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ON THE GEOMETRY OF GRADIENT EINSTEIN-TYPE MANIFOLDS

GIOVANNI CATINO', PAOLO MASTROLIAZ, DARIO D. MONTICELLI® AND MARCO RIGOLIY,

ABSTRACT. In this paper we introduce the notion of Einstein-type structure on a Riemannian manifold
(M, g), unifying various particular cases recently studied in the literature, like gradient Ricci solitons
or Yamabe solitons. We show that these generale structures can be locally classified when the Bach

tensor is null. In particular, we extend a recent result of Cao and Chen [8].

1. INTRODUCTION AND MAIN RESULTS

In the last years there has been an increasing interest in the study of Riemannian manifolds endowed
with metrics satisfying some structural equations, possibly involving curvature and some globally defined
vector fields. These objects naturally arise in several different frameworks; two of the most important
and well studied examples are Finstein metrics (see e.g. [29], [2], [46], [47], [32]) and Ricci solitons (see
e.g. [25], [28], [39], [22], [38], [48], [37], [40], [10], [7], [14], [42], [11], [13], [8], [6], [33], [5] and references
therein). Other examples are, for instance, Ricci almost solitons ([41]), Yamabe solitons ([19], [31],[21],
[9]), Yamabe quasi-solitons ([27], [45]), conformal gradient solitons ([43], [15]), quasi-Einstein manifolds
([30], [12], [16], [26], [35]), p-Einstein solitons ([17], [18]).

In this paper we study Riemannian manifolds satisfying a general structural condition that includes
all the aforementioned examples as particular cases.

Towards this aim we consider a smooth, connected Riemannian manifold (M, g) of dimension m > 3,
and we denote with Ric and S the corresponding Ricci tensor and scalar curvature, respectively (see the
next section for the details). We denote with Hess(f) the Hessian of a function f € C*°(M) and with
Lx g the Lie derivative of the metric g in the direction of the vector field X. We introduce the following

Definition 1.1. We say that (M, g) is an Einstein-type manifold if there exist X € X(M) and X\ €
C (M) such that

(1.1) aRic+§£Xg+qu®Xb = (pS +N)g,

for some constants a, B, p, p € R, with (o, B, 1) # (0,0,0). If X = Vf for some f € C°(M), we say
that (M, g) is a gradient Einstein-type manifold. Accordingly equation (1.1) becomes

(1.2) aRic+pBHess(f) + pdf @ df = (pS + Mg,

for some a, B, 1, p € R.

Here X denotes the 1-form metrically dual to X.
In the present paper we focus our analysis on the gradient case, postponing the general case to a

subsequent work.
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2 EINSTEIN-TYPE MANIFOLDS

Leaving aside the case § = 0 that will be addressed separately, see Proposition 7.7 below, we say that
the gradient Einstein-type manifold (M, g) is nondegenerate if 3 # 0 and % # (m—2)apu; otherwise, that
is if 8 # 0 and 82 = (m — 2)au we have a degenerate gradient Einstein-type manifold. Note that, in this

last case, necessarily a and p are not null. The above terminology is justified by the next observation:

(1.3) (M, g) is conformally Einstein if and only if
’ for some «, B, u # 0, (M, g) is a degenerate, gradient Einstein-type manifold.

For the notion of conformally Einstein manifold see Section 2 below. In case f is constant then we
say that the Einstein-type structure is trivial. Note that, since m > 3, in this case (M, g) is Einstein.
However, the converse is generally false; indeed, if (M, g) is Einstein, then for some constant A € R,
Ric = Ag and inserting into (1.2) we obtain

BHess(f) + pdf @ df = (pS + X — Aa)g.

Thus, if p # 0, (M, g) is a Yamabe quasi-soliton and f is not necessarily constant.
We will also deal with the case o = 0 separately, see Theorem 1.4 below.

As we have already noted, the class of manifolds satisfying Definition 1.1 gives rise to the previously
quoted examples by specifying, in general not in a unique way, the values of the parameters and possibly

the function A. In particular we have:

(1) Einstein metrics: («, 8, u, p) = (1, 0,0, %n),)\ = 0 (or,equivalently for m >3, p=0and A = %),
2) Ricci solitons: («, 8,1, p) = (1,1,0,0), A € R;
) Ricci almost solitons: («, 3, i, p) = (1,1,0,0), A € C°(M);
4) Yamabe solitons: (a, 8, p,p) = (0,1,0,1), A € R;
) Yamabe quasi-solitons: (a, 3, p,p) = (0,1,—%,1),k € R\ {0}, X € R;
) conformal gradient solitons: («, 8, u, p) = (0,1,0,0),\ € C(M);
7) quasi-Einstein metrics: («, 8, 1, p) = (1, 1, —%, 0), A€eR, k#0;
8) p-Einstein solitons: (a, 8, u, p) = (1,1,0,p), p #0, X € R.

Of course one may wonder about the existence of Einstein-type structures. We know from the literature
positive answers to the various examples the we mentioned earlier. For the general case we will consider
three different necessary conditions; the first two are the general integrability conditions (6.5) and (6.6)
contained in Theorem 6.4 below. The third comes from the simple observation that, tracing equation
(1.2) and defining u = et , the existence of a gradient Einstein-type structure on (M, g) yields the
existence of a positive solution of

Lu = Au— %[m/\ + (mp — a)Slu =0,

so that, by a well-known spectral result (see for instance Fischer-Colbrie-Schoen [23], or Moss-Piepenbrink
[36]), the operator L is stable, or, in other words, the spectral radius of L, A'(M), is nonnegative.

In Section 3 below we shall give some simple conditions on the function %[m)\ + (mp — «)S] that
prevent this possibility, so that the corresponding Einstein-type structure cannot exist.

As it appears from Definition 1.1, the fact that (M, g) is an Einstein-type manifold can be interpreted
as a prescribed condition on the Ricci tensor of g (see for instance the nice survey [4]), that is, on the
“trace part” of the Riemann tensor. Thus, it is reasonable to expect classification and rigidity results for
these structures only assuming further conditions on the traceless part of the Riemann tensor, i.e. on the
Weyl tensor. Indeed, most of the aforementioned papers pursue this direction, for instance, assuming
that (M, g) is locally conformally flat or has harmonic Weyl tensor. In the spirit of the recent work of
H.-D. Cao and Q. Chen [8], we study the class of gradient Einstein-type manifolds with vanishing Bach
tensor along the integral curves of f. We note that this condition is weaker than local conformal flatness
(see Section 2).

It turns out that, as in the case of gradient Ricci solitons (see [7], [8] and [6]), the leading actor is a

three tensor, D, that plays a fundamental role in relating the Einstein-type structure to the geometry of
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the underlying manifold. D naturally appears when writing the first two integrability conditions for the
structure defining the differential system (1.2). Quite unexpectedly, the constant p and the function A
have no influence on this relation.

Our main purpose is to give local characterizations of complete, noncompact, nondegenerate gradient
Einstein-type manifolds. Denoting with B the Bach tensor of (M, g) (see Section 2), our first result is

Theorem 1.2. Let (M, g) be a complete, noncompact, nondegenerate gradient Einstein-type manifold of
dimension m > 3. If B(Vf,-) =0 and f is a proper function, then, in a neighbourhood of every regular
level set of f, the manifold (M, g) is locally a warped product with (m — 1)-dimensional Einstein fibers.

In dimension four we improve this result, obtaining

Corollary 1.3. Let (M*,g) be a complete, noncompact nondegenerate gradient Einstein-type manifold
of dimension four. If B(Vf,-) =0 and [ is a proper function, then, in a neighbourhood of every regular
level set of f, the manifold (M, g) is locally a warped product with three-dimensional fibers of constant
curvature. In particular, (M*,g) is locally conformally flat.

As we will show in Section 9, the properness assumption is satisfied by some important subclasses
of Einstein-type manifolds, under some natural geometric assumptions. As a consequence, in the case
of gradient Ricci solitons, we recover a local version of the results in [8] and [6], while, in the cases of
p-Einstein solitons and Ricci almost solitons, we prove two new classification theorems (see Theorem 9.1
and 9.2).

In the special case @ = 0 (which includes Yamabe solitons, Yamabe quasi-solitons and conformal
gradient solitons) we give a version of Theorem 1.2 in the following local result that provides a very
precise description of the metric in this situation. Note that Theorem 1.4 and Corollary 1.5 also apply
in the compact case.

Theorem 1.4. Let (M, g) be a complete gradient Einstein-type manifold of dimension m > 3 with a = 0.
Then, in a neighbourhood of every regular level set of f, the manifold (M, g) is locally a warped product
with (m — 1)-dimensional fibers. More precisely, every regular level set ¥ of f admits a mazimal open
neighborhood U C M™ on which f only depends on the signed distance r to the hypersurface ¥. In

addiction, the potential function f can be chosen in such a way that the metric g takes the form
2
f'(r)
1.4 =dr®dr L2 L enf(r) 2 onU
(1.4 g = aroar+ (L) = o,
where g> is the metric induced by g on . As a consequence, f has at most two critical points on M™

and we have the following cases:

(1) If f has no critical points, then (M,g) is globally conformally equivalent to a direct product
I x N™=1 of some interval I = (t,,t*) C R with a (m — 1)-dimensional complete Riemannian

manifold (N™=1,gN). More precisely, the metric takes the form
g = u?(t) (> + gV),
where u : (t,t*) — R is some positive smooth function.

(2) If f has only one critical point O € M™, then (M, g) is globally conformally equivalent to the
interior of a Euclidean ball of radius t* € (0,400]. More precisely, on M™ \ {O}, the metric
takes the form

g = o%(t) (d + 2% ),
where v : (0,t*) — R is some positive smooth function. In particular (M,g) is complete, non-
compact and rotationally symmetric.
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(3) If the function f has two critical points N, S € M™, then (M, g) is globally conformally equivalent
to S™. More precisely, on M™ \ {N, S}, the metric takes the form

g = w(t) (dt* + sin?(t) gSmfl) ,

where w : (0,7) — R is some smooth positive function. In particular (M,g) is compact and
rotationally symmetric.

In this case, we can obtain a stronger global result, just assuming nonnegativity of the Ricci curvature;
namely we have the following

Corollary 1.5. Any nontrivial, complete, gradient Einstein type manifold with o = 0 and nonnegative
Ricci curvature is either rotationally symmetric or it is isometric to a Riemannian product R x N™~1,

where N™~1 is an (m — 1)-dimensional Riemannian manifold with nonnegative Ricci curvature.

This result covers the cases of Yamabe solitons [9] and conformal gradient solitons [15]. Concerning
Yamabe quasi-solitons, Corollary 1.5 improves the results in [27]. In particular, this shows that most of
the assumptions in [27, Theorem 1.1] are not necessary.

The paper is organized as follows. In Section 2 we recall some useful definitions and properties
of various geometric tensors and fix our conventions and notation. Next, in Section 3 we deal with
nonexistence of gradient Einstein-type structures, both in the degenerate and in the nondegenerate case,
and we give some sufficient conditions for A¥(M) < 0. In Section 4 we collect some useful commutations
relations for covariant derivatives of functions and tensors. In Section 5 we treat the special case of
gradient Einstein-type manifolds with o = 0 proving Theorem 1.4 and Corollary 1.5. In Section 6
we prove the two aforementioned integrability conditions that follow directly from the Einstein-type
structures. In Section 7 we compute the squared norm of the tensor D in terms of D itself, the Bach
tensor B and the potential function f. In Section 8 we relate the tensor D to the geometry of the regular
level sets of the potential function f. Finally, in Section 9 we prove Theorem 1.2 and Corollary 1.3, and
we give some geometric applications in the special cases of gradient Ricci solitons, p-Einstein solitons
and Ricci almost solitons.

2. DEFINITIONS AND NOTATION

In this section we recall some useful definitions and properties of various geometric tensors and fix
our conventions and notation (see also [34]).

To perform computations, we freely use the method of the moving frame referring to a local orthonor-
mal coframe of the m-dimensional Riemannian manifold (M, g). We fix the index range 1 <4,j,... <m
and recall that the Einstein summation convention will be in force throughout.

We denote with R the Riemann curvature tensor (of type (1,3)) associated to the metric g, and with
Ric and S the corresponding Ricci tensor and scalar curvature, respectively. The components of the

(0,4)-versions of the Riemann tensor and of the Weyl tensor W are related by the formula:

S

1
(2.1)  Rijke = Wijre + o (m—1)(m —2)

5 (Rir0jt — Ritdji + Rj10it, — Rjndir) —

(irdjt — 0itljk)
and they satisfy the following symmetry relations

(2.2) Rijre = —Rjie = —Rijir = Ryajs

(2.3) Wijkt = —Wiike = —Wijek = Wiy

A computation shows that the Weyl tensor is also totally trace-free. According to this convention the

(components of the) Ricci tensor and the scalar curvature are respectively given by R;; = Ritjt = Ruitj
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and S = Ry. The Schouten tensor A is defined by

(2.4) A =Ric —T)g.

Tracing we have tr(A) = Ay = (m=2).g.

Remark 2.1. Some authors adopt a different convention and define the Schouten tensor as ﬁA.

We note that, in terms of the Schouten tensor and of the Weyl tensor, the Riemann curvature tensor

can be expressed in the form

1
2.5 R=W+4+ —A
where @® is the Kulkarni-Nomizu product; in components,
1
(2.6) Rijie = Wijie + m(Aikdjt — Aitdjr + Ajdin — Ajibit).

Next we introduce the Cotton tensor C as the obstruction to the commutativity of the covariant
derivative of the Schouten tensor, that is
1
2(m—1)

We also recall that the Cotton tensor, for m > 4, can be defined as one of the possible divergences of the

(2.7) Cijk = Aij e — Aikj = Rijr — Rigj — (Skdi; — S;0ik).

Weyl tensor; precisely

m—2 m—2
(2.8) Cijk = (M>Wtikj,t = - ()Wtijk,t~

m—3

A computation shows that the two definitions (for m > 4) coincide (see again [34]).

Remark 2.2. It is worth to recall that the Cotton tensor is skew-symmetric in the second and third

indices (i.e. Cjjr = —Cir;) and totally trace-free (i.e. Cyip = Cipi = Chii = 0).

We are now ready to define the Bach tensor B, originally introduced by Bach in [1] in the study of

conformal relativity. Its components are

1
m(cjik,k + RieWikje),

that, in case m > 4, by (2.8) can be alternatively written as

(2.9) By; =

1
(2.10) B;; = Wikjt,th + mRmWikjt~

-3
Note that if (M, g) is either locally conformally flat (i.e. C =0if m =3 or W = 0 if m > 4) or Einstein,
then B = 0. A computation shows that the Bach tensor is symmetric (i.e. B;; = Bj;) and evidently

trace-free (i.e. B;; =0). As a consequence we observe that we can write

1
Bi; = 3 Cijkk + RiaWigji).

—5(
We recall that

Definition 2.3. The manifold (M, g) is conformally Einstein if its metric g can be pointwise conformally

deformed to an Einstein metric g.

We observe that, if § = e2%¢g, for some ¢ € C°°(M) and some constant a € R, then its Ricci tensor

Ric is related to that of g by the well-known formula (see for instance [34])
(2.11) Ric = Ric —(m — 2)aHess(p) + (m — 2)a’de @ ¢ — |(m — 2)a®|Vy|* + aAgo} g.

Here the various operators (and for their precise definitions see Section 4) are defined with respect to

the metric g.
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We can easily prove statement (1.3); indeed, suppose that 8 # 0 and 82 = (m — 2)apu, that is, the
Einstein-type structure is degenerate. Tracing (1.2) we obtain

(2.12) é(pS—l—/\): ;(S+§Af+Z|Vf|2>.

Choose ¢ = f and a = —(m% in (2.11) to obtain

)

= 1 52 p B o2
Inserting (2.12) into (2.13) yields
ot 1 52 Bm 2
RIC=|: ]df@df—k [S+2Af+ (u—mﬁ)|Vf|}g.
al(m—2)a
Hence, since 3% = (m — 2)ayu,
(2.14) Ric = m[SJrQﬁZAer (umﬂ)w“}g

~ 28 . . . . . . .
that is, § = e~ -2/ g is an Einstein metric (this was also obtained in Theorem 1.159 of [2]).
Viceversa, suppose that § = e?*/¢g, a # 0, is an Einstein metric, so that, for some A € R, Ric = Ag.
From (2.11)

(2.15) Ric —(m — 2)aHess(f) + (m — 2)a’df @ df = [AeQaf + (m—2)d®|Vf|* + aAf} g.

Tracing we get

2 = [(m 2)a?|V f|? +aAf} +alf+ A

Thus, inserting into (2.15),

Ric —(m — 2)aHess(f) + (m — 2)a?df @ df = (m‘il —anj- A

We choose v =1, B = —(m —2)a, p = (m—2)a?, p= -1 and \(z) = —aAf — %62‘”0. We note that
B # 0 and
62 = (m — 2)%® = (m — 2,

so that the above choice of «, 3, i, p and A yields a degenerate Einstein-type structure.

3. NONEXISTENCE OF GRADIENT EINSTEIN-TYPE STRUCTURES

In this section we comment on the nonexistence of gradient Einstein-type structures on (M, g). From
now on we fix an origin o € M and let r(x) = dist (x, 0). We set B,. and 9B, to denote, respectively, the
geodesic ball of radius r centered at o and its boundary.

We begin with considering the degenerate case. In this situation 8 # 0 and 8% = (m — 2)apu; in
particular a,pu # 0. Multiplying equation (1.2) by ﬁ% and setting h = %f, using the relation
B2 = (m — 2)ap we immediately obtain

2
T (n
—— Ric +p Hess(h) 4+ pdh ® dh = (5> (pS+N)g,

that is, another degenerate gradient Einstein-type structure. Using (2.14) with our new constants and
with h replacing f we deduce the existence of a constant A € R such that

Ae 2" = S+ 2(m — 1)Ah — (m — 1)(m — 2)|Vh|*.

We set u = e~ 7" so that, using the above, u becomes a positive solution of the Yamabe equation

_ 1 m
(3.1) 4%Au _ S(z)u+ AuriE — 0.
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Hence, every time (3.1) has no positive solution, we can conclude that (M, g) has no degenerate gradient
Einstein-type structure. Nonexistence for (3.1) heavily depends on the sign of A; indeed, let us consider
the case A > 0. Thus v satisfies

-1
AT A S(x)u <0, uw>0 on M.
m—2
By [23],if £=A — S(x)#fl), then A\{'(M) > 0. Hence, in this case, every time we can guarantee that

A7 (M) < 0, there do not exist positive solutions of (3.1) on M. We will give some sufficient conditions
for this at the end of the section.
For the case A < 0 the situation is more involved; in what follows we will always make this assumption.

We recall that with our choices

m—2 _m—2pu
u=e 2 h:e 2 Bf7

n

so that u € L2(M) if and only if e~ ™~25f € L1(M). Applying Proposition 3.1 of [34] we have that,
for A < 0 there are no gradient, degerate, Einstein-type structures with e~ (m=25f ¢ LY(M), provided
that AS(M) > 0, £ as above. The request on the integrability of e~ (™~2 5/ can be replaced by

f(z) = 400 asr(x) = +oo,

provided Af (supp S_) > 0, see Theorem 3.12 of [34]. Since supp S_ is a closed set we need to extend the

definition of A to this case. For a generic bounded subset D of M we set
AF (D) = sup AT(9),

where the supremum is taken over all open, bounded sets with smooth boundary € such that D C Q.
Note that, by definition, if D = () then Af(D) = +oo. Finally, if D is an unbounded subset of M, we
define
M (D) =inf A\F(DNY),

where the infimum is taken over all bounded open sets ¥ with smooth boundary. Note that, since
M (B,) ~ & for some constant C' > 0 as r \, +00 (see e.g. [20]) and B, is a geodesic ball centered at
P € M, the condition A\{(supp S_) > 0 means that the set supp S_ is small in a suitable spectral sense.

Again, using Theorem 5.12 of [34], there are no gradient degenerate Einstein-type structures on (M, g)
with

f(z) = —c0 asr(z) = +oo,

for which
sup S_(x) < 400
M
and | (B
liminf 28VLB)
r—+00 r

where vol (B,) denotes the volume of the geodesic ball B,.. The above discussion also shows the important
role played by the sign of the first eigenvalue of the Dirichlet problem for the operator £.

We now analyze the existence for a nondegenerate gradient Finstein structure. As remarked in the
introduction, letting L = A — S[mA(z) — (mp — a)S(x)] every time MA(M) < 0 we have nonexistence.
We let

H A S _HL m xr mp—« €T
A + mp = 0)5(0)) = G [ M@+ mp =) [ 8],

i.e. the radialization of the linear term. Note that, given any sufficiently regular function ¢(z), by the

co-area formula .
/ q(s) vol (0B;)ds = / q(x).
0 Br

This fact and the Rayleigh characterization of the first eigenvalue of the Dirichlet problem on the ball
Bp, justify assumptions on the radialization of the linear term rather then on the term itself. To simplify
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the writing we let v(r) = vol (0B,) and let ¥(r) satisfy v € L7° ([0, +00)),
on [0,400). We suppose

€ L2 ((0,400)), 0

loc

IN
S

IN
<)

S

1
el
- (+00)

and we define the critical curve associated to v, xg, by setting

() = {200) [ ” =

By using Theorem 6.15 in [3] we give the following sufficient condition for the instability of L. Assume
that

(3.2) q<r>=%( Nr) + (mp —a)S(r)) <0, G#0,

that v(r) and ©(r) are as above and that

—2

r

(3.3) limsup/R (\/W— \/)@7(5)) ds = 400

r——4o0

for some R > 1. Then L is unstable (in fact, L has infinite index).

We can even prove that A'(M) < 0 under a less restrictive condition, but in order to avoid technical-
ities we use (3.3). Indeed, it is not difficult to simplify (3.3) in case we give an explicit upper bound for
the volume growth v(r). For instance, if v(r) = (r?, that is

vol (0B,) < (r?

for r > 1, some constants ¢ > 0, 0 > 1, (3.3) becomes

(3.4) limsup{/r Via(s)| ds — Ugllogr} = +o00,

r—+00 R

while for an exponential bound
vol (OB,) < (rlear”log™r
for r > 1, some constants (,a,0 >0, 7 >0, § € R, (3.3) is equivalent to
" 0—1
(3.5) lim sup / V0a(s)|ds — Lo log" r — ot logr — r loglogr p = +o0.
r——4o0 R 2 2 2

As a final remark we observe that condition (3.2) can be relaxed. We refer the interested reader to
sections 6.6 and 6.7 in Chapter 6 of [3].

4. SOME BASICS ON MOVING FRAMES AND COMMUTATION RULES

In this section we collect some useful commutations relations for covariant derivatives of functions and
tensors that will be used in the rest of the paper.

Let (M, g) be a Riemannian manifold of dimension m > 3. For the sake of completeness (see [34] for
details) we recall that, having fixed a (local) orthonormal coframe {6}, with dual frame {e;}, then the

corresponding Levi- Civita connection forms {0;-}, are the 1-forms uniquely defined by the requirements

(4.1) do' = 79;4 A6 (first structure equations),

(4.2) 0% + 6! =0.

The curvature forms {@;} associated to the connection are the 2-forms defined via the second structure
equations

(4.3) o = —6;, A 60 + O,

They are skew-symmetric (i.e. @3» + @z = 0) and they can be written as

. 1 . .
(4.4) 0! = 5Ef;ktek NO' =" Ri6F A0
k<t
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where RY,, are precisely the coefficients of the ((1,3)-version of the) Riemann curvature tensor.
The covariant derivative of a vector field X € X(M) is defined by

VX = (dX"+ X70)) @ e; = X[0" ® ey,
while the covariant derivative of a 1-form w is defined by
Vo = (dw; — w;0]) @ 0" = w0 @ 6°.

The divergence of the vector field X € X(M) is the trace of the endomorphism (VX)! : TM — TM,
that is,

(4.5) divX = tr (VX)* = g(Ve, X, e;) = X\

For a smooth function f we can write

(4.6) df = f:¢",

for some smooth coefficients f; € C°°(M). The Hessian of f, Hess(f), is the (0, 2)-tensor defined as

(4.7) Hess(f) = Vdf = fi;67 @ 6",
with
(4.8) fi;07 = df; — f,01.
Note that

fi; = i

The Laplacian of f, Af, is the trace of the Hessian, in other words
Af = tr(Hess(f)) = fi-

The moving frame formalism reveals extremely useful in determining the commutation rules of geo-
metric tensors (see [34] for details). Some of them will be essential in our computations.

Lemma 4.1. If f € C3(M) then:

(4.9) fig = fis;
(4.10) Tigk = fjiks
(4.11) Jijk = fikg + [t Reijr;

1
(4.12) fijre = firg + FiWeijn + m(fthj(Sik — fiRubij + [jRir — frRij)

S
- m(fj(sik — friz);

1
(4.13) fiik = firg + fiWeije + m(ftAtj(sik — frAubij + [ Aix — fudij);
In particular, tracing (4.11) we deduce
(4.14) fitt = frei + fe Ry

Proof. Let df = f;0%. Differentiating and using the structure equations we get
0=df; NO" + fid6" = (fi;67 + fr0]) NO" — fi0} A O"
= fi;07 NO'
= %(fij — [i¢ A,
thus
0= (fij— 107 A6

1<j<i<m
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since {67 A0} (1 < j <i<m)is a basis for the 2-forms we get equation (4.9). Equation (4.10) follows
taking the covariant derivative of (4.9). As for (4.11) by definition of covariant derivative we have
(4.15) Fisnd* = dfis = fu07 = finb]-
Differentiating equation (4.8) and using the structure equations we get
dfix NO% — fi;00 NOF = —df, \OL + fr0F N OL — f,OF =
1 ,
= —(fin0" + fr07) N O + fr0) A OF — ifk’Rfjtgj NG,
thus 1
(dfir — fer0! — fie0f) N OF = —§ftRfjk9J A6,
and, by (4.15),
. 1 A
finj? N6 = *iftRfjkw Ao,
Skew-symmetrizing we get
1 . 1 )
g ks = )0 0% = =3 ulfsyu? N 0",
that is, (4.11). Equations (4.12) and (4.13) follow easily from (4.11), using the definitions of the Weyl
tensor and of the Schouten tensor (see Section 2). O

For the Riemann curvature tensor we recall the classical Bianchi identities, that in our formalism

become
(416) Rijkt + Ritjk + Riktj =0 (First Bianchi Identities);
(4.17) Rijiei + Rijikt + Rijur =0 (Second Bianchi Identities).

For the second derivatives of R we have

Lemma 4.2.

(418) Rijk:t,lr - Rijkt,rl = stk:tRsilr + Risktstlr + RijstRskl'r + Rijk:sRstlr-

Proof. By definition of covariant derivative we have

(4.19) Rijit 10" = dR;ji — Rijiett — Rilktaé‘ — Rijubh, — Rijiif)
and
(4.20) Rijktr0" = dRijie) — Rijreit; — Rirke 18] — Rijre 10y — Rijrri0f — Rijrer0] -

Differentiating equation (4.19) and using the first structure equations we get

(4.21)
dRijkt,s NO° — Rijreafl N O° = —dRyjey N 05 + Rijre (64 A 05 — ©L) — dRaie A 05 + R (04 1 65 — OF)
— dRyjie N O% + Rijie (0L N 05 — OL,) — dRyjii A 0%+ Ryjia (04 A 67 — ©)).
Now we repeatedly use (4.20) and (4.4) into the previous relation; after some manipulations we arrive at
) 1
(dRijkt,s — Rijhe,s0% — Rilkt,saé‘ — Rijit,s05, — Rijii 501 — Rijiea0L) NO° = —3 (Rijkt Riirs + Ritit Rijirs
+Rijit Rikrs + RijriRisrs) 07 A 6°.

Renaming indexes and skew-symmetrizing the left hand side, which is precisely R;jxs,sr0" A0°, we obtain
(4.18). O

As a consequence for the Ricci tensor we have
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Lemma 4.3.

(4.22) Rijr — Rirj = —Reijrt = Riing i
(4.23) Rijre — Rijoe = Rigne Ry + Ryjre Ry
Proof. The previous relations follow tracing equations (4.17) and (4.18), respectively. O

The First Bianchi Identities implies that

(4.24) Cijk + Ciki + Crij = 0.
From the definition of the Cotton tensor we also deduce that
1

(4.25) Cijkt = Aijit — Aikjt = Rij e — Rig je — m(sm% — Sjt0ik)-
On the other hand, by Lemma 4.3 and Schur’s identity .5; = %Rik,k,

1
(4.26) Ri i = Rikkj + RejrBer + RejrRe = 55@' — Ry Rijr + Ry Ry
This enables us obtain the following expression for the divergence of the Cotton tensor:

m — 2 1

(4.27) Cijr,k = Rijkr — Am=1) 1)Sij + R Ritji — Ris Ry — m=1) I)AS(SM'

The previous relation also shows that
(4.28) Cijike = Cjik,k»

thus confirming the symmetry of the Bach tensor, see (2.9).
Taking the covariant derivative of (4.24) and using (4.28) we also deduce

(4.29) Crijr = 0.

5. GRADIENT EINSTEIN-TYPE MANIFOLDS WITH o = 0

In this section we will prove Theorem 1.4 and Corollary 1.5 focusing our attention on gradient Einstein-

type manifolds with a = 0. Without loss of generality, we can write the equation in the form

(5.1) Hess (f) + pdf @ df = ¢g,

for some p € R and some function ¢ € C°(M). Tracing this equation with the metric g, we see
immediately that the function ¢ coincides with (Af + u|V f|?)/m. We prove the following result, which

immediately implies Theorem 1.4 and Corollary 1.5.

Theorem 5.1. Let (M, g) be a complete gradient Einstein-type manifold of dimension m > 3 and of the
form (5.1). Then, any reqular level set ¥ of f admits a mazimal open neighborhood U C M™ on which
f only depends on the signed distance r to the hypersurface ¥. In addiction, the potential function f can
be chosen in such a way that the metric g takes the form

/ 2
(5.2) g =dr®dr + (;/Eg;e“ﬂr)> g~ onU,
where g> is the metric induced by g on . As a consequence, f has at most two critical points on M™

and we have the following cases:

(1) If f has no critical points, then (M,g) is globally conformally equivalent to a direct product
I x N™=1 of some interval I = (t,,t*) C R with a (m — 1)-dimensional complete Riemannian

manifold (N™=1, g™V). More precisely, the metric takes the form

g = u?(t) (dt* + gV),
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where u : (t,t*) = R is some positive smooth function.

(1) If, in addition, the Ricci tensor of (M, g) is nonnegative, then (M,g) is isometric to a direct
product R x N™=1 where (N1, gN) has nonnegative Ricci tensor.

(2) If f has only one critical point O € M™, then (M,g) is globally conformally equivalent to the
interior of a Euclidean ball of radius t* € (0,400]. More precisely, on M™ \ {O}, the metric
takes the form

g = v3(t) (dt2 + tzgsmfl) ,
where v : (0,t*) — R is some positive smooth function. In particular (M,g) is complete, non-

compact and rotationally symmetric.

(2°) If, in addition, the Ricci tensor of (M,g) is nonnegative, then (M,g) is globally conformally
equivalent to R™.

(3) If the function f has two critical points N, S € M™, then (M, g) is globally conformally equivalent
to S™. More precisely, on M™ \ {N, S}, the metric takes the form

g = w(t) (dt* + sin?(t) gSm*l) ,

where w : (0,7) — R is some smooth positive function. In particular (M,g) is compact and

rotationally symmetric.

Proof. We will follow the proof in [15], using the Koszul formalism. Let ¥ be a regular level set of
the function f : M™ — R, i.e. |Vf| # 0 on X, which exists by Sard’s Theorem and the fact that f
is nonconstant in our definition. First we observe that |V f| has to be constant on . Indeed, for all
Y eT,X

2Af +2u|Vf|?
VIV = 2 Hess()(Vf,Y) = 222V g vy v s (v v) = 0
From this we deduce that, in a neighborhood U of ¥ which does not contain any critical point of f,
the potential function f only depends on the signed distance r to the hypersurface ¥. In particular
df = f'dr. Moreover, if § = (9* ...,0™1) are coordinates adapted to the hypersurface 3, we get
/

Hess(f) = Vdf = f"’dr @ dr + f' Hess(r) = f"dr @ dr + f;&gij do' @ de’

since

F:r = FE’I‘ = F:r =0, FZ = _% 8Tgij 3 Ffr = %gksargis .
On the other hand, using equation (5.1), we have
A 2 A AV A "2 ) )
Hess(f) = Mg—udf@df - (W _ M(f/)2> dredr+ <f+'u(f))gij do*®d’ |
m m m
thus,
Af+u(f)? Af +p(f')?

1
=f"+pu(f)?> and gij = §f' OrGij -

m m
These equations imply the family of ODE’s
f'(r)

[F0) + )] 95 (20) = 257 Drgig(r,0).

Since f/(0) # 0 (otherwise X is not a regular level set of f) we can integrate these equations obtaining

/ 2
i (r,0) = (;/Eg;eu[f(r)—f(o)o 9:5(0,0) .

Therefore, in U the metric takes the form

/ 2
g = dr @ dr + <§/Eg; e#[f(ﬂf(O)}) 95(9) d6° ®d0]7
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where g% (0) = gi;(0,0) is the metric induced by g on X. We notice that, since f = f(r), then the width of
the neighborhood U is uniform with respect to the points of ¥, namely we can assume U = {r, < r < r*},
for some maximal 7, € [—00,0) and 7* € (0, c0]. Moreover, by translating the function f, we can assume

that f(0) = 0. Hence, in U, the metric can be written as

/ 2
(5.3) g =dredr + (?,Ege“ﬂrv g,

where ¢~ denotes the induced metric on the level set ¥. Then, if we let

R f/(r) L s
w(r) = me‘ AN
we have that g = dr @ dr + w(r)?¢g”. At this point, we can follow directly the computations in the proof
of [15, Theorem 1.1]. In fact, one observes that we have three possible cases, depending on the zeros of
the function w, i.e. depending on the number of critical points of the function f. Now, to conclude the

proof of the theorem one can follow step by step the proof in [15]. (]

6. THE TENSOR D AND THE INTEGRABILITY CONDITIONS

The main result of this section concerns two natural integrability conditions that follow directly from
the Einstein-type structure; as in the case of Ricci solitons and Yamabe (quasi)-solitons, there is a
natural tensor that turns out to play a fundamental role in relating the Einstein-type structure to the
geometry of the underlying manifold. Quite surprisingly, as it is shown in Theorem 6.4, the presence of
the constant p and of the function A\ seems to be completely irrelevant.

Let (M, g) be gradient Einstein-type manifold of dimension m > 3. Equation (1.2) in components
reads as

(6.1) alRij + Bfij + ufifi = (pS + N)dij.
Tracing the previous relation we immediately deduce that

(6.2) (o —mp)S + BAS + p|V > = mA.

Definition 6.1. We define the tensor D by its components

(6.3)

Dije = —— (fuRij — f3Ra) + —————— fi(Ruiy — Rugfin) — ——————(fudiy — fy0u)
zgk—m_2 kLlig bk (m—l)(m—2) t tkOij tjOik (m—l)(m—Z) kY5 jYik)-
Note that D is skew-symmetric in the second and third indices (i.e. D;jrx = —D;x;) and totally

trace-free (i.e. Dy = Digi = Dyi = 0).

Remark 6.2. We explicitly note that our conventions for the Cotton tensor and for the tensor D differ
from those in [8].

Lemma 6.3. Let (M,g) be a gradient Einstein-type manifold of dimension m > 3. The tensor D can
be written in the next three equivalent ways:

(6.4)
S
Dij = ﬁ(fkptij — fiRix) + mﬁ(l‘?tk&j — Rjdir) — m(fkéij — [0ik)
B ﬁ(f’“&j ~ Jidi) + Ty =y T Bkt — Bt

e B N S P S S S
=~ | ——=(fjfux fkfzj)-ﬁ-(mil)(mimft(ftg‘szk ftdiz) (m — 1)(m —2)

o (fi0ik — frdij) |,
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where E;j are the components of the Einstein tensor (see [2]) defined as

S
E,L" = R’ij — 56”
Note that the third expression makes sense only if a # 0. The proof is just a simple computation,
using the definitions of the tensors involved, equation (6.1) and equation (6.2).
The following theorem should be compared with Lemma 3.1 and equation (4.1) in [8], with Lemma

2.4 and equation (2.12) in [6] and with Proposition 2.2 in [27].

Theorem 6.4. Let (M, g) be a gradient Finstein-type manifold of dimension m > 3. Then the following

integrability conditions hold:

(6.5) aCijr + BfiWiijr = {ﬂ - (m—;)au} D,
(6.6) atyy =t f 5= 2 Dk () i W)

Proof. We begin with the covariant derivative of equation (6.1) to get

(6.7) aRij i+ Bfijr + p(finfj + fifix) = (PSk + Ak)dsj.
Skew-symmetrizing with respect to j and k and using (4.11) we obtain

(6.8) a(Rijr — Rikj) + BfiReji + 1 firfj — fizfu) = p(Skoij — Sjdir) + (Akdij — Ajdik)-

To get rid of the two terms on the right-hand side of equation (6.8) we proceed as follows: first we trace

the equation with respect to 7 and j and we use Schur’s identity S = 2R+ to deduce

(6.9) [ — 2p(m — 1)}k = 28f R+ 2(m — Ve — 2u(fifur — AF )
secondly, from equations (6.1) and (6.2) we respectively have

(6.10) for = 510 + Ntk = aRes = ufe

and

(6.11) Af = 5 [(mp = )+ mA— V7]

Inserting the two previous relations in (6.9) and simplifying we deduce the following important equation

o 2 2
(6.12) [o — 2p(m — 1)]S) = 2(5 + ﬂ“)ftz-ztk +2(m = 1w = Tla— plm = IS+ 5 (m ~ DAy
From (2.1) we deduce that
1
(6.13) ftRiiji = [iWeije — Dijr — o1 (feRerbij — fiRejbir).
Inserting now (6.13), (2.7) and (6.12) into (6.8) and simplifying we get (6.5).
Taking the divergence of equation (6.5) we obtain

m—3 m—2)a
(6.14) aCijr ke — BfteWitjr — Bl ——= | fiCiie = |B — (m = Zap Dijk ks

m—2 B8
using the definition of the Bach tensor (2.9), equation (6.10) and the symmetries of W we immediately
deduce (6.6). O

Remark 6.5. Equation (6.12) is the analogue of the fundamental S, = 2f; Ry, valid for every Ricci

soliton.
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RM_betanullo | Remark 6.6. In case 8 = 0 (and thus a # 0), by direct calculations, using (2.7), (6.3) and (6.1), one
can show that D = 0 and equations (6.5) and (6.6) take the form

A
aCijr = —pu(fjfir — frfiz) — %ft(ftj(sik — ferbij) + :li_fl(fj(;ik — frbij),
1

m— 2

O[Bl'j =

{aCijke — pfe frWitji }-

7. VANISHING OF THE TENSOR D
sec_

In this section we compute the squared norm of the tensor D in terms of D itself, the Bach tensor B

and the potential function f. Moreover, under the assumption of Theorem 1.2, we prove the vanishing
of D. We begin with

Lemma 7.1. Let (M,g) be a nondegenerate gradient Finstein-type manifold of dimension m > 3. If

a #0,
-9 -9 -2
ared_general| (7.1) <m2> {B — (mﬁ)a,u] D> = —B(m — 2)fifiBij + g {5 - (mﬂ)au} (fifiDijr)y,,
while if « =0
uared_alphaO| (7.2) (7712_2> \D\Q = —(m —2)fifjBij + (fifiCijk) -

Proof. We observe that, since D;j; = —Djj,

1
2
|D|* = Dy Diji = P

1
2Dijlc<flcRij — fjRirx) = m(fkRijDijk + fiRitDikj),

so that
2
DSquaredNorm| (7.3) |D|2 = 2fk-RijDijk-
m —

Since 3 — % # 0, using (6.5) and the definition of the Bach tensor we can write

m—2 m—2)a
( 5 ) {5 ! 3 ) M} |D|2 = frRij(aCiji + Bf:Wiijk)
= afiRi;jCijx — BfifjRexWitjn
= afeRijCijr — B(m — 2) fi f; Bij + BfifiCijk k-
By the symmetries of the Cotton tensor we also have
fifiCijr = fi(£iCijn)y, — fifinCin
= (fifiCiji)y — e FiCijk
= (fifiCiji)y + fis [rCijk,

therefore we obtain

m — 2 m—2)«x
quared_first | (7.4) <2> {5 - (ﬂ)u} ID” = afyRijCij. — B(m — 2)f; f; Bij + B(fifiCijk), + Bfij fxCij-
If o =0, using equation (6.1) in (7.4) we immediately get

(ﬂ’L2—2> ‘D‘Q _ —(m — 2)flfJBz] + (fifjcijk:)k,

that is (7.2).
If o # 0, using equations (6.1) and (6.5) in (7.4) and simplifying we deduce

a3 (52 |- TR 10 = s - sy + 2 |5 - T2 (1D,
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that is, equation (7.1). O

Remark 7.2. In case a # 0 equation (7.1) can be obtained in a direct way: one takes the second
integrability condition (6.6), multiplies both members by f;f; and simplifies, using the symmetries of
the tensors involved and equation (6.5).

Theorem 7.3. Let (M,g) be a complete nondegenerate gradient Einstein-type manifold of dimension
m > 3. If B(Vf,) =0 and f is proper, then D = 0.

Proof. We define the vector field Y = Y («) of components

gfiijijk if a # 0;

(7.6) Y, =
fiijijk if  =0.

By the symmetries of D and C' we immediately have

(7.7) 9(Y,Vf) =0,
If B(Vf,-) =0 and a # 0, from equation (7.1) we obtain
m — 2 I5)
(78) (52 )i0f = 205,00
while if & = 0 from equation (7.2) we deduce
m—2
(7.9) <2> IDI* = (£:£;Ciji)y-

In both cases
-2
(7.10) <m2>|D|2 = divY.

Let now ¢ be a regular value of f and €. and X, be, respectively, the corresponding sublevel set and
level hypersurface, i.e. Q. ={z e M : f(z) <c}, E. = {x € M : f(z) = c¢}. Integrating equation (7.10)

on (2, and using the divergence theorem we get

L5 = [ vy = [ g,
Q. 2 Q. Se

where v is the unit normal to ¥.. Since v is in the direction of V f, using (7.7) and letting ¢ — +oo we

immediately deduce

(7.11) /M (m;Q) D> =0,

which implies D =0 on M. (|

Remark 7.4. The validity of Theorem 7.3 is based on that of the divergence theorem in this situation.
Thus, instead of using properness of f, we can use Theorem A of [24] to obtain the above conclusion,
that is D = 0, under the following assumptions: for some p > 1, M is p-parabolic and the vector field
Y € L9(M), where ¢ is the conjugate exponent of p. We note that a sufficient condition for p-parabolicity

1S

% ¢ L1(+oo)
vol (0B,) 7T

(see e.g. [44]), and, according to (7.6), Y € LI(M) in case for some pair of conjugate exponents P, P’
we have

IVf|l € L*"Y(M)  and |D| e L”'Y(M) if a #0
or

IVf| € L*P¢(M)  and |C|e L”'9(M) if a=0.
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Remark 7.5. A simple computation using the definition of the tensor D gives

(7.12) JiDijr = ﬁ(ftfthj — fifiRux),
and then
(713) il Dt = = (Ric (V. V1) fi — VS foRuc).

This shows that, in the case o # 0, the vector field Y defined in (7.6) can be expressed in the

remarkable form

B . 2( 5. #

14 Y= —"—— |: 5 - ( 5" >:| 9
(7.14) i 1 (R (VA VNS = |97 (Rie (9.
where § denotes the usual musical isomorphism.

Moreover, in the special case of a gradient Ricci soliton (M, g, f, A), using the fundamental relation
Sk = 2f: Rk, the vector field Y can also be written in the equivalent form

1 2
Y = m [Q(VS, VOV =I|V/] VS]

We also observe that

g(Y, V) =0, g(¥,VS) = (978,94 = [VSPIV S| <0

_ 1
2(m—1)
and that

1

YPi=—
¥l 4(m —1)2

VIP[IVSPIV AP - 9(VS, V)] = - IV 1P9(Y, VS) > 0.

1
2(m —1)
Remark 7.6. In case 8 =0 and p # 0, using Remark 6.6 and arguing as in Lemma 7.1, one can obtain
the following identity

@
@\C\Q = (m —=2)fif;Bij — (fifiCijk )r-

Then, following the proof of Theorem 7.3, we obtain

Proposition 7.7. Let (M, g) be a complete nondegenerate gradient Einstein-type manifold of dimension
m >3 and with B =0. If B(Vf,-) =0 and f is proper, then C' = 0.

8. D AND THE GEOMETRY OF THE LEVEL SETS OF f

In this section we relate the tensor D to the geometry of the regular level sets of the potential function
f. Our first result highlights, in the case a # 0, the link between the squared norm of the tensor D and
the second fundamental form of the level sets of f. This should be compared with [8, Proposition 3.1]
and [7, Lemma 4.1]. For the case a = 0 we refer to [27, Proposition 2.3].

From now on, we extend our index convention assuming 1 < 4,5, k,... <mand 1 <a,b,c,... <m—1.

Proposition 8.1. Let (M,g) be a complete m-dimensional (m > 3) gradient Einstein-type manifold
with a, B # 0. Let ¢ be a regular value of f and let . = {x € M|f(x) = ¢} be the corresponding level

hypersurface. For p € ¥, choose an orthonormal frame such that {e1,...,em—1} are tangent to ¥, and
em = % (i.e., {e1,...,em—1,em} is a local first order frame along f). Then, in p, the squared norm
of the tensor D can be written as

5)2 2V /" 2 2V /[
8.1 D 2 = ( - 2 hab - h(sab + —RamRam;
(5.1) = () ! + e DD

where hqy are the coefficients of the second fundamental tensor and h is the mean curvature of 3.

Remark 8.2. Note that |hqp — h5a5\2 is the squared norm of the traceless second fundamental tensor ®

of components ®,, = hgp — hgp.
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Proof. First of all, we observe that, in the chosen frame, we have

Q_compfSigma| (8.2) df = fa0® + fm0™ = |V O™,

since f, =0,a=1,...,m—1.
The second fundamental tensor I of the immersion ¥, < M is

II = hgt’ ®0* @ v,
where the coeflicients h,, = hy, are defined as
(8.3) Vem =V =0 e, =—0"@eq = —hapt’ @ e,
(see also [34]), so that
(8.4) hay = g(II(eq,€p),v) = —g(Ve, v, €p) = —(Vu)b(ea,eb).

In the present setting we have

Vv Vf)+v(1)®v1’

= i

and

, 1 1
(Vv) = WHess(f) + d(|vf|) ® df,

thus, using equation (6.1), we deduce

1 1
(85) hap = — |Vf‘ fab = B|vf| [aRab - (pS + )\>6ab]7

The mean curvature h is defined as h = ﬁhaa; tracing equation (8.5) we get

eanCurvature | (8.6) h= ﬁ {<moil - p> S — moi 1Rmm - /\} .

Now we compute the squared norm of the traceless second fundamental tensor ®:

)

|hap — BOap|” = |hap|” — 2hhgq + (m — 1)h? = |hagy|”> — (m — 1)h?

- 1 2 o o 2
W{[0¢Rgb(ﬂ5+)\)5ab] (m1)|:(7n_1p>5’rn_1Rmm>\:| }
2 1
== {|Ric|2 — 2R Ram — (Rym)? — ——— [52 — 28Ry + (Rmm)ﬂ }
B2V f] m—1
2 1 2
S {|Ric|2 — 2Rum Ram — — 2 (Rym)? — S% 4 SRmm].
52|Vf| m—1 m—1 m—1
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On the other hand, from the definition of D we have

Rij — fiRi)’ Rubij — fiRujoir)’ 52
(8.8) |D|2:(fk J fj k) +(ft tkOij ft tj k) + Q(fk(sij_fj(sik)2

tiesOnSigmac

Q_umbilicity

(m—2)? (m—12(m-22 " (m—1)2%(m-2)

+ (m — 1)?7” 2y (feRij — [ Rir)(fe Rexdij — fiRiz)
S
T m— 1)2(m ) (feRij — fijRik) (fibi5 — f0ir)
T m— 1)22?m o) (ftRerdij — fiRjoin)(fxdij — fidik)
\is v f|2
= (fn_f?)Q (|RIC|2 - RamRam - RmmRmm) + (m _21|)({n _ 2)2 (RamRam + RmmRmm)
257 2 4V £ )

* (m—1)(m — 2)? VI + (m —1)(m — 2)2 (SRmm — (Rmm)” — RamRam.)

48|V fI? 48|V £

— (S = Rym) —

(m—1)(m—2)? i

(m—1)(m—2)2 ™"

Symplifying, rearranging and comparing (8.7) and (8.8) we arrive at

Segror=(3) et ()
8.9 —|D|" = - \Y% ha - héa + | — RamRama
(8.9) ooy PP = (G ) 197 Phan = houl*+ (0=

which easily implies equation (8.1).
O

Remark 8.3. We explicitly note that Ry, Ram is a globally defined quantity (since |D|27 [V f |2 and
[hap — héab|2 are globally defined), but Ry, is only locally defined. This implies that, if R, = 0 on the
open set where the local frame ey, ..., ey, is defined, then dR,,;, = 0 but R4, , is not necessarily zero
(see the proof of Proposition 8.5 below).

Proposition 8.1 is one of the key ingredients in the proof of the following theorem, which generalizes
[8, Proposition 3.2 | (compare also with in [27, Proposition 2.4]). Our proof is similar to those in [8] and
[27], but the presence of p and the nonconstancy of A require extra care, in particular in showing that S
is constant on ..

Theorem 8.4. Let (M, g) be a complete m-dimensional, m > 3, gradient Einstein-type manifold with
a,B # 0 and tensor D = 0. Let ¢ be a regular value of f and let ¥, = {x € M|f(z) = ¢} be the
corresponding level hypersurface. Choose any local orthonormal frame such that {e1,...,em_1,€m} are
tangent to X and e,, = Ig—}cl (i.e., {e1,...,em—_1} is a first order frame along f). Then

1) |Vf|? is constant on ¥.;

2) Rum = Rima =0 for everya=1,...,m—1 and e,, is an eigenvector of Ric;

Y. is totally umbilical;

the mean curvature h is constant on X.;

Y. is Finstein with respect to the induced metric;

)
)
5) the scalar curvature S and X are constant on X.;
)
)

on Y. the (components of the) Ricci tensor of M can be written as Rqp, = S Oap, where A1 € R

m—1
is an eigenvalue of multiplicity 1 or m (and in this latter case S = mAy); in either case e, is

an eigenvector associated to Ay.
Proof. If D = 0, from Proposition 8.1 we immediately deduce that
(8.10) hab — hdgp = 0,
that is, property (3), and

(8.11) Rom =0, a=1,....,m—1.
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From (8.10) a simple computation using (8.5) and (8.6) shows that

ccRestricted] (.12) Ry = 2 M,
which also implies

Rijfifi _

V£

(8.13) Ric (v, v) = Runm = RV

this complete the proof of (2). To prove (1) we take the covariant derivative of 3|V f|* and use (6.1):
B(IVA1), =261t
= 2[(p5’ + - u|Vf|2)fk — afy Ry,

=2[(pS + A= Ul V1) fi = afeRek = IV | Bk

evaluating the previous relation at k = a and using property (2) we immediately get

(IvsP), =0,

that is (1). To prove (4) we start from Codazzi equations, that in our setting read
(8.14) —Rinabe = hab,e — hac,b;
tracing with respect to a and ¢ we get
—Rinava = —Rikok + Rmmbm = hab,a — Raa b,
that is, using (2),

(815) 0= 7Rmb = hab,a - haa,lr

On the other hand, from (3) we have
hab,a = hb
and
haa,b = (m - 1)hb7

so that (8.15) immediately implies

(8.16) 0=(m—2)hy,, b=1,...,m—1,

that is (4). To show the validity of (5) we first observe that, evaluating (6.12) at k£ = a and using (2),

we deduce

[ —2p(m —1)]S, — 2(m — 1)\, =0,

which implies
SLambdaConst | (8.17) [ —2p(m —1)]S —2(m — 1)\ = const. on ..

From equation (8.6), the constancy of h and of |V f| on X, also give that
mbdaRmmConst | (8.18) [ — p(m —1)]S — aRpmm — (M — 1)\ = const. on X..

Combining (8.17) and (8.18) we arrive at

(8.19) S — 2R,m = const. on X..
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Now we evaluate (6.12) at kK = m, we use (2) and rearrange to deduce

(8.20)
[ — 2p(m — 1)]Sm = 2(6 n °‘“> IV F| Ry -+ 2(m — 1)Apm

B
2ulV f]
5 {

_ 2u| V]
B

[ — p(m — 1)]S — aRpm — (m — 1)A}.

{lo— p(m — 1S — (m — 1)A}

Since by (1) and (8.18) the quantity %{[a —p(m —1)]S — aRpmm — (m — 1)A} is constant on 3. we

infer

(8.21) [ —2p(m — 1)]Sm — 28|V f|Rmm — 2(m — 1)\, = const. on X..
Now we take the covariant derivative of (8.21) and evaluate at k = a to obtain
(8.22) [a = 2p(m —1)]Sma — 28|V f|Rimm,a — 2(m — 1)Ama = 0 on E;
but Spe = Sam and Ape = Aam, thus (8.22) can be written as

(8.23) {lo—2p(m — 1)JS — 2(m — A}, = 281V f| Ryuma o1 S,

am
which implies, by (8.17), that
(8.24) R,.m = const. on Y.

The previous relation, (8.19) and (8.17) show that S and A are constant on X, that is (5). To prove (6)
we start from the Gauss equations

> Rabed = Rabed + hachbd — hadhie,
which by property (3) can be rewritten as
(8.25) 2¢ Rabed = Raved + h* (8acObd — Saddpe)-
Tracing equation (8.25) with respect to b and d gives
(8.26) ¥*Rac = Rac = Ramem + (m — 2)h%0,;
tracing again we deduce
(8.27) EeS =8 — 2Rpm + (m — 1)(m — 2)h* = const. on %..

Now a simple computation using decomposition (2.1) of the Riemann tensor, equation (8.12) and the
fact that Wemem = 0 (see Proposition 8.5) shows that
1
(828) Ramcm = 7Rmm5ac~
m—1

Next, inserting (8.12) and (8.28) into (8.26), we get

S—2R
2 Y Rge = | ————% —2)h?| g,
(8.29) R — +(m—2)
which shows the validity of (6). Now (7) is an easy consequence of the other properties. (]

The next two results are the analogue of [8, Lemma 4.2] and [8, Lemma 4.3], respectively.

Proposition 8.5. Let (M, g) be a complete noncompact m-dimensional (m > 3) nondegenerate Einstein-

type manifold with o # 0. If D =0 then C = 0 at all points where V f # 0.

Proof. We choose a local first order frame along f (so that f, =0, a=1,...,m —1 and f,, = |[Vf]).
The vanishing of D implies, by the first integrability condition (6.5), that

aCijr + BfiWeijr = 0,
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which implies, since « # 0,

(8.30) Ciji = _gftWtijk

and consequently

(8.31) [iCijk = fmCmjk = IVf|Crji =0, j,k=1,...,m;
thus

(8.32) Cmjr = 0.

Using (3) and (4) of Theorem 8.4 we have

(8.33) hap,e =0,

and from the Codazzi equations we get

(8.34) —Ryabe = hav,e — hacp = 0;

since also Ry, = 0 by (2) of Theorem 8.4, from the decomposition (2.1) we easily deduce
(8.35) Wampe = 0,

which implies by (8.30) that

(8.36) Coape = 0.

By the symmetries of C, to conclude it only remains to show that Cup,, = 0 = Cypp. First we observe

that Ry, = 0 implies, by the definition of covariant derivative,
0=dRum
= Rim0y + Rarbh, + Ram 10"
= R0y + R85 + Ravlp, + Ramyyy + Ram, 10"
= R0y + Rav0yy, + Ram 10",

so that, using (8.12),

(8.37) Ram 0% = Ramb0° + Ram.m0™ = Rap0" — Ry 07"
S — Rmm m m
— <m—15“”> 07" — Ry 07

_ (S—mRmm>9;n'

m—1
Now we want to show that Ry, m = 0. To see that we first evaluate equation (6.1) for i = a and j = m,

obtaining f,,, = 0; then we take the covariant derivative of the same equation:

(8.38) aRijk + Bfijk + p(fief; + fifie) = (pSk + Ai)dij,
which for ¢ = k = m, j = a gives (using fu, = 0)

(8.39) aRam,m = —Bfmam;

but

fmam = fmma + fiRimam = fmma7
while (6.2) and Theorem 8.4 tell us that the (globally defined) quantity Af is constant on 3., so that

(8.40) (Af), =0.
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On the other hand, from (6.1) and (8.12) we deduce

1
(841) /Bfab 77{[0‘ - (m - 1)]S - aRmm - ( - 1))‘}501) fcc ab
which implies, by tracing, that
(8.42) B(Af — fmm) = const. on X;

in particular

(8.43) fmam = fmma = (Af), =
and thus
(8.44) Ram,m = 0.
Getting back to equation (8.37) we now have
S—mR
(845) Ram,bab = (TW)eZn’
m—1
and thus
S —mR,, m
(846) Ram,b = (_].Lm>0a (eb)
1 (mRuyum — >
= fab
IVf] <
Schur’s identity implies
(847) Sm = 2Rim,i = 2Ram,a + 2Rmm,m;

from the definition of C' we have, using (8.12) and (8.46),
1

4 abm = Llab,m — Llam,b — 7577160,
(8 8) C b R b, R b Q(m— 1) b
S — Rmm.m 1 s — mRym 1
= 7’501 ab — < m(5a
m—1 b+|Vf|< m—1 )fb 2(m—1)5 b
1 1 1 S —mRym
= msmfsab — mRmm,méab + i ( 1 )fab~
Using (8.47), (8.46) and (8.41) into (8.48) we arrive at
1 1 S — mR
8.49 Ca m = ——Rem céa L a
(8.49) bm = —— Rem, b+|Vf|( )fb
1 1 1 S —mRym
= S — Rmmm a a
Tt ””Wﬂ( o
=0,
concluding the proof. O

In dimension four, we can prove the following

Corollary 8.6. Let (M*,g) be a complete noncompact nondegenerate Einstein-type manifold of dimen-
sion four with o # 0. If D =0 then W = 0 at all points where V f # 0.

Proof. From Proposition 8.5, we know that C;;; = 0. Hence, from (6.5), we deduce f;Wy;;i = 0 fora any
i,j,k =1,...,4. For any p € M* such that Vf(p) # 0, we choose an orthonormal frame {e,...,e4}
such that e4 = %, thus we have

Wijk(p) =0,  for i,j,k=1,...4.

It remains to show that Wepeq(p) = 0 for any a,b,¢,d = 1,2,3. This follows from the symmetries and
the traceless property of the Weyl tensor (for instance, see [8, Lemma 4.3]). O
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9. PROOF OF THE MAIN THEOREMS AND SOME GEOMETRIC APPLICATIONS

In this last section we first prove Theorem 1.2 and Corollary 1.3. Then, we give some geometric
applications in the special cases of gradient Ricci solitons, p-Einstein solitons and Ricci almost solitons.
We begin with

Proof of Theorem 1.2. From Theorem 7.3 we know that the tensor D has to vanish on M. Let X be
a regular level set of the function f: M™ — R, i.e. |Vf| # 0 on X, which exists by Sard’s Theorem and
the fact that f is nontrivial. By Theorem 8.4 (1) We have that |V f| has to be constant on ¥. Thus,
in a neighborhood U of ¥ which does not contain any critical point of f, the potential function f only
depends on the signed distance r to the hypersurface . Hence, by a suitable change of variable, we can

express the metric g;; as
ds® = dr® + gap(r,0)d0* @ d6® , 0 <7 < o0,

where (02,---,6™) is any local coordinates system on the level surface ¥.. Moreover, by Theorem 8.4
(3)-(4), we have

0
Egab = —2hap = ¢(T)gab )
where ¢(r) = —2h(r). Thus, it follows easily that

Gab(r,0) = e gap(1,0),
where .,
O(r) = / o(r) dr.
This proves that on U the metric g takes the form (1)f a warped product metric:
ds®> = dr? + w(r)%¢®, re€(0,+00),

where w is some positive smooth function on U, and g¥ = ¢>! is the metric defined on the level surface
31, which is Einstein, by Theorem 8.4 (6). This concludes the proof of Theorem 1.2.

Proof of Corollary 1.3. The proof of Corollary 1.3 follows from all the previous considerations combined
with Corollary 8.6.

d

Next we show that the properness assumption on the potential function f in Theorem 1.2 is automat-
ically satisfied by some classes of Einstein-type manifolds.

First of all, let (M, g) be a complete, noncompact, gradient Ricci soliton with potential function f.
Then, it is well known that f is always proper, provided that the soliton is either shrinking [10, Theorem
1.1], or steady with positive Ricci curvature and scalar curvature attaining its maximum at some point
[7, Proposition 2.3] or expanding with nonnegative Ricci curvature [6, Lemma 5.5]. Hence, in these cases,
Theorem 1.2 provides a local version of the classification results obtained in [8] and [6].

Secondly, if (M, g) is a complete, noncompact, gradient shrinking p-Einstein soliton with p > 0 and
bounded scalar curvature, then it follows by [18, Lemma 3.2] that the potential function f is proper.

Hence, Theorem 1.2 implies the following

Theorem 9.1. Let (M, g) be a complete, noncompact gradient shrinking p-FEinstein soliton of dimension
m > 3 with bounded scalar curvature and p > 0. If B(V f,-) = 0, then around any regular point of f the

manifold (M, g) is locally a warped product with (m — 1)-dimensional Einstein fibers.

Finally, we want to show the following result concerning gradient Ricci almost solitons which are
“strongly” shrinking.
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Theorem 9.2. Let (M, g) be a complete, noncompact gradient Ricci almost soliton of dimension m > 3
with bounded Ricci curvature and with A > A > 0, for some A. If B(Vf,-) =0, then around any regular
point of f the manifold (M, g) is locally a warped product with (m — 1)-dimensional Finstein fibers.

Proof. By Theorem 1.2 it is sufficient to show that under these assumptions the potential function is
proper. To do this we will apply a second variation argument as in [10, Theorem 1.1]. Let r(z) =

disty(x, 0), for some fixed origin o € M. We will show that

1 2
OESICORDE

for some positive constant ¢ > 0 depending only on m and on the geometry of g on the unit ball B,(1).
Let y(s), 0 < s < s for some sy > 0, be any minimizing unit speed geodesic starting from o = v(0) and
let 4(s) be the unit tangent vector of 7. Then by the second variation of the arc length, we have

/ " §2(s) Ric(3,4) ds < (m — 1) / " d(s) P ds.,
0 0

for every nonnegative function ¢ : [0, sg] — R. We choose ¢(s) = s on [0, 1], ¢(s) =1 on [1,s0 — 1] and
@(s) = sp — s on [sg — 1, 80]. Then, since the solitons has bounded Ricci curvature, one has

S0
Ric(4,4)ds < 2(m — 1) + max |Ric|+ max |Ric| < C,
| Rict.) ds < 2m 1)+ max | Ric| + _max [ Ric|

for some positive constant C' independent of sy. On the other hand, from the soliton equation, we have
ViVif = A—Ric(4,4).

Integrating along ~, we get

F((s50) = F((0)) = /OSO Ads = /0

Integrating again, we obtain the desired estimate

F(r(s0) = 5A(s0 — )

This concludes the proof of the theorem. O

S

Ric(y,%4)ds > Asp — C'.

N

Remark 9.3. As it is clear from the above proof, in case A = A(r) is such that A(lr) =o(Z) asr — 400

we have f(r) — +oo as r — 4o0. This suffices to prove 9.2.

To conclude, we note that Ricci almost solitons which are warped product were constructed in [41,
Remark 2.6].
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