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ABSTRACT. We prove the existence of entire solutions with exponential growth for the semilinear elliptic

system
—Au=—uv? in RN
—Av=—u?v inRN
u,v > 0,

for every N > 2. Our construction is based on an approximation procedure, whose convergence is ensured
by suitable Almgren-type monotonicity formulae. The construction of some solutions is extended to
systems with k components, for every k > 2.

1. INTRODUCTION AND MAIN RESULTS

In this paper we investigate the existence of entire solutions with exponential growth for the semilinear
elliptic system

—Au = —u?
(1.1) —Av = —uv
u,v > 0,

in R? (thus in RY for every N > 2). System (1.1), which appears in the study of phase-separation
phenomena for Bose-Einstein condensates with multiple states, has been intensively studied in the last
years; we refer in particular to [1, 3, 4, 5, 9, 10], where physical motivations are discussed and a precise
description of the phase-separation is derived, and to [1, 2] where existence and qualitative properties of
entire solutions are central topics. In [9], it is proved that if (u,v) is an entire solution to (1.1) and is
globally a-Hdlder continuous for some « € (0, 1), then one between w and v is constant while the other
is identically 0. On the other hand, in [1] the authors show that there exists a nontrivial solution for the
system of ODEs

—u" = —uw? inR
—v" =—u?v InR
u,v >0

which is reflectionally symmetric with respect to a point of R, in the sense that there exists ¢y € R such
that u(to +t) = v(to —t) for every ¢ € R, and has linear growth: there exists C' > 0 such that

u(t) +o(t) < C(1+ [t]) vt € R.
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2 EXPONENTIAL ENTIRE SOLUTIONS

The paper [2] completes the study of the 1-dimensional problem with the proof of the uniqueness of the
positive 1-dimensional profile, up to translations and scalings. Always in [2], the authors construct entire
solutions to (1.1) with algebraic growth for any integer rate of growth greater then 1; here and in the
rest of the paper we say that (u,v) has algebraic growth if there exist p > 1 and C' > 0 such that

u(z) +v(z) < C(1+ |z|P) Ve e RY.

The solutions constructed in [2] are not 1-dimensional, and are modeled on (we will be more precise
later, see Remark 1.2) the homogeneous harmonic polynomials %(z?), for every d > 2. There is a
deep relationship between entire solutions to (1.1) and harmonic functions; this relationship has been
established in [5, 9]. For instance, in case (u,v) has algebraic growth, it is possible to show that up to a
subsequence, the blow-down family, defined by

RN—I

faBR(o) u? +v?

is uniformly convergent in every compact subset of RY, as R — +o00, to a limiting profile (¥+, ¥~),
where ¥ is a homogeneous harmonic polynomial (see Theorem 1.4 in [2]).

To conclude this bibliographic introduction, we have to mention that major efforts have been done
recently in order to prove classification results and in particular the 1-dimensional symmetry of solutions
o (1.1). This is motivated by the relationship between (1.1) and the Allen-Cahn equation, which has been
established in [1], and led the authors to formulate a De Giorgi’s-type and a Gibbons’-type conjecture
for solutions to (1.1); for results in this direction, we refer to [1, 2, 6, 7, 11].

(ur(2), vr(2)) (u(Ra),v(Rz)),

Motivated by the quoted achievements, we wonder if the system (1.1) has solutions with super-algebraic
growth. We can give a positive answer to this question proving the existence of solutions with exponential
growth. In our construction we adapt the same line of reasoning introduced in the proof of Theorem 1.3
of [2]. Therein, the authors proved the existence of solutions to (1.1) with the same symmetry of the
function R(z9) in any bounded ball Bg(0) C R?, with boundary conditions u = (R(2%))", v = (R(2?))~
on 0Br(0). By means of suitable monotonicity formulae, they could pass to the limit for R — +oo
obtaining convergence (up to a subsequence) for the previous family to a nontrivial entire solution. In
this sense, their solutions are modeled on the harmonic functions R(z9).

Here, having in mind the construction of solutions with exponential growth, and recalling the relation-
ship between entire solution of our system and harmonic functions, we start by considering

O(z,y) := coshxsiny.
The first of our main results is the following.

Theorem 1.1. There exists an entire solution (u,v) € (C*°(R?))? to system (1.1) such that

1) uw(z,y+27) =u(zr,y) and v(z,y + 27) = v(x,y),
2) u(=x,y) = u(z,y) and v(=z,y) = v(z,y),
3) the symmetries

v(r,y) =u(z,y—m)  ul@,m—y)=v(r,T+Yy)
( 7r+ )7 ( T ) 3 " - 3
ux,2 Yyl =u x,2 Y vx,27r Yyl =v x,27r Y
hold,

) u—v>0in{P>0} andv—u>0in{P <0},
5) u>®F and v > ®~ in R?,
6) the function (Almgren quotient)

Jomx©.2m IVUl? + [V[? + 2u??
e 1 2.2
f{r}x[0,27r] u®+v
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1s well-defined for every r > 0, is nondecreasing, and

f(o r)x(0,27) |VU|2 + |V’U|2 + 2u?v?
lim ’ . 5 : —
r—+00 f{r}x[0,27r] uc +v

)

7) there exists the limit

u? +v?
lim I{T}X[O,Qﬂ’]

r—+4oo e2r

=:a € (0,+00).

Remark 1.2. This solution is modeled on the harmonic function ®, in the sense that it inherits the
symmetries of (T, ®~) and has the same rate of growth of .

Remark 1.3. Point 7) of the Theorem gives a lower and a upper bound to the rate of growth of the
quadratic mean of (u,v) on {r} x [0,27] when r varies:

3
(/ u? + 1)2) =0(e") as r — 400.
{r}x][0,2x]

The domain of integration takes into account the periodicity of (u,v). The quadratic mean of (u,v) on
{r} x [0, 27] has exponential growth, and the rate of growth is the same of the function e”, which in turns
has the same rate of growth of ®. Note that the coefficient 1 in the exponent of e” coincides with the
limit as » — +o00 of the Almgren quotient defined in point 6).

Remark 1.4. With a scaling argument, it is not difficult to prove the existence of entire solutions with
exponential growth of order A for every A > 0 (in the previous sense). To see this, let

(ux(z,9),vx(z,y)) = Au(Az, Ay), Av(Az, \y) .

It is straightforward to check that (uy,vy) is still a solution to (1.1) in the plane, is 2T’T—periodic in y and
is such that

ux(z,y) > A (cosh(Az)sin(Ay))"  and  wvx(z,y) > A (cosh(Az)sin(Ay)) ™ .
Moreover,
f - 2n |Vu,\|2 + |VU)\|2 + 2u§\v§\
(1.2) lim 2Qnx0%) Y

r—+o00 f{r}x [0.%] ui + ’Ug\

and
2 2
o Sz 4

r——+o00 €2>‘T

= .

One can consider the solution (uy,vy) as related to the harmonic function cosh(Ax)sin(Ay). This reveals
that there exists a correspondence

{(ux,vr) : A > 0} <> {sin(Ax) cosh(Ay) : A > 0}.

Due to the invariance under translations and rotations of problem (1.1), the family {(ux,vy) : A > 0}
can equivalently be related with the families of harmonic functions {cosh(A\x) [Cy cos(Ay) + Casin(Ay)]}
or {[C5 cos(Ax) + Cysin(Ax)] cosh(Ay) : A > 0}, where C1,Cs,C5,Cy € R.

As observed in Remark 1.3, the limit of the Almgren quotient in (1.2) describes the rate of the growth
of the quadratic mean of (uy,vy) computed on an interval of periodicity in the y variable. The previous
computation reveals that for every A > 0 we can construct a solution having rate of growth equal to A.
This marks a relevant difference between entire solutions with polynomial growth and entire solutions
with exponential growth: while in the former case the admissible rates of growth are quantized (Theorem
1.4 of [2]), in the latter one we can prescribe any positive real value as rate of growth.
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Remark 1.4 reveals that, starting from the solution found in Theorem 1.1, we can build infinitely-many
entire solutions with different exponential growth. However, noting that system 1.1 is invariant under
rotations, translations and scalings, intuitively speaking they are all the same solution. We wonder if
there exists an entire solution of (1.1) having exponential growth which cannot be obtained by the one
found in Theorem 1.1 through a rotation, a translation or a scaling; the answer is affirmative. We denote

I(x,y) :=e"siny.

Theorem 1.5. There exists an entire solution (u,v) € (C*°(R?))? to system (1.1) which enjoys points
1), 8), 4) of Theorem 1.1; moreover

2) for everyr € R
(1.3) / |Vul|? 4 |Vo|? + u?v? < 400,
(—o0,r)%x(0,27)
5 u>Tt andv>T" inR2tu—v>T" andv—u>T" in R?,
6) the function (Almgren quotient)
. S somyx(0.2m) VUl + V02 + 2u0?

.
u? + v?

f{r}X(O,ZTr)
is well-defined for every r > 0, is nondecreasing, and

S somyx.2m IVUl® + [V[? + 2u?v?
lim : : =1
r—+00 I{T‘}X(O,2ﬂ') u? + 02

)

7) there exist the limits

u? + v?
lim f{r}x[o,%] =:f€(0,+o0) and lim u? + 02 =0.

2 _
r——+o00 e=" T =00 J{r}x[0,27]

Remark 1.6. This solution is modeled on the harmonic function I'. As explained in Remark 1.3, it
is possible to obtain a family of entire solutions which is in correspondence with a family of harmonic
functions.

Remark 1.7. Note that the Almgren quotients that we defined in Theorem 1.1 and 1.5 are different.
They are both different to the Almgren quotient which has been defined in [2].

We can partially generalize our existence result to the case of systems with many components. To be

precise, given an integer k, we will construct a solution (uq, ..., ux) of
. 2
(1.4) — AU = U Y i=1,...k
u; >0,

in the whole plane R? having the same growth and the same symmetries of I'. Here and in the paper we
consider the indexes mod k.

Theorem 1.8. There exists an entire solution (u1,...,u) € (C*°(R?))¥ to system (1.4) such that, for
every i =1,...,k,

1) ui(x,y + kr) = ui(z,y),
2) the symmetries
s
uit1(2,y) = wi (v, y — ) uy (I,—+y)zul (%5—24)

hold,
3) for everyr € R

k
|Vug|? + uiu? < +oo;
/(oo,r)X(O,krr) Z Z ’

i=1 1<i<j<k
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4) the function (Almgren quotient)
k
. f(—oo,r)x(o,kﬂ') > et [Vl + 2 Zl§i<j§k “12“3
k
f{r}X[O,kTr] Zi:l uf
is well-defined for every r > 0, is nondecreasing, and

k
S ooryx 0.km) 2mimt (Vuil® + 237 cicjep v

r

lim T 5 =1.
rohee Jiry o) 2oi=1
5) there exist the limits
k k
lim u? =1y € (0,+00) and lim Zuf = 0.

e Jiryx[0,kn] i o0 J ey x[0,kn] i

This solution is modeled on T'.
Our last main result is the counterpart of Theorem 1.4 of [2] in our setting. This can be quite surprising
because, as we already observed, we cannot expect a quantization of the admissible rates of growth dealing

with solutions with exponential growth, see Remark 1.4. Nevertheless, if we consider solutions which are
periodic in one direction, prescribing a period such a quantization can be recovered.

Theorem 1.9. Let (u,v) be a nontrivial solution of (1.1) in R? which is 2w-periodic in y, and such that
one of the following situation occurs:

(i) there holds

lim u? + 02 =0,
=90 J{r}x[0,27]
and 2 2,22
e o [Vul? 4+ [Vo]? +u®v
dom tim Joenxom < +o0.
r—+oo f{r}x[0,2w] u? + v?
(17) Opu =0 = 0yv on {a} x [0,27] for some a € R, and
Vul? + |[Vv]? + u?v?
doe tim Jenxeon VUV < 4o00.
400 f{r}x[0,27r] u2 + v2

Then d is a positive integer,

1
2
</ u? + 1)2) = 0(e) as r — 400,
{r}x[0,27]

and the sequence

(un(z. ), vn(x.y)) == ! (u( + R,y),v(z + R,y))

\/I{T}X[O,Qﬂ'] u? 4 v

converges in C)(R?) and in H}_(R?) to (UF, V™), where ¥(z,y) = e (Cy cos(dy) + Casin(dy)) for

loc

some C1,C5y € R.

Notation. We will deal with functions defined in domains of type (a,b) x R, where a < b are extended
real numbers (a = —oo and b = +oo are admissible). We will often assume that (uq, ..., uy) is kr-periodic
in y; therefore, we can think to (ui,...,u) as defined on the cylinder

C(a,b) = (a,b) X Sk where Sk = R/(kTFZ).

We will also denote ¥, := {r} x Sy. In case b > 0, a = —b, we will simply write Cy instead of C(_ ) to
simplify the notation.
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Plan of the paper. In section 2 we will prove some monotonicity formulae which will come useful in the
rest of the paper. We can deal with two types of solutions: solutions satisfying a homogeneous Neumann
condition defined in a cylinder C, ;) with a > —oo, or solutions defined in a semi-infinite cylinder of
type C(_oopy and decaying at x — —oo. For the sake of completeness and having in mind to use some
monotonicity formulae in the proof of Theorem 1.8, we will always consider the case of systems with &
components.

The proof of Theorem 1.1 will be the object of section 3. It follows the same sketch of the proof of
Theorem 1.3 in [2]: we start by showing that for any R > 0 there exists a solution (ug,vg) to (1.1) in
the cylinder Cg, with Dirichlet boundary condition

ur =®" and wvg=®  on{-R, R} x[0,27],

and exhibiting the same symmetries of (®*,® ). In order to obtain a solution defined in the whole C\,
we wish to prove the C? (Cw) convergence of the family {(ug,vgr): R > 1}, as R — +o0. To show that
this convergence occurs, we will exploit the monotonicity formulae proved in subsection 2.1. With respect
to Theorem 1.3 of [2], major difficulties arise in the precise characterization of the growth of (u, v), points
6) and 7) of Theorem 1.1.

In section 4 we will prove Theorem 1.5. One could be tempted to try to adapt the proof of Theorem 1.1
replacing ® with I'. Unfortunately, in such a situation we could not exploit the results of subsection 2.1;
this is related to the lack of the even symmetry in the = variable of the function I' (note that the function
® enjoys this symmetry). A possible way to overcome this problem is to work in semi-infinite cylinders
C(—,r) and use the monotonicity formulae proved in subsection 2.2. But to work in an unbounded
set introduces further complications: for instance, the compactness of the Sobolev embedding and of
some trace operators, a property that we will use many times in section 3, does not hold in C(_ gy-
Although we believe that this kind of obstacle can be overcome, we propose a different approach for the
construction of solutions modeled on I', which is based on the elementary limit

lim ®g(z,y) =T(z,v) Y(z,y) € R?
R—+oc0
where ®r(x,y) = 2¢~f cosh(x + R)siny. We will prove the existence of a solution (ug,vg) of (1.1) in
C(—3r,r) with Dirichlet boundary condition

up =@} and wvg=®, on{-3R, R} x 0,27,

and exhibiting the same symmetries of (@E, ® ). Then, using again the results of section 2, we will pass
to the limit as R — +oo proving the compactness of {(ug, vr)}.

Section 5 is devoted to the study of systems with many components. As in [2] the authors could prove
in one shot an existence theorem for 2 or k& components (there are no substantial changes in the proofs),
it is natural to wonder if here we can simply adapt step by step the construction carried on in section 3 or
4, or not. Unfortunately, the answer is negative: following the sketch of the proof of Theorem 1.1, we can
adapt most the results of sections 3 and 4 with minor changes, but in the counterpart of Proposition 3.1
we cannot prove the pointwise estimate given by point 4). As a consequence, with respect to subsections
3.2 and 4.2 we cannot show that the limit of the sequence (uj g, ..., ur r) does not vanish. Note that,
in the case of two components, this nondegeneracy is ensured precisely by the above pointwise estimate.
As far as the case of k& component in [2], we observe that they obtained nondegeneracy through their
Corollary 5.4, which is the counterpart of point (¢) of our Corollary 2.5. But, while therein the estimate
of the growth given by this statement is optimal, in our situation it does not provide any information; this
is related to the different expression of the term of rest in the Almgren monotonicity formula, Proposition
2.4. This is why we have to use a completely different argument which is not based on the existence of
solutions for the system of k components in bounded cylinders (or in semi-infinite cylinders), but rests on
Theorem 1.6 of [2]. Roughly speaking, we will obtain the existence of a solution of (1.4) with exponential
growth as a limit of solutions of the same system having algebraic growth.

The proof of Theorem 1.9 will be the object of section 6.

We conclude the paper with an appendix, in which we state and prove some known results for which
we cannot find a proper reference.
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2. ALMGREN-TYPE MONOTONICITY FORMULAE

Let £ > 2 be a fixed integer. In this section we are going to prove some monotonicity formulae for
solutions of

— . 2
(2.1) {‘A“i = Ui D i U
u; >0

defined in a cylinder C', ) (this means that we assume from the beginning that (u1, ..., uy) is kw-periodic
in y).
In this section we will use many times the following general result:

Lemma 2.1. Let (uy,...,ux) be a solution of (1.4) in Caypy. Then the function

’I”I—>/ Z|vuz|2 ‘2/223“1

S =1 1<Z<J<k T =1
is constant in (a,b).

Proof. Let a < ry < ro < b. We test the equation (2.1) with (Opui,...,0zug) in Cpp, ,,): for every i it

results
1
— 0y Vul us uiﬁzui:/ Opt; 2—/ Opu;)?.
L 5o (vup)+ (X [0~ [ )

(r1,r2) J#i T2 r1
Summing for ¢ = 1,...,k we obtain
/ | IVl 3 i | = 2 Sz [ T
C(TlvTQ) i<j Ery Er
which gives the thesis. O

2.1. Solutions with Neumann boundary conditions. In this subsection we are interested in solu-
tions to (2.1) defined in C, ) (thus k7m-periodic in y), with a > —oo and b € (a, +o0], and satisfying a
homogeneous Neumann boundary condition on ¥, that is,

(2.2) Oyu; =0 on X, for every i =1,...,k.
Firstly, we observed that under this assumption Lemma 2.1 implies

Lemma 2.2. Let (u1,...,ux) be a solution of (2.1) in C(qyp), such that (2.2) holds true. For every
r € (a,b) the following identity holds:

/Dw 2o [ S (0,0 /Zauz T

Xr =1 1<7,<_]<k r =1 Za =1 1<i<j<k

For a solution (u1,...,ux) of (2.1) in C, 3 satisfying (2.2), we define

Esum / Z|VU1|2+2 Z
C

(a;r) 4=1 1<i<j<k
sym 2 2,2
& / E |Vu,|* + g ujuj,
C(a r) i=1 1<i<j<k

8>

T g=1
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Remark 2.3. The index sym denotes the fact that, as we will see, the quantities E*Y™ and £°Y™ are
well suited to describe the growth of the solution (uq, ..., uy) only if (uy,...,u) satisfies the (2.2), which
can be considered as a symmetry condition. Indeed, under (2.2) one can extend (uq,...,uy) on C2a—b,b)
by even symmetry in the x variable.

By regularity, £/, £ and H are smooth. A direct computation shows that they are nondecreasing
functions: in particular

(2.3) H'(r) = 2/ Zui&,ui =2E(r),

where the last identity follows from the divergence theorem and the boundary conditions of (uq, ..., uk).
Our next result consist in showing that also the ratio between E (or £) and H is nondecreasing.

Proposition 2.4. Let (ui,...,ux) be a solution of (2.1) in Ci,ypy such that (2.2) holds true. The

Almgren quotient
Esv™(r)
Sym (. .
N&Y™ () o)

is well defined and nondecreasing in (a,b). Moreover

/fzs Z<J ui Jd < N(r).

Fsym
(r) is well defined

Analogously, the function (which we will call Almgren quotient, too) M*Y™(r) := )
r

and nondecreasing in (a,b), and
2
K2

Jo 3o udu? I _udu? 2
/ > (a,r) 1<J J (a,r) 1 J J
N (r) > 2N(r) 0 + 2 0

In the rest of this subsection we will briefly write £, &£, N and 0N instead of E*Y™ E5Y™ NSV™ and
MY to ease the notation.

Proof. Since (u,v) € Hy, (C(q)) is nontrivial, E and H are positive in (a, b) and bounded for r bounded.
We compute, by means of Lemma 2.2

/ Z|Vul|2+22u

1<J
:/ 228% +Zu2u2+/ Zauz +ZU
i i<j 1<j

Note that d,u; = d,u; on X,. Using the previous identity and the (2.3) we are in position to compute
the logarithmic derivative of N:

N'(r) _E'(r) H'(r)
N(r)  E(r) H(T)
fZT (0 u;)? 2fz ;(Oyui) —i—ZKau —|—sz i<j ufuf B fZT > udyu;
fz > udyu; E(r) fZT Z u?
> 9 sz i(Ovui)? B fzr > udyu; fn i<y U > fzr Zi<] ufu?
B sz Z—u&,ui sz > uf

where we used the Cauchy-Schwarz and the Young inequalities. As a consequence, N is nondecreasing
n (a,b). Note also that

R

N'(r) >

w22 r oulu?
fE 1<J z ] - N(T‘)Z/ fEszj;;<g ) JdS

H{(r)
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for every r > a. The same argument can be adapted with minor changes to prove the monotonicity of
N. O

As a first consequence, we have the following
Corollary 2.5. Let (u1,...,ux) be a solution of (2.1) in C(, ) such that (2.2) holds.
(i) If N(r) > d for r > s > a, then

H(ri) _ H(rs)
e2d7‘1 - 6217‘2

ii) If N(r) < d forr <t <b, then
H(ri) _ H(rs)
6237‘1 - 6237‘2

Proof. We prove only (ii). Recalling that H'(r) = 2E(r) (see (2.3)), we have

Vs<ry <ry<hb,

Va<r <rg<t.

di logH(r) =2N(r)<2d  Vr € (a,t].
,

By integrating, the thesis follows. O

The next step is to prove a similar monotonicity property for the function E. Our result rests on
Theorem 5.6 of [2] (see also [1]), which we state here for the reader’s convenience

Theorem 2.6. Let k be a fixed integer and let A > 1. Let

ok

L(k,A) := min /0 Z(fi')2+A Z 1257
i=1

1<i<j<k

fioeeos fr € HY([0,27]), [0 f2=1
firit) = fi (t=22), film+t)= fu(m—t) [’

where the indexes are counted mod k. There exists C' > 0 such that

(5)2 _OAVA < (kA < (§>2

Remark 2.7. Having in mind to apply Theorem 2.6 on 27-periodic functions, note that the condition
fi(m +1t) = fi(m —t) can be replaced by fi(t+ 7) = f1(r —t) for any 7 € [0, 27).

For a fixed r¢ € (a,b), let us introduce

( ) /T ds
o) = S
<P ' 0 T0 H(8)1/4

The function ¢ is positive and increasing in RT; thanks to point (i) of Corollary 2.5 and to the mono-
tonicity of N, whenever (u,v) is nontrivial ¢ is bounded by a quantity depending only H (ro) and N (rq).
To be precise:

%N(TO)TO

€ 1 1
2.4 rirg) <2— — [e*ENW)TO —e"N@or|
(2.4 olrir0) 2
This, together with the monotonicity of ¢(+;7¢), implies that if b = 400 then there exists the limit
(2.5) TBIJ,I}OO p(r;rp) < +o0.

Lemma 2.8. Let (u1,...,ux) be a solution of (1.1) in Caypy such that (2.2) holds. Let ry € (a,b), and
assume that

(2.6) i1 (7, y) = wi(v,y —m) and w (2,7 +y) =u (2,7 —y)

E(T) eCcp(r;ro)

where T € [0, k). There evists C > 0 such that the function r — —=
e ‘s

r>Tg.

18 nondecreasing in r for
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Proof. Recalling the (2.3), we compute the logarithmic derivative

d lo E(T) o fz 8 u'L +f2 8 uz +2Ez<]
dr & N fE i ulal/u’l

To apply Theorem 2.6, we observe that X, = {r} x [0, k], so that

(2.8) / (Oyu;) 42 Zu / (Oyui(r, ) +2 Z wi(r,y)%u;(r,y)? dy

i<j i<j

_%/O%(Gyﬁi(r,y)) +2< ) > ai(r,y)?i;(r,y)? dy,

1<J

(2.7)

eQr

where @;(r,y) = u; (r, £y). By a scaling argument, thanks to assumption (2.6) (see also Remark 2.7) we
can say that for every A > % there holds

2

27 k
Oy ti(ryy 2+<—) uzryury dy
| @+ (3 OQ,TEM(WQdyZ )

1<J

e (5) ) [ e e[ (5)) [

27 ~ 2
A:/O ;ui(r,yfdy:EH(r)

The choice

yields

A2F(8ul(ry ( ) Zuzry u]ry) dy > EkkH / Zul,

i<j
and coming back to (2.8) we obtain

/E (0, 2) +2Zu2u2z(2)25(&/{}1@))/&2}@.

1<J

Plugging this estimate into the (2.7) we see that

il (E(T)> > 94 fzy‘ > (Ouui)™ + ( ) (k,kH(r fz

ar B\ ez fz .uz(? i
> -242- \/W i / -
where we used Theorem 2.6. An integration gives the thesis. 0
Lemma 2.9. Let (uy,...,ux) be a nontrivial solution of (2.1) in C(q 10y, and assume that (2.2) and
(2.6) hold. If d :=lim, o0 N(r) < 400, then d > 1 and
lim E(r) > 0.

r—4oo 2"

Proof. Let us fix 19 > a. Firstly, from the previous Lemma and the (2.5), we deduce that there exists
the limit

Recalling that ¢(r;rg) is bounded, it results

E(T) > e—Cga(r;ro) E(2T0)
e<ro

o 2 >C>0 Yr > rg,
e’r
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so that the value [ is strictly greater then 0. Now, assume by contradiction that d = lim, 4+, N(r) < 1.
The monotonicity of N implies N(r) < d for every r > 0. Hence, from Corollary 2.5 we deduce

H(r) _ H(ro) : H(r) H(r)
2dr < 2dro Yr>ryg = lirEJsrliop 2dr <40 = TLI-POO or =0,
which in turns gives
E H
0<l= lim gr) = lim N(r) lim #:O,
r—+oo e<’ r——+o00 r—+oo e’
a contradiction. ]

2.2. Solutions with finite energy in unbounded cylinders. In what follows we consider a solution
(u1,...,ux) of (2.1) defined in an unbounded cylinder C(_.,;), with b € R (the choice b = +o0 is

admissible). In this setting we assume that (uq,...,u;) has a sufficiently fast decay as © — —oo, in the
sense that
(2.9) /Zu —0 asr — —oo.
Eri=1
First of all, we can show that under assumption (2.9) (u1, ..., ux) has finite energy in C(_ 3).

Lemma 2.10. Let (uy,...,ux) be a solution of (1.4) in C(_ ), such that (2.9) holds. Then

b () ::/C Z |Vug)? + Z ufu? < 400 Vr < b.

(—o0,m) =1 1<i<j<k

The index unb stands for the fact that the energy is evaluated in an unbounded cylinder, and will be
omitted in the rest of the subsection.

Proof. Firstly, being a solution in C(_ p), it results (u1,...,ux) € Hlloc(C(,ooﬁb)). Thus, under assump-
tion (2.9), there exists C' > 0 such that H(r) < C for every r < b.
Let 7o < b. Let us introduce, for r > 0, the functional

e(r) = / Z |V | + Zufuf
Clertroro) i i<j

For the sake of simplicity, in the rest of the proof we assume ro = 0 (thus b > 0). By direct computation
and an application of Lemma 2.1, we find

/ Z|Vul|2+2u 2/Z (Opu;)? / Z|Vul|2+2u / (Opu;)?

1<j 1<j
that is

(2.10) / (Opu;)? = %e'(r) + Co

-7

On the other hand, testing the equation (1.4) in C(_, ¢y by (u1,...,ux) and summing for i = 1,...,k, we

find
C=r0 S 3 S5

i 1<j

< oo ([ o) (| 24)

Let us assume that by contradiction that e(r) — +o0o as r — +o0o. Taking the square of the previous
inequality, using the boundedness of H and the assumption (2.9), we have

az(e(r) + C1)? —2C, < €'(r) forr>r
e(r) >0,
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for some Cjy,C7; > 0 and 7 sufficiently large. Any solution to the previous differential inequality blows
up in finite time, in contradiction with the fact that (uq1,...,ux) € Hlloc(C(,ooyb)). As a consequence e is
bounded and, by regularity,

/ Z|Vul|2+2ufuj2 < 400 Vr < b. O
c

(o0 4 i<j

Remark 2.11. As a byproduct of the previous Lemma, if (uy,...,us) solves the (1.4) in C(_ ) and
(2.9) holds, then

lim &(r) = 0.

r——00

Having in mind to recover the monotonicity formulae of the previous subsection in the present situation,
we cannot adapt the proof of Lemma 2.2, where assumption (2.2) played an important role. However,
we can obtain a similar result with a different proof.

Lemma 2.12. Let (u1,...,ux) be a solution to (1.1) in C(_ ), such that (2.9) holds. Then

/Z|Vui|2—|— Z u?u?:2 Z(azui)2
b

T i=k 1<i<j<k Xr =1
for every r < b.

Proof. We use the method of the variations of the domains: for ¢ € C}(—o0,r), we consider

wie(r,y) =ui(r +ep(r),y)  i=1,....k

It is possible to see (u1,c, ..., ug,c) as a smooth variations of (uy, ..., ux) with compact support in C(_ ,:
indeed
ui(z +ep(x),y) — wi(w,y) = edpu(&a, y)¥(2),

where &, € (z,2 + ep(x)). To proceed, we explicitly remark that any solution to (1.4) is critical for the
energy functional

k
J(v1,.. . 0) = Z|Vvi|2+ Z v?v?
C—o0.b) j=1 1<i<j<j

with respect to variations with compact support in C2°(C(_s)). Note that J(ui,...,ux) = E(b). As
(uq,...,uy) is a smooth solution of (1.4) with finite energy £(r), it follows that

O = 1 fc(*oom) Zl |Vui’€|2 + 27’<J u?75u§75 - E(T)
= e

0
=/C oo | Do [Vuile +ev(@),p) + ) ui(e + ev(@),y)uj (z + (), ) dady
(—o0,m) i

i<j

(2.11) =0
+2lim W (@)Y (Opui)(x + egp(x)) dady
I C e i
= /C 22(81111-)2 - Z |V |? + Zufu? 0y
(—o0,x) i i i<j

for every ¢ € C}(—o0, ). Since £(r) < +o0, for every £ > 0 there exists a compact K. C C(_w ) such

that
/c Z|Vui|2+2ufu? <e.

(o0 \Ke i<j
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Let ¢ € C'(—o0,r) be such that [¢[lc1(—cc,) < 400 and ¢ = 0 in a neighborhood of r. It is possible
to write ¢ = 1 + 12 where 11 € C}(—o00,7) and supp ¢y x (R/knZ) C (C(_oo,r) \ Ke). Therefore, from
(2.11) it follows

J

Zaul Z|Vul|2+2u g

i<j

(—o0,m)

— 896 ' 2 _ 2 /
/C A © SCRZAES D SR ot B I

1<J
< 34les(-ooun | 5 IVl + 3 u
C(foo,T)\K i<j
Since € has been arbitrarily chosen, we obtain
(2.12) / 2> " (Daui)? — Z|Vul|2+2u W =0
Cl=oo,m) i i<j

for every ¢ € C'(—oo,r) be such that 19|t (—s0,r) < +00 and 9 = 0 in a neighborhood of 7.

Now, let ¢ € C'((—o0,r]) be such that [|¢[|c1 (0o, < +00. For a given € > 0, we introduce a cut-off
function n € C*°(R) such that
1 ifs<r—e
n(s) = { .

0 ifs>r.

Since np € CH(—o0,7), |[NY]lc1(—c0,ry < +00 and 1Y = 0 in a neighborhood of r, from (2.12) we deduce

(2.13) /C 2 Z(@wui Z |V |2 + Z wu? || ny

(—o0,m) [ i<j
_ / Dwuzu 223 (D) | '
Clmoom) i<j i
Denoting by

Z|VU1|2 Zu —228% 2,

i<j

the right hand side is

/0’” </ v (@) d“’) dy = - /OIWW —e.y)dy
- /Okﬂ </T:77(5)317($7y) dw) dy

:/Z QZ(amui z:|Vuz|2—i-Zu2 21w +o1)

i<j

as € — 0, where the last identity follows from the regularity of (uq,...,u;) and from the Cl-boundedness
of ¢ and 7. Passing to the limit as ¢ — 0 in the (2.13), we deduce that for every 1 € C'((—o0,7]) such
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that [|[9]lc1((—oo,r) < +00 it results

/ 22(81111-)2 — Z |V |* + Zufu? P
C i i

i<j

(—o0,m)

= / 2 Z(@wui)z - Z |V |? + Zufu? 1.
s,

B i i<j
Choosing ) = 1 we obtain the thesis. ([

This result permits to prove an Almgren monotonicity formula for a solution (u1,...,u;) of (1.4) in
C(—co,p) such that (2.9) holds. For such a solution, let us set

k
E“"b(r) = Z|Vui|2+2 Z ufu?,

Caco,r) =1 1<i<j<k
We will briefly write E in the rest of the subsection. Clearly, Lemma 2.10 and the fact that £(r) — 0 as
r — —oo (see Remark 2.11) implies that

(2.14) E(r)<+oo Vr<b and lim E(r)=0.

T——00

By regularity, E,€ and H are smooth. A direct computation shows that £ and £ are increasing in 7.
As far as H is concerned, with respect to the previous subsection we cannot deduce the identity (2.3) by
means of a simple integration by parts, since we are working in an unbounded domain. However,

Lemma 2.13. Let (uy,...,ux) be a solution to (1.4) in C(_p), such that (2.9) holds. Then

k
H'(r) = 2/E Zui&,ui =2FE(r)

T =1

for every r < b. In particular, H is nondecreasing.
Proof. For every s < r < b, the divergence theorem and the periodicity of (u1,...,u) imply that

E(T)ZE(SH/ S IVul? +2 3 w2
Csm)

i i<j
= FE(s) — / Zulﬁwui + / Zui&,ui.
DN S 5

We consider the second term on the right hand side. Let n € C°(—1,1) be a non negative cut-off
function, even with respect to » = 0, such that n(0) = 1 and n < 1 in (=1,1). Let ns(z) = n(z — s);
testing the equation (2.1) with w;ns in C(s_4 5), we find

/ Vu; - V(uns) + u? Zu?ns = / U Ogp s
Cs—1,9) s

i#j

(2.15)

Summing up for i = 1,..., k, we obtain
/ > widsu; =/ > (wideuin), + [Vuilns) + 2 ufuin,
s Cls-1,5) 4 i<j

<Cn) Z HUiH?HI(C(S,LS)) + E(s),

(2.16)

where the last estimate follows from the Holder inequality. We claim that

S luillmic y,) =0 ass— —oo.
7
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This is a consequence of the Poincaré inequality

/ W< C / u? +/ Vul?)  Vue B'Chory)
Cs—1,9) s Cs—1,9)

together with assumption (2.9) and the fact that E(s) — 0 as s - —oo (see (2.14)). Thus, from the

(2.16) we deduce that
i, Swooi=0

which in turns can be used in the (2.15) to obtain the thesis:

E(r) = SEI_HOO <E(3) —/E Zuiamui'i‘/z Zuiauui> Z/E Zuiauui- U

In light of the previous results, the proof of the following statements are straightforward modification
of the proofs of Proposition 2.4, Corollary 2.5 and Lemmas 2.8 and 2.9.

Proposition 2.14. Let (u1,...,ux) be a solution of (2.1) in C(_o ) such that (2.9) holds. TheAlmgren
quotient

- Eunb (T‘)
- H(r)

is well defined in (—oo,b) and nondecreasing. Moreover,

Nt (r)

[ BT,

" 5unb(7°)
Analogously, the function " (r) = o)
,

is well defined in (—o0,b) and nondecreasing.

We will briefly write N and 9 instead of N*"* and D91“"® in the rest of this subsection.

Corollary 2.15. Let (u1,...,ux) be a solution of (2.1) in C(_py such that (2.9) holds.
(i) If N(r) > d for r > s, then
H(r) _ H(ra)

IN

Vs<ry <ryg<hb,

6247’1 6247’2
ii) If N(r) <d forr <t <b, then
H(ry) _ H(rs)
6237‘1 Z e2ET2 V Tl < T2 S t

For a fixed rg < b, let us introduce

( ) /T ds
rirg) = —_—.
@\riTo o H(S)1/4

The function ¢ is positive and increasing in RT; thanks to point (i) of Corollary 2.15 and to the mono-
tonicity of N, whenever (u,v) is nontrivial ¢ is bounded by a quantity depending only H (ro) and N (rg):

e%N(’I"Q)To

H(ro)TN (ro)
This, together with the monotonicity of ¢(-;79), implies that if b = +oo then there exists the limit

(2.17) gp(r;ro) <2 [e*%N(m)ro _ ef%N(ro)r .

lim ¢(r;rg) < +o0.

r—400
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Lemma 2.16. Let (u1,...,ux) be a solution of (1.1) in C(_sp) such that (2.9) hold. Let ry € (—o0,b),
and assume that

(2.18) i1 (7, y) = wi(v,y —m) and w (2,7 +y) =u (2,7 —y)

E(T) eC«p(r;rg)

where 7 € [0,km). There exists C > 0 such that the function r — —=
e T

r>Trg.

is nondecreasing in r for

Lemma 2.17. Let (uq,...,ux) be a nontrivial solution of (2.1) in Co, and assume that (2.9) and (2.18)
hold. If d :=lim, 4 N(r) < 400, then d > 1 and

lim E(r)

rotoo @27

> 0.

Remark 2.18. The achievements of this section hold true for solutions to

—Au; = —fu; Z#i uf

u; >0
with the energy density

Z |Vu,|* + 2 Zufuf replaced by F Z |V, | + 28 Z uus.
i i<j i i<j

2.3. Monotonicity formulae for harmonic functions. Here we prove some monotonicity formulae
for harmonic functions of the plane which are 27 periodic in one variable. In what follows, in the definition

of Ca,py and X, we mean k = 2. The following results will come useful in section 6.
Firstly, it is not difficult to obtain the counterpart of Lemma 2.1.

Lemma 2.19. Let ¥ be an entire harmonic function in C(, ). Then
re [ VU —202
X
18 constant.

Proof. We proceed as in the proof of Lemma 2.1: for a < r; < ro < b, we test the equation —A¥ = 0
with ¥, in C,, ,,) and integrate by parts. g

In what follows we consider a harmonic function ¥ defined in an unbounded cylinder C(_, 3, with
beRorb=+o0o. We assume that

(2.19) H(r;¥) := / U2 50 asr— —oo.

s

Lemma 2.20. Let U be a harmonic function in C(_ p) such that (2.19) holds true. Then

(i) for every r € R it results E“"°(r; ¥) := / |VU|? < +o0
CI)
(1) 1t results

(2.20) / |V|? :2/ (0,0)?

s s

Proof. In light of Lemma 2.19, it is not difficult to adapt the proof of Lemma 2.11 and obtain (7). As far
as (ii), we can proceed as in the proof of Lemma 2.12. O

Proposition 2.21. Let ¥ be a nontrivial harmonic function in C(_ py, such that (2.19) holds true.
The Almgren quotient
J Vo
_ 2Comn

N (r; W) =
(Tv ) ng\I}2
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is nondecreasing in r. If N(-;U) is constant for r in some non empty open interval (r1,rz2), then N(r; V)
is constant for all r € R and there exists a positive integer d € N such that N(r; W) = d; furthermore,

U(z,y) = [Cy cos(dy) + Oy sin(dy)] e
for some C1,C5 € R.

Proof. The Almgren quotient is well defined, thanks to Lemma 2.20. To prove its monotonicity, we
compute the logarithmic derivative by means of the Pohozaev identity (2.20) and the fact that H'(r; ¥) =
2E"mb(r; W) (this follows from (2.19)):

Ny () o, VO W0 [ 0P w0

RIS 2T S SR SR S

e |
where in the last step we used the Cauchy-Schwarz inequality.
Let us assume now that N (r; ¥) is constant for r € (ry,72). By the previous computations it follows

that necessarily
2
/ |am\11|2/ U2 = (/ \If&mkll)
X P s

for every r € (r1,72). Again from the Cauchy-Schwarz inequality, we evince that it must be
0,V = \U on %,

for some constant A € R and for every r € (r1,72). Solving the differential equation, we find that ¥ is of
the form

W(z,y) = B(y)e.
This, together with the equation AW = 0, yields

V' HNY =0 =  U(x,y)=[Ccos(\y) + Cosin(\y)] e V(z,y) € (r1,r2) X R,

and ¥ can be uniquely extended to R? by the unique continuation principle for harmonic functions. Since
U satisfies the condition (2.19) and is nontrivial, it follows that A > 0. The proof is complete, recalling
the periodicity in y of the function ¥ and computing its Almgren quotient. O

3. PROOF OF THEOREM 1.1
In this section we construct a solution to (1.1) modeled on the harmonic function ®(z,y) = cosh z:siny.

3.1. Existence in bounded cylinders. For every R > 0 we construct a solution (ug,vg) to

—Au=—uv? inCp
(3.1a) —Av=—u?v inCpr
u,v >0

(equivalently, we can consider the problem in (—R, R) x (0, 27) with periodic boundary condition on the
sides [-R, R] x {0,27}) with Dirichlet boundary condition

(3.1b) u=®", v=>0" onXpUX_g,
and exhibiting the same symmetries of (®+,®). To be precise:

Proposition 3.1. There exists a solution (ug,vg) to problem (3.1a) with the prescribed boundary con-
ditions (3.1b), such that

1) ur(—z,y) = ur(z,y) and vr(—=z,y) = vr(z,y),
2) the symmetries

vr(z,y) =ur(z,y —m)  ur(r—z,y) = vr(r + z,y)

( 7r+ )_ ( s ) 3 n - 3
UR :E72 Y| =URr :I:72 Yy UR :E727T Y ) =7UR 1'7271' Yy

hold,



18 EXPONENTIAL ENTIRE SOLUTIONS

3) up —vr >0 in {® >0} and vg —ur >0 in {® < 0},
4) up > &% and vg > P.

Remark 3.2. In light of the evenness of (ug,vr) in z, it results

Oyu =0 = 0yv on Y.
As a consequence, the monotonicity formulae proved in subsection 2.1 hold true for (ug,vg) in the
semi-cylinder C(g gy-

In order to keep the notation as simple as possible, in what follows we will refer to a solution of
(3.1a)-(3.1b) as to a solution of (3.1).

Proof. Let

u=®T v=d" on XrUX_g, u>0,

u—v>0in {® > 0},

v(x,y) = ’LL(.I,y - 7T)7 ’LL(—ZZ?, y) = u(xvy)a

u(z,m—y) = v, +y), u(z§+y) =u(,§—y)

Note that if (u,v) € Ug then v is nonnegative, even in x and symmetric in y with respect to %ﬂ'; moreover,

u—v < 0in {® < 0}. It is immediate to check that U is weakly closed with respect to the H! topology.
We seek solutions of (3.1) as minimizers of the energy functional

Z/{R = (u,v) (S (Hl(CR))2

J(u,v) = / |Vul? + |Vo|? 4+ u?o?
Cr

in Ur. The existence of at least one minimizer is given by the direct method of the calculus of variations;
for the coercivity of the functional J, we use the following Poincaré inequality:

(3.2) /CR 2 <C </2R o /CR |Vu|2> Vu € H'(Cp),

where C' depends only on R. To show that a minimizer satisfies equation (3.1), we consider the parabolic
problem

U — AU = -UV? in (0,4+0) x Cg
(3.3) V; — AV = -U?V in (0,4+0) x Cg

U=o%, V=30 on (0,+00) x (XgpUX_R)
with initial condition in Ug. There exists a unique local solution (U, V'); by Lemma A.1 if follows U, V' > 0;
hence, the maximum principle gives

0<UK< supfl)Jr and 0<V <supd.
Cr Cr

This control reveals that (U, V') can be uniquely extended in the whole (0, +00). Since

d
3.0 SIUE)VE) =2 [ (©+V2) <o

dt Cr
that is, the energy is a Lyapunov functional, from the parabolic theory it follows that for every sequence
t; — 400 there exists a subsequence (t;) such that (U(t;-), V (¢;,-)) converges to a solution (u,v) of (3.1).
Therefore, in order to prove that (ugr,vr) solves (3.1), it is sufficient to show that there exists an initial

condition in Up such that the limiting profile (u, v) coincides with (ur,vr). We use the fact that
(3.5) Up is positively invariant under the parabolic flow.
To prove this claim, we firstly note that by the symmetry of initial and boundary conditions and by the
uniqueness of the solution to problem (3.3), we have
V(t,z,y) =U(t,x,y — ), Ut,—x,y) =U(t,z,y),

I (0 M 8.
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This implies
Ut,z,7) = V(t,z,m) =0 V(t,z) € (0,400) x [-R, R].
Furthermore, using the (3.6) and the periodicity of (U, V)
U(t,z,0) —V(t,z,0)=U(t,z,0) = V(t,z,2mr) =0  V(t,z) € (0,+0) x [-R, R]
Ut,z,2m) — V(t,x,2n) = U(t,z,27) — V(t,z,0) =0 Y(t,x) € (0,400) X [-R, R].
This means that U —V = 0 on {® = 0}. Let us introduce Dg := {® > 0} N Cg. For each initial datum
in Ugr, we have
U-V)—AU-V)=UV({U -V) 1in (0,400) X Dg
(3.7) U-V=>0 on {0} x Dp
U-V>0 on [0, +00) x Dpg.
Lemma A.1 implies U — V > 0 in (0, 4+00) X Dg. This completes the proof of the claim.
Let us consider equation (3.3) with the initial conditions U (0, z,y) = ug(z,y), V(0,2,y) = vr(z,y);
let us denote (U, V) the corresponding solution. On one side, by minimality,
J(ug,vr) < JUE(, ), VE(E,)  Vte (0,+00);
we point out that this comparison is possible because of (3.5). On the other side, by the (3.4),
JUR(, ), VE(t, ) < J(ug,vr) Yt € (0,+00).
We deduce that J(U, V1) is constant, which in turns implies (we can use again the (3.4)),
UR(t,z,y) =Vt z,y) =0 = Ut a,y) =ur(z,y), VELzy) =vr(z,y).

By the above argument, as (ug,vg) coincides with the asymptotic profile of a solution of the parabolic
problem (3.3), it solves (3.1). Points 1)-3) of the thesis are satisfied due to the positive invariance of Ug.
The strong maximum principle yields ug > 0 and vg > 0. Moreover,

{—A(UR — VR — (I)) = UR’UR(’U,R — ’UR) Z 0 in DR

= up—vp—®>0 in Dg,
uR—vR—fl):O OnaDR a & - n

so that by the strong maximum principle and the fact that ug,vg > 0 we deduce ur > ®*. Analogously,
vp > P, ]

Remark 3.3. The existence of a positive solution of (3.1) satisfying the conditions 1)-2) of the Propo-
sition can be proved by means of the celebrated Palais’ Principle of Symmetric Criticality. To do this, it
is sufficient to minimize the functional J in the weakly closed set

u=®T, v =" on XrpUX_p,
(U,U) € (Hl(CR))2 v(x,y) = u(‘rv Y- 7T)7 u(_‘rv y) = u(‘rv y)v s
uz,m—y) =v(e, 7 +y), u(@,§+y) =u(z§—y)
and apply the maximum principle. We have chose a more complicated proof since we will strongly use
the pointwise estimates given by point 4).

3.2. Compactness of the family {(ug,vr)}. In this section we aim at proving that, up to a subse-
quence, the family {(ug,vr) : R > 1} obtained in Proposition 3.1 converges, as R — +00, to a solution
(u,v) of (1.1) defined in the whole Ci,. Then, by looking at (u,v) as defined in R? (this is possible
thanks to the periodicity), we obtain a solution of (1.1) satisfying the conditions 1)-5) of Theorem 1.1.
At a later stage, we will also obtain the estimates of points 6) and 7).

We denote Er,Er, Hr, Ng and Mg the functions EV™ H, Y™ NY™ and 9*¥"™ (which have been
defined in subsection 2.1) when referred to (ug,vgr). As observed in Remark 3.2, for these quantities the
results of subsection 2.1 apply.

We will obtain compactness of the sequence (ug, vg) using some uniform-in-R control on Ng and Hp.
We start with a uniform (in both r and R) upper bound for the Almgren quotients Ng(r).

Lemma 3.4. There holds Ng(r) < 2, for every R > 0 and r € (0, R).
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Proof. Tt is an easy consequence of the monotonicity of Ng and of the minimality of (ug,vg) for the
functional J in Ug: noting that J(ug,vr) = Er(R), we compute

2ERr(R) 2
Nr(r) < Nr(R) < Hr(R) < sz o2

We used the fact that the restriction of (®, ®7) in Cg is an element of Ug for every R, and the boundary
condition of (ug,vg) on 3. O

/ |V®|? = 2tanh R.
Co,r)

In the proof of the following Lemma we will exploit the compactness of the local trace operator
Ts, :u € HY(Co,1)) — ulg, € L*(X1), see Corollary A 4.

Lemma 3.5. There exists C > 0 such that Hr(1) < C for every R > 1.

Proof. By contradiction, assume that Hg, (1) — +oo for a sequence R,, — +occ. Let us introduce the
sequence of scaled functions

U U = # upR, (x vR, (T
(un(x,y),vn(x,y)) = HRn(l)( Rn( 7y)7 Rn( 7y))

We wish to prove a convergence result for such a sequence, in order to obtain a uniform lower bound for
Ng, (1). In a natural way, the scaling leads us to consider, for r € (0,1), the quantities

E,(r) ::/C |Vit,|? + |V, |2 + 2Hg, (1)0202,
(0,7)

Hy(r) ::/E @2+ 92, N(r) = Ifin((:;

By construction, it holds H, (1) =1 and N, (r) = Ng, () < 2; therefore, thanks to Lemma 3.4

(3.8) [ VP +190,P < ) = B ) <2,
Co,1)

which gives a uniform bound in the H 1(0(011)) norm of the sequence (i,,?,) (we can use a Poincaré
inequality of type (3.2)). Then, we can extract a subsequence which converges weakly in H 1(0(011)) to
some limiting profile (u, 0), which is nontrivial in light of the compactness of the local trace operator T¥;,
and of the fact that H,(1) = 1. Since

V= {(u,v) € (Hl(C<oyl>))2

is closed in the weak H'(C(0,1)) topology and (iin|c .., Onlcq,.,,) € V for every n, @ and © are nonnegative
functions with the same symmetries of (ug, vg); moreover we can show that (4, 0) satisfies the segregation
condition @9 = 0 a.e. in C(g1). Indeed, by the compactness of the Sobolev embedding Hl(C(OJ)) —
L*(C(0,1)) we deduce that the interaction term

I(u,v) = / u?v?
C.1)

is continuous in the weak topology of (H'(C(o,1)))?. From the estimate (3.8), we infer

passing to the limit as n — 400, we conclude

™

’LL(.I,?T—y):U(.I,TF—Fy), U(%%"‘y) :’LL(ZZ?,E—

u—v>0in® >0, v(x,y) =ulx,y — m), }

I(0,0) = lm I(d,,0,) =0 = a0 =0a.e. in Cy.
n—oo

Moreover, from the compactness of the local trace operator T, , we also deduce le 42 + 92 = 1. Let us
consider the functional

I (u,v) == / |Vu|? 4 |Vv|?,
Co.
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defined in the set
24,2
— 1 2| Jy, v+t =1,
M= {(u,v) € (H (C(O’l))) v(;,y) =u(z,y—m), ww=0a.e inCy |~
Due to the compactness of the trace operator, one can check that M is closed in the weak (H'(C(,1)))?
topology. It is clear that (@,0) € M. We claim that

inf  J®(u,v) =:m > 0.
(u,v)EM

Indeed, let us assume by contradiction that the infimum is 0: since the set M is weakly closed and
J* is weakly lower semi-continuous and coercive, there exists (u,v) such that J*°(u,v) = 0. It follows
that (@,7) is a vector of constant functions; the symmetry and the segregation condition imply that
(@,v) = (0,0), but this is in contrast with the fact that (u,7) € M. Thus, the weak convergence of the
sequence (iy, 0,) entails

lim inf N, (1) > 1iminf/ Vi, |* + [V, [> > m >0,
Co,n

n—r00 n—r00

so that whenever n is sufficiently large
N 1
(3.9) Ng, (1) = N,(1) > 5

Thanks to Lemma 3.4 we know that $m < Ng, (1) < 2, and from the assumption Hg, (1) — +o0o we
deduce that (recall the (2.4))

" ds
;1) = —_—
PR, (T ) ‘/1 HRn (5)1/4
eANR, (1)

2+ 6_%NR7L(1) _ 6_%NRn(l)Ti| N O
- Hg,(1)3Ng,(1)
as n — oo, for every r > 1. In particular, there exists C' > 0 such that
(3.10) or, (1) <C  VI<r<R,, Vn

This implies that the sequence (Eg, (1)), is bounded. To see this, we firstly note that (ug, , vg, ) satisfies
the symmetry condition (2.6) which is necessary to apply Lemma 2.8; consequently, the variational
characterization of (ug,,vg, ) (see also the proof of Lemma 3.4 and the (3.10)) implies that

ERn (1) C R,;1 ERn (Rn) an (Rn)
—— < eCenrn(finil) g <20

o2Rn 2R,

2 .
fC(O,Rn) Vo - OsmhRn cosh R,,
e2Rn B 2Ry

<C <C,

where C' does not depend on n. Since (Eg, (1)), is bounded and (Hg, (1)), tends to infinity, we obtain

in contradiction with (3.9). O

Proposition 3.6. There exists a subsequence of (ugr,vg) which converges in C3 (Cx), as R — 400, to
a solution (u,v) of (1.1) in the whole Cs. This solution satisfies point 2)-5) of Theorem 1.1, and its
Almgren quotient N is such that

N(r)<2 V¥Vr>0 and lim N(r)>1.

r——4oo

Proof. As Hr(1) is bounded in R and Ng(1) < 2, also Fr(1) is bounded in R. By means of a Poincaré
inequality of type (3.2), this induces a uniform-in-R bound for the H*(Cg 1)) norm of (ug, vg), which in
turns, by the compactness of the trace operator, gives a uniform-in-R bound for the L? (0C(0,1y) norm.
Due to the subharmonicity of (ug, vg), the L*(0C(q 1)) bound provides a uniform-in-R bound for the L>
norm of (ug,vg) in every compact subset of C( 1); the regularity theory for elliptic equations (see [8])
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ensures that, up to a subsequence, (ur,vg) converges in CZ,(C(o,1)), as R — 400, to a solution (u',v')

of (1.1) in C(g,1). As each (ug,vr) is even in =, this solution can be extended by even symmetry in z to

C1, and here satisfies the conditions 1)-4) of Proposition 3.1 (hence both u' and v! are nontrivial). The

previous argument can be iterated: indeed, by Corollary 2.5 and Lemma 3.4, we deduce

Hpg(1)
4

(&

Hp(r) < et < Cetr Vr > 1;

that is, a uniform-in-R bound for Hr(1) induces a uniform-in-R bound for Hr(r) for every r > 1. As a
consequence we obtain, for every r > 1, a solution (u",v") to equation (1.1) in C,.. A diagonal selection
gives the existence of a solution (u,v) to (1.1) in the whole C . This solution inherits by (u",v") the
conditions 1)-4) of Proposition 3.1, and thanks to the C? (Cx) convergence and Lemma 3.4 there holds

Jo IVul? + Vo] + 2u?0?
_ JCon

<2 vr > 0.
fzr W2 1 02 > r
From Lemma 2.9, which we can apply in light of the symmetries of (u,v), we conclude
lim N(r) >1. O
r—400

The following Lemma completes the proof of point 6) of Theorem 1.1. After that, by means of the
pointwise estimates u > ®T and v > &~ and Corollary 2.5, it is straightforward to obtain also point 7).

Lemma 3.7. There holds d := ILm N(r) =1.

Proof. In light of the fact that d > 1, it is sufficient to show that d < 1. Let (ug, ,vg, ) be the convergent
subsequence found in Proposition 3.6, which we will simply denote {(uy,,v,)}. For r > 0 we let

2,2
o) = Jew., wnvn () = Js, unvi,
" Hp,(r) = 7" Hp, (r)

With f and g we identify the same quantities computed for the limiting profile (u,v). Observe that
fn,gn, [ and g are continuous and nonnegative. By definition,

(3.11) fulr) < %NRn(T) <1 Vr >0,

where we used Lemma 3.4. The uniform convergence of (un,v,) implies that f, — f and g, — ¢
uniformly on compact intervals, while by Theorem 2.4 we have

/T gn(s)ds < Ng, (r) and /Tg(s) ds < N(r),
0 0

so that in particular g, € L'(0,R) and g € L*(R"). By means of the monotonicity formula for the
Almgren quotient 91, Proposition 2.4, it is possible to refine the computation in Lemma 3.4:

Ng, (r) =Ng, (1) + fo(r) < Ng, (Bn) + fu(r) < 1+ fulr).
In light of the strong H} (Cs) convergence of (uy,,v,) to (u,v), we deduce

NG <1+ Tim fu(r) = 1+ /()

We have to show that f(r) — 0 as » — +oo. To prove this, we begin by computing the logarithmic
derivative of f,:

fTIl(T) B fZT ’UJ% B 2EjRn(’l”) - gn(T) —2Ng (’I”)

%
) " Jou, w38 Hr () 1)
(

where we used the fact that Hj, (r) = 2Eg, (r), see equation (2.3). Exploiting the strong H' convergence
of the sequence {(un, v,)} and the fact that lim,_, 4y N(r) > 1, we deduce that there exist ro,d > 0 such
that Ng, (rg) > ¢ for every n sufficiently large. Consequently, f,, satisfies the inequality

L) + 20 fu(r) < gn(r) for r € (ro, Ry)-
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20r

Multiplying for ¢*°" and integrating in (r1,72) for ro < r1 < ro < R,,, we obtain

T2 T2
Falrz) < @)+ [ (o) ds <0 [T (s)ds,
1 1
where we used the estimate (3.11). This implies
ro
f(ry) < e¥(n=r2) —I—/ g(s)ds  forrg <ri <ro.
T

Since g € L*(RT) and f > 0, choosing r1 = 372 we find

li =0= Ui . O
fm sup flr)=0= lim f(r)
4. PROOF OF THEOREM 1.5

In this section we construct a solution to (1.1) modeled on the harmonic function I'(z,y) = e”siny.
Our construction is based on the trivial observation that

®r(z,y) :=2cosh(x + R)e fsiny — T'(z,y) as R — +oc.

4.1. Existence in bounded cylinders. As a first step, using the same line of reasoning developed in
Proposition 3.1, it is possible to show the existence of solution to the system

—Au = —uv? in C(—3R,R)
(4.1a) —Av=—u?v in C(—3R,R)
u,v >0

(equivalently, we can consider the problem in the rectangle (—3R, R) x (0,27) with periodic boundary
condition on the sides [-3R, R] x {0,27}) and such that

(41b) UR = (I)E, VR = (I)I_% on XrUX _3gR.
More precisely:

Proposition 4.1. There exists a solution (ug,vr) to problem (4.1a) with the prescribed boundary con-
ditions (4.1b), such that

1) U’R(_R -, y) = U’R(_R + xay) and UR(_R - xay) = UR(_R + x, y)7
2) the symmetries

vR(w,y)zuR(:v,y—w) ’U/R(‘Tuﬂ—_y):/UR(‘ruﬂ—"i_y)
( 7r+ )7 ( T ) 3 n - 3
UR Ia2 Y| =Ur $,2 Yy VR I527T Y| =UR $,27T Yy
hold,

3) ug —vr >0 in {®Pr >0} and vg —ur > 0 in {Pr < 0},
4) UR > (‘I)R)Jr and v > ((I)R)f.

Sketch of proof. One can recast the proof of Proposition 3.1 in this setting. O
Remark 4.2. In light of point 1) of the Proposition, it results
8zuR:O:8zvR on E,R.

Therefore, the monotonicity formulae proved in subsection 2.1 hold true for (ug,vg) in the semi-cylinder
Cg.
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4.2. Compactness of the family {(ugr,vr)}. As in the previous section, we denote as Er,Er, Ng and
MNp the functions E5Y™ E5Y™ N5Y™ and N*Y™ defined in subsection 2.1 when referred to (ug,vgr). We
follow here the same line of reasoning adopted in subsection 3.2. Firstly, it is not difficult to modify the
proof of Lemmas 3.4 and 3.5 obtaining the following estimates:

Lemma 4.3. There holds Nr(r) <2, for every R > 0 and r € (—R, R).
Lemma 4.4. There exists C > 0 such that Hr(1) < C for every R > 1.
We are in position to show that the family {(ug,vr)} is compact, in the following sense.

Proposition 4.5. There exists a subsequence of {(ugr,vr)} which converges in C} ,(Cw), as R — +o0,
to a solution (u,v) of (1.1) in the whole Cs. This solution has the properties 2)-4) of Proposition 4.1.

Proof. As Hr(1) is bounded in R and Ng(1) < 2, also Fr(1) is bounded in R, and a fortiori
/ |Vug|? + |[Vor]? < C VR >1.
Cy

This estimate, the boundedness of Hr(1) and a Poincare inequality of type (3.2) imply that {(ug,vr)}
is bounded in H'(Cy). Consequently, it is possible to argue as in the proof of Proposition 3.6 and obtain
the existence of a subsequence of {(ug,vr)} which converges in C3_.(C1) to a solution (u',v') of (1.1)
in Cy, which inherits by {(ug,vr)} the properties 2)-4) of Proposition 4.1. In light of Corollary 2.5 and
Lemma 4.3, this procedure can be iterated: indeed

Hpg(1)

Hpg(r) < o

elr < Cetr Vr > 1,

so that applying the previous argument we obtain a subsequence of {(ug, vg)} which converges in C? .(C,)
to a solution (u",v") of (1.1) in C,, and inherits by {(ur,vr)} the properties 2)-4) of Proposition 4.1.
A diagonal selection gives the existence of a solution (u,v) of (1.1) in the whole Cs, and this solution
enjoys the properties 2)-4) of Proposition 4.1. O

Remark 4.6. The monotonicity formulae proved in subsection 2.1 do not apply on (u, v), because passing
to the limit we lose the Neumann condition d,ugr = 0 = 0,vr on X _g.

In the next Lemma, we show that (u,v) is a solution with finite energy, so that the achievements
proved in subsection 2.2 applies.

Lemma 4.7. Let (u,v) be the solution found in Proposition 4.5. It results

(4.2) unb(r) == / |Vul? + |Vv)? + u?v? < +o0o VreR

)
and
lim H(r) = lim u? + 02 =0.

T——00 T——00 ZT
Recall that £Y"° has been defined in subsection 2.2.

Proof. Let {(ug,,vr,)} be the converging subsequence found in Proposition 4.5, which we will simply
denote {(un,vn)}. Since {(un,v,)} converges to (u,v) in C3,(Cs), it follows that

Jim (IVunl? + [Vou | + uivl) Xep, ., = (V> + Vo> +v*0?) xo .., a.e. in CLoo ),

for every r > 1. Therefore, applying Corollary 2.5 on (uy,,v,), Lemma 4.4 and the Fatou lemma, we
deduce

Eunb(r) < liminf (|Vun|2 + |an|2 + uivi) XC(_r, . <liminf Ep, (r)

C(—oo,wﬂ) n—oo

Hp, (1
= liminf Ng, (r)Hpg, (r) < lim inf2R+()e4r < Ce'r,
n—oo n—o00 e
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which proves the (4.2). To complete the proof, we firstly note that necessarily £4"*(r) — 0 as r — —oo,
and hence the same holds for E%"" (which has been defined in subsection 2.2). Assume by contradiction
that for a sequence 1, — —oc it results H(r,) > C > 0. We define

N ) 1
(un(xa y)u ’Un(xu y)) = (’U,(LL' + Tn, y)u ’U(:I: + T, y)) .
H(ry)
A direct computation shows that
1
/ |Viin|? + |V, | < / |Viin|? + |V, |? + 2H (1) 0202 = E"(r,) =0
C(—,0) (—00.0) H(ry)

as n — oo. Consequently, (i, 0,) tend to be a pair of constant functions of type (4, 9) with @ = (this
follows from the symmetries of (u,v)). As

necessarily (i, 7,) — (0,0) almost everywhere in C(_ ). This is in contradiction with the fact that
onﬁ%—i_ﬁ?L:H(rn)ZC' O

So far we proved that the solution (u,v), found in Proposition 4.5, enjoys properties 1)-5) of Theorem
1.5, and is such that H(r) — 0 as » — —oo. The previous Lemma enables us to apply the achievements
of subsection 2.2 for E*"* H N""" and M“"* (which we consider referred to the solution (u,v) found in
Proposition 4.5), and permits to complete the description of the growth of (u,v), points 6)-7) of Theorem
1.5.

Lemma 4.8. Let (u,v) be the solution found in Proposition 4.5. It results

lim N“"(r) = 1.
r——4o0
Proof. Let {(ug,,vr, )}be the converging subsequence found in Proposition 4.5, , which we will simply
denote {(un,v,)}. Firstly, arguing as in the proof of the previous Lemma, we note that by the C? .(Cx)
convergence of (up,vy,) to (u,v) it follows that

N (r) < liminf Ng, (1) <2  VreR,
n—oo

thanks to the Fatou lemma. This, together with the symmetries of (u,v), permits to use Lemma 2.17,
which gives lim, _, oo N*"*(r) > 1. To complete the proof, it is sufficient to show that lim, _, , oo N*"(r) <
1. For any r > 0, let

Fulr) = ch upvn gn(r) = fZTuZ,T U

" Hg,(r) B Hg,(r)

and let f and g the same quantities referred to the solution (u,v). Observe that f,,gn, f and g are
continuous and nonnegative. The uniform convergence of (u,,vy,) to (u,v) implies that f, — f and

gn — ¢, as n — 00, uniformly on compact intervals. By definition,
1
(4.3) fu(r) < §NRn (r)y<1 vr > 0.

whenever R,, > r. We claim that g € L*(R*). Indeed, by the monotonicity of H and Proposition 2.14,
it follows that

r r J"E 'LL2'U2 0 fz 'LL2U2 r fz 'LL2U2 r J"E 'LL2'U2
ds = s g s (g < s (g < s (g < Nunb
[ aras= [ B as ‘ i 0= [ Ty e <o)

—r H(_S) N —r
for every r > 0. Let r > 0; it is possible to refine the computation on Lemma 3.4 to obtain
2,2
fC(—Rn,fr) n? Eg, (=7)

Np, (r) < 1+ falr) + Lt L) +

Hg,, (1) Hg, (r)
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Therefore, using again the Fatou lemma we deduce

N“"(r) <liminf Ng, (r) < 1+ f(r) + lim inf Er, (1)

n—oo n—oo R (T) ’
and to complete the proof we will show that
: : : ERn (_T) .

Firstly, we note that
Eg, (=1) Nr,(=7r)Hg, (=7) (=)

- o N .. .Hg,
by~ minf ey S 2liminf e

From the C? (Cw) convergence of (uy,v,) to (u,v) it follows
.o Hg, (-r) _  H(-r)

21 f——= =2
no Hp, () H)
where we used Lemma 4.7 and the fact that H(r) > H(0) > 0 for every r > 0. For the (4.4) it remains
to prove that f(r) — 0 as r — +o0o. Having observed that lim,_, o N(r) > 1 and that g € L*(R™), it is
not difficult to adapt the conclusion of the proof of Lemma 3.7. 0

—0 as r — +00

5. SYSTEMS WITH MANY COMPONENTS

In this section we are going to prove the existence of entire solutions with exponential growth for the
k component system (1.4). Our construction is based on the elementary limit

bm S z\4 .
d_gloo\s{(l—l-a)}—e siny,

which shows that the harmonic function e”siny can be obtained as limit of homogeneous harmonic
polynomial. We wish to prove that the same idea applies to solutions of the system (1.4): there exists
an entire solution to (1.4) having exponential growth which can be obtained as limit of entire solutions
having algebraic growth.

5.1. Preliminary results. We recall some results contained in [2]. For d € %, let G4 be the rotation of
angle % in counterclockwise sense.

Theorem 5.1 (Theorem 1.6 of [2]). Let k > 2 be a positive integer, let d € 5 be such that
2d = hk for some h € N.

There exists a solution (uf,...,ul) to the system (1.4) which enjoys the following symmetries
uf(z,y) = uf(Ga(z,y))
(5.1) uf(,y) = uiy (Gale,y))

ujipr—i(@,y) = uf (2, ~y)

where we recall that indexes are meant mod k. Moreover
1 k 2
AT /HB > (uf)” =be(0,+00),
T =1

and

2
g, Y VU] + Di<icjen (WU5)
(52) TEIJ,I}OO % 2
IBBT > (“z)

where B, denotes the ball of center 0 and radius r.

:d,
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FiGURE 1. In the figure we represent some of the solutions obtained in Theorem 5.1.
Here the number of components is set as & = 3: each component is drawn with a
different color. On the other hand the periodicity (that is, how many times the patch
of 3-components is replicated in the circle) is given by h =1 (up left), h = 2 (up right),
h = 3 (down left) and h = 4 (down right), respectively. As a consequence, the growth
rate d varies as d = 3 , 3, 2,6, following the same order.

The solution (ud,...,u¢) is modeled on the harmonic function (2%), as specified by the symmetries
(5.1). In the quoted statement, the authors modeled their construction on the functions R(z9): it is
straightforward to obtain an analogous result replacing the real part with the imaginary one.

Remark 5.2. We point out that the symmetries (5.1) implies that u$ is symmetric with respect to the
reflection with the axis y = tan (J5) .

For a solution (u1,...,ux) of system (1.4) in R?, we introduce the functionals
E9(r; A) / Z |V + A Z (uiuj)’
(5 3) Bri—1 1<i<j<k

1 k
oy =1 [ S

1=1
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The index alg denotes the fact that these quantities are well suited to describe the growth of (uq,. .., ux)
under the assumption that (uq,...,u) has algebraic growth. In particular, as proved in Lemma 2.1 of
[6] and Corollary A.8 of [7] for the case k = 2, the Almgren quotient

. EY%9(r; 1)
N lg('l"; 1) = HT(](T)

is bounded in r € RT if and only if (u1,...,ux) has algebraic growth.
It is not difficult to adapt the proof of Proposition 5.2 in [2] to obtain the following general result (in
the sense that it holds true for an arbitrary solution of (1.4) in RY, for any dimension N > 2).

Proposition 5.3 (see Proposition 5.2 of [2]). Let N > 2,

Ae {{1%} if N > 2
[1,400) if N =2,

and let (u1,...,ug) be a solution of (1.4) in RN ; the Almgren quotient
k
3R ST
Nalg(,r,,A) L Ealg(T;A) _ Br =1 1<i<j<k
LI
[, 3w
9B =1

is well defined in (0,+00) and nondecreasing in r.

Proof. We observe that
d ag, d 9 d
EE g(r,A):d - 2/ Z|VUZ| —I—Z uluj _r = 2/ Z uluj
1<J 7'Z<J
2,
_ N72/ S @ui)? +
" 9B 7 Br z<]
(2-N)(A-1)
+ N1 5. + N2 Z“z >

i<j B i<j

(5.4)

where we used equation (5.3) in [2]. Proceeding as in the proof of Proposition 5.2 in [2], one gets

fo i<j 3 + (A - 1) fBBT Zi<j u?u?
rN— lHalq(,r.) TN_2HU’lg(T‘) ’

%Nalg(T;A) > (24 (A -1)(2—-N))

which is > 0 by our assumption on A. ([

Remark 5.4. In [2] the authors consider the case A = 1.

We work in the plane R?, so that it is possible to choose A = 2 in Proposition 5.3. We denote Ey(-; A)
and H, the quantities defined in (5.3) when referred to the functions (uf,...,u¢) defined in Theorem 5.1;

Eq(;A)

also, we denote Ny(-;A) := . In case A = 2, we will simply write 4 and Ny to ease the notation.

Lemma 5.5. Let (uf,...,ul) be defined in Theorem 5.1. There holds lim,_, o Ny(r) = d.

Proof. Tt is an easy consequence of the (5.2) and of Corollary 5.8 in [2], where it is proved that for the
solution (uf,...,uf) there holds

i Pats2) o Ba(ril)

T—+00 T2d T—+00 7‘2d '
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Therefore,

Eq(r; 2 Eq(r; 2 2
lim Ny(r) = lim a(r;2) li alr;2) lim —

r—400 r—400 Hd(r) r——4oo T2d ’ r——4o00 Hd(r)
. Eq(r;1) r2d .
a rlgir-loo r2d . r—>I-Poo Hd('r) a ’I‘EIJ'I}OO Nd(r7 1) =d -

As a consequence, the following doubling property holds true:

Proposition 5.6 (See Proposition 5.3 of [2]). For any 0 < ry < ro it holds

Proof. A direct computation shows that

d Hd(T) _ 2Nd(7°) 2_d

—1 _ <0:
ar 08 Tr2d T r o= 0;
an integration gives the thesis. (]
Let us consider the scaling
(5.5) (u ul 5) = _ 2 : (uf(Rz, Ry) ul(Rx Ry))
. 1,Rr* "> k},R . kHd(R) 1 5 seeey Up 5 5
where R will be determined later as a function of d. We see that
2 .
—Aulp=—BEulg > (ulg)” inR2
(5.6) K T

4 \2_ 2
/831 ; (1) k

where 8% = £ H,(R)R>.

Remark 5.7. As a function of R, Bfl% is continuous and such that Bfl% — 0if R — 0 and Bfl% — oo if
R — .

Accordingly with our scaling, we introduce the new Almgren quotient

k
. / S Vudp? 1288 S (ulpulp)’

Eqr(r) Br j—1 1<i<j<k
Ngr(r) = : = —
( ) HR(T) k J 5
/ Z (uir)
9Br j—

We point out that Ny r(r) = Ng(Rr), so that from Lemma 5.5 and the monotonicity of Ny we deduce
(57) Nd_’R(’I’) <d V’I”, R >0,

for every d. By the symmetries, the solution (ufR, . ,ug)R) is %’T—periodic with respect to the angular

component, thus it is convenient to restrict our attention to the cones

S .= {(p,9)2p6 (0,7),60 € (o%ﬁ)} and S := {(p,e);p>o,9e (o%)}

The boundary 9S¢ can be decomposed as 9S? = 9,59 U 9,.5¢, where

8p57(«1 = (0,7) x {O, %} and 3TSf ={r} x <(), %) .
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Taking into account the periodicity of (ufR, . ,ug)R) we note that (ul Rr o ug)R) has periodic bound-
ary conditions on 9,5¢; furthermore

Eq,r(r / Z|vqu|2+2ﬂRZ ZRU‘]R

1<J
2d 2
Hg g(r) = H/a SdZ (ufr)
(5.8) 2 )
/ Z|VUZR| +2ﬁRZ( ZRU’JR)
Nd)R(T) = i<y .

[ i)’
5% )

5.2. A blow-up in a neighborhood of (1,0). In order to pursue our strategy, we consider the further
scaling

(5.9) (a(f,R(xay) Uk R r,y)) = £ (Ul R (1 + z y) uk R (1 + — :c y))

d' d d’d

Accordingly, we will consider the scaled domains S¢ = d (54 —(1,0)) and Sd = d (54— (1,0)) and the
respective boundaries. Having in mind to let d — oo, we observe that this scaling is a blow-up centered
in the point (1,0). It is easy to verify that (af 4, ... 771%,3) solves (see (5.6))

cd _ _ad nd 2L ad
—AuiyR——uiyRE (Uj,R) in S

[t

1 4=1

(5.10) 5

with suitable periodic conditions on 5. A direct computation shows that from (5.8) it follows

/Sdz|vulR|2+2Z ZRuJR

1<jJ

/ R E : (“i,R)
8,84
where in the new coordinates

(5.11) r= \/(1+§)2+ (%)2.

NdyR(T) =d

We are then led to define a new Almgren quotient for the scaled functions (ﬁf R ,ﬁg_’ R):
Eqr(r) ::/ Z |Vad R|2 + 2 Z ZRuJ)
ST =1 1<i<j<k

1 k
H = —
~ Ed_R(T) 1
Na,r(r) == == = —Na,r(r).

Hyp(r) d

From the equation (5.7), we deduce

(5.12) Nor(r)<1  ¥r,R>0, Vde g.
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In order to understand the behavior of (ul R .,ﬁg)R) when d — oo, we fix R = R(d) to get a
non-degeneracy condition.

Lemma 5.8. For every d € 5 N there exists Rqg > 0 such that
- 2
Hyp,(1)= > (@ g,)" =
d,Rd( ) »/(;ré"f - (ul7Rd)

Proof. By (5.10) we know that Hy(1) = BR , so that we have to find Ry such that 8% = d. As observed

in Remark 5.7, this choice is possible. 0
We denote (ul,...,ﬂg) = (ﬁ(li7Rd"' ude) Hd —Hde,Ed —Ede,Nd —Nde and ﬂd ﬂ%d.
We aim at proving that, up to a subsequence, the family { (ad,.. ug) s de %} converges, as d — +00,

to a solution of (1.4). To this aim, major difficulties arise from the fact that S’f and 5% depend on d; in
the next Lemma we show that this problem can be overcome thanks to a convergence property of these
domains.

Lemma 5.9. For any r > 1, the sets S'ff converge to R x (0,km) as k — 400, in the sense that

x (0, km) = Int ﬂ USd ,

ngN d>n

where for A C R? we mean that Int(A) denotes the inner part A. Analogously,

x (0, k) = Int ﬂ USd and (—o00,0) x (0, k) = Int ﬂ U Sd,

ned d>n ned d>n
and for every T € R
(—00,Z) x (0, km) = Int m U SHI
neN d>n

Proof. We prove only the first claim. Let r > 1.
Step 1). R x (0,km) C () | S¢

nel d>n
Let (z,y) € R x (0,km). We show that for every d € 3 sufficiently large (z,y) € 59, that is, (1+2,4) ¢

8¢, which means
T\ 2 Yy 2 Yy km
\/(1 + E) + (a) <r and arctan <x—+d> € <0, 7) .

For the first condition it is possible to choose d sufficiently large, as r > 1. To prove the second condition,

we start by considering d > —=z, so that arctan ( ) > 0. Now, provided d is sufficiently large

k k
arctan <xL—i—d> < % &y < (x+d)tan (%) .

Since y < km, there exists ¢ > 0 such that y < k(1 — ¢)m. Let d be sufficiently large so that

d k
x+d>(1——)d and k—tan<§>>1—g
™

for every d > d. Then

whenever d > d.
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FIGURE 2. Visualization of the construction in Lemma 5.9. In red the limiting set
R x (0, k7). In blue some of the scaled domains S¢, for r > 1.

Step 2). () |J S¥ C R x [0, k.

nel d>n

We show that (R x [0, k7)) C (ﬂne% Udisn Sf) I (z,y) & R x [0,kn], then y > k7 or y < 0. We
consider only the case y > km; in such a situation

k
y > kr = lim (x4 d) tan (—W> ,
d—o0 d
so that (z,y) & S’;’l for every d sufficiently large. O

Remark 5.10. As a consequence of the previous result, we see that
8TS’1d — {0} x [0,kx] and BTS'er% — {z} x [0, kn]

for every = € R.

Remark 5.11. Recall the expression of r in the new variable, given by (5.11). For every r > 0 and
d € § there exists £(r, d) such that

& L(r,d) =d(r—1).

Note that for every (z,y) € 8,5 it results 2 < £(r,d). On the contrary, fixing (z,y) € 9,57 there exists

¢(d,x,y) such that
r= \/(1—|— 3)24— (%)2 =1+ % +¢(d, z,y).

In particular, if y = 0 we have ((d,z,0) = 0, while if y > 0, {(d,x,y) ~ d~2.

We are ready to prove the convergence of {(44,...,4¢)} as d — oo.
Lemma 5.12. Up to a subsequence, {(0¢,...,4%)} converges in C},(Cw), as d — oo, to a nontrivial
solution (i1, ..., 4x) of (1.4). This solution, which is kmr-periodic in y, enjoys the symmetries

din(@,y) = i@y —m) and i (vy+7) =i (vy-7)

Proof. From Proposition 5.6 and Lemma 5.8, we deduce that for any » > 1 and d the inequality

Hy(r) _ kB*Ha(r) _ kp? :
p2d T 2q%2d SﬁHd(l):Hd(l):1
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holds. For every x > 0, let r =1+ %; for every d sufficiently large, we have
N 2d
(5.13) Ha(142) < (142)7 <2e%
d d
Recalling the (5.12) (which we apply for R = R,), we deduce
. x . T\ - x

14 Ba(142) = Na (14 2) fa (14 2) < 2e2

(5.14) a{l+7 a1+ )Ha(l+ ) <2e

for every d sufficiently large. Recall that (4, ...,a¢) can be extended by angular periodicity in the whole
plane R2. Let us introduce

T¢ = {(p,@) ip<r Be (—z,(k—i-l)z)} > S

d d
and let 79 := d (T8 —(1,0)) D 54, Suitably modifying the argument in Lemma 5.9, it is not difficult to
see that

Int ﬂUT}g% = (=00, &) x (=, (k+ 1))

ne% d>n

for every T € R. Hence, let B an open ball contained in R x (=, (k+ 1)), and let 25 := sup{x : (x,y) €
B}, so that B C (—oo,zp + 1) X (=7, (k+ 1)7). Using the same argument in the proof of Lemma 5.9, i
is possible to show that

-+

BcT® ., .
142572

for every d sufficiently large, and by the (5.14) and the periodicity of (41, ..., ux) we deduce
- 1
/ > IVadl? < 3Eq (1 + de“L ) < e2l@nt1)
By

whenever d is sufficiently large. This, together with (5.13), implies that {(a,...,a¢)} is uniformly
bounded in H'(B), for every B C R x (—m, (k + 1)7). By the boundedness of the trace operator, this
bound provides a uniform-in-d bound on the L?(0K) norm for every compact K CC R x (-, (k + 1)),
which in turns, due to the subharmonicity of u¢, gives a uniform-in-d bound on the L*(K) norm of
{(af,...,a8)}, for every compact set K CC R x (-, (k + 1)m). The standard regularity theory for
elliptic equations guarantees that when d — oo then {(a¢,...,a¢)} converges in C? (R x (—m, (k+1))),
up to a subsequence, to a function (41, ..., 4) which is a solution to (1.4). By the convergence and by
the normalization required in Lemma 5.8, we deduce that (recall also the convergence of the boundaries
98¢, Remark 5.10)

km
/ > i(0,y)* dy = 1;
0 i

in particular, (@1, ..., %) is nontrivial. The km-periodicity in y follows directly form the convergence
of the domains, Lemma 5.9. By the pointwise convergence of (a¢,...,4¢) to (@1,...,1y) and by the

symmetries of each function (a4, ...,a¢) (see equation (5.1) and Remark 5.2) we deduce also that

ip1(x,y) = d; (x,y —7) and 4y (:v,y—i— g) = (x,y - g) . O
5.3. Characterization of the growth of (u1,...,4). So far we proved the existence of a solution
(Q1,...,4;) of (1.4) which enjoys the properties 1) and 2) of Theorem 1.8. In this subsection, we are
going to complete the proof of the quoted statement, showing that (41, ..., ) enjoys also the properties
3)-5). We denote as E,E,H and N the quantities £47°, E“"* H and N“" introduced in subsection 2.2
when referred to the function (41, ...,ay). Firstly, we show that (@q,...,4y) has finite energy, point 3)
of Theorem 1.8, and that fl(:v) — —00 as & — —00.
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Lemma 5.13. For every x € R there holds c‘f(x) < +o00. In particular

5 A x . ~ x
< lim z < lim o
E(x) _h;gg;fc‘fd (1—1— d) and E(x) _hdrgg.}fEd (l—l— d)

Furthermore, lim H(x) = 0.
Tr—r—00

Proof. By the C?_(R?) convergence of (44, ...,a¢) to (d1,...,7) and by the convergence properties of
the domains Sﬂ%, Lemma 5.9, we deduce

. N ~dad\2 N N .
dhﬂngo ; |Vad|? 4 Z (ufug) Xga = ; |V |* + Z (i1it15)° XC (oo a. e. in Cw,

— 1+ i<
i<j 1<J
for every z € R. As a consequence, we can apply the Fatou lemma obtaining
c‘f(:z:) < liminf &, (1 + E) < 2¢%7,
d—o0 d

where the uniform boundedness of &; (1+ %) comes from (5.14). To prove that H(z) = 0as z — —oo,
we can proceed with the same argument developed in Lemma 4.7.

O

In light of the previous Lemma, the monotonicity formulae proved in subsection 2.2 applies for g, E , H
and N.

Lemma 5.14. There holds

lim N(z)=1.

Tr—+00

Proof. By Proposition 2.14, we know that N is nondecreasing in z, and thanks to the symmetries of
(U1, ...,ur), see Lemma 5.12, Lemma 2.17 implies that lim, 4 N(:v) > 1. It remains to show that this
limit is smaller then 1. This follows from the estimates of Lemma 5.13 and from the strong convergence
of (a¢,...,a¢) — (@1,...,4x), which implies that H, (1 + %) — ﬁ(:z:) as d — oo: therefore, for every
rz eR R .
N(z) = E:(x) < fim mfd_}OOAEd(x) = liminf Ny(z) < 1,
H(x) limy o0 Ha(z) d—o0

where we used the (5.12). O

In light of this achievement, we can apply Corollary 2.15 to complete the proof of point 5) of Theorem
1.8. The fact that v > 0 follows by Lemmas 5.14 and 2.17:
H(r) E(r)

. . . 1
lim = lim im — > 0.
r—+oo e2r r—+oo €2  r—+oo N(’f‘)

Remark 5.15. With a similar construction, it is possible to obtain the existence of solutions to (1.4) in
R? modeled on coshx siny. To do this, we can first construct solutions of (1.4) having algebraic growth
defined outside the ball of radius 1, with homogeneous Neumann boundary conditions on 9B;. This
can be done suitably modifying the proof of Theorem 1.6 in [2]. Then, performing a new blow-up in
a neighborhood of (1,0), we can obtain a solution of (1.4) defined in R?, with homogeneous Neumann
condition on {x = 0}; this solution can be extended by even-symmetry in z in the whole R?.

6. ASYMPTOTICS OF SOLUTIONS WHICH ARE PERIODIC IN ONE VARIABLE

In this section we prove Theorem 1.9.

Proof of Theorem 1.9. Let us start with case (7). Since the solution (u,v) is nontrivial N(0) > 0: in
particular, from point (i) of Corollary 2.15 it follows that H(r) — 400 as r — +00. Let us consider the
shifted functions

1
(ur(z,y),vr(2,y)) = \/T(—R)(U(w + R,y),v(z + R,y))
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which solve the system
—Aur = —H(R)ugv} in Cw
—Avg = —H(R)u%vr in Cx

/ u%—l—v%:l
3o

and share the same periodicity of (u,v). We introduce

En(r) = / Vurl + [Vl + 2H(Ryudl,
Clooom
ERr(r)
Hg(r) = %+vg and Ng(r) =
W)= [ uhtoh and NaG)i= 5E0)

"

It is easy to see that

1
Er(r) = == E“"(r + R)
H(lR) = Ng(r) = N“"*(r + R)
HR(T) = mH(T‘ + R)

for any 7 (recall that E"* and N*"* have been defined in subsection 2.2). We point out that, by definition
and the monotonicity of N Proposition 2.14, Ng, (r) < Ng,(r) for every Ry < Rs. Furthermore,
Ng(r) < d = lim,_o N(r) for every r, R and Ng(r) — d as R — oo for every r € R. Therefore, Ng
tends to the constant function d in Llloc(R).

Thanks to the normalization condition Hg(0) = 1 and the uniform bound Ng(r) < d, applying
Corollary 2.15 (see also Remark 2.18) we deduce that Hg(r) is uniformly bounded in R for every r > 0.
Consequently, also Er(r) is uniformly bounded in R for every r» > 0. By means of a Poincaré inequality
of type (3.2), we deduce that the sequence (ug,vg) is uniformly bounded in H! (Cx) and, by standard
elliptic estimates, in L% (Cs ). From Theorem 2.6 of [11] (it is a local version of Theorem 1.1 of [9]), we
evince that the sequence (ug, vr) is uniformly bounded also in Clo ¢ (Cx) for any a € (0,1). Consequently,
up to a subsequence, (ug,vg) converges in C{ (Cw) and in Hl (Cw) to a pair (¥F, U™), where ¥ is a
nontrivial harmonic function (this is a combination of the main results in [9] and [5]). By the convergence,
U has to be 2m-periodic in y.

Firstly, we prove that H(r; ¥) — 0 ar r — —o0, so that the results of subsection 2.3 hold true for
V. As already observed, Ng(r) > Ng(r) for every r € R, for every R > R. By the expression of the
logarithmic derivative of Hp, see Corollary 2.15 (see also Remark 2.18) we have

d d
d—logHR(r):2NR( r) > 2Ng(r) = I log H(r) vr.
r
As a consequence, taking into account that Hr(0) = 1 for every R, for every r < 0 it results
Hy(0) _ Hp(0)
Hg(r) — Hp(r)

Passing to the limit as R — +oo, by the CP_(R?) convergence of (ug,vg) to (¥, ¥~) it follows that
Hy(r) > H(r; V), which gives H(r; ¥) — 0 as r — —oo in light of our assumption on (u,v).

Hpg(r) > Hg(r) VR > R.

Using again the expression of the logarithmic derivative of Hp and H(-; V), we deduce
H
log R”_z/ Nr(s and  log 7=t H(ry; ¥ /Ns\I/
HR 'I"l Tla

where r; < ry. The left hand side of the first identity converges to the left hand side of the second
identity; recalling that Ngr — d in L _(R), we deduce

2 1 T2
/ N(s;U)ds = lim / Ng(s)ds=d(ro —m) = / N(s;U)ds =d.
r R—+o00 [, o —T1
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for every r1 < ro. It is well known that, being N(-; V) € L{ (R), the limit as ro — 71 of the left hand
side converges to N(r1; ¥) for almost every r; € R. Hence, N(r; U) = d for every r € R. We are then in
position to apply Proposition 2.21:

Jim N(R) = lim Ne(0) = N(0;%) = d € N\ {0},

and ¥(x,y) = [Cy cos(dy) + Cy sin(dy)] e® for some constant C1,Cy € R.

As far as case (i7) is concerned, for the sake of simplicity we assume a = 0. One can repeat the proof
with minor changes replacing E*" and N with E*¥™ and N*¥™ (which have been defined in subsection
2.1). The unique nontrivial step consists in proving that in this setting H(r; ¥) — 0 as r — —oo. To this
aim, we note that, as before,

Hp(r) < Hg(r) VR > R,

for every r > —R. In particular, if » € (1 — R,0), by Proposition 2.4 and Corollary 2.5 we deduce

H(r +R) e2N()(r+R) ON _
< 5 = — < _ — (I)T .
Hp(r) < Hp(r) HER) ~ eNOER e VR > R
Passing to the limit as R — +o0, by C2 .(R?) convergence we obtain

o
H(r;¥) < < 2N Vr € (—o0,0),

which yields H(r; ¥) — 0 as r — —o0. O

APPENDIX A.

We start with the following version of the parabolic minimum principle, which we used in the proof of
Proposition 3.1.

Lemma A.1. Let N > 2, let Q = (a,b) x Q' C RY be open and connected, let ¢ € L>®(Q2) and let
w € HY(Q) be such that

wy — Aw > e(x)w  in [0,T] x Q

w >0 on {0} x Q

w >0 on (0,T) x (a,b) x O,
and w has (b — a)—periodic boundary condition on {a,b} x Q'. Then w > 0.

Proof. Let J(t) := 5 [,(w™)?. A direct computation shows that J'(t) < 2|/c||Le(q)J(t), where we used
the boundary condltlons Consequently,

J(t) < J(0)e2lellr=@t = vt € [0,T]
where the last identity follows by the initial condition. 0
Remark A.2. Note that we do not require anything about the sign of c.
In sections 3 and 4, we exploited many times the following properties of the trace operators.

Theorem A.3. Fora < b real numbers, let C(, 3 = (a, b) X Sk be a bounded cylinder. The trace operator
Trcq,,, s u € H(Cup) = uls,us, € L*(3aU %) is compact.

Proof. For the sake of simplicity we consider the case a = 0 and b = 1. Let (un) C H*(C(o,1)) be such
that u, — 0. We show that u,|s,us, — 0in L?(XqUX;). Let w(z,y) := x(x—1). We note that d,w = 1
on g U Y. Let

F(z,y) = Vw(z,y) = (2z — 1,0) and g(x,y) = Aw(x,y) = 2.

By the divergence theorem

2/ ui:/ (divF)u? = —2/ 2unF-Vun+/ uz,
C(O,l) C(O,l) C(O,l) E()UE1
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so that

[ < 2unlBaey + 2z 92 =0
YoUXq

as n — 00, by the compactness of the Sobolev embedding H'(C(o,1y) < L*(C(o,1))- O

Corollary A.4. For a < b real numbers, let C, ) = (a,b) x Sg be a bounded cylinder. The local trace
operator Ts, : u € H'(C(qp)) = uls, € L*(5p) is compact.

Proof. It is an easy consequence of Theorem A.3 and of the fact that the linear operator Ly : ¢ €
L*(3a U %) = fo € L*(3q UXy) is continuous for every f € L®(Zq Uy). As Tx, = Lyy, 0 Trey, ),
where xx, is the characteristic function of ¥, T¥, is compact. O

[1]
2]
3]

[4]

(10]

(11]
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