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UNIFORM HOLDER REGULARITY WITH SMALL EXPONENT
IN COMPETITION-FRACTIONAL DIFFUSION SYSTEMS.

SUSANNA TERRACINI, GIANMARIA VERZINI, AND ALESSANDRO ZILIO

ABSTRACT. For a class of competition-diffusion nonlinear systems involving
the s-power of the Laplacian, s € (0,1), of the form

(=A)°u; = filus) = Bui Y _agul,  i=1,...,k
J#
we prove that L boundedness implies C%® boundedness for a > 0 sufficiently

small, uniformly as 8 — 4oo. This extends to the case s # 1/2 part of the
results obtained by the authors in the previous paper [arXiv:1211.6087v1].

1. INTRODUCTION

In this paper we study the problem

(=A)*u; = fip(ui) = Bui Y4, aiju’
U; € HS(RN),

in dimension N > 2, where a;; = aj; > 0, § is positive and large, and the non-local

operator
, u(z) —u
(-8 ute) = ewape [ M e

denotes the s-power of the laplacian. We are mostly concerned with the asymptotic
behavior of the solutions to the previous system as the parameter § — +oo: as
we shall see, this entails spatial segregation for the limiting profiles. Our aim is to
prove uniform in 3 bounds in Holder spaces, extending to the case s € (0,1) part of
the results that we already obtained for the case s = 1/2 in the recent paper [19],
to which we refer for further details.

Segregation-diffusion problems arise in different applicative contests, from bio-
logical models for competing species to the phase-segregation phenomenon in Bose-
Einstein condensation. Regarding the standard diffusion case (s = 1), a broad
literature is present. Among the others, we mention the papers [7, 8, 3, 2, 21, 1,
20, 9, 18, 10, 11], which are mostly concerned with regularity issues. Our study
is motivated by the recent interest that has developed around equations involving
fractional laplacians, as they model long-jump diffusion processes in population
dynamics, and they naturally appear in relativistic corrections of quantum field
theory.

(1.1)
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Exploiting the local realization of the fractional laplacian (—A)® as a Dirichlet-
to-Neumann map (see, for instance, [6]), semilinear problems involving fractional
laplacians have been the object of a massive study. Accordingly, letting a := 1—2s €
(—1,1), if we introduce the differential operator (on the (N + 1)-dimensional space)

Lov = —div (Jy|*Vv),

and define
Ogv = yl_i)l%lJr —y“0yv,
we obtain that, up to normalization constants, the problem
P); {Lavi =0 in B;
0%v; = fi p(vi) — Pu; Zj# aijvjz- on E)‘OBfr
is a localized version of (1.1), with w;(z) = v;(2,0). Here, as usual, we write

RY* 5 X = (2,y) and B} (20, 0) := B,(x0,0)N{y > 0}, which boundary contains
the spherical part 0t B;f := 9B, N {y > 0} and the flat one °B,f := B, N {y = 0}.
Well known properties of the Muckenhoupt As-weights (see for instance [15]) allow
to provide a weak formulation of (P)3 in the weighted space

HY(Q) := {v : /Qy“ (Jof* + [Vv]?) dzdy < oo},

endowed with its natural Hilbert structure.
The main result we prove in this paper is the following.

Theorem 1.1 (Local uniform Hélder bounds). Let the functions f; g be continuous
and uniformly bounded (w.r.t. B8) on bounded sets. There exists « = a(N,s) > 0
such that, for every {vg}g family of H%*(By) solutions to the problems (P)3,

Wollmiasy M = Wllw(z77) <O

where C = C(M,«). Furthermore, {vg}s=o is relatively compact in Hl;a(Birm) N
e (Bf,).

The above result allows to prove its natural global counterpart, either on the
whole of RY or on domains with suitable boundary conditions.

Theorem 1.2 (Global uniform Hélder bounds). Let f; g and « be as in the previous
theorem, and let {ug}s be a family of H*(RYN) solutions to the problems

(_A)sui = fi,ﬁ(ui) — Bu; Zj#i aijui in Q
u; =0 in RV \ Q,

where Q is a bounded domain of R, with smooth boundary. Then
[ugllzec@) <M = |ugllcoary) < C(M, ).

Of course, a natural question regards the optimal regularity of such problems,
that is the maximal value of « for the above results to hold. In the case of the
standard diffusion (s = 1), the analogous issue is faced in [14], where uniform
Holder bounds are shown for every o < 1. The proof of this result relies on a blow-
up procedure, leading to a contradiction with some Liouville type theorems; these
are based on the validity of some monotonicity formulae of Alt-Caffarelli-Friedman
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and Almgren type. In [19], we consider the case s = 1/2. In the situation there,
a two-step strategy has been developed: indeed, though providing some uniform
Holder bounds, the above blow-up procedure seems not enough to catch the optimal
regularity threshold. The main reason for this failure is the lack of an exact Alt-
Caffarelli-Friedman formula, so that the bounds, at a first stage, are obtained only
when « is smaller than some number v2°F > 0, which is not explicit. Nonetheless,
this provides enough compactness to trigger the second step of the strategy, based
on the classification of the possible profiles obtained through a blow-down argument.
At the end of the procedure, uniform bounds for any o < 1/2 are shown. In this
perspective, Theorem 1.1 here corresponds to the first step (the blow-up procedure)
of the strategy just described, extended to the general case s € (0,1). The exponent
a mentioned there is subject to two main restrictions: as before, a is bounded
above by the minimal rate of growth for multi-phase segregation profiles v2°¥; on
the other hand, when s > 1/2, a new upper threshold must be taken into account,
which is related to the phenomenon of self-segregation.

The first restriction, as we mentioned, is related to the validity of an exact
Alt-Caffarelli-Friedmann formula, which in turn depends on an optimal partition
problem. More precisely, let S¥ := 0T BT. For each open w C S¥~! := 9SY we
define the first s-eigenvalue associated to w as

fsf ya‘VTUP do

fsN yU«UQda- :UEHI;G(Sf)’ uw=0on SN—l\w}’
T

(1.2)  A(w):= inf{

where Vru is the tangential gradient of u on Sf . The minimal rate of growth for
multi-phase segregation profiles is given by the number

w3 e (N £, ),
where, as usual,
() = N —2s 2—|—t N —2s
= 2 2

is defined in such a way that u achieves A§(w) if and only if it is one signed, and its
v(A§ (w))-homogeneous extension to RY ™ is L,-harmonic. As a peculiar difference
with respect to the case s = 1, we remark that the eigenfunctions achieving vACF
have not disjoint support on the whole Sf , but only on its boundary SV¥~1!.
particular, the degenerate partition (), SV 1) is admissible, and one can show that

it has the same level than the equatorial cut one:
YAL0) +YAIENY) v SET) + (A sETY)
2 2

As a consequence, the above optimal partition problem does not enjoy the same
convexity properties than the one corresponding to s = 1, and we can only show
that

In

= S.
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turns out to be bounded near 0 and H%%(B), whenever s > 1/2, N = 1. This
implies that, when s > 1/2, N > 2, the function

o(a,y) = (3 + )02

is positive and L,-harmonic for y > 0, d%v(z,0) = 0 whenever v(z,0) # 0, and
its trace on R has disconnected positivity regions. Moreover, such self-segregated
profile is globally Holder continuous, of exponent o = 2s — 1 which is arbitrarily
small as s — (1/2)". The phenomenon of self-segregation can be excluded in some
situations, for instance when s < 1/2 (for capacitary reasons), or when suitable
minimality conditions are imposed (as in [4]). Nonetheless, in general it is hard to
tackle: for the case s =1 it was excluded only recently, in [11].

To conclude we stress that, by exploiting the compactness provided by Theorem
1.1, the optimal regularity should arise from the classification of suitable blow-down
profiles. Also this point presents a number of new difficulties with respect to the
case s = 1/2, and it will be the object of a forthcoming paper.

2. MONOTONICITY FORMULAE

This section is devoted to the introduction of some monotonicity formulae, which
will provide suitable estimates in order to prove some Liouville type results. Our
first aim is to prove monotonicity formulae of Alt-Caffarelli-Friedman type for the
one phase problem: these will imply non existence results for L,-harmonic functions
under different assumptions on their growth at infinity and on the geometry of their
null set.

Secondly, we will concentrate on systems of degenerate elliptic equations, pro-
viding monotonicity formulae of Alt-Caffarelli-Friedman type with two phases, and
of Almgren type.

2.1. One phase Alt-Caffarelli-Friedman formulae. We first deal with L,-
harmonic functions (on ]Rf 1) which vanish on the whole RY.

Proposition 2.1. Let v € HY%(B}) be a continuous function such that

e v(z,0) =0 forz € RY;
e for every non negative ¢ € C°(Br),

/ (Lav)vg dady + /(631})1@ dz = / y*Vu - V(vg)dzdy < 0.
Rf_'—l RN Rf_H

Then the function

1 o [Vol?
(I)(T) T opds Y |X|N72s

Bt

dxdy

is monotone non decreasing in r for r € (0, R).

Remark 2.2. Since

(2.1) /yavu-V(w)dxdy: / y® [|Vv2¢+;Vv2-V¢ dady,

N+1 N+1
RY RY

we have that if v satisfies the assumptions of Proposition 2.1 then also |v| does.
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Definition 2.3. We define I'j € C}(RY T, R*) as

LTl IX|>1
FHX) =9 Kha e noas -
AL N2 2 |X| < L

We let also T'3(X) = I'1*(X/e)e?* =N, so that IS/ T'* = |X[?*7V, a multiple of
the fundamental solution of the s-laplacian, as ¢ — 0.

Remark 2.4. We observe that each I'{ is radial and, in particular, 95I' = 0 on
RY. Moreover, since N — 2s > 0, they are L,-superharmonic on Rf“.

The proof of Proposition 2.1 is based on the following calculation. Incidentally,
we observe that also the following monotonicity results rest on a similar argument.

Lemma 2.5. Let v be as in Proposition 2.1. The function
o |V
B

is well defined and bounded in any compact subset of (0,1).

Proof. We proceed as follows: let e > 0, 6 > 0 and let ns € C§°(B,4s5) be a smooth,
radial cutoff function such that 0 <ns <1 and ns =1 on B,. Choosing ¢ = nsI'J in
the second assumption of Proposition 2.1, and recalling equation (2.1), we obtain

1 1
/ y® [|VU2F§ + §Vv2 . VF?] nsdxdy < — / §yaF:V02 - Vnsdady

]Ri]+1 ]Rerl
r+46
/ atms X
= —15(p) yIZovVo- mdg dp.
T o+ By

Passing to the limit as § — 0 we obtain, for almost every r € (0, 1),
1
/ y {|Vv|21“§ + §V(U)2 ~VI’§} dzdy < / y*Tvd,vdo,
B o+ Bf
which, combined with the inequality L,I'¢ > 0 tested with v?/2 leads to
2
/y“|Vv|2F§ dzdy < / y° (ng&,v - 1;8,,1‘2) do.
B o+ Bt
Letting ¢ — 0T, by monotone convergence we infer

|Vol|? 1 v N —2s 9
(23) / yamﬂ dZCdy S rN*QS ya’l)a dU + m ya’U dU
B ot B ot B

and this, in turns, proves the lemma. O

Proof of Proposition 2.1. By Remark 2.1 we can assume, without loss of generality,
that v is (non trivial and) non negative, and that R = 1. We start observing that
the function ®(r) is positive and absolutely continuous for r € (0,1). Therefore,
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the proposition follows once we prove that ®'(r) > 0 for almost every r € (0,1). A
direct computation of the logarithmic derivative of ® shows that

Iy Vol /IX Y do

'(r) _ 4s  o+Bf
o(r) v [y Vu2/|X N2 dady’
Bf

First we use the estimate (2.3) to bound from below the left hand side:

Sy VeP /XN do vVl do
o+ Bt o+ Bt
B S B
Sy Vol2/|X[N=2sdady — [ wy*Ovdo+ (N —2s)5 [ yww?do
B o+ B} o+ B

[ &IV 2 do
sy

1
r

J U(T)@%Havv(r) do + N;% / 5?\/+1(”(T))2 do’
g

sy

where v("): Sf_l — R is defined as v(")(€) = v(r€), so that y = réx 1. We now
estimate the right hand side as follows: the numerator writes

/ €8 Vol 2 do = / €4 10,0 2 do + / €4 1 [V2o ™ do
SN SN SN

+ +

£§7v+1|61,v(’)|2d0 £f7v+1|vTU(T)|2d0
S+

SJr "
f §JU<H-1‘U(T)|2 do f §%+1‘U(r)|2 do
sy s

+

t2 R

where R stands for the Rayleigh quotient of v(") on Sf . On the other hand, by the
Cauchy-Schwarz inequality, the denominator may be estimated from above by

N -2
/fj'{urlv(ﬁc’)yv(r) do + 5 i /g?v+1|v(r)‘2da
sy sy
1/2 1/2
N -2
< /57\7+1|U(T)|2d‘7 /f}l\,+13uv(7") do + 5 i /g?v+1|v(r)\2da
N N SN
+ + +
f §%+1|ayv(r)‘2 do 1/2
sy +N —2s

< a (r) 2d
< /§N+1|U |“do [ & v Rdo 2
SN Sﬁ

t
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As a consequence

I vVl /XY do

o+ B} 1 R+ 2
2.4 - > = min ——
24) Ty Vo X[V 25 dady = 7 ient ¢4 N2
B

A simple computation shows that the minimum is achieved when

N —2s 2 N — 2s
t=v(7€)=\/( 5 )+R— 5

and it is equal to 27(R). Recalling the definition of A§ () (equation (1.2)) we obtain

O'(r) 4s _ 2,
RSN ()

and the proposition follows observing that A§(0) is achieved by v(z,y) = y*, in

such a way that
v (A7 (0)) = 2s. O

Now we turn to functions which vanish only on a half space.

Proposition 2.6. Let v € HY%(B}) be a continuous function such that

e v(z,0) =0 for z; <0;
e for every non negative ¢ € C5°(Br),

/ (Lav)ve dady + /(831})1}(;5 dz = / y*Vu - V(vg)dady < 0.

N+1 RN N+1
RY RY

Then the function

1 o [Vol?

28 Yy | X |N-2s
BF

d(r) = dzdy

is monotone non decreasing in r for r € (0, R).

Proof. The proof follows the line of the one of Proposition 2.1, recalling that

) <Vx%+92+$1>5
2

U(%y =

achieves y(A§(SV =1 N {z1 > 0})) = s (see, for instance, [5, page 442]). O

In the previous propositions, we considered functions vanishing on the whole
RY, or on a half-space. Now, in great contrast with the case s < 1/2, it is known
that, if s > 1/2, then also (N — 1)-dimensional subsets may have positive capacity.
This motivates the following formula, which is the analogous of the previous ones,
for functions which vanish on subspaces of RY of codimension 1.

Proposition 2.7. Let s > 1/2 and let v € H*(BY},) be a continuous function such
that

o v(z,0) =0 forx; =0;
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e for every non negative ¢ € C°(Br),

/ (Lov)ve dady + /(8ﬁv)v¢ dz = / y*Vu - V(vg)dady < 0.

N+1 RN N+1
RY RY

Then the function

1 o |Vo?
O(r) = 3 /y X% dxdy
B

is monotone non decreasing in r for r € (0, R).

Proof. Let @ =SV~1\ {z; =0}, and let us consider the function

’U(IZ?,y) = |(‘T1,O,y)|28713

that is the fundamental solution in dimension 1, extended in a constant way to the
other directions. Then v is (2s — 1)-homogeneous, positive and L,-harmonic for
y > 0. We deduce that its restriction to 0" B} =S¥ is an eigenfunction associated
to Aj(w), so that

YA (@) =25 — 1.
As a consequence, also in this case the proposition follows by reasoning as in the
proof of Proposition 2.1. O

2.2. Two phases Alt-Caffarelli-Friedman monotonicity formulae. Now we
turn to the multi-component ACF formulae. We start by proving that the constant
vACF defined in equation (1.3) is not 0.

Lemma 2.8. For any N > 2, 0 < vAF <.

Proof. The bound from above easily follows by comparing with the value corre-
sponding to the partition (SV~1,0): indeed, it holds A{(SV~!) = 0, achieved by
u(x,y) = 1, and A\; (@) = 2sN, achieved by u(x,y) = y'~*. In order to prove the
estimate from below, one can argue by contradiction, as in the proof of [19, Lemma
2.5], exploiting the compactness both of the embedding H¢(SY) — L%*(SY) and
of the trace operator from H(SY) to L2(SN~1). O

We will prove two multi-component formulae, the first regarding entire profiles
which are segregated on RY, the second regarding profiles which coexist on RY.

Proposition 2.9. Let vi,vs € HY(B}(20,0)) be continuous functions such that

® v102|(y=0} = 0, v;(20,0) = 0;
o for every non negative ¢ € C5°(Br(zo,0)),

/ (Laqv;)vip dady + /(831}1)01(;5 dz = / y*Vu; - V(v;¢) dedy < 0.
Rf+1 RN Rf+1
Then the function
2
1 a |V’Ui|2
o) =] 2T / VXN dzdy
i=1 .
BT (Io,o)

is monotone non decreasing in r for r € (0, R).
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Proof. Applying the same estimates developed for the proof of Proposition 2.1, it
is easy to see that the proposition is equivalent to (summing equation (2.4) for the

two functions)
Vo,
/ Y e do

2
o+ B+
i

() >0e
v

2

2 4
> — inf A (w;)) = —ACF
a \Vvi|2 d(Edy Tor (w17w2)6732;7( 1( )) r
[X|NV=1 -

=1
B

In particular, the last inequality follows by the definition of ¥ACF. O

Proposition 2.10. Let vy, v, € HS® (Rf“) be continuous functions such that,

loc

for every non negative ¢ € C3° RN and j # 1,
0 \Ry
/ (Lavi)vip dady + /(agvi + ai;vv] v da
Ri’+1 RN

= / y*Vu; - V(v;¢) dedy + /aijva?qﬁdz <0.

Rﬁ{»l RN
For any v' € (0,ACF) there exists ¥ > 1 such that the function
2
D(r) := H D, (r)
i=1
is monotone non decreasing in r for r € (,00), where

1
S / ya| V ’Ui|2F1 dl’dy + / aijvaffl dx ; fOTj 7é 7.
r 174

iy 9Bk

(I)Z(T') =

The proof of Proposition 2.10 is based on a contradiction argument, and follows
the lines of the one of Proposition 2.9. We do not report the details, referring the
reader to [14, Lemma 2.5] and [19, Theorem 2.13], where similar computations were
developed for the case s =1 and s = 1/2, respectively.

2.3. Almgren type monotonicity formula. To conclude this section on mono-
tonicity formulae, we focus our attention on an Almgren quotient defined for a
suitable class a functions: these will come into play as limits of a blow up sequence.
First, for any

veH (Rf“) = {v: VD C R¥*! open and bounded, v|p+ € H5(D1)},

v = (v1,...,v) continuous, let use define
1
E(zg,r) = P / y® Z |V | dady,
B (20,0) ’

1
FN+1-2s / y* Y v} do,
K2

0+ Bif (0,0)

H(zp,r) =
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where 2o € RY and » > 0. By assumption, both E and H are locally absolutely
continuous functions on (0,+00), that is, both E’ and H' are L{ (0,00) (here,
"=d/dr). Let us also consider the function (Almgren frequency function)
E(zg,r)

H(xg,r)’

We have the following result, which proof we omit since it follows with minor
changes from the one of Theorem 3.3 in [19].

N(zg,r) =

Proposition 2.11. Let v € H:® (RfH;Rk), v = (v1,...,V) continuous, and

loc

let us assume that:

(1) vivjly=0 =0 for every j # i;
(2) for every i,

(2.5) {Lavi =0 iRy T

v;0%; =0 on RN x {0};

(3) for any o € RN and a.e. r > 0, the following (Pohozaev type) identity

holds
(2s — N) /y“Z|Vvi|2d:L‘dy+r / y“Z|Vvi|2da:2r / y“2|8yvi\2do.
Bt ' o+ B, ' o+ B '

Then for every o € RN the Almgren frequency function N (zo,r) is well defined on
(0,00), absolutely continuous, non decreasing, and it satisfies the identity
2N(r)

(2.6) % log H(r) = —

Moreover, if N(r) = v on an open interval, then N = ~ for every r, and v is a
homogeneous function of degree ~y.

Of the many consequences that the validity of an Almgren monotonicity formula
carries, at this stage we are mostly interested in the following, which states a rigidity
property implied by Hoélder continuity.

Corollary 2.12. If v satisfies the assumptions of Proposition 2.11 and is globally
Holder continuous of exponent v on Rf"'l, then it is homogeneous of degree v with
respect to any of its (possible) zeroes, and thus

Z:={ze€ RN : v(z, 0) =0} s an affine subspace of RN,

Proof. The proof relies on the fact that the Almgren centered at any point of Z has
to be constant and equal to 7. Indeed letting x¢ € Z, we argue by contradiction
and suppose that N(xg, R) > ~ for some R. By monotonicity of N we have

d 2
ElogH(r) > ;N(xO,R) Vr >R

and, integrating in (R,r), we find
Cr2N(o.R) < H(r) < cr?,

a contradiction for r large enough. The same reasoning provides a contradiction in
the case N(zg,R) <y and r < R. O
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3. LIOUVILLE TYPE RESULTS

Relying on the previous monotonicity formulae, in this section we will prove
some Liouville type theorems for solution to either equations or systems involving
the operator L,. As a first result, we have the following.

Proposition 3.1. Let v € HM® (Rf“) be continuous and satisfy

loc

{Lav =0 m Rf“

v(z,0) =0 on RN,

and let us suppose that for some v € [0,2s), C > 0 it holds
(X)) < O+ |X]7)

for every X. Then v is identically zero.

Proof. We remark that v satisfies the assumptions of Proposition 2.1 for any R. For
r > 0 large enough, we choose 1 non negative, smooth and radial cut-off function
supported in B;; with 7 =1 in B} such that

/N 1 yalvm < CTN+1_23, /N ) |La77| < C,,,N—QS
RYT RYT

(for instance, we can take 1 as a smooth approximation of the function %(27‘ —1X1)
in Ba, \ B;). Moreover, let I'f be defined as in Definition 2.3 (in particular, it is
radial and superharmonic). Testing the equation for v with I'{vn we obtain

1
/ y*|Vol’Tindady < / 50 [~ Lanl] + 2y"Vn - V] dady,
Bj, B3, \B;f

where we used that 7 is constant in B;. Since I'j(X) = | X |~ outside Bj, and
[v(X)] < Cr7Y outside a suitable By, using the notations of Proposition 2.1 we infer

1
O(r) = — /y“|Vv|2I‘f dedy | < -7 -Cr?,
r

+
with C' independent of » > 7. Due to the monotonicity of ®, we then find
0 < ®(F) < Cr2=2s),

for every r > 7 sufficiently large. This forces v to be constant. O

The previous proposition allows to prove an analogous result of the classical
Liouville Theorem, which holds for L,-harmonic functions.

Proposition 3.2. Let v be an entire Lq-harmonic function defined on RN If
there exists v < 1 such that

[(X)] < C(1+[X]7),

then v|y=o is constant. Moreover, if v < min(2s,1), then v is constant.
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Proof. Tt is well known (see [5]) that L,-harmonic functions enjoy the mean value
property (C > 0)
C a
v(z,0) = ~ra / ly|*vde
OB, (z,0)
and, equivalently
C
v(x,0) = TN / ly|*v do.
BR(CE,O)

It follows, by the growth condition, that

C
(e, 0) = o(e",0)| < v [ y°lo(z. )| dady
RNTITa J g (20.0)ABR(2",0)
C
< RNFita y* X[V dedy < CR1

Br(a',0)ABg(z",0)
and the first conclusion follows since v < 1. Let us now assume v < min(2s,1):

since v|y=¢ is constant, we can assume v|,—¢ = 0 and apply Proposition 3.1. O

We can obtain the analogous of the classical Liouville Theorem for s-harmonic
functions by applying the previous result to the even reflection through {y = 0} of
their L,-harmonic extensions.

loc

Corollary 3.3. Letv € H:® (Rf“) be continuous and satisfy
L,v=0 mn Rf“
0%(x,0) =0 on RN,

and let us suppose that for some v < min(2s,1), C > 0 it holds
(X)) < CA+]X][)

for every X. Then v is constant.

By the way, a stronger result in the direction of the above corollary is contained
in [5, Lemma 2.7].

In the same spirit of Proposition 3.1, we provide a result concerning L,-harmonic
functions which vanish on a half space of RY.

loc

2.6. Let us suppose that for some v € [0,s), C > 0 it holds
(X)) < O+ |X]7)

Proposition 3.4. Let v € HY” (Rf“) satisfy the assumptions of Proposition

for every X. Then v is identically zero.

Proof. Again, v as above fulfills the assumptions of Proposition 2.6. Now, assuming
that v is not constant, we can argue as in the proof of Proposition 3.9 obtaining a
contradiction. O

We proceed with a lemma regarding the decay of subsolutions to a linear equation
involving L,.



SEGREGATION PROBLEMS INVOLVING S-LAPLACIANS 13

Lemma 3.5. Let M > 0 and § > 0 be fized and let h € L>(0°B;) with ||h||p~ < 4.
Any v € HY%(B]) non negative solution to

L,v<0 m Bf
0% < —Mv+h ond°Bf

verifies

1446
sup v.

a+Bf

sup <

aoB;f/2

The proof of Lemma 3.5 follows by a comparison argument. In order to construct
an appropriate supersolution, we need a technical lemma. Let f € AC(R)NC*>(R)

be defined as
r 1
flx) = C’/_oo 7(1 2y dt,

where C' is such that f(4o00) = 1.

Lemma 3.6. There exists ¢ > 0 such that
(A f(z) = —cf(x)
for any x < 0.

Proof. The function f under consideration is increasing, smooth and such that
there exist ¢, C > 0 with

lim SO =C>0 and  lim f@)f =
[tl— |t]— o0

The s-laplacian of the function f is well-defined. Thanks to the extension repre-
sentation of the fractional laplacian, we can consider

U( ) / (55 ) €T = d§ / §2+y )f)a/ng
flo—t
={t=§/y}=AMdt
so that
. . .0 fla—ty) . ay J'(@—1y)
0 v(m,O) —yli)lgl+ ) 6y/(1+t2)1a/2dt = y1—1>%1+ ) tmdt
T

_ _ 1 A TS
={r=yt} = yg%l+ T f(x—mr)dr

:pv/ﬂ r)dr =p /' —r| dr.
T

Let us observe that, due to the decay properties of f’ at infinity, the last principal
value acts only around the singularity z = r, that is

| — r|®

(=AY’ f(z) = lim f(r)dr.

e—0t R\(r—e,r4+¢) £ =T

We aim at proving that there exists a positive ¢ > 0 such that the estimate

(=A)°f(z) = —cf(x)
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holds for every x < 0. As a first step, we are going to estimate the asymptotic
behavior of the right hand side as x — —oo. To this end, letting K > 0 be a fixed
number, we write

Ky — e Xz —r|@
a1 Cari@=w [ e [ EZ e

(this decomposition is possible thanks to the prescribed decay of f’). We estimate
the two contributions separately. First (a < 1)

/OO Mf/(r)dr > —(-K —a)" /OO f'(r)dr > =Cla|*™.
K

- K xr—7rTr

We further decompose the second integral in (3.1), to find

-K a K/|x| a
o=l [

d = t: = — a
v [ S = (= el = el [ SR e

—3/2 —1/2 K/|z|
= —|z|* / ...dt—l—pv/ ...dt+/
—o0 -3/2 1/2

In the first part we use the estimate
F(tla]) = clt* 2 |x] 72

in order to obtain

73/2 1 ta 3/2 1 ta
ol [ B paar > a2 [ B pgemrar > —cpape,

In the principal value we write

71/2 1 ta 71/2 1 ta
] pv / L eyt = —foPe? p / L a2 s,
—3/2 —3/2

1+t 1+%¢
Since
31
f(tlz)|z|*=* = CJt[*~? inC! (2, 2) as |z — o0

and

—1/2 1 tle 1/2 a

pv/ B a2qs — = -1 -4y = pV/ s vy2ar s 0,
_32 14t -2 T

we obtain the lower bound

/211 4 ¢fe
Jaf* pv / B byt > —Claf?e=2.
,3/2 1+t

To estimate the last integral we use
f'(tlzl) < Clt* 2]~
to obtain

—K/lzl 11 1 ¢|a —K/1z] |11 1 ¢|e
_ |:E|a/ | + | f/(t|.’)3|)dt 2 —C|.Z“2a_2/ ulﬂa—th
—1/2 1+1¢ —1/2 1+t

1
> —Cz|?*? (1+| r= 1) > —Clx|* L.
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As a consequence
(A f(a) 2 =C (||~ + [a]**7?) = —~Cla|*™".
On the other hand, by a direct estimate we have (z < 0)

flx)<C 1

= e
which immediately yields that for x < 0 there exists ¢ > 0 such that
(—A)f(z) = —cf(x).
Due to the positivity and regularity of f, this estimates extends to every x < 0. 0O

We can conclude with the proof of Lemma 3.5.

Proof of Lemma 3.5. Let us first consider, for M > 0, the scaling  — M2z and
let us introduce the function fus(z) := f(MY/?5z). It follows that

(—A)* far(x) = M2 [(=A)* f] (M"/**z) > —cM far(x)
It is then clear that if we let
gv () = faur(t = 1) + fu(—t—1)
then for any M > 0 it holds

(=A)gp(x) > —cMgpr(x)  in (—1,1)
gu(z) > 4 inR\ (-1,1)

The proof follows by a comparison argument between v and the supersolution
1
wpi= 0+ [ Puelan(e - )¢, 0
R

The previous estimate allows to prove the following.

Proposition 3.7. Let v satisfy

L,v=0 m Rf“
0% = - v on RN

for some A > 0 and let us suppose that for some v < min(1,2s), C' > 0 it holds
(X)) < OO+ |X]7)

for every X. Then v is constant.

Proof. Let either z = v" or 2 = v~. In both cases,

Lo,z <0, in Rﬁ“
0%z < —MAz, on RN,

By translating and scaling, Lemma 3.5 implies that

1
z(x0,0) < sup z2<— sup z<C .
99B,./5(x0,0) T 9+ B, (x0,0) r

Letting » — oo the proposition follows. (I
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Proposition 3.8. Let v satisfy
Lov=0 1n Rf“
v =X onRVN
or some A € R and let us suppose that for some v < min(1,2s), C > 0 it holds
AeR and h in(1,2s), C > 0 it hold
(X)) < O+ |X]7)
for every X. Then v is constant.
Proof. For h € RN, let w(z,y) := v(z + h,y) — v(z,y). Then w solves
L,w=0 in Rf“
w=0 onRN

and, as usual, we can reflect and use the growth condition to infer that w has to
be constant, that is v(z + h,y) = ¢, + v(z,y). Deriving the previous expression in
x;, we find that

k
v(z,y) = Z ci(y)zi + co(y).-
i=1
Using again the growth condition, we see that ¢; = 0 for 4 = 1,...,k, while ¢y is
constant. We observe that, consequently, A = 0. (I

loc

{Lavi =0 in RY*1

Qg — o, 2 N
Opvi = —v; 354, aiv;  on RY,

Proposition 3.9. Let v e H® (Rf“) be continuous and satisfy

and let vACY be defined according to (1.3). If for some v € (0,0°CF) there exists
C such that
V(X)) = CQQ+[X]),

for every X, then k — 1 components of v annihilate and the last is constant.

Proof. We only sketch the proof, referring to [19, Proposition 4.1] for a detailed
proof in the case s = 1/2. To start with, we observe that any pair of components
of v satisfy the assumptions of Proposition 2.10; as a consequence, if v had two
nontrivial components, then one could argue as in the proof of Proposition 3.1 in
order to obtain a contradiction. Once we know that all but one component are
trivial, we can conclude by applying Corollary 3.3 to the last one. O

Proposition 3.10. Let v satisfy the assumptions of Proposition 2.11 and vy €
(0, VACF)'
(1) If there exists C' such that
V(X)) <O+ X[,
for every X, then k — 1 components of v annihilate;
(2) if furthermore v € C%7 (Rf“) and
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then the only possibly nontrivial component is constant.

Proof. To prove 1., we can reason as in the proof of Proposition 3.9, using Proposi-
tion 2.9 instead of Proposition 2.10. Turning to 2., let v denote the only non trivial
component. If v(z,0) # 0 for every x, then we deduce that 0%v(x,0) = 0, and we
can conclude by using Corollary 3.3. On the other hand, let

Z={z cRY :v(z,0) = 0} # 0.

By Corollary 2.12, we have that v is y-homogeneous about any point of Z, which
is then an affine subspace of RY, and that v solves

Low=0 inRYT
(3.2) v=0 on Z
% =0 onRN\Z.

Now, if Z = RY, then Proposition 3.1 applies. On the other hand, if dim Z <
N — 2s, we obtain that Z has null L,-capacity (this can be seen directly for the
fractional laplacian in R”, see for instance [13, Theorem 3.14]), and the conclusion
follows by Proposition 3.2. Finally, we are left to deal with the case

1
dimZ=N -1 and §<5<1.

In this situation, the previous capacitary reasoning fails, see Remark 3.11 below.
Nonetheless, assuming without loss of generality that Z = {z € RY : 2; = 0}, we
have that v satisfies the assumptions of Proposition 2.7. As a consequence, one can
reason once again as in the proof of Proposition 3.1, obtaining a contradiction with
the fact that v < 2s — 1. O

Remark 3.11. As we already mentioned in the introduction, in great contrast
with the case s < 1/2, if s > 1/2 the fundamental solution of the s-laplacian
in R is bounded in a neighborhood of z = 0. As a consequence, the function
D(z,y) = |(z1,y)]**"! solves (3.2). This implies that, for s > 1/2, the sets of
codimension 1 in R have positive s-capacity.

4. C%®* UNIFORM BOUNDS

In this section we turn to the proof of the regularity results we stated in the
introduction. In particular we will prove Theorem 1.1. We recall that, here and
in the following, the functions f; g appearing in problem (P)fa are assumed to be
continuous and uniformly bounded, with respect to 3, on bounded sets. We start
by recalling the regularity results which hold for § bounded. For easier notation,
we write Bt = Bj".

Lemma 4.1. There exists a* € (0,1) such that, for every o € (0,a%), m > 0 and
B > 0, there exists a constant C = C(a,m, ) such that

. <C
HV/3||CO,(1(31+/2) <¢,
for every v solution of problem (P)z on B™, satisfying

B<B  and |vgllpe(pe) < m.
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Proof. The above regularity issue can be rephrased for a general h € HY¢(B¥)
with

L,h=0 in Bt

h=felL>® on 0T BT

9%h=ge L>® ond"BT.
Denoting

= o . Jg@) zed°B*t
f(@,y) = f(z,y]) and g(z)= {0 r e RN\ 0B,

we can write h = hy + ho, where
Lohy =0 in RYT! 4 Lohy =0 in B
an ~
ashlig on RN hgiffhl on 0B.

But then the regularity of h; (depending on [|§||ze) follows by [17, Proposition
2.9], while the one of hy is proved in [12] (see also [5, Section 2]). O

From now on, without loss of generality, we will fix a* > 0 in such a way that
Lemma 4.1 holds, and furthermore

pACE 0<s< 1
Oé* S 1 2
min(vACF, 25 — 1) 5 <8< 1.
We will obtain Theorem 1.1 for any fixed o € (0,*). Following the outline of

[19, Section 6], we proceed by contradiction and develop a blow up analysis. Let n
denote a smooth function such that

n(X)=1 0<|x|<4
0<p(X)<1 L<ix|<i
n(X) =0 X =1

(in particular, 1 vanishes on F BT but is strictly positive 0°B*). We will show
that
l7vllgo.(m7y < €
and the theorem will follow by the definition of 7. Let us assume by contradiction
the existence of sequences {8, }nen, {Vn}nen, solutions to (P)gn7 such that
[(70i,n) (X") = (i) (X))

L, := max max — 00.
" i=1,....k X/#X”G? |X/ — X//|(,Y

By Lemma 4.1 (and the regularity of n) we infer that 3,, — co. Moreover, up to a
relabeling, we may assume that L,, is achieved by ¢ = 1 and by two sequences of
points (X!, X") € B* x BF. The first properties of such sequences have already
been obtained in [19].

Lemma 4.2 ([19], Lemma 6.4). Let X| # X, and r, == | X, — X'| satisfy
_ [mo1n)(X5) = (qv1) (X5))]
L, =

le%
r?‘l

Then, as n — oo,
(1) r, — 0;
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dist(X", 9+ BY) dist(X”, 0+ B*)
(2) it Z ), SR T T
Tn Tn

Our analysis is based on two different blow up sequences, one having uniformly
bounded Holder quotient, the other satisfying a suitable problem. Let {X,,}nen C
BT, |X,| <1, be a sequence of points, to be chosen later. We write

BT — X
Bt = ——
Tn

remarking that 7, B* is a hemisphere, not necessarily centered on the hyperplane
{y = 0}. We introduce the sequences

N vzn(f(n +7r,X)

NVin Xn + TnX
Win(X) = n(Xy) ot (nvin)( )

and  w; p(X) := ,

Lyre

where X € 7,BT. With this choice, on one hand it follows immediately that, for

every ¢ and X' # X" € 1, B,
Wip | ————— —Wip | ———— = 1;
Tn Tn

1.0 (X") — w30 (X)) _
|X/ _ X//|a -

in such a way that the functions {W,},en share an uniform bound on Hoélder

seminorm, and at least their first components are not constant. On the other hand,

since 1(X,,) > 0, each w,, solves

(4.1) Liw;p, =0 in 7,BT
' 83’7"71)72,71 = fi,n(wi,n) - ani,n Zj;ﬁy aijw_?)n on TnaOBJra

where the new operators write (X,, = (&, Jn))

Ly = =div ((Gury* +9)"V), 07 = dm = (Gt +0)" 9y,

Y= (=Gnrn )T
and fin(t) = 0(Xn)r7 = Ly fip, (Lurfit/n(Xn)), My = BaLirio 2 n(Xo)%.
Remark 4.3. The uniform bound of ||vg||ze imply that
sup | fin(win)| = n(Xn)rat = Lyt sup | fig, (vin) | < C(M)ra* Lyt =0

7,89 B+ OB+
as n — o0o.

A crucial property is that the two blow up sequences defined above have asymp-
totically equivalent behavior, as enlighten in the following lemma.
Lemma 4.4 ([19], Lemma 6.6). Let K C RN+ be compact. Then

(1) max fwp(X) —wn(X)| = 0;
XeKnm, B+
(2) there exists C, only depending on K, such that |w,(X) — w,(0)] < C, for

every x € K.

Now we show that the sequences (X, X/) accumulates towards {y = 0}.
Lemma 4.5. There exists C > 0 such that, for every n sufficiently large,

dist(X/,,0°BT) + dist(X//,0°B™T)

n’

<C.

T'n
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Proof. We argue by contradiction. Taking into account the second part of Lemma
4.2, this forces
dist(X],,0B7T) + dist(X]/,0B™)
Tn

In the definition of w,, W, we choose X, = X/, so that 7,,Bt — RN*! and
9 trn — 0. Let K be any fixed compact set. Then, by definition, K is contained in
the half sphere 7, B*, for every n sufficiently large. By defining W,, = w,, —w,,(0),
W,, =W, —w,(0), we obtain that {W, },.cy is a sequence of functions which share
the same C%®-seminorm and are uniformly bounded in K, since W, (0) = 0. By
the Ascoli-Arzelad Theorem, there exists a function W € C(K) which, up to a sub-
sequence, is the uniform limit of {Wn}neN: taking a countable compact exhaustion
of RV*1 we find that W,, — W uniformly in every compact set. Moreover, for any
pair X, Y, we have that X,Y € 7, BT for every n sufficiently large, and so

W (X) = W, (V)] < VEIX - Yo

Passing to the limit in n the previous expression, we obtain W € C%«(RN+1), By
Lemma 4.4, we also find that W,, — W uniformly on compact sets. We want to
show that W is harmonic. To this purpose, let ¢ € C5°(RVT1) be a smooth test
function, and let 71 be sufficiently large so that supp ¢ C 7, BT for all n > 7. For a
fixed i € {1,...,k}, we test the equation L7 w; , = 0 by ¢ to find

— 0Q.

/ —div ((1 +yragy )" V@) Wi,y dzdy = 0.
RN+1

Passing to the uniform limit and observing that (14 yr,g, 1) — 1 in C°(supp ),
we obtain at once that W is indeed harmonic. We will obtain a contradiction with
the classical Liouville Theorem once we show that W is not constant. To this aim
we observe that (X! — X,,)/r, = 0 and, up to a subsequence,
X=X X=X e,
W XX

Therefore, by equicontinuity and uniform convergence,

= X/ - Xn T XH - Xn
len <n> - len <n>
Tn T'n

After the result above, we are in a position to choose X, in the definition of Wy,
W, as

=1 = |[W(0) = Wi (X")|=1. O

X, = (z,0),
where as usual X, = («,,y,,). With this choice, it is immediate to see that
L;n = L, ag,rn — a;z’ TnB+ =00 = Ri\_“'l.

Moreover, by Lemma 4.5, we have that X/,, X!/ € B, for some C not depending on
n. This will imply that any possible blow up limit can not be constant. Now one can
reason as in [19, Section 6] in order to prove that the blow up sequences converge.
In doing this, a first crucial step consists in proving that w,,(0) is bounded: to this
aim, it is useful to notice that the decay rate for subsolutions which we obtained in
Lemma 3.5 does not depend on s and completely agrees with the one found in [19,
Lemma 4.5]. Consequently, the uniform bound on the Holder seminorm allows to
prove the following result.
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Lemma 4.6 ([19], Lemma 6.13). Under the previous blow up setting, there exists
w e (HE* neoe) (Rf“) such that, up to a subsequence,

loc
w, = w in (H' N C)(K)
N+1
for every compact K C Ry™".

End of the proof of Theorem 1.1. Up to now, we have that w,, — w in (H% N
(1oc, and that the limiting blow up profile w is a nonconstant vector of harmonic,
globally Holder continuous functions. To reach the final contradiction, we distin-
guish, up to subsequences, between the following three cases.

Case 1: M,, — 0. In this case also the equation on the boundary passes to the
limit, and the nonconstant component wy satisfies 0%w; = 0 on RN , in contradiction
with Corollary 3.3.

Case 2: M, — C > 0. Even in this case the equation on the boundary passes
to the limit, and w solves

Low; =0 z € RYH!
Opw; = —Cw; 3,4 agw? on RN x {0}

The contradiction is now reached using Proposition 3.9.

Case 3: M,, — oo. In this case we can find a contradiction with Proposition
3.10. To this aim, one has to prove the validity of a Pohozaev-type identity for the
limits of the blow-up sequences. This can be done by taking into account Lemma
4.6 and reasoning as in [19, Section 5.

As of now, the contradictions we have obtained imply that {v3}3~¢ is uniformly

bounded in C%® (B;r/2>, for every a < o. But then the relative compactness in

o (Bfr/z) follows by Ascoli-Arzela Theorem, while the one in Hl?“(Bfr/Q) can be

shown by reasoning as in the proof of Lemma 4.6. (]

Incidentally, we remark that similar arguments can be exploited in order to
prove the following compactness result, concerning segregated profiles (see also [19,
Proposition 6.15]). This result, though technical at this stage, provides a com-
pactness criterion for suitable blow down sequences, and may be useful in proving
optimal regularity results, along the scheme explained in the introduction.

Proposition 4.7. Let {v,}nen be a subset of CO® (E), for some 0 < a < ¥,
and satisfy the assumptions of Proposition 2.11. If

HV"HLOO(BT) <m,
with m independent of n, then for every o € (0,«) there exists a constant C' =
C(m,a'), not depending on n, such that

||Vn|\co,a/(f/2> <C.

Furthermore, {v, }nen is relatively compact in Hl;“(Bf'/Q) neoe’ <Bf'/2> for every

o < a.
To conclude, we mention that the above local result can be used, together with a

covering argument and Proposition 3.4, to prove Theorem 1.2 (see also [19, Theorem
8.5]): there are, however, two different situations to be handled.
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First, if one considers the problem (1.1) set on the whole RY (Theorem 1.2 in the
case 2 = RY), then the global uniform bounds on ug imply, by the representation
formula of Caffarelli and Silvestre [6], that also vg enjoy the same uniform L*°
bounds. As a consequence, the local uniform bounds extend at once to the global
case by a simple covering argument.

In the case of 2 # RY, one has to deal also with the boundary of €. In this
situation, the regularity for ug is ensured by [16], while the uniform Hélder bounds
- obtained again via the blow up analysis - follows with similar arguments and the
use of the appropriate Liouville type results (Proposition 3.4). Further details can
be found in [19, Section 8.
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