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UNIFORM HOLDER BOUNDS FOR STRONGLY COMPETING
SYSTEMS INVOLVING THE SQUARE ROOT OF THE
LAPLACIAN

SUSANNA TERRACINI, GIANMARIA VERZINI, AND ALESSANDRO ZILIO

ABSTRACT. For a class of competition-diffusion nonlinear systems involving
the square root of the Laplacian, including the fractional Gross-Pitaevskii
system
(—A)l/z’ui :wlu?—i-)\zul —5’[1,2' Zaiju?, i = 1,.‘.,k,
J#i

we prove that L boundedness implies C%*® boundedness for every a € [0,1/2),
uniformly as 8 — +o00. Moreover we prove that the limiting profile is C%1/2.
This system arises, for instance, in the relativistic Hartree-Fock approxima-
tion theory for k-mixtures of Bose-Einstein condensates in different hyperfine
states.

1. INTRODUCTION

Regularity issues involving fractional laplacians are very challenging, because
of the genuinely non-local nature of such operators, and for this reason they have
recently become the object of an intensive research, especially when associated with
the asymptotic analysis and the study of free boundary problems, see for instance
[9, 3, 21, 8, 11, 7, 20] and references therein. The present paper is concerned with
this topic, when the creation of a free boundary is triggered by the interplay between
fractional diffusion and competitive interaction.

Several physical phenomena can be described by a certain number of densities
(of mass, population, probability, ...) distributed in a domain and subject to laws of
diffusion, reaction, and competitive interaction. Whenever the competition is the
prevailing feature, the densities tend to segregate, hence determining a partition of
the domain. When anomalous diffusion is involved, one is lead to consider the class
of stationary systems of semilinear equations

(=A% u; = fi(w,ui) = Bui D250 9i5(uy)
u; € HS(RN),

thus focusing on the singular limit problem obtained when the (positive) parameter
B, accounting for the competitive interactions, diverges to co. Among the others,
the cases fi(s) = ris(1—s/K;), gij(s) = a;js (logistic internal dynamics with Lotka-
Volterra competition) and f;(s) = w;s® + \;s, gij(s) = a;js* (focusing-defocusing
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Gross-Pitaevskii system with competitive interactions, see for instance [13, 12]) are
of the highest interest in the applications to population dynamics and theoretical
physics, respectively.

For the standard Laplace diffusion operator (namely s = 1), the analysis of the
qualitative properties of solutions to the corresponding systems has been under-
taken, starting from [13, 14, 15], in a series of recent papers [16, 29, 5, 6, 22],
also in the parabolic case [28, 17, 18, 19]. In the singular limit one finds a vector
u = (ug,- - ,uk) of limiting profiles with mutually disjoint supports: indeed, the
segregated states u; satisfy u; - u; =0, for ¢ # j, and

—Au; = fi(z,u;) whenever u; #0, i=1,...,k.

Natural questions concern the functional classes of convergence (a priori bounds),
optimal regularity of the limiting profiles, equilibrium conditions at the interfaces,
and regularity of the nodal set. In [16] (for the Lotka-Volterra competition) and [22]
(for the variational Gross-Pitaevskii one) it is proved that L> boundedness implies
C%“ boundedness, uniformly as 3 — +oo, for every a € (0,1). Moreover, in the sec-
ond case, it is shown that the limiting profiles are Lipschitz continuous. The proof
relies upon elliptic estimates, the blow-up technique, the monotonicity formulae
by Almgren [1] and Alt-Caffarelli-Friedman [2], and it reveals a subtle interaction
between diffusion and competition aspects. This interaction mainly occurs at two
levels: the validity and exactness of the Alt-Caffarelli-Friedman monotonicity for-
mula and, consequently, the validity of Liouville type theorems for entire solutions
to semilinear systems.

In this paper we address the problem of a priori bounds and optimal regularity
of the limiting profiles in the simplest case of anomalous diffusion, driven by the
square root of the laplacian. As well known, anomalous diffusion arises when the
Gaussian statistics of the classical Brownian motion is replaced by a different one,
allowing for the Lévy jumps (or flights). In the light of already built theory for the
regular laplacian, we focus on the joint effect of diffusion and competition as the
(non local) diffusion process acts on a longer range.

Our model problem will be the following:

{(—A)l% = fip(ui) = Bu; 453

(L.1) u; € HY/2(RN).

This class of problems includes the already mentioned Gross-Pitaevskii systems
with focusing or defocusing nonlinearities

(A +m) Py = wid + i gui — Bui 3o, aijul
u; € HY2(RN),

with a;; = aj; > 0, which is the relativistic version of the Hartree-Fock approxima-
tion theory for mixtures of Bose-Einstein condensates in different hyperfine states.
Even though we will perform the proof in the case m; = 0 (and a;; = 1), the general
case, allowing positive masses m; > 0, follows with minor changes and it is actually
a bit simpler.

As it is well known (see e.g. [10]), the N-dimensional half laplacian can be
interpreted as a Dirichlet-to-Neumann operator and solutions to problem (1.1) as
traces of harmonic functions on the (N + 1)-dimensional half space having the
right-hand side of (1.1) as normal derivative. For this reason, it is worth stating
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our main results for harmonic functions with nonlinear Neumann boundary condi-
tions involving strong competition terms. We use the following notations: for any
dimension N > 1, we consider the half ball B, (z¢,0) := B,.(x,0)N{y > 0}, which
boundary contains the spherical part 97 B := 0B, N {y > 0} and the flat one
3°B; := B, N {y = 0} (here y denotes the (N + 1)-th coordinate).

Theorem 1.1 (Local uniform Hélder bounds). Let the functions f; g be continuous
and uniformly bounded (w.r.t. B) on bounded sets, and let {vp = (v; g)1<i<k}p be
a family of H'(B") solutions to the problems

—Av; =0 in B P)

B

Ovvi = fip(vi) — Bui 325 4 v: on 2B

Let us assume that
HV,BHLoo(Bj) <M,

for a constant M independent of 5. Then for every a € (0,1/2) there exists a
constant C = C(M, ), not depending on B, such that

HVB”co,a(ﬁ) < C(Ma Oé).

Furthermore, {vg}g is relatively compact in HI(BT/Q) neoe (Bf'/z) for every a <
1/2.

As a byproduct, up to subsequences we have convergence of the above solutions
to a limiting profile, which components are segregated on the boundary 9°B*. If
furthermore f; g — f;, uniformly on compact sets, we can prove that this limiting
profile satisfies

—Av; =0 in B
v;0,v; = fi(v;)v; on "B .
One can see that, for solutions of this type of equation, the highest possible reg-

ularity correspond to the Holder exponent av = 1/2. As a matter of fact, we can
prove that the limiting profiles do enjoy such optimal regularity.

Theorem 1.2 (Optimal regularity of limiting profiles). Under the assumptions
above, assume moreover that the locally Lipschitz continuous functions f; satisfy

fi(8) = f1(0)s + O(|s|'*%) as s — 0, for some ¢ > 0. Then v € C%1/2 (Bf/z)'

Once local regularity is established, we can move from (P)g and deal with global
problems, adding suitable boundary conditions. An example of results that we can
prove is the following.

Theorem 1.3 (Global uniform Holder bounds). Let the functions f; g be continu-
ous and uniformly bounded (w.r.t. ) on bounded sets, and let {ug}p be a family
of HY2(RN) solutions to the problems

(=A)Y2u; = f; 5(u;) — Buy 2 i uf on £
=0 on RN \ Q,

where Q is a bounded domain of RN, with sufficiently smooth boundary. Let us
assume that
[ugllLe@) < M,
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for a constant M independent of 5. Then for every a € (0,1/2) there exists a
constant C = C(M, ), not depending on B, such that

[ugllco. @y < C(M, ).

Analogous results hold, for instance, when the square root of the laplacian is
replaced with the spectral fractional laplacian with homogeneous Dirichlet bound-
ary conditions on bounded domains (see [4]). Moreover, note that L° bounds can
be derived from H'/2? ones, once suitable restrictions are imposed on the growth
rate (subcritical) of the nonlinearities and/or on the dimension N, by means of a
Brezis-Kato type argument.

In order to pursue the program just illustrated, compared with the case of the
standard laplacian, a number of new difficulties has to be overcome. For instance,
the polynomial decay of the fundamental solution of (—A)Y/2 4 1 already affects
the rate of segregation. Furthermore, since such segregation occurs only in the
N-dimensional space, it is natural to expect free boundaries of codimension 2.
But, perhaps, the most challenging issue lies in the lack of the validity of an exact
Alt-Caffarelli-Friedman monotonicity formula. This reflects, at the spectral level,
the lack of convexity of the eigenvalues with respect to domain variations, see
Remark 2.4 below. To attack these problems new tools are in order, involving
different extremality conditions and new monotonicity formulas (associated with
trace spectral problems).

Let us finally mention that general fractional laplacians arise in many models of
enhanced anomalous diffusion; such operators are of real interest both in population
dynamics and in relativistic quantum electrodynamics. This strongly motivates the
extension of the theory in this direction, for any s € (0, 1).

The paper is organized as follows:

CONTENTS
1. Introduction 1
1.1. Notation 4
2. Alt-Caffarelli-Friedman type monotonicity formulae 5
2.1. Segregated ACF formula 5
2.2. Perturbed ACF formula 10
3. Almgren type monotonicity formulae 14
3.1.  Almgren’s formula for segregation entire profiles 14
3.2.  Almgren’s formula for coexistence entire profiles 18
4. Liouville type theorems 19
5. Some approximation results 24
6. Local C%® uniform bounds, « small 29
7. Liouville type theorems, reprise: the optimal growth 40
8. C%< uniform bounds, o < 1/2 45
9. C%'/2 regularity of the limiting profiles 48
References 56

1.1. Notation. Throughout the paper, we will agree that any X € RN¥*! can be
written as X = (z,y), with 2 € RY and y € R, in such a way that Rf“ =
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RN*1 N {y > 0}. For any D C RV*! we write
Dt :=Dn{y >0},

otDt :=0Dn{y > 0},

°DT :=Dn{y =0}
In most cases, we use this notation with D = B, (z¢,0) (the (N + 1)-dimensional
ball centered at a point of RY). In such case, we denote

SN(29,0) == {(2,0) : x € RN, |z —z0| =7} = 9B, \ (07 B Ud"B}).

Beyond the usual functional spaces, we will write

Hyg, (Rfﬂ) :={v:¥D c R¥*! open and bounded, v|p+ € H*(DT)}.

Finally, we write BT for Bfr, and we denote with C' any constant we need not to
specify (possibly assuming different values even in the same expression).

2. ALT-CAFFARELLI-FRIEDMAN TYPE MONOTONICITY FORMULAE

This section is devoted to the proof of some monotonicity formulae of Alt-
Caffarelli-Friedman (ACF) type.

2.1. Segregated ACF formula. The validity of ACF type formulae depends on
optimal partition problems involving spectral properties of the domain. In the
present situation, the spectral problem we consider involves a pair of functions
defined on Sf := 0T BT. As a peculiar fact, here such functions have not disjoint
support on the whole Sf . but only on its boundary SN¥~!. In this way we are lead

to consider the following optimal partition problem on S¥~1.

Definition 2.1. For each open subset w of SV =1 := 8Sf we define the first eigen-
value associated to w as

A1 (w) ;:inf{ f Ty :uEHl(Sf),uEOOnSN—l\w}.
5y

Here Vyu stands for the (tangential) gradient of u on S¥.
Definition 2.2. On SV~! we define the set of 2-partition P? by

P2 .= {(wl,wQ): w; € SN open, wy Nwy = (Z)}
and the number, only depending on N,

2 2
1 N-—-1 N -1
ACF  _ 1 . N
v =5 1nf6732 E \/( 5 ) + A1 (wi) B

w1,w2) =

1
== inf (A
3 o GPQZV 1)

Remark 2.3. As it is well known, u achieves A\ (w) if and only if it is one signed,

and its (A1 (w))-homogeneous extension to Rf *1 is harmonic.
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Remark 2.4. By symmetrization arguments, one may try to restrict the study of
the above optimal partition problem to the case when both w; are spherical caps. In
such a situation, writing I'(9) := y(A1(wy)) for the spherical cap wy with opening
¥, one is lead to minimize the quantity

o(0) = % W) +T(x—9)], 0eloxl.

It is worthwhile noticing that the function ¢ is not convex, indeed one can prove

that
1

e0) = (5) =¢lm =3

(for details, see the proofs of Lemma 2.5 and Proposition 2.12 below). Thus, in
particular, it is not clear whether the minimum of ¢ may be strictly less that 1/2.
As already mentioned, this marks a notable difference with respect to the standard
diffusion case.

Lemma 2.5. For every dimension N, it holds 0 < v2°F < %

Proof. The bound from above easily follows by comparing with the value corre-
sponding to the partition (SV1,0): indeed, it holds A;(S¥~!) = 0, achieved by
u(z,y) = 1, and A\ (@) = 2N, achieved by u(z,y) = y. In order to prove the esti-
mate from below, let us first observe that, for each pair (w1, ws) € P2, there exist
two functions u; and wus in Hl(Sf) such that u; = 0 on SV 71\ w;,

This claim is a consequence of the compactness both of the embedding H 1(Sf ) —
L?(SY) and of the trace operator from H'(SY) to L?(SN~!) (recall that the con-
straint is continuous with respect to the L?(SV~1) topology).

We proceed by contradiction, supposing that there exists a sequence of 2-partition
(wl,wy) € P? such that

7 (A (@) +7 (A1 (wy)) = 0.
Since the function + is non negative and increasing, it must be that Ay (w]*) — 0 for
i = 1,2, that is, there exist two sequences of functions uf and u% in H'(SY) such
that u; =0 on SV=1\ w;,,
/|VTul-\2da — 0 while /uf do = 1.
sy sy
Therefore, up to a subsequence, it holds
ul,uy — SV in HY(SY) and / ufuydo =0
SN— 1
which are incompatible. ([

Under the previous notations, we can prove the following monotonicity formula.

Theorem 2.6. Let vi,v2 € H' (B} (0,0)) be continuous functions such that

[} vl?JQ‘{y:O} = 07 v’i(anO) = 0"



SEGREGATION PROBLEMS INVOLVING HALF LAPLACIANS 7

o for every non negative ¢ € C5°(Br(z0,0)),
/ (—Av;)v;¢ dedy + /(&,vi)vid) dz = / Vu; - V(v;¢) dedy < 0.
R$+1 RN Rf+1

Then the function
2

1 |V’Ui|2
o= e [ = gger dst
=t Bf (20,0)

is monotone non decreasing in 1 for r € (0, R).
Remark 2.7. Since
(2.1) / Vi - V(vi¢) dazdy = / [|wi|2¢ + %V(vi)z V¢! dzdy,
RY T RY T
we have that if v1, vy satisfy the assumptions of Theorem 2.6 then also |vy], |vs| do.

By the above remark, we can assume without loss of generality that v; and vy
are non negative. Since the theorem is trivial if either v;1 = 0 or vo = 0, we will
prove it when both v; and vy are non zero. Moreover, by translating and scaling,
the theorem can be proved under the assumption that xo =0 and R = 1. We will
need the following technical lemmas.

Definition 2.8. We define T'; € C}H(RY T R*) as

T X|>1
=R, 2
M FELX)? X< 1
We let also I'.(X) = I'1(X/e)e!™ | so that T 2 T = |X|'7¥ a multiple of the
fundamental solution of the half-laplacian, as ¢ — 0.

Remark 2.9. Let us observe that each I'. is radial and, in particular, 9,I': = 0
on RY. Moreover, they are superharmonic on Rf +1

Lemma 2.10. Let vy, vy be as in Theorem 2.6. The function
|Vvi|2
B
is well defined and bounded in any compact subset of (0,1).

Proof. We proceed as follows: let € > 0, 0 > 0 and let ns € C5°(By4s) be a smooth,
radial cutoff function such that 0 < ns; <1 and ns = 1 on B,.. Choosing ¢ = nsI'¢
in the second assumption of the theorem, and recalling equation (2.1), we obtain

/ [lwﬁrﬁ;vm)?-m] nsdady < — / STV (w)? - Vpdady
Ri’+1 Rf+1
r+48
, X
=/ —n;5(p) / Fevivvi'mda dp.

T o+B
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Passing to the limit as § — 0 we obtain, for almost every r € (0, 1),

1
/ {|vvi|2rg+2vm)2.vrs] dady < / I'.v;0,v;do,
B o+ Bt

which, combined with the inequality —AT. > 0 tested with vZ/2 leads to

2
/ |V;|?T, dady < / <F€vi8yvi — U;&,FE) do.
Bf

ot BF

Letting € — 07, by monotone convergence we infer

|Vvi|2 1 81}1' N -1 2
(2.3) / X1 dzdy < N w do + SN v; do
B ot B ot B
and this, in turns, proves the lemma. [l

Lemma 2.11. Let vy, vy be two non trivial functions satisfying the assumptions of
Theorem 2.6. It holds
2
| o

2
- 4
(2.4) Zf“&— > —ACF,
= [ el ey "
= [Xv-1 4ray
B

Proof. First we use the estimate (2.3) to bound from below the left hand side of
(2.4):

2
J ||;ﬁ$|_1 do [ |Vul*do
o+t B;" > o+t B;"
f &%d%dy o f v;0,v;do + (N — 1)% f ’UiQ do
Bt o+ B ot Bf
[ Vo2 do
1 sy
T vgr)&,vy) do + Lgl f(vzm)2 do
sy sy

where fugr): Sf_l — R is defined as ’U(T)(f) = v;(r€). We now estimate the right

i

hand side as follows: the numerator writes

/|W§”|2da:/|auu§”|2da+/|vn§”|2da
SN sy s

J |8,,v§r)|2da Ik |VT’UZ(T)‘2dO'

:/|U<T>|2da = L2
) [WRde [ 7)Rde
Sy S sy

2 R
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where R stands for the Rayleigh quotient of vlm on Sj\_f . On the other hand, by the
Cauchy-Schwarz inequality, the denominator may be estimated from above by

N -1
/vl(r)auvy) do +7r 5 /|U£T)‘2d0'

+ +
1/2 1/2
T s N-1 T
< /\vf )|2dc7 /&,vg ) do +7"T/|v,§ )|2d0
¥ ¥ s¥
, 1/2
J 10,02 do
r s N-1
< /|v§ Pdo || —m—| +——
[ o2 do 2
L t J
As a consequence
f I‘;Iﬁ’i“l do
o+ Bt 1 . R+
— e > - min ————.
SR dwdy ~ 7Rt 4 L

A simple computation shows that the minimum is achieved when

N —1\? N1

and it is equal to 2y(R). Summing over i = 1,2, we obtain

Vv |?
J

2 8+ Bt 2 2 4
SEE 22 i Sy () = AT
- / \l)quzjvi‘,l dedy " (wrw2)eP? i3 "

B

where the inequality follows by substituting each R with their optimal value, that
is, the eigenvalue A\ (w;). O

Proof of Theorem 2.6. As already noticed, we may assume that xg =0 and R =1
and that both v; and vy are non trivial and non negative. We start observing
that the function ®(r) is positive and absolutely continuous for r € (0,1), since it
is the product of functions which are positive and absolutely continuous in (0, 1).
Therefore, the theorem follows once we prove that ®'(r) > 0 for almost every
r € (0,1). A direct computation of the logarithmic derivative of ® shows that

[ Vvl /IX N do

Y(r) _ 4ACT 2 ot -0
o)~ v T T VeR/IX Tdedy ©
B

where the last inequality follows by Lemma 2.11. ([l
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As we mentioned, Theorem 2.6 will be crucial in proving interior regularity
estimates. We now provide a related result, suitable to treat regularity up to
the boundary. Differently from before, in this case we can show that the optimal
exponent in the corresponding monotonicity formula is exactly v = 1/2.

Proposition 2.12. Let v € HY(B},) be a continuous function such that
e v1(2,0) =0 for zy <0;
e for every non negative ¢ € C5°(Br),

/ (—Av)vp dzdy + /(auv)vqb dxr = / Vo - V(vg)dedy < 0.
Rf+1 RN Rf‘*’l
Then the function
1 |Vo|?
P(r) = -
B
is monotone non decreasing in r for r € (0, R).

dzdy

Proof. Let @ := SN=1N{x; > 0}, and let v denote the 1/2 homogeneous, harmonic

extension of v(z,0) = y/x] to RY*!, that is

1,2 +y2 +$1
oay) = | VAR

Since v is positive for y > 0, Remark 2.3 implies that 'U‘Si is an eigenfunction
associated to A\i(@), providing

@) = 5.

But then, reasoning as in the proofs of Lemma 2.11 and Theorem 2.6, we readily
obtain that

2

2.2. Perturbed ACF formula. We now move from Theorem 2.6 and introduce a
perturbed version of the monotonicity formula, suitable for functions which coexist
on the boundary, rather than having disjoint support.

) % {—1 +7(A1(a)))} =0. -

Theorem 2.13. Let vACY be as in Definition 2.2, and let v1,vs € H}, (Rf“) be

continuous functions such that, for every non negative ¢ € Cg° (Rf“) and j # 1,
/ (—Avy)v;p dedy + /(8yvi + vivf)viqﬁdx
]Rf+1 RN

= / Vo; - V(vi¢) dady + /v?vfgﬁdx <0.

N+1 N
RY R

For any v' € (0,v2CF) there exists ¥ > 1 such that the function

O(r) := H D,(r)
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is monotone non decreasing in r for r € (T,00), where

1
D,(r) = / |V; 2T dady + / vaffl de |, forj#i.
x

- T2V’
8°B;+

Remark 2.14. We observe that, analogously to Remark 2.7, the main assumption
of Theorem 2.13 can be equivalently rewritten as

1
Vuil?¢p + =V (v3)? - Vo| dedy + [ vZvi¢dr <0,
2 oY
]Ri’“ RN

for every compactly supported ¢ > 0. In particular, if vy, vo satisfy such assump-
tion, so |v1], |uz| do. Moreover, reasoning as in Lemma 2.10, we obtain that, for
every ¢ > 0 and almost every r,

1
(2.5) / [|Wi|2¢ + §V(vi)2 . w)} dzdy + / vivigde < / (0,v;)v;¢ do,
B, aoBt o+ Bt
The proof of Theorem 2.13 follows the lines of the one of Theorem 2.6.

Lemma 2.15. Let vy, vy be two non trivial functions satisfying the assumptions of
Theorem 2.13. Then, for any r > 1, it holds

/\Vvi\Qflda—F / v;v:ly do
2

2
OB, rSN-1 2
2.6 : > Z A
26 : —— >3 (),
i=1 [ |Vu;|Ty dady + v;v; T dz i=1
B 89B;F
where

i ‘VT’UET) Pdo+r [ (Ugr)v(r))Q do

N N-1 J
_S+ S

AZ(’I“) =
(r))2
v, do
S£ v; |

(again, vzm: SN~ - R is such that vlm (&) = vi(rg)).

Proof. By choosing ¢ = TI'y (Definition 2.8) in equation (2.5) we obtain, for a.e.
r >0,

1
/ [|Vvi|2I‘1 + §V(vi)2 . Vfl} dzdy + / v?v?l"l dz < / v;0,v;I'1 do.
B 80 B;F 8+ B;f
The superharmonicity of I'; yields then

2
/ |Vvi|2I‘1 dxdy + / ’U?’U?Fl dx S / (vi(?,,vil"l - /0218,,].—‘1) do.

B} 8B o+ BF
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Recalling that » > 1 we can use the previous estimate to bound from below the left
hand side of equation (2.6), obtaining

2 2
/ |V [Ty do + / viv;l'1 do [ |VU§T)|2 do+r | (vfr)v§r))2 do
oB; rSN-1 1s¥ sN-t

> =

= (Mg () — (r) ’

/ |V; 2T dady + / viv?-l"l dz " va v; Oyv; " do + N2 1S£ (v; ")?do
+ +

B 8B

We now estimate the right hand side as follows: the numerator writes

/ |Vvl(r) |*do +r / (vgr)vy))Q do

N N-1
SY S

:/|8,,v§r)|2da+/|VTU§T)|2dU+r / (vy)vj(-r))Qda

N N N—
sV SN SN -1

J |€),,v§r)|2 do [ |VTvi(r) Pdo+r [ (UET)UJ(-T))2 do

SN SN SN—l
:/|Uz(r)|2d‘7 - ) + - (r)
[ 1] do [ 2 do
SN 7 i
+ Sf SN
t2 R

We may bound the denominator as in Lemma (2.11). As a consequence

/|Vvi|2I‘1da+ / v?vf—f‘lda

B+ reN-1 1 i R+t

= . N-1°
/ |V Ty dzdy + / VT de T TS
B 0B

Minimizing with respect to ¢ as in Lemma (2.11) and summing over i = 1,2, we
obtain equation (2.6). O

Proof of Theorem 2.13. Without loss of generality, we assume that both v; and vg
are non trivial. As in Theorem 2.6, we will prove that the logarithmic derivative
of ® is non negative for any v/ € (0,vA°Y) and r sufficiently large. Again, a direct
computation shows that

/\Vvi\zflda—k / va?Flda
2

'(r) 4/ 8B reN -1
®(r) i=1 / |V |*Ty dady + / vizvf-l“l dz
B} o°BY

4
> =
r

—/ + ;;v (A<v§">>)]

and thus it is sufficient to prove that there exists ¥ > 1 such that, for every r > 7,
the last term is nonnegative. Of course if A;(r) — 400 for some 4 then there is
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nothing to prove; thus we can suppose that each A;(r) is bounded uniformly. To
begin with, we see that, for r large,

(2.7) H(r) o= o™ [} gy) = / (i")2do > € > 0.
sy

Indeed, the choice of ¢ =1 in equation (2.5) yields
H'(r) = / rd, (v2)(r€)do > 0,
o
and, since the functions are non trivial, H cannot be identically 0.

Let us suppose by contradiction that there exists a sequence r,, — oo such that

(2.8) Zv (Ai(rp)) <V < P ACE,

N | =

We introduce the renormalized sequence

()

Yy

Win = 1/2° so that ||wz,n |L2(Si’) =1.

[ (w)2do
sy

Recall that A;(r,) is uniformly bounded, that is

K > Ai(r) = /|VT’wi,n\2d0+ / Tﬂwzz,nwiz,n”vz(rn)”LQ(Sf)dO—

N N-1
S¥ S

and, together with (2.7), this yields

1
(2.9) /|VTwi’n|2da <K and / w? w?, do < —K'.
n i, r
s s¥-1 "
Hence there exist functions w; € H 1(Sf ) such that, up to subsequences, w; ,, —w;,
weakly in H*(SY), with ||1ZJZ'||L2(S£) = 1. Moreover, from the weak lower semi-
continuity of the norm,

k—oo

limiani(T‘nk) > / |VTIT}i|2dUN > )\1({’1171‘|y:0 > 0})

N
S+

From (2.9) we have that wgr)w§r) — 0 a.e. on SV~ and w;w; = 0 on SV~1. This

means that the limit configuration (w1, ws) induces a partition of Sj\_f , for which we
have

| ACF
lim inf 3 Z’y (Ni(rn,,)) > v

in contradiction with (2.8). O
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3. ALMGREN TYPE MONOTONICITY FORMULAE

In the following, we will be concerned with a number of entire profiles, that is k-
tuples of functions defined on the whole Rf 1 which will be obtained from solutions
to problem (P)g, by suitable limiting procedures. This section is devoted to the
proof of some monotonicity formulae of Almgren type, related to such profiles.

3.1. Almgren’s formula for segregation entire profiles. To start with, we
consider k-tuples v having components with segregated traces on RY. In such a
situation, on one hand each component of v, when different from zero, satisfies
a limiting version of (P)g, where the internal dynamics are trivialized; on the
other hand, the interaction between different components is now described by the
validity of some Pohozaev type identity. We recall that, in order to prove the
Almgren formula, it is sufficient to require the Pohozaev identity to hold only in
spherical domains. Nonetheless, we prefer to assume its validity in the broader class
of cylindrical domains, that is domains which are products of spherical and cubic
ones. This choice will be useful in classifying the possible limiting profiles, when
we will be involved in a procedure of dimensional reduction.

More precisely, let C’: 1(20,0) C Rf *1 be any set such that there exists h € N,

h < N, and a decomposition Rf“ = R’f‘l @ RN~" such that, writing
RV 5 X = (2/,2",y), with (2/,y) € RIF, 2" e RN h,
it holds
C(w0,0) = BJF (x5,0) x Qu(xg)-

Here, B C R'f’l denotes an half ball of radius r, and Q; C RN~" a cube of edge
length equal to 2I.

Definition 3.1 (Segregation entire profiles). We denote with G, the set of functions
v € HL. (Rf“; Rk), v = (v1,...,v) continuous, which satisfy the following
assumptions:

(1) vvjly=o = 0 for every j # i;
(2) for every 1,

(3.1) {_Mi =0 iR

v;0,v; =0 on RY x {0};

(3) for any 29 € RN and a.e. 7 >0, 1> 0,
(3.2) / S22V il — (b + 1)V dedy + 7 / 5 Vol dot
ch ' Ot B xQ, '

=2r / S 0,v)% do — 2 / > 0,0V (o Vi - (&' — 2, y) do,
i 7

Ot B xQu B xo+Q,

where V(,/ ,y is the gradient with respect to the directions in Riﬂ.
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Remark 3.2. Let v € G;. By choosing h = N in the above definition, we obtain
that the spherical Pohozaev identity holds, namely

(33) (1-N /E|V1}l|2dxdy+r / XVl dor =2 / 510 do
ot Bt o+ B

for a.e. 7 > 0.
Let us define, for every o € RY and r > 0,

1
E(zo,7) := N / Z|Vvi|2da:dy

B (x0,0)

H(zg,r) = — / Zv do.

6+B 10,0)

Let x¢ be fixed. Since v € H}_ (Rf“,Rk>7 both E and H are locally absolutely

continuous functions on (0,+00), that is, both E’ and H' are L{ (0,00) (here,
=d/dr).

Theorem 3.3. Let v € G,, v # 0. For every o € RY the function (Almgren
frequency function)

E(xg,7)

H(xg,r)

is well defined on (0,00), absolutely continuous, non decreasing, and it satisfies the
identity

N(xg,r) :=

2N(r)

(3.4) % log H (r) =

Moreover, if N(r) = v on an open interval, then N = ~ for every r, and v is a
homogeneous function of degree ~y.

Proof. Up to a translation, we may suppose that xg = 0. Obviously H > 0, and
H > 0 on a nonempty interval (r1,rs), otherwise v = 0. As a consequence, either v
is a nontrivial constant, and the theorem easily follows; or, by harmonicity, v is not
constant in the whole B;r , and also E > 0 for < r9. Passing to the logarithmic

derivatives, the monotonicity of N will be a consequence of the claim
N'(r) E'(r) H'(r)
N(r) ~ E(r)  H(r)
Deriving E and using the Pohozaev identity (3.3), we have that

>0 for r € (r1,72).

N
E’(r): /z|vu,|2dxdy+ —— / Z\Vul\gda
o+ B
_ /Z|8,,vi\2da,
8, B ’

while testing equation (3.1) with v; in B;} and summing over i, we obtain

1 ) 1
B

o+ Bt
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As far as H is concerned, we find

2
H'(r) = ~ / Zvi&,vi do.
o+ B '

As a consequence, by the Cauchy-Schwarz inequality, we have

/ Z |8uvi|2 do / Z v;0,v; do

N’ + +
(3.5) 5 N((:; _9B _B >0 for r € (r1,re).
/ > v;0,v; do / S v?do
ot B;" ' ot B;" '

Moreover, on the same interval,

d H'(r) 2E(r) 2N(r)
—log H(r) = = = .
dr og H(r) H(r) rH(r) r
Let us show that we can choose 11 = 0, ro = 4+00. On one hand, the above

equation provides that, if log H(7) > —oo, then log H(r) > —oo for every r > 7, so
that ro = +00. On the other hand, let us assume by contradiction that

ry = inf{r: H(r) > 0 on (r,+00)} > 0.

By monotonicity, we have that N(r) < N(2r1) for every 1 < r < 2ry. It follows
that

d 2N (2r H(2r 2r, 2V
alogH(T) < % = f;(r;) < (1)
and, since H is continuous, H(r1) > 0, a contradiction.
Now, let us assume N(r) = 7 on some interval I. Recalling equation (3.5), we
see that

r

2
/ S vidyv;do | = / Zv? do / > \3yv¢|2 do,
+B;t ' o+ B+ ' o+ B;F '
which is true, by the Cauchy-Schwarz inequality, if and only if v and 0,v are
parallel, that is
Alr)

r

v; = A(r)0,v;

X -Vuv,;, foreveryrel.

Using the definition of N, we have v = r/\(r) for every r € I, so that
yv; =X -Vu; Vi=1,...,k.

But this is the Euler equation for homogeneous functions, and it implies that v is
homogeneous of degree «y. Since each v; is also harmonic in Rf 1 the homogeneity
extends to the whole of Rf *1 yielding N(r) = ~ for every r > 0. O

In a standard way, from Theorem 3.3 we infer that the growth properties of the
elements of G, are related with their Almgren quotient.

Lemma 3.4. Let v € G, and let v, 7 and C denote positive constants.
(1) If [v(X)| < C|X — (20,0)|" for every X & BF (z0,0), then N(xq,7) < for
every r > 0.
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(2) If v(X)| < C|X — (20,0)|" for every X € BF (0,0), then N(xq,r) > 7 for
every r > 0.

Proof. Let v € G, and let us assume the growth condition for » > 7. We observe

that it implies, for r large, H(r) < Cr??. Arguing by contradiction, let us suppose

that there exists R > 7 such that N(xg, R) > «v+¢. By monotonicity of N we have

d 2
—logH(r) > =
dr og H(r) 2 r
and, integrating in (R,r), we find

Cr20F9) < H(r) < Or?,

(y+e) ¥Yr>R

a contradiction for r large enough. On the other hand, if the growth condition
holds for r < 7, we can argue in an analogous way, assuming that

d 2(y —¢)

—logH(r) < ————=

dr og H(r) < r
for r small enough and obtaining again a contradiction. (Il

Corollary 3.5. If v € G is globally Holder continuous of exponent v on Rf"'l,
then it is homogeneous of degree vy with respect to any of its (possible) zeroes, and

Z:={x e RN :v(x,0) = 0} is an affine subspace of RY.
Furthermore, if v < 1, then

Z=10 = v is a (nontrivial) constant.

Proof. On one hand, if (x0,0) € Z, Lemma 3.4 implies N(xq,r) = 7 for every r,
and the first part easily follows. On the other hand, let Z = ). By continuity, up to
a relabeling, we have that vy (2,0) = -+ = vgx_1(2,0) = 0 on R¥ | so that their odd
extension across {y = 0} are harmonic and globally Holder continuous of exponent
v < 1 on the whole of RV*1; but then the classical Liouville Theorem implies that
they are all trivial. Finally, by continuity, vg(x,0) is always different from zero, so
that d,vx(2,0) = 0 on RY. As a consequence, Liouville Theorem applies also to
the even extension of v; across {y = 0}, concluding the proof. (]

Remark 3.6. We observe that v = (1,y,0,...,0) belongs to G and it is globally
Lipschitz continuous, but it is not homogeneous. This does not contradict the
previous Corollary 3.5, indeed its zero set is empty.

To conclude this section, we observe that the monotonicity of N(x,r) implies
that both for r small and for r large the corresponding limits are well defined.

Lemma 3.7. Let v e G,. Then

(1) N(x,0%) is a non negative upper semicontinuous function on RY;
(2) N(z,00) is constant (possibly oo).

Proof. The first assertion follows because N(x,0") is the infimum of continuous
functions. On the other hand, let
v:= lim N(0,r) > 0;

T—>00
we prove the second assertion in the case v < oo, the other case following with
minor changes. Let us suppose by contradiction that there exists o € RY such
that sup,-o N(zo,r) = v — 2¢ for some € > 0. Let moreover 19 > 0 be such that
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N(0,79) > v — e. Reasoning as in the proof of Lemma 3.4 we see that, when R,
Ry are sufficiently large, both H(xg, Ry) < C’Rf('/_ge) and H(0, Ry) > C’Rg(y_e).
By definition

Ry
/ > v? dedy = /H(a;o, 5)s™Vds < CRiVH(V*ZE)
B (20,0)\ B} (0,0) ' o
and
Ro
/ va dzdy = /H(O, s)s™Vds > CRQH'Q(V_E).
B, (0,0\B/, (0,0) ' To

Now, if we let R; = Ra + |z|, we obtain

C’R;VH(”*E) < / S o? dedy

B}, (0,0\ B, (0,0)

< / S o? dedy — / S v? dady + / > v? dady
B (20,0) B (0,0) Bj;l (20,0)\ B}, (0,0)

< O+C/(R2 + |3;‘0DN+2(U_25)

and we find a contradiction for Ry sufficiently large. Exchanging the role of 0 and
ro we can conclude.
O

3.2. Almgren’s formula for coexistence entire profiles. We now shift our
attention to the case in which v is a k-tuple of functions which a priori are not
segregated, but satisfy a boundary equation on RY. In this setting, the validity of
the Pohozaev identities is a consequence of the boundary equation.

Definition 3.8 (Coexistence entire profiles). We denote with G, the set of functions

veH, (Rf“) which are solutions to
—Av; =0 in RY*!
(3.6) ) , .
Qvi +v; Y 54,7 =0 on RY x {0},
forevery i =1,... k.

Remark 3.9. Of course, if v e H . (Rf“) solves

—Av; =0 in RY T
Dyvi + Bui 325,07 =0 on RN x {0},

for some 8 > 0, then a suitable multiple of v belongs to Gs.
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Lemma 3.10. Let v € G.. For any o € RY and r > 0, the following identity
holds

(1—N)/Z|Vvi|2dxdy+7‘ / Z|Vvi|2da—N P> viv} da
Bt

1,7 <1
ot B;" 8B;"

+r / > v%v? do =2r / S0, vi|* do.
i,j<i i
CR ot B
Proof. The proof follows by testing equation (3.6) with Vv;-X in B and exploiting
some standard integral identities (see also Lemma 5.2 for a similar proof in a more
general case). O

As before, we introduce the functions

1 1
E(zo,T) = rPN—1 / Z \V’Ul\zdxder FN-1 / Z Uizvjz da

ij<i

T (20,0) OB, (x0,0)

B
H - 2
(xo,7) = o~ / >_v; do.

9+ B} (20,0)

Theorem 3.11. Let v € G.. For every xo € RN the function

E(xo,7)

H(xzg,r)

is mon decreasing, absolutely continuous and strictly positive for r > 0. Moreover
it holds

N(xg,r) :=

d 2N(r)
T log H(r) > "

Proof. The proof runs exactly as the one of Theorem 3.3, by using Lemma 3.10
instead of equation (3.3). O

Asin the case of entire profiles of segregation, we can state some first consequence
of Theorem 3.11.

Lemma 3.12. Let v € G., and let v and C' denote positive constants. If |v(X)| <
C(1+1|X17) for every X, then N(z,00) is constant and less than ~y.

Proof. The proof follows reasoning as in the ones of Lemmas 3.4 and 3.7. O

4. LIOUVILLE TYPE THEOREMS

By combining the results obtained in Sections 2 and 3, we are in a position to
prove that nontrivial entire profiles, both of segregation and of coexistence, exhibit a
minimal rate of growth connected with the Alt-Caffarelli-Friedman exponent vACF .
To be precise, the result concerning coexistence entire profiles only relies on the
arguments developed in Section 2.

Proposition 4.1. Let v € G. and v*CF be defined according to Definitions 3.8 and
2.2. If for some v € (0,vACT) there exists C such that

vX)| < O+ |X[7),

for every X, then k — 1 components of v annihilate and the last is constant.
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Proof. We start by proving that only one component of v can be different from
zero. Let us suppose by contradiction that two components, say v; and vo, are non
trivial: indeed, we observe that |vi], |vz| fit in the setting of Theorem 2.13 (recall
Remark 2.14). Let r be large accordingly, and let 1 be a non negative, smooth
and radial cut-off function supported in B, with n = 1 in B;" and |Vn| < Cr—1,
|An| < Cr=2. Moreover, let T'; be defined as in 2.8 (in particular, it is radial and
superharmonic). Testing the equation for v; with T';v;n we obtain

1
/ |V *Tyndady + / va?Fmdm < / ivf [y An 4+ 2Vn - VI dzdy,
B3, 8B, B \B

where in the last step we used that 7 is constant in B;. Since I'y(X) = | X'~ out-
side By, and |v;(X)| < Cr?Y outside a suitable Bz, using the notations of Theorem
2.13 we infer

1 1

D,(r) = e / |V T dady + / va?lH dz | < 5 -Cr?,
+ 8OB;"

with C independent of r > 7. Fixing v < v/ < vACF

Theorem 2.13 states that

and possibly taking 7 larger,

2
0<®(F) < (r) = [[@i(r) < CriG=",

i=1

a contradiction for r large enough. Finally, if v; is the unique non trivial component
of v, an even extension of v; through R¥ is harmonic in RV*! and bounded every-
where by a function growing less than linearly, implying that v; is constant. (Il

Turning to segregation entire profiles, the results of Section 3 become crucial.

Proposition 4.2. Let v € G, and v2C°F be defined according to Definitions 3.1 and
2.2.

(1) If for some v € (0,vACY) there exists C such that
V(X[ <O +X]7),

for every X, then k — 1 components of v annihilate;

(2) if furthermore v € C% (Rf“) then the only possibly nontrivial component
18 constant.

Remark 4.3. We notice that the uniform Hoélder continuity of exponent ~ required
in 2. readily implies the growth condition in 1., which we may not require explicitly.
On the other hand, from the proof it will be clear that, once k& — 1 components
annihilate, 2. follows by assuming uniform Hélder continuity of any exponent
7" € (0,1), not necessarily related to vA°F.

Proof of Proposition 4.2. To prove 1., we start as above by assuming by contradic-
tion that there exist two components, v; and v, which are non trivial. We deduce
that they must have a common zero on RY. As a consequence, we can reason as
in the proof of Proposition 4.1, using Theorem 2.6 (and Remark 2.7) instead of
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Theorem 2.13, and obtain a contradiction. Turning to 2., let v denote the only non
trivial component. By Corollary 3.5, we have that the set

Z={x e RN :v(x,0) =0}
is an affine subspace of RY. Now, if Z = RY, then v satisfies
{Av =0 in ]R_I?_[Jrl
v=20 on RY,
so that the odd extension of v through {y = 0} is harmonic in R¥*! and bounded

everywhere by a function growing less than linearly, implying that v is constant.
On the other hand, if dim Z < N — 1, then

~Av=0 inRY"!

dv=0 onRN\Z
and the even reflection of v through {y = 0} is harmonic in RN*1\ Z; since Z has
null capacity with respect to RV*1, we infer that v is actually harmonic in RN+,

and the conclusion follows again since, by assumption, v is bounded everywhere by
a function growing less than linearly. O

In the same spirit of the previous theorems, we provide now a result concerning
single functions, rather than k-tuples.

Proposition 4.4. Let v € H}

loc

(Rf"‘l) be continuous and satisfy

—Av=0 in Rf“
v0,v <0 on RN
v(z,0) =0 on {z; <0},
and let us suppose that for some vy € [0,1/2), C > 0 it holds
(X)) < C(A+[X]7)
for every X. Then v is constant.
Proof. 1t is trivial to check that v as above fulfills the assumptions of Proposition

2.12. Now, assuming that v is not constant, we can argue as in the proof of
Proposition 4.1 obtaining a contradiction. ([l

To conclude the section, we provide other two theorems of Liouville type con-
cerning single functions. The first one relies on the construction of a supersolution
of a suitable problem, as done in the following lemma.

Lemma 4.5. Let M > 0 and 6 > 0 be fized and let h € L>(0°B}") with ||h||L~ < 4.
Anyv e HY(Bf)nC (Bf) non negative solution to

—Av <0, m Bf'
ov < —Mv+h, on 80Bf'
verifies
sup v < sup v.
B, o+Bf
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Proof. The proof follows from a simple comparison argument, once one notices that,
for any § > 0, the function

z;+1 T 1—x
ws = 5— + — E — — arctan + — — arctan
o [ <y+ ) 2 ( n 2)]

2
M YT+

satisfies the following system

—Aws =0 in B

Oyws > —Mws +6 on 80Bfr
ws > 1 on Ot B
ws < L2 in aOB;r/2

The claim can be proved by direct checking. For the reader’s convenience, we sketch
it in the case N =1, § = 0.

For notation convenience, let us denote wy; by w. It is a straightforward com-
putation to verify that w is positive and harmonic in R2 Using the elementary

inequality 5 — arctant > 1+t for all ¢ > 0, we can estimate
2 1 1
w(zx,0) > — + .
@02 2 1+ (z+1) 1—1—1\24(1—33)]

On the other hand, using the inequality H% <ig +t for ¢t > 0, we have

[\)

wy(z,0) < ;M

1 1
+ :
1+ & (@ +1) 1+Jgf(1—:c)]

Therefore, 0, w(z,0) = —wy(z,0) > —Mw(x,0). For (z,y) € Bifr we have

z+1 1—xz T
arctan 5~ | +arctan = | <
+ M Y+ M 2’
that is w(z,y) > 1 in By". Finally, we observe that w(z,0), as a function of z, is
strictly convex and even in (—1,1). Consequently, if |z| < % using the elementary
inequality g —arctant < % for t > 0, we obtain
(2,0) < 0
w(z,0) < —.
M

Remark 4.6. One of the peculiar difficulties in dealing with fractional operators
with respect to the standard local case is due to the slow decay of supersolutions.
Indeed, in the pure laplacian case, it is well known that positive solutions of

—Au<—-Mu in BCRY

exhibit an exponential decay, that is u|p, < e’%msupaB u; see, for instance,
[16, 22]. In great contrast with this result, in the previous lemma we proved that
non negative solutions of

(=A)Y2u < —Mu in BCRY



SEGREGATION PROBLEMS INVOLVING HALF LAPLACIANS 23

exhibit only polynomial decay, that is u[g,, < ﬁ supgn\ g u. This estimate is
sharp, since

—Av=0 in Bt
v>0 in Bt
9,y =—Mv on0°Bt

implies

inf v> inf w.
aoBT/z 1+ M o+B+

This last fact follows by a comparison between v and the subsolution w = TlM(l +
My)infa+ g+ v.

The previous estimate allows to prove the following.
Proposition 4.7. Let v satisfy
{—Av =0 in Rf“
d,v=—-Xv onRN
for some A > 0 and let us suppose that for some v € [0,1), C' > 0 it holds
(X)) < OO+ |X]7)
for every X. Then v is constant.

Proof. If A = 0, using an even reflection through {y = 0}, we extend v to a harmonic
function in all RV, and we conclude as usual using the growth assumption. If
A > 0 let either z = v" or 2 = v~. In both cases,

—-Az <0, in RY T
O,z < —Mz, onRN.

By translating and scaling, Lemma 4.5 implies that

1 1+
2(x0,0) < sup 2<— sup z<C + .
09B,./5(x0,0) T 9+ B, (x0,0) r
Letting r — oo the proposition follows. (I

Finally, we have the following.
Proposition 4.8. Let v satisfy
{—Av =0 1n Rf“
Ov=\ onRN
for some X € R and let us suppose that for some v € [0,1), C > 0 it holds
[o(X)] < C(1+ | X]7)
for every X. Then v is constant.
Proof. For h € RN let w(z,y) :==v(z + h,y) — v(z,y). Then w solves

—Aw=0 inRY*
O,w=0 onRN
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and, as usual, we can reflect and use the growth condition to infer that w has to
be constant, that is v(z + h,y) = ¢, + v(x,y). Deriving the previous expression in

x;, we find that
k

o, y) = 3 eily)ai + coly):
i=1
Using again the growth condition, we see that ¢; = 0 for i« = 1,...,k, while ¢y is
constant. We observe that, consequently, A = 0. ([

5. SOME APPROXIMATION RESULTS

In the following, we want to apply the Liouville type theorems obtained in the
previous section to suitable limiting profiles, obtained from solutions to the problem

—Av; =0 in Bt
_ 2 0 R+ (P)B
Oyvi = fip(vi) — Bvi 3,4, v; on d"BY,

through some blow up and blow down procedures. From this point of view we
have seen that, in the case of entire profiles of segregation, the key property is the
validity of some Pohozaev identities, which imply that the Almgren formula holds.
In this section we prove that such identities can be obtained by passing to the
limit in the corresponding identities for (P)g, under suitable assumptions about
the convergence. To be more precise, we will prove the following.

Proposition 5.1. Let v,, € H' (B;) solve problem (P)g, on B, n € N, and
v E HllOC (Rf“), be such that, as n — o0,

(1) B — oo;
(2) ryp — o0;
(3) for every compact K C RY* v, = v in HY(K) N C(K);
(4) the continuous functions f; g, are such that, for every m > 0,

|fi. ()| < Cn(m)  for |s| <m,

where Cy,(m) — 0.
Then v € G;.

We start by stating the basic identities for problem (P)g. We recall that SN-1
denotes the (N — 1)-dimensional boundary of 9°B; in R¥.

Lemma 5.2 (Pohozaev identity). Let v solve problem (P)g on B*. For every
B} := B (x9,0) C BT the following Pohozaev identity holds:

(1-N /Z|V’ui|2dxdy+r / Z|V1}Z|2d0+

o+BY
+2N / > Fip(v)dz — NB > ’U2U2d$—27“ / S F; p(v;) do+
2Bt opr sy
+7rg > 02v2 do =2r / S 18,vi]? do.
3,7 <t i

SN-1 o+B;t
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Proof. Let the functions v; solve problem (P)g. Up to translations, we assume that
zo = 0. By multiplying the equation with X - Vu; and integrating by parts over
B}, we obtain

/ Vu; - V(X - V) dedy =7 / 0,v;]? do + / (Opv)(z - V) de.
Bt ot B 2°Bf

Using the identity
1
Vo - V(X - V) = |V 2 + X -V <2Vv1-2>
and integrating again by parts, we can write the right hand side as

1-N
/Vvi V(X - V) dedy = 5 / |V;|? dedy + g / |Vv;|? do
B B o+ B;"

and this yields

1-N
T/|Vvi|2dxdy+f / |Vvi|2da— / fig(i)(x - V) da+

2
B o+ Bt 0B+
B
t35 (z - V) z#:z vjz- de =r 10,v;)? do.
0Bt ’ o+ B
Summing the identities for ¢ = 1,..., k we obtain

1-N
(5.1) T/Z|Vvi|2dxdy+g / Z|Vv,;|2do
B o+BY '

—/(a:-Vw)ZFw(vi)dx—&-g /(m-Vw)AZAva?dx:r / Z|8l,v,»|2da.
0B, ' 0B o o Bt

The terms on d°B;f can be further simplified: by an application of the divergence
theorem on RY we have

/ (x-Vg) > va? dz = / div <x > va?) dz — / dive Y. v?vf— dx

ij<i Gj<i i,j<i
89B;+ 89B;+ 89B;t
=r > U?v? do — N > v?vf dz
Gj<i i,j<i
syt 0B
and
/ (@ Va) 2 Fip(vi) da = / div (x > Fiﬁ(vi)) dx — / diva ) Fi g(v;)dx
8°B;+ ' 89B;t ' 89B;+ '
=r / > Fip(vi)do — N / > Fip(vi) da;
rSN-1 ' 99B;F '

the lemma follows by substituting into equation (5.1). O
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In a similar way, it is possible to prove the validity of the Pohozaev identities
in cylinders (we use the notations introduced in the discussion at the beginning of
Section 3.1).

Lemma 5.3 (Pohozaev identity in cylinders). Let v € H'(B*) be a solution to
problem (P)gz. For every x € 0°BT and r > 0, 1 > 0 such that C}t, C B" the
following Pohozaev identity holds:

/ (Z Q\V(zz7y)vi\2 —(h+ 1)|V1}¢|2) dzdy + 7 / Z \Vvi\ZdoJr
' 8t B xQ '

+2h / ZFl,@vl)dm—hﬁ > vivida

,j<t

ct

rl

aoct aoct

/ ZFlg v;)do + 1B > v2v2da
h—

1,5 <1t
Sy St

/ Z |8yvi|2 do —2 / Z ayviv(w’,y)vi : (Ija y) dO’,

ot B xQy B xotQ
where V 51y is the gradient with respect to the directions in RT‘I.

Remark 5.4. Even though the mentioned Pohozaev identities are enough for our
purposes, we would like to point out that they are nothing but special cases of
a more general class of identities, namely the domain variation formulas, see for
instance [19]. They may be obtained by testing the equation of (P)g by Vv -Y in
a smooth domain w C Rf“, where YV € Cl(RfH; Rf“) is a smooth vector field
such that Y|,—o € C}H(RY;RY).

To proceed, we need the following standard result.

Lemma 5.5. Let f,A € L>=(0°B"). If w € HY(B™) is a solution to

—Aw =0 in Bt
O,w=f— v ond°Bt,

then |w| € HY(BT) and for any ¢ € H'(BY), ¢|lo+p+ =0, ¢ > 0 it holds

0B+

/ Viw| - Védedy - / (If] = Alw])édz < 0
B+

Proof. Let g-(s) = vs? + ¢ € C*°(R) such that g.(s) — |s| and g.(s) — sgn(s). By
Stampacchia Lemma,

ge(w) — |w| in HY(BT)
while, by Lebesgue theorem

g.(w)yw — |w| in L*(9°BT).
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Thus, for any ¢ € H*(BY), ¢|ls+p+ = 0, ¢ > 0, we have

/Vgs(w) -Vodady — / g (v)(f — dw)pdx

B+ 9B+
= / ge(w)Vw - Vo drdy — / ge(w)d,vpdx
B+ oYB+
= [ ~div (gh(w)Vu) ddady = [ (~g/(w)|Vul - g(w)dw) odsdy <0,
B+ B+
Passing to the limit for € — 0 we obtain the lemma. (I

Going back to the notations of Proposition 5.1, we have the following lemma.

Lemma 5.6. For every K compact subset of RY, it holds

lim 3, [ vZ, 2 v?yn dz = 0.
n—00 ’ 70

Moreover, for every xo € RN, and for almost every r > 0,

2 2
Bn / Vi 2 Vjndo — 0.
. JFi

Proof. Let n € C§°(By) be a positive smooth cutoff function with the property that
n =1 on K. Taking into account Lemma 5.5, we obtain that

0< 6 [l S o2ude < [ (fialn = localdom o+ [ fosa|Andody < €.
7 8°B;F B

In particular, on one hand this implies that

Bn |Uz',n| Z fU]zJL dz < Ca
JFi

while on the other hand, by passing to the limit, we infer that {v; = 0} U {v; =0}
contains K, for every ¢ # j. As a consequence, each term in the sum can be
estimated as follows

2 2 2 2 2 2
Bn / v; U5 dr <8, / Vi V5, AT + Bp / V5 0, dT

K KN{v;=0} KN{v;=0}

<0snll Lo (o gor 03 B / iale? e
Kn{v;=0}

+ V)l oo (v, =0}) Bn / |vj,n|02,, dz — 0,
Kn{v;=0}
and the first conclusion follows by summing over all j # 4. As far as the second one

is concerned, it follows by applying Fubini’s Theorem to the previous conclusion
when K = BOBE. (]
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Proof of Proposition 5.1. First we notice that, by Lemma 5.6, it holds v;v; = 0 for
every i # j. Moreover, since the uniform limit of harmonic functions is harmonic
itself, Av; = 0 on Rf“. In order to obtain (3.1), we observe that, for any n €
Cs°(RYN), we have

/ Vin OV npda = / Vinfip, Vin) — anin > vin ¢odx — 0
J#i
RN RN
by assumption 4. and Lemma 5.6. Finally, to prove that (3.2) holds, we are going
to show that, for every 2o € RY and almost every r > 0, the Pohozaev identity of
Lemma 5.2 passes to the limit (the general case following by analogous arguments).
Let us recollect the terms of the identity as

(17N)/Z|Vvi7n\2dxdy+r / S V> do +
B+ 1 1

o+ B+

A Bl
+2N / Z Fi,n(vi,n) d(E — 2r / Z Fi,n(vi,n) dJ +

8B ' g1 '

In
2 .2 2 2 _ 2
—NpB, > Vi Vi da + 1 > v; U5, do = 2r / > 10uvi | do.
i,j<i i,j<i i
9B gN—1 o+ Bt
C, B2

On one hand, by strong H . convergence,

A, = (1= N) / 3 V| dady.
B ’
Moreover, both I, — 0 (by assumption 4.) and C,, — 0 for a.e.  (by Lemma 5.6).
We claim that

lim B. =r / S |Vu|?do  and  lim BZ =2r / S a,vi? do
o+ B, o+ B,
in L] .[0,00): in particular, this will imply convergence for a.e. r. Let us prove
the former limit, which implies also the latter. The strong convergence v,, — v in
Hl . (Rf“) implies that
R

/ / Vv, — Vu;|? dodr — 0,
0 p+B;+ ’

sothat [ |Vun|?de — [ |V, ,|?do for a.e. r and there exists an integrable
o+Bf o+B}
function f € L'(0, R) such that, up to a subsequence

/ |8yvi’nk\2do < / |Vvi’nk\2do < f(r) ae.re(0,R)

o+ B ot BF
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for every ¢ = 1,...,k. We can then use the Dominated Convergence Theorem.
Since every subsequence of {v,}nen admits a convergent sub-subsequence, and
the limit is the same, we conclude the convergence for the entire approximating
sequence. [

6. LocAL C%® UNIFORM BOUNDS, @ SMALL

In this section we begin our regularity analysis with a first partial result. We
will obtain a localized version of the uniform Hoélder regularity for solutions to
problem (P)g (introduced at page 24), when the Hoélder exponent is sufficiently
small. We recall that, here and in the following, the functions f; g are assumed to
be continuous and uniformly bounded, with respect to 3, on bounded sets.

Remark 6.1. By standard regularity results (see for instance the book [26]), we
already know that for every r < 1, a € (0,1), m > 0 and 8 > 0, there exists a
constant C' = C(r, o, m, 8) such that

V8l oo (57) <C,
for every vz solution of problem (P)z on Bf, satisfying
BB and  |[vllpe(pry < .
The main result of this section is the following.

Theorem 6.2. Let {vg}s=o be a family of solutions to problem (P)g on Bfr such
that

Vel oo 5ty < M,

with m independent of B. Then for every a € (0,vACY) there exists a constant
C = C(m,a), not depending on 3, such that

HVBIICU,Q(@) <C

Furthermore, {vg}g>o is relatively compact in Hl(Bfr/Q) N Co« (B1+/2> for every

a < VACF,

Remark 6.3. Even though we prove it in BT/Q, Theorem 6.2 holds also when

replacing B;r/2 with K N Bfr, for every compact set K C Bj.

For easier notation, we write B* = Bj". Inspired by [22, 27], we proceed by
contradiction and develop a blow up analysis. First, let  denote a smooth function
such that

n(X) =1 0<|x|<i
(6.1) 0<n(X)<1 LI<ix|<1
2
nX)=0  [X|=1

(in particular, n vanishes on 9T B but is strictly positive 9°B*). We will prove
that

||77VHco,a(ET+) <C,

and the theorem will follow by the regularity of 7.
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Let us assume by contradiction the existence of sequences {8, }tnen, {Vn}nen,
solutions to (P)g, , such that
| (nvi,n) (X') — (i) (X")]

L, := max max — 00
: ) - ,
i=1,....k X'#£X" BT |X/ _ X/I|a

for some a € (0, *¢F), which from now on we will consider as fixed. By Remark
6.1 we readily infer that 8, — oco. Moreover, up to a relabelling, we may assume
that L, is achieved by i = 1 and a sequence of points (X!, X!") € BT x B*. We
start showing some first properties of such sequences.

Lemma 6.4. Let X! # X! and r,, := | X], — X//| satisfy
[(7v1.0) (X7) = (70in) (X))

L,= )
Tn
Then, as n — o0,
(1) rp — 0;
@) dist(Xj:a*B*) N, dist(Xé{, ot B™) o

Proof. By the uniform control on ||v,|| L~ we have
m !/ 1
Ln S ,rj (U(Xn) + U(Xn)) ’
n

which immediately implies r, — 0. Since 7 vanishes on T B™, we have that, for
every X € Bt, it holds

n(X) < (dist(X, 07 BY),
where ¢ denotes the Lipschitz constant of 7. As a consequence, the first inequality
becomes

dist(X,,,0"B*) N dist(X]/, 0t BY) - L,re1

n

— 0

Tn Tn ml
(recall that @ < 1), and the lemma follows by recalling that dist(X],, X//) =r,. O

Our analysis is based on two different blow up sequences, one having uniformly
bounded Holder quotient, the other satisfying a suitable problem. Let {P,}nen C
B, |P,| < 1, be a sequence of points, to be chosen later. We write

BT - P,
Bt = —— %
Tn
remarking that 7, BT is a hemisphere, not necessarily centered on the hyperplane
{y = 0}. We introduce the sequences

Ui,n<Pn + rnX)

Lyre

; P, X
and w;,(X) = (1Vi.n) (Pr + Tn )7

Lpre

w;i o (X) :=n(P)

where X € 7,BT. With this choice, on one hand it follows immediately that, for
every i

max @i (X") = Wi (X")] < |w1.p Xop = Pa) _ W1 p @ _
X'#£X" €Ty BY | X7 — X" - Tn ’ Tn ’
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in such a way that the functions {W,},en share an uniform bound on Hoélder
seminorm, and at least their first components are not constant. On the other hand,
since n(P,) > 0, each w,, solves

(6.2) —Aw;, =0 in 7,Bt
. 6ywi,n = fi,n(wi,n) - ani,n 2]752 wjz,n on T7L80B+a

with f; n(s) = n(P)rs L fi g, (Lnris/n(Py)) and M, = B, L2r2 ™ /n(P,)2.

Remark 6.5. The uniform bound of ||vg||ze imply that

sup | fin(win)| = n(Pa)ry~ "Ly sup |fig, (vin) | < C(m)ry "Lyt — 0
+ 90 B+

Tho0B

as n — oQ.

A crucial property is that the two blow up sequences defined above have asymp-
totically equivalent behavior, as enlighten in the following lemma.

Lemma 6.6. Let K C RN*! be compact. Then

(1) max __[wp(X) — W, (X)| = 0;
XeKnNnt, Bt
(2) there exists C, only depending on K, such that |w,(X) —w,(0)] < C, for

every x € K.

Proof. Again, this is a consequence of the Lipschitz continuity of n and of the
uniform boundedness of {vg}z. Indeed we have, for every i = 1,...,k,

[win(X) — @i (X)| < v Lo (X + 70 X) = 0(Xn)| < by~ Ly, X
and the right hand side vanishes in n, implying the first part. Moreover, by defi-
nition, w,(0) = W, (0), and |w,(X) — W, (0)| < C|X|* for every X € 7,BT. But
then we can conclude noticing that

(Wi (X) = Wy (0)] < [Wy (X) = Wi (X)] + [Wi (X) — Wy, (0)]
and applying the first part. ([

Lemma 6.7. Let, up to subsequences, Qo := lim 7, BT and let

W, (X):=w,(X) —w,(0) and W, (X):=w,(X)—w,(0).
Then there exists a function W € CY*(Quo) which is harmonic and such that
W,, = W and W,, - W uniformly in every compact set K C Qo,. Moreover, if

we choose {Pp}nen such that | X], — P,| < Cry, for some constant C and for every
n, then W is non constant.

Proof. Let K C Q4 be any fixed compact set. Then, by definition, K is contained
in the half sphere 7,, Bt, for every n sufficiently large. By definition, {W, },en
is a sequence of functions which share the same C%%-seminorm and are uniformly
bounded in K, since W, (0) = 0. By the Ascoli-Arzela theorem, there exists a
function W € C(K) which, up to a subsequence, is the uniform limit of {W,},en:
taking a countable compact exhaustion of Q. we find that W,, — W uniformly
in every compact set. By Lemma 6.6, we also find that W,, — W and, since the
uniform limit of harmonic function is harmonic, we conclude that W is harmonic.
Let X,Y € Q4 be any pair of points. By definition, there exists ng € N such that
X,Y € 7,B™ for every n > ng, and so

(W, (X) - W, (V)| <VEX —Y|® for every n > ng.



32 SUSANNA TERRACINI, GIANMARIA VERZINI, AND ALESSANDRO ZILIO

Passing to the limit in n the previous expression, we obtain W € C%(2..). Let
now C' > 0 be fixed, and let us choose {P, }nen be such that | X — P,| < Cry. It
follows that, up to a subsequence,
X, — P, X! - P,
n " X' gnd =2 _~"

Tn Tn

— X"

)

where X', X" € Bei1 NQs. Therefore, by equicontinuity and uniform conver-
gence,

(X' -P)\ - [(X'_-P,
Wi () W ()] —1 = (X)) - (X" =1

Tﬂ n

and the lemma follows. O

In Lemma 6.4 we have shown that X/, X/ can not accumulate too fast towards
0T B*. Now we can prove that they converge to 9°B+.

Lemma 6.8. There exists C > 0 such that, for every n sufficiently large,
dist(X/,,0°BT) + dist(X/,0°BT)

T'n

<C.

Proof. We argue by contradiction. Taking into account the second part of Lemma
6.4, this forces
dist(X,,0BT) + dist(X,/,0B™)
Tn

Choosing P,, = X/ in the definition of w,, W,, we can apply Lemma 6.7. First of
all, we notice that 7,BT — Qo = RYT!1. But then W as in the aforementioned
lemma is harmonic, globally Holder continuous on R¥*! and non constant, in
contradiction with Liouville theorem. O

— 0Q.

We are in a position to choose P,, in the definition of w,,, w,: from now one let
us define
P, = (z,,0),
where as usual X, = (z/,,y,,). With this choice, it is immediate to see that 7, BT —
Qoo = Rf +1 and that all the above results, and in particular Lemma 6.7, apply.
This last fact follows from Lemma 6.8, since

Cry, > dist(X),,0°BT) = |X], — P,|.

Our next aim is to prove that {wy}, .y, {Wn}, ey are uniformly bounded. This
will be done by contradiction, in a series of lemmas.

Lemma 6.9. Under the previous blow up configuration, if w; ,(0) — oo for some
i, then
Moy, (0) = Myw;,(0) < C

for a constant C independent of n. In particular, M, — 0.

Proof. Let r > 0 be fixed, and let B;; be the half ball of radius 2r: by Lemma 6.8,

for n sufficiently large we have that B;; C 7,BT. Since the sequence {wW,,}nen is

made of continuous functions which share the same C%“-seminorm, we have that

inf 4 |Win| — oo. Furthermore, by Lemma 6.6 inf pe |wi | = 00 as well.
Proceeding by contradiction, we assume that

I, := inf anfn — 00.
2°By, ’
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We first show that for j # ¢, both the sequence {wj,}tneny and {@;,}nen are
bounded in Bj,. We recall that |w;,| is a subsolution of problem (6.2). More
precisely, by Lemma 5.5, we have that

(6.3) / Vlwy | - Vo dady — / (1l (2 — Lnlwsnl) @z <0,

+ +
B27' o° B27‘

for every ¢ € H}(Bay), ¢ > 0. Letting n € C5°(Ba,), we can choose ¢ = n?w;.,
in the above equation, obtaining

/ (9 (w2 — (V02| 0]?) dady + I, / 72wy 2 de

B, 003,
Wil [ gl de.
9B,

AS a Consequence
64) I, / 0wy P < / V0 w2y + [ fm / 7w ] da
By, B, By,

1
<suplusal? [ [VoPdedy+ Wil [ 025 (14 fugal?) do
BQT

B, 9By,

e [+ C)1fjn

|L°°7

<suplusaf? | [ [VnPdady + €O fn
BQT +

2r

where, by Remark 6.5, C(7)||fjnllz= — 0. On the other hand, using again the
uniform Hoélder bounds of the sequence {W,, },cn and the uniform control given by
Lemma 6.6, we infer

I, n2|wj’n|2dx > [, inf |wj’n|2 n*dx
8B
27
B, o5,

(6.5)
> Cl, (sup |wjnl? — (27“)2“) / nda.

+
By, +
9°BJ.

Combining (6.4) with (6.5) we deduce the uniform boundedness of SUPy+ gt |wj nl

for j # i. Equation (6.3) fits into (the variational counterpart of) Lemma 4.5,
which implies

C
< — sup |wj | on 9B,
n 9+ By,

(66) |wj,n

for a constant C' independent of n. From the uniform bound it follows that w;,, — 0
uniformly in 8° B, for every r > 0, and the same is true for w; ,,, j # i: in particular,
since |1 5, (7 X},) — W1, (1, X,))| = 1, we deduce that, necessarily, i = 1.
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Now, wy ,, satisfies

/ Vwy, - Vodrdy = / <f1,n - Myws Z w?n> pdz
J#1
B} OBt
for every ¢ € H}(B,). From the previous estimates and the definition of I,, we find

Fin = Mpwy Y w0l | < | fralle + My(wra|? +1) 3 w?,
J#1

J#1
I, + M, (r*® +1)
I3
on 9" B;f, and this holds for every r. As a consequence, we can define {W,, },en
as in Lemma 6.7, obtaining that W , converges to W;, which is a nonconstant,
globally Hoélder continuous function on Rf 1 which satisfies

{AW1 —0 inRYH!

< finllze +C =0

o,W1 =0 on RV,

But then the even extension of Wj through {y = 0} contradicts the Liouville
theorem. 0

Lemma 6.10. Under the previous blow up setting, if there exists i such that
W; n(0) = o0, then
M|, (0)| 3 w5, (0) < C
J#i

for a constant C independent of n.

Proof. Let r > 1 be any fixed radius. Multiplying equation (6.2) by w;, and
integrating on B, we obtain the identity

/ <f1',nwi,n + anin Z w?,n) dr = / wi,navwi,n do.

/ |Vwi7n|2 dxdy +
B 20B;+ 7 ot B

Defining

1
E;(r):= po ey / |Vwi7n|2 dzdy + / (fi,nwi,n + anfn 27; wjzn) dz
x 8°B;t al

a straightforward computation shows that H; € AC(r/2,r) and
2
H(r) = ;El(r)
In particular, integrating from r/2 to r, we obtain the following identity

(6.7) Hy(r) — H, (%) :/in(s)ds.

r/2
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If r is suitably chosen, and n is large, after a scaling in the definition of H;, we have
that the left hand side of (6.7) writes as

H;(r)— H; (%) = / {wfn(m;) —w?, (gx)] do

o+ B+

- / {wm(rx) — Wiy (gac)] [wim(m‘) + Wi n (gx)} do
ot B+
< O(r)(Jwin(0)] + 1),

where we used the first part of Lemma 6.6 to estimate the difference in the integral
above, and the second part of the same lemma for the sum. In a similar way, we
obtain a lower bound of the right hand side of equation (6.7)

1 [ 2 1
f/fEi(s)dsz min —F;(s)
T S s€lr/2,r] S

r/2
> M, min — S w?,w?,d ! / |/ |d
, Mmin  — w;,w;, dr— max — i Wi n| dx
- s€[r/2,r] sN A 7 s€[r/2,r] sN ’ ’
0B} ooBt
> M, C(r) (; w? (0w, (0) — 1) = O fimllLoe (lwin(0)] + 1),
YE)

where C(r)| fjnllLe — 0 as n — oo. Putting the two estimates together and
recalling that M, is bounded, we find

M, 3w}, (0)w3, (0) < C(r)(Jwin(0)] +1).
J#i
The conclusion follows dividing by |w; »(0)], using the uniform control of the se-
quence {w; n tnen and {@; , tnen and the assumption that |@w; ,(0)] — oo. ]

Lemma 6.11. If {w,(0)},en is unbounded, then also {1 ,(0)}nen is.

Proof. Suppose, by contradiction, that {w@; ,,(0)}nen is bounded while, by Lemma
6.9, M,, — 0. Then, reasoning as in the proof of Lemma 6.7, we have that both
wy,, and W, converge to some w;, uniformly on compact sets; moreover, w; is
harmonic, globally Holder continuous and non constant. We claim that there exists
a constant A > 0 such that

ay'wl,n = fl,n - anl,n Z w??,n — —Awy
i#1
uniformly in every compact set. This would contradict Proposition 4.7, proving the

lemma.
To prove the claim:
e let i # 1 be an index such that @; ,,(0) is unbounded: from Lemma 6.10 we
see that M,w?, (0) is bounded. Moreover, by uniform Hélder bounds,

M,, ’ﬁ)?n(xﬂ) - w?n(ao)] < M,, osc u’;fn — 0,
, , g

implying anfn(x, 0) = X\ >0
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e let now j be an index such that w; ,,(0) is bounded. Then, again by uniform
convergence,

M,y @7, — 0
uniformly in every compact set.
It follows that
fin — Mpiy ;win — —wi
i

uniformly in every compact set, and the same limit holds for {w1 » }nen by uniform
convergence. (Il

Lemma 6.12. The sequence {w,,(0)}nen is bounded.

Proof. By contradiction, let {w,(0)},en be unbounded. Then, by the above lem-
mas, M, — 0, {@w1,,(0) }nen is unbounded, and

Mn|w1,n(0)| > wiz,n(o) <C,
i#1

independent of n. Taking into account the uniform bound on oscyo g+ W1, W7, We

i,n’

deduce the existence of a constant A such that, at least up to a subsequence,

fl,n - Mn'u_}l,n Z wl%,n — A
h#1

uniformly on every compact subset of RY, and the same holds true for the sequence
{w1,n}nen. Thus, as usual, W1, = w1 n — w1, (0) converges to Wy, a nonconstant,
globally Holder continuous solution to

—AW; =0 in RYT!
8VW1 =A on RN.

Appealing to Proposition 4.8, we obtain a contradiction. [l

The uniform bound on {w, (0)},en allows to prove the following convergence
result.

Lemma 6.13. Under the previous blow up setting, there exists w & (HllOC N
o) (Rf“) such that, up to a subsequence,

w, = w in (H' N O)(K)
for every compact K C R_IX'H.

Proof. Reasoning as in the proof of Lemma 6.7 we can easily obtain that, up to
subsequences, both {W,, }nen and {w,, }nen converge uniformly on compact sets to

the same limit w € C%® (Rf +1), hence we are left to show the HllOC convergence
of the latter sequence.

Let K be compact, r be such that K C Bi;", and let us consider n € C5°(B;") any
smooth cutoff function, such that 0 <7 <1 and n =1 on K. Testing the equation



SEGREGATION PROBLEMS INVOLVING HALF LAPLACIANS 37

for w; , by w; »n?, we obtain

0< [IVuiaPasdy+ 1, [ u?, 5 0? o
K MK i
< / |Vw; | *n*dedy + M, / w?n Zwinngdx
J#i
B 89B;t
1 2 2 1 2 2 2
B 89B;+

Since the right hand side is bounded uniformly in n (recall Lemmas 6.12 and 6.6),
we deduce that, up to subsequences, {w,, },en weakly converges in H'(K). Since

(Rf“). To prove the

strong convergence, let us now test the equation by n*(w; ,, — w;). We obtain

(6.8) / Vw; -V [0 (Wi — w;)] dedy = / 0 (Wi, — w;)Opw;,, A
B+

89B;t

this holds for every K, we deduce that w, — w in H}_

We can estimate the right hand side as

/ nQ(wi’n — w;)Oyw; py, da

89B;F

< sup |wjn — wy / n? [Mn|wzn| > w?,n+|fi,n| dx
4 ey

1,7<1

OB

< C(r) sup |w;n, —wil,
;r:EBT+

where the last step holds since the inequality for |w; ,| (Lemma 5.5) tested by n?
yields

/ 772Mn|wi,n\ > windx
JEn i.g<i

< / (Ifinln® + Jwin0un?|) da + / |w; nAn?| dzdy < C(r).
8°B;F B

Resuming, equation (6.8) implies

/ IV (qwi ) |* dady < / (N*Vw; - Vw; + 2nw; Vw; , - Vi + |Vn*w?) dzdy
B B
+C(r) sup |w;n, — w;l.
z€B;
Using both the weak H' convergence and the uniform one, we have that

timsup [ 0| dody < [ 1V (f? dody

n—oo
B B
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and we conclude the strong convergence in H(B;") of {nw,}nen to nw, that is,

since 1 was arbitrary, the strong convergence of w,, to w in H}_ (Rf +1). (]

End of the proof of Theorem 6.2. Summing up, we have that w, — w in (H! N
(1oc, and that the limiting blow up profile w is a nonconstant vector of harmonic,
globally Holder continuous functions. To reach the final contradiction, we distin-
guish, up to subsequences, between the following three cases.

Case 1: M,, — 0. In this case also the equation on the boundary passes to the
limit, and the nonconstant component w; satisfies ,w1 = 0 on RY, so that its
even extension through {y = 0} contradicts Liouville theorem.

Case 2: M, — C > 0. Even in this case the equation on the boundary passes
to the limit, and w solves

—Aw; =0 S Rf“
dw; = —Cwi Y iy w? on RN x {0}

The contradiction is now reached using Proposition 4.1, since w € G, OCO’O‘(RfH)
and a < vACF,

Case 3: M, — oo. By Proposition 5.1, we infer w € G5 N CO*(RY ) with
a < vACF in contradiction with Proposition 4.2.

As of now, the contradictions we have obtained imply that {vg}s>¢ is uniformly

bounded in €% (B + ), for every o < vACF. But then the relative compactness in

1/2
coe (B;rm) follows by Ascoli-Arzela Theorem, while the one in Hl(BIr/Z) can be
shown by reasoning as in the proof of Lemma 6.13. (I

Remark 6.14. It is worthwhile noticing that, in proving Theorem 6.2, the only
part in which we used the assumption o < vA°F is the concluding argument, while
in the rest of the proof it is sufficient to suppose o < 1.

As we mentioned, even though we are not able to show that vA°F = 1/2, nonethe-
less we will prove that the uniform Hoélder bound hold for any o < 1/2. In view
of the previous remark, this can be done by means of some sharper Liouville type
results, which will be obtained in the next section. To conclude the present discus-
sion, we observe that a result analogous to Theorem 6.2 holds, when entire profiles
of segregation are considered, instead of solutions to (P)g.

Proposition 6.15. Let {v,}nen be a subset of GoNCO <§f), for some 0 < a <
vACF  such that
an”Loo(Bi*-) <,

with m independent of n. Then for every o’ € (0,«) there exists a constant C =
C(m,a'), not depending on n, such that

||Vn|\co,a/(f/2> <C.

Furthermore, {v, }nen is relatively compact in HI(BT/Q) n o (Bf/z) for every

o < a.
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Proof. The proof follows the line of the one of Theorem 6.2, being in fact easier,

since we do not have to handle any competition term. We proceed by contradiction,

assuming that, up to subsequences,

(X" vin (X') = n(X")vin (X))
|X’ _ X//|a’

L, := max sup

— 00,
i=1,....k X/,X"ij

where again 7 is a smooth cutoff function of the ball By/3 and o/ < a. If L, is

achieved by (X!, X!}, we introduce the sequences

Vin (Pn + TnX)
L,re

in) (B X
and wi,n (X) = (T]U%”)I(/ - _!— n ) )
nTn

wi,n(X) = n(Xn)

for X € 7, BT, where, as usual, on one hand w,, has Holder seminorm (and oscil-
lation) equal to 1, while on the other hand w,, belongs to G,. All the preliminary
properties of (X!, X!), up to Lemma 6.8, are still valid, since they depend only
on the harmonicity of {w, }nen. It follows that the choice P, = (,,0) for every
n € N guarantees the convergence of the rescaled domains 7,,B" to Rf 1 while
on any compact set the sequences {wy, }nen and {W, }nen shadow each other. Up
to relabelling and subsequences, we are left with two alternatives:

(1) either for any compact set K € RN we have wy ,(z,0) # 0 for every
n > no(K) and z € K;

(2) or there exists a bounded sequence {, }neny C RY such that w,,(x,,0) = 0
for every n.

In the first case, if we define W,, = w,, — w,(0) and W,, = w,, — w,(0),
we obtain that the sequence {W,, },en is uniformly bounded in €% and hence
{W,, }nen converges uniformly on compact sets to a non constant, globally Holder
continuous function W, with 9, W;(z,0) = 0 and W;(x,0) = 0 for i > 1, on RV,
Extending properly the vector W to the whole RN+, we find a contradiction with
the Liouville theorem.

Coming to the second alternative, this time {w, },en itself converges, uniformly
on compact sets, to a non constant, globally Holder continuous function w. We
want to show that the convergence is also strong in Hlloc: this will imply that also
w € G (recall also the end of the proof of Proposition 5.1), in contradiction with
Proposition 4.2. To prove the strong convergence let us consider, for any i, the even
extension of |w; ,| through {y = 0}, which we denote again with |w;,|. We have
that there exists a non negative Radon measure p;, such that

—Alw; | = —tin in D'(1,B) :

indeed, on one hand, for X € {w; , # 0}, there exists a radius r > 0 such that the
even extension of w; ,, through {y = 0} is harmonic in B, (X), providing

lwin|(X) < |wip|(Y)dY;

on the other hand X € {w; ,, = 0} immediately implies the same inequality, and the
consequent subharmonicity of |w; ,,|. At this point, we can reason as in [25], showing
that the L> uniform bounds on compact sets of |w; | implies that the measures
Wi n are bounded on compact sets [25, Lemma 3.7]; and that this, together with the
uniform convergence of {|wy,|}nen, implies its strong Hi. -convergence [25, Lemma
3.11].
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As a consequence of the previous contradiction argument, we deduce both the
uniform bounds and the pre-compactness of {v, }nen in €O (Bi/2). Once we have
(the uniform L* bounds and) the uniform convergence of {v,, }nen, the strong H?!
pre-compactness can be obtained exactly as in the last part of the proof, replacing
\wi7n| with |Ui,n|' O

7. LIOUVILLE TYPE THEOREMS, REPRISE: THE OPTIMAL GROWTH

In Section 6 we proved that non existence results of Liouville type imply uniform
bounds in corresponding Holder norms. This section is devoted to the study of the
optimal Liouville exponents, which will allow to enhance the regularity estimates.
Our aim is to prove the following result.

Theorem 7.1. Let v € (O, %) If

(1) either ve GsNCo (Rf“),
(2) orvegG, and |[v(X)| < CA+ |X|") for every X,
then v s constant.

The rest of the section is devoted to the proof of the above theorem. As of now,
we already know by Propositions 4.1 and 4.2 that such theorem holds true whenever
v is smaller than v2CF. In order to refine such result, we will prove that it holds
for v smaller than v™°", according to the following definition.

Definition 7.2. For v > 0 and for every dimension IV, we define the class

v e Cloo’f‘ (Rf“) , for some o > 0 }
b)

H(v,N) = {V €Gs:

v is non trivial and r-homogeneous

and the critical value
VHOU(N) = inf{r > 0: H(v, N) is non empty}

Remark 7.3. Since (y,0,...,0) € H(1,N), for every N, we have that vM°%(N) <
1.

Remark 7.4. By Corollary 3.5 we have that, if v is non constant and satisfies
assumption (1) in Theorem 7.1 for some v, then v € H(v, N).

To prove Theorem 7.1, we start by showing that, given any non constant v
satisfying assumption (2) in Theorem 7.1 for some v, we can construct a function
Vv € H(V',N), for a suitable v/ < v. This, together with the previous remark, will
imply the equivalence between Theorem 7.1 and the inequality

VLiou(N) Z %
To construct such v, we will use the blow down method. For any (non trivial)
v € G. we denote with Ny (x,7), Hy(zo,r) the related quantities involved in the

Almgren frequency formula, defined in Section 3. For any r > 0, let us define

1
v (X) i= ————=v(rX).
H,(0,r)
Since H is a strictly positive increasing function in R (recall Theorem 3.11), v, is
well defined. We have the following.
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Lemma 7.5 (Blow down method). Let v be a non constant function, satisfying
assumption (2) in Theorem 7.1 for some v, and let

0<v = lim Ny(r) <w
r—00

Then there exists v € H(v', N) such that, for a suitable sequence r,, — oo,

v, —vin (H'NnC)(K)
for every compact K C W
Proof. First of all, by construction, we have that

[vellz2 o+ B+) =1 so that |virllL2otpry <1 fori=1,... k.
Each v, is solution to the system
—Av; =0 in BT
{8,,111,;—!— rH(r)v; , zj# vir =0 ond'Bt,

where rH(r) — oo monotonically as r — co. Reasoning as in Lemma 5.5, we have
that the even reflection of |v; | through {y = 0} satisfies

—Alv; | <0 in B

{|Uz‘,r||L2(aB) <V2.

By the Poisson representation formula, it follows that there exists a constant C,
not depending on r, such that

||Vr||Loo(B;/4) <C

for every r. Thus we are in a position to apply Theorem 6.2 in order to see that

the family {v,},~1 is relatively compact in (H! N Co’a)(Bf'/z), for all @ < vACF,

Furthermore, Proposition 5.1 implies that any limiting point of the family is an
element of G5 on Bf_/z- In order to find a non trivial limiting point, we claim that

there exists a sequence of radii {ry, }nen, r» — 00, and a positive constant C' such
that

H(rp,) < CH(r,/2) Vry, > 0.

Indeed, we can argue by contradiction, assuming that there exists ro > 0 such that
H(r) > 3*H(r/2) Yr > 1.

Using the diadic sequence of radii {27r¢},en we see that
32YIH(rg) < H(27ry) < C(29)%,

by assumption. The above inequality provides a contradiction for j sufficiently
large, yielding the validity of the claim. If we denote with v a limiting point of the
sequence {v,, }nen, it follows that

_ [H(rn/2) 1
HVrn||L2(a+B;r/2) =1/ “Hir) A\ o

implying, in particular, that v is a nontrivial element of G;. Moreover, its Almgren
quotient Ng(0,7) is constant for all r € (0,1/2), indeed

Ng(0,7r) = n}i_r}rloo Ny, (0,7) = T}gnoo Ny (0, rpr) = Tlggo Ny (0,7) =1/,
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where the latter limit exists by the monotonicity of N (Theorem 3.11); moreover,
since v is not constant we have that v/ > 0, while v/ < v by Lemma 3.12. Since
N(0,r) is constant, we conclude by Theorem 3.3 that v is homogeneous of degree

v/, and then it can be extended on the whole Rf 1 toa Cloof function, for every
a<v

ACF 0

By the previous lemma, if we show that v°%(N) > 1/2 then Theorem 7.1 will
follow. The next step in this direction consists in reducing such problem to the one
of estimating v°u(1).

Lemma 7.6 (Dimensional descent). For any dimension N > 2, it holds
VLiou(N) > VLiou(N o 1)

Proof. For every v > 0 such that there exists v € H(v, N), we will prove that
vHOY(N — 1) < v. Let v, v as above. By homogeneity, we have that v(0,0) = 0
and N(0,7) = v for all » > 0. Since the function v is homogeneous, its boundary
nodal set

Z={zeR" :v(z,0)=0}
is a cone at (0,0). We can easily rule out two degenerate situations:

(1) Z = R¥, in which case all the components of v have trivial trace on RY.
As a consequence, the odd extension of v through {y = 0} is a nontrivial
vector of harmonic functions on RN+ forcing v > 1 > vM°%(N — 1) by
Remark 7.3;
(2) 2 = {(0,0)}, in which case all the components of v but one have trivial
trace, and the last one has necessarily a vanishing normal derivative in
{y = 0}. As before, extending the former functions oddly and the latter
evenly through {y = 0}, we obtain again that v > 1 > vMoY(N — 1).
We are left to analyze the third and most delicate case, namely the one in which
the boundary 0Z is non trivial. Let zy € 02\ {(0,0)}, and let us introduce the
following blow up family (here r — 0)

1
V(X)) = ————=v ((20,0) + rX).
(00) = e ((20,0) £ 7X)
We want to apply Proposition 6.15 to (a subsequence of) {v,},: the only assump-
tion non trivial to check is the uniform L* bound. To prove it, we observe that
the even extension of |v;,.| through {y = 0} (denoted with the same writing) is
subharmonic, indeed the inequality

i |(X) < o / o |(¥V)dY

Byl
By(X)

holds true, if p is sufficiently small, both when v; ,(X) = 0 and when v; (X)) # 0;
once we know that each |v;,| is non negative and subharmonic, arguing as in the
first part of the proof of Lemma 7.5, one can show that w; , is uniformly bounded
in L>°(Bs;4). Applying Proposition 6.15 we obtain that, up to subsequences, v,
converges uniformly and strongly in H' to ¥, an element G,(N) on BT/Q. Reasoning
as in the end of the proof of Lemma 7.5, we infer that ¥ is non trivial, locally C%?,
and that

: 7 1 1 .
Nv(07p) Th_r% er(ovp) ITIQNV(IITO,TP) ;l_rgf(l)Nv(.’EmT) )
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where
a < Ny(2,07) =1/ < Ny(x9,00) = v
by Lemmas 3.4, 3.7 and the monotonicity of V. In particular, v is homogeneous of
degree v'.
To conclude the proof, we will show that v is constant along the direction parallel
to (zo,0), and that its restriction on the orthogonal half plane belongs to Gs(N —1).
Let (z,y) € Rf“ and h € R be fixed. By the homogeneity of v we have

V(@ + h(wo +712), (1 + hr)y) — v, (z,9)]
_ ‘V((l + hr)(xo + ra, ry)) — v(zo + 7z, Ty)’
H(zg,r)

= |1+ hr)" —1] —|V(m0 +rz,ry)l
H(xo,71)

=1+ hr)” =1 |ve(z,y)].

As r — 0 (up to subsequences) we infer, by uniform convergence,
|Vv(x + hzo,y) — v(z,y)| =0, for every h € R.

Let us denote by v a section of v with respect to the direction {h(z¢,0)}rer: we
claim that v € H(v', N —1). Tt is a direct check to verify that v is nontrivial, v/~
homogeneous, and CIOO’S‘. In order to show that v € G;(N — 1), we observe that the
equations and the segregation conditions are trivially satisfied, therefore we only
need to prove the Pohozaev identities on cylindrical domains (recall the discussion
before Definition 3.1). To this aim, let C’ denote one of such domains in Rf, and
C" the corresponding domain in Rf“ having C’ as N-dimensional section, and
the further axis parallel to (xg,0). But then the Pohozaev identity for v on C’
immediately follows by the one for v on C”, using Fubini theorem. O

We are ready to obtain the proof of Theorem 7.1 as a byproduct of the follow-
ing classification result, which completely characterize the elements of H (v, 1) and
shows that vM°u(1) = 1/2.

Proposition 7.7. Let v > 0. The following holds.
(1) H(v,1) =0 <= 2v ¢N;
(2) if v € N any element of H(v,1) consists in homogeneous polynomial, and
only one of its components may have non trivial trace on {y = 0};
(3) ifv=k+1/2, k € N, any element of H(v,1) has ezxactly two non trivial
components, say v and w, and there exists ¢ # 0 such that

1 1 1 1
v(p,0) = cpzt* cos (2 + k;) 0, w(p,0) = +cp2thsin (2 + k) )

(here (p,0) denote polar coordinates in R around the homogeneity pole).

Proof. Let v > 0 be such that H(v, 1) is not empty, and v € H(v,1). Since, by
assumption, v is homogeneous, the Almgren quotient N (0, ) is equal to v for every
r > 0. Moreover, for topological reasons, no more than two components of v can
have non trivial trace on {y = 0}. We will classify v, and hence v, according to the
number of such components.
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As a first case, let us suppose that two components of v, say v and w, have non
trivial trivial trace, in such a way that they solve

—Av =0 in R%— —Aw=20 in Rﬁ_
v(z,0) =0 onz <0 and w(z,0) =0 onz >0
Oyv(z,0) =0 onz >0, Oyw(z,0)=0 onz<0.

By homogeneity, we can easily find v and w; indeed, for instance, v must be of the
form v(p,0) = p¥g(#) with v and g solutions to

v2g+4g"=0 in (0, )
g(m) =0, ¢'(0) =0,

and an analogous argument holds for w. We conclude that
1 1
v(p,0) = cp%+k cos (2 + k> 0, w(p, ) = dp%‘irk sin (2 + k‘) 0,

with ¢,d # 0 and k € N, forcing v = k + 1/2. All the other components of v must
satisfy

—Av; =0 in ]Rf_
v, =0 on R x {0},

with homogeneity degree equal to k4 1/2, which is impossible unless they are null.
Let © be the function

1
5(p,0) = p2+* cos (2 + k> 0,

in such a way that v(z,y) = cv(z,y), while w(z,y) = dv(—=z,y). Since v must
satisfy the Pohozaev identities for the elements of G, we infer that

/ Vol + [Vw|* do = 2 / |0, v]? + |0,w|? do,
8+ B, (20,0) 8+ B, (20,0)

for every xp € R and r > 0. Considering the choices zp = 1 and ;3 = —1, and
using the symmetries, one has

A P+ A_d? =2B.c* +2B_d?,
A+ A, d*=2B_c* +2B,d%
where
A, = / Vo[2do,  Bai— / 10,9 do.
8+ B (£1,0) 8+ B (£1,0)

Since A4 —2B. # 0, at least for some 7, the above equalities force ¢* —d* = 0, that
is d = +¢. We want to show that this condition is also sufficient for (v,w,0,...,0)
to belong to H(v,1). To this aim, we only need to prove the actual validity of
the Pohozaev identity for any xg and R. We begin by observing that v and w are
conjugated harmonic functions, thus in particular it holds

Vo-Vw=0 and |Vv|=|Vw| inR3.
Hence, for any unitary vector n € R? we have

IVol? = [Vw|? = |Vo-nf? + [Vw - 1]? = [0a0]* + [0aw]?,
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and the Pohozaev identity follows by integrating over half circles, and choosing v
as the outer normal. Resuming, the case in which v has two components with non
trivial trace on {y = 0} always fall into alternative (3) of the statement.

Secondly, let us assume that only one component, say v, has non trivial trace on
{y = 0}. Then {v(z,0) > 0} is either a half line or the entire real line. The first
case never happens, since v would solve

—Av=0 inRﬁ_
v(z,00=0 onz<0
0,v=0 on x > 0.

Reasoning as before, we would obtain that v is of the form
1
v(p,0) = cp%‘*‘k cos (2 + k;) 0,

with ¢ € R and k € N, while all the (odd extensions of the) other components
should be harmonic on R? and homogeneous of degree k + 1/2, that is null; the
Pohozaev identity would force ¢ = 0, and v would be trivial. In the second case, if
v(z,0) # 0 for every x # 0, then v is of the form

v(p,0) = cp® cos(kh)
with ¢ € R\ {0} and k£ € N, while all the other components of v are of the form
vi(p, 0) = cip” sin(k0)

for some ¢; € R. Then the case of one non trivial trace on {y = 0} always falls into
alternative (2) of the statement.

As the last case, let us suppose that v;(x,0) = 0 for every i. Then each of them
is a v-homogeneous solution to

—A’Ui =0 in R%—
v; =0 on R x {0}
that is, for some k € Nand ¢; € R, v =1+ k and
vi(p,0) = cip TFsin((1 + k)6).

Also this case always falls into alternative (2) of the statement, and the proposition
follows. 0

8. C%“ UNIFORM BOUNDS, a < 1/2

This section is devoted to the proof of the uniform Hélder bounds, with every
exponent less that 1/2, for the problem with exterior boundary Dirichlet data. In
this direction, let us consider the problem

—Av; =0 in BT
dyvi = fip(vi) = Bvi X207 on 3BT NQ (PD)g
v; =0 on 3°BT\ Q,

where © is a smooth bounded domain of R and the functions fi,p are continuous
and uniformly bounded, with respect to 3, on bounded sets.
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Remark 8.1. For (PD)g it is known that, if Q is of class C3, then any L solution
is in fact C% for every v < 1/2, see [24]. Furthermore, a uniform bound holds when
B is bounded, similarly to Remark 6.1. Actually, the assumption on the smoothness
of Q can be weakened, at least when considering global problems for u(-) = v(-,0),
as done in the recent paper [23].

We prove the following.
Theorem 8.2. Let {vs}s=0 be a family of solutions to problem (PD)g on B such
that
Vel ooy <
with m independent of 8. Then for every a € (0,1/2) there exists a constant
C = C(m,a), not depending on 3, such that

HVﬁIICo,a(@) <C

Furthermore, {vg}g>o is relatively compact in Hl(Bf'/Q) N coe (Bf_/z) for every
a<1/2.

Actually, two particular cases of the above theorem can be obtained in a rather
direct way.

Remark 8.3. If 9°BT N Q = () then Theorem 8.2 holds true. Indeed, the family
of functions obtained from {vg}s=¢ by odd reflection across {y = 0} consists in
harmonic, L* uniformly bounded functions on Bj.

Remark 8.4 (Proof of Theorem 1.1). If 3BT C Q then Theorem 8.2 holds true.
This is indeed the content of Theorem 1.1, that is the one of Theorem 6.2 with
vACF replaced by 1/2. In order to prove this result, one can reason as in the proof

of such theorem, by using Theorem 7.1 instead of Propositions 4.1 and 4.2 (also
recall Remark 6.14).

Proof of Theorem 8.2. The outline of the proof follows the one of Theorem 6.2, to
which we refer the reader for further details. To start with, let n be a smooth
cutoff function as in equation (6.1), and let a € (0,1/2) be fixed. We assume by
contradiction that

|(vi,n) (X)) = (7vi,n) (X))

L, := max max

i=1,....k X/#X/Ie? |X/ — X”|a
L) (X8) = (o) XD
5
where, as usual, v,, solves (PD)g, , f, — o0, and r, = |X] — X]/| — 0. Fur-

thermore, reasoning as in Lemmas 6.4 and 6.8, one can prove that the sequences
{X! }nen and { X!} ,en accumulate near 3° BT and far away from 9% BT, at least
in the scale of r,,.

Under the previous notations, we define the blow up sequences

in(X) i =n(P,) ——m—— >
win(X) = (P i

and w;,(X) =

)

where
Bt —-P,

P,:=(z/,0) and X e€r,B" =
Tn

Such sequences satisfy the following properties:
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e {W, }nen have uniformly bounded Hoélder quotient on T, BT, and osc Wiy =
1 for every n on a suitable compact set;
e cach w,, solves

—Aw;n, =0 in 7,,BY
wig = fin(Win) = Mywin >, w3, on1,(8°BTNQ)
Wip =0 on 7,(0°B*T\ Q),

where sup | f; n(win)| — 0 as n — oo;
e |w, — w,| — 0 uniformly, as n — oo, on every compact set.

By the regularity assumption on 02 we infer that, up to translations, rotations and
subsequences, one of the following three cases must hold.

Case 1: 7,(0°B* \ Q) — RY. In particular, we have that w, (0) = w,(0) = 0
for n large. Reasoning as in Section 6 we obtain that both w,, and w, converge,
uniformly on compact sets, to the same w which is harmonic and globally Hélder
continuous on ]Rj\_[ *1 vanishing on R and nonconstant. But then the odd extension
of w across {y = 0} contradicts Liouville theorem.

Case 2: 7,(0°BT N Q) — RN, In this case, for every compact set K C Rf“,
we have that {w, |k }neny and {W, |k }nen, for n large, fit in the setting of Section
6. Consequently we can argue exactly in the same way, recalling that the regularity
for every a < 1/2 is obtained by means of Theorem 7.1 (see also Remark 8.4).

Case 3: 7,(0°BTNQ) — {z € RN : 21 > 0}. As in the first case, we have that
w,(0) = w,(0) = 0 for n large, implying that w; ,, — w1, uniformly on compact

sets of Rf“, with w; non constant, harmonic, and such that wi(z,0) = 0 for
21 < 0. Finally, reasoning as in Lemma 6.13, we have that w; ,, = w; also strongly
in HllOC7 thus w9, w; < 0. We are in a position to apply Proposition 4.4 to wy and
reach a contradiction. O

Using the above result, we can prove the following global theorem.

Theorem 8.5. Let {vg} € H} (RN x (0,1)) solve

—Av; 3=0 in RN x (0,1)
O = fip(vig) — Puig Zj;ﬁi U?,B on
v 8 =0 on RN\ Q.

If there exists a constant m such that
[vi g1l Loe ®N x(0,1)) < T
then for any o € (0,1/2)
[vsllco.a @y xo,1/3)) < C(m,a).
Furthermore, {vs}p>o is relatively compact in (H' N C%%)yoc for every a < 1/2.

Proof. The proof easily follows by a covering argument. Indeed, we can cover
RN x [0,1/3] with a countable number of half-balls of radius 1/2, centered on RY,
and apply Theorem 8.2 to each of the corresponding half-ball of radius 1. O

Proof of Theorem 1.3. This is actually a corollary of Theorem 8.5: indeed, if u €
(HY?2 N L>®)(RN), and v € Hl(RfH) is its unique harmonic extension satisfying

(—2)2u() = =9,0(-,0),
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then v is uniformly bounded in L*°. O

Remark 8.6. Analogous results can be proved, with minor changes, when the
fractional operator considered is the spectral square root of the laplacian, as studied
in [4]. Indeed, in such situation, the corresponding extension problem is given by

—Av; g =0 in 2 x (0, 00)
i g = fi,p(vig) — BUig Y s U?‘,,B on Q x {0}
vi8 =0 on 99 x (0,00),

and the starting regularity for 8 bounded is even finer. As a consequence, one can
consider the extension of v which is trivial outside 2 x (0,00), and conclude by
using a modified version of Proposition 4.4, suitable for subharmonic functions.

9. C%1/2 REQULARITY OF THE LIMITING PROFILES

In this section we consider the regularity of the limiting profiles, that is, the
accumulation points of solutions to problem (P)s as § — co. In Section 6 we proved
that, if {v}s>0 is a family of solutions to problem (P)g, and ||[vg| e (p+) < m for
a constant m independent of /3, then there exists a sequence v,, := vg_ such that
Bn — oo and

Vo, =V in (H' nC%)(KnB"),
for every compact set K C B and every a € (0,1/2). Now we turn to the proof of

Theorem 1.2, that is, we show that v € Cloo’cl/2(B+ Ud’B7T). Actually, we will prove
such theorem under a more general assumption: from now on we will assume that
the reaction terms in problem (P)g satisfy

lim f;, = f; uniformly in every compact set,
n—oo

where (f1,..., fr) are locally Lipschitz, and such that, for some £ > 0,
(9.1) 2F;(s) — sfi(s) > —C|s|*** for s sufficiently small,

for every i, where Fj(s) = [ f;(t)dt (in particular, f;(0) = 0).
0

Remark 9.1. If f; € C*¢ in a neighborhood of 0, and f;(0) = 0, then assumption
(9.1) holds true. Indeed this implies that 2F;(s) — sf;(s) = O(s**¢) as s — 0.

We will obtain Theorem 1.2 as a byproduct of a stronger result, in the form of
the following proposition.
Proposition 9.2. Let v € H'(B™) be such that
(1) v € (H NnCY%) (K N BY), for every compact set K C B and every o €

(0,1/2);

(2) vivjlgop+ =0 for every j # i and

—Av; =0 in Bt
v0yv; = vifi(v;) on d°BY,

where f; is locally Lipschitz continuous and satisfies (9.1), for every i =
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(3) for every mg € 9°BT and a.e. r > 0 such that B;(x¢,0) C BT, the
following Pohozaev identity holds

(1-N /Z|V1}1|2dxdy+r / Z|Vv1|2da+

o+t BF

+2N / > Fi(vi)dz —2r / > Fi(vi)do =2r / Z|(‘9v2| do.

9Bk o+ B
Then v € C*Y2(K N BY), for every compact K C B.

As we mentioned, Theorem 1.2 will follow from the above proposition by virtue
of the following result.

Lemma 9.3. Let 8, — 0o and v, solve problem (P)ga, , for every n, be such that
VSV in (H' N C%*)(K N B™T),

for every compact set K C B and every o € (0,1/2). Moreover, let the correspond-
ing reaction terms f; , converge, uniformly on compact sets, to the locally Lipschitz
functions f; satisfying (9.1). Then v fulfills the assumptions of the Proposition 9.2.

Proof. The proof follow the line of the one of Proposition 5.1, with minor changes.
O

In view of the previous lemma, with a slight abuse of terminology, we will denote
as limiting profiles also functions which simply satisfy the assumptions of Proposi-
tion 9.2. For the rest of this section we will denote with v a fixed limiting profile.

In the proof of Proposition 9.2 we shall use a further monotonicity formula of
Almgren type. For every g € 8°BT and r > 0 such that B;(z0,0) C B, we
introduce the functions

E(zg,7) := o / Z |Vo;|? dady — / > fi(vi)vi dz

8 B;F (z0,0)

H(zg,7r) 1= — / O)ZU 2 do.

(TFB+ (z0,0

As usual, the function E(z, r) admits an equivalent expression: indeed, multiplying
the equation in assumption (2) by v;, integrating over B;f (z¢,0) and summing over
i=1,...,k we obtain

1 2
(9.2) E(zg,7) = T / ;viayvida = ;H’(xo,r).
8+ B} (20,0)

The presence of internal reaction terms in the definition of the function F has to
be dealt with. To this end, the next two lemmas will provide a crucial estimate
in order to bound the Almgren quotient. Before we state them, let us recall the
following Poincaré inequality: for every p € [2, p*], where p# = 2N/(N —1) denotes
the critical Sobolev exponent for trace embedding (or simply p > 2 in dimension
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N = 1), there exists a constant Cp = Cp(N, p) such that, for every w € H'(B,),

P
1 1 1
(9.3) g / lwPde| <Cp TN—l/Ww‘dederrT’ / w? do

89B;t B o+B;t

(such an inequality follows by the one on BT by scaling arguments).
Lemma 9.4. For every p € [2,p*] there exist constants C > 0, ¥ > 0 such that
1 _
o~ / 21: |v;|Pdz| < C[E(r)+ H(r)] for everyr € (0,7).

89B;+

Proof. Since v € L>®(B™1), and each f; is locally Lipschitz continuous with f;(0) =
0, we have

1 1
rN-1 / 2 filvipvide| < C-gmy / S ofde

OB OB
! 1 2 1 2
<C'r e %:|Vvi| d:z:derr—N ;1}7 do |,
B 8+ B}t

where we used inequality (9.3) with p = 2. As a consequence,

1 1
(94) E(r)+H(r)>(1-Cr) m/;|Vvi|2dxdy+r—N / ;vfda ,
B+

8+ B}t

and the lemma follows by taking into account equation (9.3) and choosing 7 suffi-
ciently small. O

For the following lemma we introduce, for p € (2, p*], the auxiliary function

1—2
P

P(xg,r) = T‘LN / > |vil" dz ,

99 B} (x0,0)
which is bounded for r small. We have the following.
Lemma 9.5. For every p € (2,p"] there exist constants C > 0, ¥ > 0 such that

TN% / ZZ: |v;|Pdo < C[E(r)+ H(r)] - %(rw(r)) for every r € (0, 7).

AR
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Proof. A direct computation yields the identity

!

L) = <1—;> pen [ S

99B;f (z0,0)

- ( 2) o(r) <T_N60]f9i 2 il dx) |

N[ vl de

8OB;"

As a consequence we infer
| X |vilPdo
d 2\ gt 2
— = -2y — 4+ (1-nN(1-2
rrsen=vin) |r (1-2) S+ (1-x (1-2))
8B}

Now, p < p# implies N (1 — 7> <1, so that

[ > viPdo
d 2 SN—I
= > 1-2) =
v = vt (1-2) Fee
30B;F
Recalling the definition of ¢ and using Lemma 9.4, we finally obtain
(B + HO) - 00) 2 Oy [ Sl doy

SNl

where, since p > 2, C > 0. O

As a matter of fact, we need to estimate the Almgren quotient only on the zero
set of v (which is well defined since v is continuous).

Definition 9.6. We define the boundary zero set of the limiting profile v as
Z={x€dB" :v(zx,0) =0}

Remark 9.7. A natural notion of free boundary, associated to a limiting profile
v, is the set in which the boundary condition of assumption (2) does not reduce to

v = fi(vi),v; =0 for some j # i,

that is, a posteriori, the support of the singular part of the measure 9, v. It is then
clear that the free boundary is a subset of Z C RY.

We are now in a position to state the Almgren type result which we use in this
framework. As we mentioned, we prove it only at points of Z; furthermore, it con-
cerns boundedness of a (modified) Almgren quotient, rather than its monotonicity.
More precisely, let us consider the function

N(zg,r) = —"=%

We have the following.
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Lemma 9.8. There exist constants C' > 0, ¥ > 0 such that, for every o € Z,
r € (0,7) and B;f (x0,0) C BT, we have:

(1) H(r) >0, N(r) >0 on (0,7);

(2) the function r — STV N (2, 7) is monotone non decreasing;

(

1

3) N(z,07)>1+ 3
Proof. The proof is similar to the one of Theorem 3.3, but in this case the internal
reaction terms do not vanish. Let zg € Z and let 7 be such that both Lemma 9.4

and Lemma 9.5 hold. First, we ensure that the Almgren quotient, where defined,
is non negative. Indeed, by Lemma 9.4,

E
E(ry+H(r)>0 = N(r) = ﬁ—i—l >0,
whenever H(r) # 0. By continuity of H we can consider, as in the proof of Theorem

3.3, a neighborhood of r where H does not vanish. We compute the derivative of
E and we use the Pohozaev identity (assumption (3) of Proposition 9.2), to obtain

E'(r) =

/Z\Vul\dedyf / S vifi(vi) dz

89B;F

/Z\Vufdxdy— / Z'Uifi(vi)dx

+B;F g1
/ Z|5) ;|2 da—l—— / [ -1 Zvlfl(vl)—QNZF(vl)} dz
a+B+ OB
T I
SN-1

Q

Since v € L*, f; are locally Lipschitz and f;(0) = 0, there exists a positive constant
C, such that

|f (vi)vs| < Cv? and |F(v;)| < Cv?.
The direct application of Lemma 9.4 (with p = 2) provides
I>-C(E+H).

On the other hand, by assumption (9.1) and Lemma 9.5 (it is sufficient to choose
p =min{2 +¢,p”}), we obtain

Q> -C(E+H)(ry).
The two estimates yield

E'>T—-C[1+ (ry)|(E+ H).
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Therefore, differentiating the Almgren quotient and using the Cauchy-Schwarz in-
equality, we obtain

N _E+H E’> TH — EH’

N E+H H ~ HE+H)
which implies that the function e“"(1+%(") N'(r) is non decreasing as far as H (1) #
0. Equation (9.2) directly implies
d H'(r) 2E(r) 2(N(r)-—1)
—_— 1 H = = = M

ar 8 () H(r) rH(r) r '

reasoning as in the proof of Theorem 3.3, we can use this formula, together with
the bound

—C+(ry)] = -C1+(ry)],

N(r) < ST AN G*) for every r < 1,
in order to obtain the strict positivity of H for r € (0,7) (for a possibly smaller
7). Finally, reasoning as in the proof of Lemma 3.4, part (2), let us assume by
contradiction that, for some r* < 7 and & > 0, e P N (r*) < 3 —e. By the
above bound we obtain that

d 2(eCT VDN () = 1) 1-2

—log H(r) < e 0 2

dr r T
for every r € (0,7*). But this is in contradiction with the fact that v is in C%* for
a=(1-¢)/2. O

The proof Proposition 9.2 is based on a contradiction argument, involving Morrey
inequality. Indeed, let K C B be compact, and let us define, for every X € KN{y >
0} and every r < dist(K, 0B), the function

1
=N ;|V1}i|2dxdy.

Br(X)n{y>0}

It is well known that if ® is bounded then v € C%'/2(K n B*).
As a consequence of Lemma 9.8, we can prove a first estimate on ®.

O(X,r)

Lemma 9.9. For every compact K C B there exists constants C > 0, 7 > 0, such
that for every xo € ZN K and r € (0,7), it holds

O(x, 1) < C.

Proof. If 7 is sufficiently small, from Lemma 9.8 we know that
gefcr(lw(r)) <N(r)<C

for every r € (0,7). Since E+ H = NH, equation (9.4) implies that

1 H
s / S V|2 dady < c#.
B (20,0) '
On the other hand, by the lower estimate on NNV,

d H —Cr(1+y¢(r) _q
L og ff’) > 3¢ > —30(1 +¥(r) = —C.

Integrating, we obtain

<
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and the lemma follows. O
The above result can be complemented by the following lemma.

Lemma 9.10. For every compact K C B there exist constants, C > 0, 7 > 0, such
that for every xo € (KN{y=0})\ Z and

0 <7 < d:= min{dist(xg, Z), 7},
it holds
(I)(Io,d) 2 C(I)(anT.)'

Proof. Since zp ¢ Z and r < dist(xo, Z), we can assume that v; = 0 on 8° B, (z, 0)
for, say, 7 > 2. As a consequence, the odd extension of v; across {y = 0} is
harmonic on B, (xg,0), and the mean value property applied to the subharmonic
function |Vv;|? provides

1 1
(9.5) N / |Vo;|? dzdy < Sd—N / |Vv;|? dzdy,  for every j > 2.
B/ (20,0) By (x0,0)
We now show that a similar estimate holds true also for v;. Indeed, let u := |Vv;|?%;

by a straightforward computation, we have that
—-Au<0 in B;
du<au ind°BJ,

where a := 2||f{(v1)|[z(p+) is bounded by assumption. Now, by scaling, one can
show that if 7 = 7(a) is sufficiently small, then the equation

~Ap=0 inB7
dyp=ap ond°BF
admits a strictly positive (and smooth) solution. By the definition of d we deduce
that
~div (¢*V2) <0 B}
720, <0 By,
so that the even extension of u is a solution to
—div (ﬁv“) <0 in By
¥
Integrating such equation on any ball B,., we obtain
/ <p281,gd0 >0
¥
0B,

If we introduce the function

H(r):riN / pudo = / o2 (rz) %) 4,

p(rz)
OB, OB

a straightforward computation shows that

2 0, 1
H'(r):T—N/wp S;Oda—i-TN/goz&,::daZ—Ql
OB,

r

Oyp
¥

H(r) > —CH(r),
L>(B)
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that is, the function r — e“"H(r) is monotone non decreasing in r. Hence, for
every 0 < 71 < 7y < d, we obtain that H(r1) < CH(ry). Multiplying by 7iVrY and
integrating in (0,7) x (r,d), with r < d, we obtain

N+ 1 C
B, Ba\B:

Adding Cd=N=1 [ pudady, we infer
B,

1 1
m/gouda:dy < CW/wudmdy.
B, Bq

Recalling that ¢ is positive and bounded, and that v = |Vv;|?, we finally obtain

that
1 9 r 1 9
N |V |* dady < CEdTV [Vup]® dady.
B (0,0) Bj (20,0)
The lemma now follows by summing up with inequality (9.5), for j = 2,...,k, and
recalling that d/r > 1. O

End of the proof of Proposition 9.2. Let us assume by contradiction that there ex-
ists a sequence {(X,,7,)}nen such that X,, = (z,,yn) € KN{y > 0}, r, <
dist(K,0B), and

(X, mn) — +00, asn — 0.

It is immediate to prove that r, — 0 and ¥, — 0: indeed, v is H' and harmonic
for {y > 0}. In particular, the sequence {X, }n,en accumulates at 9°K. First we
observe that, thanks to the subharmonicity of Y, |Vv;|?, if 7, < y,, then

Y

(X yn) 2 ZR(Xn, 1) = D(Xnymn);
n

as a consequence we can assume without loss of generality that r, > y,. Analo-

gously, once 7, > y,, we have that

1
@((zn,0),2r,) > QTV(I)(XM Tn),

and again, without loss of generality, we can assume that y,, = 0 for every n, and
drop it from our notation.

Now, by the result of Lemma 9.10, the sequence (x,,r,) can be replaced by a
sequence of points in Z. Indeed, if dist(z,, Z) > 7 for every n € N, then

O(zp, 1) < CO(2p,T)

and the right hand side is bounded since v € H*(B*). Consequently, it must be
dist(z,, Z) < 7, and then

O(xy, 1) < CP(xy,dist(zy, Z)).

Since the set Z is locally closed and dist(K,9T B) > 0, for n sufficiently large, to
each x,, we can associate 2], € Z such that dist(z,,, Z) = |z, —a),| < 3dist(z,, 0" B)
and we can substitute the sequence (x,,dist(z,, Z)) with (z/,, 2dist(z,, Z)). We

are in position to apply Lemma 9.9 and find a contradiction to the unboundedness
of the Morrey quotient. O
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