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REGULAR MINIMIZERS OF SOME
FREE DISCONTINUITY PROBLEMS

DANILO PERCIVALE & FRANCO TOMARELLI

ABSTRACT. We show that minimizers of free discontinuity problems with en-
ergy dependent on jump integrals and Dirichlet boundary conditions are smooth
provided a smallness condition is imposed on data.

We examine several examples, including elastic-plastic beam and plate with
free yield lines and deformable body with free damage. In all cases there
is a gap between the condition for solvability (safe load condition) and this
smallness condition (load regularity condition).

Such gap allows the existence of damaged/creased minimizers. Eventually we
provide explicit examples of irregular solutions when the load stays in the gap.

1. Introduction

Free discontinuity problems related to image segmentation achieve minimum regardless to
the size of the data, due to the structural growth of the forcing term ([22],[23],[12],[13]).
Free discontinuity problems in continuum mechanics have minimizers only if the loads are
small, say suitable safe load condition is satisfied ([10],[18],[38],[39],[40],[13],[21]).

Strong solutions of free discontinuity problems without jump integrals over the singular
set were proven to exist under higher integrability assumptions on data in [24],[11],[14],[3].

In this paper we show that some functionals which allow free discontinuity and pay jump
integrals over the singular set do have minimizers, provided the forcing term is sufficiently
small say it fulfils an explicit safe load condition, which appears as a necessary condition for
load with sign; actually we prove that such minimizers have empty discontinuity set when
the load is smaller than required by safe load: e.g. admissible small load deform an elastic-
plastic plate or beam in the elastic range without occurrence of plastic yield (see Sections 4
and 5). We call load regularity condition this more stringent inequality.

In several cases there is a gap between the safe load condition and the load regularity
condition: in this situation the strong inequality in the safe load (sufficient condition for ex-
istence) allows the possibility of non regular (yielded) solutions for suitable load in between:
we show explicit examples of cracked/creased solutions, when the load stays this gap. A
detailed analysis of the structure of irregular solutions is given in 1D model problems (see
Theorem 3.15, Theorem 4.10 and Theorems 4.13, 4.14).

More precisely we focus on four examples of functionals listed below. They are all re-
lated to continuum mechanics (involving deformations of elastic bodies with damage) with
homogeneous or non homogeneous Dirichlet boundary conditions. The boundary condition
is imposed by allowing variations (defined in the whole euclidian space) which are different
from Dirichlet datum only in the reference bounded set.

Key words and phrases. Free discontinuity, bounded hessian, safe load, crack, plastic hinges,
smooth minimizers.
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The main focus of paper is a variational approach for detecting elastic-plastic yielding
of beams and plates (Problems II, IIT listed below). Nevertheless the tools for the anal-
ysis are inspired by and tested on the simpler first order Problems I and IV: these ones
are toy problems without ambition to grasp all the complexity of real phenomenon (see
[17],[18],[19],[20],[25]-[30],[49],); anyway they try to describe with few macroscopic variables
the effects of mesoscopic damage.

I. First order model problem (elastic rod with free damage under traction):

1 .9
(1) ﬂW)=AXﬂw—f@dx+w@w+7%NWH

to be minimized among scalar functions w such that w € SBV(R) s.t. spt(w —wyp) C [0, L].
Here f € L'(R) with spt f C [0, L] is the traction load, wy € SBV(R) with wg € dom F;
is the boundary traction, f is the counting measure, « > 0, v > 0, and S,, is the singular
set ([3]) of w. Here and in the following w denotes the absolutely continuous part of the
distributional derivative w’, [v] denotes the jump v+ —v_.

II Second order model problem (elastic plastic beam under transverse load):
1 . .
12 A = [(F1F o) do s -2 Y i
S

to be minimized among scalar functions w such that w € SBH(R) s.t. spt(w —wq) C [0, L].
Here f € M(R) with spt f* C (0, L) is the transverse load, wy € SBH (R) with wy € dom F;
provides the boundary condition, 8 > 0, v > 0 and Sy, is the singular set of w (see [38],[40]).

ITI. Clamped elastic plastic plate
(Kirchhoff-Love plate with plastic yield along free lines):

P(w) = gli/RQ(‘(D2w)a‘2+ | A%w|? —fw) dx +

A42p
(1.3)

+ AU Spy) +y [ [[Duldn!

Spw

to be minimized among scalar functions w € SBH(R?) s.t.. sptw C 3. In (1.3) ¥ C R?
is a connected C* open set or an open convex polygon, f € LP(R?) with spt f C X is the
transverse load, V denotes the absolutely continuous part of the distributional gradient D,
A%w is the trace of VDw, Sp,, is the singular set of Dw ([10]), a >0, v >0, u >0, A+pu >
0, p> 1 and H! is the length (1d Hausdorff measure).

Here ¥ is the reference configuration of an elastic thin plate, w the transverse displacement
of the plate. The functional P represents the mechanical energy of the deformed plate,

subject to transverse dead load f, with free plastic yield lines whose pattern (the set Sp.,)
is ”a priori” unknown ([39],[10],[46]).

IV. Vector-valued deformations with cohesive damage along free surfaces:

FO) = Ju(BE@F + 3 TrE@)F — £-v) dxt
(1.4)
+aH" )+ [, [V OwldH !
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to be minimized over vector fields v with sptv C Q and special bounded deformation (say
v € SBD(R")). Here 2 C R™ is a connected Lipschitz open set and n = 2,3; £ € LP(R™ ,R")
is the given body force, with p > n, sptf C Q.

The set 2 represents the un-stressed configuration of an elastic body, v is a vector field with
special bounded deformation in  representing the displacement ([4],[18]), A, u are the Lamé
coefficients satisfying p > 0, 2u + nA > 0, a,~ are constants related respectively to energy
of crack surface formation and crack opening with « > 0, v > 0, &(v) is the absolutely
continuous part of the linear strain tensor €(v) = i (Dv+ (Dv)T), J, is the jump set
of v, vy is the normal to Jy , [v] is the jump of v in the v, direction, H "' denotes the
(n — 1) dimensional Hausdorff measure and ® denotes the symmetric tensor product.

The functional F represents a simplified description (inspired by Barenblatt approach [5])
of mechanical energy for a linear elastic body, with natural reference €2, subject to dead load
f, with free small cohesive crack whose geometry (the set Jy) is not ”a priori” prescribed

([18],(38]).

In all four cases crack (respectively plastic yield) may be located also at the boundary 0¥.
Actually in some particular 1-dimensional case we show in [42] that damage may take place
only at the boundary.

For each one of the four problems above we give an explicit safe load condition and prove
that it entails the existence of a finite minimum (Lemmas 3.1, 4.2, 5.1, 6.1); then we prove
an excess estimate (Lemmas 3.4, 4.5, 5.5, 6.5) say a comparison with the energy of the
solutions of the related elastic problems (minimizers of exactly the same functionals among
competing functions which must be regular); hence we deduce regularity conditions which
have an implicit form since they refer to the solution of the associated purely elastic problem
(condition on stress: Theorems 3.5, 6.6; condition on bending moment for beam and plate:
Theorems 4.6, 5.6); eventually we prove a load regularity condition explicitly dependent
only on data (Theorems 3.6, 4.8, 5.7, 6.7). The usual method of calibrations ([2]) do not
apply to the present context which admits dependence on second derivatives: this difficulty
is circumvented by introducing a technique of calibration for minimizer based on comparison
with purely elastic solutions, through suitable excess estimates and compliance identities.

The Euler equations are derived explicitly in 1-dimensional Problems I and IT together
with qualitative properties of free discontinuity set of minimizers (Theorems 3.3, 4.4). It
is remarkable that some reminding of Weierstrass-Erdman corner condition hold true for
functionals with free discontinuity: w is continuous in (0, L) for minimizers of F; (Theorem
3.3) and w, W are continuous in (0, L) for minimizers of F» (Theorem 4.4).

An interesting issue about the consistence of these models is achieved in the 1D frame
by analysis of minimizers structure: minimizers of F; may crack not more than at a single
point (Theorems 3.8, 3.15 describe the structure of F; minimizers); minimizers of F» may
exhibit no more than two crease points (Theorem 4.10).

Explicit examples of load producing damaged minimizer of F; and creased minimizers of
Fo are shown when load belongs to the narrow gap between safe load condition and regularity
load condition: Examples 3.17, 3.18, Theorem 4.11. In order to achieve these examples, a
careful estimate of this gap is obtained by showing: first, sharp Poincaré inequalities (see
(3.5), Lemma 4.1), then stress estimate (3.23) for rod and bending estimates (4.28),(5.25)
for beam and plate by mean of Green functions (Theorems 3.12, 4.7) and elliptic regularity
(Theorem 5.4). Suitable compliance identities for minimizers (Lemmas 3.11, 4.9, 5.3, 6.3)
proved very useful in all the computations.

A sufficient condition (5.53) for development of plastic yield lines in a plate (functional P)
is shown by Theorem 5.11.
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Some of the results proven here about plate (Problem IIT) and beam (Problem II) were
announced in [41],[43].

We refer to [42] for a deeper analysis of the elastic-plastic beam and asymptotic analysis of
Problem II as the parameter 5 — 04, in the framework of L> load.

We emphasize that the analysis of Problem I in the framework of L> load would provide

the same qualitative picture of rod deformation proven here for L' or measure load, since
the constants in related safe load regularity conditions are the same (except for the different
homogeneity in L) so that they coincide on constant load.
On the contrary the behavior of the beam (Problem II) do change a lot in the framework of
L load since (in addition to different homogeneity in L) optimal constant in the L' — BH
Poincaré inequality (Lemma 2.1 in [42]) is quite different with respect to the one appearing
in L>*°—BH Poincaré inequality (Lemma 4.1 in present paper): hence (see [42]) we can show
that there are choices of constant load (fulfilling the appropriate L™ safe load condition
but not the L> regularity load condition (respectively (2.5),(3.13) in [42]) which produce
plastic hinges at both endpoints of the beam. While in the present context we show that
concentrated load with spt C (0, L) of increasing intensity do not produce symmetric plastic
hinges at endpoints before collapse (Theorem 4.13). Moreover Theorem 4.14 entails that
symmetric load of constant sign and fulfilling the L! safe load condition (4.11) do not produce
plastic hinges at all. About skew-symmetric load analysis for the elastic plastic beam we
refer to [44].

Outline

Introduction.
Notation.
(Pb]1) First order model problem: elastic rod with free damage under traction.
(Pb II) Second order model problem:

elastic plastic beam under transverse load.
(Pb III) Clamped Kirchhoff-Love plate with plastic yield along free lines.
(Pb IV) Vector-valued deformations with cohesive damage along free surfaces.

N
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2. Notation

We denote by ||u7 the total variation in R of y and by |||l gy the total variation in E
for any p € M(R) and any Borel set E C R. For any f € M(R) with sptf* cC (0,L) and

L
any v € L} (R) we write shortly / f(z)v(x)dx for / v(z)df (x) .
0 R

Any 1 € M(R) can be split into three parts, say u = u® + p® = p® + p? + p¢ where p® is
the absolutely continuous part, u° is the singular part, i/ is the purely atomic part and u¢
is the diffuse singular one (the Cantor part of 1): the decomposition is unique.
Analogously, if I is an interval, then any w € BV (I) can be represented by w = wq +w; +w,
where w, has an absolutely continuous distributional derivative (w,) = (w')* € L*(I), w;
is a piece-wise constant function and (w;)’ = (w’)? is purely atomic), w. is a Cantor-type
function (i.e. (w.) = (w')°: for any w € BV (I) these three functions are uniquely defined
up to additive constants ([3], Corollary 3.33), the constants are 0 when the support of w is
a compact subset of I. We label 1w = (w,)’ the absolutely continuous part of distributional
derivative w’, hence we write as follows the unique decomposition of the derivative for a BV
function with compact support: w’ = w + (w;)’ + (w.)’. Approximate discontinuity sets of
w and W (see [3]) are labeled by S,,, Sy and are shortly referred to as singular set of w, .
Symbols # and #l_ E respectively denote the counting measure and its restriction to £ C R.
Symbols [ ], ® and ® denote respectively jumps, the tensor product and its symmetric part.
About the case of several variables we denote respectively by Dv and Vv the distributional
gradient and the approximate gradient of v. For any open set 2 C R™ we denote:

M(2) = {p : real valued Radon measures in 2},

BV (Q) ={v e LYQ): Dv e M},

SBV () = {v e BV(Q2) : Dv has no Cantor part},

BH(Q) = {ve Wh(Q): D%*ve M},

SBH (Q)) = {v € BH(Q) : D?v has no Cantor part},

SBD(2) = {v:Q — R" : sym(Dv) is a matrix-valued Radon measure } .

For any Borel set £/ C 2 and € M(€2) we denote by ||u||7(g) the total variation of y in E;
we will write shortly ||u||r = ||p|lr(r») when E = Q = R"™. The singular set of v (the set of
points in £ where v is not approximately continuous) is denoted S, (see [3]).

The set of approximate jump of a vector valued function v & SBD(Q?)is denoted J; (see [4]).
For definition and properties of the above function spaces we refer to [3],[4],[14],[18]).

3. (Pb I) Elastic rod with free damage under traction

We study the functional
1.
B AW = [(GlF-fe)detaxs) + Y Jul
Sw

to be minimized among scalar functions w such that w € SBV(R) s.t. spt(w —wyp) C [0, L].
Here «,~ are given constants, wg is a given function and f is the counting measure.
All along this section we assume

(3.2) a>0,v>0, ¥ =(0,L), f € LY(R), B spt f C X,
’ woy € SBV(R), B(Sw,) < Fo0, Swe C 2, Fi(wp) € R.

Functional (3.1) describes the total energy of an elastic rod which may undergo damage at
free locations and is subject to given traction body force f and given boundary traction
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expressed by wg(0-) and wo(L+ ). The location of damage is a priori unknown and is given
by the singular set of optimal w.

Actually functional (3.1) is a crude simplification of more realistic models involving a concave
interface energy contribution in place of v s [[w]| ([?],[7],[19],[34]). Nevertheless (3.1)
provides a simple framework in which we are able to describe completely the structure of
minimizers, moreover (3.1) proved very helpful in suggesting the techniques to tackle the
harder and more significant models of elastic plastic beams and plates faced in Sections 4,5.

We introduce a localization of the functional: for any Borel set A C R we set

Fitwa) = [ (310f = ro) do + assuna) +4 ¥ vl
SwNA

At first we prove that a smallness condition (safe load condition) on f entails the existence
of minimizers, while a violation of the safe load may lead to collapse.

Lemma 3.1. Assume (3.2) and
(3.3) Ifllzisy < 27 (F, safe load condition).

Then F1 achieves a finite minimum among w € SBV (R) s.t. spt(w —wq) C [0, L]. And any
minimizer z verifies

(3.4)
1
Ny € ————— @Fi(wo) + Ly + 1(x) (lwo (0-)] + |wo(L4)])) -
1) < g5 (F000) + £9% 1o (0] + ()
Proof - If || f|lL1(xy < 27, then we can apply the direct method since F; is coercive in

BV in fact by fundamental theorem of calculus

1 / 1 w — w’
w(x_) 3 <w0(0_) +/[07z)w> + 92 ( o(L+) /[z,L] )

1 AT /
wizy) = 5 (wow_) ' /[o,z] N ) 2 <wO(L+) - /(z,L] w)

(3.5) || oo,y < 3 (||w/||T(§) + |wo(0-)| + |w0(L+)|)
Yw € BV (R) : spt(w —wp) C [0, L].

Hence for any admissible w
1
_/sz > —fleyllwllees)y > _§||f||L1(E) (||7«U/||T(§) + wo(0-) +w0(L+)> .
Moreover _ _
.7:1(’(1)) = fl(w,R) = fl(wo,R\ Z) + _7:1(11}7 Z)

Then by integrating over ¥ the Young inequality |w|?/2 > v|w| — 42 /2, we have
1
Filu) = Fi(w) = apa)+ (v 310 ) o'l
L 1 £l =
— 577 = e (Jwo (0-)] + [wo(L+)]) + Fi(wo, R\ ).

Due to the inequality 2y—|| f||: > 0, the functional is bounded from below and, the elements
of any minimizing sequence eventually fulfil the estimate (2.3). By w* BV compactness and
L.s.c properties ([3]) the existence of minimizers follows. [J

The safe load (3.3) cannot be improved for generic L! load as shown by following Remark.
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Remark 3.2. If ||f||11(x) > 27, [ does not change sign and wo = 0, then inf 71 = —oc.

For instance, if f > 0 and ||f||L1(s) > 2y +¢, € >0, setvi(z) =t >0 ifx € 3, vy(x) =0

if x ¢ 35 then J,, = {0,L}, v =0, /fvt dz > (2y + &)t and Fi(v) = 200 — et — —0o0 as
R

t — oo.

Theorem 3.3. (Euler equations for F; ) Assume (3.2) and w is a minimizer of Fi among
v st v=wy onR\I.
Then w' = w € AC(I) for any interval I contained in X\ S,. Hence w(zy) and w(zy)
are defined for all x € ¥ and, by setting wi(x) = w(zy), wi(z) = Ww(xy), the following
equalities hold true

(@) —w" = f (O7L) \Sw )

D) w_ = ~ysign([w]) in Sy N (0, L],

(#41) wy = ~ysign([w]) in Sy N0,L),

L
(iv)/o (w(z —w) — f(z —w)) dx+72|[z—w]| =0, Vz € SBV(R): spt(z—w) C %.
Sz—w

Hence —(w)' = f inD'(0,L) andw € AC(0, L) even if S,,N(0, L) is not empty. Nevertheless
the continuity of W may fail at 0 and L.

Proof - By choosing ¢ € C*°(R\ S,)NSBV(R) with spt ¢ C 3, and with C*° limit from
both sides at any point in S, we get Fi(w) < Fj(w + ep). By convexity and taking into
account that w € SBV entails v = w’ in (0,L) \ S, and ¢ = ¢’ — Z[go] LS, we get,

S“P
for 0 < & < nyin [u]l/ gl -
0 <e [ (= fe)dn+a(§(Smie) — 1)+
3w + 2]] — Jll]) + ofe) =
Sw
_ ( [ = et (oL i(Eo) - (6(04)(04))+
LY priy)) + 7Y ] sign(fu]) | +o(e)
SwN(0,L) Sw
_ ( / (' — fpda + (L)L) — ((05)ir(05))+
LY Cprn)) + 1Y (ps — o) sign(fud) | +ofe)

SwN(0,L) Sw

o /Z<_w~_f>@dx

+0(0+) (7 sign([w)(0) = @(04) ) = (L) (ysign([w](L)) - i(L-))+
+ 3 (prlrsign(w]) - i) - o (ysignfu] — i) | +o(e).

SwN(0,L)

By choosing all ¢ with compact support in an interval contained in (0, L) \ S,, we get the
differential identity in —w” = f in (0, L) \ S,,. Then for any fixed x) € S,, we can choose at
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first (if x, < L) all ¢ with compact support in [z, 2g+1) where x4 is the closest singular
point bigger than xy if any or L else, and then (if 0 < xy) all ¢ with compact support in
[z — 1,2)) where 247 is the closest singular point smaller than xy if any or 0 else: this
provides the values of w4 in S,,. The derivation of (ii),(iii) at 0, L is analogous.

The statement about continuity of w is straightforward, since w = w’ in open interval where
w is continuous, then in such intervals w is AC' w’ € L' and w minimizes the Dirichlet integral
(hence w is C1), 14 exist in these intervals and w4 = w’; while W —w_ = (y—~) sign[w] = 0
in Sy, N (0, L).

Du Bois-Raymond equation (iv) follows in the same way by minimality of w with respect
to variations w + e(z — w).

Lemma 3.4. Assume (3.2). Let u be the solution of
(3.6) wue HY(D), —u" = fin%, w(04) = wo(0_), u(L_) =wo(Ly)

then v’ =1 € CO@) and u has an extension, still denoted by u, s.t. u € SBV(R) N CO(R)
and u = wp in R\X. Boundary values of u are always understood as interior traces Whenever
Moreover

Excess estimate for F; : If u solves (3.6), then for allv € SBV(R) s.t. spt(v—wp) C 2
(3.7) Fi(v) = Filu) = ab(Su)+ Y (yll]] = u'v]) -
S,

Excess identity for minimizers of F; : If v minimize F; among v € SBV(R) s.t.
spt(v —wg) C B, and u solves (3.6), then we have

(3.8) Filo) = Fi(w) = af(S) + 3 > ()l = ') -

2
S'u
Necessary conditions for existence of discontinuous minimizers of F; : If If v
minimize F1 among v € SBV(R) s.t. spt(v —wp) C X, S, # 0, and u solves (3.6), then

(3.9) || oo () >,

(3.10) > (]l - b)) < —204(S,) < 0.

Sy

Proof -  u is the only minimizer of F; over w € SBV(R) N H(X) s.t. spt(w —wp) C X.
By exploiting v’ € C(¥) , © = v — [v]diL_ (S, N (0,L)) in D'(0,L), u —wy € H(T) ,
—u” = f in %, convexity of s — s52/2 and

/0 W (v—u)dr = _/0 W' (v—u)dr — o (L)[v](L) — 4 (0)[v](0)

we have, for every v € SBV (R) s.t. spt(v —wp) C 3 we have

L L
Filv) > Fi(u)+ / (6 — u')di — / F(o — ude + ab(S0) +7 3 [l =

Sy
L L
on / W ('~ ) — / f(v—u)dwaﬂ(sv)ﬂ;w;%L)u ] =

= Fi(u) + af(Sy) + > (vl[v]| — ' [v])
5,
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Then (3.7) is proven.

If v € argminF; and u solves (3.6), then ¢ is continuous in (0,L) by Theorem 3.3 and
u =, and v/ = v’ = v hold true in R\ ¥ (assuming S,, C ¥ and © continuous in R is not
restrictive), and Du-Bois Raymond equation for v, = v + e(u — v) yields

(3.11) / (6 (' = 5) — flu—v)) dz—~ 3 [Iv]
S

Hence

fl(”)fl(U);/Zlﬂzerraﬁ(SvHv;Hv]l/Efvdx;/EIU’IQJr/Efu
;/Emw)(@u'>+aﬁ<sv>+v§|[vn/EfvdH/qu
;/ v—u) /fv—u ZI |+’YZ| I+ 5 / (0 —u') + af(S,)
=32l [ [ sass)

Since v’ € C(X) , v = v — [v]d$L_(S, N (0,L)) in D'(0,L), u—wy € H{(0,L) , —u’ = f
n (0, L), v(04) = u(0) + [v](0) and v(L-) = u(L) — [v](L) we get
Fi(v) = Fi(u) =

1 v !/ ! / ]' L ,
:5/0 u(v—u)—§/0 flv—u)+ ;; Z u' o] + af(S,) =

s n(0,L)

S0+ 2 (Al X Wbl - SR ORIO) - SH @RI =
Sy

S,N(0,L)

= a8(8,) + 3 3 (llell — /).

Sy

The necessary conditions (3.9),(3.10) for minimizers with crack follow by substitution of
§(S,) > 1 in (3.8). O

We can restate the previous result in the form of a calibration by comparison as follows.

Theorem 3.5. (stress regularity condition for functional F;) If the solution u of
(3.6) wverifies

(3.12) W poomy <

then u € argmin Fi, u is the unique minimizer and, for allv € SBV(R) s.t. spt(v—w) C X,

Filo) ~ Fi(u) = oM (S,) + 53 Gllell—w' [ > 0.

Sy
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Proof -  Starting from the excess estimate (3.7) we find for any admissible v

Fi(v) = Fi(u) = af(Sy) + <ZV|[U]| - U'[U]> =
5,

= af(Sy) + (Z(W - IIU'Iloo)I[vH) > af(Sy,) > 0.

S’u
The last inequality is strict whenever S, # 0, since a > 0 . Hence the all the minimizer are
regular. But there is only one regular minimizer, say .

Theorem 3.6. (Load regularity condition for functional F;)
Assume (3.2) and

(3.13) Ifllero,ny + |w0(L+>;wO(O*)| <

then F1 achieves a unique reqular minimizer: the solution u of (3.6), hence S, = 0.

gl

Proof - By applying Lagrange Theorem and fundamental Theorem of calculus to u’,
where u is the minimizer among H' functions,

wo(Ly) — wo(0—
Wm0y < Il + 2200y

then Theorem 3.5 entails the thesis, since the regularity stress condition is fulfilled by .
On the other hand we have a non-minimality test.

Theorem 3.7. Assume (3.2), u solves (3.6), v € SBV(R) fulfills spt(v — wo) C ¥ and the
inequality

(3.14) > (][ = '[o]) > —2a4(S,).
5.,

Then v ¢ argmin F;.
Proof -  Straightforward consequence of (3.10).

By summarizing: the safe load condition (3.3) entails existence, while the load regularity
condition (3.13) entails existence, regularity and uniqueness of minimizer. Now we analyze
what happen when the safe load condition (3.3) is fulfilled but the regularity load condition
(3.13) fails.

Theorem 3.8. Assume (3.2), w is a minimizer of Fy with Dirichlet datum wg, and

(3.15) v < Ml < 279

then there is at most one break-point, say f (Sy,) < 1.

The break point may be placed anywhere in [0, L]: (see Example 3.17 and Theorem 3.15).
Uniqueness of minimizer is not expected in general (in Example 3.17 are shown infinitely
many solutions with exactly 1 crackpoint).

Proof -  (Step I) if w € argmin F; and S,, # 0, then all jumps [w] of w have the same
sign. In fact, assuming by contradiction there are two jumps of different sign (we can always
choose them consecutive) at z1, 2 € [0, L] :

1 < Ta, [w](x1) [w](z2) < O, w € AC(z1, z2),
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then the Euler equations in Theorem 3.3 imply
[—(z1)] = [y (z2)[ =7, wilzr) = —i—(2)

would entail the following contradiction
T2
/ fdx
1

T2
/ W dx
z1

(Step II) if w € argmin F; and S, # ), then there is exactly one jump point. In fact,
assuming by contradiction w exhibits more than one, we know that they must have the
same sign. By taking two consecutive jump points, one of the two can be eliminated as
follows, by strictly reducing the functional energy at the same time: set

w(z) + [0](@2) X(eoram (@) i / T F 20, o) > 0, wlze) > 0

xiZ
w(z) — [0](@1) Xeran (@) / £ >0, [w)(z) <0, [w](2) < 0

2y = |- (z2) — Wy (z1)| =

x2
g/ flde = [l < 27.

1

w(@) + [W(22) X(21,00) () if f<0, [w](z1) <0, [w](z2) <0
1&2
w(x) — [W(21) X(2y,20)(x) if <0, [w](z1) >0, [w](zz) >0

1

then x5 € Sy in first and third case, z1 € Sy in second and fourth one. In any case

Fi(w) < Fw) —a < Fi(w).

Remark 3.9. We emphasize that (3.15) does not force minimizers to be discontinuous in
any case. In fact: a constant load f = cvy/L with 1 < ¢ < 2 fulfils (3.15) together with
trivial Dirichlet condition (wg = 0) and leads to unique continuous minimizer : u(x) =
S ((x — L/2)? — L?/4); notice that in this case |[u/||p~ = [u/(0)] = ¢v/2, hence stress
regularity condition (3.12) holds true (see also Theorem 3.13).

Remark 3.10. Statements analogous to the ones of Lemma 3.4 and Theorems 3.5, 3.6 hold
true (with the same proof) when [ |0|? is substituted by [ W (0)dx with W convez, proper
and coercive with super-linear growth at foo.

Precisely: if [y, |0]*dx is replaced in Fy by [, W (v)dx where W is any strictly convex C?
function with W (s) = W(|s|) > c1 + c2|s|P, ca >0, p> 1, by setting

Tiw) = /R(W(@)—fw) dr + at(S,) + 43 [l
Sy

we get the excess estimate (3.17) and identity (3.18) below (that are analogous to (3.7),
(3.8) and are proven exactly in the same way).
Under assumptions (2.1), let u be the solution of

(3.16) we H'(D), _% W)= fin%, u(0y) = wo(0_), u(L_)=wo(Ly)

then v’ =i € C°(X) and u has an extension, still denoted by u, s.t. u € SBV(R) N CO(R)
and u = wg in R\ X. Then
(Excess estimate for 7;) For all v € SBV (R) with spt(v — wp) C ¥ we have

(3.17) Ti(v) = Tai(u) > of(Sy) + > (o]l = W' (u)[o]) .
Sv
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(Excess identity for 7;) If v minimize Ty among v € SBV(R) s.t. spt(v —wg) C 3, then

1
(3.18) Ti(v) = Ti(u) = a(Sy) + 5 > (Il =W @))) -
3.,
(Stress regularity condition for functional 7;) If the solution u of (3.16) fulfils
(3.19) W W) L) < v

then u € argmin 77, u is the unique minimizer and, for allv € SBV(R) s.t. spt(v—w) C X,

Ti(w) - Ti(w) = oM(S,) + 5 3 (el = W) - [o]) > 0
Sv

(Load regularity condition for 7;) If

(3.20) W/(|f||L1 + |w0(L+)£wo(0)|>

then T, achieves a unique regular minimizer: the solution u of (3.16), hence S, = 0.

< v

We prove a very helpful energy identity which simplifies the computations when test-
ing wether an admissible function is a minimizer or when looking for examples of cracked
minimizers.

Lemma 3.11. (Compliance identity for 7, ) Assume w fulfils Euler equations (i), (i%)
and (iii) in theorem 3.3. Then

L
Filw) = =172 [ [ + ag(S,) = w04 w0-) + 0L un(Ly).

Proof - By Euler equations (w)’ = —f in D’(0, L), then by taking into account the
identity w' = w + Y g [w]d§lL_S,, in D'(0, L), we get

[ o= C o= / " ) = / C()! + (0 Juw(0) — (L w(L_) =

L
= / ide + (01 )w(04) — (Lo )w(L_)+ Y w].
0 SwN(0,L)
By recalling v = vysign[w] in S, N (0,L), w(04) = vysign([w](0)), w(L_) = ysign([w](L)),
w(04) = [w](0) + wo(0-), w(L-) = —[w](L) + wo(L+) and (by Sw, C [0,L]) Sw C [0, L]
we get

L L )
/0 fu= / i +7§Hw}l+ (04 )wo(0-) — (L ywo(Ly)

and thesis follows by the definition of Fj.

Lemma 3.12. Let G be the Green function for the operator +d?/dxz? with homogeneous
Dirichlet boundary condition in the open set ¥ = (0,L), say
G:(0,L) x (0,L) = R s.t Gyg(z,y) = d(xr—y), G(0,y) =G(L,y) =0. Then

w if0<z<y<L,.
(3.21) G(z,y) =
(z—L)y

I if 0<y<az<L,
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and, if —v" = f on 3, and v(0) = v(L) = 0, then
L
(322) o@) =~ [ Glorw)dy
0

L L L
62 V)= [ Glenfed=—1 [ urwi [ e

By the representation formula (3.23) of Green function we deduce that there are no cracked
minimizers if the load has vanishing resultant and/or moment (with respect to mid point
L/2), say the presence of suitable symmetries weaken the regularity load condition (3.13).

Theorem 3.13. Assume (3.2),

olwo(L+) — wo(0-)]

. 1 < —
(3:24) IFllz < 29 -

and either

L L
/ fly)dy =0 or / (y—L/2) f(y)dy =0,
0 0

then F1 has a unique reqular minimizer: the solution u of (3.6).
Notice that (3.24) in general entails the safe load (3.3) (a weaker condition then the regularity
load condition (3.13) ), and (3.24) coincides with the safe load when wo(Ly) = wo(0—).

Proof- Let v be such that —v” = f in (0, L) and v(0,) = v(L_) = 0, then, for z € (0, L),
u(z) = vfa) + wo(0-) + 1 (wo(Ly) ~ wo(0-))
/(@) = v/ (&) + (wolL+) — wo(0-))/L.
It /0 C g~ L/2)f(y) dy = 0 then by (3.23).(3.24) we get
P
= /0 et / /
< Sl + fwo(Ls) —wo(0)I/L <

W' (z)] <

+ [wo(L+) — wo(0-)[/L <

and the stress regularity condition (3.12) is fulfilled and v minimizes F;.

L x
It / F(y)dy = 0 set F(z) = / F(y)dy , then F(0) = F(L) = 0 and by (3.23)
0 0

1 [k L 1 [k
@ = 7 [ i+ [ a1 [ Foa-Fe)
hence, by taking into account (3.24) we get
[u'(z)] < ()] + [wo(Ly) — wo(0-)|/L <

L
Ffl/ F
L 0

1
Sl + fwo(L4) = wo(0)I/L <

and the stress regularity condition (3.12) is fulfilled and w minimizes Fj.

< +|wo(Ly) —wo(0-)|/L <

s

In the last inequality of the proof we used the following statement.
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Lemma 3.14. If F € AC(0,L) and F(0) = F(L) =0 then

L 1 L
Ff][F §7/|F’\.
0 2O

Lo (0,L)
Proof -  Without loss of generality we can assume fOL F > 0; the other case can be dealt
in the same way.

Then A° = {z € (0,L): 0< F(z) < fOL F} contains at least one pair of disjoint intervals
E; where oscg, (F) > fOL F,1=1,2, hence |f0L P < (1/2) [, |F].

Set AT = {z € (0,L): F(z) >4y F}, A~ ={x € (0,L): F(z) < 0}. Then A* = UI,
A~ = UJy, with Iy, Jp, E; disjoint intervals and F' = fOL Fon dl,, F=0on dJy,

L
1 1
0<maxF < ][ F+ - |F'| Vk, 0<-—-minF < - |F'| WV,
Iy 0 2 I Jh 2

T
F(z) — ]gLF

Now we show a general explicit method to construct cracked minimizers of F; whenever
the regularity stress condition (3.12) for functional F; is violated

L L
1
< ][F+maxmaX|F|+maxmin\F\§f/ |F'|.
0 kI R Jn 2 Jo

Theorem 3.15. Structure of 7; minimizers Assume (3.2),(3.3),(3.6) and

(3.25) w0,y > 7 -
If
L 2
hold true then
(3.27) argmin ~ F; = {u}, min (v) = Fi(u)
Spt(~—wo)C[0,L] Spt(’U—u]o)C[O,L]
If
L 2
(3.28) a < (v =llle=)

hold true, then

L
3.29 1 F = F v . ’ . 2
(3.29) pt(v—10)C[0, L] 1) 1(“)+<0‘ 2(7 [l )>
and
(3.30) argmin F = {utz: (1) = e > )

spt(-—wo)C[0,L]
where the function z; € SBV (R) is defined by
(v sign(/(0) —w'(H) = 0<z<t,

(3.31) zi(z) = (v sign(v'(t)) —u'(t)) (x—L) t<z<L,

0 x & [0,L].
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More explicitly: (3.2),(3.3),(3.6), (3.25) and (3.28) together imply that all the minimizers
have exactly one crack. Both uniqueness and non uniqueness of minimizers are possible,
depending on the cardinality of the set {t € [0,L] : |u/(t)| = |lullL= >~}

FEventually

L 2
(3.32) a = S(v=Ile=)
together with (3.2),(3.3),(3.6) and (3.25) entail that both w and all the vy = u + 2z with
[W/'(t)] = ||v||L> = v are minimizers with min Fi(v) = Fi(v) = Fi(u). The

spt(v—wp)C[0,L]
coexistence of continuous and cracked solutions is not a contradiction with the excess identity
(3.8) since |u'(t)| > v say the regularity load condition (3.13) fails.
Notice that (3.52) is the exact evaluation of the excess identity in this case, since §(S,,) =1
and [v;] = [2:] = L(/(t) = 7).
The weak inequality

L 2
(3.33) o < S (7= lvlle~)
is a necessary condition for the existence of minimizers with crack.

Proof - Define J = {t € [0,L] : |«/(t)] > v } and, for every t € J, the function
z € SBV(R) as in (3.31).

Let S be the set of all v € SBV(R) that have at most one crack and fulfill the Euler
conditions (i),(ii),(iii) of Theorem 3.3. We claim that

(3.34) S ={u+z:ted} U {u}.

Indeed it is obvious that u € S and u+ z; € S, Vi € J.
Conversely let v € S, then either v = u or, by Theorem 3.8, S, = {t} for some ¢ € [0, L]. By
FEuler equations we get
v—u' € AC(0,L), (v—u') =0 in (0,L), hence:
(3.35) 0 —u = const = 0(tL) —u/'(t) = ysign([v])(t) —«/(t) in (0,L)
Sp—u = Sy = {t}

and taking into account that v = u = wp in R\ [0, L] we get

(vsign([v](t)) —w'(t)) = xz €10,t)
(3.36) v(x) —u(z) = § (ysign([v](t)) —'(#)) (x - L) =z € (¢ L]
0 x ¢ [0, L]
Since [v](t) = [v — u|(t) = —L (ysign([v])(t) — «'(t)) we have
vj(t) >0 & W(t)>y>0
(3.37) W) <0 © (1) < <0
hence t € J and sign(v/(t)) = sign([v](¢)). Then
(ysign(u'(t)) — v/ (1)) @ z € [0,1)
(338)  o(e)—ul@) = { (ysigm(u () —w' (1) (r—I) z et L]
0 x &[0, L]

say: v(z) = u(z) + z:(z) and

(3.39) Spt(virgir)lc[o’ll] Fi=minFy = Fi(u) A {Igéi}l Filu+ zt)}
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Now, by taking into account that, for all ¢ € J, u + z; satisfies the Euler equations,
Z = (ysign(u'(t)) — v/ (t))= constant in (0,L), by compliance identity (Theorem 3.11)

1 L
Filu+z) = 0‘75/0 W/ + 42 da+ (0 + 2) (L Ywo(Ls)— (i + (05 )wo(0_)

T L
= o [ WP e+ @)L yun(E) =)0 )un(0) — 5 [P da

=Fi(u)+a— 3 (fy sign(u/(t)) — u'(t))?

= Fil) +a -2 (- W)

hence (3.26) entails (3.27), and, if |u/(t)| = ||u/||L~ > 7, then both (3.28),(3.32) entail (3.29):
min 7} = ming Fy(v) = F1(u) Amin ey Fi(u+ 2,) =

(3.40) = Fi(u) A Fi(u+ 2z) = Fi(u) A (.7-'1(16) +a— g(’? - Hu’HL"")Q)

L
Moreover, when a < 5(7 — ||lu’||z>)? the above construction shows that v € argmin F if

and only if: t € J, v =u+ z and |u/(t)| = ||| L. Then (3.28) entail also (3.30).
If (3.26) holds true then u is the unique minimizer by (3.40).

With additional information on the load the location of cracks has less freedom.

Corollary 3.16. Assume (3.2), (3.15), (3.28) and f does not change sign, then there are
solutions with crack at the boundary. Interior cracks are not excluded in general. If in
addition f(x) # 0 a.e.(0,L) then the crack can be located only at the boundary and the
solution is unique.

In fact in this last case u' is strictly monotone and the statement follows by Theorem 3.15

We end this section by showing simple explicit examples of minimizers with cracks (co-
herent with structure Theorem 3.15), when the load regularity condition (3.13) fails. The
first one with non-homogeneous Dirichlet datum and vanishing load, the second one with
homogeneous Dirichlet datum and non trivial load. In the first one (Example 3.17) there
are infinitely many cracked minimizers with one single discontinuity (which can be located
anywhere in [0,L]). In the second one (Example 3.18) there is uniqueness of minimizer, and
the discontinuity is at the boundary.

Example 3.17. Existence of infinitely many cracked minimizers of 7, all of them
with one single crack, with null load and non-homogeneous Dirichlet datum.
Assume f =0, wo(z) =04if x <0 wo(x)=h>04if x> L. Then (¢2)) =2=0,2=01n
(0,L), for any z € argmin Fy . Since S, is at most a singleton then 2"’ =0 in (0,L)\ S, say
2z is affine linear in [0, L] and has at most one jump. If there is a minimizer z s.t S, # 0,
then Euler conditions (Theorem 8.3) entail the graph of u has slope £ : hence z = vx in
(0, L), and v # h/L . By direct computation we get

1
Fi(z) = §L72 + o+ v|h—~L],

1 h?
Al =57

where u is the continuous solution of (3.6), say u(x) = (L/h)x. By comparison of the two
energies we get the complete description of minimizers as long as traction h at L increases:
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if h < L, then the only solution is the continuous one, u(x) = (L/h)z,

1
if vyL < h <2~vL and 0 < ﬁ(hf'ny < «, again there is the unique
solution u,
1
if YL < h <2vyL and 0 < a< oL (h —~yL)?, then there are infinitely

many solutions, all of them with a single crack-point and of the following
type z, for t € [0, L] and

0 ifz <0,
zi(z) = vz + (h —vL) x[t,1) (%) if0<z <L,
h if L<x.

1
if yL < h <2vyL and 0 < a = ﬁ(h—wL)z7 then the continuous

solution u and all functions z; above with a crack at t are minimizers.

Eventually we notice that in this example (since f = 0) the safe load condition
always (for any h) fulfilled, while the load regularity condition (3.13) reads h < ~L.

(3.3) is

Example 3.18. - A cracked minimizer of F; with non trivial f verifying the safe

load (3.3) and homogeneous Dirichlet datum.

We choose the load f(x) =2cx, ¢ >0, s.t. 37/2 < cL? < 27, and choose wy = 0.

In particular the safe load condition (3.3), which reads cL?® < 27, holds true while the

regularity load condition (3.13) (which reads cL? < v in this case) fails to be true.

Then (by Euler equations, Theorem 3.15 and Corollary 3.16) the unique candidate regular
minimizer and the unique candidate minimizer with crack for F1 with support contained in

[0, L] are respectively u and u + zr, say:

u(x) = gm (L* —2?), z € (0,L), u(z) = 0 elsewhere,

2
v(z) = (cL? —7)x — gxg =u(z) + <3CL2 - fy) z, ¢ € (0,L), v(z) = 0 elsewhere,

2
[ lloo = [u'(L)] = chQ >

and L is the only point t where |u'(t)| = ||v/||p ,

S,=10) WD) = —oeo) = (v-3e?) L <0, iln) =

v =0 = (cL? —7) —cz? in (0,L) and v vanishes at x = \/L? — y/c € (0,L),

both v and u are strictly concave in (0, L).
By using the compliance identity we evaluate the energy of both candidates

2

Fi(u) = —4—5c2L5
4 ’L 2
Fi(v) = o — 1—502135 - 77 + gC'yLB.

By summarizing:
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2 2L 2 L 2 2
e (i) if 0 < a< §C2L5 TR N <’ycL2)

2 3 2 3
then F1(v) < Fi(u) and, by Theorem 3.15, v is the unique minimizer .
L L 2 5\’
o (i) if a = 2<730L>

then both v and u are minimizers and, by Theorem 3.15, there are no more.

L 2 2
o (iii) if a > 5 <7— 3cL2>
then u is the unique minimizer by Theorems 3.3, 3.15.

0 L
Figure - F; minimizer v with damage under non trivial load:
case (i) of Example 3.18, ||u/||p > 7.

4. (Pb II) Elastic plastic beam under transverse load

In this section we study the functional
1 . .
an  mw) = [(Flaf-re) o+ ) + Y lal
R 2 S

to be minimized among scalar functions w such that w € SBH(R) s.t. sptw C ¥. a, are
given constants, £ is the counting measure.
All along this section we assume

(4.2) B>0,v>0, ©=(0,L), feM(R), sptfcCX, sptf°ccy,

Functional (4.1) describes the total energy associated to deformation of an elastic-plastic
beam which is clamped at both endpoints; w is the vertical displacement of the beam under
the action of the transverse load f.

The crease points set Sy, of a minimizer w may be interpreted as location of plastic hinges
in the beam at equilibrium: functional (4.1) takes into account that the energy released in
the deformation of an elastic plastic beam is the sum of elastic bending energy and of energy
concentrated at plastic hinges. Jump points are not allowed (say S, = () for admissible
displacements w which must be continuous since SBH (R) C C°(R).

We introduce a localization of the functional: for any Borel set A C R we set

At ) = [ (Bl - w) ae + xsana) <1 X ol

SwNA
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Lemma 4.1. (L —BH Poincaré Inequality) Let v € BH(R) with sptv C [0, L]. Then

L
(4.3) vl (0,0) < gHUH”T([O,L])-

The equality in (4.3) holds true iff v = r, (roof-function), for some s € R:

(4.4) re(z) = s <§ - x—§‘>+.

Proof - Fixv € K* = {v e BH(R) s.t. sptv C [0,L]}. Without loss of generality we
assume v Z 0. Then define

convex envelope of — |v| evaluated at if z € [0, L]
v(r) =
0 if 2 ¢ [0,L].
We claim that v fulfils
ve BH(R), sptvC]l0,L], v<0, v convexin [0,L],
(4.5)
[Bllzee = lollzee, 10"l < 0”7 -
Since [45] entail ¥ € BH(R), the only non trivial point in (4.5) is the estimate of total
variation: [|[v"]7 < ||v”|lr, which we prove below.
Set ¥(s) = —|s|, z(x) = —|v(z)| = owv, so that v € BH(R), ¢ € BH(R), v is Lipschitz
and 1(0) = 0. Hence, by Theorems 1 and 4 and Lemma 3.1 of [45], —|v| = ¢ o v belongs to
BH(R), and we can evaluate its second derivative by suitable chain-rule for superposition
of BH functions (in the following sign(0) = 0, sign(s) = s/|s|, s # 0):

(4.6) (<lo])" = — sign(v)

@7 (D)"Y = = sign() (") = Y0 (Jos @)+ - (1)) &

t:v(t)=0

(4.8) ((=lo])")* = — sign(v) (v"')°
The three measures in (4.6)-(4.8) are mutually singular. Moreover the absolutely continuous
(4.6) and Cantor part (4.8) obviously do not increase their total variation with respect to
the corresponding part of v, and the respective inequalities still hold true after taking the
convex envelope: i
1@") N < lillr,

1@") N < lI(w)°llr -
On the other hand, total variation of (4.7) could be bigger than total variation of (v"’)J
due to sign changes of v. Nevertheless, since v is strictly negative in (0, L), the terms
(|04 ()] + [0-(t)|) d: disappear in the convex envelope for any ¢ # 0 and any t # L. So

1@l < (@Y llr + [0+(0)] + [o—(L)],
10" ey < 0"l V open interval J CC (0,L).
In order to keep under control the total variation at the boundary of the interval we set
z(z) = —|v(x)| and we observe that, either

e 04 (0) = 24(0), hence [[v"[|z(01) = [[v"lr(f01) 5 10" l7(0,2)) < 10"l ((0,)) 5
or
e 0,(0) # 2,.(0), hence v4(0) < #,(0), ¥ is strictly less than z in an open interval (0, z)



20 DANILO PERCIVALE & FRANCO TOMARELLI

(where T is chosen such that the interval is the maximal one fulfilling this property), so
0(Z) = 2(Z); then by convexity 2_(Z) < vV_(Z) < v4(Z) < 24(Z), 0 < [v](Z) < [£](Z) so that

127 72y < 10" llr(qay) »

moreover, by taking into account that 4 (Z) = —sign(v(z)) v+ , sptv” C [0, L] and [0](0) is
the slope of ¥ in the interval (0,Z) we deduce

0> 0" |r(qay = [F1(0) = T (0) = () > 2 (%) = — sign(v(®)) b_ (%) =

= —sign(v(@)) (v")([0,2)) = —[v"|([0, 7)) ,
and since v is affine linear in (0, Z)

10" 0.2y < "l ro,2)) -
The behavior around L can be dealt exactly as the one around 0, so we achieve the inequality
19" |70, z)) < l[v" ll7(j0,z)) involving total variations in second case too.

Then claim (4.5) is proven in any case. By (4.5) we get

" "
(4.9) inf { o] 'UGIC*} = inf { 1, € K*, v convex in [O,L]}.

[ollze vl

If we take v € K*, v convex in [0, L] and v # 0, then

—o0 < v/ (0) <0, 0<v (L) <+
and we can define
o(z) = (V) (0)2) V ((W_(L)(z — L)) if z € [0, L] and ¥(z) =0 otherwise.
Then v < v, [|0]|z= > |[v]|r~ and [[9”||p®) = 2(v_(L)—=v".(0)) = [[v" || 7(j0,]) by convexity.

inf {||[v"||z /||v|lL= :v € SBH, sptv C [0, L], v convex in [0, L] } >

(4.10) >inf {||v"||7/ |vllze :v(z) = (—ax)V (b(x — L)), a >0, b>0} =
2(a + b)?
= in ———— = 8/L

a>rgl,lll)1>0 abL /
Actually the infimum in (4.10) is a minimum since it is achieved at a = b say when v is
a roof function. By summarizing (4.9),(4.10) prove (4.3). About the fact that only roof
functions (4.4) achieve the equality in (4.3) we emphasize that: the map v — U strictly
reduces the relevant quotient ||v”||z/ ||v||L= whenever |v| # |v], since in such case ||(-)"||T
strictly decreases, while also the map v — ¥ strictly reduces the relevant quotient for v
convex in [0, L] and |v| # |9|, since in such case || - || strictly increases. [J
For a different proof of (4.3) see [37].

Now we can prove that a smallness condition (safe load condition) on f entails existence of
minimizers (for any boundary datum), while a violation of the safe load may lead to collapse.

Lemma 4.2. Assume (4.2), wo € SBH(R) with F2(wp) < +o0 and

87

(4.11) [fllrs) < A (F, safe load condition)
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then Fy achieves a finite minimum among w € SBH(R?) with spt(w — wp) C ¥ and any
minimizer z fulfils

12y <
— =Ly 2(wo, wodrT g 5 ollre
— %“fHT(E) ; A 3 7)o llT(E)

Proof - We use the direct method. First we show that F; is coercive: by Lemma 4.1 ,

L —
(4.13) 2]l L < §|Z”|T(§) Vz € SBH(R) s.t. spt C X

[ rwis ALﬂwumdx ALﬁmdm

L

< 1 hegey = wolle= + | | funda
0

< £ _ "y my d

< 8Hf||T(Z) Wl + lwollrsy ) + wao x

L . Lo
= glrs (Z[w]+/0 ledw+llw6'llT(z>> +

W

YVw s.t. spt(w —wp) C [0, L],

< + <

<

(4.14)

L
/ fwo dz
0

and by Young inequality

1 [F L L
*/|MM$ZV/\MW**f

hence, for w in a minimizing sequence for F», we have ultimately

fQ(’LUOvi) +~7:2(w03R\@ = fz(’lﬂo) > .
> Fo(w) = Fo(w, ) + Fa(wo, R\Y) >

L
> 04(52) + (7= Ellrmy ) Iy +
L 2 L /" 3
37~ RfUJO dr| — ngHT(i)”wo HT(E) + Fa(wo, R\ X).

Hence by (4.11) the functional is bounded from below and (4.12) holds true. The existence
of minimizers for F, follows by sequential compactness of minimizing sequences and BH*
sequential lower semicontinuity of F» ([38],[10],[11]). Moreover, by cancellation on both
sides of Fa(wp, R\ X) we get (4.12) holds true, for any 2 € argmin Fp. [J

For sake of simplicity we study only the homogeneous case (wg = 0) in the following.

The safe load (4.11) cannot improved for generic M or L' load as shown by the following
Remark. Nevertheless for L> load we refer to [42] where we prove a safe load condition
which turns out to be less stringent on uniform load.

Remark 4.3. There are examples with || f| ) > 8v/L , s.t. inf Fp = —o0 .
For instance, choose f = (8% 4¢) dp/2(x), 5; 0, set wy(x) = t (% — |z — %DJr Then
Jw, = {0,L/2,L}, iy = 0, (fw) = t<4'y+25) and Fo(wy) = 36 — et — —oco as

t — 4o00.
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Theorem 4.4. (7> Euler equations) Assume (4.1),(4.2) and w minimizes F» among v
belongs to SBH(R) s.t. sptv C X.

Then W = ()" = f € M in (0,L), W = ()" belongs to AC(I) for any interval I C ¥\ S,
so that w4 (z) = w(rs) Wi(z) = w(zs), Wi(x) = W(xs) are defined for all z € X and

(4) w" = f (0, L) \ S

(i1) w- = ~ysign([w]) in Sy N (0, L]

(i4) Wy = ~ysign([w]) in Sy N0, L)

(iv) W o= Wy in (0,L).

L
(v) /0 (@ (3—)~ f(z—w))dz = v Y |[z—w]| Vze€ SBH(R): spt(z—w) C .

Sz

In particular @ € BH(0,L), hence w and W = (W) are continuous in (0,L) but may be
discontinuous at 0 and L, even if these points do not belong to Sy .

Proof -  The inequality F2(v) < Fa(v + eyp) holds true for any ¢ € R and ¢ € SBH(R).
We choose ¢ with spt ¢ C ¥ and ¢ € C°°(J) on the closure of every interval J C X\ Sy, so
that S, C S, S, =0, ¢ = ¢ — (G5, in D'(R).

Then taking into account that w € SBH entails @ = w” in (0, L)\ Sy, by convexity property
we get, for any € s.t. 0 < & < ming, [W]/|¢|lLe-

0< S/R(wsb — fo)da + B(8(Surep) — 8(S0)) +7 D ([ + '] = |[w])+ole) =

Sy

=e </ (—w"¢" = fo)dz + (¢ (L-)i(L-) — (¢'(04)w(04))+
S\

+ > ((plin) = (ive) +7 (¢ — @) sign([i]) | +ole)

S»N(0,L) Sw

_ mr_ d
6{/2\Sw(w Py dr+

+ [ (P (Lo)B(Lo) = @' (00)(04)) + Y ((eldin) = (Pliy)) +

SwN(0,L)

+ v Z sign([ +

| (L)W (L) = (9(00)W(O01) + Y ((p-t-) = (psis)) | p4o(e).

SN (0,L)

By choosing all ¢ with compact support in an interval contained in (0, L) \ Sy we get (i),
hence W € AC(J) for all interval J C ¥\ Sp,, say Wy is defined .

Then for any fixed 3 € Sy, we can choose at first (if 2 < L) all ¢ with compact support
in [xg, Xg41) where x1q is the closest singular point bigger than zy if any or L else, and
then (if 0 < xy) all ¢ with compact support in [z — 1, z;) where x_1 is the closest singular
point smaller than zj if any or 0 else. Both ¢ and ¢’ can be chosen independently on the
singular set. Hence the four identities in S, U {0, L} follow. The last statement summarizes
identities (i) — (iv).
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Du Bois-Raymond identity (v) is achieved by starting from minimality of w with respect
to variations w + £(z — w) and repeating the above computation. O

Lemma 4.5. Assume (4.1),(4.2). Let u be the unique solution of

u e HZ(0,L)
(415) { u//// :Of ZTL (0’ L) .

Then v = 4 € C°(X) and there is a unique extension still denoted by u s.t. u € SBH(R)
and u=0in R\ X.

Moreover

Excess estimate for 75 : If u solves (4.15) then for all v € SBH(R) s.t. sptv C &

(4.16) Fa(v) = F2(u) = BH(Ss) + <ZV|[@]| —u” M) :
Sy

Excess identity for minimizers of 7, : If v minimize F» among v € SBH(R), s.t.
sptv C X and u solves (4.15) then

(4.17) Falv) - Falw) = BH(S (wa [ )

Necessary conditions for exiitence of creased minimizers of 7, : If v minimize F»
among v € SBH(R) s.t. sptv C X, S; # 0, and u solves (4.15), then

(4.18) u” || oo (z) > s

(4.19) D 16] (y sign[e] —u”) = > (v ][] — u” [0]) < =284 (Ss) <0

S{, S’i/

1
(4.20) B < §L72.

By (4.19), if Sy consists exactly in one point T then |u"(T)| > .

Proof -  w is the only minimizer of F5 over w € SBH(R) N H2(X) s.t. sptw C X, hence
w € H3 (D).

By exploiting v” € C(2) , # = v" — [0]di_S; N (0,L) in D'(0,L), u € HZ(X) , """ = f in
Y and u =0 on R\ ¥, convexity of s — s2/2, and

L L
/ ' (v—u)"dx = / u"" (v —wu)dx —u" (L) [0](L) — u"(0) [0](0)
0 0

we have, for every v € SBH(R) s.t. sptv C %,

L L
Folv) > fz(u)+/0 u”(i)'—u”)dl“—/o fo —w)da + BE(Ss) +v Y |[0]] =
Sy

L
= fg(u)—i-/o o’ (v —u")dx — / flo—u)dz+ pE(S —|—fyz 1| — Z '] =
S5M(0,L)

Fo(u) + BH(S +Zv| ]| — u"[8])

Then (4.16) is proved.
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If v € argmin F> and u solves (4.15), then ¥ is continuous in (0, L) by Theorem 4.4 and

u=v, and u” = v" = ¢ hold true in R\ ¥ while Du-Bois Raymond equation (v) relative to
variations v, = v + e(u — v) yields

(421) [ =)= flu=o) de =3 3 15l] =
Ss

i?) =5 L1t dresus)+r SNl - [ odo— [P [ fus
=§/<v+u"><v—u>+ﬂﬁ e Ll I—/fvda:+/fu—

=3 [ s [ o) g (it S 1 g [ =) +Ba(S:) =
:%Zl[ﬂlfg/f(v*U)+§/ZU"@*U”)+M(S«>)-

Since u” € C(X) , & = v — [0]d§L_(S; N (0,L)) in D'(0,L), u € HZ(E) , v = fin ¥
and v =wv, on 9%, v4(0) —u/'(0) = [0(0)], v_(L) — ' (L) = —[o(L)], we get
fQ(U)—fQ(u) =
1 1 1 1 1 ’y . 1 7 _
=5 L = )—2/&f(v—u)+2§|{v]—2 Sl + Bu(Sy) =

Si,ﬁ(O,L)

= B + 5 (Sl - Y u”m) - WO )0) - Ju D))
Sy S»N(0,L)
= BH(S) + 5 3 Ol - ).
Sy

The necessary conditions for creased minimizers (4.19),(4.18) follows by substituting #(S,) >
1in (4.17).

By F2(v) < F2(0) = 0, L*® — BV Poincaré inequality (4.3), safe load (4.11) and Young
inequality

/ |v|2d:v+vZ| |+ B4(S / fode < || fllofollz~ <

(4.22) < SNl (/ i+ 3o ) (/ |ﬁ|+§|[@]>g

1 L
< 5/0 (62dz + §L72dx+72|[i}}|

Sy
if #(S5) > 1 then 3 < B#(S;) < 1 L~? say (4.20). O

Theorem 4.6. (L*° bending moment regularity condition for clamped beam)
Assume (4.1),(4.2) and the unique solution u of (4.15) fulfils

(4.23) lu” | oo 0,0) < -

Then w is also a minimizer of Fo. Moreover u is the unique minimizer of Fo.
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Proof - By excess estimate (4.16) and (4.23) we get

(4.24)  F(v) > F(u)+ B4(Ss) + Y (V[o]] — w"[8]) > F(u) + B4(Ss) > F(u),
So

hence v is a minimizer. If in addition £(S;) > 0 then the last inequality is strict, so that no
minimizer can have creases. B

Lemma 4.7. (Green representation formulae) Assume u solves (4.15). Then

L
(4.25) u(z) = / K(z,y) f(y) dy

0
where
(4.26) K(o,y) = 55520~ L) 1> BL—2y) — ==y + (y— )"

: ) 2.3 2L '
Moreover
4
4.27 K = 5L
( ) m,gr;nea[g,(ll] | (Z‘,y)‘ 27 ?
hence
1 4

(4.28) lullize < 5 Lllfllze)

and the equality in (4.28) can be achieved, hence the constant 4L/27 is the best possible. O

Proof - We perform the computations by assuming f € L'; the general case can be
handled exctly in the same way, since spt f* CC X.
The classical Green formula provides the standard representation

(4.29) u(z) = / G(z.y) f(y) dy

where we denote by G(x,%) the Green function associated to the operator (d/dz)* in(0, L)
with homogeneous boundary conditions:

Moreover, by setting P3(y) = 75 (3L —2y)y*, Pi(y) = y/L, we get

(4.30) Py(y) + P3(L—y) =1
[ Ps(y) f0<y<z<IL,

[ Pi(y) fo<y<az<L,
(4.32) Jl(l"»y)—{—Pl(L—y) ifo<az<y<IL,

433) @) = [ nnd) - /OmPs(T)df(T)— | pe-nimar
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(4.34)
L
u'(x) = /0 Ji(z,y)u" (y)dy =

L Yy L
:/O Ji(z,9) (/ P3<T>f<7>d7/y Ps(LT)f(T)dT>dy

L
= /O K(z,y) f(y) dy

Hence (4.25). Moreover the Green function G for the operator (d/dz)? fulfils

x L
(4.35) Glary) = /0 ( /0 G(sm)Js(T,y)dT) dy.

Then G(0,y) = 0 and

L
(4.36) Gulay) = / Gla, ) Ja(r,y) dr

hence

gwr(ﬂf,y) = Jg(l‘,y)
gr(()?y) = gz(Lay) =0

B /L /L G(s,7)J3(1,y)ds dr =
/ J3(7,y) dT/GSTdS_/JSTydT</ ‘(S(T[/_L)ds_F/TLT(‘s,L—L))

L
:/0 7(r—L) J3(7,y) d =—7P3(L y)/o T(T— L)dT-‘r PS( )/yT(T—L)dq—zo,
By (4.26)

Eventually

3y y
K, = ﬁ (3L ) 1{y>w}7 Ky = ﬁ (29: - L) (L - y) - Z + 1{y>w}

hence K, #0if y < z, if y > x then K, < 0 since K,(L,0) = 0 and K, is increasing in y.

So VK # (0,0) in (0, L)? \ {y = #}. Since K (z,0) = K(x, L) = 0 we get

max |K| = max{max|K(y,y)|, max |K(0,y)|, max |K(L,y)| } .
x,y€[0,L]? Y Y Y

By computations:

L 4
maX\K(y,y)| = 3 max |K(0,y)] = max|K(L,y)| = EL
y v ¢
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and (4.27) follows. Estimate (4.28) follows by (4.34),(4.27). The equality is achieved in
(4.28) since f(y) = 0(y — 2L/3) entails ||u”|| = 4L/27. O

Theorem 4.8. (Load regularity condition for functional F;)
Assume (4.1),(4.2) and

27 v

4.37 s < — =
(4.37) Iflrey < T 7
Then Fy has unique regular minimizer among w s.t. sptw C X the solution u of (4.15).

Proof -  Assume v is the minimizer among H? functions assuming the boundary data.
Hence by (4.28)

4L
W~ < 52 Il < 7
and Theorem 4.6 give the conclusion, since the bending moment condition is fulfilled by w.
Lemma 4.9. (Compliance identity ) Assume (4.1),(4.2), w satisfies Euler conditions
(i),(ii),(iii) of Theorem 4.4 and sptw C X. Then

1 L
4.38 F. = —5 0 d Sip)-
(4.38) ) = = [ Lo+ 51(50)
Proof - By (i) we have (w)” = f in D'(0, L). Then, by w(0) = w(L) = 0 and

w' =i+ Y [@ldilS,  inD(0,L),
Swﬂ(O,L)

we get
L L L
/]wadx:/o fwda::/o () wd:c:—/o (w)'w'de =
_ /0 i d(w”) — (L)t (L) + s (0) 1, (0) =
L
= [ClaPdes Y il + oo (D)D) + @4 0)[0](0).
0 SwN(0,L)
substitution of (ii),(iii): me: Ld}2 w
By substitution of (i), (i) | pwi /0|+v§|[]|

and thesis follows by the definition of F. O

Theorem 4.10. Assume (4.1),(4.2) and v minimizes Fo among function with spt C X.
Then 4(S;) < 2.

Proof -  See Theorem 4.1 in [41].

We show an example of creased minimizer of 7> with homogeneous boundary condition
(spt contained in X) and load f fulfilling (4.11).

Theorem 4.11. (Example of load which produces creased minimizers)
It is possible to choose the parameters 6, k and the load f such that

k
(4.39) ;= 5—2 XeLjs—sonsses .  0<O<Lj3,  21<k<?28,
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f € LY, fulfills the safe load condition (4.11), violates the stress regularity condition (e.g
[lw”||ee > ) for the related non creased solution and the the minimizers of Fa among
functions with spt C X, have a crease whenever

0 < B < L) )

Proof -  We show that the solution u of (4.15) verifies u”(L) > v, and we construct w
with a crease at L, fulfilling all Euler conditions in Theorem 4.4 and Fo(w) < Fa(u).
Let v be solution of

{ " =0 in (0, L)

w(0) = V(0 =v(D) =0, (L) =y (L),
explicitly
o) =B 2 1), vy =Ee v

Then w = v + v is a solution of

{ w//// — f (O,L)
w(0) = w'(0) = w(L) =w'(L) =0,

If we show that (L) > v for a suitable choice of f, then
L L
S = {L}, (L) = 7(y =u" (L)), [@)(L) = 7 (v = u"(L)) > 0, @(L) = v = ysign([w](L))-

Hence all the Euler conditions of Th. 4.4 are fulfilled and we can evaluate both energies of
w and v by mean of compliance identity (Lemma 4.9):

1r o | T S B L
Falw) =g [l =g [P [Cae—g [T =
1 1

R S
= [ 1= 5o =

1 L 12 L o 2 1 L 2
=g [P - 2w -2 <5 [l = A
0 0
if 0 < B < £ (i(L) — )% In the above computation of the energy we took into account
u(0) = u(L) = @(0) = 4(L) = 0 =v(0) = 0(0) = v(L) and 7" = to a constant.
We show that (4.39) entails v”(L) > ~. By the explicit representation in term of Green
function (Lemma 4.7), taking into account Ps(7) + P3(L — 1) = 1, we get
1t 1 [t
D= [ Kwswaw = 5 [w-nirww = L [ swa
0 0
where we set h(r) = 72(L — 7); hence maxo r) h(r) = h(2L/3) = 4L /21.
We are left only to show that it is possible to choose § € (0,L/3) and f € L! s.t. the safe
load condition (4.11) is fulfilled and the regularity stress condition (|u”| <)) is violated:
[fllr = 2kvy/L < 8v/L
1 [t 17 kv 7k
i(L) = — [ h dr > ——L*—26 = —
in) = 3z [ Wi > LT

7 2 2
the last one, by the continuity of ~ is achieved as soon as h(7) > 7 L3fort € [gL—d, §L+5].
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Remark 4.12. Referring to previous example (Thm 4.11), notice that the necessary condi-
tion (4.20) (say 28 < L~2 ) for the existence of a crease is fulfilled if 0 < 3 < (il(L) —~)>.
In fact:

1 4 32ky 8kvy 32

1 [ 1
i(L) = — — - < — 3L 2 2t
v < i(L) LQ/O h(T)f(T)dT<L2 Azl fllz <7297 7 57 < 377
5

L
hence (L) — v < 77 ~ so that B < 1 (i(L) —)?* entails
25 L ,

TR
We emphasize also that Theorem 4.11 do not prove that w is a minimizer, but shows only
that any minimizer must have a crease and energy not bigger than w.

1
< = LA~2.
2’7

Theorem 4.13. Assume (4.1),(4.2),(4.11),v minimizes Fo among functions with spt C 3
and either f >0 or f <0. Then S; #{0,L}

Proof -  Assume by contradiction S; = {0, L}. Then by Euler equations
(©)" =f (0,L)
(0) = sign[i(0)]
B(L) = sign[o(L)
v(0)=v(L)=0

and (up to interchanging boundary vaues at 0 and L, or changing sign in both boundary
values) only two cases may occur: either

(5" = f (0.1)

5(0,) =+y, 9(01)>0
(4.40) o S Pl
v(0)=v(L)=0
(©)"=f (0,L)
(4.41) (04) =9(L-) =+v, 0(04)>0, o(L_) <0
v(0) =v(L)=0.

We show that both cases lead to a contradiction.
In case (4.40), we claim

o o <o = { {0 <
L

We set so = [6](0), s; = [0](L). Since (& — u”)” =0 (0,L) and v" = i + 800 + 51,01, there
exist ¢, d s.t.

(4.43) o(x) —u"(x) = (cx + d) X0, (2)-
By integration over R we get
(4.44) §L2+dL+50+sL _
by integrating (4.43) twice we get

L3 L?
(4.45) CF—Fd?—FLso = 0.

Euler equations

(4.46) #(0) = ~ signsg v"(L)o(L) = ~ signsy,
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entail
(4.47) #(0) —u"(0) = vsignsg —u"(0) = d
(4.48) (L) —u"(L) = ~ysigns, —u"(L) = c¢L+d.

By solving (4.44),(4.45) we get
6

c = ﬁ(so—sL)

(4.49)
d = g(5 —2sp)
= 7L 0)-

By setting a = [0](0) (7sign[](0) — u”(0)) = so(7sign s — u”(0)),
b= [0](L) (vsign[v](L) — (L)) = sp(ysigns, —u”’(L)),
the thesis of claim (4.42) reads

(4.50) a=s0d < 0, b=sr(cL+d) < 0,
and since (4.40) entails s, < 0 < 59 we get
(4.51) a = 2so(sp —2s0)/L < 0, b= 2sp(so—2s5)/L <0

(notice that also in the other case with spsy, < 0, e.g. sg <0 < s, we get (4.51))
hence (4.50) and the claim (4.42) is proven. By using claim (4.42) we get

(4.52) u' (L) —u"(0) < v(sp —s0) = —27,
notice that also in the other case with sgsy < 0, e.g. so < 0 < sy, we get
(4.53) u' (L) —u"(0) > v(sp —s0) = +27.
In any case by (4.25),(4.26)
L
@s) < W) -] < || (L) - KOw) fo)dy
0
1
(4.55) K(L,y) = K(0,y) = -5 (3Ly* — 2" — L*y)

|K(L,y) = K(0,y)| < |K(L,L(1-1/V3) = K(0,L(1-1/V3)| =
- 5(3—\/3—2/\/3)

By (4.54),(4.56),(4.11) we get the contradiction

2y < [u"(L) — u"(0)] < §(3 ~V3-2/V3) |flln < 2(3 ~V3-2/V3)y <2y.

(4.56)

In case (4.41), by using Green function G for d?/dz? with homogeneous boundary conditions

(3.21), we get ¥(z) = v+ fOL G(z,y)f(y) dy. Hence 0(L) —v(0) = yL + fOL fOL G(z,y)dydzx .
Since

L L2

4.57 Gz, y)de| = =
(4.57) max / (e,) de| = =
by Fubini-Toneli and (4.11) we get

L L 2 2

L L 8

ass) || [ Gewrwdis| < Sl < TF <L

0 0
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hence the contradiction v(L_) — ©#(04) > 0. O

Theorem 4.14. Assume (4.1),(4.2),(4.11), f does not change sign and is symmetric:
(4.59) fx)=f(L—=x) z € (0,L) and either f >0 or f <0.

Then there is a unique minimizer of F1 among v s.t. sptv C [0, L], moreover such minimizer
is the regular regular solution of (4.15).

Proof - By taking into account the symmetry of f and K

(4.60) fly) = f(L-y) Ky = K(L-x,L-y)
in the Green representation (4.33) we get, for z € (0, L),
u'’(z) / K(z,y) fly)dy =
(.61) - [ K@y sy
.70

0

then v is even with respect to L/2.
Therefore ||u”|| e = max{|u”(L)|, |v"(L/2)|} and by (4.25),(4.26),(4.11) we get
(4.62)

(L) = / K(L.y) f(y) dy

- | [ s

L/2 L
- e wma s g [ e

1

L/2
P v ns

1L02%1
4 2Hf”L 0,L) = §||f||L1(0,L) < 7.

| N

1 L)2 L
(4.63) =oF Vi dy + | (L—y)?fly)dy
0 L/2
1 L)2 ,
= - y fy)dy| =
2l
1121 L
=< AR Ifllzro,n) = ||fHL1(0,L) < 7.
hence
(4.64) lu"|lLe < v

and the thesis follows by Theorem 4.6.
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5. (Pb III) Clamped Kirchhoff-Love plate with plastic yield along free lines

In this Section we look for minimizers of functional

PKL(’ZU)Z
_ 2 2,12 a, |2 1 / 1_/
_ 3M/Z(W WP gy ATl + 9 (Sww) 4 (IDwlar | puax

among scalar functions w € SBH(R?) s.t. sptw C X.

Here A® denotes the absolutely continuous part of the distributional Laplace operator, say
A%w = Tr (VDw) = (Aw)%, B, are given constants, H ! is the ldimensional Hausdorff
measure and f is a given transverse load.

All along this section we assume

(5.1) ¥ C R? connected Lipschitz open set |,

(5.2) B>0,v>0,

(5.3) w>0, 204+3X>0,.

(5.4) fEMM), sptfCy,

Notice that for any w € SBH we have (see [10],[29],[3]):

(55) Vw = Dw, Svv = Spw,

(5.6) Spe is a countably H! rectifiable set

(5.7) Spo has an approximate normal vector vs, H'a.e. in Sp,and
’ vs,, is unique up to the orientation at any point where it is defined,

Ov ov

5.8 Dv] = [Vv] = Dv)| =

65 Do = 19 = [y v 20l = [[ 5] |

(5.9) both D?*w and V?w are symmetric.

We recall the following statement for the quadratic form associated to the Kirchhoff-Love
plate energy.

Lemma 5.1. Assume (5.1),(5.2),(5.3),(5.4) and

(5.10) Ifllr(X) < 4~ (safe load condition for clamped plate)
Then P, achieves a finite minimum over w € SBH (R?) with sptw C 3.
Proof - Tt is a particular case of Theorem 8.3 in [13]. O

Obviously the above existence result holds true not only for the quadratic form
2 LA
11 M) = = ( p/MJ? TrM[?
(.11) Ques ) = 5 (s + 2% Tena

associated to Kirchhoff-Love plate energy Pg, but also for any other positive definite
quadratic Q form evaluated on V2v ([13]). For this reason we study the whole class of
functionals P (including Prr)

(5.12) P(w):/E(Q(VQw) — fw) dx+ﬂH1(va)+7/ |[Dw]|dH*,

Spw
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to be minimized among w € SBH(R?) s.t. sptw C ¥.
We assume that the quadratic form Q fulfils

2
Fqijne €R, qijhr =qnrij : QM) = Z Qijne M My, VM,
W4 hok=1
Ja, A, 0<a<A<+oo: a|M|5 < QM) < A|M|3 VM,
here and in the following the summation convention over repeated indexes is understood,
M, A,B are 2 x 2 real symmetric matrices, A:B = A;;:B;; and || - ||, denotes the {? norm.
We denote Q" = 9Q/OM so that, by (5.13) we get

(5.13)

2

/
M) |l
(5.14) (Q'(M))ni =2 Z Gijhi My, ”Q|I\EAI|) < 2AVM.
ij=1 oo
In the particular case of QQ = Qg we have
4 HA
1 ber (M) = = | uM TeM)I ) .
(5.15) Qies 00) = 5 (1 + £ (rvn

We are not able to prove (and even to write) the complete system of Euler equations or
even Du Bois-Raymond equation for functional (5.12) since we cannot hope to have enough
regularity of minimizers v to give meaning to the product (V2v : u) when u is a measure;
moreover for a general minimizer v the set Sp, is not smooth enough to perform integration
by parts. The difference with respect to beam problem faced in Section 3 is that weak and
strong formulation of free gradient discontinuity problems coincide only in dimension n = 1.
Nevertheless we can prove something similar to Du Bois-Raymond equation, by considering
particular variations e(w — v), where w € C?(X) N SBH(R?), sptw C %, v € argmin P and
e € R, as stated by the following Lemma 5.2. So we get Euler equation (5.48) only in
the set ¥\ Sp, and the compliance identity as stated in Lemma 5.3. Moreover additional
assumptions on f allow proof of basic relationship: a sufficiently small load f in LP(X) with
p > 1 entails excess identity (5.31) and the regularity Theorem 5.7. In a different perspective
any f € LP(X) with p > 2 leads to partial regularity result stated in Theorem 5.9.

Lemma 5.2. Assume (5.1),(5.2),(5.4),(5.12),(5.13). Then, for any w € C*(X) N SBH (R?)
with sptw C X, and v € argmin P

(5.16) /E(Q'(Vzv) : (DzwfVQU) - flw=n)) dx — fy/ |[Dv]| dH' = 0.

Spw
Proof - By exploiting minimality of v, convexity of Q, Sy (w—v) = Sv(v) , small positive
and negative €, we get the thesis.

Lemma 5.3. (Compliance identity for elastic-plastic plate)
Assume (5.1),(5.2),(5.4),(5.12),(5.13). Then for any v € argmin P

(5.17) /E(Q’(V%):V% ~fo)dx + 7/ \Dw]| dH' = 0,
say

(5.18) 2/ QV?0) dx = /fvdx—fy/ Do) dH*.
Hence the followinz compliance identity holds true "

(5.19) Pv) = — /Z Q(V?v)dx + BH'(Sp,) Vv € argminP.

Proof - Choose w =0 in (5.16). O
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From now on, in order to perform a deeper analysis of P, we enforce regularity assumptions
(5.1),(5.4) about load and plate boundary.

Lemma 5.4. (Elliptic regularity) Assume (5.13) and
(5.20) ferr, 1<p<+oo,

(5.21) 9% is either a convex polygonal or a C* simple curve.
Then the elliptic problem of fourth order
(5.22) u€ HZ (%), div div @ (D*u) = f in¥%,

has unique solution w which is also the unique minimizer of fz (Q(Dzv) — fv) dx over
v € H3(X) and fulfils the associate compliance inequality

(5.23) /QD2 dx = /fudx

moreover u belongs to W*P(X) and there are two constants Cy, Ca, with C; = C1(X,p,a, A)
and Cy = Co(X,p,a, A) s.t.

(5.24) lullwarsy < Cillfllees),

(5.25) [1D*ullgosy < Collfllires) -

If Q = Qg (Kirchhoff-Love elastic plate) then problem (5.22) reads as follows:
3(A+2u) .

5.26 ue HZ (YD), A2y = 1 fin X,

(5.26) He) i

Proof -  Since LP(X) C H2(X), by denoting C3 the related embedding constant and
applying standard Hilbert technique for elliptic equations, we get existence and uniqueness of
solution for (5.22), minimizing the purely elastic energy [y, (Q(D?v) — fv) dx and fulfilling
(5.23) together with the following estimates (due to (5.13), ¥ C R?, sptu C X):

[ull Lo (s) < *”DU?HT(E) *|E|1/2||D2U||L2(2) =
|E|1/2 / ) 1/2 |E|1/2 1/ 1/2
< (D?u = = d <
|Z|1/2 1/2 1/2 |E|l 1/2 1/2
< o Ml sy < 5 AN Tl
hence, by HZ(X) C L=(X),
|Z‘2 1/
HUHL°o @ < 394 ||fHLP(E)7
1/p |E‘2
(5.27) lull oy < IEP llullecmy < 5l fllzes

The fact that the solution u of (5.22) belongs to W4’p follows by standard interior regularity
and use of Lemma 4.2 p.414 of [1] (with m = j = 2) on a finite atlas of the boundary 9% in
the convex polygon case, and by Theorem 8.1 p.443 of [1] in the C* boundary case: hence
in both cases:

(5.28) lullwarsy < Co (Ifllere) + lulliecs)) -
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Then (5.27), (5.28) entail (5.24) with C; = (1 + |£]?/(32a))Co.
Estimate (5.24) together with Sobolev inequality entail estimate (5.25) with Cy = C1C3 =
(1+12[?/(32a))CoC3 where Cj is the embedding constant: || D?ul|cosy < Csllullwan(s). O

Lemma 5.5. Assume (5.2),(5.12),(5.13),(5.20),(5.21) and u is the unique solution of
(5.29) we HX(Y), sptwcCX, divdiv @ (D?*u) = fin X,
Then trivial extension of u belongs to C2(X)NCY(R™) and the following statements hold true.
Excess estimate for P : If u solves (5.29) then for all v € SBH(R?) s.t. sptv C &

P(v) = P(u) > BH (Spv)+

(5.30) +/S (’7 |[Dv]| — Q/(DQU) : ([Dv] ® USDW)) dH'.

Excess identity for minimizers of P : If v minimize P among v € SBH (R?), s.t. sptv C
Y and u solves (5.29) then

(5:31) P)-P@) = p1(S+y [ (111Dl QD) (D] 9 vs,,) ) e,

Dwv
Necessary conditions for existence of creased minimizers of P : If v minimize P
among v € SBH (R?) s.t. sptv C X, Sp, # 0, and u solves (5.29), then

(5.32) 1Q (D*u)l| L (x,£(22 m2)) > 7+

633 [ (3100 - QDR (D] 9vs,,) ) dit < -25% (Sp,) <.

Dwv
We emphasize that the excess estimate (5.30) holds true under weaker assumptions: @ convex
and C? ; while the excess identity (5.31) and its consequence, say the fact that (5.32),(5.33)
are necessary conditions for creased minimizers, require the quadratic structure (5.13) of Q.

Proof- By (5.20),(5.21),(5.29) and Lemma 5.4 we know: D?*u € C(X), u € H3(); hence
u € C?() N CYR"). For simplicity, we will write shortly v instead of vg,, in the proof.
By convexity of Q we get

Pv) — P(u) =
ZﬂHl(Sw)+/EQ(V2v)daz+v/S

(5.34) —/Efvdx—/EQ(DQU)Jr/Efuz
BZ] dHl—/Ef(v—u)Jr

> 67! (Sp0) +7 [
—|—/ Q'(D*u) : (V*v — D*u)dzx .
b

]| e

Dv

Svu

Thanks to Lemma 5.4
(5.35) D?*u € C°(%)

so that we can apply Lemma 5.2 with w = v and v € argmin P.
By (5.8),(5.22),(5.29),(5.35) and Theorems 2.15, 6.3, 6.4 of [10] we have:

V2 = D*v—[Dv]®@vdH'_Sp,NY =

(5.36) - D2y — [gv} QUdH1_Sp, N2 in D'(%),
12
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)
(5.37) [Dv] @ vdH'L_Sp,NE = {8”} QudH1_Sp, NE
14

Bu( A+ 1) 1o oy
mAu lfQ—QKL.

Hence, integrating by parts twice and taking into account u = v = 0 on 0%, we get
/Q (D*u) : (D*v — D*u)dx =
2 12 v
div Q'(D*u) - D(v — u) dx + QD) : | =—vs®us | =

f = div div Q' (D?u) say f=

(5.38) 2 68”2
= /Zdlv div Q' (D?u) - (v — u) dx + /62 Q' (D*u) : (a:;yg ® 1/2) =

, ( Ov
Z/Ef(v—u)dXJr [ ) (a®)

where vy, is the outward normal to 9X. We choose v = vg, = vy on 0¥ N Sp, and, abusing
notation we define (42v ® v) = O on 0% \ Sp.,; with this convention, by denoting |o,: and
lin respectively the outer and inner traces at 9 and taking into account that 9/dvs; stands
for the inner trace of the derivative in the direction of outer normal, we get

v v v v v
5.39 — | = = _27 2 = 27
(5-39) [31/] v, OVl ov|,, Jvs,

v v
(5.40) azyg®yg = —|:8V:|V®V
so that (5.38) reads as follows
/Q D?u) : (D*v — D*u)dx =

(5.41)

:+/Efv—u)dx— [ Qo) ([gﬂum)

by substituting (5.36) in (5.34) and taking into account (5.37),(5.41) and Dv = Vv we get

P(v) = P(u) > BH(Spy) + /E Q'(D%) : (D% — D*u)+

fpe-neaf
:6H1(SDU)+/Zf(’U—U) dx — . Q'(D?u) : (Bﬂ V®V> n
—/Ef(v—U) JrV/SDmz Bﬂ
— R (Spu) + (M[gy]

— B (Spu) + ( I [gV]

dH* / Q' (D*u): [Vv|@vdH ' =
S

Dwv ny

(5.42)

dH*! / Q' (D?*u): [Vv] @ vdH ' =
S

DyNX

dH' — [ Q(D%u):[Vv] ® vdH 1)
Spw

ov

— Q(D?u) : {8”} v@uvdH 1)
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so that (5.30) follows by(5.37). Since Q is a symmetric quadratic form we get

(5.43) Q(A) - Q(B) = %(Q’(A) +Q'(B)) : (A-B)

hence by using (5.36),(5.37),(5.41),(5.43) and eventually (5.16) we get (5.31) as follows:

P(v) — Plu) =

= /(Q(v%) — Q(D*u)) dx 7/ fv —u) dx+
b b

I
’Y Sbw 81/

dH' + BH(Spy) =

% /E(Q’(V%) +Q/(D%u)) : (V20 — D*u)+
(5.44) */Ef(”*“) dx*”/sm BZH dH' + BH ' (Spy)

_1 / o
72,-)/ Spw 81/

BH(Spy) + }/ Q' (D*u) : (D*v — D?*u)+
2 Js

dH* f%/zf(vfu)dx+

1

_Q/SDmE Q'(D?u) : ([Dv]®@v)dH' =

1 ov
— im0+ [ {~ Ha}

Thesis (5.32) follows by (5.2),(5.31) and minimality of v.

Thesis (5.33) follow from (5.31) and (5.32). O

As a consequence of Lemma 5.5 we can prove the following result (which was announced
n [41], Th.2.2) which states that the minimizers of (5.12) do not exhibit any plastic yield
whenever the purely elastic solution has small second derivatives .

— Q'(D?u) : ([Dv] ® v) } dH .

Theorem 5.6. (Bending moment regularity condition for clamped plate)

Assume (5.1),(5.2),(5.12),(5.13),(5.20),(5.21) and the solution u of purely elastic problem
(5.22) fulfils

(5.45) 1Q (D) ey < -

Then u € argmin P(w) and u is the unique minimizer of P .
More explicitly, in the case of Kirchhoff-Love plate (say Q = Q) condition (5.45) reads

(5.46) HMD% + A (mepray1

3
< =y,
At 2u =37

Le=(%)
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Proof - By (5.30) and (5.45) we get

P(v) —P(u) > BH(Spv) + (/S (v[[Dv]] = Q' (D*u) : ([Dv] @ vsy,) dH1> >

Dv

— BH(Spu) + ( [ - 1@lim) dHl) > GH (Spy) > 0.
Spv
and the last inequality is strict if H'(Sp,) > 0. O

Theorem 5.7. Load regularity condition for clamped plate P
Assume (5.2),(5.12),(5.13),(5.20),(5.21) and

(5.47) [iP—

2AC,

where Cy = C2(2,p,a, A) is the constant appearing in the estimate (5.25).
Then u minimizes energy P among scalar functions in SBH(R?) with support in 3.
Moreover u is the unique minimizer of P in this class.

Proof - Inequalities (5.14),(5.25),(5.47) entail (5.45), hence thesis follows by Theorem 5.6.

Theorem 5.8. ( Euler equation for P ) Assume (5.2),(5.12),(5.13),(5.20),(5.21) and w
minimizes P among v in SBH(R?) s.t. sptv C 3. Then

(5.48) divdiv Q¢ (D*w) = f ¥\ Spw -

Proof -  Perform smooth variations with support in X\ Sp,, . O

Theorem 5.9. (Partial regularity for elastic-plastic clamped plate)

Assume (5.1),(5.2),(5.10),(5.12), QM) =M : M and f € LP(X) with p > 2.

Then the set of w minimizing P among v € SBH(R?) s.t. sptv C X is not empty and any
w among these minimizers is a strong solution, say:

(5.49) we CO'X)NC%*E\ Spw),

(5.50) H' (Spw\ Spw) = 0

and the pair (Spw,w) minimizes the functional

(5.51) P(K,v) = /E\K(|D2v|2fv) dx + FHYENT) + 'y/ I[Dv]| dH !

Kn%
among pairs (K,v) such that K C R? is a closed sets and v € C°(X) N C?*(T\ K).

Proof -  Safe load condition (5.10) together with Lemma 5.1 entail the existence of min-
imizers for P.

So we can apply Corollary 4.14 and Theorem 4.15 in [11] to any minimizer of P and get
interior regularity in X, then repeat the technique of [15] in this simpler case (homogeneous
Dirichlet datum, free discontinuity allowed only for derivatives) to prove partial regularity
up to the boundary 0%. O

Remark 5.10. About analysis of plastic yield lines (reqularity and geometric properties
of crease set, squared-hessian jump, stress concentration and asymptotic expansion around
crease-tip of a minimizer) we refer to a forthcoming research. We emphasize the analogy of
properties between yield lines and free discontinuity set in Blake & Zisserman functional for
optimal segmentation of an image ([14],[16]).
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Theorem 5.11. Sufficient conditions for existence of creased minimizers of P :
Assume structural assumptions (5.2),(5.10),(5.12),(5.13),(5.20),(5.21) and u solves (5.29).
If there exists v € SBH(R?) s.t. sptv C X, and v fulfils

(5.52) /E(Q’(VQU) : (D*u— V) — f(u—v)) dx — 7/ I[Dv]| dH' = 0,

Dv

(5.53) / (7\[DU]| — Q@ (D%u) : ([Dv] ®ysm)) dH' < =28 H (Sp.).
SD’U

Then v has non empty crease set and lower energy than w:

(5.54) H' (Spy) >0; Pv) < P(u).

Hence the set of minimizers is non empty, all minimizer z exhibits a non empty crease set
and lower energy than v : say P(z) < P(v) (the inequality may be strict).

Proof -  Inequality (5.53) entails H! (Sp,) > 0. Assumption (5.52) allows to repeat
exactly the same computations in (5.44), so that v fulfills the excess identity (5.31) too.
Then (5.53),(5.31) together entail the thesis. O

Remark 5.12. Notice that Theorem 5.11 does not state neither that v itself is a minimizer
nor the existence of creased minimizers.

6. (Pb.IV) Vector-valued deformations with cohesive damage along free surfaces

In this Section we study the functional
A
) = [ (nle@P+ F e - £ov) ax o+
Q

+aH" NIy + 7/ I[v] © vy |dH ™1

v

(6.1)

to be minimized among displacement vector fields v such that v € SBD(R™) such that
spt(v) C Q. Here o, v, \, . are given constants, ® denotes the symmetric tensor product,
H" 1 is the n — 1 dimensional Hausdorff measure. £(v) is the absolutely continuous part
of the linear strain tensor €(v) = % (Dv+ (Dv)T), Jy is the jump set of v, 14 is the
normal to Jy and [v] is the jump of v in the direction of v .

The non convex stored energy functional F is a naif description of mechanical energy for
a deformable body with natural reference €2, subject to prescribed volume dead load f,
homogeneous Dirichlet boundary conditions and free small cohesive damage whose geometry
(the set Jy) is not ”a priori” prescribed.

The space of vector fields with bounded deformation BD is the natural framework for the
study of functionals with linear growth in the symmetrized gradient and its subspace SBD
allows only jump-type discontinuity ([4],[6],[18]).

All along this section we assume

w>0, 2u+nA >0, a>0, v>0,
(6.2) Q C R™ connected lipschitz open set, n=2,3,
f e LP(R",R"), p>n, sptf C Q.

If Y is a finite dimensional space and A C R™ is an open set, we denote by LP(A,Y") the space
of Yvalued, p integrable functions with respect to the Lebesgue measure £L". Let M(A,Y)
be the space of the bounded measures on A with values in Y (M(A) when Y = R) and let
| - |7(a) be the total variation of a measure in M(A,Y), i.e.



40 DANILO PERCIVALE & FRANCO TOMARELLI

i = [l =sup{ [ S oudu; + 05 € B o<1 m 4,

We define a Borel measure |u|, by setting for every Borel set B C R"
[ul(B) = |plry = inf {|p|pay; B C A, Aopen }.
For any v € L'(R™ R") the set of Lebesgue points is the set of x € R™ s.t. there is
v(x) € R™ with lim,_o, fBQ(x) [v(y) — v(y)|dy / |B,| = 0.
The Lebesgue discontinuity set Sy is the complement of Lebesgue points.

We say that v has one-sided limits v (x), v~ (x) at x € Q with respect to a suitable direction
v(x) e {xeR": |x| =1}if
tiw " [ V() - vH(x)|dy =0,
0" {(YEBo(x); (y=x) -1y >0}
tim p" [ v(y) = v~ (x)| dy = 0.
0% {(YEB,(x); (y—x) v <0}
The jump set J,, of v is the subset of points x in Sy where v has one-sided limits v*(x), v’ (x)
with respect to vy (x) and v (x) # vT(x).
We emphasize that spt v C  entails: J, N 9§ may be nonempty, while J, \ Q = 0.
We denote by v, £(v), and £(v), respectively, the admissible displacement vector field, the
linearized strain tensor and its absolutely continuous part:

— 1
v : R" - R", sptv C Q, e(v) = §(Dv + (Dv)1),
d€(v)
E(v) = =\
(v)= &),
here Dv = {Djv;}, (i = 1,...,k, j = 1,...,m) denotes the distributional derivatives of v;

Vv = ‘éﬁ,‘[ denotes its absolutely continuous part and [v]© vy, = sym(v ®wvy ) ; the absolutely

continuous part div® of distributional divergence is defined as follows
div?v:=(d/dL")divv=Tr&(v) =V-v.
We set |E(V)]? = E(v);;E(v)i; and

E4v)=E&(v)dL”, divv=Tr&(v)=V-v,

A
(6.3) Q(E) = pu|E|? + §(T1*IE)2 , for any n x n symmetric matrix E,

Q(E(v)) = u |5(V)|2+% (TrE(v))*= 1€:j(v) dindji 5hk(V)+% 0ij Onk Eij (V) Enk (V).
Hence

(6.4) Q'(E) = 2uE + A(TrE)I for any n X n symmetric matrix E.

(6.5) F(v) = /H(Q(S(v)) —f-vdx + aH" (], + 7/ [[v] ® v [dH ™t

Jv

Space BDq, of functions with bounded deformation and support contained in Q : we define
(6.6) BDg = {v € L'(R",R") : e(v) € M(R" M,.,.), sptv C ﬁ} :

the space BDq, is endowed with the norm

IVllepe = IVl @&nr") +/R eVl = Ivlir@r ) +1€(V)1) -
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We list the main properties of functions with bounded deformation (see [4],[6],[18]).
The linear strain tensor €(v) has the following decomposition

(6.7) e(v) = €°(v) + €°(v) = €*(v) + &/ (v) + €°(v),

where €%(v) = £(v)dx and €°(v) are, respectively, the absolutely continuous and the sin-
gular part of €(v) with respect to £, while €7(v) and €¢(v) are respectively the restriction
of €%(v) to J, and to its complement; €’(v) and €°(v) are called the jump part and the
Cantor part of €°(v).

For any v € BDgq, the jump set J, is £™ negligible, countably (H"~!,n — 1) rectifiable, and

(6.8) €e(v) = (vi(@)—v (@) o H" ' Jy H" ta.e. in Jy .

For every connected Lipschitz open set € there is a constant Cq, dependent only on € s.t.
([47]) a Korn-Poincaré inequality holds:

(6.9) [Vlign-n@) < Cal€V)lpm Vv € BDR"): sptv C Q.

The Space SBDq of functions with special bounded deformation and support contained in
Q is defined as follows:

(6.10) SBDq = {v € BDg : €(v) = ei(v) }

Lemma 6.1. (safe load condition for free cohesive damage)
Assume (6.1),(6.2),(6.3) and

(6.11) Ifllr0) < ——< (safe load),
Q
where Cq is the constant in the Korn-Poincaré inequality (6.9).
Then the functional F achieves a finite minimum over the space SBDq (see (6.6),(6.10)).

Proof -  See Theorem 3.1 in [18]. O

So far we have existence of minimizers. Studying regularity of F minimizers is even more
delicate than the minimizers of Problem II about plates: here not only we cannot achieve a
complete system of Euler equations analogous to the ones in Theorem 3.3 about 1d model
problem (besides the standard PDE system of linear elasticity outside the jump set, say:
—pAu— (A+p)D(divu) = £ in Q\Jy), but also we lack a partial regularity result analogous
to Theorem 5.9. Nevertheless we can show again of Du Bois-Raymond equation (see (6.12))
and an excess estimate (see (6.21)) which allows the proof of regularity for minimizers under
an explicit smallness condition of LP norm of load (Theorem 6.7).

Lemma 6.2. Assume (6.1),(6.2),(6.3)(6.11). Then, for any w € C*(Q) N SBD(R™) with
sptw C Q and v € argmin F

6.12) [ (@(EW):(ew) = W)~ f-(w—v)dsry [ W] on] dnm <o,

Proof - By exploiting representation (6.5) of F, minimality of v, convexity of Q, jump
sets coincidence Jy_ = Jy , small positive and negative ¢, we get the thesis. O

Lemma 6.3. (Compliance identity for cohesive damage)
Assume (6.1),(6.2),(6.3)(6.11). Then for any v € argmin F

013) [ (QEw)Em —tvyax + 5 [ menlat <o,
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say, by (6.4),

(6.14) 2/2Q(8(V))dx = Lf—vdx—*y/JJ[v]@uA dH™ L.

Hence the following compliance identity holds true
(6.15) Pv) = — / Q(E(v))dx + aH" (Sy) Vv € argmin F .
b

Proof - Choose w =0 in (6.12). O

Lemma 6.4. (Elliptic regularity) Assume (6.2) and

(6.16)  Q bilipschitz-homeomeorphic to (0,1)" with boundary OQ of class C2.
Then the system of elasticity with constant coefficients

(6.17) uc HNQ), L(u) :=—plu— A+ p)D(divu) =f in Q,

has unique solution u which is also the unique minimizer over v € HZ () of purely elastic
energy [, (Q(€v) —f-v) dx. Such u fulfils the associate compliance inequality:

(6.18) /QQ(e(u))dx _ %/Qf-udx.,

Moreover u belongs to W2P(Q2) and and there are constants K1, K, with K1 = K1(,p, A, 11)
and Ko = Ko(Q,p, A\, 1) s.t.

(6.19) lallwar)y < Killfllee),

(6.20) [Dullcoy < Kallfflzr(s) -

A

Proof -  The system of elasticity (6.17) is a Dirichlet problem with null boundary data
for an equation of the type agﬁDijuﬁ = fo with constant coefficients satisfying Legendre-
Hadamard condition ((10.60) in [31] pag.381). Hence (by estimates (10.62),(10.63) in [31],
page 381) we get the existence of K1 = K1(,p, A, u) > 0 such that

ID%ul| o) < KillfllLeco) -
Hence u € Hj , f, Dudx = 0 entail (6.19). Inequality (6.20) follows by Sobolev embedding.

Lemma 6.5. Assume (6.2) (5.21) and u is the trivial extension of the unique solution of
(6.17). Then u admits a trivial extension (still denoted u) in C°(R™) N C1(Q) and the
following statements hold true.

Excess estimate for minimizers of F : for all v € SBDq

(6.21)

F(v)—F(u) > aH”fl(Jv)wL/J

(Vv © wl - Qew) : (V] @) ) dH" .

Excess identity for minimizers of F: for all v minimizinf F over SBDgq
(6.22)

F(v)=F) = aH" 1 (J,) + %/J (’YHV] Oy — Q' (e(n)): ([v]® Vv)) dH™ L.

v

Proof - We write shortly v instead of v, and we omit dx and dH ™! in the proof.
Lemma (6.4) entails that trivial extension of u belongs to Hg (€2, R?) N C1(Q), hence

(6.23) Due C°(Q), uc C°(R")
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By convexity, for every v € SBDq we have
F(v)=F(u) =
> /(Q’(e(u)) : (S(v) — e(u)) —f(v— u)) I

(6.24) .
+7/J V] © vl +a M ().

By (6.23) we can apply Lemma 6.2 with w = u and v minimizer of F over SBDq.
By (6.8),(6.17) and (6.24) we have:
(6.25) E(v) = e(v)—[v]ovdH" 'L J,NnQ in D'(Q).

Hence, via integration by parts and taking into account (6.17), sptv C Q and u = 0 on 91,
we get

Q ) (€(v) —€(u)) =

'(€(u)

L) (v-u) + [ Q(€w): (vin©wa) =
Q o0
[ =+ [ @) (vin o)

Q o0

where vq is the outward normal to 9Q and v;,, Vou: denote the inner and outer traces of v
in Q. We choose v =v,, =vq on dQ N Jy and, abusing notation we define (v;,®v) = O
on 90\ Jy; with this convention we get

Q
(6.26) —

(6.27) [V] = Vout —Vin = —Vin

(6.28) Vin Ovg = — [v]Ov
so that (6.26) reads as follows

/QQ’(e(u)) c(e(v)—e() =
= +/f(v —u) — o)) : ([vl]ov)
Q o0
by substituting (6.25) in (6.24) and taking into account (6.29) we get

F(v)— Flu) > aH" Y (J) + /Q Q'(e(w) : (e(v) — e(w)+

(6.29)

P

frv-wea [ Mer - @tew):(ven-

— oM () + /Q fv—u) - [ Qlemw):(von+
(6.30)

f/f<vfu>+v/J CEEEY - CORERE

P Jy N

= oH" N (Jy) + (/JVVMGVI /JVQ’(e(u)):(M ®”>> N

—WH ) +/ (v|Ve v — @ (e(): (V] & v))

Iy
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hence (6.21). Since Q is a symmetric quadratic form we get

1 / !/
(6.31) Q(A) - Q(B) = 5(Q'(A) + Q(B)) : (A - B)
hence by using (6.25),(6.29),(6.31) and eventually (6.12) we get (6.22) as follows:

F(v)—F(u) =
~ [ (et - ate(w) - flv - w) ax+
Q

[ ol ant ) -
Jv

5 [ (QEw) + Q) : (£(v) - e(u)) dx+

(6.32) _/Qf("—u)dXJrV/JV Ve v dH™ ! +aH " (]y) =

1 1
:,7/ Vo v| dH ™! —f/f(v—u)dx—l—
2° /5, 2 Ja

oM + 5 [ Qe () - efw) dx+

L ‘(e(u)) : ([v]ov -1 —
1 ORGP

— WH () + %/J (Mo vl - Qew): (vlov) )dr .0

v

We can restate excess estimate (6.21) in the form of a calibration by comparison as follows.

Theorem 6.6. (stress regularity condition in elasticity with free damage)
Assume (6.2) (6.16) and u is the trivial extension of the unique solution of (6.17) and

(6.33) Q' (€W) || sy < 7

Then u is the unique minimizer of F in SBDq.
Ezxplicitly the above stress regularity condition (6.33) reads:

(6.34) |2p€(u) + A(Tre(@) Il s < 7-

Proof - By excess estimate (6.21) we get, for any v € SBDq,

F(v)—F) > aH'(Jy) + / (vIV]©ow| — Q(E)) : [v]owry) > 0.

v

The last inequality is strict if J,, # (), hence the all the minimizer of F H' are regular. But
there is only one H' regular minimizer: the solution u of (6.17).
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Theorem 6.7. Load regularity condition in elasticity with damage
Assume (6.2),(6.16) and

(6.35) Ifllr < 1

(204 3)) K>

where Ko = K5(Q,p,a, A) is the constant appearing in the estimate (6.20).
Then u minimizes F in SBDq. Moreover u is the unique minimizer of F in this class.

Proof - Inequalities (6.4),(6.20),(6.35) entail (6.33), hence thesis follows by Theorem 6.6.
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