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Abstract

In this paper we consider holomorphic functions on the m-dimensional Lie ball LB(0,1)
which admit a square integrable extension on the Lie sphere. We then define orthogonal
projections of this set onto suitable subsets of functions defined in lower dimensional spaces
to obtain several Radon-type transforms. For all these transforms we provide the kernel and
an integral representation, besides other properties. In particular, we introduce and study
a generalization to the case of the Lie ball of the Szeg6-Radon transform introduced in [2],
and various types of Hua-Radon transforms.
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1 Introduction

In this paper we consider some transforms defined as orthogonal projections from modules of
holomorphic functions in several variables onto suitable modules defined in lower dimensional
spaces. For this reason we refer to these transforms as Radon-type transforms. We addressed
this type of problem in our papers [2, 3]. In [2] we abstractly defined the Szegé-Radon transform
as the orthogonal projection of a Hilbert module of left monogenic functions (i.e. nullsolutions
of the Dirac operator) in the unit ball onto a suitable closed submodule of monogenic functions
depending only on two variables. In [3] we define the Bargmann-Radon transform as the pro-
jection of a real Bargmann module (see [7]) on the closed submodule of monogenic functions
spanned by the monogenic plane waves. In both cases, we prove that these projections can
be written in integral form in terms of suitable kernels. Moreover, we have a characterization
formula which gives the transform of a function in terms of its complex extension followed by
its restriction to the nullcone in C™.

Monogenic functions in the unit ball are harmonic thus they admit holomorphic extension to
the Lie ball LB(0,1). Thus it is a natural question to ask if it possible to define Radon-type
transforms in the Lie ball setting.

In this work, we consider the module OL*(LB(0,1)) of holomorphic functions on the unit
Lie ball LB(0,1) which admit a square integrable extension on the Lie sphere. Functions in
OL*(LB(0,1)) possess useful properties, like the fact that they admit a Fischer decomposition.



The reproducing kernel for the module OL?(LB(0,1)) is the Cauchy-Hua kernel which is also
considered in [5, 6, 10]. These two papers contain other useful results among which the study
of spherical monogenics on the unit Lie sphere, see [10], that is a refinement of some results in
[6] on spherical harmonics on the unit Lie sphere.

The Radon-type transforms considered in this paper are projections of OL%(LB(0,1)) onto suit-
able submodules of holomorphic functions defined on lower dimensional sets. Specifically, in
Section 2 and 3 we provide some basic material on monogenic functions in general and on the
Fischer decomposition of holomorphic functions on the Lie ball. In particular, we introduce the
Cauchy-Hua kernel and study the link with the Szeg6 kernel which is the reproducing kernel for
submodules of monogenic functions. The core of the paper is contained in the section 4 to 7
where we introduce the Radon-type transforms via suitable projections. For all these transforms
we provide the kernel and an integral representation, besides other properties. In Section 4, we
study generalizations to the Lie ball of the Szegé-Radon transform that we introduced in [2].
A transform that can be defined for a subclass of functions of several complex variables is the
Hua-Radon transform introduced in Section 5. In this section we in fact consider orthogonal
projection from a module of holomorphic functions on the m-dimensional Lie ball to holomor-
phic functions in the two-dimensional Lie ball. This transformation is completely geometrical
and does not use any theory of monogenic functions. In Section 6 we consider the so-called po-
larized Hua-Radon transform whose definition is based on the decomposition of the Hua-Radon
transform into two complementary and orthogonal pieces defined using monogenic functions. In
this section, the techniques of hypercomplex analysis are crucial to obtain the kernel. Finally, in
Section 7 we introduce the monogenic Hua-Radon transform which may be seen as an extension
of both the extended Szegd-Radon and the polarized Hua-Radon transforms. Some extra work
is needed to compute an orthogonal system of plane waves which includes both the orthogonal
bases used to construct the modules associated with the extended Szeg6-Radon and the polar-
ized Hua-Radon transforms. Using this orthogonal system one can provide an expression for the
reproducing kernel as a series. A closed form for this kernel seems hard to obtain and may be
the object of future research.

2 Preliminary results

In this section we introduce the necessary notation and the preliminary results that will useful
in the sequel. Some classical sources to have more information are the books [1], [4].

Let us consider m imaginary units eq,...,e,,which satisfy the relations ee; +eje; = —20;.
We denote by R, and by C,, the real and complex Clifford algebra, respectively, generated
by €,...,€,,. An element z in the Clifford algebra R,, (or C,,) is of the form = =), e za
where x4 € R (or 24 € C) A = i1...0p, ip € {1,2,...,n}, i1 < ... < i, is a multi-index,
eq =66, --¢, and gy = 1.

The complex Clifford algebra C,, can be seen as the complexification of the real Clifford
algebra R,,, i.e. C,, = R, ®iR,,. Any complex Clifford number ¢ € C,, may be written as
¢ = a + tb, where a,b € R,

The so called 1-vectors are elements in R,,, which are linear combinations with real coefficients
of the elements e;, i = 1,...,m. The map given by (z1,2z2,...,Zm) — & = x16] + ... + Tme,,
allows to identify a 1-vector with an element in the Euclidean space. The norm of a 1-vector is
defined as |z| = (22 + -+ + 22)/2 and the scalar product of z and y = y1e; + -+ + Yme,, i

(z,y) =x1y1 + - + TmYm-



In the sequel, we will denote by B(0,1) the unit ball with center at the origin in R™ while the
symbol S™~! will denote its boundary, that is the sphere of unit 1-vectors in R™:

Sl _lex=ez1+...4e,Tm : $%—{—...—|—m,2n:1},
whose area, denoted by A,, is given by

27Tm/2
"Iy

Similarly to what has been done in the real setting, we can identify an element in C™ with a 1-
vector with complex coefficients. The scalar product of two complex vectors z = z1e;+- - -+2m€,»
zp € Cand w=wie; + -+ wne,,, w € Cis

(z,w) = Z1w1 + -+ + Znwi.
Definition 2.1. The Lie ball can be defined as
LB(0,1) ={z=z+iy € C" | Spy C B(0,1)}
where Sy is the codimension 2 sphere
Szy = {fueR" | |lu—z| =y, (u—=zy) =0}
Remark 2.2. Another way to introduce the Lie ball is to consider the Lie norm

L(2)* = L(z + ig)2 = sup |u® = |z|* + !g\Q + 2|z Ayl

ue z,y
where z = x + iy € C™ so that

LB(0,1) = {zeC™ | L(z) < 1}.

The boundary dLB(0,1) corresponds to the set of spheres S, C B(0,1) for which Sy, N
Sm=1 £ ), see e.g. [10]. The Lie sphere LS™! is the set of points z € C™ for which Szy C sm=1
which allows to write it as

L™ ={we” |weS™ !, 0 e[0,m)} = (" xS)/Zs,

where the equivalence relation is given by (w,e”) ~ (—w, —e"). The Lie sphere LS™! is the
Shilov boundary of the Lie ball, moreover, it is a minimal set for which

1f(2)] < sup  |f(e®w)|, f holomorphic in LB(0,1).
eiQQELSm71

We now introduce an automorphism in C,, called Hermitian conjugation and defined for A, u €

C.n, by

()‘IU’)T = HTAT’ (MAQA)T = M%QZ, Q;L‘ = —£; j=1...,m,

where ;14 stands for the complex conjugate of the complex number fi4.
The following result is proved in [2]:

Proposition 2.3. Let t,s € R™ be such that |t| = |s| =1 and (t,s) =0 and let T =t +is € C™.
Then 7t = —t + is and



2. 12=0,
3. rtr4+ 77t =4,

Remark 2.4. Let z € C™ and consider 7 =t +is =Y, (t; + is¢)e; as above. Then

/=1
(z,7) = Z —xp(te — ise)
=1
so that
<§7 I>T = _<$’ IT>' (1)

To conclude the part on the preliminaries we recall the definition of monogenic functions.

Definition 2.5. A function f : Q C R™ — C,, defined and continuously differentiable in the
open set ) is said to be (left) monogenic if it satisfies

m

J=1

If f:QCC™ — C,, is as above, we say that f is (left) monogemc in Q if it is holomorphic
and in the kernel of the complezified Dirac operator We denote by M(Q2) the right
Cin-module of (left) monogenic functions in Q.

]lzzg

3 Spherical monogenics on the Lie sphere

In this section we recall some results on the module ML?(B(0,1)) from [2]. We then gener-
alize this module of monogenic functions to the case of the Lie ball and we study the Fischer
decomposition of its elements as well as a reproducing kernel, namely the Cauchy-Hua kernel.

Definition 3.1. We will denote by ML?(B(0,1)) the right C,,,-module of monogenic functions
f: B(0,1) — C,, which extend to L2(S™ ') and such that

[/Sml fT(w)f(W)dS(w)} 0 < .

We note that ML?*(B(0,1)) is a closed submodule of £2(B(0,1)). It is also clear that
ML?(B(0,1)) is a right submodule of the right C,,-module of monogenic functions. It can be
equipped with the inner product

Fcon = [ F@odsw).

4



For the sake of simplicity, in the sequel we will denote this inner product by (-, ) y,,2. Note that
the norm of f is given by

ey = | [ Al f@iastw) <.

0

The following result is in [3], Section 4:

Proposition 3.2. The reproducing kernel for ML*(B(0,1)) is the Szegd kernel

1+zu
so that 1 1+
TU
= — DY d .
f(z) . /sml (14 |z)? |ul? — 2(z, u))™/2 f(u) du

A monogenic function f(z) admits a holomorphic extension f(z) to the Lie ball LB(0, 1).

Definition 3.3. By OL?(LB(0,1)) we denote the right C,,-module of holomorphic functions
f:LB(0,1) = C,, whose boundary value f(e®w) belongs to L2(LS™ 1) and such that

[/Sm—l /07r F1(e’w) f(ew) dS (w) dG] i < .

The C,,-module OL*(LB(0,1)) can be equipped with the inner product

(f,9or2wB0,1) /Sm 1/ i e"w) dS(w) df.

For the sake of simplicity, this inner product will be denoted by (-, ) 2.

Remark 3.4. We recall that a monogenic function f (over R™) admits an expansion of the

form
o0
z) =) Flfl)
k=0
where Py[f] are spherical monogenics of degree k, i.e.

Pi[f](Az) = A Py(2), 8, Pif](z) = 0.

We have that )

Py[fl(z) = i /Sm1 Cr(z,u) f(u) du

where A, = % and Ci(z,u) are zonal spherical monogenics (see [?]) of the form
o (@Hybk m/2—1 TAU m/2
Oz, u) : = ((k: +m—2)C ) + (m— 2) 22 (t))
(m —2) 2] |ul 2)
. m/2 LU m/2
= (ellgh* (@) + G o),
021/2(15) are the Gegenbauer polynomials and t = (z, u)/|z||u|.

Note that the Szegd kernel can be written as S(z,u) =Y 1o, Cr(z, u).



Remark 3.5. Every function f € OL%(LB(0,1)) can be decomposed into homogeneous poly-
nomials

2) = Ril2), Ry € P, (3)

where Py, denotes the set of polynomials in the variable z homogeneous of degree k, see [9] and
[10]. The decomposition (3) converges in the set of holomorphic functions O(LB(0, 1)) moreover
it is orthogonal, i.e., Py L Py for k # £.

Conversely, given a series » p° Ri(z) of homogeneous polynomials in z which converges in
B(0,1), its complex extension converges in LB(0,1). This is due to the estimate

|Ri(2)| < e L(2)* Sup | Ri ()],
x|=1

where ¢ is a slowly increasing constant, see [10, Section 2].
This fact also implies that the complex extension f(z) of the function f(z) solution in B(0,1)
of 93 f(x) = 0 is generally holomorphic in the Lie ball and not beyond.

Remark 3.6. Every R, € P admits a monogenic decomposition, the so-called Fischer decom-

position:
k
=> 'P(2), (4)
=0
where 0, Py_¢(2) = 0 and Pj,_; € Py_, and, in general, for any (¢, k) € N2, (¢, k') € N?
(& Pula) R = [ / Pl (w)e i +H8 (o) ei+00 Py (1) dS (w) dO
Sm— 1

= 5k,k'5e,e'7T/S » Pk;/ (w) Pr(w) dS(w),

so the monogenic decomposition is orthogonal.
Taking into account these remarks we can prove the following;:

Theorem 3.7 (Monogenic Fischer decomposition). Every function f € OL*(LB(0,1)) admits
an orthogonal Fischer decomposition of the form

f2) =Y 2 Plf)z)
k(=0
where
Pdflo) = == [ [ e e (e v asie) )

is an inner spherical monogenic of degree k and Cy, is as in (2).

Proof. The decomposition (4) is orthogonal and leads to the identity in OL*(LB(0,1)), see
Remark 3.5. To show the assertion, we rewrite the integral on the right hand side of (5) using
the orthogonality:

/Sm ) / Crl(z, e Pw)(e”w) ™ Py o[ f](e"w) df dS (w)
WA - / Crlz, w)e ™™ Pyl f](w) 49 dS (w)

- [ Oew) Pl dse
= Prdl/1(2)



as stated. O

Proposition 3.8. The reproducing kernel for OL*(LB(0,1)) is the Cauchy-Hua kernel

1 i 1

Py A G ey el o O e z)%)~m2,

The Cauchy-Hua kernel can also be written in the following three forms:

1 e—i0,,) — — —if —i0, \—L

s ——H(z, e Pw) = Y 2'Crlz, e Pw) (e Pw)
k(=0

b

A,

(1-—
_ % ZZS(;,e*ww (c) !
TAy &

where S(z, e %w) is the Szegd kernel.

Proof. The Cauchy-Hua kernel is the reproducing kernel for OL%(LB(0,1)), see [5], [6]. From
Theorem 3.7 we deduce the monogenic decomposition of the kernel. This in turn leads to the
expression in terms of the Szeg6 kernel. One may also proceed by direct computations from the
equality

o
Zgﬁ(l _{_ge—i@g)e—iw(_g)ﬁ -1
=0
which can be easily verified. O

Remark 3.9. (1) The Cauchy-Hua kernel has an anti-holomorphic extension obtained by ex-
tending —e~"w to uf = — Z;”:l uje;:

o0

1 Zz S(z, —ul)(uh) = Z 2'Cr(z, —ul) (uh).

2 (ot t 2
(1+ 22(uh)? + 2(ut, 2))™/ Pyt

This is in fact a reproducing kernel for z,u € LB(0,1), however with an abuse of terminology
we call it reproducing kernel also its version in Proposition 3.8, where the variable in the second
component is —e~"w and belongs to LS™ 1.

(2) Note that the monogenic Szegé kernel S(z,u') is the monogenic part of the Cauchy-Hua
kernel H (z, —u') = (14 2%(u)? + 2(z, ul))~™/2.

4 The extended Szeg6-Radon transform

The Szeg6-Radon transform was originally defined in [2]. In this section we recall its definition
and we then introduce and study the so-called extended Szeg6-Radon transform.

Definition 4.1. Let t,s € R™ be such that |t| = |s| =1 and (t,s) =0 and let T =t +is € C™.
By ML%(1) we denote the completion of the right C,,-Hilbert module consisting of all finite
linear combinations of the form

> (z,7)'ras, ar€Cp

14



Note that ML?(7) is a closed submodule of M£?(B(0,1)). In the sequel, we will denote by
fre(z) the plane wave monogenics

fro(z) = (z,7)'T.

Definition 4.2. The (polarized) Szegé—Radon transform is the orthogonal projection operator
Rr: MLEB(0,1)) = ML2(1).

Remark 4.3. The kernel of the Szeg6-Radon transform is given by

1 77t .
KL(%M) = A—?(l 4 (x T><u TT>) /2

_rrl ¢ m o) T

4; m@d (u, ")

because f; j is orthogonal to f;, for k # ¢ and

20T (04+1)

<fL€7fL€> = F(m +€) TT,
2

see Proposition 2.9 in [2] and Remark 3.7 in [3].

Next result corresponds to Theorem 2.19 in [2] (the first equality) and Theorem 4.5 in [3]
(the second equality):

Theorem 4.4. The Szegb-Radon transform of f € ML?*(B(0,1)) can be expressed as

rrf 1

R:[fl(z) = Kr(z,w)f(w)dS(w) = = f(-5r'(z, 7).

S§m—1 -

Our next goal is to extend this transform to OL%(LB(0,1)) and to this end, we consider the
modified plane waves

2 0(2) =28z, 1)
Note that, from now on, the superscript s is a natural number which does not have to be confused
with the 1-vector s.

Definition 4.5. For any given T and s € N, by M*(1) we denote the completion of the right
Cyn-Hilbert module consisting of all finite linear combinations of the form

Zz Z,T) bray = Zng z)ag, ap € Cp,.
sl

Note that M?(7) is a submodule of OL?(LB(0,1)).

Definition 4.6. For any s € N, the extended Szegd-Radon transform is the orthogonal projection
operator
RS : OL*(LB(0,1)) = M*(7).

To compute the kernel for this transform, we first prove the following result whose proof
follows the one of Proposition 2.9 in [2]:



Lemma 4.7. Let t,s € R™ be such that |t| = |s| =1 and (t,s) =0, let T =t +is € C™ and
w e S™ L. Then for k#4

(w, 71w, 7)!dS (w) = 0

and
m D(k+1)

/sm_1<w7”>’“<w, m)kdS(w) = (—UkQﬁW'

Proof. Up to a change of the basis, we may set ¢ = e; and s = e,. We consider for n > 3 the
decomposition R = R? @ R™ 2. Let § be the angle between w and the projection of w on R2.
Then the element dS(w) can be written as

dS(w) = cosp dp dS(w; ») sin™ > 9 dS(w,,_3)
where w = cos p(cos1p ey +sine ey) + singn, with ¢ € [0,7/2) and ¢ € [0,27), so that in fact

dS(w; ) := di, and n := w,, 3. Thus we can write where 7 is a suitable element in $™?,

m > 3. We also have 7 = ¢; + 7e, and Tt = —e; +iey and so the scalar product in C” of w and
T is 4
(w, ) = cos p(cosh + isine)) = cos e
(w, IT> = cos @(— cos 1 +isiney) = — cos e .

Then we have:

_ / (w, 7Y (w, )0 S (w)
Sm 1

w/2 2w
/ / /S y COS @)k+£+1 i(f— k)w(sm W)m SdQD dw dS( )

The last integral vanishes for k£ # £. When k = ¢ with standard computations we have:

w/2 2w . F(k—l—l)
/ / /Sm \ )*(cos )2+ (sin ) 3dcpd¢dS( ) = (=1)*2n Tm/2 4 k)

f3

O]

Proposition 4.8. Lett,s € R™ be such that |t| = |s| =1 and (t,s) =0 and let T = t+1is € C™.
Let s,s" € N be fired. The functions f:,(z) are such that

( f,eafge/>052 =0, Jor (£,s) # (£, 5")
— on Bty I'+1)

(fiofidoce ﬂ
Proof. Using Lemma 4.7 and the fact that (ew,7)" = (e7%w, —7T), we have
tedid = [ [ e e ) e ) i )
§m—1
—rirr [ o o) (e n)dsw) (©
sm—
_ opm/2HL Le+1)
L +0)
Moreover, Lemma 4.7 also yields orthogonality for (¢,s) # (¢, ), i.e.
(f20r Fre) =0,



As a consequence we have:

Theorem 4.9. The extended Szegé-Radon transform can be expressed as

R /m 1 / K3 (2, e %) f () dS (w)db

where
L3 +4)

PR E . A— £y ,—i0 ey if, \—s
S+ 1) BT (€ e T ()

Proof. To prove the statement, it is enough to show that the kernel K7(z, e ¥

generators of M?*(7). In fact, we have:

Lém h/ K3 (2 e ") £2, (%)

w) reproduces the

_Z <§7I>KT " OO i T\l i, \—s_Tps (,if
T 4r 27rm/2F 12+1 /Sm 1/0 w, 1) (") T fr, (" w) dS(w)db
.8 E; ( +€) s
T
:i@ﬂﬂilzigﬁ%zﬁﬂa
where we used (6). The statement follows. O

Remark 4.10. It is immediate to rewrite the above kernel in closed form:

. 1 771 71
K$ —i60

z(z e w) = A~ 4

We now prove the following result which shows that the extended Szeg6-Radon transform

R3 is in fact the Szeg6-Radon transform R of the monogenic part fs multiplied by 2°:

= (L (2, 1) (7%, 1)) 72 (e w) .

Proposition 4.11. Let f € OL*(LB(0,1)) admit the monogenic decomposition

= u'fulw)
=0

with Oy fo(u) = 0. Then:
Rf] = 2°Re[fs]-

Proof. We have the following equalities:

/Sm . / K3(z, e "w) f(e”w) dS(w) db

1 rrf & 0
— s=L i T\—m/2 0
WAmé 1 /Sm—l/o 1+ (z,1) (e "w,1")) fs(e”w) dS(w) do
1 SI—T T m/2
=12 (1+ (2, 7){w, ") """ fs(w) dS(w)
m 4 §m—1
= 2"R.[fs](2),
and the statement follows. O

10



Let us set M(7) = @senM*(7). Then M(7) is the closure of the span of all polynomials of

the form

2°(z, T)"r.

Note that these are not plane waves as they are defined on a two-dimensional complex subspace.
We now introduce the following:

Definition 4.12. The complete Szegé-Radon transform R, : OL2(LB(0,1)) — M(1) is defined

by
~ 3R]
s=0
for any f € OL*(LB(0,1)).

Remark 4.13. It follows from the definition that the kernel of the complete Szeg6-Radon
transform on the whole OL£?(LB(0,1)) is given by

—10 Z Ks —26

1 ; ; —i9w) (1 +§26_2i9)_1

= T —z277'e .
Am A, (rri—zrre )y + (2, 1) (e ¥w, t))m/2
where, as usual, 22 = — Z;n:l zjz.

5 The Hua-Radon transform

In this section we discuss another transform that can be defined for functions in several complex
variables, the so-called Hua-Radon transform, and to this end we need to define a suitable
submodule of OL*(LB(0,1)):

Definition 5.1. Lett, s € R™, 7 =t +is, with |t| = |s| =1, t L s, be fized. By (’)/Jz(z) we
denote the closed submodule of OL?*(LB(0,1)) consisting of holomorphic functions defined in
the 2-dimensional Lie ball in the variables (z,s), (z,t) and with boundary values in L*(LS™1).

We note that a function defined in the 2-dimensional Lie ball may be seen as a function of
the variables (z,7), (z,77):

fz 1), (z,11)), T =1+ is,

that is holomorphic for
(z,T)| <1, (2,71 < 1

in other words, the 2-dimensional Lie ball is a 2-dimensional polydisc. A natural basis for
OL?(1) is given by the functions

Frme(z) = (2,0)"z o1, (7)

whose orthogonality properties are studied in the next result.

11



Proposition 5.2. Lett, s € R™ be such that |t| = |s| =1 and (t,s) =0 and let T = t+is € C™.
The functions fr . ¢(z) are such that

(frae(@), frwe(@)oep =0,  (k0) # (K, 1),
and
— 9pm/2+1 I(k+0+1)
T(k+£¢+m/2)
Proof. Tt is easy to verify that for (k,¢) # (K, ¢) the functions f; (2), frw ¢ are orthogonal
with respect to the inner product in OL£?(LB(0,1)), namely

(fre(2); frre(2)oc

/Sm—1 /Oﬂ f;k’e(eieg)fz’k/,el(eieg) dS(w)do = 0. (8)

To prove the second equality, we set
I:= /Sm—1 /07r f;u(eieg)fl,k’g(ewg)dé’(g) df
 (—1)kH /Sm_l /Oﬂ<w7TT>k<w,T>€e—i(k+£)0€i(k+2)9<w7T>k<w’ 1Y dS(w) do
= O [ s ) s )
If we take 7 = e; + ie, we obtain that the previous integral equals

[=n / (@ + W) dS(w).
§m—1
Using the polar decomposition and assuming m > 3, we set
w = cos p(cos e, + sinesy) + sin g, ¢ €1[0,7/2), ¥ €[0,27), v €S™ .
The surface element dS(w) rewrites as
dS(w) = cos ¢ (sin )™ dy dyp dv.

We obtain
w/2 2w
I= 7r/ / / (cos )2k +2¢ (sin )™ =3 cos ¢ dip dy dv
0 0o Jsm-3
2T
= 27T2Am_2/ (cos? )+ (sin )™ 3 d(sin )
0
1
= 2% Ay o / (1 — tH)kHem=3 gt
0

1
_ 7T2Am2/ (1 - 5)k+€8m/2—2 ds
0

27rm/2+1 m
S Ty PR
_ gqm/2+1 I(k++1)
Tk 1€+ m)2)

where we have set ¢ = sin ¢ and then s = t? and this concludes the proof. O

12



Definition 5.3. The Hua-Radon transform is the projection
OL*(LB(0,1)) — OL(1).

As a consequence of Proposition 5.2, we obtain that the kernel for the Hua-Radon transform
is given by

I(k+¢ 2
5(1(2, 7190‘) + +m/)

~1 k-+4 kbf
- 27rm/2+1z Thirrny V¢

where
10

a=(z,1)(e w1l b= (z,r") (e w,1).

Remark 5.4. We can rewrite the kernel of the Hua-Radon transform as:

- [e%s) + m/2) a5+1 o bs+1
KT 19 S
o€ A SZ: I(s+1)I'(m/2) a-10
1
_ -m/2 —m/2
77714771(& ) [a(1+ a) b(1+b) ]

which, for m = 2 reduces to

1

1 1
272 (1 + (z,7) (e Pw, 7)) (1 + (2, 71) (e ?w, 7))’

i.e. to the Cauchy-Hua kernel in C2.

6 The polarized Hua-Radon

The Hua-Radon transform deals with copies of C2 embedded in C™. We will show that using
techniques typical from Clifford analysis we are able to construct a subspace (7)) of OL%(7)
such that

OL (1) = M(r) & M(z), Mm(r) L m(z").

In order to define M (1), we introduce the functions

77/}1,25,16(&) — I(&? I>s+k <§a IT>S = Ifz,kJrs,s(&)

Urostih(z) = Tz, 1) (2, ) = T fr s (2):
where f;, s is as in (7). We have:

Proposition 6.1. The function . 0x(z) = 7(z,7)¥ is monogenic, i.e. 0;1r0x(z) = 0. More-
over:

aé¢1,28+1,k(§) =4(s+k+ 1)¢z725,k(§)
8§¢I,25+2,k(§) = (S + 1)11)1,23—1-1,]6(&)-

13



Proof. We proceed by direct computations. The first assertion is immediate. The other formulas
follow from:

Oxthr 24 1,k(2) = (s + k+ D1 77(2, 1) (2, 71)°
=4(s +k+ 1)br25k(2)
Oxtbr2sran(2) = (s + Dl zlz, )Pz, 7)°
= (s + Dtpr2s+1,6(2)-
]
Definition 6.2. Let s € Ng. We denote by IM*(r) the completion of the right C,,-module

spanned by the set {1; s, k € N}.
We denote by RE* the projection from OL2(LB(0,1)) to M5 (7).

Proposition 6.3. Let s € N. The following properties hold:

1. The map
9.1 M (1) — M (1)

is an isomorphism.
2. Every f € IM5(z) satisfies 0571 f = 0.
3. For all s,/ € N we have
mQS(I) J_ m2€+1(z)’
M>(7) LM* (1), s #¢
sz-‘rl(z) J_me-Jrl(z)’ S #E
Proof. To show the first assertion we use Proposition 6.1 which shows that indeed 0, : 9*(1) —
IMs~L(1). Tt is also clear that the kernel of 9, is trivial and that, given any Y7 s—1, it can be

obtained as 0,(C; s ) where C is a suitable constant depending on s, k.
To show the second assertion, we show that it holds for the generators. To this end, we compute:

82+1(¢1,5,k) = 32(011/11,5—1,0 = 82_1(021/)1,5—2,19) == ag(csflwz,o,k) =0

by virtue of Proposition 6.1.
To prove the third assertion, we observe that d}i 95 g¥r 28/ +1kr = 0O since (r1)2 = 0 so the

orthogonality of 912%(z) and 9M2%'+1(7) follows immediately. Moreover, see Proposition 5.2, for
s # s’ we have

/S?n 1 / /IIZ)T 28 k e (JJ ¢T 2s’ k/ (ezeg) ds(g)de == 0’
so that 92%(7) L M2’ () and similarly 9251 (1) L 925’ +1 (7). -

In view of this result, the direct sum @52 9t°(7) is also orthogonal, and this is the ground
for the next definition:

Definition 6.4. The orthogonal and direct sum
M(7) = S (7)

18 called the polarized Hua-Radon module.
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We have the following result:

Theorem 6.5. The following equality holds
OL (1) = M(r) & M(r'),
where the direct sum is also orthogonal.

Proof. The fact that 72 = (71)? = 0 immediately gives

T _
Uy 95 Vst 25k = 0,
T _
¢I725+17k¢zf,23’+1,k/ =0.
Moreover

/ / ngsk 9 wTT 2s8'+1, k’(e U)) dS( )da - 0? Vkak,asasl'
sm—1

In fact the integral equals

/S 1/ 1/17 st € QW ¢TT,23'+1,k'(€w@
— 4571 / /7r 6i9(k+k’+1) <w’ TT>s+k+s’+k+1 <w’ 7_>s+s’ dS(w)dG
T o w, T w, T w

and we can use Lemma 4.7. Now we note that M(r) @ M(z') is the closure of the span of
elements of the form

>s+k+1< >s+k+1<

rriiz, 1 z,ths, 11z, D)z, 1ir(z, 1 z,11)*

k+s+1 k+s+1
’

17z, 1)%(z, 1) 'z, 1)z 1) 11Nz, 1)% (2, 1)

which covers the whole set {f; s}, k, s € N hence the statement follows. O
Definition 6.6. The projection

RE . OL*(LB(0,1)) — M(7)
is called polarized Hua-Radon transform.

Theorem 6.7. The kernel of the polarized Hua-Radon transform is

—1 1 -m -m
Kr(ze"w) = — (a_b) [a(1+ )™/ — b1+ b)~/2

A 4 F(2£+1) T(m/2)"

where a = (z,7)(e"Pw,77), b = (2, 77) (e Pw,T).

Our next task is to compute the reproducing kernel L. (z, e~®w) of the polarized Hua—Radon

transform R. To that end, we compute the kernel L:(z,e 19 w) of the projection R *. Then,
by construction, the kernel for the polarized Hua-Radon transform equals

oo
Lo(z e w) = Li(z,e "w)
s=0

15



while the kernel of the Hua-Radon transform is decomposed as
Kr(z, e w) = Lo(z, e w) + L1 (2,6 Pw).

This decomposition will be verified explicitly as a double check for the calculations. First we
have:

Theorem 6.8. The kernel for the polarized Hua-Radon transform is given by

I = D(k+2s+12)

L. —i6 — -1 k k-l—sbs
(2:e7w) = 7~ > (D) T(k+ 25+ DI "
1 rfrex TI(@2s+2
LI o SN Gl DRSS
TA,, 4 —~ r'2s+1)r)
where, as before, a = (z, z><e_i9g, 1T>, b=z, zT)(e_ieg, 7).

Proof. To perform the computations, we consider two cases: in the even case we have
2 rrt
2 —1i0 LL 42 —10
L3 (2, e7%) = Y = A frbrss (D) fat prss (€ )
k=0
where, according to Proposition 5.2:

1 T(k+2s+ %)
2rm/24+1 T(k 4+ 2s+1)

AP = (1)

Thus, in terms of the variables a = (z,7)(e P w, 7), b = (2,77 (e 7w, 7) we have

o]
Lzs(§7 e_ieg) = 71 LIT Z(_ k F(k + 25+ %)Tn ak—i—sbs.
- A, 4 — L(k+2s+1)I(%F)
Similarly, in the odd case, we have
oo
2541 —i0 7l 2s+1 —i0
Ll (éa € Q) = Z T)\k fz,k-{-s—i—l,s(é)fz’f,k—i-s—i—l,s(e @)
k=0

where
1 T(k+2s+1+%)

2rm/2+1 T(k + 2s + 2)

which yields, in terms of the variables a and b,

)\i8+1 — (_1)/€+1

1 rfr & p Dk+2s+1)

25+l W)= - == -1 .
r (2 e w) TA. 4 > )r(k+2s+1)F(%)a

Using %(HT —|—ﬂz) =1 and

= T(k+2s+2 > C(k+2s+ 2 [(2s+ 2
Z(_l)k ( +2s+ Q)m ak—i—sbs _ Z(_Dk ( +2s+ 2 )m ak—i—s s ( s+ 2)m a’b’
— L(k+2s+1)I(%F) = L(k+2s+1)I(%) r'2s+ 1))
we obtain the result by adding the kernels for T\’f’s. O
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For the sequel, it is useful to introduce the functions

= T(2s+ m m+2 1
=27 (2s+ 1) )m) =Rl =50
s=0 2
where oF7 is the hypergeometric function, and
T(2s+1+2
VO Pt ik £ V)
— ['(2s+2)I'(%)
We have:
Lemma 6.9. We have the identity:
1
¢(a®) — ~(a®) = (1 +a) "™/ (10)
a

Proof. The identity follows from the following computations:

e}

B ['(20+m/2) L T(20+ 1 +m/2)
9(a”) - ”ﬁ - Z; T(20+ 1 m/2)a2€ - % T(20 + 2)T(m/2) a*t!
B = T +m/2) j
_ij—i-l m2) V"
= (1+a)™™?

O]

Remark 6.10. By some computations, not relevant for the present work, one may show that
also the function v can be written in terms of the hypergeometric function oF;. Formula (10)
is a functional equation satisfied by the hypergeometric function which is proved within the
framework of hypercomplex analysis.

We now have to study the term (which is scalar):

§ , 1 o L(k+2s+ %)
LT 7100.) _ k+sbs.
=z, A mz_%;: k+25+1)1“(%)a

Lemma 6.11. In terms of the functions ¢, v the function f)z(g, e~ can be written as

Ex(z.07%) = — s [a6(a?) — bo(ab) = v(a) + (ab)

S [ <¢<a2) - iwa%) ~ (bo(ab) — ¥(ab))

Proof. We decompose L, (z, e *w) into its even and odd parts as

Ll(ga e_wg) = Leven (Z, e—iGQ) + Lodd (ga e_wg)

17



Leven (&7 eiieg) =

by taking k even and k odd respectively. We obtain, for k = 2j

20+8)+5) s (D)
7TA ZZ j+5 )F(%)a a
_ - L20+3) o (Y
_7TA ZZ rec+ nrm* \a
> T(2 : s
_ 1 + 3 )maﬂz:(b)
TAm —~T 20+ 1)I(%) “\a
1l o PR+%) ettt
Ay Tl + 11(5) a—b
_ L e N~ D@, b s PR3
- TA, a—b& T2+ 1)I(%F)

L [a¢<a2> )]

3 . I S TRE+s)+1+1) o b\°
L 0 - _ 2 2(j+s)+1 [ Y
alze™e) =~ ;);) TR0 +5) +2)0(2)" a
1 wir(zuu%) 2M(b)s
TAm = — ree+2)rig) a
1 ii LR+1+%) ettt — bttt
TA,, == 20+ 2)1“(%) a—>b
1 [9(@d)  w(ab)
A, la—b a—=0b|’
and the assertion follows

Remark 6.12. The term bo(b)

bola) — vlat) = b (8(at) - pu(ab))

:b<§: ((2£+m/2 o

£ T(20+ 1)T(m/2)

Combining the foregoing results we arrive at

DM

o0

1 (ab) can only be rewritten as

=0

T(20 + 2)T(m/2)"

T(20+1+m/2) W)

Theorem 6.13. The kernel L, for the polarized Hua-Radon transform is given by

— 1 I'(2¢4+m/2)
6 —m/2 L1l
1 _
Lz e™w) = gy |41+ 9) bz Tl T )i(m/2)"
LRL+1+m/2) 4 1 s PR+ %) 4,
+“bz rei+2rm2) | " w4, 4 2 b

18
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Proof. Substitution of the previous Lemmas in Theorem 6.8. O
As a verification of all the results so far we now prove

Theorem 6.14. The kernel for the Hua-Radon transform is given by
Kr(z, e w) = Ly(z,e"w) + Ly (z, e "w).

Proof. Tt is similar to the proof of Theorem 6.13. The kernel L :(z, e"%w) is obtained from
L;(z, e‘ieg) by intertwining 7, 71 and a, b. This leads to

i 1 m/2 L20+m/2) 4
pu— 1
L,i(z,e"w) —b(1+b)"™"+a E 20+ 1T /2)ab

- — wAp(a—0b)

—a Z 2£+1+m/2)a£b£

1 ITIZ F(2€+%) gbg
(204 2)'(m/2) ( ’

CmAn 4 & TR+ ()

Hence we obtain
Lr(z, e ®w) + Lot (2,6 Pw) =

B 1
B ﬁAm(a —b)

—m I'(204+m/2)
a(l +a)7"/% bz T2+ )T (m/2)a€bg

26 +2)r m/2)

4 (2£+ nr ()

00
=0

;
wAm(a—0b)

A,
b1+ b)"™2 4 q Z LRE+m/2) oy

+ T2l + )T (m/2)

1 T & 20+ 2
'r I'( 5) oot

(2 1 2
abZF g‘i‘ +m/)ab€

20+ 2)I'(m/2) TAm 4 T+ 1T ()
1
e — _m/2 _m/2
TAm(a —b) [a(1+a) b1 +b) }
1 = T(20+m/2) 4,
Pl g r2e+)r(m2)"
1 7'T7'—i—7'7'Jr =T 2€—|—m/2) oot
TAm 4 «T(20+ )0 (m/2)
=Ko (z, e "W).

7 The monogenic Hua-Radon transform

It is not immediate to see if there is a link between the extended Szegd-Radon transform and
the polarized Hua-Radon transform. However, they admit a common extension that is obtained
from the functions 279, 25 £(2) and 279, 2511,£(2) which clearly include the basis of the modules
M?(1) and M*(7) used to define the extended Szeg6-Radon transform and the polarized Hua-
Radon transform, respectively. Unfortunately, the functions above do not form an orthogonal
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system. Thus we consider a suitable modification of these functions. To this end, let M denote
the projection onto the monogenic part and define

;28,]@(5) = ng[wLZS,k](é)
W e 1(2) = 2 MYr a1k (2).

It is immediate that the degrees of homogeneity of wi 96 Je? @bi st 1) A€ j+k+2s and j+k+2s+1
respectively. Moreover with respect to the scalar product in OL?*(LB(0,1)) we have:

Proposition 7.1. Consider the family of functions {wj a,k € N}. Then elements with

7,0,k

different degrees of homogeneity are orthogonal and any two elements z/;i o wi/a, w with j # 5’
are orthogonal. Furthermore B B

<¢£a,k’¢£a',k'> = (M[Vr,ak), Mhrar w]) = (M[Vr,0,k], Y0 pr)-

Lemma 7.2. For suitable constants py = gk, £ = 1,..., o we have

M[wz,a,k] = wz,a,k + ,Ujléwz,afl,k + -+ ,Uzaéawz,o,k-
Proof. The result directly follows from the formulas in Proposition 6.1. O

By virtue of this result, to compute <¢i o @/}i o ) it is enough to compute (M [1)r o k], Vr o/ k)
The following technical lemma will be useful in the sequel:

Lemma 7.3. For {>0,s>0 and k' =k — 2s

/m1(@ZJT,a—%,k(w))T¢T,a+2s,k/ (Q) = 07

Proof. Let a be even, then the statement follows from

Ura—2ek(w) = T{w, 7)F|(w, 7)|*

11
wz,aJrQs,kas (Q) = I<Q7 I>k72s ’ <Q; I) |o¢+25. ( )
The case o odd is based on similar computations. O

we can now prove the following result:

Proposition 7.4. For o/ > « the following equality holds

<§j¢1,a—j,ka wz,oc’,k’> =0.

Proof. To prove the statement we consider two cases: j even and j odd.
(i) Case j even, i.e. j = 2{. Then, it can be easily verified that the inner product

<§] wzzai‘%k’ /(/)I»a/yk,>
equals, up to a constant,

| Gramsbl@) o (@) dS(@).
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When o — o is odd the integrand is identically zero since 72 = (71)? = 0, so we consider the
case o/ — a = 2s. We note that for s >0, £ > 0 and k¥’ = k — 2s we have

/Sml (wz,a—%,k(@))Twz,aJrZs,k’ (@) dS’(g) =0

by Lemma 7.3.
(ii) Case j odd, i.e. j = 2¢+ 1. Then we have to compute the integral

| e 10(@) e (@) S @)

for o/ > a and a + k = o/ + k'. By selecting suitable the basis, it suffices to take T = e + ie
and to write w = wie; +waeq +w |, so that w, can be neglected in the previous integral and we
are led to compute

L a1l 11 + e () dS().
The above integral vanishes when o/ > a. To prove this assertion we note that
(€1 £iey)(wie +waey) = (wie] — waey)(eg Fi€y).
Thus if « is even and o’ — « is odd, we use the equality
rrwrir=0

while if a is odd we use 7fwr = 0. So we are reduced to the case o/ = o + 2s, s > 0 and
k' =k —2s.

For « even, we use again formulas of the form (11)

Vr o201 k(W) = T T{w, )" {w, )| @721

1/}1,04+2s,k725 (@) = I(@v I>k_25‘ <Q, I> ‘a+25.

and the fact that (wie; + waes)T{w, 7)¥72% is spherical harmonic of degree k — 2s + 1 for s > 0
we have orthogonality.
Let now a odd. Formulas of the form (11) give

bra—20-15(w) = T{w, 7)*|(w, 7)|* 2!
.I.

Vr 25 h—2s(W) = 7T {w, T)FF172] jot2s—1

(w, T)

and we use them together with the fact that ¢I a1 p(W)(wieg + waey) is spherical harmonic
of degree k 4+ 1. The statement follows. B O

Corollary 7.5. For o/ > a the following equality holds

<M[¢LOA,’€] ’ wz,a’,k’> =0.

Proof. To show the assertion, we use Lemma 7.2 to decompose M [ty o x| in terms of 9r o j k.
then the statement follows from Proposition 7.4. 0
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Definition 7.6. By 9/%(1) be the right C,,-module spanned by {wT ok FE N} and let

R OL2(LB(0,1)) — 9P (1).

The projection operator

S RI: OLYLB(0,1)) = Baend (1),
a€eN

where ®aen (1) is a direct, orthogonal sum, is called monogenic Hua-Radon transform.
As in the case of the other transforms, our next task is to compute the kernel of this operator.

Theorem 7.7. The monogenic kernel of the Hua-Radon transform is given by

Kj(§7 efieg) _ Z Kj’a(g,efwg)
aeN

where ' ‘ | | | |
K’J,Ox(g7 e_wg) — gjLa(g, e—zeg)(geze)_]

and, for suitable coefficients g
Lz, e w ZAQ (V7,04 (2)] M [thr 0.k ()]

Proof. To prove the result, it is enough to show that K7® reproduces the elements of the basis,
namely

! (@) //K Tyl | (ew) dS(w) df (12)

and then the result follows using the orthogonality relations. Formula (12) is equivalent to

/ / " Lz e %) Mty o (€7)] = Mty 0n(2)]
sm-1.Jo

or, using orthogonality, to

WM ns@)] = [ [ Ml Ml 45 () 40 = Ml a2

We have

rir

ZZ00 7 = [ [ Mlnaae )] Mlimaale ) ast) d9
= [ ] M i) as(e) ao

07

- uj/ / (romi k(@) (€7 w) 1by o 1 (e¥0) dS(w) db.

M

Let us now set



First, we consider the case « even.
For j = 2¢ we have

B =7 [ (ra-asl@) @) (e dS(e).
and since « is even:

Vra—20k(w) = 7(w, )" |(w, 7)|* 7, Vrak(w) = T{w, 7)*(w, )|

Thus we conclude that for o = 2s:
Doy = 77T / |(w, 7)|2F29) 4S5 (w).
Sm—l

Now let us set 7 = e; + i€y, (W, T) = wy + iwy and w = cosp(cose; + siney) + sin Pv,
n =k — ¢+ 2s, with computations similar to those done in Section 5 we get

w/2 2w
[ lworas@ = [ [0 [ (cose)ising) cos g dpdy
§m—1 0 0 Sm—3
w/2
= 277Am2/ (cos )?"(sin @)™ 3d(sin )
0
! m
— 27TAm2/ (1—t)nt™ 3 dt = w Ay, _oB(n, 7~
0

so that

m/2—1
¢ 9 2r™/

Gy = (—1)'7 Bk — £ + 2s, % —1).

T(m/2—1)"

Let us now reason as before to treat the case j = 2¢ + 1:

Dopi1 = (—1)“1%/ (Vr.a—2e-1.6w)) w
Sm—l
5 d}La,k (@) ds(@)

= (—1)£+1W/gm_1(¢7,2s261,k(w))f(w1€1 + waey) Y 25 k(w) dS(w)

where

k+1|

Vros—20-1 k(W) = T (W, 7Y (w, )22 Vr2s k(W) = T{w, 7)F (w, 7).

Thus we have:
Popr1 = (—1)Z+17TTTT/ (wrey + waeo)T|(w, )20 (4 7)) dS (w).
gm-

Since
Tr(wie) +waey)T = —T'7(1 — e ey) (w1 + iwn) = A7 T (w, 1),

we finally have

T'tB(n,

241

Popyy = (—1)”147TTTT/

‘<g7z>’2(k+2376) dS(Q) — (_1)€+1
Sm—l F

(m/2—1)
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Summarizing, in the case o even we have

T s—1
/ 1/ M (7,00 (€w)] " 0,1 (e ZM2€¢2€+ZM2£+1®2€+1
st /0 =0
orm/2+1

- ﬁTTT (%(‘UZMMBUC —0+2s,m/2—1)

—42 Y uoes1B(k — €+ 2s,m/2 — 1)>

We conclude that

grm/2+1

)= Tmj2—1) (Z(—l)%gB(k — 0+ 2s,m/2 —1)
=0

—42 Ypzes1 B(k — £+ 2s,m/2 — 1)>

The case a odd can be treated in a similar way.
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