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Abstract

We show the existence of infinitely many positive solutions, defined on the real line,
for the nonlinear scalar ODE

i+ (a* (t) — pa” ()’ =0,

where a is a periodic, sign-changing function, and the parameter p > 0 is large. Such
solutions are characterized by the fact of being either small or large in each interval of
positivity of a. In this way, we find periodic solutions, having minimal period arbitrarily
large, and bounded non-periodic solutions, exhibiting a complex behavior. The proof is
variational, exploiting suitable natural constraints of Nehari type.
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1 Introduction

In this paper, we deal with the existence of positive bounded solutions, with a complex
behavior, of the nonlinear scalar ODE

i+qtu®=0, teR, (1)

where ¢(t) is a bounded and T-periodic function (for some T' > 0) which changes its sign.
According to a terminology which is now quite standard in this setting (see [20]), equation
(1) is thus superlinear indefinite.
When understanding ¢ as a space variable, equation (1) can be seen as a toy model of the
elliptic PDE
Au+ Au+ g(x)uf =0, reQCRY (2)

with A € R and p > 1, which in turns arises when searching for steady states of the corre-
sponding evolutionary parabolic problem (see [1] for a recent survey on the topic). Such kind
of equations has a typical interpretation in the context of population dynamics, with the un-
known u playing the role of density of a species inhabiting the spatially heterogeneous domain
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Q. Accordingly, the (indefinite) sign of the coefficient ¢ expresses saturation or autocatalytic
behavior of the species u, when ¢ < 0 or ¢ > 0 respectively. Classical existence results,
obtained both with topological and variational methods, for positive solutions of boundary
value problems associated with (2) can be found among others in [2, 3, 4, 5, 15, 21].
Wishing to investigate the complexity of the solution set for (2), a typical strategy requires
to play with the nodal behavior of the weight function ¢ and/or - in the PDE case - with the
shape of Q, so as to regard (1)-(2) as singular perturbation problems (see [10, 11, 19]). For
instance, in [14, 16] Gaudenzi, Habets and Zanolin dealt with the ODE (1) assuming that

q(t) = a,(t) == a™ (t) — pa” (1),

with p a real parameter and a™, a~ the positive and the negative part of a sign-changing
function a, and they proved the existence of multiple positive solutions for

i+ a,(t)u® =0 (3)

when p > 1. More precisely, they showed that the two-point boundary value problem
u(0) = w(T) = 0 associated with (3) has at least 2™ — 1 positive solutions (for p large)
whenever the weight function a has n disjoint intervals of positivity in [0,7] (separated
by intervals of negativity). The number 2" — 1 comes from the possibility of prescribing,
for a positive solution of (3), the behavior on each interval of positivity of a among two
possible ones: either the solution is “small” or is “large” (notice that the solution small on
all the intervals is excluded, since it corresponds to the trivial one). Such a result, which
was originally proved with a shooting technique, has later been generalized, using variational
tools, by Bonheure, Gomes and Habets [6] and by Girdo and Gomes [17, 18] to the Dirichlet
problem for the corresponding elliptic PDE. Very recently, a topological approach for the
ODE case has also been proposed by Feltrin and Zanolin [13].

It is the aim of the present paper to show that such kind of results has a natural analogue
when the equation (3) is considered on an infinite interval (with a a T-periodic function).
That is, we can still produce, for u sufficiently large, positive solutions of (3) defined on the
real line and being either small or large on the intervals of positivity of the weight function
a according to a prescribed rule (which now involves the behavior of solutions on infinitely
many intervals). More precisely, we prove the existence of positive mT-periodic solutions
to (3) for any integer m > 1 (namely, positive subharmonic solutions) and, eventually, of
bounded non-periodic solutions with a complex behavior, according to a typical scheme of
“chaotic dynamics”. Here is a simplified statement of our main existence result (for more
details see Section 2).

Theorem 1.1. Let a be L*°(R), T-periodic, and such that, for every i € Z,
a(t) >0, ae onl, a(t) <0, ae onl,

(but not identically zero) where the consecutive closed intervals I;", I are such that [0,T] is
the union of a finite number of them.

For every integer k > 1, there exists p* > 0 such that, for every p > p* and for every
double-sequence L € {0,1}2 containing strings of zeroes of length at most k, the equation (3)
has a positive solution u € W2°°(R) such that, for every i € 7Z,

ul+ ds “small” if L; =0 and ul+ is “large” if L =1

(and u|,- is “small” for every i).
K2
Moreover, such a solution can be chosen to be periodic whenever the sequence L is periodic.



It is worth mentioning that some results dealing with complex dynamics for ODEs with
indefinite weight have already appeared (see, among others, [8, 9, 26, 28]). However, [9, 26, 28]
deal with oscillatory solutions of the superlinear indefinite equation (1). On the other hand,
a chaotic dynamics entirely made by positive solutions for an equation like i+ q(t)g(u) = 0 is
produced in [8], but in the case of a nonlinearity g(u) of super-sublinear type; the topological
technique (the so-called “Stretching Along the Paths” method) used therein, moreover, is
not applicable in the present context.

In our result, periodic solutions play a crucial role and, indeed, bounded non-periodic
solutions are constructed as limit of periodic ones when the period goes to infinity. In doing
this, a careful analysis has to be performed in order to ensure that the constant p* for which
mT-periodic solutions are available can be chosen independently on the integer m, and thus
making possible the passage to the limit m — +o00. We stress that this procedure (obtaining
chaotic solutions as limit of periodic solutions) does not seem to be easily reproducible using
the approaches proposed in [6, 13, 14, 16, 17, 18].

Our proof of the existence of periodic solutions is variational: we exploit the fact that
solutions of (3) are critical points of the related action functional J, and we construct a
suitable natural constraint for such a functional, that is, a constraint for which constrained
critical points of J are free ones. The most famous natural constraint is the Nehari manifold,
which can be successfully used in order to find positive solutions of the two-point boundary
value problem for (3) when restricted to intervals where a is non negative. Indeed, as shown
in [22, 23], letting

1
/\fi:{uEH&(I;r):u;éO,/ﬁiﬂ:/ﬁa“Lu‘l} and ci:uigﬁfl/ﬁuz’

we have that the set
1
ICZ-:{UE./\/;: a2:ci}CW2’°°(IZ.+) (4)
4 Ii+

consists of one-sign solutions of (3) with homogeneous Dirichlet boundary conditions on I f .
Under this perspective, one may read Theorem 1.1 as a singular perturbation result, where
the singular limit of the solutions we find, as y — +00, is the set

Ke = {u € WhH(R) : u|1;r e K, u|1i+ >0ifL;=1landu=0 elsewhere}. (5)

In fact, we consider a periodic truncation of such a set, and we deform it to a suitable Nehari-
type constraint, showing that minima of the action functional on such a set, when p is large,
correspond to the desired periodic orbits. The same idea was already exploited in [6, 17, 18],
even though such papers concern the PDE setting, with Dirichlet boundary conditions on
bounded domains, and it is not clear how to modify the arguments there, in order to treat
periodic conditions, and to obtain uniform estimates so that one can pass to the limit to
unbounded domains. To overcome this difficulty, we rely on an abstract result contained in
[24]: this avoids the necessity of constructing a projection operator to the constraint, which
is usually one of the most delicate parts when dealing with Nehari-type arguments. The
pay-off of such a method is that it provides with sharp localization of the solutions, and it
allows to prove optimal bounds, uniform as u — +oc0.

Theorem 1.2. In the assumptions of Theorem 1.1, let L be fized, and for every p > p*
let u,, denote the corresponding solution. Then there exists a constant C = C(a, L), not
depending on u, such that

”uMHCO’l(R) < C.



Furthermore, up to subsequences,
u, = u € Kg, in CY*(R), for every a < 1,

and the convergence is true also in HL_(R), and in Wlicoo away from the points where the
function a changes sign.

As we mentioned, the bounds above are optimal: since u,, is C', were the convergence
C%1, also @ would be C; this is impossible, since the elements of K cannot be C* (if £; # 0
for at least one ).

Variational methods were already successfully exploited to construct entire complex solu-
tions of nonlinear oscillators in [28, 30, 25, 27]. Though also the methods employed in these
papers are related to the results by Nehari, in particular to a broken geodesics argument, that
situation is rather different: the solutions found there are oscillatory, and the uniform energy
estimates to pass from bounded intervals to the real line are obtained through a control of the
distance between consecutive zeroes. Rather, we borrow some ideas from [29], where radial
positive multi-bump solutions to a singularly perturbed elliptic system are investigated.

To conclude, we remark that slight variants of our technique can be invoked to prove
some related results (see Remark 7.1 at the end of the paper). First of all, one can consider
functions a changing sign with some uniform properties, rather than periodic ones; further,
also changing sign solutions can be constructed, by choosing sequences £ € {—1,0,1}% and
prescribing u|,+ to be large and positive (resp. negative) whenever £; = 1 (resp. —1).
Moreover, we can prove the existence of 2" — 1 positive solutions (or 3" — 1 nontrivial ones,
possibly changing sign) to the T-periodic boundary value problem (that is, u(0) = w(T") and
4(0) = u(T)) associated with (3), whenever the function a has n intervals of positivity in a
period. This gives a T-periodic counterpart of the result first proved by Gaudenzi, Habets and
Zanolin for the Dirichlet problem. The Neumann boundary value problem 4(0) = (7)) = 0
could be also successfully considered, using very similar arguments, and thus extending [7].
We stress, however, that all these results, dealing with a boundary value problem on a finite
interval, can be obtained with much easier arguments (on the lines of the main application in
[24]) with respect to the ones described in this paper, whose crucial theme insists on finding
estimates for the threshold p*, which are independent of the size of the considered interval.

2 Main result and strategy of the proof

In this paper we deal with the existence of positive solutions of the superlinear indefinite
equation
i+ a,(t)u® =0, t € R, (6)

where p > 0 is a large parameter and
a(t+T)=a,t):=a"(t) — pa=(t), for every t,

with a™ () = max(0,a(t)) and a™ (t) = max(0, —a(t)) denoting the positive and negative part
of a sign-changing, T-periodic function a € L*°(R). For the sake of simplicity, we assume
that a changes sign just once in [0, T, that is:

(A) there exists 7 €]0, T such that

a(t) > 0,20 on [0, 7], a(t) <0,£20 on [r,T)



(even though we can treat much more general situations, see Remark 7.1 at the end of the
paper). Up to a time-translation and a suitable choice of T we can suppose that

) T
/ o (t)dt>0  and / o () dt > 0, (7)
T T-6

for every small ¢ > 0.
From now on, we also use the notation

o, =iT, mi=1+iT, I} =loy7], I =][r,0i11], foreveryic€ Z.

Our main result reads as follows. In the statement below, {0,1}% denotes the space of
double-sequences of 0 and 1. Moreover, for £ = {L;}icz € {0,1}%, we set

O, =sup{neN: FeZst L;=0,Vj=4,....,i+n—1},
namely, the maximal length of strings in £ entirely composed by O.

Theorem 2.1. For every integer k > 1 there exists p* = p*(k) > 0 such that, for every
p > p* and for every £ € {0,1}% with

0; <k, (8)
equation (6) has a positive solution u € W2°°(R) such that, for every i € Z,
/a2<r2if L; =0 and / Wt >r?af L =1, (9)
If I
and
%l ooy < p, (10)

where r and p are positive explicit constants, only depending on the weight a.
More precisely: for any e > 0 there exists p* = p*(k,e) > p*(k), with p*(k,e) — +oo for
e — 0T, such that the solution u fulfills, for any i € Z,

(P1) ”“HLoo([;) + f]; u? <,
(P2) ||UHW2‘O<>(11,+) <eif L; =0,
(P3) distyy2.0 (ul,+,K;) <€ if L; =1, where K; is defined in (4).

Finally, the solution can be chosen to be mT -periodic whenever the sequence L is m-
periodic for some m € N.

The proof of Theorem 2.1 is based on an approximation procedure which we now describe.
For each integer N > 0, consider the interval Iy = [0_n,0n41], that is,

In=I"yUI yU...UI UIy.
Then, the following result holds true.

Theorem 2.2. For any integer k > 1, there exists u* > 0 such that for every p > u*,
L € {0,1}* satisfying (8) and N > k, equation

i+ a,(t)u® =0, t€ln, (11)

has a positive solution u € W2 (In) such that properties (9), (10), (P1), (P2) and (P3)
hold, fori=—N,...,N.



Notice that, whenever the sequence £ in Theorem 2.1 is m-periodic, with m an odd integer
number, Theorem 2.2 gives the existence of a positive mT-periodic solution to (6). The case
in which m is an even integer can be handled in a completely analogous way by considering,
for N > 1, the interval Iy = [o_n,0n_1].

On the other hand, for non-periodic sequences L, the corresponding positive solution
u = uz € W2(R) of Theorem 2.1 can be constructed as limit, for N — o0, of the
solutions uz y € W22°(Iy) found in Theorem 2.2. More details for this (quite standard)

per
argument will be given at the end of the paper, in Section 7.

From now on, we will concentrate on Theorem 2.2, whose proof will take a great part of
the paper. It relies on a variational argument, consisting in the minimization of the action

functional ) )
Ju1 (u):f/ 1'12—7/au4
I N 2 In 4 In 14

on suitable Nehari-type subset of ngr(I ~) (in the following, not to overload the notation, we
will often drop the subscript Iy when no confusion is possible). To describe our procedure,
we need some preliminary notation.

First of all, we define a cut-off function n € C°(R) such that 0 < n(¢) < 1, for every
t € R and

- T JrT—T
T
4 4

n=1 on [0,7] and n=0 on R\ T
Moreover, we set
n:(t) = n(t — o;), for every i € Z,

so as to obtain a family of cut-off functions {7;},cz such that n;n; = 0 whenever i # j.
Next, we turn to introduce the Nehari-type constraint, which depends on N and L.
Setting
L={ie{-N,...,N}: L; =1},

we define the subspaces
vt = {ueH;er(IN): u=0on UI;“},
ieL

and, for any u € H!, (Ix),

per

V. =span;cp{nu}.
The Nehari-type set is then defined as

Py = {u e HilIn) : proj(y s gy VIu(w) =0} (12)
The next result collects some properties enjoyed by the functions in P,,.
Lemma 2.3. Let u € P,. Then (all integrals are understood on Iy ):
(i) [ad= [a,udv for every v € V. In particular, w € W (Ix \ Ujer L") and

i+a,(t)u® =0, only\Uierl.



(i1) fu(mu) = [a,miut for every i € L; equivalently,
/ (i — atut) = u(r)a(r}) — u(o)i(or).
rf

Here, u(o; ) and u(r;") are respectively the left derivative of uw in o; and the right
derivative of uw in T;, whose existence is guaranteed by the previous point (i).

(iii) [u* = [a,u*; hence
1 1
J(u:f/ u2:f/au4.
1 ) 4 In 4 In I3

(iv) fu(nfu) = [aun?u* for everyi=—N,...,N; as a consequence

-2
/ (niw) :/ a#nfu4+/ 1%’
In In In

Proof. We prove separately each point.

(1) This corresponds to projy,+VJ,(u) = 0. In particular, this implies that u solves i +
a,(t)u® = 0 in the sense of distributions on In \ UjerI;7, and the second claim follows
by elliptic regularity.

(ii) The first equality corresponds to projy,- V.J,,(u) = 0. Denoting supp(n;) = [0}, 7;], such
an equality writes as

/(ﬁ—wmﬂ:—/ i(ni) — apmiu’
Ir [o,0:]U[T:,7{]

= /[ s (*ﬂ - a;tui”) (miu) + u(n)u(ﬁ") —u(oy)u(o; ),
ol,0iU[Ti,7]

and the first term vanishes by (i).

113) The identity is equivalent to (VJ,(u),u) = 0, then we just need to show that u €
o

VT @V, . Let us write u € H),(In) as

u=> nu+ (1 - Zm) u;
i€l icL
then the first term lies in V-, the second one in V.

(iv) Similarly we need to prove that n?u € V¥ @V, foreveryi = —N,...,N. Wheni ¢ L,
we immediately conclude that n?u € V. On the other hand, when i € L we write

niu = n;(n; — 1)u+ nu;

the first term belongs to V1, while the second one to V.



Notice that, in view of Lemma 2.3 (iii), the functional J, is bounded below on P,. Our
minimization problem will be settled in an open subset NV,, C P,,. To describe it, we need to
introduce some notation. First of all, define for some suitable ¢ € (0,(T — 7)/2)

N={ueH}0,7): u#0, [[u®= [ aTu'}

_ (13)
Zo={ueN : FHel¢r—( st u)=0}.
and set L L
c=inf — [ @? and cc = inf f/ u?. (14)
u€N4 0 UEZC 0
We claim here that
c< Ce.

Indeed, notice first that ¢ < ¢ since Z¢ C N. Then, observe that ¢ and ¢¢ are both attained
(as infimum value of the corresponding minimizing problems): this is well known for ¢, and
the same proof works also for c¢c. Since functions attaining the value ¢ are (non-trivial)
constant-sign Ha-solutions of i + a*u® = 0 on (0,7) [22, 23], which are not in Z¢, we
conclude ¢ # c¢.

Then, for suitable constants r, K, p > 0, consider the following conditions

(C1) fI? u? <r?fori¢ L and r? < fI;r u? < 2(c+ce) fori €L,
(C2) u(t) > 0 for every t € J;cp o6 + ¢, 7 — (],

(C3) |u(t)| < K for every t € U?L_N I,

(C4) foric L,

wo;)<p ifu(o;)>0 and d(o;) > —p ifu(o;) <0

3
w(rt) > —p ifu(n) >0 and a(r)<p ifu(n) <0,

and set
N, ={u € P, : usatisfies (C1), (C2), (C3), (C4)}. (15)

The precise value for ¢, r and p will be given in (25), (28) and (32) respectively. As for K,
the choice is more arbitrary, since (as it will be clear from the proof) any positive value for
it works, up to enlarging u*. However, a natural choice can be made by recalling (see,
for instance, [14, Lemma 4.3]) that positive solutions to (11) are L a-priori bounded,
independently on both g > 0 and N.

Remark 2.1. A few comments on the set NV, are now in order. First, the derivatives involved
in (C4) are well defined since w solves (11) on each I, ; furthermore such a condition is open
in the H'-topology. Second, the set N, is non-empty since, recalling (5),

K. C NM?
provided r? < 4c.

As a first step towards Theorem 2.2, we have the following result, whose proof will be
given in Section 4, taking advantage of some technical lemmas developed in Section 3, as well
as of the main result in [24].



Proposition 2.4. There exists u* > 0 (depending on the weight function a and on the
integer k, but not on L and N) such that, for any u > u*, the set N, is a C* embedded
submanifold of H;er(IN) such that any constrained Palais-Smale sequence is a free one. That
is, if (un) C Ny is such that J,(uy) is bounded and ¥V, J,(un) — 0, then V.J,(un) — 0 as
well.

According to the above result, the argument leading to Theorem 2.2 now proceeds by
exhibiting a bounded constrained Palais-Smale sequence (u,) C N, at level

uler}\ffu Ju(u). (16)

Indeed, Proposition 2.4 implies that this is a free bounded Palais-Smale sequence and, since
the gradient of J, is a compact perturbation of an invertible operator, a (free) critical point
for J, is obtained. This is a solution of (11) having - by construction - the desired complex
behavior. Sections 5 and 6 will be devoted to this delicate argument, which requires a careful
understanding of the behavior of J,, near the boundary of N;L.

To conclude the proof of Theorem 2.2, it will be then enough to prove that the solution
found is positive, uniformly bounded in C!, and it has the required properties (P1), (P2)
and (P3) for y — +o0. This will be the goal of Section 7, containing also some more details
for the limit N — 400 leading to Theorem 2.1.

3 Some technical results

Throughout the paper, we will make often use of the following elementary inequality:

52 1/2
|l oo (s1,80) < [min] lu| + v/s2 — s1 (/ u2> ,  for every u € H'(sy, s2). (17)
51,52 s1

This is a simple consequence of the fundamental theorem of calculus, together with the
Cauchy-Schwartz inequality. Notice also that, if u vanishes somewhere on [s1, s3], then from
(17) we obtain the Sobolev-type inequality

T (1,00) < (52 = 51725, ) (18)

and the Poincaré-type inequality
[ullZ2s,,s0) < (52 = 81)2 N1 225, 00 (19)

3.1 Local estimates on the solutions

In this section, we collect some useful estimates for solutions of the differential equation (6)
in an interval of positivity of the weight function, say

i+ at(t)u® =0, telo,7], (20)
and in an interval of negativity, say
i —pa” (tu® =0, te[rnT]. (21)

Obviously, in view of the T-periodicity of a, identical results will hold true for solutions on
the intervals I;r and I; for every ¢ € Z. Let us also observe once for all that solutions u



of (20) are concave (resp., convex) when u > 0 (resp., u < 0), while solutions v of (21) are
convex (resp., concave) when u > 0 (resp., u < 0) and satisfy

|u(®)| < max(Ju(7)|, |u(T)|), for every t € [r,T], (22)

and
la(t)| < max(|a(r)|, |a(T7)]), for every t € [r,T]. (23)

These facts will be used several times without further comments.
The first result is a C! a-priori estimate in [0, 7], given a bound for fOT 2.

Lemma 3.1. For every M > 0 there exists M’ > 0 such that, for any u solving (20), it holds
<M = s +lillen <
0

Proof. To see this, we first observe that it is enough to prove the boundedness of ||u|| e (0,7)-
Indeed, since u solves (20), the boundedness of |1 (o,r) follows from the ones of both u
and % in L*°, via the elementary inequality

. 2 ..
]| Lo (0,7) < ;||U||Loc(o,r) + 7| Lo (0,7)- (24)

In order to conclude, by virtue of (17), we just need to show that minp . |u| is bounded.
When w vanishes at some point, we immediately conclude. Otherwise, we assume w.l.o.g.
that u > 0 and we consider the principal eigenvalue Ay = A1(a™) of the problem

P+t (=0, e H)0,T),

together with the corresponding positive eigenfunction, ¢1 = @i(a™). Testing with u the
equation solved by ¢; and with ¢; the equation solved by u, after an integration one obtains

[Pru — 1] = / (Pru — 1) = / atupy (u* — A1) .
0 0

Since the left hand side, ¢1(7)u(7)—@1(0)u(0), is negative (indeed, ¢4 is positive and vanishes
at the end-points of the interval) we conclude that

min |u(t)] < /A1,

te[0,7]
as desired. O

Our second result deals with the distribution of zeros of a solution on [0, 7]. To state it
precisely, recall the definitions of ¢ and ¢ in (14) and fix ¢ > 0 so small that

2)la* Lo (e +e)¢* < 1 (25)

(this is clearly possible, since ¢ is bounded for ¢ — 07). This will be the value of ¢ used
henceforth.

Lemma 3.2. Let u be a nontrivial solution of (20) such that

/OT u? < 2(c+cg). (26)

Then, u has at most one zero in [0,(] and at most one zero in [T — (,T].

10



Proof. Assume, just to fix the ideas, that there are t1,t5 € [0,(], with ¢; < to, such that
u(t1) = u(tz) = 0. Then, from (18), we have

to
fl e, ) < €2 ( / u)
t1

Multiplying equation (20) by v and integrating by parts on [t1, ¢3], from the above estimate
and (26), it follows that

to to ta
[ / a+u4§||a+||LooC3</ u)
t1 t1 t1

< flat o= c? / / i < 2 | (e + )P / .
tl tl

In view of the choice of ¢ in (25), we obtain a contradiction (since u # 0). O

2

2

In the next results, we study the behavior of solutions on [r,T]. Our first lemma in this
direction plays a crucial role in the rest of the paper, describing the behavior of solutions at
the boundary of [r,T] when the parameter p is large.

Lemma 3.3. For every ¢ > 0 and R > 0, there exists i > 0 such that, for any p > i and
for any solution u of (21) such that ||ul| g7y < K (see assumption (C3) at page 8),

a(rt

)
u(r) <

{ (T+);() — u(r)<e and { = e <u(r)

(1)

(and analogous estimates hold for u(T)).

<R
0

Proof. We will deal only with the case @(77) > —R, u(7) > 0, the other being analogous.
Let us fix € > 0 and assume, by contradiction, that u(7) > e. A simple convexity argument
implies that (provided ¢ is small enough, so that e/R < T — )

u(t) >e— R(t—71) foreveryte [r,7+¢/R)],

and u(t) > /2 for every t € [r,t], with ¢ = 7 4+ ¢/(2R). Hence, integrating twice equation
(21), we have

w@®) > u(r) + a(rt)E— 1) + p // s)ds dt

€
— — s)ds dt,
=2t / / ’
which contradicts ||ul| e (r—7,0) < K whenever yu is sufficiently large, since f: a=(s)ds >0

by (7). O

Our next result deals with the decay of the solutions, when y — +o00, on compact
subintervals of (7,T).

Lemma 3.4. For any § € (0,(T — 7)/2) there exists Cs > 0 such that, for any u solving
(21), it holds that

max(|u(7)|, |u 1/3
lu(t)| < Cs < ( (2“ (T)D) , foreveryte [r+06,T—94]. (27)
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Proof. Let us fix § € (0,(T — 7)/2). By convexity arguments it holds
|u(t)| < max (Ju(r + 0)|, |u(T = 9)]), for every t € [t +6,T — 4],
hence we need an estimate on max (|u(r 4 9)|, |u(T — §)|). Let us assume that
max ([u(7 +8)], |u(T = 0)]) = |u(T = d)|,
the opposite case being the same. Under this hypothesis it holds
u(T —0) >0 (resp. <0) = (T —4) >0 (resp. <0).
We will detail the proof in the case u(T — §) > 0; first of all we remark that u(t) > u(T — )

on [T — 0, T]. Integrating twice equation (21) we have

u(T) 2u(T—6)+u(T—6)6+,uu3(T—6)/ / s)ds dt
T-96

> pu(T — (5// s)ds dt.
T—5 JT—5

~1/3
Being the above integral strictly positive by (7), we take Cs = <fT 5 fT 50 (s)ds dt) .
O

3.2 Some local Nehari-type arguments

In this section, we collect some results for H! functions which are “almost” in N (recall the
definition (13)) in the sense that | [, (4? — a™u*)| and |u(0)], |u(7)| are small. We fix here

~1/2

r = (32||la®| pe1?) (28)

and this will be the value of r used throughout the paper.

Our first lemma says that, for functions almost in N, the value fOT 42 is either very small
or quite large. It is worth noticing that from its proof we can conclude that r? < 4¢ (compare
with Remark 2.1).

Lemma 3.5. For every € > 0 small, there exists a constant 6. > 0 and with 6 — 0 for
e — 0% such that, for any u € H'(0,7),

T T
.2 . .2 2
< <
‘/ i —atut)| < e /Oufé6 if ~/OU7T

—

w(0)], Ju(r)| < ¢ /u222r2 if /uz
0 0

Proof. Assume that, for some € > 0, the conditions on the left-hand side hold true. Then

from (7), it holds
- 1/2
lullzmon <c 47 ([ i)
0

hence, recalling the elementary inequality (A + B)* < 8(A*+ B%), A, B >0,

ret 0t /)]

12
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Summing up,

T T 2
/ a2<05+0</ af) ,
0 0

where C. = ¢ + 8|lat||=~7e* and C = 8||a*||L=7>. Solving the second order inequality in
Jy @* we obtain

either / W < o or / W > 6:,
0 0
where
0F = (1+£+/1—-4CC.)/(20).
Since, for e — 0%, 6 — 0 and 0+ > 1/(2C) = 2r?, the thesis follows. O

Our second result concerns the presence of internal zeros for functions almost in A.

Lemma 3.6. Let ¢ be as in (25). Then there exist £ > 0 and w > 0 such that, for any
ue HY(0,7),

[w(0)], |u(T)] <& = |ut)|>w forevery te[(,7—(].
r? < /Tiﬂ < 2(cH+c)
0
Proof. Assume by contradiction that there exists a sequence (u,,) C H(0,7) with
/T (ui — a+ui)
0

and such that

50, un(O)] [un(r)] = 0, < / 2 <2Acte)  (29)
0

un(tn) — 0,  for some t,, € [, 7 — (].

From the second and the third condition in (29), we infer (once more using (17)) that w, is
bounded in H'(0,7), so that there exists @ € H'(0,7) such that u, — @ weakly in H! and
uniformly. Moreover, 4 € H}(0,7), @(t*) = 0 for a suitable t* € [¢,7 — (], and 4 # 0 (since
from the first and the third condition in (29) we know that [ atu} > r?/2, for n large).

Finally,
T T T T
%% < liminf ui < lim inf a+ufb = atat.
0 n—-4o0o 0 n—-4o0o 0 0

Jy atut -

then the function @ = A lies in Z¢. Hence

Set now

T T T
4c<g/ @Qg/ fﬂghminf/ u2 < 2(c+c) < 4eg,
0 0 0

n—-+o0o

a contradiction. O
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4 Some properties of NV, and proof of Proposition 2.4

In this section we establish some further fundamental properties enjoyed by functions in NV,,,
as defined in equation (15), and, as a consequence, we give the proof of Proposition 2.4.

Contrarily to the properties in Lemma 2.3, the fact that the parameter y is large now
plays a role. We point out that the final value p* in Theorem 2.2 will be the result of
many successive enlargements; with some abuse of notation, but not to overload it, in all the
subsequent results we will always use the same symbol p* to denote the outcome at each step.
The crucial point, however, is that the rule for any of these enlargements depends ultimately
only on the local estimate given in Lemma 3.3 (that is, on the value ji given therein). For
this reason, the final value p* is a quantity independent on both the sequence £ and on the
integer N.

Lemma 4.1. For every e > 0 there exists p* > 0 such that, for any p > p* and u € N, the
following hold true, for anyi € {—N,...,N}:

(i) |u(o9)| + |u(r)] <€,
(it) |i(o; Yu(on)| + la(r; u(r)] < e,
(iii) | [y (a2 = a*ut)| <.

Proof. As for (i), when i € L assumption (C4) holds and the conclusion follows directly from
Lemma 3.3, with the choice R = p. On the other hand, when i ¢ L we first apply Lemma
3.1 with M = r? to ensure that

||M|Lec(1i+) <M (30)
for a suitable M’ > 0. Second, we notice that 1(o; ) = u(o;") and u(7;") = u(r;") since, by
Lemma 2.3 (i), u solves the differential equation both at o; and 7;. Hence, the conclusion
follows again from Lemma 3.3, with the choice R = M’.

We now deal with (ii); again, we have to distinguish the cases ¢ ¢ L and ¢ € L. In
the former, the conclusion is immediate, recalling (30) (together with wu(o; ) = (o) and
a(r;") = a(r;7)) and the previous point (i). In the latter, consider for instance the case
u(7;) > 0 (the other being analogous). Since u(7;) is small by the previous step, and u(7;") >
—p, we just have to prove that ’U/(T:r ) is bounded from above. Since u is convex on I; and
u satisfies (C3), we have

fL(T;_) < w(oir1) — u(m) < K
Oit1 — Ti T—71

and the conclusion follows.
Finally, we notice that for every index 4 it holds

/1 (@ = o) = u(m)i(r?) — ulo i)

This equality comes from Lemma 2.3 (iii) if ¢ € L, while it is a consequence of the integration
by parts rule when ¢ ¢ L. Then, (iii) follows from (ii). O

Lemma 4.2. For every € > 0 small enough there exists u* > 0 such that, for any p > p*
and u € Ny, the following hold true:

(i) ||“HL<>0(1;) —|—f1i, u? <e, for anyi € {—N,...,N},

() N[wll poo (ry + Ntll oo () + il oo (1) < & for any i ¢ L,
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(iii) [;+0* > 212, for any i€ L,
(iv) for a suitable w > 0,

u(t) >w, for everyt e U [o; + ¢, — (]
i€l

Proof. Integrating by parts equation (21) solved by u on I;, we have

) W =—pu a"ut + u(oirr)io;, ) — u(r)i(r;)
foe==,

S ’U,(O'Z‘J,_l)?l(o';l) - 1,(,(7'1')1.1,(7';_).

Recalling (22), the conclusion (i) follows from the points (i) and (ii) of Lemma 4.1.

We now deal with (ii). The elementary inequality (17) together with Lemma 3.5 and
the point (i) of Lemma 4.1 imply that Hu||L(x,(L+) can be made arbitrarily small for y large.
Since u solves an equation independent of on such an interval, we deduce the bound for
”u”Lw(I;’)' Using (24), we conclude that the same is true for ||1.1/HLOO(I;¢—), as well.

Finally, (iii) and (iv) follow from Lemmas 3.5 and 3.6, respectively. O

We are now in position to prove Proposition 2.4. As we mentioned, such a proof relies on
the main result of [24], which we report here for the reader’s convenience.

Theorem 4.3 ([24, Theorems 1.2, 2.8]). Let X be a Hilbert space, J € C*(X,R), V* Cc X
a fixed closed linear subspace. We define

Vi=vT, V. =span{&(x),..., & ()}, V,=VieVv

with & € CY(A, X) for everyi =1,...,h, A C X open, in such a way that V, is a proper
subspace for every x. Let

M= {z e A: projy,, VJ(z) =0}.
Let us suppose that for some 0 < §' < §" it holds, for every x € M,
(1) lI&(2)x = &', (&), &(@))x = 0, for every i # j;
(ii) &l(x)[v] € Vi, for every i and v € Vy;
(iii) £J"(x)[v,v] > &'||v||% for every v € V.E;

(i) 1€ (@) [ulllx < 8"[lullx, [J'(x)[u]] < 6"|ullx and [J" (x)[u, w]| < 6"[|lulx[lw]x for every
u,w € X.

Then the set M is a C' embedded submanifold of X such that any constrained Palais-Smale
sequence for J is a free one.

Proof of Proposition 2.4. We argue in two steps. First of all, we consider the open subset of
H!. (In) defined as

per

Jr+u* < &% fori¢ L
A=< ueH. (In) : f#u2>r2, for ieL ;
3 [;, nfu? <r?, for ieL

15



where )
§ = min {r, 3 3T (k+ 1)||a+Lm]1/z} 7

and, recalling definition (12), we set
M, =ANP,.

Then, we have the following.

Step 1. For any pu > 0, the set M,, is a C* embedded submanifold of H,.(In) such that any
constrained Palais-Smale sequence is a free one.

Of course, this comes from a direct application of Theorem 4.3, with X = Hrl)er(IN), J=J,,

M =M, and & (u) = n;u, ¢ € L (recall (12)). From this point of view, assumptions (i), (ii)
and (iv) are almost straightforward, and we refer to the proof of [24, Theorem 3.5] for full
details. Here we focus on the proof of (iii).

Let u € M, and v € V'*; in particular, v vanishes on UieLIf. We have

Jg(u)[v,v]:/ 1}273/ auu2022/ 1')273/ atuv?.
INn In In In

We now indicate with A; the connected components of Iy \U;er 1, j (the index [ varies between
1 and the cardinality of L, |L|, or between 1 and |L| + 1). Recalling assumption (8), the
following estimate on the length of each A; holds

A < KT+ (T —7) < (k+ DT

Hence, since v vanishes at the end-points of each A;, once more using (17), for every k it
holds

[ollieiag I8 [ 2 < Gernr [0
JAV] Ay

and hence

atuZv?® < /a+u2112§ (k+1)T/ 1}2/ atu?
/IN ; Ay ; Ay Ay
< (e )T a2 Y [ 32
1 YA
— k(k+ D" om0 [ 2,
In

indeed at most k intervals [ ;“ with ¢ ¢ L stay in each A;. Continuing the previous estimates
on the second derivative of J,, we obtain

Tl > (1= k(b + 0T e 37) [ 37

In

-1
> (14 (k+1)°T?) " (1=3(k+1)T|la* ||z k&%) [0 1y
= &0l 1y

by the Poincaré inequality (19), where ¢’ > 0 by the definition of ¢.
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On the other hand, let v € V,;. Then v = ZieL a;m;u for some «; € R and, by the

-2
assumptions on 7;, 0> = Y, aF(niu) . Using Lemma 2.3 (iv), we obtain

s = [ = [ aent = et ([ i’ =s [ atet)

ieL
=Y o (—2 / (mw) +3 / ﬁ?uQ)
icl In In
-2
:—/ 1')2+Za? (3/ mzuz_/ (niw) )
In In In

icL

Since, for every i € L, u € M,

.92 .92
3/ 77'2-2u2 <r? </ 02 :/ (niw) </ (niu)
Iy I IF In

the conclusion follows again by Poincaré inequality.
Step 2. There exists p* > 0 such that, for p > p*, N,, C M,, open.
According to the definition of A, we have to verify that, for u large,

/ u? < 6%, for i¢ L, and 3/ nu? <r?,  for i€ L;
It In

the first inequality follows directly from the smallness of ||u|| ;o r+, proved in Lemma 4.2 (ii).

In the second one the integral is indeed on the support of 7; (which is contained in I,_; UI;"),
hence the thesis follows from the smallness of ||u||; ;- proved in Lemma 4.2 (i). Notice

that the value p* obtained in this way depends (on the function a and) on k, via §. O

5 Construction of a local variation

In this section, we collect some results which will be used in the next Section 6 to construct
local variations (in NV,) for functions in ON,.

5.1 Variations on [0, 7]
Let 7, ¢ be fixed as in (28) and (25). Take p,q : [0,7] — R as the affine functions such that
q(1) =p(0) =0,  ¢(0) =p(r) =1, (31)
and define p > 0 as
i ue HY0,7)
[ -t s o) <1

Jo @* < 2(c+c)

/ (up — a+u3p)‘ +
0

16 2 +
=16sup{ ——
P PY\7—~

(32)

Remark 5.1. Choosing as a test function in the supremum above any element of Iy (recall
definitions (4), (5)), an integration by parts yields |a(0%)] + |a(77)] < p for every u € Ko,
and thus

la(tF)] < p for every u € K., t € R.
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The next result is quite technical but it greatly simplifies the exposition of some arguments
in Section 6.

Lemma 5.1. There exists € > 0 such that, for any of, 3, € [—p,p] and u € H(0,7) such
that

7 g/ w* < 2(c+ )
0

[u(0)], [u(r)] < e (33)

[ =t = utnsy - w0y,
there is a CY-map defined on a neighborhood O of Py = (u(0), u(r), a, 8))
U=U(x,B,d,8):0— HY0,7),
such, that:
(i) U(Py)(t) = u(t) for any t € [0,7] and, for every (o, B,¢/,3') € O,
Ule,B,d/,8)(0) =a,  Ula,B,a/,8)() =B,
(ii) for every (o, B,¢/, ') € O,

| (008,005~ a* U, ) = 55— aa

0
(iii) for a suitable C' > 0, depending only on r,(, p, e, it holds

HV(O"ﬂ’a/’B’)U(PO)HHl(O,T) S C (34)

Moreover, there exists C. > 0, depending only on r,(, p,e and such that C, — 0 for e — 07,
such that

0o WP <5 98T (UR))] < £, (35)
and
|0ar Jio,71 (U (Po))| < Celu(O)l, {95/ Jjo,n) (U (Po))| < Celul7)| (36)
(where Jjo -1 (u) = [ 302 — JaTu).

Proof. We define

Fla g 80 = [ (V0,80 - " Vi(Ea.6.0) - (88 - aa)
where, for ¢ € [0, 7],
V(t0.8.3) = ag(t) + Bp(t) + Au(t) — u(0)a(t) ~ u(r)p(r)].
By construction,
V(Eu(0),u(r). ) = ult), V(a8 =a. Vira.gN) = 5

moreover, F'(Py, 1) = 0. Simple calculations show that

ONF(Po, 1) :/ (20 — 4a™u) — X1 (u),
0

18



where
x1(u) = u(O)/O (2ag — 4atulq) + u(r )/0 (2ap — da*u’p) .
Since

/T (20° — datut) = -2 /T a? + 4 (u() By — u(0)ay),
0 0

and, for ¢ — 0T,
|u(7)B — u(0)ag| + [x1(u)] — 0
uniformly in the class of functions satisfying (33), it holds that
ONF(Py,1) < =212 +0.(1) < —1?,

whenever € > 0 is small enough (depending on r,{,p, but not on w). Hence, the im-
plicit function theorem applies, yielding the existence of A = A(a, 8, ’, §’) solving implicitly
F(a, 8,a/,8',X\) =0 near (P, 1). Then, with the position

Ula, B,a/, B)(t) = V(t; 0, B, Ao, B, 0", B))

the points (i) and (ii) of the statement are proved. We also notice that

_ b+ Jy (i —da*uq) TON
PeAI) = = ) A = R 1)
hence
|0aAM(Po)| < C" and [0 A(Py)| < C'|u(0)], (37)

where C’ > 0 is a suitable constant depending only on r,(, p,e. Of course, similar estimates
hold for the derivatives with respect to 8 and 8’. From this consideration, (34) immediately
follows.

To prove the final part of the statement, we observe that

9 T e
aJ[O,T](UﬂpO—/O [U&aU a UaaU}

Po

Py

_ / [V (8.7 + 0,0037) — V3 (0.V + 2,703V
0
— OuA(P) /OT (Vaﬂ'/ - a+V38,\V)PO + /OT (Vaav - a+v3aav)

9P { /O " (@ = atut) - X2<u)} + /0 " (g - a*udq),

Po

where

x2(u) = u(O)/ (ag — atulq) + u(T)/ (ap — au’p).
0 0
Since, for ¢ — 01,
‘ / (4® — atu?
uniformly in the class of functions satisfying (33), we have that (35) follows from the definition

of p in (32), and (37) (the estimate for the derivative w.r.t. 8 can be obtained in the same
way).

)|+ Ixa(u)] =0
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With even simpler computations we find

0 r,
9o 071 (U)lpy = B A(PD) /0 (Vorv —a*via.1)) N
= O A(P) U (@ —a*ut) — Xz(u)} ,
0
so that, using similar arguments as above, (36) follows. O

5.2 An auxiliary boundary value problem
In this section we establish some auxiliary results dealing with the following boundary value
problem set on [-T + 7,7 =I1_, UIf Ul
i+ a,(t)u® =0
wr—T)=z, uT) =y (38)
Jo @ <r?,
where r > 0 is as in (28). We postpone more comments about the role of the above written

problem (38) in connection with the manifold NV, at the end of the Section (see Remark 5.2).

Proposition 5.2. For every K > 0, there exists p* > 0 such that, for any p > p* and
z,y € [—K, K], problem (38) admits a unique solution u,(t;z,y). Moreover,

(i) NapllLoe (r—r1) < K,

(it) uniformly in x,y € [-K, K],

i (@l (0,m) + l1dull e 0,m) =0, (39)
(tii) if u, # 0 and .,
. —1
/ Tui < ((2T— T)3||G+HLOC> , (40)

then 4, cannot have neither more than one zero nor both a zero and a zero of the
derivative in [T —T,T]. As a consequence: if vy > 0, then @, has constant sign on
[t —=T,T); if vy <0, then 4, vanishes exactly once in [t —T,T] and @,(t) # 0 for any
telr—1T,T].

Proof. We start by recalling the following: for every K > 0 and € > 0, there exists u* > 0
such that, for any p > p* and x,y € [—K, K], then any solution u of (38) satisfies

lull Lo 0,7y + Nl Lo 0,7) < & (41)

This has already been proved in Lemma 4.2 (ii) and has many consequences. First of all,
it implies (39); from this, point (i) follows using convexity arguments (see (22)). Second, it
implies (iii). Indeed, if we assume that ¢1,ts € [7 — T, T), t1 < t2, are instants satisfying one
of the above properties, multiplying the equation @ + a,(t)u® = 0 by u and integrating by
parts on [t1,t2] we find

12 t2
/ uQ — / auu4 < (2T — 7')||Cl+||L°° ||u||11§°°(t17t2)'
tq t1
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Using the Sobolev inequality (18) we obtain

2

to to
/ 2 < (27 — 7)™ | e (/ u?) ,
t1 ty
contradicting (40).

Finally, also the uniqueness of the solution to (38) follows from (41). Indeed, assume that
u;, @ = 1,2, are two different solutions of (38) and define w = ug — uy; of course w satisfies

W+ a,(t)(u3 4+ urug + uf)w =0
w(t —T) =w(T) =0,

Multiplying the previous equation by w™, after an integration on [r — T,T| we obtain

T T
/ ()2 = / (2 + g + u2)(w™)?
T T
S/ a* (u3 + urug + uf)(w™)?;
[0,7]Nsupp(w—)

from (41) and the Poincaré inequality (19)

T

/ZT(“’_F aS 62(QT—T)QIICNILOC/ ()2,

=T

As u is sufficiently large we obtain that necessarily w™ = 0, that is us —u; > 0. Exchanging
the roles of uy and us, we infer u; = us.

We now turn to the existence, which is obtained via a variational argument and is orga-
nized in three steps.
Step 1. Reduction to a constrained minimization problem.

Consider the minimization problem

inf  J,(u 42
et w(u) (42)
where
T 1 4 -2 1 T 4 1
Ju(u) = = Ut — = a,u’, ve H' (r—-T,T),
2 =T 4 =T
and

uirt—=T)=z,ul)=y
M(z,y) = due H'(r —T,T) ] u(0)] < K
f(;ru2 < 7"2

We observe that, for any p > 0, such a minimization problem is for sure solvable. Indeed,
the constraints |u(0)| < K and [ 4* < r? imply that

lullLoo,r) < K ++/Tr,  for every u € M(z,y). (43)

Hence, ju is coercive (and weakly lower semicontinuous) on the closed convex set M(z,y)
and the conclusion follows from classical arguments.
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Of course (by writing the Euler-Lagrange equation associated with (42)) we can prove
that a solution of (42) solves (38) whenever |u(0)| < K and [, 4® < r?. Steps 2 and 3 below
will then be devoted to prove that this is the case when p is large enough. In the following,
we use the notation

[, 1,
K[tl,tz](u) = §/t u-, Uu,[t1,t2](u) = Z/t a,u
1 1

and

J,u,,[tl,tz](u) = K[tl,tz](u) - Uu,[tl,tz](u)
for a subinterval [t1,t2] C [ —T,T].

As a preliminary observation for the arguments below, we also notice that every minimizer
of (42) solves the equation ii—pua~ (t)u® = 0 on the interval [r—T,0]U[r, T]. Indeed, variations
vanishing on [0, 7] are admissible for functions in M(z,y).

Step 2. For p large, the minimizers of (42) satisfy |u(0)| < K.

Let u = u,, be a minimizer of (42) and assume by contradiction that |u(0)] = K. Our aim is
to construct a function u € M(x,y) such that

Ju(@) < T (u), (44)

and thus contradicting the minimality of u.
To this end, we first construct @ on [ — T,0]. Let 6 > 0 be small; according to Lemma
3.4, we have that |u(t)| < K/4 for every t € [t — T + §,—0], provided p is chosen so large

that s

K K

Cs <) < —, (45)

n 4
with Cs the constant appearing in (27). Then, we choose three points t1, t and t* in [7—T, 0]
as follows: t; is the minimum of |u| (hence |u(t1)| < K/4); t2 > t; is the unique point such
that

u(tg) = 2u(t1)

(hence |u(t2)| < K/2); t* > tg is such that

. K
u(t)] = 5
Notice that t* > —§. Set now
u(t) iftel[r—"T,t]
ﬁ(t) = 2u(t1) — U(t) ifte [thtg]
0 if t € [t2,0]

(of course, the interval [r — T, t1] is empty if the minimum of |u| is achieved at 7 — T, while
the interval [t1,to] is empty if u changes sign on [r — T, 0], namely u(t;) = 0). Notice that:

~

e on [7 —T,t1], u = @, so that fu,[T,T}tl](u) = Jufr—1,t,) (0);

e on [ty,ts], |u| = |ﬂ| and |u| > [u], so that Ky, 4,)(u) = Ky, +,)(u) and U, 4, 1,](u) <

U#,[tl,tﬂ(a); hence J#,[t1,t2](u) > J#,[h,tz](a)
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o on [ts,0], T, 1,.0(@) = 0 while (since K/2 = |u(0)| — [u(t*)| > [/

al)
T 10 -2 K? x| —1 K? -1
Tuenaw) > 5 [ i = S = S (16)
To construct @ on [0, 7], we distinguish two possibilities. Set
K' =ryt.

If ju(7)| < K', we define

Notice that

so that © € M(x,y). If Ju(r)] > K’, we set u(t) = 0 for ¢ € [0, 7] and then define @(t) on
[7,T] in a similar way to what has been done on [r — T, 0] (with K replaced by K'). In any
case, we have that:

~

,[7,T) (U) > ‘]M,[T,T] (ﬂ)7

<

e in view of (43), both j#,[oyf] (u) and jp,[O,T] (uw) are bounded below by a constant inde-
pendent of v and p.

At this point, it is enough to observe that for § — 0 the term in (46) goes to infinity. In
view of (45), we thus have a contradiction for u large enough.

Step 8. For u large, the minimizers of (42) satisfy fOT u? < r?.

Before starting the proof, we observe the following: for every e > 0, if p is large enough
any minimizer of (42) satisfies |u(0)[, |u(7)] < e. This can be shown using the very same
arguments of the previous Step 2. Hence, arguing as in the proof of Lemma 3.5 - and
recalling the choice of r in (28) - of we can see that the following relation holds

T 1 T 2
/0 a+u4 S Ks + E </O u2> 5 (47)

2.
’

where K. = 8|la™| =Tl

Now, let © = u, be a minimizer of (42) and assume by contradiction that fOT u? =7
as in Step 2, we aim at constructing u € M (z,y) satisfying (44). Here we simply define
u(t) = u(t) for t ¢ [0, 7] and ulo ;) as the affine functions for (0,u(0)) and (7, u(7)). Since
[u(0)], |u(T)| < e, we see that & € M(z,y) for £ small enough and

~

Jujo(@) =o(1), for e — 0%, (48)

On the other hand, taking into account (47) we have

~ 7’2 1 1(5 7 2 1(5
> Yy _ L2 e
Jm[oﬂ—] (U) 5 (1 8) 1 147’ >0 (49)

for € small enough. Combining (48) and (49), we have that (44) holds true for y large enough,
as desired. O
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In the next proposition we collect some useful properties of the solution u,(t; x,y).

Proposition 5.3. Under the assumptions of Proposition 5.2, the map (x,y) — ,u(t;z,y)
€ W2°(r —T,T) is of class C*; setting

0 _ 0 _
vu(tx,y) = 871,“#(75333’9); zu(t;x,y) = gyuu(t;w,y),

the following hold true (up to enlarging u* if necessary):

(1) vy, 2, solve, respectively, the linear boundary value problems

o+ 3a,(t)a, (t;z,y)v =0 24 3a,(t)a (t;x,y)z =0 (50)
vir—=T)=1,v(T)=0 2(r=T)=0, 2(T) =1,
and, moreover, v, is positive and decreasing and z, is positive and increasing;
(i) it holds
a — -
5p n (i 2,y)) = —uu((7 - T)*52,y) (51)
and 9
@Ju(ﬂu('vay)) =, (T2, y);
(#4i) it holds
. _ . 2
5T 5 ), L = T) 5 ,9)] < (52
and
i ((r =T) 552, 9)| Ww2u(T 5 2,9) < 5 + 3l e (r 713 (53)
moreover, if max(|u, ((t — T)";2z,y)], U, (T ;2,y)]) < p, then
i ((r =T) 52, 9), [y2u(T 75 2,9)] < S + 5p; (54)

(iv) if w, has constant sign on [t —T,T], and
—ty((r = T)"s2,y) = (T 52, y) =p  if 1, >0

a,(r =T zy) = -, (T 52,y) =p  if G, <0,
then it holds

bu((T=T) 5,y) 4+ 2,((1 =TV ,y) <0< 0,(T752,y) + 2,(T 5 2,y). (55)

In points (4ii) and (iv) of the above statement, p is as in (32).

Proof. As already proved, 4, is unique; in the same spirit, one can use property (41), which
says that the minimization problem is set in an almost convex case, to show that %, is
also non degenerate (i.e. that the linearized equation, with homogeneous Dirichlet boundary
conditions, has no nontrivial solution). Using this and the Fredholm’s Alternative, the C-
dependence from z and y follows in a standard way (see [25, Section 5] for the full details in
a similar situation).

Now we prove separately each point of the statement; in points (i),(ii),(iii) we concentrate
our attention on v, the proof for z, being analogous (for simplicity of notation, we omit the
dependence on z and y if no confusion is possible).
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The fact that v, solves the boundary value problem in (50) is well known; we prove that
v, is positive and decreasing. Multiplying the equation in (50) by v, and integrating by
parts, we find for any ¢t € [7 — T, T

T T T T
. -2 —2 2 -2 — 2 2
w00 = [ 3243 [ aute < [0 slat lumln e [ o2

By (19) we have

T
0u(03,(0) < (1437 = 7P il o) [ 62
t
Recalling (39), we finally obtain, for y large,

1 T
v, (E)ou(t) < 75/ vi <0, foreveryte[r—T,T],
t

and this proves our claim.

To prove (51), we simply observe that - integrating by parts -

0

T T
%J#(ﬂu) = / (ﬁui’u - a#ﬂi“u) = [ﬂ#vu];FfT - / (ﬁu + auﬂi) Vs
T=T T=T

whence the conclusion.

As for (52), we first use the mean value theorem to find ¢ € [ — T, T] such that 0,(¢) =
—1/(2T — 7). From this, and using the fact that 0 < v, <1,

T 1 T )
00 = 0,0 + [ 8= =5 =3 [ aui,
t t
1
>
- 2 -7

= 3lla | oo |1 T 0,7

Recalling (39), we conclude for ;i large. As for (53), taking into account the equations for u,
and v, we obtain

Bty ()v, () — 1, (£)8,, () = 0.
Integrating by parts we have

T

361, (r = T) + 2 (7 — T) — yip(T) — 2 / 1,0, = 0,
=T

Now, the term yv,(T") can be estimated using (52), while for the integral we have
T

< —||ﬁu||L°o(r—T,T)/ Oy = Ul Loe (r—1,1)-

=T

/ iT i (£)0(0)

This proves (53). As for (54), we just need to observe that
max(|u,(r = Ts2,y)|, [up(Tiz,9)) < p - = |upllpe—r,1) < p-

This follows from (39), together with convexity arguments (see (23)).
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Finally, we prove (55); we concentrate on the case %, > 0, the other being analogous. Set
w,, = v, + zu; then w, solves the boundary value problem

{ W+ 3a, (t)a (t;z,y)w =0
w(t—=T)=w(T) =1,

it holds 0 < w, < 2 and our thesis reads as w,(7 —T) < 0 < w,(T). Let us assume by
contradiction that w,(7 —T) > 0 (the argument for w,(T) being the same); then, usual
convexity arguments imply that w,(t) > 1 for ¢ € [t — T,0] and that there exists t* € [0, 7]
such that

W, (t*) =0

(indeed, w,(0) > 0 and w,(0) > 1; hence, if 1w, (t) > 0 for every t € [0, 7], then also w, (1) > 1
and, by convexity, w,(T) > 1, a contradiction).

Now, by Proposition 5.2, (i), @, < K on [t — T,0]; being w, > 1 on the same interval,
we deduce that 3u, < K,. Hence, for every ¢ € [r — T, 0],

) . bl K[!
’ﬁ“(t)ZTLM(T—T)-‘r/ Taug—er?/ Tﬂbu

K, _ K K ("
—p+ o (Wu(t) —wu(r —T)) < _P"‘Ewu(t):_p_* Wy
t

3 3

.
<ptK [ aumu, < —p+ 20 om0, o
t

In particular, according to (39) we can assume that @, (t) < —p/2 for every t € [r — T,0]
provided p is large enough. Hence (recall (32))

2,00 <K - £(T-m) <o,

contradicting the fact that 1, > 0. O
We conclude this section with an important remark.

Remark 5.2. We observe at first that an existence and uniqueness result holds true, for any
u > 0, for the boundary value problem

- — ()03 —
{ i — pa~ (t)u’ =0 (56)

u(r) = 2, u(T) =
moreover (by convexity arguments), nontrivial solutions to (56) are of constant sign if xy > 0,
and are strictly monotone and vanish exactly once if zy < 0. The proof of these facts is
straightforward, due to the coercivity and convexity of the action functional associated with
(56). Moreover, a result completely analogous to Proposition 5.3 can be proved for (56) with
simpler arguments (using, again, the convexity properties of the solutions). From this point
view, Propositions 5.2 and 5.3 can be viewed as an extension of the more elementary results
holding for (56) to the boundary value problem (38). Roughly speaking, it can be said that
- as the integral bound [ 4? < r? is considered - problem (38) behaves exactly like (56)
when p is large (notice, indeed, that - by point (ii) of Proposition 5.2 - solutions to (38) are
arbitrarily small on [0, 7] when p — +00).
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We now claim that Propositions 5.2 and 5.3 can be generalized for the problem
i+ a,(t)u® =0

u(ti) = 2, u(oitip1) =y (57)
[Fa?<r? forj=i+1,...i+1,

(of course, (38) corresponds to the case i = —1 and [ = 1). The proofs can be obtained
following exactly the same arguments given before, at the only expense of an unpleasant
overloading of the notation. An important warning, however, is that in such a case the value
w*, as well as the constants in (52), (53) and (54), are depending on the integer [, that is,
on the number of intervals of positivity of the weight function a,, in the interval [7;, 0i4i41].
Accordingly, all these constants can me made uniform for all problems of the type (57) with
[ less than or equal to a common bound & (compare with assumption (8)).

It now should be clear that Proposition 5.2 can be viewed as a tool for characterizing
(and constructing) functions in A, on intervals of the type
I ULt Ul U Ul withi+1,...i+1¢&L.
By the assumption (8), intervals of this type can exist only if I < k, and this allows to
determine a precise value p* such that the construction explained in this section is possible.
It is worth noticing that, if g > p* is fixed, solutions of the boundary value problem (57) give
rise to (a restriction of) a function in NV, only if z,y are small enough. Indeed, the further
condition (C4) has to be satisfied (see Lemma 3.3).

In the next Section 6, we will actually deal (for simplicity of notation) only with problem
(38), that is, we will assume that k£ = 1. As remarked above, however, the general case k > 1
could be treated as well.

6 Construction of a constrained Palais-Smale sequence

The aim of this section is to construct a (bounded) constrained Palais-Smale sequence
(un) C N, at level (16). This will be done using Ekeland’s variational principle [12, Chap-
ter 4] in a careful way. Again (compare with the discussion at the beginning of Section 4)
this construction will possibly require to enlarge p* more and more times, according to the
estimates collected in the previous sections (and ultimately depending on the local estimate
contained in Lemma 3.3). In this way, we can still produce a threshold p* depending on the
weight function a and on the integer k, but not on the sequence £ and the integer N.

We now start with our arguments. The Ekeland’s variational principle applied to Nu
yields the existence of a minimizing sequence (u,) C N, for problem (16) such that

1 _
Ju(uy) < Ju(u)‘f‘EHU_UnHHl(IN)a for every u e Ny, n € N. (58)

Our goal now is to show that, for n large enough, u, ¢ N, \ N,. Indeed, if this is the
case, then (58) implies in a standard way that the constrained gradient Vs, J(u,) — 0, as
required.
We first observe that, in view of Lemma 4.2, the only possibilities for u,, to be on ON,,
are given by
/+ a2 = 2(c+ce), for some i € L (59)
I

i
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or, for some i € L,

{un@;):p N {un<a;)=—p . {ﬂn@*):—P or {WW):’) (60)

up (o) >0, up (o) <0, up () <0.

The rest of this section will be devoted to exclude both the possibilities.
Claim 1. The possibility (59) cannot occur, for n large enough.

Indeed, assume that (59) holds true for some n and i € L; just for simplicity of notation,
suppose moreover that ¢ = 0. Take p, g be as in (31) and let @ € Ko, 4 > 0, according to (4).
Then, define F : R* — R by setting

F(\a,8,7) = /0 " (@2(6: A0, B) — Tt (1 ), @, B)) — .

where
u(t; A, o, B) = aq(t) + Bp(t) + Au(t).

Notice that u(0; A\, o, 8) = «, u(7; A\, o, ) = B and w(t; 1,0,0) = @(t). Since F(1,0,0,0) =0

and oF
—(1,0,0,0) = —2/ u? # 0,

8)\ I:r
the implicit function theorem yields the existence of a function A = A(a, 8,7), defined a neigh-
borhood of (0, 0,0) and having values in a neighborhood of 1, such that F'(A(«, 8,7), o, 8,7) =
0.
In view of Lemma 4.1, we can assume, provided pu is large enough, that o, = u,(0),
Brn = unp(7) and
Yr = Un (T) Uy, (T+) — up(0)i, (07)

are as small as we wish. Then, we can define the function u,, as w,(t) = u,(¢t) for ¢ ¢ [0, 7]
and

Un(t) = u(t; M, Brs Yn)s s By ),  fort e [077'].

It is not difficult to see that w, € A,. Moreover, since fOT 42 = 4c and @, is arbitrarily
H'-near to @ for i large, we have that

can be made arbitrarily small. Hence

Tulun) = ) = 5 [ (@2 =) =

> >
-2 - 4
On the other hand, (58) gives

- 1 ~
Jultn) = Ju(tn) < —lun = Unlla 1y

and this is a contradiction for n large enough (of course, ||u, — n||g1 (1) is bounded).
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Remark 6.1. The above argument holds also when ¢, is replaced by any ¢’ > ¢. Therefore,
using Lemma 4.1 and taking p large enough (depending on ¢’), one can construct minimizing
sequences with the property that

/+ 2 < 2(c+c), for every i € L.
I’i

Claim 2. The possibility (60) cannot occur, for n large enough.

Indeed, assume that (60) holds true for some n and ¢ € L. We will give the details of the proof
in the case u,(7;) > 0 and 1, (7;7) = —p (the other can be treated with similar arguments);
moreover, for simplicity of notation we suppose that ¢ = —1, that is, we are dealing with the
case

Up(t—=T)>0 and u,(r—=T)") = —p.
According to Remark 5.2, we finally assume that k = 1 and, moreover, we deal with the most
difficult case in which the first interval of positivity on the right of 7 — T" is not in L, that
is: 0 ¢ L and 1 € L. Summing up, we are led to construct a local variation of u, in the

interval
IMuIT, ulfuly Ul =[-T,7+1].

Roughly speaking, we will use the variation of Section 5.1 on I, and I;", and the one of
Section 5.2 on the interval I—; U IS‘ U Iy . We have to distinguish three situations. In the
following, to simplify the notation, we set

Tp =up(r—=T) and y, =uy(T).
If |4, (T7)| < p, we argue as follows. We define a family of functions u,(+,£), with £ > 0,
by setting (¢, &) = uy(t) for t ¢ [T, 7+ T] and
o forte[-T,7—1T],

an(tvf) =U (un(_T)7xn - Eaun(_T_)ﬂju((T - T)_‘—;l‘n - gayn)) (t)v (61)

o forte[r—T,T],
U (t,6) = Uy (t; 2n — & Yn), (62)

o forte [T, 7+1T],

Un(£,€) = U (Y un (T + 1), 0 (T 520 — &, yn), Un (T + T)F)) (2). (63)

In formulas (61) and (63), we have denoted (with some abuse of notation) by U a local
variation, constructed as in Lemma 5.1, of u,, on the interval [-T,7 — T] and [T, 7 + T,
respectively; in (62), 4, is the function constructed in Proposition 5.2. Notice that the map
€ U, (&) € HY(Iy) is of class C! and, of course, 1, (-,0) = u,.

We claim that, for £ > 0 small enough, the function @y, (-, ) lies in N, possibly touching
the constraint (60) only outside the intervals we are considering. To show this, the most
delicate condition to be checked is the one concerning u, ((7 —T)*, ). We thus observe that,
in view of Proposition 5.3,

d -
dif n((T - T)+’§)|$:0 = _UM((T - T)+7-rn7yn) >0

so that U, ((7 — T)*,€) > w,((r — T)") = —p for small £ > 0 as desired.
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We now claim that
Tuliin(+€) < Ju(un) = (5) €+ 0(§)  for €= 0" (64)

To prove this, we are going to show that
d . - P
- . _a< =
deﬂ(un( 2&))le=0 = =5 (65)

in the following, we use the notation J,, 1, ¢,) for the restriction of the action functional to a
subinterval [t1,t2] C In. From (51) of Proposition 5.3, we have

d%J#,[PT,T}(ﬂ (le=o = wu((T = 1) 520, yn) = tn((1 = T)T) = —p. (66)

On the other hand, setting 3(¢) = z, + & and '(§) = u,((t — T);2n — & yn), We can
compute

d - 3 d 0 dp’
dié.‘]p,,[fT,'rfT] (un( ) ))‘5 =0 — % [L —T,7—T) ( )d§ + T@JH’[*T’T T) (U) di.
0 0

= %Jy,[fT,TfT](U) - aiﬁ,Ju,[fT,TfTKU)i)u((T - T)+§ Tn, yn)a

where we agree that the derivatives with respect to 8 and 3 are evaluated at the point
(un(=T),u,(=T), 8(0), 8'(0)) while the derivatives with respect to & are evaluated at £ = 0.
From (35) and (36) of Lemma 5.1 we thus obtain

d
dé

From (55) of Lemma 5.3

(1) ([ ) eo| < & = Cemn(T = T) %30, 9).

|20, (T = T) 5 20, yn)| < — +5p,

27 —
so that, provided ¢ is small enough (which, in turns, requires maybe enlarging p*)
d

‘df —T,7— T](un( 75))‘52

<P
— 4

The arguments for ¢ € [T, 7 + T are even simpler, since the dependence of U on £ is just via
(T~ 52, —&,yp). Arguing as above, we are thus led to consider the term Ceyy, v, (T Zp, Yn)
which can be estimated using (52) of Lemma 5.3. Hence

<

\d s+ E)ecs

d¢™"

so that, recalling (66), (65) follows.
Finally, we verify that there exists a constant S, independent on n (but depending on g,
which however is fixed in this argument), such that

=~

||ﬁn(7£) - un“Hl(IN) < S§ + 0(5) for g — 0+' (67)
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To show this, we just need to observe that Hj‘éan(~,§)\§:0HHl(I : can be bounded inde-
N
pendently on n (we stress once more that the dependence on p cannot be avoided, but
it is irrelevant for the arguments below, since throughout this section p is fixed). This
is clear for ¢ € [r — T,T] (since zn,yn, € [-K,K]) and essentially comes from (34) for
t € [-T,7 —T)U[T,7 4+ T] (of course, to bound the derivative di,/d¢ one needs - as
before - to estimate both dU/dfS and dfB/d¢; terms of the type dB/d¢ are bounded since
Tn,Yn € [ K, K]).
We are now in position to conclude. Indeed, combining (64) and (67) yields

I )+ L8 =l < Julun) + (2= 8) 4 o9

and this contradicts (58) for n large and fixed, and £ sufficiently small. The proof is thus
concluded in the case |4, (T7)| < p.

If 4, (T~) = —p (notice that in this case it has to be u,(T) < 0) we argue exactly as

before. The only difference is that showing that u,(-,£) € N, now requires the further
observation that

d. _
Igun(T 7£)|§:0 = _’UH(T ;xnayn) >0

so that, for small € > 0, @, (T, &) > —p as well.

If u, (T7) = p (notice that in this case it has to be u,, (T') > 0) a slightly different argument
is needed, since the same variation as before would lead to a function @, (-,§) ¢ N,. Hence,
we define here u,,(t,£) = u,(¢t) for t ¢ [-T,7 4+ T] and

o fort e [-T,7—1T],
an(uf) =U (un(_T)’xn - gvan(_T_)’ﬁM((T - T)+;xn - fvyn - E)) (t)7
o forte[r—T,T],
ﬂn(tvg) = ﬂu(t§$n =&, Yn — 6)7

o forte [T, 7+1T],
ﬂn(t,f) =U (yn - f,un(T +T)7ﬁ#(T_;xn - gvyn - g)aun((T + T)+)) (t)

With this definition, we have that, for £ > 0 small enough, the function @, (-, ) lies in AV ,.
Indeed, from (55) of Lemma 5.3

%imTfnt@mﬁ:f@awaﬁmm%HwAwaVWm%»>0

so that i, (T — T)T, &) > 1 ((r — T)*) = —p (for small £ > 0) and a completely symmetric
argument works for ﬁn(T_, £).

At this point, the arguments leading to (64) and (67) are essentially the same as before
up to minor modifications and will be omitted.
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7 Conclusion of the proofs

As for Theorem 2.2, we need to prove the positivity of the solutions found, the C'' bound
(10), and the properties (P1), (P2), (P3), concerning the behavior for p — +oo.

Estimate (10) can be easily deduced from Lemma 4.2 and property (C4) in the definition
of NV, by observing that, because of the convexity/concavity properties of a solution u, |u(t)|
has local maxima at ¢ if and only ¢ € 9I;", with i € L. Lemma 4.2 (points (i) and (ii)) also
implies properties (P1) and (P2) (that is, the asymptotic of the solutions on I;” and I;% with
i ¢ L). Property (P3) (that is, the behavior on I;¥ with i € L) follows from the following
claim: for every e > 0 there exists & > 0 such that, for any u solving i + a™(t)u® = 0 on
[0, 7] with r? < [ 4? < 4c+6 and u(t) > 0 fort € [(,7—(], the following implication holds:

w(O)], Ju(r)| <6 = distwze(u,Ko) <e.

Indeed, by Remark 6.1, we can assume that our solutions satisfy such conditions.
To prove the claim, assume by contradiction that there is e* > 0 and a sequence (uy,) of
solutions with r? < [ 42 — 4c, uy(0), up(7) — 0 and

disty2.0 (Un, Ko) > €™. (68)

By standard arguments, u,, converges in W2 to a limit 4 € Ky, contradicting (68).

We now deal with the positivity, splitting our arguments into three steps.
Step 1. It holds u(o;) > 0 and u(r;) > 0 for every i € L.

To see this, we first recall that Iy is compact. Hence, there exists a constant m > 0, m < p,
such that
)

m < u(o and  4(r77) < —m for every u € Ko, u > 0.

Hence, since (P3) holds true, for the solution found in Theorem 2.2 we have that m/2 <
u(o;) and u(r;") < —m/2 for every i € L. Convexity arguments now imply the conclusion
(u(o;) <0 or u(r;) <0 would imply a contradiction with (P2)).

Step 2. It holds u(t) > 0 for every t € I;” with i € L.

This follows from Lemma 3.2.

Step 3. It holds u(t) > 0 for everyt € Iy.

This follows from (iii) of Proposition 5.2, since (P1) and (P2) imply that (40) holds true.

We now go back to Theorem 2.1. If £ € {0,1}Z is a given sequence, the solutions u = uz y
constructed in Theorem 2.2 for N larger and larger of course are L*°-bounded, independently
on N. Then, the elementary inequality

||UHL°°(]R) < 2Hv||LOO(R) —+ H’U”LOQ(R), for every v € WQ’OO(R),

(compare with (24)) implies that ||uz n|/yw2(®) is bounded independently on N. Hence,
Ascoli-Arzela Theorem shows that, for N — +o00, uz y converges, locally in W2, to a limit
function uz € W2°°(R). It is easily seen that such a function satisfies all the requirements
of Theorem 2.1.

Finally, once the proof of Theorem 2.1 is concluded, we have that Theorem 1.1 follows
immediately. As far as Theorem 1.2 is concerned, the W% (I) convergence u, to @ € K
follows from properties (P2) and (P3) if I = I;7, and from Lemma 3.4 if I = [r; + 8, 0441 — 0],
for any [r;,0;41] = I; and 6 > 0. The H]_ convergence descends from the W2 one,
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together with (P1). To prove the Holder convergence, we first observe that (P1), (P2), (P3)
also imply that u, — @ uniformly. On the other hand, since for every s # ¢

b L =) L Ja) —as)]
[t — s |t — s]
(recall Remark 5.1), we have

|(uy = @) (t) = (u = w)(s)|

|t = sl

< (20)°[(up — @) (1) = (up — @)(s)]' ™ = 0

by uniform convergence, concluding the proof.

Remark 7.1. As we mentioned, our method can be applied also in different situations. To
conclude, we briefly discuss some of them, with an emphasis on the minor changes they
require to be dealt with.

Changing sign solutions. As K is defined by even conditions, it contains both positive
and negative solutions of ii + a* (t)u® = 0 in H}(0,7). As a consequence, if £ € {—1,0,1}%,
one can redefine K, as

Ke= {u € Wh(R) s ul;+ € Ky, 2ul+ >0if £; =+l and u =0 elsewhere} ,

and obtain changing sign solutions by singularly perturbing such a set. In doing that, one
has to change the definition of NV, (equation (15)), by substituting property (C2) with

(C2%) zu(t) > 0 for every ¢ € [o; + ¢, 7; — ¢] with £; = £1.

Consequently, one can find solutions having the appropriate sign on each I j , when £; = +1,
and changing sign exactly once in every connected components of the complementary set.

Periodic weights with more than two nodal intervals. If a is periodic, but changes
sign more than once in [0,7] (but still a finite number of times), then the main problems
arise from a notational point of view, while the conceptual one should be clear: to start with,
one has to partition [0, 7] in the juxtaposition of consecutive intervals Iii, according to the
rule that, for every I, = [, 0,41] and 6 > 0 small, it holds

Ti+0 Tit1
/ a”(t)dt >0 and / a~(t)dt >0

i i+1—0

(notice that this is always possible, exactly as in the one-zero case, up to carefully choosing
the points o;, 7;). Accordingly, N, should be defined by means of different (still finite)
constants r;, p;, (;. As a byproduct, this should prove multiplicity of periodic solutions.

Non periodic weights. In the same spirit of what we have just enlightened, one may
also consider non necessarily periodic weights a, though enjoying some uniform oscillatory
properties (in particular, the constants r;, p;, |I|, i € Z, should be bounded below and
above independently on 4; furthermore, a uniform version of Lemma 3.2 should hold). By
considering periodic truncation of such a weight on larger and larger intervals, one should
eventually obtain bounded entire solutions, with possible recursivity properties.

Dirichlet and Neumann boundary conditions. Beyond periodic ones, other bound-
ary conditions on bounded intervals I can be considered in our construction. Dirichlet homo-
geneous ones can be obtained by replacing H,. (1) with Hg(I), thus recovering the results
by Gaudenzi, Habets and Zanolin [14, 16]. In the same way, using H'(I), one can solve the
Neumann homogeneous problem on I. From this point of view, the Neumann problem, as
well as the periodic one, contains the further difficulty that the quadratic part of the action
functional does not correspond to an equivalent norm in the ambient Hilbert space.
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