resp. globally) at every vertex.

A particular (but meaningful) discrete-time BRW is described by the following updating rule: a
particle at site x lives one unit of time, and is replaced by a random number of children, with law
p. The children are dispersed independently on the sites of the graph, according to a stochastic

matrix P. Note that this rule is a particular case of the general one, since here one simply chooses
pz(f) to be

|
<Zf )%y:’;éz’; (p(x, )™, (2.3)
Yy

Clearly in this case

Mgy = p(:L‘, y)ﬁx (24)

where pg := Yo 102 (1) is the expected number of children of a particle living at x.

2.2. Continuous-time branching random walks. Continuous-time BRWs have been studies
extensively by many authors; in this section we show that there is a correspondence between
continuous-time BRWs and discrete-time BRWs which preserves both local and global behaviors.

In continuous time each particle has an exponentially distributed random lifetime with parameter
1. The breeding mechanisms can be regulated by putting on each edge zy and for each particle at
x, a clock with Exzp(Aky,)-distributed intervals (where A > 0), each time the clock rings the particle
breeds in y. Equivalently one can associate to each particle at z a clock with Exp(Ak(z))-distributed
intervals (k(z) = Zy kzy): each time the clock rings the particle breeds and the offspring is placed

at random according to a stochastic matrix P (where p(z,y) = kay/k(x)).
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The formal construction of a BRW in continuous time is based on the action of a semigroup with
infinitesimal generator

L) = n@) (9 ) + A Y kay 5 1)) (2.5)

zeX yeX

where O£ f(n) = f(n+ 8,) — f(n).

Disregarding the time scale, the continuous time BRW can be seen as a discrete time one, in the
sense that each continuous-time BRW has a discrete counterpart and they both survive or both
die (locally or globally). This is the construction of the discrete counterpart of the continuous-
time BRW with infinitesimal generator given by equation (2.5). The original particles represent
the generation 0 of the discrete-time BRW; the generation n + 1 (for all n > 0) is obtained by
considering the children of all the particles of generation n (along with their positions). Clearly the
progeny of the discrete-time BRW with this choice of f is infinite if and only if the progeny of the
original continuous-time BRW is. In this sense the theory of continuous-time BRWs;, as long as we
consider the computation of the probability of survival (both local and global) is a particular case
of the theory of discrete-time BRWs.

Elementary calculations show that each particle living at x, before dying, has a random number
of offsprings given by equation (2.3) where
1 Me(z) \'

T 1+ Me(2) <1+)\k(az)> @Y =y
and this is the law of the discrete counterpart. Using equation 2.4, it is straightforward to show
that mgy = Akzy.

Pz (%) (2.6)

Given zg € X, two critical parameters are associated to the continuous-time BRW: the global
(or weak) survival critical parameter A, (xo) and the local (or strong) survival one As(zg). They

are defined as
Aw(xo) :=1nf{\ > 0: P%0 (It :nm =0) < 1}

i (2.7)
As(20) := inf{A > 0: P%0 (3F : my(xg) = 0, V¢ > 1) < 1},

where 0 is the configuration with no particles at all sites and P%o is the law of the process which
starts with one individual in 2. If the graph (X, E,) is connected then these values do not depend
on the initial configuration, provided that this configuration is finite (that is, it has only a finite
number of individuals), nor on the choice of zg. See [1] and [2] for a deep discussion on the values
of Ay (xo) and Ag(xo).

3. TECHNICAL DEFINITIONS

In this section we give some technical definitions and we state some basic facts which are widely

used in the rest of the paper.



3.1. Reproduction trails. A fundamental tool which is useful throughout the whole paper is the
reproduction trail; this allows us to give an alternative construction of the BRW. We fix an injective
map ¢ : X x X xZ x N — N. Let the family {f; »}inenzex be as in Section 2.1 and let 7y be the
initial value. For any fixed realization of the process we call reproduction trail to (z,n) € X x N a
sequence

(zo,70,1), (1,71,91), - - - s (T, Tny In) (3.8)
such that —no(zo) <i9 < 0,0 <71 < fi, 1 1-1,0,, (21) and ¢(x—1, 21,91, 71) = 9 (where 0 < [ < n).
The interpretation is the following: i, is the identification number of the particle, which lives at x,,
at time n and is the j,-th offspring of its parent. The sequence {zg,x1,...,zy} is the path induced
by the trail or, sometimes, we say that the trail is based on this path. Given any element (z, i, ;)
of the trail (3.8), we say that the particle identified by 4, is a descendant of generation n — of the
particle identified by ¢; and the trail joining them is (xy, 4, j;), - . -, (Tn, in, Jn). We say also that the
trail of the particle i,, is a prolongation of the trail of the particle i;.

Roughly speaking the trail represents the past history of each single particle back to its original
ancestor (the one living at time 0); we note that from the couple (n,i,) we can trace back the entire
genealogy of the particle. The random variable 7, (z) can be defined as the number of reproduction
trails to (z,n). This construction does not coincide with the one induced by the equation (2.1) but

they have the same laws.

3.2. Generating functions. Later on we need some generating functions (both 1-dimensional and
infinite dimensional). Define T3 := 3" mg(gy) and go( W= =D 1 wm € X\{y} Mz Maray ** May 1y
(by definition cp( ) .= 0 for all z,y € X). Clearly T is the expected number of elements of the
n-th generation in the progeny of a particle living at x; on the other hand if we select, in the n-th
generation of a particle living at x, only the particles living at y with no ancestors in the line (up
to the original particle at x) living at y we have a (random) set whose expected cardinality is cpé’;).

Let us consider the following family of 1-dimensional generating functions (depending on z,y €

X)

(z,y|\) : Zm”)A" (z,y|N) : Zcpxy

It is easy to prove that I'(x,z|\) = ZiEN ®(z,x|\)* for all A > 0, hence

1

-1
. n/ (n)
- - : 1 0 , .
1= o)’ vaeC ])\]<<1msup my> (3.9)

neN

[(z,z|\) =

-1
and, clearly, we have that <lim SUPpen \/ m&?) =max{\ € R: ®(z,z|]\) < 1} forallz € X. In

particular ®(z,z|1) <1 if and only if lim sup,,cy 1/ mgz) <1.
To the family {u. }zex We can associate another generating function G : [0,1]%¥ — [0, 1]¥ which

can be considered as an infinite dimensional power series (see also [2]). More precisely, for all
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€ [0,1]% the function G(z) € [0,1]X is defined as follows
0= 3wl T =)@, (3.10)
feSx yeX
These generating functions will be useful in Section 4 to prove Theorem 4.1 and to discuss Exam-
ples 4.4 and 4.5.

Note that the generating function G can be explicitly computed, for instance, if equation (2.3)
holds. Indeed in this case it is straightforward to show that G(z|z) = F(Pz(z)) where F(y) =
> omeop(n)y" and Pz(z) = 37y p(x,y)2(y). In particular if p(n) = 1+1pz (15%1)” (for instance if
we are dealing with the discrete counterpart of a continuous-time BRW, see equation (2.6)), we
have G(z|x) = that is,

1
5, (1-P2(@))’

G(z) = (3.11)

1+ M(1-2)
where 1(z) := 1 for all x € X and Mv(z) 1= 3_ y mayv(y) for all v € [0, 1]% (and my, is given
by equation (2.4)).

3.3. Coupling. The family of BRWs can be extended to the more general class of truncated
BRWs where a maximum of m € NU {co} particles per site are allowed (we denote this process as

a BRW,,,). the general dynamics is given by the following recursive relation

M (@) =mA Y Z finy(@ mAZZﬂ{nn —J}mey (3.12)

yeX i=1 yeX j=0
Clearly the BRW, is the usual BRW.

In the following sections we want to compare two (or more) truncated BRWs. More precisely,
suppose we have two families y = {pz}zex and v = {vz}zex such that p,(F, () = vu(-) for
all z € X and for some family of functions {F,},ex such that F, : supp(py) — supp(vz) and
F.(f) < f for all f € supp(uz). Then, given k < m < oo, it is possible to construct a process

{(n™, €M)} hen such that

(1) {n"}nen is a BRW,,, behaving according to p;
(2) {¢F),en is a BRW), behaving according to v;
(3) no > &o implies n,, > &, for all n € N a.s.

Indeed for any x € X, given the family of random variables {f; }inen (with law p,) then
{Fy(finz)}tinen are ild with common law v,,. Whence the evolution equation of {n, }nen is (3.12)

and, similarly, {&, }nen satisfies

n+1 =kA Z Z Fyo fz n,y (3.13)

yeX i=1
It is easy to show by induction, using equations (3.12) and (3.13), that ng* > & implies n > ¢~

for all n € N. A typical choice for the family of functions {Fy}zex is Fi(f) := fly (where Y C X)
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which can be seen as a (truncated) BRW restricted to Y, that is, all the offsprings sent outside Y’
are killed.
We call this procedure of comparison a coupling between {n™},en and {€F},cn. We note that
if {n™},en dies out locally (resp. globally) a.s. then {¢¥},,cn dies out locally (resp. globally) a.s.
More generally a coupling between {n™},en and {€¥},.cn is a choice of a common law {(;}rex
for the BRW {(n™, ") }nen such that C((f,9) : f > g, f,g € Sx) = 1 for all z € X and

>ogesy G((f9) = pa(f): X pesy G((f,9)) = v2(g). In many situations this construction of
{Cs}zex can be carried out effortlessly.

4. LOCAL AND GLOBAL SURVIVAL

Consider the discrete time BRW generated by the family @ = {p, }» of probabilities and suppose
now that the process starts with one particle at =g, hence 179 = d,,. In this section we want to find
conditions for global and local survival. Recall that if X is finite then local survival is equivalent
to global survival: this is trivial for an irreducible matrix M; in the general case global survival,

starting from z, is equivalent to local survival at some y € X (the same arguments of [2, Remark

4.4] apply).

Theorem 4.1. Let (X, ) be a BRW.

(1) There is local survival starting from o if and only if limsup,,_, . A, m(;(l)zco > 1.

(2) There is global survival starting from o if and only if there ewists z € [0,1]%, z(wg) < 1,
such that G(z|x) < z(x), for all x.
(3) If there is global survival starting from g, then there exists v € [0,1]%, v(zo) > 0, such that
a) Mv>wv
b) for all x, Mv(z) = v(z) if and only if G(1 — (1 —t)v;x) =1 — (1 —t)v(x),Vt € [0, 1].

(4) If there is global survival starting from g, then liminf,en 1/ cx m%zﬁ > 1.

(5) If X is finite there is global survival starting from xq if and only if liminf,en /> cx m;(,fég,; >
1.

Proof.

(1) Fix 9 € X, consider a path II := {xo,21,...,2, = x0} and define its number of cycles
L(II) := |{t = 1,...,n : x&; = xo}|; the expected number of trails based on such a path
is H?;ol Mze;, - This is the expected number of particles living at x, descending from
the original particle at xg and whose genealogy is described by the path II, that is, their
mothers were at ,,_1, their grandmothers at z,_92 and so on). We associate to the BRW a
Galton-Watson branching process (with a different time scale): given any particle p in

(corresponding to a trail with n cycles), define its children as all the particles whose trail
8



is a prolongation of the trail of p and is associated with a spatial path with n + 1 cycles.
Hence a particle belongs to the k-th generation if and only if the corresponding trail is
based on a path with k cycles; moreover it has one (and only one) parent in the (k — 1)-th
generation. Since each particle behaves independently of the others then this branching
process is markovian. It is clear that the BRW survives locally if and only if this branching
process does.

The expected number of children of each particle of this new branching process is the
sum over n of the expected number of trails based on paths of length n and having only

one cycle, that is, Y 7, <p§[2 = ®(z,x|1). Thus we have a.s. local extinction if and only if

O (z,z|1) <1, that is, limsup,,cy m <1.

(2) Let gn(z) and g(x) be the probability of global extinction before or at the n-th generation
and the probability of global extinction respectively, starting from a single initial particle
at . Clearly gn41 = G(¢n) and gn(x) — ¢(x) as n — +oo. Since G is nondecreasing on
the partially ordered set [0,1]%, it is easy to show that q(xg) < 1 if and only if there exists
v € [0,1]X such that v(zg) < 1 and G(v) < v (see also [2, Section 3] for more details).

(3) Let z such that G(z) < z, z(zg) < 1. Define v = 1 — zg, take the derivative of the
convex function ¢(t) :== G(1 — (1 — t)v;z) — 1+ (1 — t)v(z) at t = 1 and remember that
6(0) < 6(1) = 0.

(4) If there is global survival starting from zg € X then there exists v € [0,1]% such that
v(zg) > 0 and Mv > v. Hence M"v > v for all n € N, that is, > . m;(,f;)v(y) > v(x); in
particular, 3 m:(;z; > v(zp) > 0 and this implies liminf, oo 1/, m%) > 1.

(5) Since X is finite there is global survival starting from z if and only if there is local survival

starting from some z € X such that zqg — z, thus there is global survival starting from g

if and only if there exists 2 € X such that limsup,,cy 1\ m% > 1. Since M is finite, it is

easy to show that

lim inf , E m;’gl,, = max limsup muﬁ)u
neN ox weX:z—w  peN
X

whence there is global survival if and only if liminf,en />, cx mé’gé > 1.
(|

Theorem 4.1 extends [2, Theorems 4.1, 4.3 and 4.7]. Indeed in term of survival, studying a

continuous-time BRW with rates {Aky}syex is equivalent to studying its discrete counterpart

(that is, a BRW where {14 }.ex is given by equations (2.3) and (2.6)). Moreover, according to [2,

Theorem 4.2](c), for the discrete counterpart of a continuous-time BRW, global survival starting

from xo is equivalent to the existence of v € [0,1]%, v(xg) > 0, such that Mv > v. This is a

necessary condition for global survival for all discrete-time BRWs. Finally, the proof of part (1)
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of the previous theorem (which holds as well even if {m,,} is unbounded or mg, = 400 for some
x,y € X) is a natural adaptation of the proofs of [1, Theorem 3.1] and [2, Theorems 4.1 and 4.7];
an independent proof was given in [17, Theorem 2.4] using a different (analytic) technique.

Speaking of global survival, it is easy to show that, given any solution of G(z) < z, then z(x)
is an upper bound for the probability of extinction, say ¢(z). Moreover the existence of a solution
as in Theorem 4.1(2) is equivalent to the existence of a solution of G(z) = z such that z(zg) < 1.
In particular one can prove that if ¢ is the (infinite-dimensional) vector of extinction probabilities
then ¢ is the smallest solution of G(z) = z; this is clearly a particular solution of G(z) < z where
z(z) < 1 simultaneously for all x such that there is global solution starting from z. Thus if a
BRW is irreducible and there is global survival starting from one vertex then the solution ¢ satisfies
q(x) < 1 for all x € X. for a more detailed discussion on the generating function G and its
properties we refer to [2, Sections 2 and 3].

We call a BRW on X locally critical at zo € X if and only if limsup,,_, . \ mg’[;?,,;o = 1. Ac-
cording to Theorem 4.1(1) any locally critical (at zo) BRW which starts with one particle at
dies out locally. One is tempted to give an analogous definition for the global behavior using
liminfyen v/ D Lex m&ﬁ}c but, as we show in Example 4.4, this is not the case (see also Examples 2
and 3 of [2]).

We observe that, according to Theorem 4.1(1) the local survival depends only on M, hence if we
have two BRWs, say (X, i) and (X, v) with first-moment matrices M and M respectively, satisfying
Mgy > Mgy (for all z,y € X) then the local survival at g for (X, r) implies the the local survival
at xg for (X, u). Later on we show that, for a general BRW, the global survival does not depend
only on M (see Example 4.4) nevertheless a characterization of global survival in terms of M holds
for special classes of BRWs. The first example is given by the class of discrete counterparts of
continuous-time BRWs and this is due to Theorem 4.1(2) and equation (3.11). Another class is
described by the following result.

Definition 4.2. We say that a BRW (X, u) is locally isomorphic to a BRW (Y,v) if there exists
a surjective map g : X — Y such that

1%

o) () =pa [R:VyeY, fly)= D h(z)|, VfeSy. (4.14)

z€g9™(y)

We say that (X, ) is a F-BRW if it is locally isomorphic to some BRW (Y,v) on a finite set Y.

The idea behind the previous definition is that g acts like a projection from X onto Y and, from
the point of view of the BRW, all the vertices in g~*(y) looks similar. We note that quasi transitive
BRWs (see Section 6.2 for the formal definition) are 7-BRWs. Another example of an F-BRW is

given by a BRW satisfying equation (2.3) where p, is independent of x € X, say p, = p for all
10



x € X; in this case one simply chooses Y = {0}, that is a branching process, with reproduction
law p.

Clearly the map g induces a map 7y : Sx — Sy defined as my(f)(y) = >_,¢4-1(,) f(2) hence
equation (4.14) becomes vy, (-) = ,ux(wg_l(-)). Clearly if {n,}nen is a realization of (X, u) then
{7mg(n) tnen is a realization of (Y,v). Moreover it is easy to show that, for all z € X, j € Y,
Mg(2)j = Dwesy W@V (W) =D e Doyeg—10) fWna(f) = 2oyeg-1() May (that is, mg) ; =
mg(mz.)(j)). This means that the expected number of offsprings at j of a particle living at g(z) (on
the projected BRW (Y, v)) is the sum of all the expected numbers of offsprings at y of a particle living
at @ (on the BRW (X, u)) over ally € X whose projection is j. Thus } ey My(z)j = D _yex May- By

induction on n E(I\i one can prove t?at, forallz € X, j € Y, n € N, we have T?L;?i)j = Zyeg—l(]’) m;’;)
n

~ B (n
whence } .y My = > yex May -

The following result characterizes the global survival for 7~-BRWs in terms of M.

Theorem 4.3. Let (X, p) is locally isomorphic to (Y,v) and consider the following:

(1) there is global survival for (X, ) starting from xg € X,
(2) there is global survival for (Y,v) starting from g(z¢) €Y,
(3) lminf, oo {/32, misy > 1;

then (1) <= (2). Moreover if Y is finite (hence X is an F-BRW) then (3) <= (2).

Proof. (1) <= (2). Let {nn}nen the BRW on X and &(y) := 32 c-1(y) () for all y € Y. It
is easy to show that {&,},en is @ BRW on Y behaving according to v; moreover if 1y = 6, then

§0 = g(ay)- Clearly {n,}nen survives globally if and only if {&, }nen does.

(n) (n)

(1) <= (3). Since, for all n € N, we have > .y may =3, oy ﬁzg(x)y then
h{zneglf nl Z Myor = llgg\rllf "/Z My (20)y"
zeX yey
The claim follows from Theorem 4.1(5) being Y finite. O

Since, within some classes, the global behavior can be characterized completely by M, one can
wonder if the same holds for a general BRW or, alternatively, if two generic BRWs with the same
first-moment matrix must have the same global behavior. In particular one could conjecture that
at least one of the two necessary conditions given in Theorem 4.1(2) and (3) is sufficient. All these

conjectures are false as the following example shows (the main tool is Theorem 4.1(2)).

Example 4.4. Let X = N and consider the family of BRWs (N, u) with p; = Piénill{iﬂ} +(1—ps)do
(where Ny; 1y € Sy is defined by Ny 1y(x) = 1 if x = i + 1 and 0 otherwise). Roughly speaking,
each particle at ¢ has n; children at i + 1 with probability p; and no children at all with probability

1 —p;. According to Theorem 4.1(2) global survival starting from 0 is equivalent to the existence of
11



z € [0,1]N, 2(0) < 1, such that G(z|i) < z(i), for all i where G(z|i) = p;z(i + 1)™ + 1 — p;. Note
that pz"+1—p—1ifp—0 orz — 1.

Clearly if n; = n, p; = p and np > 1 the BRW survives globally (take for instance n = 4 and
p=1/2). Let us suppose that p; = 2/n;. We construct iteratively a sequence {n;};cn such that the
unique solution of G(z) < z is z(i) =1 for all i € N.

Clearly G(z) < z implies

2(0) > Zz()m +1- 2

2(1)> 222 +1- 2

(4.15)
2(k) > Zz(k 4+ 1) + 1 - 2

zk+1)>1- -2

Ngy1'

for all k € N. Let ng = 4 and suppose we already fized {ni}fzo. If ngy1 — oo then a solution of
equation (4.15) satisfies z(1) — 1 for all i < k+ 1. Choose niy1 such that z(i) > k/(k + 1) for
all i < k. This implies that the unique solution of the family of systems (dependent on k) given by
equation (4.15) is z(i) = 1 for all i € N. Thus this is the only solution of G(z) < z and the BRW
does not survive globally a.s. This example shows in particular that liminf, ., {/ Zy m%%, > 1
does not imply, in general, global survival.

The first-moment matrix of the BRW above is not irreducible and the BRW can be identified with
a time-inhomogeneous branching process; a slight modification allows us to construct an irreducible
BRW. We just sketch the main steps.

Again let X = N and consider the family of BRWs pi = pidn,1,,,,,+14,_,, T (1 —pi)do (for all
i>1)and po = PoOnoyy, + (1 —po)do. In this case each particle at i > 1 has n; children at i and 1
at i — 1 with probability p; and no children at all with probability 1 — p;; each particle at 0 has the

same behavior as in the previous example. The generating function G is

2+ D)Miz(i—1)+1—p; i>1
Poz(1)™ +1 —po i=0.

G(z) < z implies, for all k,

2(0) = poz(1)™ +1 — po

z2(1) > p12(2)™z(0) + 1 —p1

o (4.16)
2(k) > ppz(k+ 1) z(k—1)+1—pg
\Z(k + 1) > 1 — Pk+1-

It is not difficult to prove that, if pry1 — 0 (and hence z(k + 1) — 1) then the set of so-

lutions of equation (4.16) is eventually contained in any e-enlargements of the set of vectors
12



(20(1),20(2),...,20(k), 1), where (z0(1),20(2),...,20(k)) is ranging in the set of solutions of

(4.17)
z2(k—1) > pr_12(k)"™12(k —2) + 1 — pr_1
2(k) = prz(k = 1) +1 = py.

Let us study this last equation. We note that if nipipi+1 < (1 —¢)/2 for alli € N (for somee > 0)
then there is a unique solution of equation (4.17), that is z(i) = 1 for all i = 0,...,k. Indeed
equation (4.17) represents the system G(z) < z for an irreducible BRW on {0,1,...,k} where

P0dno1,y + (1= po)do ifi=0
pk(;]l{k_l} + (1 — pk)(50 if i = k.

Indeed, since the graph is finite and connected, according to Theorem 4.1(2) and (5) there exists
a solution z # 1 of é(z) < z if and only if liminf,,_, 1/ Zj ﬁml(]n) > 1 for some (<= for all)
i € {0,1,...,k}; but, again since the graph is finite, the previous conditions are equivalent to
lim sup,,_, W > 1 for some (<= for all) i € {0,1,...,k}. Elementary computations show

that

m  Jatr(nf2) (555)" < () ((55)" if s even
0 if n is odd

(remember that m;;+1Miy1i = pinipit1 < (1 — €)/2) which implies limsup,,_, ., A, ﬁLiZn) <1-—e¢.
This proves that the unique solution of equation (4.17) is z(i) =1 for alli=0,... k.

As before, the trick to prove our goal is to choose the sequences {p;}ien and {n;}ien such that
pi — 0 fast enough and p;n; =2 for all i € N. Note that if p; = 2/n; < (1 —¢)/4 for alli € N then
pir1ping < (1 —¢€)/2.

If k =1 then we can choose ny such that z(i) > 1/2 for all i < 1. Indeed if ny — oo then p; — 0
and both z(1),z(0) — 1.

Suppose we fixed ng, ..., ng such that any solution of equation (4.16) satisfies z(i) > k/(k + 1)
for all i < k and such that p; < (1 —¢)/4 for alli =0,..., k. If ngy1 — oo then z(k+1) — 1
hence any solution of equation (4.16) must converge as before to a solution of equation (4.17). Hence
ngr1 — 0o implies z(i) — 1 for alli < k+1 and we can choose nyy1 such that z(i) > (k+1)/(k+2)
for all i < k+ 1. This yields the conclusion.

Finally we note that if the BRW is given by u; = 1/2 64]1{1.+1} +pi5]1{1._1} + (1 — p;i)oo (for all
i > 1) and po = 1/2041,,, + (1 — po)do (where p; is the same as before) then it survives globally,

hence, even for irreducible BRWs, global survival does not depend only on the first-moment matriz

M and liminf,, o {/ Zy mgé > 1 does not imply, in general, global survival.
13



Another possible question arises from Theorem 4.1: is it true that Zye x Mgy < 1forallz e X
implies global extinction? According to the following example (see also [2, Example 1]), the answer

is negative.

Example 4.5. As before, we start by giving an example which is not irreducible, later on we modify
the process in order to obtain an irreducible BRW.

Let X = N, {pn}nen be a sequence in (0,1] and suppose that a particle at n has one child
at n + 1 with probability 1 — p, and no children with probability p, (this is the reducible process
of the previous example with n; = 1 for all i € N). The generating function of this process is
G(z|n) = 1—pn+ppz(n+1). Again this BRW can be identified with a time-inhomogeneous branching
process which has a probability of survival (starting with one particle at n) z(n) = [[;2,, pi; hence it
survives with positive probability, if and only if > 2, p; < 4+o0. It is straightforward to check that
z is a solution of G(z) = z.

This process is stochastically dominated by the (irreducible) BRW where each particle at n > 1
has one child at n + 1 with probability py,, one child at n — 1 with probability (1 — py)/2 (if n =0
then it has one child of type 0 with probability (1 — po)/2) and no children at all with probability
(1 —pn)/2. The generating function G can be explicitly computed

Glsln) = {1_2:7 + j}p"z(n — D +ppz(n+1) n>1
50+ 5 2(0) +poz(1) n=0.

By coupling this process with the previous one or, simply, by applying Theorem 4.1(2) (z(n) =
[1;2,, pi is a solution of G(z) < z) one can prove that Y ., p; < o0 implies global survival. Note

that here ZJEN mi; = (1 +p;)/2 < 1; clearly, liminf,, Z]EN mgl) =1.

Analogous examples could be constructed for continuous time BRWs as well. for instance, an

example of a continuous-time BRW which survives globally at the global critical point A = A,, can

be found in [2, Example 3].

5. SPATIAL APPROXIMATION

5.1. Generalization of a Theorem of Sarymshakov-Seneta. Given a matrix M = (my;); jer
(where the set I is at most countable), recall the usual classification of indices of a matrix as

described in [19, Chapter 1]. For any index i we denote by [i] its class, that is, the set of indices which
-1

communicate with 7. We define the convergence parameters R(i,j) := <lim SUp,en \/ mi?) and
R :=inf; jer R(4, j); it is well known that lim sup,,cy ,"/mgf) = limsup,,y {, mg?l if [i] = [i1] and
[7] = [71]; in particular it is independent of 7, j if the matrix is irreducible.

Let {I,}nen be a sequence of subsets of N such that J,.y/n = N and denote by ,R the
convergence parameter of M, = (m;;)ijcr,; clearly, if the sequence {I,}nen is nondecreasing,

we have that ,R > ,41R. The following theorem generalizes [19, Theorem 6.8] (note that the
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submatrices { M), },en are not necessarily irreducible); it is the key to prove our main result about

spatial approximation (Theorem 5.3).

Theorem 5.1. Let {I,}nen be a nondecreasing sequence of subsets of N. If M = (my;)ijer is
irreducible and My, = (m; ;)i jer, then nR | R as n — oo. In particular, for all ic € I we have

nR(i0,70) — R.

Proof. If M,, are all irreducible then the claim follows easily from [19, Theorem 6.8]. In the general
case, fix an index ig € I and consider the sequence of sets {J,}nen where J, is the class of iy
in I,,. Given any index i, we have that i € J,, eventually (as n — o00); indeed if A is the set of
vertices in a path connecting iy to i and back (which exists since M is irreducible) then eventually
A C I, which implies A C J, thus {J,, J, = X. Let us call né the convergence parameter of
]\7” = (myj)ijet,. Since Mn is irreducible then, according to [19, Theorem 6.8], R ] R. On the
other hand R <, R < ,,R(ip,ig) < nfi(io, ig) = R which yields the conclusions. O

Note that in the previous theorem the elements {I,},en can be chosen arbitrarily; in particular

they may be finite subsets of indices.

Corollary 5.2. Let {I,}nen be a general sequence of subsets of N such that liminf, . I, = N. If
M is irreducible and M, = (m; ;)i jer, then R — R as n — oo. In particular, for all ig € I we
have ,R(ig,i9) — R.

Proof. Let {I,} a nondecreasing sequence of finite subsets of N such that |,y I}, = N. For any n
there exists 7, such that for all » > r,, we have I,. D I},. Clearly, according to Theorem 5.1, for all
2> Ty,

R < ,R < ,R(ig,i9) < nR'(i0,i0) | R

as n — oo (where , R is the convergence parameter of M), = (m; ;)i jer ). O

5.2. Application to BRWs. We stated the results of the previous section considering matrices
with natural indices in order to keep the same notation as in [19]. Here we consider a generic (at
most countable) set X instead of N.

Given a sequence of BRWs {(X,,, ttn) }nen, we define m(n)g, = Zfesxn F(y)pin(f) and the
corresponding sequence of submatrices {M,, }neny where M, = (m(n)gy)zyex,. The main goal of
this section is to find sufficient conditions on the sequence {(X,, itn) }neny and on the BRW (X, u)
such that, eventually as n — oo, the behaviors of (X, i,,) and (X, u) are similar. In particular we
investigate if the survival of (X, ) can guarantee the survival of (X, u,) for all sufficiently large

n. The following theorem is the main result of this section.

Theorem 5.3. Let (X, E,) be connected and fix a vertex xg € X. If m(n)yy < mgy forallz,y € X,

n € N and m(n)gy — may as n — oo then
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(1)

(2)

Proof.

(1)

(2)

(Xy) dies out locally (resp. globally) a.s. starting from xo == (Xp,pn) dies out locally
(resp. globally) a.s starting from xq for all n € N;
(X, 1) survives locally wpp starting from xo = (X, n) survives locally wpp starting from

xg eventually as n — oo.

It follows by coupling the BRW(X,,, pi,,) with the (subcritical) BRW (X, i) as described in
Section 3.3.

Let us fix a sequence {Y}, }nen of finite subsets of X such that liminf,, . Y;, = X (take for
instance an increasing sequence as in Theorem 5.1).By Theorem 4.1 there exists € > 0 such
that lim sup; . \ m,‘,ﬁzo > 1+e¢. Consider the sequence of submatrices A,, = (a(n)ay)z,yey,
where a(n)zy := Mgy /(1 +€). Using Theorem 5.1 and Corollary 5.2 we have that

lim lim sup \/ a(n)go)xo = limsup y mg(fo)xo/(l +e)>1,

=0 j—oo 1—00

as n — oo. Let @ such that limsup, 1\ a(ﬁ)gfo)xo > 1. Using the Bounded Convergence
Theorem m(n)zy — Mgy for all z,y € X. Moreover since Y is finite there exists ng such
that for all n > ng we have m(n)gy > myy/(1+¢) = a(n)yy for all z,y € Yy, thus

- i (i) : if o=y

lim sup \/ m(n)zgz, > limsup \/ a(7)ggz, > 1

1—00 1—00

for all n > ng. Theorem 4.1(1) yields the conclusion.

g

Note that in the language of continuous-time BRWs (see [1] and [2] for details), the claim of

the previous theorem is As(X,) — As(X); hence it is a generalization of [3, Theorem 3.2]. Indeed,

using Theorem 4.1(1), Theorem 5.1(2) is equivalent to

that is,

VA : Alim sup v/ mg(fo)xo > 1 <= 3ng : VYn > ng, Alimsup \/ m(n)gfo)xo > 1,

1—00 i—00
lim lim sup m = limsup m(n)égmo
n—oo i _~o 1—00

(4) (%)

(since, clearly, m(n)ziz, < Magz, for all i € N).

Among all the possible choices of the sequence {(Xy,, tin)}nen there is one which is induced by

(X, ) on the subsets {Xp}nen; more precisely, one can take pn(g) = 3 regy .y, =g Ha(f) for all

rz e X,

and g € Sy, . Roughly speaking, this choice means that all the reproductions outside X,

are suppressed. Note that, in this case, m(n)zy = mg,y for all z,y € X,, (the result in this particular

case is used, for instance, in the proof of [6, Theorem 2.4]).
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Remark 5.4. Theorem 5.3 deals mainly with local survival. One can wonder what can be said
about global survival. Clearly if the (X, u) process survives both globally and locally then eventually
(X, pin) survives locally and thus globally.

The question is nontrivial when (X, p) survives globally but not locally (which we assume hence-
forth in this remark).

In this last case, if X, is finite for every n € N and the graph (X,, E,,) is connected then there
is no distinction between global and local survival for the process (X, pin); in particular (X, tn)
dies out (locally and globally) a.s. for all values of n € N.

On the other hand, the case where X,, is finite for every n € N and the graph (X, E,,) is not
connected is more complicated and can be treated as in [2, Remark 4.4].

When X,, is infinite for infinitely many values of n, one cannot expect always to have global
survival for sufficiently large values of n. The counterexample that we are going to construct is a
continuous-time BRW (the discrete counterezample is given by taking the discrete-time counterparts
of the process as described in Section 2). Let us consider a homogeneous tree Ty, (with k > 3) and the
continuous-time BRW with rates A on each edge. Let us fiz a root o € Ty, an infinite ray v starting
from o and denote by X,, the union of the ball of center o and radius n and the set of vertices of the
(infinite) ray «y. Let us take on X, the reproduction rates A on each edge. Clearly | J, ey Xn = Tk
Using the same arguments as in [1, Remark 3.10] one can prove that A\y,(X,,) = As(Xy) (remember
that the ray is just a copy of N and there is no global survival on N with the choice of rates we just
made), hence \y(Xp) — As(Tk) > A (Tx) If we take X € (Ay(Tx), As(Tx)) we have that there is no
global survival for the BRWs on X,, despite the BRW on Ty survives globally.

A possible application of Theorem 5.3 is based on the following definition.

Definition 5.5. Let v : X — X be an injective map. We say that p = {piz }zex is y-invariant if
for all z,y € X and f € Sx we have p.(f) = py(z)(f on~1).

We note that if a continuous-time BRW is y-invariant according to [3, Section 3| then the
discrete-time counterpart is v-invariant.

Consider now an injective map K and suppose that p is K-invariant. If there exists ¥ C X such
that all finite subsets A C X we have X,, := K™ (Y) D A (for some n € N) then the BRW(X, 1)
survives (locally) wpp if and only if (Y,v) survives (locally) wpp (where v is the law induced by
won Y). Note that, if u, is the law induced by p on X,,, since p is K-invariant, the behavior of
(Xn, ftn) is the same as the behavior of (Y,v). Clearly if (Y, v) survives then (X, i) survives. On
the other hand if (X, u) survives, according to Theorem 5.3, there exists a finite subset A C X
such that the induced BRW on A survives thus, for any n such that X,, O A we have that (X,,, p,)

survives and this implies the survival of (Y,v).
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This applies, in particular, when X = Z¢, p, is translation invariant and Y is a cone, namely
Y ={ycZ: (y,y0) > ally|l - |lvol|} for some fixed nontrivial yy € Z? and o < 1 (where (-,-) and

| - || represent the usual scalar product and norm of Z¢ respectively). In this case K (z) := = — yp.

Example 5.6. If M is reducible the convergence granted by Theorem 5.1 might fail. Take for
instance I =N, I, :=={i € N;i <n} and

1 j=i+1
mg; 1= .
0 otherwise.

Clearly R = 1/2 but ,R = oo for all n. This translates into an ezample of a reducible BRW on N
where the conclusions of Theorem 5.8 do not hold. Let X =N and

2 1
§521{Z+1} + 550'

Roughly speaking each particle at x has 2 offsprings in x + 1 with probability 2/3 and no offsprings

Hz =

at all with probability 1/3. If we start with a finite number of particles, this BRW survives globally
wpp, but any (nontrivial) spatially restricted BRW dies out a.s.

6. APPROXIMATION BY TRUNCATED BRWS

In this section we want to study the approximation of a BRW {n,, },en by means of the sequence of
truncated BRWs {{n}" }ren }men. We already know that if the BRW dies out locally (resp. globally)
a.s. then any truncated BRW dies out locally (resp. globally) a.s. (this can be proved by coupling
as explained in Section 3.3). On the other hand we would like to be able to prove a result similar
to Theorem 5.3 as m tends to infinity. For continuous-time BRWs this has been done in [3]; the
technique we use here is essentially the same. From now on the set X is assumed to be countable;
indeed, if it is finite then there is no survival for the truncated BRW {n'},en for any m € N.
Moreover, for technical reasons we suppose that the graph (X, E,) has finite geometry (that is,
Sup,c x deg(r) < +00).

In the following (see Step 3 below) we need to find a measure p which dominates stochastically
all the measures {p;}rex. It is straightforward to see that the existence of such a measure p is
equivalent to sup,¢y pz([n, +00)) — 0 as n — +oo (that we assume henceforth). In this case p can

be chosen according to
p(n) = sup pg([n,+00)) — sup py([n + 1, +00)). (6.18)
zeX zeX
Moreover the measure p can be chosen with finite first (resp. k-th) moment if and only if

Zn21 SUpgex Pz([n, +00)) < +oo (resp. fooo SUPgex pz([Vt, +00))dt < +00).
We assume that the matrix M is irreducible and we denote its convergence parameter by R,,.

We observe that, using this notation, according to Theorem 4.1(1), local survival is equivalent

to R, < 1. Remember that, in this case, liminf, . { Zy m;(,g) and limsup,,_,, \ m;? do not

depend on the choice of =,y € X.
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Figure : X xY (X =Y =2Z). Figure 22 X0OY (X =Y = 7).

In the following, we need to define the product of two graphs (basically, these will be space/time
products): given two graphs (X, &), (Y,E&") we denote by (X, &) x (Y, &) the weighted graph with
set of vertices X x Y and set of edges & = {((x,y), (x1,y1)) : (x,21) € &, (y,y1) € €'} (in Figure 1
we draw the connected component of Z x Z containing (0,0)). Besides, by (X, &)O(Y,E’) we mean
the graph with the same vertex set as before and vertices £ = {((z,v), (z1,11)) : (z,x1) € £,y =

y1}U{((z,9), (x1,91)) : ¢ = x1, (y,y1) € '} (see Figure 2).

6.1. The comparison with an oriented percolation. First of all, remember the coupling be-
tween {n, tnen and {n]'}nen: the truncated process {1 },en (satisfying equation (3.12)) can be
seen as the BRW {n,, },en (satisfying equation (2.1)) by removing, at each step, all the births which
cause more than m particles to live on the same site. As in [3] we need two other coupled processes.
Fix n € N and let {7, }nen be the process obtained from the BRW {7, },en by removing all n-th

generation particles with n > n, that is

B M n<n
I = {O" g (6.19)

Define {7} },en analogously from {n7},cn. Clearly, the following stochastic inequalities hold
Nn > nitand 7, > 77 for all n € N. By construction, the progenies of a given particle in {7, }nen
or {7 }nen lives at a distance from the ancestor not larger than n.

Our proofs are essentially divided into four main steps. We report here shortly the essence of

these steps and we refer to [3, Section 4] for further details.

Step 1. Fiz a graph (I,E(I)) such that the Bernoulli percolation on (I,E(I)) x N has two phases
(where we denote by N the oriented graph on N, that is, (i,7) is an edge if and only if j =i+ 1).

The usual trick is to find a copy of the graph Z or N as a subgraph of I, since the (oriented)
Bernoulli bond percolation on Z x N and N x N has two phases. In this paper, the main choices
for I are Z, N or X.
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Step 2. Given a globally (or locally) surviving BRW and for every € > 0 there exists a collection
of disjoint sets {A;}icr (Ai C X forallieI), n >0, and k € N\ {0}, such that, for all i € I,
P(Vj: (i,4) € E(1), > mal@) = k| =n) > 1 e, (6.20)
z€A,
for all n such that 3y 4 n(x) =k and n(z) = 0 for all x ¢ A;. The same holds, for n > n, for
{fn}nen in place of {Nn}tnen.

In the following sections Step 2 will be established under certain conditions (and for suitable
choices of (I,£(I))). Basically we have to prove that, for a suitable surviving BRW, with a proba-
bility arbitrarily close to 1, given enough particles in A;, after a fixed time 71, we have at least the

same number of particles on every neighboring set A;.

Step 3. Let e, {A;}icr, n and k be chosen as in Step 2. Then for all sufficiently large m we have
that, for all i € I,
IP’(Vj (i) €€, Y () = k‘n{)’”‘ - 77) >1- 92, (6.21)
z€A;
for all m such that 3 4. n(z) =k, n(x) = 0 for all z ¢ A;. The same holds, for n > n, for
{7 nen in place of {n} tnen.

Step 3 follows from Step 2; the proof is a natural adaptation of the same arguments of [3,
Step 3]. Indeed let N,, be the total number of particles ever born in the BRW (starting from
the configuration 7) before time n; it is clear that N,, is a process stochastically dominated (the
arguments are similar to the ones we used in Section 3.3) by a branching process with offspring law

0 n=>0
A = {p(n —-1) n>1
and initial state Ny (where p is given by equation (6.18)). If Ny < +oc almost surely then for all
n > 0 we have N,, < +oo almost surely; hence for all n > 0 and ¢ > 0 there exists N(n,e, k) such
that, for all 7 € I,
]P’(Nn < N(n,s,kz)’no = n) >1-—cg¢,
for all n such that ) . n(z) =k, n(z) = 0 for all x ¢ A;. Define N = N(n,e, k). The conclusion

follows, using elementary probability arguments, as in [3, Step 3].

Step 4. Given a globally (or locally) surviving BRW, for every e > 0 and for all sufficiently large
m, there exists a one-dependent oriented percolation on I X N (with probability 1 — 2¢ of opening
simultaneously all edges from a vertex and 2e of opening no edges) such that the probability of
survival of the BRW,, (starting at time O from a configuration n such that ZweAiO n(z) = k and
n(x) =0 for all x & Aj,) is larger than the probability that there exists an infinite cluster containing

(10,0).
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Consider an edge ((i,n), (j,n+1)) in (I, E(I)) x N: let it be open if 7™ has at least k individuals
in A; at time nn and in A; at time (n + 1)n. Thus the probability of weak survival of n" is
bounded from below by the probability that there exists an infinite cluster containing (i, 0) in this
percolation on I X N, and, if A;, is finite, the probability of strong survival is bounded from below
by the probability that the cluster contains infinitely many points in {(ig,[) : | € N} (we suppose
to start with k particles in A;,). Let v be the associated percolation measure. Unfortunately this
percolation is neither independent nor one-dependent. In fact the opening procedure of the edges
((z,n), (j,n + 1)) and ((i1,n), (j1,n + 1)) may depend respectively on two different progenies of
particles overlapping on a vertex xg. This may cause dependence since if in x( there are already
m particles then newborns are not allowed.

To avoid this difficulty we could adapt [3, Step 4] to a discrete-time process: the construction is
made by means of the process {7 }nen by choosing m > 2N H where N is the same as in Step 3
and H is the maximum of the number of paths of length 7 crossing a vertex (the assumption of
bounded geometry that we made on the graph plays a fundamental role here). Note that with this
choice of m we have that, starting with an initial condition ng (such that Yy no(z) = k), 0" =
and 77" = 7, for all n < 7n on an event with probability at least 1 — & (namely, {Nz > N(n,¢,k)}
as defined in Step 3). Step 4 follows then from Step 3.

Our next goals are to fix suitable graphs (/,€(I)) and prove Step 2 for a large class of globally
surviving BRWs: then by Steps 4 and 1, for all sufficiently large m, the corresponding truncated
BRW,,, survives globally with positive probability if m is sufficiently large. On the other hand, in
order to show that, given a locally surviving BRW, the corresponding truncated BRW,, survives
with positive probability if m is sufficiently large, we need to prove Step 2 with a choice of at least
one A; finite, say A;,, and I containing a copy of Z or N as a subgraph. Remember that, in a
supercritical Bernoulli bond percolation in Z x N or N x N, with probability 1 the infinite open
cluster has an infinite intersection with the set {(0,n) : n € N}. Thus, in the supercritical case
we have, with positive probability, in the infinite open cluster an infinite number of vertices of the
set {(0,n) : n > 0} including the origin. This (again by Steps 3 and 4) implies that, with positive
probability, the BRW,, starting with k£ particles in A;, has particles alive in A;, at arbitrarily large

times. Being A;, finite yields the conclusion.

Remark 6.1. As in [3], the previous set of steps represents the skeleton of the proofs of Theorems
6.5 and 6.9. In order to be able to prove Theorem 6.7 we need to modify this approach. Here
are the main differences. We choose an oriented graph (W,E(W)) and a family of subsets of X,
{Ain }inew such that

o W is a subset of the set Z x N (the inclusion is between sets not between graphs);

e for alln € N we have that {A; n)}i:(imyew 5 a collection of disjoint subsets of X ;

e (i,n) — (j,m) impliesm =n+ 1.
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Step 2 translates into the following: given a (globally or locally) surviving BRW and for every
e > 0, there exists n > 0 and k € N, such that, for allm € N, i € Z, and for all n such that

e, 1E) =k,

i,n)

P(Vj:(i, n) — (j,n+1), Z Nin+1)n (T >k77nn—77>>1—€.

TEA(jn)

Step 3 is the same and the percolation in Step 4 now concerns the graph (W,E(W)).

6.2. Local survival. Let us choose a vertex o € X, fix the initial configuration as 79 := J, and
assume that the measure p as defined by equation (6.18) has finite second moment. The key to prove
Step 2 is based on some estimates on the expected value E%(n,,(z)) of the number of individuals
in a site. This expected value can be computed using equation (2.2): hence E% (n,(x)) = mg”,Z It

is clear that

lim E* (1, (x)) =

n—oo

6.22
too if R, < 1. (6.22)

{0 if Ry, > 1,

In the following lemma we prove that, when R, < 1, if at time 0 we have one individual at
each of the sites x1, ..., x;, then, given any choice of [ sites y1,...,y;, after some time the expected
number of descendants in y; of the individual in x; exceeds any fixed D > 1 for allt=1,...,l. The
proof follows immediately from equation (6.22) we omit it; just note that, due to equation (6.19),

the estimate on E°% (7 (y;)) follows immediately from the one on E%" (1 (y5))-

Lemma 6.2. Let us consider the finite set of couples {(x;, yj)}é-zo and fit D > 1; if R, < 1 then
there exists n > 0 such that E* (M (y;)) > D, Vj =0,1,...,1. Moreover, E%=s (M (y;)) > 1 when

n>n.

We show that, when R, < 1, for all sufficiently large & € N, given k particles in a site x at
time 0, “typically” (i.e. with arbitrarily large probability) after some time we will have at least Dk
individuals in each site of a fixed finite set Y. Analogously, starting with [ colonies of size k (in
sites x1,...,x; respectively), each of them will spread, after a sufficiently long time, at least Dk

descendants in every site of a corresponding (finite) set of sites Y;.

Lemma 6.3. Suppose that R, < 1.

(1) Letus firx € X,Y a finite subset of X, D > 1 ande > 0. Then there existsn = n(z,Y) >0
(independent of €), k(e,x,Y) such that, for all k > k(e,z,Y),

P | () (ma(y) > DE)|no(z) =k | > 1—c.
yey

The claim holds also with {7y }nen in place of {ny}nen when > f.
22



(2) Let us fix o finite set of vertices {x;}i=1,..m, a collection of finite sets {Y;}i=1, 1 of ver-
tices of X, D > 1 and € > 0. Then there exists n = n({x;},{Y;}) (independent of ¢),
k(e,{z;},{Yi}) such that, for alli=1,...,1 and k > k(e,{z;},{Yi}),

P ﬂ (ma(y) > DE)no(x;)) =k | >1—c¢.
yeyY;

The claim holds also with {7, }nen in place of {ny}nen when > 7.

Proof.

(1) If we denote by {{&i}nentien a family of independent BRWs behaving according to p and
starting from §p; = d, (for all i € N) then, by Lemma 6.2, we can choose 7 such that
E% (¢n.4(y)) > 2D for all y € Y. We can chose a realization of {1, }nen such that 1, (y) =
Z;?:l &n,j(y); denote the variance var(&, ;(y)) by U%,y. Since &, ; is stochastically dominated
by a branching process with offspring law p (where p is chosen as in equation (6.18)), it is
clear that, for all y, o7, | < E(p)" 'var(p) < 400 since we assumed at the beginning of this

section that p has finite second moment. By using the one-sided Chebyshev inequality

M2 52
P ) 2 D) 2 Blnaly) 2 BOa(u)/2) 2 o, 005 21 ity

Whence, fixed any ¢ > 0, there exists k(d, z, y) such that, for all k > k(d, z,y), P (na(y) > Dk) >
1 — 0. For all k£ > maxycy k(d,2,y) < +00

P () = DR)|mole) =k | = 1-2Y]s,
yey

where |Y'| is the cardinality of Y. The assertion for 7, follows from Lemma 6.2.
(2) Let {{&n.:}>0}ien be as before and choose 7 such that E%: (& :(y)) > 2D for all y € Y; a
nd for all i = 1,...1. According to (1) above we may fix k; such that, for all k > k;,

P | () (aly) = DE)|no(w:i) =k | > 1—e.
yey;

Take k > max;—1,. ; k; to conclude. Again the assertion for 7, follows from Lemma 6.2.
O

The dependence of k on the offspring distribution s is hidden in the term o2, that is, in 72 and

Ty
in the dominating offspring law p. The key is to find a fixed k such that the lz)wer bound in the
previous theorem holds simultaneously for a family {(z;,Y;)}. One possibility is to choose a finite
family (as we did in the previous lemma) but it is not the only one: one has to find a fixed 7 such
that Lemma 6.2 holds (for all the couples (z;,y) where y € Y;) and this gives immediately an upper

bound for o2, (uniform with respect to y).
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Remark 6.4. Note that Lemmas 6.2 and 6.3 can be restated for the process {fl'}nen if m is
sufficiently large. Indeed, when m > 2N (n,e, Dk)H (as in Step 4) we have that 7] = 7, for all
n < n on an event with probability at least 1 —e. In the rest of the paper, when not explicitly stated

otherwise, Lemma 6.3 will be used by setting D = 1.

We already know that if {n,},en dies out locally (resp. globally) a.s. then {n]'},en dies out
locally (resp. globally) a.s. The following theorem states the converse.

We recall that (X, p) is quasi transitive if and only if there exists a finite subset Xg C X such
that for all z € X there exists a bijective map v : X — X and xg € X satisfying v(xo9) = = and

is y-invariant.

Theorem 6.5.
If at least one of the following conditions holds

(1) (X, p) is quasi transitive and connected;
(2) (X, p) is connected and there exists v bijection on X such that
(a) w is y-invariant;

(b) for some xy € X we have xog = y"xq if and only if n = 0;

then if {nn }nen survives locally (starting from xo) then {n)' }nen survives locally (starting from xo)

eventually as m — +o0.

Proof. (1) Let R, < 1 and define, for any « € Xy, Y, :={y € X : (z,y) € E,}. Fix I = X,
EU) ={(z,y) : (z,y) € E, or (y,x) € E,} and A, = {z}. Lemma 6.3 yields Step 2. To
prove that the percolation on (I, £(I)) x N has two phases (that is, (I,£(I)) can be used in
Step 1) we note that this follows from the fact that the graph N is a subgraph of X. Recall
that in the supercritical Bernoulli percolation on N x N with positive probability the infinite
open cluster contains (0,0) and intersects the y-axis infinitely often. Hence by Steps 3 and
4 we have that, for all sufficiently large m, {1 },en survives locally.

(2) By Lemma 6.3, there exists 7 such that, for sufficiently large 7,
P ( 7 (yxo) > k‘ﬁo(mo) =k)>1-¢
P (i(w0) = k[io(ya0) = k) > 1 ~e.
This implies easily
P (m(1"20) = k[io(r"1a0) = k) > 1 ¢
P (7a (v tag) > k‘ﬁg(’y"xg) =k)>1-¢
for all n € Z since p is y-invariant. Thus {7, },,cn survives locally (for sufficiently large m)

applying Step 3 and 4 (here I = Z and A; = {v'zo}).

g
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6.3. Global survival. In this section we discuss how the global behaviors of {1} ,en and {1, }nen
are related and when the global survival of {n,},en implies eventually the global survival of
{n7' Inen.

We start by noting that if (X, u) is quasi transitive and lim inf,, o />, m;%) = limsup,, T\L/T@
then the global survival of {7, },en implies the global survival of {n/*},en for a sufficiently large
m € N. Indeed it is easy to show, by supermultiplicative arguments, that liminf,, ., {/ Zy mgé) >

lim sup,,_, \ mg(crfc); on the other hand, since a quasi-transitive BRW is an F — BRW, according

to Theorems 4.1 and 4.3 {n, }nen survives globally if and only if it survives locally. We proved in

Theorem 6.5 that {7 },en survives locally (for sufficiently large m) thus it survives globally.

Remark 6.6. The basic idea of this section is to take a BRW (X, u) which is locally isomorphic
to a BRW (I,v) (the projection map being g); we define {A;Yicr by A; := g~ 1(i). We know that,
if {Mn}nen is a realization of (X, u) then a realization of (I,v) is given by the projection (on I)
{&ntnen where & = my(nn) for all n € N. Clearly vy, () = (971 ()) and we can easily compute
the expected number of particles alive at time n in A; starting from a single particle alive in x at
time 0 as
> Er (m(2) = B (6ali). (6.23)
z€EA;
Since {n)' tnen and {mg(n7') }nen have the same global behavior and {mg(n)')tnen stochastically

dominates {&" }nen then if the latter survives globally wpp then {n*}nen survives globally wpp.

Following the previous remark, we take I = Z, X = Z x Y (for some set Y') and we denote by
g : X — Z the usual projection from X onto Z, namely g(n,y) := n.

We suppose that v is translation invariant (that is, v; = v for all i € Z) and we denote by p and
P =2 yex May = D jez,My(x); the distribution and the expected number of offsprings of {n, tnen
respectively (where, according to the notation of Section 3, m;; is the expected number of offsprings
in j of a particle in ¢ of the BRW {,}nen). We note that, since p and p are the distribution and
the expected number of offsprings of v as well, they do not depend on z € X or i € Z since v is

translation invariant.

Theorem 6.7. Let X = 7Z x Y and suppose that the BRW (X, ) is locally isomorphic to (Z,v)

where v is translation invariant. If my, = 0 whenever |g(x) — g(y)| > 1 then

(1) the BRW survives globally starting from x if and only if p = ZyGZ Mgy > 1;
(2) if the BRW survives globally (starting from x) then {0} nen survives globally (starting from
x) provided that m is sufficiently large.

Proof. (1) This follows from Theorem 4.3 since (X, u) is an F-BRW which can be mapped onto

the branching processes with offspring distribution p and recalling that EyeZ mS;) =p".
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(2) According to Remark 6.6 it would be enough enough to prove the claim for the BRW

{&n }nen where &, = m4(n,) whose diffusion matrix satisfies

P j=1+1
mgj = I ?:l:_l

l—p—q i=]

0 otherwise.

for some p,q € [0,1] (p+ ¢ <1).

Nevertheless we prefer to prove the theorem in the general case. To this aim we prove
the general version of Step 2 (see Remark 6.1). We start by defining A(; ,,) = g~ (i) and we
fix a, B € (0,1) such that o < 8 < (14 «)/2. Note that

(14+a)n/2

P = 3 (z i an, n%i+ om)p ‘¢ (L—p =)t en
" B (B—a)n1 _ o \(1-26+a)n 6.24
- <ﬁn7 (8 —a)n, (1—25+a)n>p 1 (1=p—q) (6.24)
e 1 ( PP (1 —p —q)t 2t )”
2n\/B(B — a)(1 — 28+ a) \BP(B— a)f~(1 - 28+ a)l-20+a

(to avoid a cumbersome notation we write na instead of [na]).
Define
Qplan ) = 2L 0 p 0 2T
BP(B — a)P~(1 — 203 + o)l 26+
if the BRW survives globally then p > 1 and equation (6.24) implies

Eéo (gn(an)) = ﬁnp(n) (07 na)

n
> n ﬂn (ﬂfoz)n _ o (1*2ﬁ+o¢)n

1 n
~ 27Tn\/ﬁ(ﬂ—a)(1—2ﬁ+a) (Qﬁ(aaﬁ))

as n — oo. This, along with equation (6.23), implies easily that > ., E% (5, (z)) has a

lower bound which is asymptotic to (%n)m (Qp(cr, B))" as n — oo.

Note that Qz(p—¢,p) = p > 1, thus there exist oy < ag < 81 < fo (with 8; < (1404)/2,
i = 1,2) such that Qp(x,y) > 1, for all (z,y) € [on,a2] x [B1,52]. By taking n = N
sufficiently large one can find three distinct integers di, do and d3 such that ain < d; <
dy < agn, fin < dg < fon and Qp(dy/n,dg/n) > 1,1=1,2.

By reasoning as in Lemma 6.3 we have that, for all € > 0, there exists n, k = k(e) such

that, for all i € Z, for all n sufficiently large,

Pl Y ial@)>kj=d,dofiioi) =n| >1—¢
xGAi+j
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Vi € Z and for all n such that >  _, () = k. Since k and 7 are independent of i we
have proven the general version of Step 2 using W = {a(dy,1) + b(da,1) : a,b € N} where
(i,n) — (j,n+1) if and only if j —i =d;j or j —i = da.

Il

The previous theorem applies to translation invariant BRWs on two particular graphs: Z¢ and

the homogeneous tree T, with degree r.

Corollary 6.8. If the BRW (Z%, 1) is translation invariant then
(1) the BRW survives globally (starting from x) if and only if p = ZyGZ Mgy > 1;
(2) if the BRW survives globally (starting from x) {ni"}nen survives globally (starting from x)
provided that m is sufficiently large.

Proof. If d =1 then the proof is trivial. If d > 1, the claim follows immediately from the fact that
7% = 7 x 7971 and, since p is translation invariant we have that (X, ) is locally isomorphic to

(Z,v) where the projection v is translation invariant. g

Corollary 6.9. Let T, be a homogeneous tree and suppose that the BRW (T, u) is vy-invariant for
every automorphism v of Tr. If ug(f) # 0 implies supp(f) C B(x,1) (where B(x,1) is the usual
ball of radius 1 and center x of the graph T, ) then

(1) the BRW survives globally (starting from x) if and only if p = ZyGZ Mgy > 1;

(2) if the BRW survives globally (starting from x) then {n*},en survives globally provided that

m is sufficiently large.

Proof. Fix an end 7 in T, and a root o € X and define the map h : X — Z as the usual height
(see [22] page 129). Let A, = h™'(k) as k € Z (these sets are usually referred to as horocycles).
Since p is invariant with respect to every automorphism then we have, as before, that T, = Z x Z
is locally isomorphic to (Z,r) where the projection v is translation invariant.

O

7. FINAL REMARKS

The paper is devoted to three main issues: finding conditions for the local (resp. global) survival
of the process, discussing the spatial approximation and, finally, studying the approximation by
means of truncated BRWs. This has been done for continuous BRWs in [1, 2, 3].

About the first issue, a question was left open in [2], namely if liminf, . {/3_, mg;z) > 1 could
imply global survival starting from x. A question, which is closely related to the previous one, arises
if one looks at [2]: for a continuous-time BRW there is a characterization in terms of a functional

inequality of the global survival and this inequality depends only on the matrix M, namely
v

Jv € [0,1] : v(zg) > 0, Mv > I (7.25)
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if and only if there is global survival starting from zy. Hence, for a continuous-time BRW, local
behavior and global behavior depend only on the first-moment matrix of the process. We saw in
Theorem 4.1(1) that this dependence still holds for the local behavior of a discrete BRW (see also
[17]). Nevertheless, according to Example 4.4, one cannot expect to find an equivalent condition to
global survival for a discrete BRW involving only the first-moment matrix M (neither the previous
functional equation nor the inequality liminf, .. 1/ Zy mgfz/) > 1). Finding conditions similar to
equation (7.25) for some classes of BRWs is possible but it goes beyond the scope of this paper.

As for the spatial approximation, the results of Section 5 are quite satisfactory. On the other
hand, there is room for improvements in the approximations by truncated BRWs of Section 6.
Indeed, one can hope to find more classes of BRWs which can be approximated by their truncations.
In our results a key role was played by the similarity of the BRW under suitable automorphisms of
the graph (such as translations, for instance), nevertheless the four steps described in Section 6.1
are quite general and can be applied to a variety of classes of BRWSs, provided one can prove Step
2 (as we did in Sections 6.2 and 6.3, possibly using different techiques).

Finally, some of our results can be applied in a natural way to BRWs in random environment

(as in [3, Section 7]) but, again, this goes beyond the purpose of the paper.
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