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Abstract

We consider operators of the form L = "7 | X? 4+ Xp in a bounded
domain of R? where Xo, X1,...,X, are nonsmooth Hormander’s vector
fields of step r such that the highest order commutators are only Holder
continuous. Applying Levi’s parametrix method we construct a local fun-
damental solution v for L and provide growth estimates for v and its first
derivatives with respect to the vector fields. Requiring the existence of
one more derivative of the coefficients we prove that v also possesses sec-
ond derivatives, and we deduce the local solvability of L, constructing,
by means of 7, a solution to Lu = f with Holder continuous f. We also
9 estimates on this solution.
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1 Introduction

Object and main results of the paper
In the study of elliptic-parabolic degenerate partial differential operators, an
important class is represented by Hormander’s operators

L=> X+X, (1.1)

i=1

built on real smooth vector fields

Xi = bij () O, (1.2)

Jj=1

which are defined in some domain Q C RP. A famous theorem by Hérmander
[17] states that if the Lie algebra generated by the X;’s (i = 0,1,2,...,n) co-
incides with the whole RP at any point of €2, then L is hypoelliptic in €2, that
is any distributional solution to the equation Lu = f € C° (Q) belongs to
C™ (2). Over the years, a number of deep properties of Hormander’s opera-
tors and systems of Hormander’s vector fields have been established. Some of
them are related to the metric induced by Hormander’s vector fields (connectiv-
ity property, doubling property for metric balls, see [31]), or to the “gradient”
associated to Hormander’s vector fields (Poincaré’s inequality, see [18]); other
properties are related to second order Hérmander’s operators (properties of fun-
damental solutions, see [13], [31], [34], or a priori estimates on the second order
derivatives with respect to the vector fields, see [I3], [33]).

One can note that, apart from Hérmander’s hypoellipticity theorem, which
intrinsically requires C'*° regularity of the vector fields, most of the important
existing results in this area are expressed by statements which are meaningful,
and hopefully still hold, under much less regularity of the vector fields. So a nat-
ural question consists in asking how much of the classical theory of Hérmander’s
vector fields and Héormander’s operators still holds if we consider a family of vec-
tor fields whose coeflicients possess just the right number of derivatives which are
enough to check that Hérmander’s condition at some step r holds (see section 2
for the definition). However, this generalization is far from being obvious, since
if one tries to repeat the classical proofs just paying attention to the minimal
regularity required, one finds that some arguments need the existence of a very
high number of derivatives (for instance, the double of the step r), while oth-
ers simply cannot be repeated. Experience shows that proving relevant results
about nonsmooth vector fields under reasonably weak assumptions is almost al-
ways a hard task. Nevertheless, this is a natural problem if one hopes to settle
the basis for applications to nonlinear equations which involve vector fields de-
pending on the solution itself (such as Levi-type equations that we will discuss
later in this introduction).

This paper is the third step in a larger project started by three of us in
[B] and [6], and devoted to this issue. Our framework is the following. Let
Xo, X1, ..., X5, be a system of real vector fields, defined in a bounded domain
) C RP. We assume that for some integer r > 2 and some a € (0,1] the
coefficients of the vector fields X1, Xo, ..., X,, belong to C™=1 (), while the
coefficients of Xy belong to C"=2< (Q). If r = 2, we assume a = 1. Here



and in the following, C*“ stands for the classical space of functions which
are differentiable up to order k, with a-Holder continuous derivatives of order
k. Moreover, we assume that Xg, X1, ..., X,, satisfy Hormander’s condition of
weighted step r in : if we assign weight 1 to X1, X5, ..., X,, and weight 2 to
Xy, then the commutators of the vector fields X;, up to weight r, span RP at
any point of © (more precise definitions will be given later).

An extension to this nonsmooth context of some basic properties of the
distance induced by the vector fields, Chow’s connectivity theorem, the estimate
on the volume of metric balls, the doubling condition, and Poincaré’s inequality
has been given in [5]. These results also imply a Sobolev embedding and the
validity of Moser’s iteration technique to handle operators of the kind

> X7 (ai; (x) Xju) .

ij=1

In [6] the same authors have extended to the nonsmooth context the lifting
and approximation theory developed in the smooth case by Rothschild-Stein [33]
and some related results, such as the comparison between volumes of balls in the
lifted and original space. Starting with the paper [33], this technique has been
used, in the smooth case, to reduce the study of general Hérmander’s operators
(I to that of left invariant homogeneous operators on homogeneous groups,
for which Folland’s theory developed in [I3] applies, granting the existence of a
homogeneous left invariant fundamental solution, which is a good starting point
to prove a-priori estimates of several types.

Following this idea, in the present paper we use tools and results from [5] and
[6] to study Hormander’s operators ((ILI)) built with nonsmooth vector fields or,
briefly, nonsmooth Hérmander’s operators. Namely, we are able to adapt to this
situation the classical Levi’s parametrix method, in order to build a fundamental
solution v (z,y) for L (in the small), possessing some good properties. More
precisely, under the above assumptions we prove (see Thm. K8 that for any
xo € Q there exists a neighborhood U () and a function « (z,y), defined and
continuous in the joint variables for x,y € U (z¢), = # y, satisfying

[rew e @ de= o) (1.3)

for any w € C§° (U (x0)); moreover, v satisfies the bounds

d(z,y)* |
v (x C—d(x,y) i= n
|XZ’7( ’y)l < |B (:C,d(:c,y))|’ 1)237 I (15)

where, here and in the following, X;v (z,y) denotes the X; derivative with
respect to the first variable, x, the distance d is the one induced by the vector
fields X;, and B (z,r) are the corresponding balls.

Under the stronger assumption that the coefficients of the X;’s (i = 1,2, ...,n)
belong to C™* (2) and the coefficients of X belong to C"™~1:% (Q), we are able
to prove that - also possesses second derivatives with respect to the vector fields,



satisfying the bounds

B (2,d (2,y))|

B (z,d (z,y))|

and that 7 (-,y) is a classical solution to the equation Ly (x,y) = 0 for = # y
(see Thm. [(£9). Exploiting these results we prove (see Thm. [(.I8) the following
local solvability result for L: for every zy € ) there exists a neighborhood U
such that for any § > 0 and f € C f( (U) (i.e., 5-Holder continuous with respect
to the distance d) there exists a classical solution u to the equation Lu = f
in U. Pushing even forward our analysis, we show that the functions X;X;vy
satisfy the following local Holder estimate: for every xzi,xo,y € U such that
d(zlay) > 2d (5617562),

| X, Xy (z,y)] < ,j=1,2,...,n, (1.6)

| Xov (z,9)| <

d(l‘l,l'g))ag 1

X Xjv(x1,y) — X; Xy (29, <c 1.7
X5 (01,9) = XXy (o] < e (G2} s (1)
for any € € (0,a) and 4,j = 1,2, ...,n, with ¢. depending on & (Thm. B.17). As
a consequence, we eventually show that the local solution w to Lw = f that
we have built for f € C% (U), with 8 < a, actually belongs to Cf(’ﬁoc (U) (see

Thm. 520).

Comparison with the existent literature

The study of nonsmooth Hérmander’s vector fields has been carried out by sev-
eral authors; we refer to the introduction of [5] for a detailed discussion of the
related bibliography. Here we just point out that the peculiarity of the research
project consisting in the present paper and [B], [6] is that of considering nons-
mooth Hérmander’s vector fields of completely general form. Indeed, with the
notable exception of the papers [28], [29], [30] by Montanari-Morbidelli and some
papers by Karmanova-Vodopyanov (see [20], [35] and the references therein), all
the other previous results about nonsmooth vector fields either hold only for
vector fields with a particular structure, or assume axiomatically some impor-
tant properties of the metric induced by the vector fields themselves. Another
characteristic feature of the present research is to take explicitly into account the
possibility that one of the vector fields X (“the drift”) could have weight two, as
in the case of Héormander’s operators (LI)). This is relevant for instance in view
of the possible application of the present theory to operators of Kolmogorov-
Fokker-Planck type with nonsmooth drift. While the literature devoted to the
geometry of nonsmooth vector fields is quite large, the one about Hormander’s
operators built on nonsmooth vector fields is much narrower. Particular classes
of operators of this kind have been studied in the framework of regularity results
for nonlinear equations of Levi type by Citti, Lanconelli, Montanari, starting
with the paper [§] and continuing with [I0], [9], [25] (see also references therein).
A somewhat related field of research is that about the Levi-Monge-Ampere equa-
tion, see [26], [27], which also motivates the study of nonvariational operators
modeled on (possibly nonsmooth) Hérmander’s vector fields. Another applica-
tion of this circle of ideas to a nonlinear regularization problem has been given
by Citti, Pascucci, Polidoro in [II]. However, the present paper seems to be
the first one where Héormander’s operators built with nonsmooth vector fields
of general structure are studied.



Let us come to some remarks about the techniques used. The parametrix
method was originally developed more than a century ago by E. E. Levi to
study uniformly elliptic equations of order 2n (see [22]), and later extended
to uniformly parabolic operators (see e.g. [14]). For more details about this
method in the elliptic case we refer to [24] § 19], [16, Part IV, Chap.3] and
[19]. In particular, the last reference contains a rich account of the previous
literature on this subject and a careful discussion of the assumptions made by
different authors to implement the method. The parametrix method was first
adapted to hypoelliptic ultraparabolic operators of Kolmogorov-Fokker-Planck
type by Polidoro in [32], exploiting the knowledge of an explicit expression for
the fundamental solution of the “frozen” operator, which had been constructed
in [21I]. It was later adapted by Bonfiglioli, Lanconelli, Uguzzoni in [I] to a
general class of operators structured on homogeneous left invariant (smooth)
vector fields on Carnot groups, for which no explicit fundamental solution is
known in general, and by Bramanti, Brandolini, Lanconelli, Uguzzoni in [4]
to the more general context of arbitrary (smooth) Hormander’s vector fields.
Finally, in the nonsmooth context, the parametrix method has been exploited
by Manfredini in [23] to deal with sum of squares of C1:®-intrinsic vector fields
of step 2, with a particular structure.

In order to evaluate our assumptions about the regularity of vector fields,
one can draw a comparison with the assumptions made in the elliptic case, as
reported in [19]. Rewriting our operator in the form

p
L= aj(x)0} , + Y b (z) 0, +c(x)
j k=1

p
J,k=1

one can see that our stronger assumptions (see Assumptions B in § [H) imply in
the simplest degenerate case r = 2

ajr € C*H(Q),by € CH1(Q),ce CH(Q)
while in the elliptic case [I9, Thm.3] it is essentially required that
ajr € C*(Q)NC»(Q),b; € CH () NC™"(Q),ce CO*(Q).

Strategy and plan of the paper

The technique of “lifting and approximation” developed by Rothschild-Stein in
[33] and extended to nonsmooth vector fields in [6], coupled with the results by
Folland [13] suggests that, in order to study the (nonsmooth) operator (L),
natural steps consist in lifting L, in a neighborhood of a point zp € R?, to a
new (nonsmooth) operator

E-Y R4 %
i=1

defined in a neighborhood U of (z9,0) € RPT™  and then approximate L with a
(smooth) left invariant homogeneous operator

EZin-i-Yo

i=1



which possesses a homogeneous left invariant fundamental solution I' (vfl o u),
with respect to a structure of homogeneous group in RPT™, Then, a natural
parametrix of L can be defined by

Po(&m) =T(0,(¢)),

where the map 0, () (a nonsmooth version, introduced in [6], of the function
defined by Rothschild-Stein in [33]) is, for any fixed n € U, a smooth diffeomor-
phism which allows to approximate L with £ near n, and O, ({) depends on
7 in a Holder continuous way. Hence Py (£,7) is smooth in & but just Holder
continuous in 7 (or CH% in 7, if the coefficients of the X;’s are C™“ and the
coefficients of X are C"~1% see Proposition [5.4]). This rough asymmetry in
the properties of Py with respect to the two variables prevents us from repeat-
ing Rothschild-Stein’s technique to prove LP or C'“ estimates for second order
derivatives with respect to the vector fields, for a solution to Lu = f. Instead,
one can think to adapt to this case the classical Levi’s parametrix method, which
is compatible with a different degree of regularity of Py in the two variables.
Now, if we applied the parametrix method directly to the kernel Py we would
build a local fundamental solution for L. Starting from this object, however,
there is no obvious way to produce a local fundamental solution for L. Instead,
we have to define directly a parametrix for L, shaped on P, saturating the lifted
variables by integration, in the following way:

P(z,y) = /m (/W I (©,k) (z,h)) ¢ (h) dh) o (k)dk, forz,yec U, (1.8)

where ¢ € C§° (R™) is a cutoff function fixed once and for all, equal to one in
a neighborhood of the origin. This P turns out to be a good parametrix for
L, and starting with it we can actually construct a local fundamental solution
for L, satisfying natural growth estimates and regularity properties. However,
performing this construction (see §4) is a hard task, since we are forced to work
in a metric measure space where the measure of balls does not behave like a
fixed power of the radius, in particular there is not a homogeneous dimension.
Therefore a good deal of preliminary work (see §3) has to be done to craft the
geometric and real analysis tools necessary to make the Levi method work. In
particular, it turns out that the right function to measure the size of a kernel

k(x,y) is
R -1
= [*
7 ( d(z,y) |B (ZL',T)|

which for 8 € (0, p), is bounded by (but not equivalent to)

d(z,y)"

“Blz.d(@.)] (1.9)

and satisfies a key property which is very useful in iterative computations (see
Theorem [B.5]), and could not be proved for (L9).

The Levi method is then implemented as follows. We look for a fundamental
solution for L of the form

v (2,y) = P (z,y) + J (z,9)



where P is as in (L8] and

J (z,y) :/UP(:C,z)q)(z,y)dz.

In turn, we will find ® as the series

O (z,y) =Y Zi(2,y) for z £y

j=1
where the Z;’s are defined inductively by

Zit1 (z,y) = / Zy(x,2) Zj (z,y)dz  for z #y.
U

In §4, exploiting the results of §3 and some results proved in [5], [6] and
recalled in §2, we prove the basic properties and upper bounds satisfied by
the functions Z1, Z;, ®, J, and we deduce the existence of a local fundamental

solution ~ satisfying (L3), (L4), (L3).

The next step, in §5, is then to compute the second derivatives of v, that is
XXy (5,) = XX (0,) + X [ P (0.2) @ (0) ds
U

(all the X; derivatives being taken with respect to the x variable). In order to
do that one has to exploit, in particular, Holder continuity (with respect to d)
of z+— ®(z,y), to allow differentiation under the integral sign. Proving Hélder
continuity of ® and the existence of X;X ;v forces us to deepen the analysis
of the properties of the map ©, (§) and to strengthen our assumptions on the
vector fields, requiring from now on X; € C™* and Xy € C"~1*. Once the
existence of X; X ;v and the upper bound (LG]) are proved, we can show that for
any > 0and f € Cf( (U), the function

W(SC)/Uv(x,y)f(y)dy (1.10)

is a classical solution to the equation Lw = f in U. In particular, we establish
an “explicit” representation formula for X; X;w (see Corollary 5.19), containing
singular integrals, fractional integrals, and multiplicative terms. This formula,
although rather involved, is designed in view of the subsequent proof of Holder
continuity. The point is that, for technical reasons related to the starting defi-
nition of the parametrix P (z,y), which is assigned by an integral with respect
to the “lifted variables”, the singular part of

Xi/UXﬂ(:E,y) f(y)dy

cannot be easily written in a form like

lim Xi Xy (x,y) f (y) dy,
=0 Ja(z,y)>e !



which should allow to apply directly some abstract theory of singular integrals.
Instead, we have to rewrite properly the integral, to transform the singular part
into something like

/ k(e 9) [f () — £ (=) dy (1.11)

with k singular near the diagonal.

In §5 we also prove Hoélder estimates on X;X;v, the difficult part of the
estimate being that on X, X;J. We then pass to prove that the solution (IL.I0) to
Lu = f possesses locally Holder continuous derivatives X; X;w. This amounts to
proving Hoélder continuity of each term of the representation formula for X; X ,;w
previously established. While for the fractional integrals it is fairly enough to
exploit Holder continuity of X;X;J, the singular integral term also requires the
proof of a cancellation property of the kind

/ k(z,y)dy| < c¢ for any r1 < ro.
r1<d(z,y)<ra

In order to prove C' continuity of singular and fractional integrals we both
apply some abstract results proved in [7] for locally homogeneous spaces and
revise some techniques used in [3].

Finally, in Appendix we give some examples of nonsmooth Hoérmander’s
operators satisfying assumption A in §2 or assumption B in §5.

2 Some known results about

nonsmooth Hormander’s vector fields
In this section we fix precisely our notation and assumptions, and recall a num-
ber of known facts which will be used throughout the paper. In some cases,
we do not recall the complete definitions given in [5l [6], but only the properties

that are needed for our current purposes.
Let Xo, X1, ..., X, be a system of real vector fields

Xi = Zbij (.T) sz,
j=1

defined in a bounded, arcwise connected open set 2 C RP. Let us assign to each
X; a weight p;, saying that

po=2andp;=1fori=1,2,...,n.

For any multiindex
I= (ilaiQa"'aik)

we define the weight of I as
k
|I| = Zpij
j=1

and we set
X=X, X,,.. Xi,



and
X = [Xay, [Xigs o [ X Xan] )]

where [X, Y] is the usual Lie bracket of vector fields. If I = (i1), then
Xy = X, = X1

As usual, X[7) can be seen either as a differential operator or as a vector field.
We will write X[7)f to denote the differential operator X acting on a function
f, and (X [I])z to denote the vector field X|;; evaluated at the point .

For a positive integer k and « € (0, 1] we define the (classical) Holder space
Ck () of functions k times differentiable (in classical sense), with derivatives
of order k belonging to the Hélder (or Lipschitz) space C* (), defined by the
finiteness of the norm

[flle @y = sup [f @)+ 1flea)

with
|f|ca(Q) = sup M

(o]
z,yEQ,xH#Yy |:C - y|

Assumptions A. We assume that for some integer r > 2 and some a € (0, 1],
the coefficients of the vector fields X1, X, ..., X,, belong to C"~1:% (Q) , while the
coefficients of Xy belong to C"=2< (Q). If r = 2, we assume o = 1. Moreover,
we assume that X, X1, ..., X,, satisfy Hormander’s condition of step r in €, i.e.

the vectors
{(X[I])gg}mgr

span R? for any x € Q. (For examples of systems of vector fields satisfying the
assumptions, see the Appendix).

We note that under our assumptions, for any 1 < k < r, the differential
operators { X}, <, and the vector fields {X} )<k AT€ well defined, and have

Cr—ko coefficients.
We will sometimes need the transpose operator

L' =) (X)) +X; (2.1)
=1

defined by the transpose operators X/ of the vector fields, which act on smooth

functions as
P

Xiu(x) == "0, (bij (z)u(z)).
j=1
Note that, in order for L*u to be well defined, at least as an L° function, we
need the b;;’s to be at least C1! for i = 1,2,...,p, and C%! for i = 0. This is
one of the reasons why we need a = 1 if r = 2. We will also use this in the
proof of Theorem 210l

The subelliptic metric, analogous to that introduced by Nagel-Stein-Wainger
in [31], is defined as follows:



Definition 2.1 For any 6 > 0, let C (0) be the class of absolutely continuous
mappings ¢ : [0, 1] — Q which satisfy

90/ (t) = Z ar (t) (X[I])ap(t) a.e.

[1<r
with ay : [0,1] = R measurable functions,
jar ()] < 611,
Then define
d(z,y) =inf {6 > 0:3p € C () with ¢ (0) =z,0(1) =y}
and denote B(x, p) the associated ball of center x and radius p.

The finiteness of d for any couple of points of €2, as well as the basic properties
of this distance in the nonsmooth context have been established in [5]. In
particular, we will use the following facts:

Proposition 2.2 (Relation with the Euclidean distance) There exist a pos-
itive constant ¢; depending on Q and the X;’s and, for every Q' € §, a positive
constant co depending on Q' and the X;’s, such that

crle —yl <d(z,y) <calv—y[V" for any v,y € Q. (2.2)
In particular, the distance d induces Euclidean topology.

Theorem 2.3 (Doubling condition) Under the previous assumptions, for any
domain Q) € Q, there exist positive constants c, pg, depending on €, €Y and the
X;’s, such that

B (z,2p)| < ¢|B (z, p)|

for any x € Q', p < po.

Theorem 2.4 (Volume of metric balls) For any family T of p multiindices
I, Doy o, Iy with |I;| < vy et |Z| = 308 |1;] and Az (x) be the determinant of

the p X p matriz with rows {(X[Ij])z} . For any Q' € Q) there exist positive
I,eT
constants cy, c2, po depending on Q,Q' and the X;’s, such that
clzp\z ()] p*! < |B (z, p)| CQZ')\Z (2.3)
7

for any p < po, x € ', where the sum is taken over any family T with the above
properties.

Definition 2.5 (Holder spaces) For any U € Q we can introduce Hélder
spaces C§ (U) with respect to the distance d, letting for a > 0,

Ifleg o = s 1f @)1+ Fleg o
with

o M@0
floswr =, 0 ey

10



Also, we let
G (U) = {F U = Rl [[fl o) < 00}

where

1lleze @y = Wl @) + 3 1Kt los o -

1<z
By (22) the following hold:
fec* (@)= felx (@)
feCs Q)= fecm ().
Note, in particular, that saying “f € C8 (Q) for some 8 > 0” is the same as
“f e C’f( (Q) for some 3 > 0.

We will also need the following property, which is similar to that proved in
[BL Thm. 5.11]. For convenience of the reader, we recall here its short proof.

Proposition 2.6 Let T € Q and let B (Z,R) C Q. For any f € CY(B (7, R)),
one has

[f(@) = f@)] < d(x <Z sup |X;f[+d(z,T) sup |X0f|>

i—1B(E.R) B(z,R)
for any x € B (T, R).
Proof. Let z € B (Z, R), hence by Definition 2] there exists a curve ¢(t), such
that ©(0) =7, ¢(1) = z, and

n

©'(t) = Z)\z‘(t) (Xi) ()

i=0

with [Ao(t)| < d(x,7)* and |X\i(t)| < d(2,T) for i = 1,...,n. Moreover, every
point «y (¢) for t € (0, 1) belongs to B (Z, R). Then we can write:

£ T)| = '/ dt‘ |/ ) (Xif) yry clt

<d@my sup Xuf| +d(@D)° sup |Xofl.
B(z,R)

i= 1B(

as desired. m
In [6] an extension to nonsmooth vector fields of some known results by
Rothschild-Stein [33] are proved. The first one is:

Theorem 2.7 (Lifting theorem) For every xo € €, there exist a neighbor-

hood U (xq) , an integer m and vector fields of the form

Xi, = Xy, + Zukj (z,h1,ha,y . hj1)

j=1

0
— 2.4
Oh; (2:4)
(k=0,1,...,n), where the ug; s are polynomials of degree at most r—1, such that
the )~(k ’s are free up to step r and such that {(f([l])( h)} span RPt™ = RN

[I|<r
for every (xz,h) € U (x¢) x I, where I is a neighborhood of 0 € R™.

11



We do not repeat here the exact definition of free vector fields, in our
weighted situations, because we will never use it explicitly.

An easy consequence of the structure (2.4]) of the lifted vector fields is that
for any differentiable function f (z,h) and any smooth cutoff function ¢ (h) we
have

Xi[f (@ h)p(h)]dh= |  Xif(2,h)p(h)dh (2.5)
RWL Rm
since the integrals [5,, 5 (...) dh vanish.

We will denote by d the distance induced in U () x I by the lifted vector
fields X; (i = 0,1,2,...,n), as in Definition 2], and by B(n,r) the corresponding
metric ball of center n and radius r. We will also set

n
L=Y" X?+ X

i=1
Let us recall that a structure of homogeneous group G on RN consists in a
Lie group operation o (which we think of as translation) such that the origin is
the unit in the group and the Euclidean opposite is the inverse in the group, and
a one-parameter family {D ()}, of group automorphisms (which we think of

as dilations), acting as follows:

D ()\) (ul, Uy veey UN) = ()\O‘lul, )\QQUQ, ceey )\QNUN) s (26)

for some positive integers ay, aa, ..., an. The sum of these integers is called the
homogeneous dimension @ of G.

A homogeneous norm on G is any function ||-|| : G —[0, c0) such that

lu| =0<= u=0, ||D (N u|| = Aul| for any A > 0,

[lug o uall < e(Jlurl] + |luzll), Huilu < c||u|| for any u, ui,uz € G.

Such a homogeneous norm naturally induces a distance Hu1_1 o UQH in G; the
(Lebesgue) measure of the corresponding ball in G is translation invariant, and
multiple of 7@. In the following we will use a fixed homogeneous norm on G.

Definition 2.8 (See [6]) We say that a vector field

N
R= Z cj (u) Oy,
j=1

on the group G has weight > 3, for some g € R, if

lej (w)] < elul| 7

for u in a neighborhood of 0.
The second basic result proved in [6] is:

Theorem 2.9 (Approximation by left invariant Hérmander’s operator)
Let xo, U (z0), and I be as in the lifting theorem. There exist a structure of ho-
mogeneous group G on RN, N = p+m, a family of homogeneous left invariant
Hérmander’s vector fields Yy, Y1,Ya, ..., Y, on G and an open set V- .C U (x0) X I,
such that for any n € V there exists a smooth diffeomorphism ©,, from a neigh-
borhood of m containing V onto a neighborhood of the origin in G such that

12



O, (§) and its first order derivatives with respect to  depend on n in a C*
continuous way, locally uniformly in &, and for any smooth function f : G — R,

Xi(f00,) (&) = (V:f +R]f)(©,(9) VEneV (2.7)
(i=0,1,...,n) where R] are C"~P* vector fields of weight > o — p;. Moreover:
1. The following equivalences hold:
¢110, (€)] < c2d (n,€) < [0, ()| S esd (&) < eal®y (O (28)
for any &, m e V. Also,
e1p? < | B (€,p)| < cap? for any € €V, p < g (2.9)

where Q) is the homogeneous dimension of the group G and c;, pg are
suttable positive constants.

2. The modulus of the Jacobian determinant of £ — ©,,(§) has the form

d§ = c(n) (14O ([ul))) du, (2.10)

o ((3),.,)

is a C% function, bounded and bounded away from zero. (Here B is the
set of multiindices giving the basis {X|}rep involved in the definition of
the map ©,,.) More explicitly, (2.10) means that

where

c(n) =

d§=c(n)[l+w(nu)du

with |w (N, u)| < c||lu|l, w smooth in u and C“ with respect to n, uniformly
mu.

The diffeomorphism ©,, (-) is defined as the inverse of the exponential func-
tion

u— E(u,n) = exp <Z u[S[IM> (n)
IeB

where the vector fields S(jj,, are smooth vector fields depending on 7 in a C
way (see [0, §3] for the details).

In the next theorem we will show that both E (-,7) and ©, (-) have deriva-
tives that depend on 7 in a C“ way. As a consequence we will prove some
properties of the coefficients of the vector fields R .

Theorem 2.10

18] 1Blg
05E (u,m) and S5z (€) depend

1. For every multi-index B the derivatives
onn in a C* way.

2. IfR] = Zgil clh (u) By, then:

13



.M
i. the functions cy (u) (for 0 < i < gcu“?‘ (u) (for 1 <i < n)
J
depend on 1 in a C* way, locally uniformly with respect to u;
n
it. the vector fields ch:1 8657;"? (u) Dy, (for 1 < i< n,1<j<N) have
J
weight > o — 2.

Proof. We start with %i‘f . We know that

E(u,n) =~ (1,u,m)
where v solves the Cauchy problem
d
dt (t U 77) Z ur (S[I]’n)’y(t,u,n)
IeB
v (0,u,n) = 1.

For a fixed 7 the solution 7 (-, -,n) is smooth; moreover v depends on 7 in a C*
way. Therefore

d 3’7 oy
dt 6u IEZBUI t u 77)) a—’U,J (t’u’ 77) + (S[']]wn)'y(t,u,n)
87

Let now

Oy
w(t,u,m) = 0, (t,u,n),
851],7

t u 77 ZUJ (tauvn))v
IEB
BJ (tvua 77) = (S[J]’U)V(tﬂh”]) .
Since (S[J],,]) and S”f (&) are smooth in the ¢ variable and C* in the n

variable, the funct1ons A (t,u,n) and By (t,u,n) are smooth in (¢,u) and C* in
1. With the above notation,

{ Lw(t,u,m) = A(t,u,m) w(t,u,n)+ By (t,u,mn)
w(0,u,m) =0

whence we readily see that w is C® in 7). This shows that 22 = (u, ( ')

6 E s

has the same property. An iteration of this argument shows that also
C* with respect to 7.
18 \@

57 1 (&) we differentiate with respect to

To prove the analogous result for 2
& the identity

§£=E(0,():n)
finding the matrix identity

O 00,

=22



and then )
00, . [0E -
3 (€)= {% (©,(8) 777)] -

Since 2—5 (¢,m) is smooth in § and C* in n and O, (§) is C* in 1, we get the

11
desired result. An iteration of this argument shows that also 2 agﬁ?n (&) is C* in
n.

To prove 2.i, let f(u) = up and g, (§) = f (0, (&) = (0, (§)),. Then, by
1), we have B
Xigy (&) = (Yiur) (04 (§)) + ¢ (©4 (£))

so that B
el (u) = Xigy (0, (u)) — Yiuy,. (2.11)

Since Y;uyg is independent of 7 it is enough to consider the term )Zign (@n (u))
Let us write

[Kiga, (03,1 () = Xign, (67 ()|
< |Kiga, (051 ) = Kign, (07 )] + |Kigns (05} () = Kigas (65 ()]

and

Xign (€)= bij (¢ ag"

By Assumption A the coefficients bij are at least Lipschitz. Since g—?’ (&) are
J
smooth in & we have

[Xign, (63! W) = Kigy, (0, ()| < e[ (w) ~ 07 (u)]
clm —mna®

Also, since g—gj (&) depends on 7 in a C* way, we have
[Kiga, (07 () = Kig (67 ()| < clm —mal”
By (2II) this shows that  — ¢}, (u) is C*. Let us consider now

807.7

( )

Since
We have

depends on 7 in a C way it is enough to study V¢ ( Zgn) (@;1 (u))

8 by, ag
'Lgn Z 862 aé.j +Z Zj ag@@é—] (5)

By Assumption A, for ¢ # 0, bw € O™ 1% 5o that E” € C"~22, Since for

r =2 we have a = 1, ag is at least Lipschitz therefore 65 Xig,7 (&) is Lipschitz
with respect to & and C“ with respect to 7. The proof now follows as in the
previous case.

15



To show 2.ii, we first note that, from the proof of [6, Prop. 3.5], one reads
that
el (w)] < eful 71 (2.12)

On the other hand, we know that ¢, (-) € C"~%%, hence the Taylor expansion
of ¢} (-) and the bound ([ZI2) imply

och
Quj

< C|u|7‘—2+oz < CHuHak—Q-‘ra )

This implies 2.ii. =

The assertions on the “weight” of the remainders R in point 2.ii of the
previous theorem in particular mean that, whenever f : G — R is homogeneous
of degree —k (with respect to the dilations D (A)), then near the origin

Cc .

Moreover, the statements 2.i and 2.ii in the above theorem immediately
imply:

Corollary 2.11 All the differential operators D?j defined by the compositions
YR}, R}Y;, RIR! (i,j=1,2,..,n)

satisfy the bound

DL f (w)] < — (2.14)

X Tk 2—a

K2
forw in a neighborhood of the origin, whenever f : G — R is D (X)-homogeneous
of degree —k. Also, the coefficients of D?j depend on n in a C* way.

Next, we have to point out some properties related to the volume of metric
balls.

Remark 2.12 In contrast with (29), if we apply the estimates (Z.3) for x in
the neighborhood U (xg) where the lifting theorem applies, we find the following

useful inequalities
P Q
T1 |B (z,71)] 1
=) g Bl L — 2.15
“ () B ,ra)] =\ (215)

for any r1,79 with pg > r1 > ro > 0. This follows from the inequalities p <
|Z| < Q, holding for each T in the sums appearing in (Z3).

The following nonsmooth version of a well-known result by Sanchez-Calle
[34] and Nagel, Stein, Wainger [31], has been proved in [5], and allows one to
compare the volume of balls in the lifted and in the original variables.

Theorem 2.13 Let xg, U (xg), and I be as in the lifting theorem. Then, up
to possibly shrinking the set U (), there exist positive constants c1,ca, po, and
§ € (0,1) such that for any (z,h) € U (zg) X I, any y € B(x,6p), 0 < p < po,
we have

Bl )| L [Bem )
B (@ 7) < [ X ) < B (@.p)

C1

(2.16)
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Actually the second inequality holds for every y € U (zqg). Also, the projection
of B((xz,h),p) on R? is exactly B (x,p) .

Remark 2.14 Actually (218) is stated in [5] when Xq is lacking; however, the
proof given in [3] relies on the analog result which holds for smooth Hormander’s
vector fields. In turn, the result for smooth Hormander’s vector fields has been
proved in [3]|] when Xg is lacking, while just one of the two inequalities in (Z10)
has been proved in [F1|] also in presence of Xo; however, as shown in [18], the
same argument used in [F1|] allows one to prove also the other inequality. Hence
(214) holds in the smooth case also in presence of X, and the same is true for
nonsmooth Hormander’s vector fields.

Notation. Throughout the paper we will handle four types of vector fields,
which will be regarded as differential operators acting on different variables.
The vector fields

Y; and R}

act on the variable u in the group G (that is, they are written in the coordinates
u), and we will often have u = ©,, (£); moreover, the coefficients of the R}’s
depend on the variable 1 as a parameter. The vector fields

Xi and Xi

act on RP, RV respectively; they are often applied on a function of two variables,
and in this case, they will always be seen as acting on the first variable, which
in R? is called 2 and in R¥ is called £ = (x, h). For instance,

Xif (€m) =Xi [f (m)] (&)

These conventions will be applied consistently throughout the paper.

3 Geometric estimates

In this section we establish some estimates which relate the growth of some
kernels defined in the lifted space with that of kernels defined in the original
space RP. The fact that the volume of metric balls in RP does not behave like
a fixed power of the radius makes these estimates delicate to be proved. These
results will be fundamental throughout the following.

Let  C R? be a domain where our assumptions are satisfied, Q' € Q,xzg €
O, U (x9) = B(x0,79) € Q a neighborhood of 2y where the lifting and approx-
imation theorem is applicable, R a number small enough so that B (z,2R) €
for any x € U (zg). Let ,¢ € C§° (R™) be supported in the neighborhood I
of the origin which appears in Theorem 2.7 Shrinking if necessary U (z¢) and
the supports of ¢, 1, we can assume that 4rg < R and

d((z,h),(y,k)) <R

for z,y € U (x0) and h, k in the supports of , 1, respectively. With this nota-
tion, we have the following:

17



Lemma 3.1 For every 8 € R there exists ¢ > 0 such that

R P81

/ / v (h) Q_ﬂdhcp(k)dkgc/ ————dr
SR ||©, k) (2, h)|| d(a.y) | B (,7)|

for any x,y € U (x9).

This is just [3I, Thm. 5], in our nonsmooth context. It can be proved at the
same way using Theorem 2.T3]

It is convenient to give a name to the function which appears in the previous
Lemma, since it will be a central object throughout the following.

Definition 3.2 For z,y € U (zg),z #y and S € R, let
R A1
op (z,y) = / ——dr. (3.1)
’ (o) 1B (@,7)]

The estimate in the previous lemma is made more readable by the next:

Lemma 3.3 For z,y € U (x9) ,x # y, the following inequalities hold:

d(z,y)"
“Bz.d(@)] JorB<p
d(z,y)’
T,Y) < =
PN\ TBad@] By PP
d (‘Ta y)p B—p
“Blad(e ) Jor B> p

(recall that p is the Euclidean dimension of the space of variables x,y).

Proof. By (ZI5) we have:

|B(x,r)|>c|B(z,d(x,y))|< ) for d(x,y) <r < R.

d(z,y)
Hence, for 8 < p,
R B—1 P R B—1
/ A NP Y ) / "
d(z,y) |B (ZC,T)| |B (.T,d(.%',y))l d(z,y) r?
d(z,y)" V@wﬁwRﬁp

"B d(zy) p—B

o d@y)’ e, d@y)
SBd(ry) B (.d (x.y))

The proof in other cases is analogous. ®
By a standard computation the previous lemma immediately implies



Corollary 3.4 For any 8 > 0 the following bounds hold:

erP ifB8<p
Ug (.T,T)E/ os (z,y)dy < cer?=¢ if B=p (any e >0)
d(z,y)<r crP Zfﬂ >p

where in case B < p the constant ¢ is independent of R. In any case, g (z,7) —
0 as r — 0, uniformly in x.

Theorem 3.5 We have the following:
1) there exists ¢ > 0 such that for every 8,7 >0 :

1 1

[ oo o< (E i —) G34r (2, 2)
U(xo) Y

for every x,z € U (x0).
2) there exists ¢ > 0 such that for every v > Q

¢y (2,y) < cRV™?

for every x,y € U (x9). (Recall that @Q is the homogeneous dimension of the
group in the lifted space).

Remark 3.6 Comparing point 2) in the statement of the above theorem with
the case B > p in the statement of Lemmal3.3, one can see why in our context
it is necessary to work with the functions ¢g instead of the simpler functions

d(z,y)’
B (z,d (z,9))]’

The point is that the functions ¢z are bounded for B large enough, so that an
iterative construction involving integrals of the kind

Vs (2,y) =

/ 65 (@,9) 6 (v, 2) dy
U(zo)

ends with a bounded function. On the other hand, if one tries to prove an analog
of the previous theorem for the 13’s, the best upper bound one can find is

d(z,y)"
|B (,d (x,y))|

which is generally unbounded, because |B (z,d (z,y))| = cd (z,y)? with Q > p.
This “dimensional gap” occurs in our general context since the measure of a
ball does not behave like a fixed power of the radius.

Proof. We start by noting that

g (2,y) < cdp (y, ) -

Indeed,

( R FB-1 R -1 (
10) x,y):/ 7dr<c/ ————dr = cés (y, )
’ d(ery) | B (@,7)] d(ey) 1B (y,7)] o
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since for d (z,y) < r we have B (y,r) C B (z,2r); for x € U (z9) and r < R the
doubling condition is applicable and gives

1B (y,r)| < |B(2,2r)| < c|B(z,7)|.

Also, since R > 4rg > 2d (z,y) for any z,y € U (x(), we have
R B—1 R/2 B—1 R B—1
T T r
LA :/ 7dr+/ SLA—
/;d(z,y) B (z,7)] Ld(z,y) B (z,7)] r/2 |B(z,7)]
R g1 R -1
c r r
<oi [ Famdrd [
28 /d(;v,y) |B (SC,T)| d(z,y) |B (ZL',T)|

< c/R Tﬁ;dr (3.2)
h d(z,y) |B (ZL',T)| -

where c is independent of 5. Now,

/ 63 (2,9) 6 (v, 2) dy
U(zo)

= ()dy+/ ()dy—i—/x gm0 dY
/d(z,y)<%d(z,z) d(zy)<dd(@,2) Zgzzggggmg

=I+11+111.

To bound I we note that 1d (y,z) < d(z,z) < 2d(y, z), hence

R Tﬂfl R S'yfl
N (=T L S
d(z,y)<%d(m,z) d(z,y) |B (ZC,T)| d(y,z) |B (Z,S)|
R y—1 R B—1
S T
< c/ 7(15/ / ————dr | dy
1d(z,z2) |B (Z,S)| d(z,y)<3d(z,z) < d(z,y) |B (ZC,T)| )

and, applying Fubini’s theorem in the integral in drdy,
1 . 1
d(z,y) < §d($,z),d(x,y) <r<R=0<r<R,d(z,y) < min (§d($,z),r) ,

we have that

R 8771 R —
I< c/ 7ds/ / dy | dr
1d(z,2) |B (Z’ S)l 0 |B (‘T 7“ (z,y)<id(m,z)Ar
/R 8771 d(m Z) Tﬂ
c ———ds / / dr
%d(m,z) |B (Zv S)| 0 |B &€, T | d(z,y)<
R -1
+ / RN / dy | dr
1d(z,z2) |B (:L', T)| d(z,y)<3d(z,z)

[ e B (d (@)
c ——ds / _dr—i—/ _ x,d(x,2))|dr
1d(z,z) |B (sz)| 0 Ld(z,2) |B (SC,T)|

=14+ 1Ip.

N
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In turn,

A (R -1 R B+y—1
c (1 s c sPTY
Iy =— (—d(x,z)) / ——ds < = ———ds
2 3d(z,z2) |B (Za8)| B d(z,2) |B (Z’S)|

and, using the notation B(x;z) = B (x,d (z,2)) and applying (3.2)),

el [ s [
B <c T2 ——ds ——dr
d(x,z) |B (Z,S)| d(z,z) |B (ZL',T)|

|B( )| R S'yfl /s rﬁfl p /R rﬁfl J p
=c Tz — = ar + ————dr | ds
d(z,z) |B (Za S)' d(z,z) |B (‘T’T” s |B (.T,T)l

= IBl +IBQ,

where, since in Ip, we have d(x,2) < s < r, then |B(z;z)| < |B(z,s)| and

therefore
R . R -1
Ip, < c/ s7 / —dr | ds (3.3)
d(z,z) s |B (SC,T)|

applying Fubini’s theorem:
d(z,2) <s<R,s<r<R=d(z,z) <r <R, d(z,z)<s<r

R rB-1 T L
=c _ s ds | dr
/d(;v,z) |B (:L',T)| /d(m,z)
R Tﬁ71 r .
gc/ 7</ s"ds)dr
d(z,z) |B (ZC,T)| 0
c /R pPry=1
== ———dr.
Y Jd(z,z) |B (ZC,T)|
As to Ip,, applying once more Fubini’s theorem,

d(z,2z) < s<R,d(z,z) <r<s=d(z,z) <r <R,r<s<R,

we have

R Tﬁ71 R g1
Ip, =c|B(z;2)| / ds | dr
d(z,z) |B (@) \J;r |B(25)|

since d (z, z) < r implies |B (z; 2)| < |B (z,r)|,

R R -1
< c/ rp-1 / Sids dr
d(z,z) T |B (Za S)|

and this can be handled as I, (see (B3)).

We have therefore proved that I satisfies the desired bound. The term IT
can be handled analogously (by symmetry).

Let us come to the bound on I1I. Since

1 1
d(z,z), d(z,y) = §d(x,z) and d(z,y) <r < R,d(y,z) <s<R

d > -
(:C,y) 2
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imply
1 1
§d(x,z) <r< R,Ed(x,z) <s<R

and i )
§d(x,z) <d(z,y) < §d(x,z) <d(y,z) < s,

applying Fubini’s theorem in the triple integral gives

R R S'yfl

III:/ —_ —_— / dy | dsdr
1 B 1 B zd(z,2)<d(z,y)<r
sd(z,z) | (‘T’T)l sd(z,z) | (Z’S)| 1d(e,2)<d(y,z)<s

R Tﬂ_l R S'y—l
< —_— ———— |B(z,7) N B(z,8)|ds | dr
/;d(z,z) |B (SC,T)| /;d(z,z) |B (Za S)|

/R 7"'6_1 /7‘ R S’y—l | ( ( |
= _ +/ (7330,7“)03 z,8) ds)dr
Ld(z,2) |B (SC,T)| Ld(z,2) T |B (sz)|

= 1114+ I1Ip.

R Tﬁ71 r
IHAg/ _ / 77 Vds | dr
1d(z,z2) |B (ZC,T)| 1d(z,z2)
R rB-1 T L
< _— sT ds) dr
/%d(m,z) |B (ZC,T)| </0
1 [F phty-1
= —/ ———dr
Y 1d(z,z2) |B (SC,T)|
R B+v—1
(& T
<¢ A
Y /d(;v,z) |B (.T,T)|

by B2). As to I1Ig, since

Now,

1 1 1
id(x,z)<r<R,r<s<R:> §d(z,z) <S<R,§d(z,z) <r<s,

by Fubini’s theorem,

R R 5771
IIIB</ rA=1 / ——ds | dr
1d(z,z2) r |B (Z,S)|
R 7—1 S
= / R / P ldr | ds
1d(z,z2) |B (sz)| 1d(z,z2)
R y—1 S
< / 5 </ rﬂ_ldr> ds
1d(z,z) |B (Z S)| 0

gB+r—1
/ Tre i
ﬂ d(zz |B 2,8 |

gB+r—1 S
< = S.
6 d(z,z) |B (Z,S |
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This shows that also I11 satisfies the desired bound, and point 1 of the theorem
is proved.
As to point 2, the volume estimate (2.I5]) gives, for any r < R,

Q
B >e(g) |B@R)>a?

since

inf |B(z,R)|=2¢>0
e

as easily follows by the doubling condition. Then, for any v > @,
R y—1 R y—1 R
/ 7qidr < / " ) dr < c/ r71=Qgy = cRYC.
d(z,y) |B (ZL', 7’>| d(z,y) cr 0
]

In order to deal with continuity matters of the next sections, we will need
the following

Proposition 3.7 Let T C U (x¢) be an open set.
(i) Let f(x,y),g(z,y) be two functions defined in T x T satisfying

|f (‘T’y)l < C¢B (‘T’y);
9 (2, y)| < cdy (7,9),

for some B,v > 0 and any x,y € T,x # y. Assume that both f and g are
continuous in the joint variables (x,y) for x #y. Then the function

Mawzéfwﬁg@wﬁ

is jointly continuous in T x T for x # y.
(i1) Let f (x,y) be a function defined in T x T satisfying

d(z,y)’
|B (z,d(z,y))]

for some 8 >0, f (x,y) measurable with respect toy for every x, and continuous
with respect to x at any x # vy, for a.e. y. Then the function

:Af@w@

Proof. (i) Let ¢, : [0,00) — [0, 1] be a continuous function such that ¢, (t) = 0
for t < e/2, pe (t) =1 for t > €, and define

fe(z,y) = f (=, ) = (d(z,y));
9e (@, ) 9(z,y) ¢ (d(z,y));

0= [ £ G
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For any fixed € > 0 the function

Je (2,2) ge (2,9)

is measurable with respect to z for every (z,y) and, for any z € T, continuous
in the joint variables (x,y). Moreover by our assumption on f,g and Lemma

B.3
1 1

<c(e).
B (z,€)[ B (y,¢)] ~
Then, by Lebesgue theorem, h. is continuous in 7'x T, since T" has finite measure.

Let us show that he (z,y) = h (x,y) locally uniformly for z # y, which will imply
the continuity of h. To see this, let us write

|fe (2,2) ge (2,y)] < ¢

he (2,y) — h(z,y) = / e (@,2) — £ (2,2)] g2 (1) d2

T

+/Tf(:w) (92 (2,9) — 9 (2,9)] d=
and

he () — b (2,9)] < / 65 (2, 2) by (2,) dz

d(z,z)<e

+C/ ¢B($az)¢7(2,y)dzzl+ll.
d(z7y)<a

Now, for d (z,y) 2 6 > 0 and € < 6/2, d(z,2) < ¢ implies d (z,y) > §/2, hence
by Lemma B3 ¢ (z,y) < c¢(4) and

1

N

c(é)/ ¢p(x,2)dz=1c(6) Vg (z,e) =0
d(x,z)<e
as € — 0, uniformly for d(x,y) > ¢ > 0 (see Corollary B4]). Analogously

ugcw)/d( 1l = (0) ¥, (16 > 0
z,y)<e

as € — 0, uniformly for d (z,y) > 6 > 0. Hence (i) is proved. The proof of (ii)
is similar but easier. m

4 The parametrix method

Let xg, U (x9), and I be as in the previous sections. To shorten notation, in
the following we will write U instead of U (z¢). We will denote by &,n lifted
variables ranging in the small domain

V CUxICRP™,

as in the approximation theorem. By known results of Folland [13], the operator

P
EZZY;Q-FYO

i=1
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possesses a fundamental solution I" on G, left invariant and homogeneous of
degree 2 — Q. (Recall that, in order for Folland’s theory to be applicable, the
homogeneous dimension @ of G must be > 3. However, this restriction only
rules out uniformly elliptic operators in two variables).

In particular, this means that for some positive constant ¢ we have

c

~ INCHEGES W
(50) (O (O], | X4 [0 (0 (O] < e
(4.1)
[aasSICHGIE Xz-i(j L0, (€)]| < W
(5T (@ (NI [Xo L (€0 ()] < 1o

for every n,& € V, n # £, where the X-derivatives act on the & variable. Recall
that, according to the Notation stated at the end of §[2 we will always assume
that differential operators act on the £ variable of I' (©,, (§)). Also, recall that

by @3) 1|0, (¢)|| is equivalent to d (n, ).
Let us define the following (local) parametriz for the operator L. For x,y €

U, we set

P(z,y) = /m </W L (O, (z,h)) ¢ (h) dh) v (k) dk, (4.2)

where ¢ € C§° (R™) is a cutoff function fixed once and for all, equal to one in
a neighborhood of the origin and supported in I. It is worth telling that the
alternative definition

/m L (O(y,0) (x,h)) ¢ (h)dh

of the parametrix (as in [3I, eq.(20)]) would be fit for the purposes of this
section, but not for those of section Bl Let us also note that, in case our vector
fields X; were free up to step s, the lifting procedure would be unnecessary, we
would simply have X; = X; and:

P(z,y) =T (0 (2)).

As already sketched in the introduction, the strategy is then the following.
We look for a fundamental solution for L of the form

v (2,y) = P(z,y) + J (2,9)
where

J (z,y) :/UP(x,z)q)(z,y)dz.

In turn, we will find ® as the series

O(z,y) =D Z(2y) for z £y (4.3)

j=1
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where the Z;’s are defined inductively by
Zy (z,y) = LP (z,y) (4.4)

Zit1 (z,y) = /UZl (x,2) Zj (z,y)dz for z #y.

More precisely, we will eventually find that the above identities need to be
slightly modified multiplying some of the involved functions by a suitable coef-
ficient ¢g (x); the necessity of this will be clear in the following.

Before carrying out this plan step by step, let us clarify the way how our
constants will depend on the vector fields:

Dependence of the constants. All the constants in the upper bounds proved
in this section will depend on the vector fields X;’s only through the following
quantities:

(i) the norms C™~1%(Q) of the coefficients of X; (i =1,2,...,n) and the
norms C"~2% (Q) of the coefficients of Xo;

(i) a positive constant ¢y such that the following bound holds:
det (X1, (X)), o (Xi1,1), )| = o

inf max
z€Q |I1],|I2],..., [Ip|<r

where “det” denotes the determinant of the p X p matrix having the vectors
(X[L;])z as rows.

Proposition 4.1 (Properties of P) Under the above assumptions and with
the above notation, we have, for any x,y € U:

P(,y) € C=(U\{y}); (4.5)

P(z,-) € Cp. (U\{z}): (4.6)
PeC(UxU\A); (4.7)

X;P, X;X,;P, XoP € C(UxU\A) (4.8

fori,j =1,2,....,n, where A = {(x,z) : x € U} and the exponent o € (0,1] is
the one appearing in the assumptions on the coefficients of the vector fields X;’s.
Moreover:

|P($ay)| <C¢2 (‘Tay); (49)

|X1P (Z',y)| <C¢1 (SC,y) fOT’L: 15277”” (410)

|XJX1P (zay)|5|X0P (Z',y)| <C¢0 (SC,y) fO’f’ Zv]: 1527777’ (411)
(For the meaning of the symbol X;P (z,y), recall the Notation fixed at the

end of §[2). Note that, regardless the infinite differentiability of P (-,y), only r
derivatives of P (-,y) with respect to the vector fields X; exist (since the vector

fields themselves are nonsmooth). In particular, recalling that r > 2, we have
that X; X ;P (z,y) is well defined for any = # y.

Proof. From (@2)) we read that for any = # y the integral defining P is
absolutely convergent, and P can be differentiated under the integral sign. Since
T" is smooth outside the origin, by the properties of the map © stated in Theorem
29 condition (£5) immediately follows. To prove [6]) and [@71) we will show
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that for « # y we have a locally uniform (in z) control on the C}., modulus of

continuity in y for P (x,-). Namely, since I" is smooth outside the origin, we can
write
T (u1) = I (u2)| < (6) Jur — us

if |ui| > 6 and |uy — ug| < 6/2. Also, we know that, by Theorem [20]
~ 1/r
d(SC,y) < d((xvh) ) (ya k)) <c H®(y,k’) (xvh)H <c ’®(y,k:) (xvh)’

and
’9(y1,k) ((E, h) - e(yQ,k) (‘T’ h)’ < c |yl - y2|a )

hence there exist constants c1,co such that for any fixed 6 > 0, if d(x,y1) >
1617 and lyr — y2| < 201/ then

P =Pl < [ ([ 10O @) = T (O ()] o (k) ) o ()
| «@

<c(0) lyr —y2

which means that P (x,-) is C* locally uniformly for x # y.
Lemma BTl with 8 = 2 together with (2.8)), (1)) and 2] implies [Z3).
Moreover, by (28] and @2.7),

X, P (m,y):/m /m Xi [T (©x) (x,h)) @ (h)] dhg (k) dk
= [ {0 @ ) + (RO (0, (1) | o (1)
+ T (O (2, 1)) Xip (h) } dho (k) dk

- /m /m (Vi) (O 1) () @ (h) dhp (k) dk
Jr/]Rm / ;Ql (y, k5 @, h) i (h) dh (k) dk

where ¢; € C§° (R™) and, by 213) and (@I,

C
Qi (y, k; @, h)| <

1Oy (. )|~
C
1€y (. 0|7

(Vi) (O k) (2, 1)) | <

so that Lemma Bl implies (EI0).

27



The proof of ([I1]) is an iteration of the previous argument:
X;X;P (z,y) :/m . X;X; [T (On) (2, h) ¢ (h)] dhp(k)dk
=[] A0y @ ) ¢ (0
+ (VRO + R““"’“’Yir + BPYRIT) (04, (2. 0) o (h)
+ ) (6(%,@( )+ (RPIT) (01 (2.1) | Kip (h)
+ [(40) (8 (2, 1) + (BPPT) (00,19 (2, 1) | Ko (h)
T (B0 ( h>)X Kip ()} dhp(k)dk

N / " / (VYD) (B (2, ) i (h) dhsp(k)dk
+/m’/m;Qs (y,k; :L',h)gas (h)dh@(k)dk

with ¢ € C§° (R™) and, as above, exploiting now also Corollary 211]

c

Qs (y, k5 @, h)| <

W

||@<y,k>

(YY) (O, (2, h)| S ————7

which by Lemma Bl implies (£I1)) for X;X;P (x,y). The proof of the bound
on XoP (z,y) is similar.

Finally, the explicit expression of the derivatives X;P, X; X;P, XoP allows
us to repeat the argument used to prove (1), showing that also (£8]) holds. m

Proposition 4.2 (Properties of Z;) Let L be as in {I1) and, for x,y € U,

T #y, let
7y (z,y) = LP (z,y). (4.12)

Under the above assumptions and with the above notation, we have:

7y (y) € Ol (U N\ {w}); (4.13)
Zy (z,-) € Ce (U N\ {2}); (4.14)
Z1eC(UxU\A). (4.15)
Moreover:
1Z1 (z,y)| < c16a (2,y) . (4.16)

Proof. Let us first prove (£I6). The computation is similar to that of the
previous proof. However we have to write it explicitly because we will need it
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in the following. By (ZX) and Theorem 2.9 we have
Zy (z,y) = /m /m LT (©ux (z,h)) ¢ (h)] dh p(k)dk
- /Rm {(LD) (O (. 1)) o (h) +

+(> (Yjng””F +RUVYT + ng’k)ng’k)F) +RYPT | (O (,h)) ¢ (h)
J

+23° (V) (O (@, 1)) + BT (€1 (2,1) | Koo (B)

+T (O (x,h) Ly (h)} dh o(k)dk.

Since (LT) (u) = 0 for u # 0, then (LT) (O(yx) (2, h)) = 0 for (x,h) # (y, k), so
that, for = # vy,

3
Ziew)= [ [ S @k ahemdiemd @1

=1

where ¢; € C§° (R™) and, by Corollary 21T}
c

<
1©¢yr (2, 1)

|Qz (ya k, z, h)
It follows that

v ()
Zimwl <] ( | T (x,h)HQ_adh> (k)

for some 3 € C§° (R™). By Lemma B [@I6]) follows.
As to the regularity of Z, let us inspect for instance the term

Z/m /m (Rg‘y’k)ng’k)F) (O.k) (2, 1)) @ (h) dh o () dk

(all the others being more regular). By Corollary 211
urs RV RYIT (u)
is a ClTof’a function outside the origin. Since § — Oy, 1) (£) is smooth,
(z,h) = RYPRYPT (0, 4 (2, 1))
is at least O] > for (z,h) # (y, k), and Z; (-,y) € C...2* (U \ {y}).

To deal with the regularity of Z; (z, ) note that by Corollary 211l R} RT (u)
depends on 7 in a C® continuous way locally uniformly in v # 0. It follows that

Y (R§y’k)R§y’k)F) (Oy.k) (x, )
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is Cf. (U \ {z}) and the same is true for Z; (z,-), by an argument similar to

that used in the proof of Proposition [£.1] to deal with P (z,-). Joint continuity
of Z1 in (x,y), outside the diagonal, also follows from these facts by a local
uniformity argument. m

Next, we can prove:

Proposition 4.3 (Properties of ®) Let, for j =1,2,3, ...,
Zit1 (z,y) = / Z1(x,2) Zj (z,y)dz  forz,y e U,z #vy. (4.18)
U

Then the functions Z; (x,y) are well defined for xz,y € U,x # y. Moreover,
shrinking U if necessary, the series

@ (‘T’y) = ZZJ (‘T’y) (419)

converges for x,y € U,x # y and the function ® satisfies the bound

@ (2,9)] < ca (2,9) (4.20)

and the integral equation

@(;L',y):Zl (zay)+/UZ1 (SC,Z)@(Z,y)dZ forz,yEU,x#y. (421)

Finally,
Z;, e C(UxU\A).

Proof. By definition of Z;, the bound ([@I6) and Theorem 3.5 we have, recur-
sively:

2
1 Z5 (z,y)] < C?cafbm (,9);

2
Zaal <t (e2) e (24 50 ) bua o <t (¢2) 6 o)y

« o

i 2 Jo—1 )
Zienl < (2) o) <CRINC <O

where jo is the least integer such that jo > Q/a. Then:
| Zjo 1k (2,9)] < CR™ (cer R*)* for any k > 0.
We now choose U small enough in order to get
6 =cci R < 1.

Then
|Zj0+k (xa y)' < C(Sk

so that the series

Z Zj (ZL',y)

J=jo
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totally converges and the upper bound ([@20) holds. Moreover, we can write,
for any z,y € U, x # y:

a@m+4&@@@@mw

:&meA&@@Z%wmw

j=1

=&um+zéz@@@@wm
=7 (xay) + ZZJ+1 (xay)

=Y Zj(x,y) =2 (z,y)
j=1
so that (@2I)) holds. Let us come to the continuity properties of Z;, ®. By (@.I5)
and Lemma B.7] the definition ([{I8) recursively implies that
Z; e C(UxU\A) forj=2,3,...

Since, by the above proof, the series in (£3) totally converges, this also implies
that
e C(UxU\A).

Proposition 4.4 (Properties of J) Let U be as in the previous proposition.
Forz,y e Ux #vy, let

J(z,y) = / P(z,2)®(z,y)dz. (4.22)
U
Then: J and X;J (i =1,2,...,n) are well defined for any x,y € U,z # y;
J, X;JeC(UxU\A); (4.23)
moreover, the following estimates hold (i =1,2,...,n):

T (2,y)] < cp2ta (,9); (4.24)
X (2,9)] < c11a (2,y) - (4.25)

Proof. By (@9), (£20) and Theorem 3.5 we have

NN

T (2,)] < cj£r¢2<x,z>¢a<z,y>dz < chrra (3,7).

Also, X;J is well defined, indeed
X;J (z,y) = Xi/ P(z,2)®(z,y)dz
U

- / X;P(z,2)® (2,y)dz
U
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and, by Propositions £l [£3] and Theorem [3.5]

|X1J (.T,Z)| < C/U(bl (ZC,Z) (ba (Zay) dz < C(bl-i-a (:’E,y) .

As to the continuity properties: by Proposition[£Iland Proposition 4.3 we know
that P (z,y),X;P (x,y),® (x,y) are continuous in the joint variables for = # y
and satisfy the bounds

P (2,9)] < e (2,9);
|XiP (z,y)] < cd1 (z,y) (i=1,2,...,n);
@ (2,y)| < cga (2,7)

Hence Proposition 3.7 implies (£23). =

Proposition 4.5 The following identity and upper bound hold in weak sense:

LJ (z,y) = /UZl (,2) P (2,y)dz — co () D (2,y), (4.26)

ILJ (z,y)] < c¢a (z,y) (4.27)
where
co (x) = / c(x, k) p*(k)dk
and ¢ (xz, k) is defined in (210).
Ezxplicitly, denoting by G (x,y) the right hand side of [{.20]), we have

/U J (z,y) LY (x) de = /U G (z,y)¢ (z) dx (4.28)

for any ¢ € C§° (U) and y € U, where L* is the transposed operator of L (see

(Z3)), and
|G (2,9)| < cda (2,9).

For the proof of the above proposition we need the following lemma.

Lemma 4.6 Let w be a smooth function on G such that w (u) =0 for |lul| < 3
and w(u) =1 for ||u|| > 1 and let we (u) = w (D (5’1) u) Let Ry and Ra be
vector fields on G given by

N N
R1 = Zaj (u) 8uj,R2 = Zb] (u) auj
Jj=1 Jj=1

and assume that, for a couple of s1,s2 € R and some constant ¢ > 0, every
i k=1,2,...,N,

Jaj ()] < ellul 75
167 ()] < e lul|
[0, bj (u)] < e a0

where the ;s are as in (2.0). Then there exists ¢’ > 0 such that for everye >0
andu € G

¢ ul™

<
< c ||u||51+52 )

| Riwe (u)]
| R1 Rawe ()]
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Proof. We have

Ow,
e (] < 3 o (]| 52

. 1
S1+y
<Z||UH1 i

< cllul™

()

ow 1
2 (b

since on the support of % (D (') u) we have [|lu|| < e. Similarly,
J

|R1 Rowe (u)| =

N N
= Z g (u) 8uk Z bj (u) auj We (u)
k=1

= j=1

N N
<ed fulT

Ouy bj (1) Oy, we (1) + by (u) 8% w,

Uk U

k=1 j=1
< cé ||u||51+ak]i1 (”“”52:# By w <D G) u>‘ + % 02w <D <§> u) D
< CXN: [l |27 = e T

k=1

]

Proof of Proposition To prove ([{.26) we use a distributional argument.
Let w. be as in the previous Lemma, let I'. = w.I" and define

P. (2,y) = /m </Rm T2 (40 (@) o (h) dh> o () di

" Je (x,y) = /UPE (2,2) @ (2,y)dz.
We have

s = [ ([ [ 1@ @) pman) o i
and

LJ. (x,y)

N /Rm /]Rm /U L[Te (O (2,h) ¢ (h)] @ (2,y) ¢ (k) dzdhdk
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LT, (®(Z,k) (z, h)) w0 (h)®(z,y) p (k) dzdhdk

I
§\
%\
S~

> (VREY + REVY; + REVREY + REV) T (0 (o, h))) X

+
?\
§\
S

X
>

@ (h)® (2,9) ¢ (k) dzdhdk

/ 2 Yil. (O (. h)) Xip (h) @ (2, y) @ (k) dzdhdk

%

+

+
T
7

c

/Rm /U L. (¢ (2,7)) LMy (h) ® (2,y) ¢ (k) dzdhdk.

S (GRS + RO+ REVRES 4 REO) T, ()

we now recall that, by Theorem [29] the vector fields Rgz’k) Y R(()z’k) satisfy the
assumptions of Lemma [£.6] with s; or s3 equal to o — 1, —1, a — 2, respectively.
A simple computation shows that

4

Z (Y;Rgz,k) —i—R(Z’k)Y; +Rz(z,k)RZ(z,k) +Réz,k)) Fa (u)‘ < HH%
u

i

Hence for suitable ¢; € C5° (R™) and Q). ; satisfying

|Q,(Z,k/’, .’L',h)|< ¢ "o
” 1.ty (. )|

we have

LJ. (z,y) = /m /m /ULTE (6(2716) (z, h)) ©(h)® (z,y) ¢ (k) dzdhdk

3
e (2, k5 @ h) @i (h) @ (2, k) dzdhdk.
o L ek e e G (e
Let now ¢ € C§° (U) be any test function. Then
/R L. (2,y) % () do =
/U/m/m/R LT (O (x,h) ¢ (x) ¢ (h) ¢ (k) dedhdk® (z,y) dz

T /U / ) / ) /R piQe,j (2. ks 2.h) ¥ (2) @; () @ (k) dadhdk® (z,y) d=.

Let now change variable in the first integral setting u = ©; ) (x,h). Then, by

M)
dxdh = ¢ (z,k) (1 4+ O (Jlul])) du,

and setting
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we have

/ L. (@, dm_/ /m/ﬁf w) Piay (w) du c(z, k)p(k)dk® (2,y) dz
// /EF O (lull) @2,k (w) du c(z, k)p(k)dk® (2,y) dz

i /U ] /R ngs,j (2. ks @.h) @) (h) ¥ () dwp(k)dhdk® (z,y) d=.

Since LT'. (u) = 0 for ||ul]| > ¢, letting e — 0 the second integral in the right
hand side vanishes, by Lebesgue’s theorem, and integrating by part in the first
integral we get:

lim LJ (x,y) ¢ (x)de =

e—0
/ L1 £ B (du cle. gt (. 9) d:
L] ;Qj (2. ks 2,h) 3 (h) & (&) plk)dndhdk® (=, y) dz
where @; are as in (LI7) and

r =2an5—¥6
i=1

is the adjoint operator of £, so that

/G I () £ By () du = — By (0) = — o (k) 8 (2)

and
lig | LI (@0) (@) do
/w co (2)® (2, y der//Rlexz (z,9) 7 (x) dzdz,
having set
co (2) = / (k) ¢ (R)dk. (4.29)

On the other hand,

lim LJ. (z,y) ¢ (z) de = lim Je (x,y) L™ (z) dx = / J (z,y) L*¢ (x) dz,

e—=0 Jrp e—=0 Jrp RP

which easily follows by Lebesgue’s dominated convergence theorem and the
bound @24)) on J, J.. Therefore

LJ (‘Tay) = —Co (:I:)@(x,y) +/UZ1 (‘T’y)q)(zay) dz,
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which is (£26]). This also implies, by ([@20), (£I6) and Theorem 35

LLJ(x,y>|szc¢a<x,y>+—c/2¢¢a<x,z>¢a<z,y>dz
< cho (2,Y) + choa (,y) < coa (2,9),
which is (Z27). =

In view of the presence of the term c¢g(x) in the identity (£206) we now
modify our previous construction as follows:

1
Z{ (m,y) = co—(:c)Zl (‘Tay) ;
%Hmmzézma%@wm

' (2,y) =D Zp (2,9);
k=1

J (z,y) = /UP(:I:,Z) ' (z,y)dz.

With these definitions, the following hold:

@umz@m+ﬁzuw@@ww; (4.30)
%w@uMA@m+L&um@mww; (4.31)
LJ (z,y) = / Zy (2,2) @ (2,y)dz — co (z) D (2,y) . (4.32)

U

Remark 4.7 Recalling that
0<ci <co(z) <

for any x € U, and that cg € C* (U) (since by Theorem the function c is
Hélder continuous), it is immediate to check that the functions Z1, Z],, &', J" sat-
isfy the same upper bounds (with different constants) and continuity properties

proved in Propositions -3 [0 for Z1, Zy, ®, J, respectively.
We have, at last:

Theorem 4.8 (Existence of fundamental solution) Let

v (z,y) = [P (z,y) +J' (z,9)].

c(y)

Then v (x,y) and X;v (z,y) (i =1,2,...,n) are well defined and continuous in
the joint variables x,y € U, x # y, and satisfy the following bounds:

)i (4.33)

v (z,y) T,y
z,y). (4.34)

y)| <



Moreover, v (-,y) is a weak solution to L (-,y) = —&,, that is:

/U () L7 () die = —1p (3) (4.35)

for any ¢ € C§° (U),y € U. Finally, if Xo =0, then there exists € > 0 such
that
v(z,y) >0 ford(z,y) <e. (4.36)

Remark 4.9 When Xy does not vanish the fundamental solution I' of the ho-
mogeneous operator can be proved to be only non-negative, as the example of the
heat operator suggests. As a consequence nothing can be said in this case about
the sign of v near the pole.

Proof. By @1), ), (#23) and Remark E7 the functions v (x,y) and
X7 (z,y) are continuous in the joint variables z,y € U,z # y.
The bounds [@33), (£34)) follow from Proposition 4] and Proposition I}

As to (434)),

d(z,y)*""

|B (x,d (z, )|

If Xo = 0, then also Yo = 0 and by [Il Prop. 5.3.13, p.243] the function I' is
strictly positive, hence

lco (y) v (x,9) — P (x,9)| = |J' (z,9)| < chata (2,y) < c

Cc
]| ?

and, reasoning like in Lemma [B.I] one can check that

dhdk
P(x,y) > C/ / o)
|k|<e J|h|<e ||@(y,k) (m, h)H
R 2
r d(z,y)
> c/ ——dr > c——7—"——
d(z,y) |B (:L',T)| |B (SC,d(SC,y)”

and ([£.38) follows.

To prove ([3H), we have to show that for any test function

(o () = / P (2,y) L (z) da + / T (2.y) L () dz = A + B.

As to A, exploiting the same computation performed in the proof of Proposition

295}
A= 6113% P. (x,y) L™ (z) dx = 35% LP. (z,y) ¢ (x) dz
— v am+ [ 7).

On the other hand, by ([@32)),

B/qu/)(:c){/Zl (2,2) @ (2,y)dz — co () @' (z,y)}d:c.
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By (@.31),
A+B=—¢(y)co(y)+
+/Rp1/)(z) {Zl (z,y) +/Z1 (z,2)® (2,y)dz — co (z) D’ (x,y)}d:c
=—¥(y)co(y)

and we are done. m

5 Further regularity of the fundamental solution
and local solvability of L

In this section, under a stronger regularity assumption on the coeflicients of
the vector fields, we will show that the fundamental solution ~ (-,y) actually
possesses second order derivatives with respect to the vector fields, satisfying
natural growth bounds, and « (-, y) satisfies the equation Lu = 0 (outside the
pole) in classical sense. As a consequence, we can establish a local solvability
result for the operator L.

Assumptions B. In this section we assume that for some integer » > 2 and
some a € (0,1], the coefficients of the vector fields X7, Xs, ..., X,, belong to
C™ (Q), while the coefficients of Xy belong to C"~% (Q). If r = 2 we as-
sume « = 1. Moreover, we still assume that X, X1, ..., X, satisfy Héormander’s
condition of step r in : the vectors

{(X[I])m}mgr

span R? for any z € Q. (For examples of systems of vector fields satisfying the
assumptions, see the Appendix).

Throughout this section we keep using the notation introduced in §4} in
particular, U stands for a fixed neighborhood of a point z¢o € 1 where all
the previous construction can be performed. Accordingly to Assumptions B,
from now on the constants appearing in our estimates will have the following
dependence on the vector fields:

Dependence of the constants. All the constants appearing in the upper
bounds proved in this section will depend on the vector fields only through the
following quantities:

(i) the norms C™% (2) of the coefficients of X; (i = 1,2, ...,n) and the norms
C™~ 5 (Q) of the coefficients of Xo;

(i) a positive constant ¢y such that the following bound holds:
det (X)), + (Xiga)) o (X01,0),.)

inf max

2 Co.
2€Q ||, I2|,..., [ Ip|<T

Before proceeding we need to define precisely our functional framework and
the notion of solution.
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Definition 5.1 If u is a function, not necessarily smooth, defined in an open
set D C €, then:

we say that X;u exists in D if the classical X;-directional derivative of u
exists in D;

we say that u € C (D) if for i = 1,2,...,n, the derivatives X;u exist and
are continuous i D;

we say thatu € C% (D) ifu € C% (D) and fori,j = 1,2, ...,n, the derivatives
X;Xju and Xou exist and are continuous in D.

Let f be a continuous function in D. We say that u is a (classical) solution
to

Lu=fin D
if u € C% (D) and Lu (x) = f (z) for every x € D.
We say that the operator L is locally solvable in Q if for every xq € ) there

exists a neighborhood U (o) such that for every 3 >0 and f € CP (U (x)) the
equation Lw = f has at least a C% (U (xg)) solution.

Note that, by Proposition2.6] any C% (D) function is necessarily continuous;
if Xo = 0 the same conclusion holds for C% (D) functions.

Remark 5.2 We recall that, even for the classical Laplacian, under the mere
assumption of continuity of f in D, a C? (D) solution to Aw = f may not exist.
A counterezample is given for instance in [15), exercise 4.9, p.71]. Therefore the
condition f € CP (D) in the definition of solvability is a natural requirement.

The existence of X;u will be sometimes established by the following:

Lemma 5.3 Let D C R be an open set and let X be a C* (D) vector field. Let
w be a C (D) function and let w. € C* (D) be such that for x € D, w. (z) —
w(x) as e = 0 and Xw. — g uniformly on D. Then w is differentiable along
X and Xw =g.

Proof. Let z € D and let v (t) be an integral curve of X such that v (0) = x
and let he (t) = we (v (t)). Since hL (t) converges uniformly we have

9 (u(1)) = lim Xuwe (u(t)) = lim . (1)

e—0

i (hm he (t)) = i (lim we (v (t))) = Xw(v(t)),

- dt \e—0 dt \e—0

so that
g(z) =Xw(z).

5.1 Preliminary results

We now need to sharpen the analysis of the map ©,, (§) performed in [6] showing
that, under the above (stronger) Assumptions B, this function possesses reason-
able properties also with respect to the “bad” variable 7. Namely, the following
holds:
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Proposition 5.4 Under Assumptions B:

i) the vector fields R appearing in (2.7) are CTT1=P:® wector fields of weight
> a — p;, depending on 1 in a C™ way.

i) the coefficients of the differential operators D) defined by the compositions
Y;RIR], RIRIR], Y;Y;R}, RIY'R], Y;R!Yy, R]RY:, Y:R], RIR}
(1=0,1,2,..,n;j,k =1,2,...,n) satisfy the bound

1DV ()] < :

e
for w in a neighborhood of the origin, whenever f : G — R is D (\)-

homogeneous of degree —p. Also, the coefficients of D] depend on n in a
C% way.

iii) the change of variables n — u = ©, (£) is a CH* diffeomorphism in a
neighborhood of the origin and its inverse 1 = 0y (£) " (u) is C* in the
joint variables (£, u). Moreover we have

dn=c(&§) (1+x(§u))du,

where, analogously to Theorem [2.9, ¢ (-) is a C* function, bounded and
bounded away from zero, x (§,u) is C* in the joint variables (§,u) and for
every 1,72 = 0 such that v1 + v2 < « there exists a constant ¢ such that

X (€1,u) = x (G2, )] < el — o™ [lull™ .

In particular
X (& u)] < efful®.

Proof. i) This follows with the same proof of [6 Thm. 3.9], under assumption
B.

ii) This follows as Corollary Tl by point 2.i of Theorem [ZTI0l Actually,
the same proof of point 2.i of Theorem 210 implies this stronger conclusion,
under the stronger assumption B.

iii) With the notations of [6 section 3.2] let

§=E(u,n) =exp (Z UIS[I],W> (n)

IeB

and recall that ©, (§) is defined by E (0, (§),n) = £. Observe that, for every
fixed £, to express n as a function of u is equivalent to solve with respect to n
the equation

E (u,n) — & =0. (5.1)

Revising the proof of [6, Thm. 3.9] under the assumption b;; € C™* (£2), one
can see that the smooth vector fields Sjjj,, depend on 7 in a CY* way. This
implies that £ = E (u,n) depends in a C1'® way on the joint variables (u,n) (see
[6, Prop. 30]). Since F (0,n) = n we have %—5 (0,m) = I. The implicit function
theorem applied to equation (G.1]) shows that n = 7 (u,&) is at least C! in the
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joint variables. The standard argument used to prove the further regularity of
the implicit function allows to prove that this function is indeed C'® in the
joint variables. Also, since

E(Uﬂ?(uaf)) _£ =0
differentiating with respect to u yields

oE oE on
o (u,m (u,§)) + o (u, n (u,€)) u (u,§) = 0.
Evaluating this identity for v = 0 (that is n = &) gives

OF an

so that
on _ O0F _ = X
o 9= =5, 0.9 == ((Sine) ., = - ((X”])z)IGB'

dn = Je (u) du

Since

with Jg (u) = ’det %} (§,u)’, we have

det ((f(m)g)

Note that xo (&, u) is C® in the joint variables (u, £) since 1 (u, &) is Che.
Assume now | — &| < |ul, then for any 1,72 = 0 with v1 + 72 < 0,

Ix0 (u,€1) = X0 (u,&)| < clé — &l <clé& — &l ul™.
If |§1 — §2| 2 |u| y since X0 (0,51) = X0 (0,52) = 0 we have

Ixo (u,€1) — xo (u,&2)] < |xo (u,&1) = x0 (0,€1)| + [x0 (u,&2) — x0 (0,&2)]
Sclul® <elé — &)™ [u™.

Je (u) = + X0 (& u). (5:2)

IeB

Hence in any case

X0 (€1,1) = X0 (§2,u)| < ¢l — & [|u| . (5.3)
Then (5.2) can be rewritten as

dn=c(&) (L +x(&u))du

det ((f(m)g)

is C“ and locally bounded away from zero, while

X0 (6) u)
X (& u) = —5—
="
still satisfies (53)). Hence point (iii) is proved. m
The following Holder continuity estimate on the function ® will be crucial.

where

c(§) =

IeB
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Proposition 5.5 For any € € (0, ) there exists ¢ > 0 such that

|q)/ (x17y> - q)/ ($27y>| < cd (1'1;1'2)&78 ¢€ (zlay)
for any x1,x2,y € U with d(x1,y) > 3d (z1, 22).

Note that the same result holds if the number 3 is replaced by another
constant k > 1, with ¢ depending on k.
The following easy variation of the previous result will be also useful:

Corollary 5.6 For any ¢ € (0, ) there exists ¢ > 0 such that

d(x1,y)° d(z2,y)°

[ (@) = @ (w29l S ed (@2 | Tpr T B (, d (a00)

for any x1,x2,y € U with y # x1, x2.

Proof of Corollary If d(z1,y) > 3d(x1,22) by Proposition and
Lemma [33] we can bound

a— o— d(z ) )
O (01,y) — ¥ (22, 9)] < cd (@1,22)° 6 (21,y) < ed (w1, 52)"F ——LELY)

|B (21, d (z1,y))|

Analogously if d (z2,y) > 3d (21, 22) we can write

d (:L'Qa y)E

(b/ _ (b/ < d a—¢ < d , a—¢ .
| (961,y) ($2,y)| c (iCl,(EQ) ¢8 (‘TQay) G (‘rl $2) |B ($2,d(1’1,y))|

Hence, let us assume 3d (z1,22) > max (d (x1,y),d (22,y)). Then by Proposi-
tion A3 and Lemma B3t

|9 (21,y) — D' (22,y)] < c{da (z1,y) + ¢a (x2,y)}
d(xlvy)a d($2,y>a
gC{|B<ac1,cz<ac1,y>>| |B<w2,d<x2,y>>|}

ed(xq,x0)" ¢ d(z1,y)° d (2,y)°
< ed (@1, 32) {|B(z1,d<sc1,y>>| |B<wzvd<z2,y>>|}'

]
Proposition[B.5will be proved in several steps, establishing first an analogous
result for the functions Z] and Zj,.

Lemma 5.7 For every x1,22,y € U with d (z1,y) > 2d (z1,2z2) we have
|Z1 (21,y) — Z1 (22, 9)] < cd (21, 22)" ¢o (21, ) - (5.4)

Proof. Since

7 (e.y) = %z (2,)

with ¢g Holder continuous and bounded away from zero, it suffices to prove
E4) with Z; replaced by Z;. Under assumptions B, the explicit expression of
Z; given in the proof of Proposition 2] shows, by Proposition [5.4] that

Z1 () € Cioe (U {y}).
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In particular, for fixed y,x1, we have that Zy (-,y) € CV (B (21, 3d (z1,y)))
and we can apply Proposition with R = %d (z1,y), writing

n

|Z1 (21, y) — Z1 (22, y)| < ed (21, 22) Z sup |XiZy (z,y)| +
i=1 T€B(z1,3d(z1,y))

(5.5)

+d (71, 22) sup | X021 (z,y)]
zGB(ml,%d(zl,y))

for d (z1,y) > 2d (x1,x2). Let us estimate sup
know that:

weB(z1,1d(z1,y)) | XiZ1 (z,y)|. We

3
A (zay) = Z/m o Ql (yak, :L',h) Pi (h)w(k) dhdka
=1

where the @Q;’s are defined in the proof of Proposition d2l Let us bound X;Z;
for one of the terms Q;, for instance

R{DRIIT (64, ) (,1)
(since the other terms do not behave worse than this). We have, fori = 1,2, ..., n,
Xi/m /m RYPREPT (0, 1) (1)) @ (h) 0 (k) dhdk
- /m /Rm X [Rg‘y’k)Rg‘y’k)F (O.m) (@, 1)) @(h)} o (k) dhdk
/ . / ) ROPROPT (0, 1 (2, h) (f(%) (h) ¢ (k) dhdk (5.6)
/m/m (YiRg‘y’k)Rg‘y’k)F) (B .p) (@,h)) @ (h) ¢ (k) dhdk

N k &
+/m/m (ng 'RVRY )F) (O(x) (1)) @ (h) o (k) dhdk.

+

Now, by Proposition 54 (ii),

k k
/ . / . (VREPRUIT) (0,4 (,)) ¢ (h) ¢ (k) dhdk‘
R 7’0‘72

< C/ / o(h)p (kc)?+17a dhdk < c/ By
m SR ||Oy 8 (2, h) || d(ay) 1B (2,7)]

and the other two terms in (5.0]) are bounded by the same quantity. Next, we
have to take the supremum of the last quantity for x € B (ml, %d (21, y)) . Since
d(z1,y) < 2d(x,y), by B2), this sup is bounded by

R a—2
r
c ——dr,
/d(m1,y) |B (ZL',T)|
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hence

n R a—2
d(z1,22) Z sup | X:Z1 (z,y)] < ed (xl,xg)/ Tidr

i=1 mEB(ml,%d(zl,y)) (z1,y) |B (:C T)|

since d (21, x2) < %d(xlvy) <r

R L 7,04—2
<cd(xy,x a/ r T ———dr
), B(er)

(z1,9)

R 1
=cd (:Cl,xg)a/ ——dr

d(z1,y) |B (ZL',T)|

= cd (v1,22)" do (1,9) -
An analogous computation gives

R 7"&73

d(:z:l,xg)2 sup | X0Z1 (z,y)] < cd (xl,x2)2/ — dr
IEB(zl,%d(zl,y)) (z1,y) |B (:C T)|

@ R 2— Ta_s
= cd (21, x2) /d(ml,y)r a7|B (z,r)|dr
= cd (v1,22)" do (1,9) -
Then (G.5]) implies
1 Z1 (1,y) — Z1 (w2, )| < cd (z1,22)" do (21, 9)

and the lemma is proved. m
Next we need the following:

Lemma 5.8 For any 8 > 0, let

xlax?a / |Z L1, % ('TQ’ )|¢ﬂ (Z y)d
For any € > 0 there exists ¢ > 0 such that

A(zy,m2,y) < cd(21,22)" " Ppte (21,9)
for d(x1,y) > 3d(x1,z2).

Proof. Let us split:

A(xl,xg,y):/ ()dz+/ (...)dz=T1+11I.
d(z1,2)>2d(z1,72) d(z1,2)<2d(z1,22)

By Lemma 5.7,

I< c/ d(z1,22)" ¢o (71,2) g (2,y) dz.
d(z1,2)22d(z1,22)

44



Now, for any £ > 0, and d (21, z) > 2d (z1,z2) , we have

R —1
_ r
d(z1,22)" ¢o (21, 2) < ed (w1, 22)" 865(331,2?)6/ T dr
da1,2) | B (21,7)]

R re—1

—————dr = cd (v1,72)" ° ¢c (21, 2)
(z1,2) |B (1‘1,T)| :

<cd (:61,:62)a_8/
d
hence, by Theorem

I < Cd (1‘1,£L'2)a_8 ¢s (1‘1,2) d)ﬁ (Zay) dZ (57)

/d(zl,z)>2d(x1,mz)
<cd(z1,22)" ° dpte (21,9).

Next,

11

N

/ (60 (21, 2) + b (22, 2)] 63 (2, ) d2
d(z1,2)<2d(z1,22)
=114+ 11g.

From d(x1,y) > 3d(x1,22) and d(z1,2) < 2d(x1,22), we deduce d(y,z) >
d(z1,x2), hence d(x1,2) < 2d (y, z) and

d(zlvy) g d(xlvz) +d(Z,y) g 3d(zvy)

which allows us to write

IIa < cop (zhy)/ ba (21, 2) dz

d(z1,2)<2d(z1,22)
by Corollary 3.4
< cop (w1, y) d(z1,22)" .

By the same reason,

IIg < cop (xlvy)/ Pa (72, 2) dz

d(x1,2)<2d(x1,22)

-y ——

d(x2,2)<3d(z1,x2)
< cop (1,y) d (w1, 22)"

as above. We conclude, for d(x1,y) > 3d (z1, 22),

IT < cp (x1,y) d(x1,22)" <

. . R 7,671

< ed (a1, 22)" " d (1, 9) / S A—.
d(z1,y) |B ($1,T)|

<ed(x1,22)" " dpge (21,9),

which together with (57) gives the assertion. m
Proof of Proposition Let x1, 20,y € U with d(x1,y) > 3d (x1,z2). By
the identity (£30) we can write

@’ (zlay)fq)/ (zQ,y) = Zi (;L'l,y)*Z{ (z2,y)+/U [Z{ (33172’) - Z{ (xQVZ)] @’ (Zvy) dz

45



which by (£20) gives
@ (21,y) — @ (22, y)| < |Z] (21,9) — Z} (5027y)|+0/ |21 (21, 2) = Z1 (%2, 2)| $a (2,y) dz.
U
Exploiting Lemmas 5.7 and B.8] for any € > 0 we get
@ (z1,y) — ' (22, 9)| < ed (21, 22)" ¢o (1, y) + cd (v1,22)" " Pt (21,Yy)

<ed(z1,22)" % de (21,y)

as desired. m

5.2 Estimates on the second derivatives of the fundamen-
tal solution

We are now going to prove the existence and a sharp bound of Holder type of
the second derivatives of our local fundamental solution.

Theorem 5.9 (Second derivatives of the fundamental solution) Under As-
sumptions B, fori,j =1,2,...,n and for x,y € U,z # y, the following assertions
hold true.

(1) There exist the second derivatives X; X;J' (x,y), XoJ' (z,y), XiX;v (z,y),
Xovy (z,y) continuous in the joint variables for x # y; in particular,

v(y) € CX (U\{y}) for anyyeU.

(i1) For every e € (0, ), every U' € U there exists ¢ > 0 such that for every
xeU andy e U,

d(z,y)" "
|X; X" (2,9)], [ XoJ (2,y)] < cRT (5.8)
! |B (z,d(z,y))|
with R as at the beginning of §3, and
1
|X;Xiv (2,9)] [ X0 (z,)] < (5.9)

.
|B (2, d(z,9))|
Note the presence, at the right-hand side of (B.8), (59), of the kernels

d(2,y)" "B (2, d(x,9)| ", |B(2,d(x,y)|"", instead of ¢o—- (x,9), b0 (x,9),
which one could expect.

In order to reduce the length of some computation in the proof of this the-
orem and some of the following ones, it is convenient to introduce first the
following abstract definitions, and make a preliminary study of the involved
concept.

Definition 5.10 We say that R (x,y) is a remainder of type ¢ (=0,1,2,3) if
forx £y

Rg(x,y):Z/ / DT (O 1 (2, h)) as (h) b (k) dhdk
s=1 " "

where Dg’s’k) are differential operators given by the composition of at most £

vector fields of the kind Y; or ng’k), of total weight > a— ¥, depending on (y, k)
in a C% way and as, bs are cutoff functions. Here and in the following, the
number « is fixed, and is the exponent appearing in Assumptions B.
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Definition 5.11 We say that k¢ (x,y) is a kernel of type ¢ (= 0,1,2,3) if for
TFY

ke (x,y) = /m /m DT (O y k) (z,h)) ag (h) bo (k) dhdk + Ry (z,y)

where Dy is a left invariant differential operator homogeneous of degree £, ay,
by are cutoff functions and Ry (x,y) is a remainder of type £. If Ry (x,y) =0,
we say that ke (x,y) is a pure kernel of type £.

Theorem 5.12 Under Assumptions B, let k¢ (z,y) be a kernel of type £. Then
for @ # vy, ke (x,y) is jointly continuous and satisfies the bound:

ke (2,y)] < cda—e (2,y) -

Moreover, if £ < 2, then X;ke (z,y) is a kernel of type L+ 1 fori=1,2,...,n; if
< 1, then Xoke (x,y) is a kernel of type ¢ + 2.

Let Ry (z,y) be a remainder of type £ = 0,1,2,3. Then, for x #y, Re(x,y)
is jointly continuous and satisfies the bound:

|R€ (:Ea y)| < C¢2+oz—€ (‘T’y) .

Also, if £ < 2, then X;Ry (z,y) is a remainder of type £+ 1 for i=1,2,....n; if
<1, then XoRy (z,y) is a remainder of type £ + 2.

Proof. The continuity properties follow as in the proof of Proposition[ZIl Also,
we have

c

<
O,k ()]

’Q72+e ’

hence by Lemma [3.J] we have

|kl (ZL',y)

| < c¢27€ (SC,y) ’
|R€ (fﬂ,y)l <

C¢2—€+Oz (‘T’ y) .

Let us compute, for x # y,

Xk (x,y) = /m /m X, [DeT Oy 1) (2, b)) ao (R)] bo (k) dhdk

" i/ /m X [DEPT (00 (2. 1)) as ()| b (k) dha
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- /Rm/R YD (O y k) (, 1)) ag () bo (k) dhdk

RN DT (6, 1) (2, h)) ao (k) bo (k) dhdk

S— ¢
S

oL (Oyp (. h)) Xiao (h) by (k) dhdk

3 / / ViDL (€, 1 () as (h) by (k) dhdk
s:l ]Rm m

+> / / RYM DT (0, 1) (2, h)) as (h) by (k) dhdk
—1 m m
m N N

+3° / . DT (O (2, 1)) Xias (h) bs (k) dhdk
s=1

by Proposition (5.4l and Definition [5.10

= / De+1F (G(y,k) (SC, h)) ag (h) bo (k) dhdk
m R’V‘VL

+Z/m /m DY T (O (x,h)) d, (h)V, (k) dhdk

which gives the desired result for X;k¢; analogously one can handle Xpk,. =

Definition 5.13 Let ®¢ : {(x,y) € U x U : z # y} — R. We say that O is a
function of (¢, «)-type if it is continuous (in the joint variables), satisfies

|q)0 (ZL', y)| < c¢a (:C,y)

and for every e € (0, ) there exists a constant c. such that for every x1,xa,y €

U with d (z1,y) > 3d (21, x2)

|0 (21,9) — Po (z2,y)] < ced (#1,22)" " pe (21,7) -

Lemma 5.14 Let ®g be a (¢, a)-type function. For every e € (0, «) there exists
c. such that for every x1,xs,y € U we have

d ($1, y)g + d (5E2, y)g
B (z1,d (x1,9))|  |B (x2,d (x2,9))]

The Lemma follows from the above definition as in the proof of Corollary
We will also need the following easy

Lemma 5.15 If 5 € R and € > 0, then there exists ¢ > 0 such that

¥ (h) ¢ (k)
_ dhdk < c0°pg—c (x,y). (5.10)
Q8 X{h:||©y.1) (,h)|| <6 8
m m e(y,k) (:L-’h)H { || (y,k) || }

Proof. To prove (G.I0) it is enough to observe that

/ / Y (h) o (k)
dhdk
Q*ﬁx h:||©y,k (z,h)|| <5
IR H®(y,k) (SC,h)H { ” (v,k) || }

/ / 3 EX e Clhak < C(; ¢B (x y)
@ h: y,k (I,h) < e R

|0 (21,y) — Po (v2,y)| < ced (w1, 2)" "

by Lemma 31l =
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Theorem 5.16 Let k be a kernel of type £ = 0 and let @y be a function of
(¢, o)-type. If
To ) = [ k() @0 () d
U

then fori=1,2,...,n,
Xido (a,) = [ Xik (,2) B0 (2.9) 2
U
and

| XiJo (2,9)] < chrya (x,).

Let ws € O (G) such that ws (u) =1 for ||u]| > ¢ and ws (u) = 0 for |jul| < §/2,
then, fori,j = 1,2,...,n, X;X;Jo (z,y) exists and is continuous in the joint
variables for x # y and can be computed as follows

XinJO (.T,y)
= lim /U /m /m Y (ws D1T') (O k) (z, h)) ao (h) bo (k) dhdk O (2,y) dz

§—0

+/UR2 (x,2) Po (2,y)dz

= /U / - / _(Y;D1T) (O (. h)) ao (k) bo (k) dhdk (o (2,y) — o (z,y)] d=

+ C (x) Pg (z,9) +/ RIQI (x,2) Po (2,y) dz (5.11)
U

where Dy is a left invariant homogeneous vector field of degree 1, R, (x,z) and
Ry (x,2) are suitable remainders of type 2 and C € C% . (U). Moreover, for
any U' € U there exists ¢ > 0 such that for everyxz € U, ye U, z #y

d(z,y)" ¢

B d @y (5:12)

| X XiJo (z,9)| < ¢

Proof. Since X;k = k; is a kernel of type 1 we have

d(z,y)
|B (x,d (z,y))|’

so that we can differentiate under the integral sign. Therefore

| Xk (z,y)] < co1 (z,y) < c

XiJo (x,y) = /Uk:1 (x,2) g (2,y) dz

with
| XiJo (2,9)] < cohiya (x,).

In order to compute X;X;Jy (x,y) we rewrite

Fy (3, 2) = /m /m DAT (8.1 (@, 1)) ao () bo (k) dhdk + R, (x, =)
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where Ry (z, z) is a remainder of type 1. Then

X (J:,y):/U/m /m DiT (Ou.xy (@, 1)) ao (h) bo (k) dhdk @ (=, ) d=

+/UR1 (z,2) @o (2,y) dz
= By (x,y) + Ba (2,y) .

As to By we can simply write
X;Bs (z,y) = / XjRi (2,2) @0 (2,y)dz
U
= / Ro (2,2) Do (2,y) dz
U

where Ry (2, z) is a remainder of type 2.
To handle B; (z,y) we consider

B (2,y) = /U / ) / (@5 DAT) (O (. 1) g (h) by (k) vk B (=, )

Due to the presence of this cutoff function, we can compute the derivative

X;B? (ac,y):/U/m /m X; [(WsDiT) (O gy (., h)) ao (h)] bo (k) dhdk P (z,y) dz
- /U / Y DA (O (o) o () b () d o (2,
+ /U / A R (wsDiT) (O . (, h)) ao () bo (k) dhdk g (2,y) dz
+/U/m /m(w(;DlF) (O (k) (, 7)) Xjao (h) bo (k) dhdk @y (2,y) dz

= Bil (x,y) +Bis,2 (‘Tay) +B?,3 (:C,y) .

An argument similar to one already used shows that for any fixed ¢ the function
X, B} (x,y) is continuous in the joint variables for any z,y € U, = # y.
First of all we observe that

lim B , (:c,y)z/U/m /m (R;y’k)DlF) (O(z.p) (2, 1)) ag (B) by (k) dhdk B¢ (2, y) d=

since s
(1 0 01 <ot <.
hence
k
/U/R /Rm ((RPws) DIT) (O 1) (. 1) a0 (h) bo (k) dhdk Do (2, ) d=
S / - 5 lao (h) bo (k) @o (2, y)| dk dzdh
B ][00 @) <6 {|©¢,k) (2, h)
g/ - Q—adkdz|a0(h)|dh<65a%0as5%0
o Jjorcaen< 8 (]
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for some constant ¢ depending on d (x,y).
Also

lim By (2,9) = / / / (DiT) (O oy (0, 1)) X0 (1) bo (k) dhdk o (=,y) d=
U m m
so that
lim X; B¢ (z,y) = lim B? | (z,v) +/ Rs (x,2) ®g (2,y) dz
0—0 0—0 ’

U

where Rs (z, z) is still another remainder of type 2.
Let us now consider

BY, (2.y) = / / Y, (wsDiT) (Oo.ny (1)) ao (h) bo (k) dhdk @ (2, y) dz.
U m JRm
We write

BY, (w.y) = / / Y, (wsDiT) (Oo.ny (s 1)) ao (h) bo (k) dhdk [®0 (z,1) — @0 (z,y)] d=
v Jrm Jrm

+ @0 (2,7) /U / Y @sDAT) (O () o (1) o () dhk =

= Bim (w,y) + Bf,1,2 (7,y).
We have

Blas ) = [ [ [ (s DIT) (O (a.1) a0 (h)bo (k) bk (B (2.3) = B o )] d

+ / / / (w5 Y;D1T) (O oy (s 1)) a0 (1) bo (k) dhdk [®o (2, ) — o (2, )] d=.
U m m
Since Yjws (O (k) (¢, h)) is supported in {% < ||@(Z7k) (z, h)|| < 6} and bounded

by 671, by Lemma[5.15], Corollary[.6land Lemma 33 the first term of B?,1,1 (z,9)
is bounded by

-Q
C/U/ / X{6/2<[00 o (.1 | <6} 1Oy (@ B[ ao () bo (k) dhdk |®o (2, y) — Do (x,y)| d=
<o [ 5o (@2)100 (1) - Do (wp)]dz
U
a—2¢ € €
<c58/ d(z,z) ( d(zy) . d(y) )dz_
Since this last integral converges the first term in Bfly 1 (z, y) vanishes uniformly

in = (as long as z stays away from y) as § — 0. We will show now that the
second term converges uniformly to

[ L[ Dar) (€ (o)) ao () o (k) dik (8 (z.9) — o (2] dz
U m m
as 0 — 0. Again, by Lemma [B.15] Lemma [5.74] and Lemma 3.3 we have

/U/m /m (1 = ws) Y;D1T) (O k) (2, )| ao (h) bo (k) dhdk |® (2, y) — ®o (x,y)| dz

-Q
<o [ L] o emlesy 1€ (™ lao (b ()] dh 0 (2.5) = @0 ()] dz

< [ o) o eop) o ()l
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and from this bound we conclude as above that this term converges to 0 as
d — 0, uniformly as soon as d (z,y) > c.

To handle BY | , (z,y), let us first fix some notation. Let U’ € U, I C R™
and r > 0 such that I D sprtag U sprt by and:

(z,h) € U" x sprtag and H@(z,k) (x,h)H <r=(zk)eUxI=%.

Then for any x € U’ we have:

Bl 5 (x,y) = ¥ (2.y) / ao(h) < /E Y (wsDiT) (O p) (1)) bo (k) dkdz) dh

= (x,y)/ ag (h) </ (...)dkdz Jr/ (...) dkdz) dh
m € 1 (,h)]| <7 5|0,k (2,0 || 27

= (z,y) [I} (2) + I3 (2)] .
Next, making the change of variables (z,k) = u = O 1) (z,h) and letting

Eoggu)zbo(e.@;hy*(u»,
B@=[ c©an) ( [ DD ) 0 (6 ) o () du> dh

— [ c@an ( [, MDD @ 6w (€ du> h

c(&)ao (h Y; (ws D1D)] (w) by (€, u) du. | dh
+[ e© <></”ul<T[ (sDaT) (1) Bo (€, ) )

=B (z) + B3 (x).

By Proposition 5.4 we know that |x (&,u)| < clju]|”, hence for § — 0 (by the
same argument used to compute the limit of Bf,Q)

8@~ [ e@anm ( J o @ w <£,u>du> ah = i (@),

Note 1 € C* (U’). Namely, the functions ¢ (-),x (-,u) are Holder continuous
by B4 (iii); since ©. (2, h) ™" (u) is C1* also by (-, u) is Holder continuous.

To handle 83 (z) we integrate by parts; writing Y; = chvzl ajr, () Oy, and
denoting by v = (v1, v, ..., ¥N) the unit outer normal we get

B@=- [ c@a ( /| o, @D (@) (Vb (€) (0 du> dh
JF/mC(&) ao (h) </|u||—r (ws D) (u) by (&, u Zagk ) vido ( )) dh

== ) c©a®) ( /| ey D) (Y30 (&) () du) dh

c(&ag(h DiT) bo , U aj (u) vedo ( dh
+ [ e <>(/|u”_T< (€.u z () >>

= /32 (ZL')
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which is again a C* (U’) function by Proposition [5.4] (iii). Hence for any z € U’,
I (x) = B () + B2 (2)

which is a C* (U’) function.
As to I3 (), for any § < r we have (writing n = (2, k))

() =5L(z) = ao (h Y;D1T) (O, (2, h)) bo (k) dn | dh.
@=h@= [ “</z,|@n<m,h>|>r( ) (©, (1) ()n)

Let us show that I is Holder continuous. Actually, we will show that
2 (21) — Iz (z2)| < c|z1 — 22|

for small |x; — 22]. Since I is clearly bounded, this is enough to conclude
Holder continuity in U’.

I (21) — Iz (22)

[ ( / [¥;DiT (8, (1,h)) — Y; DiT (8, (w2, 1)) bo (k) dn> dh
m 5,105 (z1,h)[[>r

+/ ao (h) (/ Y; D1 (©y) (22, 1)) bo (k) dﬁ) dh
m 5,104 (z1,h)[[>r

- / ao (h) ( / Y, DiT (, (2, ) bo (k) dn> dh
m 3,105 (z2,h) || >r
=A+B-C.

Note that for some small ¢1 (1), ¢2 (1) > 0, if |21 — 22| < ¢y and ||©y, (x1, h)|| > r
then also ||©, (2, )| > cor. Then

Al <e() o —a] [ ao (h)/ bo (k) dndh < ¢ (r) | — 2]
R™ 3,10 (x1,h) || >r

Moreover, letting
A= {n: 18y (z2, )| > 7,18y (z1, )| < 3U{n : (|8 (21, B)|| > 7,[|Oy (22, h) | <7} = AUA2

we have:
Bl [ anw ([ DTl dy) dn
R™ SNA

In A; we have

7 <||Oy (@2, h)|| < 1Oy (x1, B)|| + [[On (22, h) — Oy (1, )]
<7+ ||®77 (SCQ,h) — 677 (zl,h)H <r—+ C|ZL'1 — 1'2|
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hence

Lo ([ 10 (@, kb () a
<clr ag (h b dn | dh
( ) /m 0 ( ) </’!‘<|®T]($2,h)|<7‘+0|11—12 0 (n) n)

gc/ ao(h)</ du)dh
R™ r<|lul| <r+clzi—z2|

<c [(r+c|:c1 — zo))? —rQ} <ce(r)|m — 2.

Since for n € Ay we have ||©,, (x2, h)|| > cor (by the above remark), we can still
write

/m a0 (h) </zm2 Y; D11 (O (2, h))[ bo () dn> dh

<c/ ao (1) / bo (n) dn | dh
m r< ||y (z1,h) || <r+4-clzi—z2|

< clzy — a9
We can conclude that
Bis,l,Q (x,y) = C (ZL') q)o (x,y) as 0 — 07

where C(z) is a suitable C% ;. (U) function. This completes the proof of (G.11)).
In particular, for any z € U',y € U,

| XX Jo (z,y)| < a1 / b0 (z,2) |Po (2,y) — Po (z,y)| dz
U

+C2¢a (xvy)+03/lj¢a (1‘,2)¢a (Z;y)d'z

Let now
/ do (&, 2) [Bo (2,y) — B0 (z,9)| dz
U
<c / b (2,2) 4% (3, 2) b (2, ) d
{d(z,y)>3d(x,z)}

ny / 60 (2,2) (da (2,1) + ba (,y)) dz
{d(z,y)<3d(z,z)}
=D+ FE.
Then

D < cé. (2,y) / b0 (,2) d°° (2, 2) dz

{d(z,y)>3d(z,2)}

< coe (:C, y)/ Pa—e (:L', Z) dz
{d(=,y)>3d(z,z)}
d(z,y)"

X CPe (T, d €, O‘_E\c—'
< e (z,y) d(2,y)" " < B (x,d (2,y))|

54



and

C
E < FIEX)E /U (¢a (2,y) + 0o (2,Y)) ¢e (v, 2) dz
C
< S [nse () + 0n ) [ 6002105
< TGy Gare (2:0) + 6a (0,) ]
P c [ d(z,y ote N d(z,y)* R®
S d(x,y)° B (z,d(z,9)|  |B(z,d(z,y))|
o d(xy)”"
R
S B (wd (@ )]
It follows that
XXy (2,)] < R% + ea6e () + c32a (:3)
d(z,y)* °

C—’
B (z,d(z,y))]
which proves (5.12). =

Proof of Theorem It is enough to prove (B.8) and the continuity
of X;X;J (x,y), XoJ' (z,y) in the joint variables, for = # y, because these
facts together with Proposition T imply (59) and the continuity properties of
XiX;v (z,y), Xov (z,y). The results about X; X;J’ (x,y) immediately follow by
Theorem choosing @9 = ®’. The proof of the analog result for XoJ' (z,y)
is very similar: we can start from

Totw) = [ [ ) (@ () ao ()b () k@ (2. )

and compute

X;J5 (x,y) = /U/m /m )?j [(WsT) (©(s1) (m, h)) ao (k)] bo (k) dhdk @' (z,y) dz

From this point the computation of XyJ’ (z,y) proceeds as above. m

We can now refine the previous analysis of the second derivatives of our local
fundamental solution and prove a sharp bound of Hélder type on X;X;~. This
is both interesting in its own, and will be a basic ingredient to deduce, via the
theory of singular integrals, local Holder estimates for the second derivatives of
the local solution to the equation Lw = f that we will build in the next section.

Theorem 5.17 For every ¢ € (0,«) and U' € U there exists ¢ > 0 such that
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for every x1,xo € U', y € U such that d(x1,y) > 2d (x1,22), i,j =1,2,...,n

d(ZL'l,ZL'Q) 1
X, X;P(x1,y) — X; X, P (a2, <c ; 5.13
| J ( 1 y) J ( 2 y)| d(l‘l, |B -Tla £E1,y))| ( )
a—E&

XZXJ/ 1, *XZXJ/ T, <C< xlv'rQ ) xlvy) :

s T ony) = Xida w2l < e \Ga 0y ) B don )
(5.14)

xlv‘rQ
X Xjv(x1,y) — X; Xy (g, <c ;
XXy (a1.0) ~ XXy o < (SE)
(5.15)
xlv‘rQ
Xov (x1,y) — Xoy (x2, <c .
| 07( 1 y) 07( 2 y)| ( xl; ) ml, x1,y))|
(5.16)
In particular, for every e € (0,a) and y € U,
v(y) € CYGos U\ {y}).
Proof. The proof will be achieved in several steps. We know that
1

XiXjy (z,y) = ey} (X, X, P (z,y) + X; X;J (z,9)], (5.17)

hence (I0) will follow from (BI3) and (&I4). Also (BI6) will follow from
(EI5) since Xoy (z,y) = — > 5 X7 (x,y) for z # y.

Let us first prove (5.13)). To do this, let us apply “Lagrange theorem” (Propo-
sition [2.6)) to the function

f(z)=X;X;P(x,y) forze B (:Cl, %d(ml,y)) :

| XiX; P (z1,y) — XiX; P (22, y)| < cd (21, 22) Z sup | Xk Xi X5 P (- y)| +
k=1B(z1,3d(z1,9))

+d (1, 22) sup | Xo X5 X, P (-, y)]
B(z1,3d(z1,y))

Note that since, under our assumptions, the coefficients of the X;’s belong to
C™*, with r > 2, the compositions X, X;X;, XoX;X; are actually well defined.
Reasoning like in the proof of Proposition 1l we get, for z € B (zl, %d (21, y))

|XkXZXJP(z5y)| X Cd) ( ) < C(b*l (zlay)
C

d(z1,y)|B (z1,d (21,9))]

N

by Lemma B3l Analogously,

c

| XXX, P (x,y)] < cp—2 (x,y) <
J d(:z:l,y)2 |B (21, d(x1,y))]

56



so that, for 2d (z1,22) < d(21,y),

d($1,$2) 1
d(xlay) |B (xlvd(zlay)”

and (BI3) is proved. Applying Theorem [0l with ®; = ®’, we know that for
anyzxe U ,yeU

|Xi X P (71,y) — XiX; P (22,y)| < ¢

X;Xid' (x,y)
:L/;/mMQJN@MNQMMMM%%MMHWQWVJN%MMZ

+ C (x) @ (z,y) +/UR2 (,2)® (2,y)dz
= A(z,y) + B(z,y) + C(z,y) .

Let us start from the last two terms, which are easier. By Proposition [(£.5] and
the local Holder continuity of C (x) we have

B (22,y) — B (21,y)| < |C(22) = C (21)| ¥’ (22, 9) + [C (21)] [®' (x2,9) — ¥’ (21,Y)]
< ed (21, 22)" da (22,y) + cd (21, 22)" " ¢e (21,Y)

d($1,$2) o d(xlvy)a
> 1B (

<ced(x1,22)" " ¢e (21,y) < C(d(xl,y) xy,d(x1,y))|

As to C,

C a2,) = C (w19) = [ o aa,2) — Ra (w1,2)] @' (s10) d
U
_ / (..)dz +/ (..)dz
U,d(z,21)>2d(x1,22) U,d(z,z1)<2d(x1,22)
=Cq 4+ Cs.

To bound C; we apply Lagrange theorem:

Ry (€2,2) — R (w1,2)| ed(w1,2) | Y sup  [XiRa(-2)|
kle(xl,%d(xl,z))

+d(z1,02)  sup [XoRa(2)]
B(x1,1d(z1,2))
< cd (561, SCQ) ¢—1+a (551; Z)

where the bounds on | Xy R (-, 2)| , | Xo Rz (-, 2)| exploit Proposition[5.4](ii). Hence
C1] < cd(ar,az) | D-tra (£1,2) b (2,y) dz
U,d(z,x1)>2d(z1,22)
<cd (o)™ | A(@1,2) " B 1 (21, 2) G (2,) d2
U,d(z,x1)>2d(x1,22)

< cd (21, 2)° /¢s 21,2) o (2,y) dz < cd (21, 22)" " Bose (€1,9)
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while
cal< [ (6 (22,2) + b0 (31, 2)] 6 (2,9) =
U,d(z,z1)<2d(z1,22)
Since d (21, 2) < 2d (x1,x2) and d (x1,y) = 3d (x1, x2) implies d (z1,y) < 3d (z,y)

1Cal < / (o (22, 2) + bo (21, 2)] o (21, 1) d=
U,d(z,x1)<2d(z1,z2)

< ca (@1,9) ( / o lzz,2)d+ [ ba (21, 2) dz)
U,d(z,x2)<3d(z1,z2) U,d(z,z1)<2d(z1,22)
< o (21, y) d (21, 22)"

by Corollary B4l Hence

|C (72,y) = C(z1,y)| < cd (zl,xz)ais Gate (T1,Y) + cdo (71,y) d (21, 962)&
o ((lz1, 22) T d(mLy)™ o (41, 22) ¢ d(a,y)™
S (d(zl,y)) |B (21,d(z1,y))| (d(wl,y)) |B (21, d (21,9))]
C(d(ﬂﬁlaw))a_a d(z1,y)* _
d(x1,y) |B (21,d (71,y))]

As to A, let

k(2,2) = /m /m (Y, D) (O..xy (2, b)) ao (k) bo (k) dhk,
then

Al(x2,y) = Afx1,y) = /U {k (w2, 2) [¥' (2,y) = @ (w2, )] — k (1, 2) [ (2,9) — ¥ (21, y)]} dz

U,d(z1,2)22d(z1,22) U,d(z1,z)<2d(z1,z2)

= Ay (z1,22,y) + A2 (21,22, Y) .

Al (‘rla :EQay) = / [k (‘TQ, Z) -k (‘rla Z)] [(I)/ (Za y) - (I)/ (mQay)] dz
U,d(z1,2)>2d(z1,22)

O (o1,0) - @ (229)] [ k(a1,2)dz
U,d(z1,z)22d(z1,22)
= A1 (21, 72,y) + A2 (21,72, Y) -
Since, for d (z1,2) > 2d (21, z2) we have

[k (22, 2) = k (21, 2)] < d (21, 22) p-1 (21, 2)

we obtain

Avs (@1, 2,9)] < cd (21, 22) / 61 (21,2) |9 (2,9) — ' (22,)] d=.
U,d(z1,2)22d(x1,22)
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We now split the domain of integration {z € U : d (z1, z) > 2d (x1, x2)} into two
pieces

so that

Avs (21, 22,)| < cd (@1, 22) /
U,

= A 11 (w1, 22,y) + A2 (21, 22, y)

(...)dz—i—d(:z:l,g:Q)/ (---)dz

Us

Note that d(x1, 2) and d (z3, z) are equivalent on Uy and Us. Also on Uy (since
d(z,y) = 3d(z,22)) we have |® (z,y) — @' (22,y)| < d(2,72)" ° ¢ (2,y) and
therefore

|[A1 1,1 (z1,22,y)| < cd (2761,502)/ 1 (21,2)d (2, 22)" ¢ (2,y) dz
U,d(z1,2)>2d(z1,22)
<o) [ b1 (21, 2) d(2,01)" b (5,9) da
U,d(z1,2)>2d(z1,22)
< ed (21, 902)0‘_26 / d_1(z1,2)d(z, 901)1+E be (2,y) dz
U,d(z1,2)>22d(z1,22)

< cd (21, 20) "% / b (21,72) b (2,y) dz
U

d($1,$2)>a2€ d(z1,y)"
d(xlay) |B(1‘17d($15y))|

< cd (21, 22) 7% ¢oe (v1,y) < c (
We now consider the second term. We have
|A1,1,2 (21,22, y)| < ed (21, 22) . ¢-1(21,2) (Pa (2,Y) + ¢a (v2,9)) dz
=Al 0+ A/1/,1,22-

Since d (y, z) < zd (x1,y) implies d (z1,y) < 2d (21, 2),

N[=

— ¢-1(21,2) Pa (2,y)dz
d(z1, y)lJrE /UQm{d(y,z)géd(xl,y)}

o o d(z,y)"

+ cd (21, 22) 6/ d(ml,a:g)l te O-1(21,2) =——————dz
( Ugﬂ{d(y,z)>ld($17y)} |B (Zvd(zvy))|
d(z1,x

d((E ! 12+€ / (ba T, 2 ¢Oz (Z y)dz
1,Y
Cd(l‘l,l'g) o=e

-7 d(xlaz)l_a+6¢—1 ('Tlaz)d(zaxl)a dz
1B (y, d (21,9)] Jvan{aw,=)> L)}

d(z1,22) ed ( .Tl,l'g /
N T (e} X )y + ¢ X ’
d(‘rlay)l-"_a(b i ( ' ) |B yv 1'17 | c !

d(zlvy)ail c d($1,$2) R®
|B(y,d(x1,9)| B (21,d(21,y))|

<c

< cd(x1,x2)
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d(z1,22)*"° By, d(z1,9)|  |B(21,d(21,9))|

. d(z1,22)\" [ . d(z1,9)"° d(zy,y)" ¢
s (dm,y)) (R Bly.dary) |B<z1,d<:c1,y>>|>'

d($1,$2) o d($1,y>a_1 d($1,$2) d(xl,y)a_e d(zlvy)a_a
¢ ( d(z1,y) ) ( )

Since in Uy

d(z2ay) < d(SC%Z) + d(Z,y) < cd (Zaz2> < cd (Zazl)

we have
_ o d(l‘l 1'2>a_8
AY <d$,xa8&2’yg x1,2)dz < ¢ : €
b2 (o1, 22) d(z2,9)" Ju, ¢z (21,2) |B (z2,d (22, y))]
C(d($1,$2))a€ d(z2,y)" "
d($27y> |B ($2,d(1'2,y))|
Hence . .
d(ﬂﬁhiﬂz))a_ d(z1,y)""

A T1,x2, <ec

asevel<e(TEE) T By
and

d(x1, $2)>a2€ d(x1,y)" "
A (1, 20,y)| <c| ———== .
e <o (G08) Ho
We now consider A; 2. Observe that for d (z1,y) > 3d (z1,22) we have

[A12 (21, 22, 9)| < |2 (21,y) — @' (22,9)]
U,d(z1,2)>2d(x1,22)

< ('Tl,xQ)a_a 0B (961,2/)/ b0 (.T1,Z) dz
U.

yd(21,2)22d(z1,22)

< ed (w1,22)* % ¢ (21, y)/ ¢e (x1,2)dz
U

,d(x1,2)>2d(x1,22)

oo (x1,2)dz

_ d(x1,x2) a=2e d(x1,y)" ¢
<cd(z1,22)" % e (21, R€§c< ’ ’ .
(z1,2) Pz (21,9) d(z1,y) |B (z1,d(21,y))|
Finally we have to bound Aj (x1, z2,y). We have

|Ag (21, 22,y)] < /

¢0 (1'2, Z) |(I)/ (Zvy> - (I)/ (:CQa y)| dz
U,d(z2,2)<3d(z1,22)

+f o (01,2) @' (219) — ¥ (w1,9)| d.
U,d(z1,2)<2d(z1,z2)

Since the two terms are similar it is enough to bound the second. We have

/ b0 (21,2) |9 (2,9) — ' (21,y)] d2
U,d(xz1,2)<2d(xz1,z2)

U,d(ml,z)<2d(m1,mg),d(y,z)géd(ml,y) U,d(ml,z)<2d(m1,mg),d(y,z)>%d(11,y)
= Ao (1,72, y) + A22 (21,72, 9) -
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Asto Az (21, 2,y), we note that, under the assumption d (z1,y) > 3d (z1, x2),
in the domain of integration the following equivalences hold:

d(xlvy) = d(Z,y) = d(ZL'l,Z) .
Therefore

|(I)I (Zay) - (I)I (zlay)| < ¢O¢ (Zvy) + ¢a (zlay) < c¢a (Zvy)

and

Agy (z1,22,7) <C/ b0 (21,2) o (2,y) dz
{d(z1,2)<2d(x1,22),d(y,2)< kd(z1,9) }

c
<

X a d(SC1,Z)a d)o (SCl,Z) ¢a (Z,y) dz
d(z1,y) /{d(zl,z)<2d(zl,12),d(y,z)§%d(zl,y)}

Cc

< a¢o¢ (:Elay)/ ¢Ot (ZCl,Z)dZ
d(z1,y) {d(z1,2)<2d(z1,22)}

‘ (%)¢ (Ey) < o (Ciz(fg;))) Eloe et

On the other hand, since d (1, 2) < 2d (1, 22) < 2d (1,y) < 3d (x1,y), by
Proposition

Az o (z1,22,y) <

< Po (z1,2)d (21,2)" " ¢ (2,y)dz

c/
U,d(z1,2)<2d(21,32),d(y,2)> 4 d(z1,y)

< ed (@1, 29)° % / d (21, 2)° o (21,2) e (2,y) d=
U.

Jd(z1,2)<2d(z1,22),d(y,2)> S d(z1,y)
< cd (21, 25)" / b (21,2) b (2,y) d2
U

d(fEl,xz))a% d(xlvy)a .
d(z1,y) |B (z1,d (x1,9))]

<cd ($1,$2)a72€ h2e (21,y) < ¢ <

We can conclude that

d (ml, $2) ) a—2¢e d (ml, y)a—s -
d(z1,y) |B (z1,d(21,9))]

This completes the proof of (.14). m

|A (z2,y) — A(x1,y)] < C(

5.3 Local solvability and Holder estimates on the highest
derivatives of the solution

Throughout this section we keep Assumptions B, stated at the beginning of §5l
We can now prove one of the main results in this paper:

Theorem 5.18 (Local solvability of L) Under Assumptions B, the function
~ is a solution to the equation

Ly (,y) =0in U\{y}, for any y € U.
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Moreover, for any 8> 0, f € C)ﬂ( (U), the function

w(z) = - /U v (@,y) £ (y) dy (5.18)

is a C% (U) solution to the equation Lw = f in U (in the sense of Definition
[21). Hence the operator L is locally solvable in ).

Moreover, if Xog = 0, choosing U small enough, we have the following pos-
itiwity property: if f € Cf( (U),f <0 in U, then the equation Lw = f has at
least a C% (U) solution w > 0 in U.

Proof. By Theorem and Theorem we already know that v (-,y) €
C% (U\{y}). For fixed y € U and r > 0, let w € C° (U), w vanishing in the
ball B (y,r). Then, by Theorem .8 we have

0=/7(w,y)L*W(w)dw=/Lv(ﬂc,y)w(:ﬂ)dw
with Ly (+,y) continuous in the support of w. Since r and w are arbitrary, we
get Ly (z,y) =0 for every x € U \ {y}, any y € U.

Let now w be as in (5I8) for some f € CP (U), B > 0; for any ¢ € C5° (U)
we can write, by Theorem [£8]

[o@ro@an= [ < / v(z,y)f(y)dy> 19 () da

/U</Uv(z,y)LW(w)dx)f(y)dy
/U ¥ () f (v) dy. (5.19)

Hence if we show that Lw actually exists and is continuous in U, we can write

/ w(x)L*w(z)d:c:/ Lw (z) vy (x)dx Yy € C5° (U),

U U

which coupled with (BI9) gives Lw = f. Actually, we will prove that w €
C% (U).

By the results in §lit is easy to see that w € C% (U). Namely, by Proposition
B (ii), w € C (U) by the estimate [@33) while

Xw(x)=— /U Xiv (z,y) f (y)dy

is continuous in U by the estimate ([@34]).
Let us write:

X Xow (1) = —X; X, /U 7 (@) f () dy =
1

=-X;X; | ——=[P(z.y)+J (z,y)] f (y)dy = A(x) + B (x).

v <o (y)
By Theorem we can write

Bx)=— /U XX (e9) F (y) dy, (5.20)
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having set

fly) = o () (5.21)

and again by Proposition B (ii), and the bound (&3)), B is continuous in U.
Let us now consider

A@) ==X,X [ Play) Flo)dy (5:22)
U
From the computation in the proof of Theorem we read that
_XlP (:Ea y) =k (:Ea y)

with k1 (x,y) kernel of type 1 in the sense of Definition 511 hence
Aw) =% [ k) Fw)dy (523)
U

where the function J?is Holder continuous in U. To show that A (x) exists and
is continuous we can now proceed as we did in the proof of Theorem [5.16] for
the term X; B (z,y), getting, analogously to (5.I1)) and with the same notation,

A= [ anm) [ Y0 (@) b0 (1) [F ()~ F )]

ta@F@+ [ @) e
U
where £ = (z,h), n = (2,k), X =U x I, I C R™ such that I D sprtag Usprt bg.
Note that here f plays the role of the function ®¢ (-, ) in the proof of Theorem
E.I6 since f € Cf( (U) for some B > 0, it obviously satisfies the properties
required in the definition of ®q (-, y). Hence

XX (@) = [ a(h) [ VDT (©,©)h(®) [F2) = Fla)] dnan

te (@) Fla) + /U Ry (2,2) F () dz — /U XX, (2,2) F (2) d,

and this function is continuous in U.
To complete the proof we should prove the existence and continuity of

XO/UP(x,z)f(z)dz.

However, this is very similar to what we have just done.
Finally, the positivity property of L when Xg = 0 and U is small enough
immediately follows from (&I8) and (#36). So we have finished. m

From the proof of the above theorem we read in particular a representation
formula for the second derivatives X; X;w of our solution. In view of the proof
of local Holder continuity of X;X;w, we have to localize our representation
formula.
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For T € U and B (%, R) C U, pick a cutoff function
3
be Cy (B(T,R)) such that b=1in B (f, ZR> . (5.24)

For any 8 >0, f € C)B( (U), let w be the solution to Lw = f in U assigned
by (&I8)). Then, for any = € B (T, R) we can write:

w@)térmv@wﬁﬁﬁﬂwdyﬁAVWwﬂﬂwHf@ﬁw (5.25)

We also have:

Corollary 5.19 With the notation and assumptions just recalled, for every x €
B (E R) and 1,7 =1,2,...,n, we have:

X Xjw (x) = /UXZ'XJW (z,9) [b(y) — 1] f () dy + c1 (z) f (x)
+ /B(LR) ko (z, 2) [f (2) — f(x)} b(z)dz

+ /B(I,R) Ry (2,2)b(2) f(2)dz — /B(LR) X; X J (z,2)b(2) f(2)dz

5
k=1

where ¢c; € C% (B (E, g)), ko and Rs are a pure kernel and a remainder of type
2, respectively, in the sense of Definition [511l and f is defined in (Z21]).

Proof. Let us write

wia) == [ @b ) dy+ [ @) be) - 17 @)y
B(z,R) U
=Kif(z)+ Kaof (x).

Note that for = € B (T, R/2) the integral defining Ko f (x) can be freely differ-
entiated since [b(y) — 1] # 0 only if d (z,y) > R/4, so

-&&Kﬁ@)vL&Xw@w%@)lﬁwwy

Arguing as in the proof of Theorems BE.I8 and we have therefore (with
n=(z,k), {=(x,h), L =U x I for I D sprtagUsprtbg)

XjXqw (x) = /UXz'Xj'Y (@, ) [b(y) =1 f (y) dy + 1 (2) [ (2)
+ [ a0 [ ¥ur (@, ) [ ()0 (:) ~ Fa)b )] o () i

+ /B@R) Ry (z,2)b(2) f (2)dz — /B(iR) X; X J (z,2)b(2) f (2) d.
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Let us rewrite the third term as

a0 [ vioir @) [F ()~ F@)] b ()b (2)

+Fla) [ an(h) [ ViDaT(©,(€) () b (o) bo (k)
:/ ko (2, 2) [f(z) f(x)}b(z)dz

@)
+ f(x) c2 (2)

where ks is a kernel of type 2, while
e () = / ko (z,2)[b(2) —b(x)]dz
U
= / ko (z,2)[b(2) — 1] dz
U

is another C% (B (f, g)) function. Namely, recalling that b =1 in B (E, %R) ,
for any x1,x2 € B (T, R/2), we have

lea (w2) — c2 (21)] < /U |ka (22,2) — ka (21,2)| [1 — b(2)] dz. (5.26)
Note that, from
ko) = [ [ Dal (@ (1)) an (0) b (k) b,

by Proposition 5.4 (ii) we read that

ks (2,9)| < cdo (,0) (5.27)
| Xika (z,9)| < cp—1 (z,y) fori=1,2,...
| Xoks (z,y)| < chp—2 (,y),

hence by Lagrange theorem (Proposition [2.6]),

d(ZL'l,ZL'Q) 1

|ka (z2,2) — ko (21,2)] < ¢ d(z1,2) |B(z1,d (z1,2))]

for d (z1,2) 2 2d (21, x2) .

(5.28)
Now, note that the integrand function in (5.20) does not vanish only for d (1, z) >
R/4, d(x2,2) > R/4. Hence if d (z1,22) < R/8 by (28] we get

lea (z2) — ca (z1)| < e (R)d (21, 72) .
On the other hand, if d (21, z2) > R/8,
|2 (w2) — ca (21)] < |ea (z2)| + |2 (z1)| < ¢ (R) < ¢(R) d (21, 22),

and ¢z € C% (B (f, %)) This completes the proof. m
The rest of this section will be devoted to the proof of the following:
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Theorem 5.20 For any B € (0,a) and f € C’f( (U), let w € C% (U) be the

solution to Lw = f in U assigned by (ZI18). Then w € C?gﬁoc(U). More
precisely, for any U' € U there exists ¢ > 0 (depending on U, U’, 5 and on the
vector fields as specified at the beginning of section[Hd) such that

||w||C§('B(U’) <c Hchf((U) . (5.29)

Corollary 5.21 (Ci’ﬁ local solvability) Under assumptions B, for every 8 €
, ) the operator L is locally C3" solvable in 2 in the following senses:
0,a) th L is locally C%° solvable in Q in the followi
(i) for every T € Q there exists a neighborhood U of T such that for every
fe C’i (U) there exists a solution u € C’;’ﬁoc (U) to Lu=f in U.
(ii) for every T € Q there exists a neighborhood U of T such that for every
€ ere exists a solution u € Cy oLu=finU.
C%o (U) th st luti CEP(U) to L in U

Proof. Point (i) immediately follows by the above theorem and Theorem
As to point (ii), let U be the neighborhood of T given by point (i), and let U’
be another neighborhood of T such that U’ € U. For any f € C)BQO (U") we

can regard f also as a function in Cf(,o (U), and solve Lu = f in U getting a

u € Ci’ﬁoc (U) by point (i); hence in particular u € Cf(’ﬁ (U"). Then U’ is the
required neighborhood. m

Since, in order to prove the above theorem, we will apply several abstract
results about singular and fractional integrals, it is time to explain what is the
suitable abstract context for the present situation. Recall that in our neigh-
borhood U we have the distance d, such that the Lebesgue measure is locally
doubling (see Theorem [2.3)). However, we cannot assure the validity of a global

doubling condition in U, which should mean:
|B (z,2r)NU| < ¢|B(z,7)NU| for any « € U,r > 0. (5.30)

Actually, even for the Carnot-Carathéodory distance induced by smooth Héormander’s
vector fields, condition (5.30) is known when U is for instance a metric ball and

the drift term X is lacking; in presence of a drift, however, the distance d does

not satisfy the segment property, and the validity of a condition (E30) on some
reasonable U seems to be an open problem (fur further details on this issue

we refer to the introduction of [7]). This means that in our situation (U, d, dx)

is not a space of homogeneous type in the sense of Coifman-Weiss. However,

(U, d,dx) fits the assumptions of locally homogeneous spaces as defined in [7].

We will apply some results proved in [7] which assure the local C® continuity

of singular and fractional integrals defined by a kernel of the kind

a(z)k(z,y)b(y)

(with a,b smooth cutoff functions) provided that the kernel k satisfies natural
assumptions which never involve integration over domains of the kind B (z,r) N
U, but only over balls B (x,r) € U, which makes our local doubling condition
usable. Before starting the proof of the above theorem we need the following

Definition 5.22 We say that the a kernel k (x,y) satisfies the standard esti-
mates of fractional integrals with (positive) exponents v, in B (T, R) if

d(z,y)"

k@)l < B
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for every x,y € B (T, R), and

|k (z,y) — k (20,y)] < ¢

d(xo,y)y (d(zovfc))ﬁ
|B (20, d (z0,y))| \ d(z0,y)

for every xo,x,y € B (T, R) such that d (zo,y) = Md (xg,z) for suitable M > 1.
We say that k (x,y) satisfies the standard estimates of singular integrals if
the previous estimates hold with v =0 and some positive 3.

Proof of Theorem [5.20, first part. Fix U’ € U and choose Ry > 0 such
that for any T € U’ one has B (T, KRy) C U, for some large number K > 1
which is not important to specify (it comes out from some proofs in [7]). For any
R < Ry, pick a cutoff function b € C§° (B (7, R)) such that b=1in B (z, 2R).
Then for any = € B (%, R/2) the representation formula proved in Corollary
holds:

5
X Xjw(zx) = Zka (x) fori,j =1,2,...,n.
k=1
Our proof will mainly consist in showing that for any 5 € (0, ) and f € Cf( ),
X Xjw (1) — Xi Xjw (22)] < ed (1, 22)° || Fll oo
for any x1,22 € B (E, %) We are going to show how to bound the C'” (B (E, 5))

2
seminorm of each term in this formula, starting with the easier ones.
Consider the operator

11 () = [ XXy (@) bw) - 111 ) dy,
U
Then by our choice of the cutoff function b, we have, for z1,22 € B (T, R/2),

Ty f (w1) — T f (22)]

< ”fHCO(U) / |Xi X7 (21, ) — XiXjy (22, )| dy
U,d(Z,y)>3 R,d(z1,y)> % d(z2,y)> %

~Wlloowr | iy | () dy
2d(z1,22)<d(z1,y),d(z1,y)>4 2d(z1,x2)2d(x1,y),d(z1,y)> L d(@2,y)> L4

by (I8 and (G53)

a— dy
< el ooy {daa2) ™ [ =
R der)> 2 d(21,9)" | B (21,d (21,9))]
1 d(z1,y) 1 d (z2,y) dy
R Jai(ar o0)zd(ery) |B (@1,d (21, 9))]| R J3d(e1,20)>d(ws,y) |B (22,d (2, 9))]

a—e  d(r1,7 o
<l e () dor,2) = 4 LT — car,20) o

so that
HTlf”cf((B(iR/z)) < C(ﬂvR) ||f||CO(U) VB < a.
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Next we introduce a second cutoff function a € C§° (B (z, 2R)) such that a = 1
in B(z,£). For z € B(z,£) we have T, f (z) = Tif (), k = 4,5 with

Tof (@) = a (@) / Ry (1, 2)b(2) F (2) d

B(z,R)

Tsf (z) = —a (:I:)/ X; X J (z,2)b(2) f (2) d=.

B(z,R)

These new operators have the form

f(y)
Co (y)

where the kernels k; (z,y) satisfy the standard estimates of fractional integrals.
Indeed, by Definition EI0 and Proposition B4 (ii), the kernel k4 satisfies

T = [ o SO @) S W) dy for g = 4.5,

d(z,z)"

ks (2, 2)| < cpa (,2) < B d(z.2)]
| Xiks (2, 2)] < cpa—1(x,2);
| Xoks (2,2)| < cPpa—2 (,2).

If d (x4, z) = 2d (21, x2), then by Lagrange theorem we can bound

[k (21, 2) = ka (22, 2)| < e {d (21,72) damr (21,2) +d (21, 22)" da—2 (21,2) |
<cd(z1,22)" ° ¢e (71,2). (5.31)

Then k, satisfies the standard estimates of fractional integrals with exponents
v, a, for any v < «;

The kernel k5 satisfies, by (B.8) and (.I4) (note that the cutoff function
a (x) compensates the local charachter of those bounds), the standard estimates
of fractional integrals with exponents v, 8, for any v and 8 both < «, hence by
[, Thm. 5.8], for any 8 < «

for j = 4,5,

ijf‘

<cf

||ij||c§(B(E,R/2)) = ‘ |f||C>’B((B(57R))

C%(B(z,R/2))
with ¢ depending on R and £.

Next, Tof (z) = % (z), with ¢1, ¢ Holder continuous functions of expo-
nent o and ¢g bounded away from zero.

We are left to handle the term

@ = [ ks [fe-fw]eee:

with ko pure kernel of order 2, satisfying the standard estimates of singular
integrals (see (.27, (5.28)). Moreover, the same is true for the kernel

ka (z,y) = a(z) k2 (z,y) b (y).

In order to deduce an Holder estimate for T3 f we still need to establish a suitable
cancellation property for k. So, let us pause for a moment this proof and pass
to this auxiliary result. m
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Proposition 5.23 (Cancellation property) There exists C > 0 such that
for a.e. x € B(T,R) and 0 < g1 < g3 < 00

<C. (5.32)

/ alw)ks (,y) bly) dy
e1<d(z,y)<ea

Proof. By Proposition 5.1 in [7], it is enough to prove the following cancellation
property for kq: there exists C' > 0 such that for a.e. x € B(Z, Ry) and every
€1,€2 such that 0 < &1 < g9 and B (z,e2) C U,

/ k2 (z,y) dy
e1<d(z,y)<ea
According to Definition [5.11] of kernel of type 2 we write

/ ko (z,y) dy =
e1<d(z,y)<e2

_ / / / DaT (84, 1) (2, 1)) ao () bo (k) dhdk dy + / Ra (2,y) dy,
81<d($,y)<82 m m

e1<d(z,y)<ez

<C. (5.33)

where the last integral is uniformly bounded in &1, &5 since the remainder Rs is
locally integrable.
We can assume €9 < 1. Let us recall that

c||O.r (2, )] = dg ((x,h), (y, k) = d(2,y),

then

e1<d(z,y)<ea m m
- / ao (h) ( / DT (O (2, 1)) bo (k) dk:dy) dh
m 51<¢H®(y,k) (I,h)”<€2
+ / ao (h) < / DaT (8.1 (2, 1)) bo () dkzdy) dh
m c||®(y’k)(m,h)||>82,d(m,y)<62

- / ao (h) </ Dol (Oy k) (,h)) bo (k) dk:dy) dh
" c||®y. k) (@.h)||>er.d(z,y)<ex
= 081,82 (1.) + Dsz (ZL') o Esl (SC) )

To handle C1*2 () we start rewriting

Cfe2 () = ag (h DsI’ @y, x,h)) [bg (k) — bg (h)] dkd dh
( ) /m O( )</€1<C”@(ywk)(zvh)”<52 ( ( k)( )) [ 0( ) 0( )] y)

[ aw b </ Par o (1) dkdy) "
m e1<c||@y,p) (@ h)[| <e2
=01 (2) + 05 (2) .
As to C7"*2 (), since

bo (k) — bo (h)| < c|k —h| < ¢||®p (x,h)]],
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we have

= @< [ Jao(h) ( / - Qld’fdy> an
" 1€y (:h) || <e2 ||@(y,k) (z, h)”
gcsg/ lag (k)| dh < ¢

As to C5V°* (x), by the change of variables (y,k) — u = O (z,h) and
Proposition 0.4 we have, letting £ = (x, h),

5= (z) = / o (B)bo () €) ( / g, DL @) (1+X(E,U))dU> dh.

Keeping in mind the vanishing property of D,I', that is

/ DoT (u) du = 0,
e1<cllull<e2

we have

051’52(x):/mao(h)bo(h)C(f) (/<” - Dol (u) x (§,u) d ) dh

which is uniformly bounded in €1, g2 since

C
/ DT () x (€l du < [ _C du<eg<e
e1<cllul|<e2 llull<ez [|ull

Let us come to the terms D2 () and E°! (z). Choosing some small § > 0 we
can write, by Corollary [3.4]

|D=2 ()] < / ao (h) (/ 1005 (x, h)H*Q bo (k) dkdy) h
" [[©¢y.x) (@, h)|| >£2.d(z,y)<e2

< (/ / 10 ()| o(h)bo(k)dk:dh) dy
d(z,y)<e2 m
C
<5/ b5 (z,y)dy < -y =c
€2 Jd(z,y)<e2 €9

and the term E¢! (z) can be bounded at the same way. ®

Conclusion of the proof of Theorem [5.20L We are left to prove the C)B(
continuity of the operator T5. Let us consider first

i@ = [ ke [fo) - Fe)d

We know that the kernel ky (z,y) satisfies the standard estimates of singular
integrals with exponent 8 = 1 (see the end of the first part of this proof) and
the cancellation property (.33]). This is enough to repeat verbatim the proof of
Theorem 2.7 in [3]: the quantity

TBf (z) — fo (7o)
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is exactly the quantity which is called A in that proof, see [3, p.183], and the
proof of the bound

(Tsf (2) ~ Tsf (20)| = |Tf (2) — Taf (20)] < ed (2.20)" | fll e oy V8 <1

(5.34)
for any z,xz0 € B (T, R/2) only relies on the properties of the kernel that we
have already pointed out. In particular, since the integral defining Tg f is over
B(z,R) and B(z,3R) C U, we can safely apply the local doubling condition
on the small balls which are involved in that proof. Combining (5.34) with the
first part of the proof of this theorem, we can write

| XiXjw (21) = XiXjw (w2)] < ed (21,22)" [|f ]| oz ) VB < @

for any z1,29 € B (E, g), with some constant ¢ also depending on R.

An analogous, but easier, inspection of each term T f also shows that

sup | Xi Xjw (2)| < el flles oy - (5.35)
zeB(f,%)

By a covering argument this implies

sup XX, (2)] < elfll o o) (5.36)

so that for each couple of points x1,z3 € U’ we can write
| X Xjw (v1) — XiXjw (z2)| < ed (21, 22)" ”fHCf((U)

if d(x1,22) < Rp/2, and, by (B.36]),

B
d (w1, T2
|X1ij (.’L‘l) — XZ'XJ"LU ($2)| < 2 sup |X1X]’LU (.’L‘)| < C (%) Hf”C?((U)
zeU’ 0

if d(ZL'l,ZL'Q) 2 R0/2 Hence
||Xinch§(Uf) < CHf”cf{(U) .

The norms || X;wl| s W i=1,...n, and lwll s () can be more easily handled
X X
and (5.29) follows. m

6 Appendix. Examples of nonsmooth Hormander’s
operators satisfying assumptions A or B

Example 6.1 (Nonsmooth sublaplacian of Heisenberg type) InR? > (x,y,1),
let

0 0 0 0
X = — 1 Xy =— — (1 =
V= g P ) g Xe = o (L) o

)
(X1, Xo] = 2L+ [a] + ly)) 5
L=X}+XJ

The vector fields X1, Xo are CY' and satisfy Hormander’s condition with r = 2,
hence Assumptions A hold. Replacing |z|, |y| with x |z|,y |y| we find C*1 vector
fields, satisfying Assumptions B.
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Example 6.2 (Nonsmooth operator of Kolmogorov type) InR3 > (z,y,t),
with o € (0,1], let:

9 wd 0 - w @
Xl*%»XofiE(lHiﬂ )—y+§» [X1, Xo] = (1+ (a+ 1) || )ay,
L=X?+X,.

X1, X satisfy Hormander’s condition at weighted step r = 3; X; € C*%, X, €
CY%, hence Assumptions A hold. Replacing |x|” with x|x|”, Assumptions B
hold.

Example 6.3 (Nonsmooth operators of Grushin type with high step r)
InR? > (z,y), with a € (0,1], 7 > 2 positive integer, let

o) o)
Xi=—;Xo=2""1(1 ) =;
1=5 X2 =a (+|$|)ay,
L=X{+X3.

X1, X5 satisfy Hormander’s condition at step r; Xo € C"~ 1%, hence Assump-
tions A hold (if r = 2 we need to take a = 1). Replacing |z|* with z|z|®,
Assumptions B hold.
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