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Abstract
We consider the class of operators

q
Lu = Z aij (2) X X u

4,j=1

where X1, Xo, ..., X4 are homogeneous left invariant Hérmander’s vector
fields on RY with respect to a structure of Carnot group, ¢ < N, the ma-
trix {a;; } is symmetric and uniformly positive on R?, the coefficients a;;
belong to L= NV LMOjo. (2) (”vanishing logarithmic mean oscillation”)
with respect to the distance induced by the vector fields (in particular
they can be discontinuous), © is a bounded domain of RY. We prove
local estimates in BM O;o. N LP of the kind:

X X5ull aroy, ) + IXiullparop, @) <
<c {HLU”BMOLPDC(Q) + ||“||BMO{’OC(Q)}

for any Q' € 2, 1 < p < 0.
Even in the uniformly elliptic case X; = 0z;,, ¢ = N our estimates
improve the known results.
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1 Introduction

Context and main result of the paper
Let Xo, X1, ..., X4 be a system of smooth vector fields,

defined in the whole R?, and assume they satisfy Hérmander’s rank condition in
RY: the vector fields X;, and their commutators [X;, X;], [Xk, [Xi, X;],], ... up
to some fixed length span RY at any point. Then, a famous theorem proved by
Hormander in 1967 (see [26]), states that the second order differential operator

q
L=> X7+X, (1.1)

=1

is hypoelliptic, that is u € C* () whenever u is a distributional solution to
Lu = f in an open set Q C RY with f € C* (). In 1975 Folland [23] studied
the class of Hormander’s operators (II]) which admits an underlying structure
of homogeneous group. This means that the vector fields X; are left invariant
with respect to a Lie group operation in RV (which we think as “translations”)
and the operator L is homogeneous of degree 2 with respect to a one-parameter
family of Lie group automorphisms (which we think as “dilations”). Then,
Folland proved that there exists a global fundamental solution I' for L, which
is translation invariant and homogeneous of degree 2 — ) with respect to the
dilations, where @ is the so called homogeneous dimension of the group. This
fact allows to apply the theory of singular integrals in homogeneous groups, and
derive from representation formulas suitable a priori estimates for the second
order derivatives X; X u (4,5 = 1,2, ...,q) or Xou (note that the “drift” vector



field X, has weight two in the operator L). Later, in [30], Rothschild and
Stein showed how the analysis of a general operator (II)), also in absence of
an underlying structure of homogeneous group, can be performed by a suitable
technique of “lifting and approximation” which reduces the study of L to that
of an operator of the kind studied by Folland.

In the last decade, more general families of second order differential operators

modeled on Hormander’s vector fields have been studied, namely operators of
the kinds

q
L= a;(@) XX, (1.2)
7,7=1
q
L= Z Qi (JJ) XlX] — 6,5 (1 3)
ii=1
q
L= Z Qij (CL‘) XiX; + Xo (1.4)
1,j=1

where the matrix {a;; ('I)}g,jzl is symmetric positive definite, the coefficients
are bounded and satisfy suitable mild regularity assumptions, for instance they
belong to Holder or VMO spaces defined with respect to the distance induced
by the vector fields. Since the a;;’s are not C*°, these operators are no longer
hypoelliptic. Nevertheless, a priori estimates on second order derivatives with
respect to the vector fields are a natural result which does not in principle
require smoothness of the coefficients. Namely, a priori estimates in LP (with
coefficients a;; in VM ON L) have been proved in [7] for operators (I.2), in [6]
for operators (I4) but in homogeneous groups, and in [I3] for operators (4]
in the general case; a priori estimates in C* spaces (with coefficients a;; in C'%)
have been proved in [9] for operators (I3)), in [25] for operators (I4) but in
homogeneous groups, and in [I3] for operators (4] in the general case. See
also the recent monograph [I0] for more results on these classes of operators
and for a larger bibliographic account.

A somewhat endpoint case of LP estimates consists in BM O type estimates,
which is the issue that we address in this paper. We will prove, for operators
(L2)) in homogeneous groups, with coefficients a;; = a;; satisfying the condition

q
AP <Y ay ()66 < ATHEP VEERY ae. 1€ Q

i,7=1

and having “vanishing logarithmic mean oscillation” (VLMO) in a bounded
domain 2, a priori estimates of the kind

q q
Y IXiXjullparop_ o + 2 I1Xsullpaor o

i,j=1 i=1

< C{”LUHBMOZ”OC(Q) + HU“BMOZ”OC(Q)}



for any p € (1,00),Q € Q (see Theorem 210 for the precise statement; also,
the precise meaning of these norms will be defined later). Let us stress that the
VLMO assumption allows some kind of discontinuity of the coefficients a;;.

Comparison with the existing literature

Remarkably, this estimate appears to be new even in the nonvariational
uniformly elliptic case (¢ = n, X; = 9., for i = 1,2,...,n). Actually, a few pa-
pers are devoted to BM O estimates for the second derivatives of the solutions
to nonvariational uniformly elliptic equations: we can quote the old paper by
Peetre [29], establishing local BMO estimates for elliptic equations with uni-
formly continuous coefficients (with a continuity modulus o (1/ |logt|)), and the
more recent ones by Chang-Dafni-Stein [16], containing global BMO estimates
for the laplacian, and by Chang-Li [I7], dealing with elliptic operators with
Dini-continuous coefficients. Elliptic equations in divergence form with VLM O
coefficients have been studied by Acquistapace [1], Huang [27] (in which also
some nondivergence form equation has studied), while BM O estimates for some
nonlinear equations have been established by Caffarelli-Huang [14].

For operators modeled on Hérmander vector fields and written in divergence
form, BMO estimates have been proved by Di Fazio-Fanciullo in [21I], while
Bramanti-Brandolini in [8] have proved BM O type estimates in a scale of spaces
BMOy for operators (L2)) built on general Hérmander’s vector fields, assuming
a certain modulus of continuity of the coefficients a;;.

Problems and strategy

Although the continuity requirement on the coefficients asked in [§] is not a
strong one, it represents a significant difference with the LP theory developed
in [6], [7] under the VMO assumption and with the BMO theory developed in
the present paper under the VLM O assumption.

The reason of this difference has its roots in the real variable machinery
which is applied to prove these estimates, namely suitable extensions of the
famous LP estimate for the commutator of a Calderén-Zygmund operator with
the multiplication by a BM O function, proved by Coifman-Rochberg-Weiss in
[20], which was first applied to the proof of L? a priori estimates for uniformly
elliptic operators with VMO coefficients by Chiarenza-Frasca-Longo in [18],
[19]. To put the real analysis problem into its context, let us recall some facts.
It is known that, under fairly broad assumptions, a singular integral operator
maps L into BMO. Under much more stringent assumptions it can be proved
that it maps BMO into BMO. This was shown in [29] for convolution type
operators in RY, and in [8], in spaces of homogeneous type of finite measure, for
singular integrals satisfying a strong cancellation property. The multiplication
operator for a function ¢ maps BMO into BMO provided a € L* N LMO
(where LM O stands for “logarithmic bounded mean oscillation”), as proved in
[31]. We also need a result stating that the commutator of a singular integral
operators with the multiplication for ¢ maps BMO into BM O, with operator
norm bounded by the LM O seminorm of a. Actually, we want the operator
norm of the commutator to be small whenever a has small oscillation, but not



small absolute size. A result of this kind has been proved by Sun-Su in [33]
for singular integral operators of convolution type in RY, satisfying a strong
cancellation property. In this case, the commutator is proved to map BMONLP
into itself (1 < p < 00) continuously, with operator norm bounded by the LM O
seminorm of a:

([T, a] f]BMo + [T a] f”Lp < C[Q]LMO ([f]BMo + ||fHLp) .

This result is clever under several regards. First, it exploits the idea of bound-
ing the BM O N LP norm of the commutator with the analogous norm of f, and
not separately the BMO seminorm of the commutator with the BMO semi-
norm of f; secondly, it relies on the very strong cancellation properties enjoyed
by classical Calderén-Zygmund convolution-type kernels. The present paper
starts from the idea of extending this commutator theorem to the context of
convolution-type singular integrals on homogeneous groups, which should be
useful to handle operators (LZ) in this context, in view of the results and tech-
niques of [23], [6], [8]. However, in contrast with the global, convolution nature
of our singular integrals, we are interested in the study of an operator (2] on
a bounded domain €2; this means that we don’t want to assume the coefficients
a;; defined on the whole RY | nor rely on an extension result for LM O in this
abstract context. Therefore, the commutator estimate that we prove has to be
established directly in a local form. This forces us to go through the whole
argument in [33] and reshape it on a new kind of local BM Oy, (21, 22) spaces,
defined averaging the function over the balls centered at points of some open
set 21 and contained in a larger open set 2o C 2. This fact also serves another
scope, namely avoiding to handle the sets B N {2, which would require some
extra assumption on 2 in order to use the doubling condition. Moreover, it
would seem to us rather unnatural to express the assumption on the coefficients
ai; in a form which involves their boundary behavior, since after all we are just
proving interior estimates. Under this respect, the present paper moves in the
spirit of the recent research about “local real analysis in locally homogeneous
spaces” carried out in [I2].

Once the real analysis part of this research is set into its proper frame, one
can try to follow as close as possible the general line first drawn in [6]. In
doing so, another major problem arises, namely the necessity of getting some
new uniform upper bound related to the fundamental solution I" (zg,u) of the

“frozen operator”
q

LO = Z Qi (xo) XlXJ
i,j=1
Actually, to apply the real variable machinery to the concrete singular inte-
gral operators which appear in our representation formulas, we have to re-
sort to the technique of expansion of T (zg, ) in spherical harmonics, first em-
ployed by Calderén-Zygmund in [I5] and already used in all the aforementioned
papers dealing with LP estimates for nonvariational operators structured on
Hormander’s vector fields. To get a control on the coefficients of this expansion,



we need some upper bound on the u-derivatives of any order of T" (zg, u), say for
|u] = 1, uniform with respect to xg. In [6] the following estimate was proved:

(2) e

for any multiindex 8. In the present situation we also need a control on the
LMO norm, and not just the L norm, of the coefficients of the expansion. To
get this, the bound (L) is not enough, and we need to establish the following:

(1.6)

where ||A ()| is the matrix norm of the coefficients {a;;}. To establish a bound
on the derivatives of any order of a fundamental solution, uniform with respect
to some parameter, is always a difficult task when, as happens for operators
structured on Hérmander’s vector fields, we cannot rely on any kind of explicit
formula for the fundamental solution. We will get the bound (6] in § [l
adapting results and techniques contained in series of papers by Bonfiglioli-
Lanconelli-Uguzzoni (see [2], [3], [4]) in the context of Gaussian bounds for
operators (IL3]). We point out that the reason why we did not consider in this
paper operators with drift Xy is only related to this part of the proof. Namely,
the papers [2], [3], [4] deal with operators (I2) or ([I3]), but not (4], therefore
proving (6] in presence of a drift would require a much deeper revision of the
techniques used in those papers, and perhaps a completely different approach.

<c(B), (1.5)

sup
€, |jul|=1

sup
z1,22€0,|u|=1

<cg||A(z1) — A(z2)|

Plan of the paper

Section 2 contains some known facts, the definition and basic properties of
local BM O-type spaces and the statement of our assumptions and main result.

In section 3 we write the representation formulas that we need for X; X;u in
terms of Lu. These formulas involve singular integrals with “variable kernels”
and their commutators. By the classical technique of expansion in spherical
harmonics we rewrite these operators in series of singular integral operators of
convolution type. We state some uniform bound on the fundamental solution
of the frozen operator and show their use in proving suitable bounds on the
coefficients of the expansion in spherical harmonics. Section 4 contains the core
of the real analysis machinery: BM O, estimates for singular integrals and
their commutators are established, first for convolution kernels and then in the
general case, together with a number of other useful results, in particular a local
version of the one stating that LM O N L* multiplies BMO. Section 5 contains
the proof of our main result, in three steps: first, exploiting all the results of
the previous sections, we prove local estimates for functions with small compact
support; second, exploiting several techiques and results from [8], we prove local
estimates for functions with small noncompact support; third, we conclude the
proof of the result on any bounded domain. Finally, the Appendix contains the
proof of the uniform bound on the fundamental solution of the frozen operator.



Although this bound is crucial in the paper, we have preferred postponing its
proof to the Appendix because the techniques employed there are completely
different from those of the previous sections.

Acknoledgement. We wish to thank Francesco Uguzzoni for useful talks
about the proof of Theorem [3.31

2 Preliminaries

2.1 Carnot groups, vector fields and their metric

Here we recall a number of known definitions and facts about homogeneous
groups and left invariant vector fields. For the justification of our assertions,
further details and examples, we refer to [32] p. 618-622], [5l § 1.3], [23], [6].

We call Carnot group or stratified homogeneous group the space RY equipped
with a Lie group structure, (“translations”) together with a family of “dilations”
that are group automorphisms and are given by

D()\):(:vl,...,xN)>—>()\°"1:v1,...,)\“’NxN) (21)
for A > 0, where
(W, eewn) = (1,1,..,1,2,2,...,2, ..., 8,8, ..., S)

for some positive integer s. We denote by o the translation, and assume that
the origin is the group identity and the Euclidean opposite is the group inverse.
We will denote by G the space RY with this structure of homogeneous group,
and we will write ¢(G) for a constant depending on the numbers N, w1,...,wn
and the group law o.

We say that a differential operator Y on R” is homogeneous of degree > 0
if

Y (f (D) =X (Y f)(D(N)az)

for every test function f, A > 0, z € RY. Also, we say that a function f is
homogeneous of degree o € R if

fFDNz)=Xf () YA>0,zecRY,

Clearly, if Y is a differential operator homogeneous of degree § and f is a
homogeneous function of degree a, then Y f is homogeneous of degree a — .

Let us consider now the Lie algebra ¢ associated to the group G, that is,
the Lie algebra of left-invariant vector fields, with the Lie bracket given by the
commutator of vector fields

[X,Y] = XY - YX.

We can fix a basis X1,..., Xy in £ choosing X; as the left invariant vector field
which agrees with 0., at the origin. It turns out that X, is homogeneous of



degree w;. In particular, let Xy, X, ..., X, be the elements of the basis which
are homogeneous of degree 1. The Lie algebra ¢ turns out to be nilpotent and
stratified:

=@V, with [Vi,V;] = Vi for j <s—1,[V1,V;] = {0} otherwise;
i=1
V1 = Span (Xl, XQ, ...,Xq> .

The number s is called the step of the Lie algebra. We also say that the vector
fields X1, X, ..., X4 satisfy Hormander’s condition at step s.

Let us introduce the control distance d induced by the vector fields. This
is a concept which can be defined for any system of Héormander’s vector fields
(even in absence of a group structure) but which possesses more properties in
Carnot groups.

Definition 2.1 For anyd > 0, z,y € RN, let Cs (x,y) be the class of absolutely
continuous mappings ¢ : [0,1] = Q which satisfy

P'(t) = ait) (X)) a-e te(0,1)
i=1
with |a;(t)] < fori=1,...,q, ¢(0) =z,0 (1) =y. We define
d(z,y) =inf {6 > 0: Cs (z,y) # @}.

Note that the finiteness of d (x,y) for any two points z,y € §2 is not a trivial
fact, but depends on a connectivity result known as “Chow’s theorem”; it can
be proved that d is actually a distance in RY, finite for any couple of points.
Moreover:

Proposition 2.2 The distance d is translation invariant and 1-homogeneous
for dilations on the group.

This fact is probably known, but we are unable to give a precise reference,
so we will prove it.
Proof. Let B (z,r) be the d-ball of center = and radius r. Let us prove that

y€ B(x,r)=x toyec B(0,r)
y€ B(0,7) = D(A\)ye B(0,\r).

Let y € B(z,r), then for every § < r there exists ¢ € Cs (z,y). Let
o (t) =27 0 (t),

and let us show that ¢, € Cs5 (0,27 oy). Clearly ¢, (0) = 0 and ¢, (1) =
xz~Yoy. Moreover, let J,, denote the Jacobian matrix of the function y — x~toy,



we(t) = Ju (0 () - ¢ (t) = Ju (9 (1)) ZGZ(t) (Xl)gp(t)
=0
= ai(t) e (9 (1) - (Xi) ey = D_ai(t) (Xi)p 1oy = i) (Xi)y
1=0 1=0 1=0

where the up to last identity follows by the translation invariance of the X;’s
(see [B Prop. 1.2.3 p.14]). So the first assertion is proved.
Let now y € B (0,r), then for every § < r there exists ¢ € C5 (0,y). Let

pa(t) =D A) e ().

Then @y (0) = 0; 05 (1) = D (A\) y. Recall that

with b;; homogeneous of degree w; — 1, for i = 1,2, ..., q. Hence

bij (ox (£)) = A% by (0 (1))

and
PAE); = A (1) = A _Zq;ai(t)bij (p () =
= imi(t)bij (e (2))
with _
[Aai(t)] < A9,

which shows that ¢y € Cys (z,y). Since this holds for any § < r, we conclude
y € B(0,A\r). m

We can also define in RY a homogeneous norm ||-|| as follows. For any

ze€RN, z #0, set
1
|x||—p<:>\D(—>x
P

where |-| denotes the Euclidean norm; also, let ||0|| = 0. Then:
IDA\)z|| = X||z| for every x € RN, XA > 0;
the set {z € RY : ||z|| = 1} coincides with the euclidean unit sphere Y y;
the function x +— ||z|| is smooth outside the origin;

:17




there exists ¢(G) > 1 such that for every z, y € RV
lz oyl < e(llzll + llyl) and [z~ = [lll;
1 1/s .
Iyl < llyll < ely i gl <1,

hence the function
plz,y) = |ly~" oz (2.2)

is a quasidistance, that is:

p(x,y) > 0and p(x,y) =0 if and only if z = y;
p(y,z) =p(z,y)
plz,y) <c(p(x,2)+p(2y))

for every x, y, z € RY and some positive constant ¢(G) > 1. If we define the
p-balls as

B, (w,r) = {y €RY : pla,y) <71},
then B, (0,7) = D(r)B,(0,1). The Lebesgue measure in RY is the Haar
measure of GG, hence

|By(x,7)| = |B,(0,1)] re Ve e RN, r >0,
where
Q=w1+...+wn

(with w; as in (1)) is the homogeneous dimension of RY.

A consequence of the Prop. 2.2]is that the function d (x,0) is another homo-
geneous norm in the sense of Folland (see [23]), equivalent to the function ||z||
defined above. In particular, d and p are globally equivalent.

2.2  Function spaces defined by local mean oscillations

Throughout the following, we will assume that X, X», ..., X, is a system of left
invariant homogeneous Hérmander’s vector fields on a Carnot group in RY, as
described in § 2] and d is the control distance induced by the vector fields in
RY,

Let Q be a bounded open connected subset of RY. In the following defini-
tions, the balls are always taken with respect to the distance d.

Definition 2.3 (BMOP spaces) Forp € [1,00) we say that f € BMOP () if
1 5aror ) = Uamow) T 1/ o) < o0

with

1
[flemow) = sup |f W) = fB@mnel dy

zeQr>0 [B(2,7) N Q| Jpmne

where faq = ‘T}Iff

10



Definition 2.4 (Local BMO spaces) Let f € L} _(Q). We say that f €
BMOoc () if

f = sup / -/ (@r) dy < oo
[ ]BMOLDC(Q) B(IT CQ |B x, 'f' | B(IT B |

Note that the requirement B (z,r) C Q is meaningful because the distance d is
defined in the whole RY.
Let f € L}, .(Q) and Q1 € Qo C Q. We say that f € BM Oy (21,82) if

f swp e | — Fateanldy < +00.
[ ]BMoloc(szl,sb) €01, B(z.r)CS B (z,7)| B(” B( |
Note that f € BM Oy, () if and only if f € BM Oy, (21,1) for any O, €
Q.
Moreover, for any 1 € 5 C Q we have the following inclusions
BMO[OC (Q) C BMO[OC (Ql, QQ)
with
[f]BMOlOC(Ql,Qg) < [f]BMOlOC(Q)7
and
BMOj,. (Qg) C BMOy,. (Ql, Qg) C BMOj,. (Ql)
with

[f]BMOlOC(Ql) < [f]BMOloC(Ql,Qg) < [f]BMOlOC((b)'

Definition 2.5 (Local LMO spaces) Let Q1 € Q3 C Q. We say that f €
LMOyc (Q1,Q2) if

M0 (0.00) =
1+ log diam$o

= sup —T/ |f(y) - fB x,r |dy < H-o00.
x€Q1,B(x,r)CQ2 |B (,T, 7') | B(z,r) (@)

Analogously we define the space LM O)oc (2) taking the sup over all the balls

B (z,r) C Q.
We say that f € VLMOoc (Q) if f € LM Oy () and

1+ log @
)= s et [ 10~ faepldy 0 for 7 0
Let T € 2,0 < r; < 7o such that B (T, r2) C Q. Then
VLMO. (Q) C LMOy. (B (Z,71), B (T,712))
with
Fleron. (B@m). By <15 (212). (2.3)

11



Definition 2.6 (Local BMOP? spaces) Let p € (1,00) and ;1 € Qo C Q.
We say that f € BMO}, . (Q1,9Q2) if

1 saror (Q1,Q2) = ||f||Lp(Q2) + [f]BMOLoc(Ql,QQ) < 0.

loc

Also, we say that f € BMO7 (1) if

1A 5aror @) = M fllpon) + [fBaro,.00) < o0

loc

We have
BMOfoc (QQ) C BMOloc (le Q2) C BMOloc ( )

Let us note that the spaces BMOjoc ($01,82), BMO7, . (£21,€2) and so on,
are increasing with respect to both Q; and Q3. The following fact, which will
be useful several times, says that for compactly supported functions also an
inclusion in the reverse order holds, in some sense.

We will often use BMO? (1, Qs) spaces with Q1, Qs two concentric balls;
just to shorten notations, we will set

BMOo. (B (Z,R1; R2)) = BMOjoc (B (%, R1), B (T, R2)) -

Lemma 2.7 Let f € BMO), (B (%, R; KR)) for some K > 3, with sprtf C
B (%, R). Then

1
7|B G 1o B@R) | -

Proof. Let us consider a ball B (zg,r) with 9 € B(Z, R) and B (zg,r) C
B (7, KR).
If B(zo,r) C B(T,3R), then obviously

[ Bron.B@rKxR) <2 <[f 1BMOL.(B@ R3R) +

x T d < T, R: )
Eor / o )= Totao ol = s, cstensm)

so let us assume B (z9,r) & B (T,3R). This means that B (zo,7) D B(Z, R),
hence for any ¢ € R

f zo,T |dy_ / )_C|dy
.’I]Oa |/ (zo, 'r) Blwo.r) |B QCOa | (zo, 'r)

- m </ pioy /@)~ cldy 16l 1B (z0,r) \ B (7, R>|)
)—c |B (z0,7) \ B (T, R)|
@, R |/B(IR) by +21d |B (zo,7) |

12



choosing ¢ = fpz,r)

1/
< == fW) = fe@mldy +2| /e,
BE B s W~ em+2|fsen

1
7 ||f|LP(B(T,R))> :

<21 If] ZR3R) T 17
< BMOy,.(B(%,R;3R)) B (T, R)|

]
In the sequel we will need the following proposition that gives us a compar-
ison between local and global BM OP spaces.

Proposition 2.8 Let s > 0,p € [1,00) and T € RN be fized.
(a) If f € BMO? (B (Z,s;3s)), then f € BMOP (B (%, s)) with

loc

||f||B]WOP(B(f75)) < CHf”BMOp

loc

(B(%,5;35))

for some constant ¢ = ¢ (QG).

(b) If f € BMOP (B (T, R)) for some R > s and sprtf C B(Z,s), then the func-
tion f obtained extending f to zero outside B (T, R) belongs to BMO?Y, . (B (T, s;3s)),
with

[

loc

with ¢ = ¢ (G, p).

Proof. (a) Pick € B(T,s) and r > 0 such that B (x,r) C B(Z,3s). Then,
for a constant ¢ to be chosen later,
1

|B (Ia T) nB (Ev S)| B(z,r)NB(T,s)
1 /
< —=— |f (y) —cldy
€1 |B (Ia T)| B(z,r)

B (z,r) N B(T,s)| = c1|B (x,7)]
by the regularity of metric balls (see Lemma 4.2 in [§]), since r is bounded
(being B (x,r) C B (T,3s)). From the proof in [8] Lemma 4.2] one reads that ¢;
is a constant only depending on the doubling constant, that is on G. Choosing
now ¢ = fp(y,r) we get

1
|B (Ia T) nB (Ev S)| B(z,r)NB(ZT,s)

If, on the other hand, x € B(%,s) but B(z,r) & B(T,3s), this means that
B (z,r) D B(Z,s), hence

1

c

m 1L (B@.5)

< »(B(z.R)) T
(s 1| 5aror (B, R))

|f (y) = cldy

because

1
If(y) —c| < o FBron,. (B@.s:39) -

—cld
|B (z,7) N B(T,s)| B(m,r)ﬁB(E,s)Lf(y) el dy
1
"G Ja @ AW S W s
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(choosing ¢ = fpz,s))-
(b) Pick € B (%, s) and r > 0 such that B (z,r) C B(%,3s). Then

1
|B (‘T7 ’f‘)| B(z,r)

1 /
- £0) ~cldy+ | el dy
|B (z,7)] { B(z,r)NB(Z,R) B(z,7)\B(T,R)

choosing ¢ = fB(z,rnB(z,R)

fly) —c

dy

1
B (x,7)]

=1+11.

{/ |f (y) - fB(z,r)ﬂB(T,R)| dy + |fB(z,r)ﬂB(T,R)| |B (LL',T) \B (Eu R)'}
B(z,r)NB(Z,R)

Now

)

1
IS - / f Y _f z,r T dy
B nBE R Jowrpen | @)~ B@nB@n

< [flsmosa,r)) -
On the other hand,

‘IB(I,T)\B(ZR)I

I = |fp@.nnB@,R) |B (2,7)]

The term IT does not vanish only if B (z,7) contains a point outside B (T, R)
(otherwise |B (z,r)\ B(Z,R)| = 0). Since x € B(T,s), this implies » > R —
s and

|B (z,7) N B(Z,R)| > c(R—s)°.

Then, by Holder inequality

1/p
1
11 S f x,r T, S — |f(y)|p dy
‘ Blernst R)| <|B (LL',T) nB (LL', R)| B(z,r)NB(z,R)
c

< ——7 flweae

(R— S)Q/p Lr(B(z,R))

Then

~ c
1810 (BE.s39) < [flBmo@E.r) + g7 1/ lLrE.) (2.4)

(R —s)
from which (b) follows. m
Definition 2.9 (Sobolev and BMO Sobolev spaces) We say that u € S*P (Q)
if

q q
||UHS2,p(Q) = Z HXinU”Lp(Q) + Z ||Xiu||Lp(Q) + HUHLZD(Q) < 00,

i,j=1 i=1

14



where the derivatives X;u are defined in the usual weak (distributional) sense.
We say that u € SZP™ () if

loc

lull gz )

q q
= Z HXin“HBMofOC(Q) + Z ”Xiu”BMOZPOC(Q) + HUHBMOLPDC(Q) < oo.

ij=1 i=1
We say that u € S%P* (Q) if

||u|‘52,p,*(9) =

q q
= Z HXinUHBMop(Q) + Z ||Xiu||BMOP(Q) + HuHBMOP(Q) < 0.
ij=1 i=1

Analogously, for Q1 € Qo C Q, we can define the spaces S’li’f’* (Q1,Q2), replac-
ing BMOP (Q) norms with BMO? (Q1,9Q5).

loc

2.3 Assumptions and main results

We now keep the assumptions stated at beginning of § about the vector
fields X1, Xo, ..., X4, the domain 2 C RY and the distance d. Let us consider

operators of the form
q

Lu= Z ai; () Xi Xju (2.5)
i,j=1
where a;; = a;; satisfy the “ellipticity condition”:

q
AEP <D ay (@) &g <ATEP VE R,z € Q.
i,j=1
Moreover
aij € VLMO,. (Q) N L*>® (Q) .

We also assume that the homogeneous dimension (see § 1)) is @ > 3. This
fact (necessary to apply Folland’s results in [23]) simply rules out the case of
uniformly elliptic equations in two variables. We stress the fact that, instead,
uniformly elliptic operators in n > 3 variables are covered by the present theory.
Our main result is the following:

Theorem 2.10 Under the above assumptions, for any 1 € Q2 €2, 1 <p <
oo we have

||“|‘sl2;§’*(szl,szz) < C{HLU||BMOLPDC(Q2,Q) + lull g aror (Qg,ﬂ)}

loc

for any u € i (). The constant ¢ only depends on the group G, the num-

loc

bers p and A, the VLMOo. moduli of the coefficients, Q1,Qs. The previous

inequality also implies the following

Hu”sz,p,*(gl) < C{”LUHBMOZ”OC(Q) + HUJHBMO{’OC(Q)} :

15



We will also prove a similar local estimate stated for “standard” BMOP
spaces, see Theorem [5.3]

3 Representation formulas and reduction to sin-
gular integrals of convolution type

In order to state suitable representation formulas for the operator L in (Z3]), we
proceed as follows. For any zo € Q, let us “freeze” at xo the coefficients a;;(z),

and consider
q

LO = Z aij(xo)Xin.
ij=1

As shown in [6], this operator can be rewritten as a sum of squares of Hor-
mander’s vector fields; in particular, it is hypoelliptic. Moreover, Ly is left
invariant, homogeneous of degree 2, and coincides with its formal transpose;
hence Folland’s theory in [23] applies, and assures the existence of a (2 — Q)-
homogeneous fundamental solution, smooth outside the pole. Let us denote it
by T (x0; ), to indicate its dependence on the frozen coefficients a;; (z¢). Also,
set fori,j=1,...,q,

Lij (zosu) = Xi X [T (o3 -)] (u) -

The next theorem summarizes the basic properties of T' (zg; -) that we will need
in the following. All of them are due to Folland [23] Thm. 2.1 and Corollary
2.8] or Folland-Stein [24, Proposition 8.5] (see also [6]).

Theorem 3.1 Assume that the homogeneous dimension of G is Q > 3. For
every xo € ) the operator Ly has a unique fundamental solution T (xo;-) such
that:

(a) T (z0:) € C (R \ {0});

(b) T (zo;-) is homogeneous of degree (2 — Q);

() for every test function f and every v € RY,

f) :/ F(xo;uflov) Lof(u) du;
RN
moreover, for every i,j =1,...,q, there exist constants cv;(xo) such that
X X; flv) = P.V./ Li; (xo; uto v) Lof(u)du + a;j(zo) - Lof(v); (3.1)
RN
(d) Tij (z05-) € C= (RN \ {0});

(e) T'yj (zo;-) is homogeneous of degree —Q);
(f) for every R >r >0,

/ Lij (wo; ) do = / Lij (zo; ) do(x) = 0.
r<d(0,z)<R d(0,z)=1
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Here and in the following,

PV. / (...)dy = lim (...)dy = 1irn/ (...)dy.
20 d(a,y)>e 20 p(a,y)>e
The cancellation properties stated at point (f) still hold with d(0, z) replaced
with ||z
A second fundamental result we need contains a bound on the derivatives of
T, uniform with respect to g, and is proved in [6, Thm. 12]:

Theorem 3.2 For every multi-index [3, there exists a constant ¢ = ¢(f8,G, A)

such that
) B

sup — ) Ty (z;u)| < ¢

Jull=1 (3“) K

e
for any i,j = 1,...,q; moreover, for the a;;’s appearing in (31)), the uniform
bound

sup |a; ()] < c2 (3.2)

e

holds for some constant ca = co (G, A).

The above theorem will be useful but not sufficient for our aims. In § 6 we
will also prove the following uniform bound:

Theorem 3.3 For any nonnegative integer p, there exists a constant cp , such
that for any 1,22,y € RN we have:

’XilXig-'-XipF (:101, y) — XilXig'-'XipF ($2, y)’ (33)
< eapllA(x1) = A(w)|| ly)*~977

where the differential operators Xi; (i; € {1,2,...,q}) act on the y-variable and
A={a;}] ;-
7,j=1

Here ||y|| is the homogeneous norm in G, while |A (z1) — A (z2)| denotes
the usual matrix norm in R29.

By the representation formula B1I), writing Lo = L + (Lo — L) and then
letting = be equal to xg, we get the following:

Theorem 3.4 Let u € C° (). Then, fori,j=1,...,q and every x € §)

q

XiXju(z) =PV /Q Dij (zy " ox) D fank(x) — ank(y)] XnXkuly) +
k=1

(3.4)
+Lu(y) } dy + ay;(x) - Lu(z).

The previous formula still holds, for a.e. x, if u = v with v € S*P(Q) and
» e C5 ().
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In order to rewrite the above formula in a more compact form, let us intro-
duce the following singular integral operators:

K;;f (z)=P.V. /Q Ly (zy~ ' ox) f(y)dy. (3.5)
Moreover, for an operator K and a function a € L (£2), define the commutator
ClK,a](f) = K (af) —a- K (f). (3.6)

Then ([B4) becomes

q
XiXju=Kj(Lu)— Y C[Kij,ans] (XnXpu) + o - Lu (3.7)
h,k=1

for any u € C§° () ,4,j=1,...,4q.

Next, we are going to expand the “variable kernel” I';; (z;u) in series of
spherical harmonics. At this point it is more convenient to use the p-balls
(defined by the quasidistance (Z2))), which have the property that B, (0,r) =
D (r) Bg (0,1), where B stands for the Euclidean ball.

Let us denote by

“

a complete orthonormal system of L? (¥ ) consisting in spherical harmonics;
here m is the degree of the harmonic homogeneous polynomial Y,,, and g,, the
dimension of the space of harmonic homogeneous polynomial of degree m in N
variables. Then, as in [6], for any fixed x € Q, y € ¥, we can expand:

gm
(z; *iZcm YkL) fori,7=1
ZJ y - ij ||yHQ ) =44
=1k=1

where ¢y = D (||y|\_1) y, so that ¢y € Ty.

We explicitly note that for m = 0 the coefficients in the above expansion are
zero, because of the vanishing property of I';; (x;-). Also, note that the integral
of Yim (y) over X, for m > 1, is zero. Then

Kij (f) (@) = > (@) Tem f () (3.8)

with

(3.9)

18



We will use the following bounds about spherical harmonics:

gm < c(N)-mMN~=2 for every m =1,2,... (3.10)
9 B
’(%) onl)

Moreover, if f € C*(Xn) and if f(z) ~ >4, bkm Yem() is the Fourier
expansion of f(z) with respect to {Yim }, that is

gc(N)-m(¥+w) forzxe XN, k=1,....9m,m=1,2,....

(3.11)

bkm = () Yim (x) do(x)
XN

then, for every positive integer n there exists ¢, such that

((%)5 f@).

In view of Theorem B2 we get by (B12]) the following bound on the coefficients
ci—“jm (z) appearing in the expansion ([B.8]): for every positive integer n there
exists a constant ¢ = c¢(n, G, A) such that

|bhn|§(%'7n7%lsup
[B|=2n
TEXN

(3.12)

sug ‘cfjm (3:)| <ec(n,G,A)-m™" (3.13)
S

foreverym=1,2,...; k=1,...,9m;%,j=1,...,q.
We will also need a bound on the LMO;,. seminorm of these coefficients
and the functions oy;:

Theorem 3.5 For every n > 0 there exists ¢, > 0 such that

km —2n
[Cij }LMOLDC(B(E,Rl;Rg)) S e m ’ [A]LMOzoc(B(E,Rl;Rz))

for any k,m,i,j, R1 < Ry (with ¢, independent of R1, Ra). We have set

[AlLrtoy,. (B RiiR)) = Sib 1) L1010 (B Rr:R2)) -

)

Also,

[aij]LMOLDC(B(E,Rl;Rg)) <c [A]LMOZOC(B(E,Rl;Rg)) : (3.14)
For the proof of the above Theorem we need the following:
Lemma 3.6 With the above notation, we have:
a (@) == [ X;T(2,9) > bak(y)vi do(y)
N k=1
where v = (v1,Va,,...Uy) is the outer normal to X (hence vy, = yi, but this is

irrelevant) and X; = Zzzl bi(y) 0y, -
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Proof. We follow an argument in [22] proof of Proposition 2.11]. Let n be
a cutoff function such that 0 < n < 1, n(y) = 1 for ||y|| > 1,n(y) = 0 for
llyll <1/2, and let . (y) =n (D (1/ (€)) y) . Reasoning like in the quoted proof,
it is enough to show that

A o) = /nylox|<5 Xi [0 (y™" 0 @) X (wo,y ™" o) ] dy —

—— | X (20,9) Y br(y)vi do(y)
XN k=1

for e — 0. Namely, a;; (v) = lim.,0 A5; (z,2). Actually the frozen point z¢ is
irrelevant in this calculation, so we will drop it, writing A; (z),I' (y), etc. We
can write:

A= [ e X XX o) dy =
ly=toz|<e
= / [(Xine - Xy + 0. - Xs X;T] (y) dy.
lyli<

Then, since X; [n- ()] = X: [n (D (1/2)y)] = £ (Xin) (D (1/2) y) and T'is 2— Q-
homogeneous, the change of variables y = D (¢) w gives

As () = Xi XJF XZXJF w) dw = Xl XJF w) dw.
‘ (2) /”w”<1[ n-X,T 4+ ] (w) /” - X,T] (w)

Next, we apply the divergence theorem, recalling that X; f (w) = Y _1_ bik (), [ (w) =
> i1 Ow, [birf] (w) . Then, letting v, be the k-th component of the outer normal
at the surface ||w|| =1,

As(z) = — X;I birvi | (w) do (w) = — X;r birvr | (w)do (w),
5 @) /”w”_lln %4() (w) /lwl_ll kz_jlkk]m (w)

which gives the desired result. m

Proof of Theorem from Theorem [3.3l First of all, since the vector
fields X7, ..., X, satisfy Hormander’s condition, any derivative DgFij (z,y) can
be expressed as a linear combination of derivatives X;, X;,...X; I'(z,y), for p
large enough. Therefore, (B3] implies also the following

|DET; (21,y) = DITj (22, 9)| < ea s A1) = A @) y>~ 9. (3.15)

Then, let B, be any ball centered at some point of B (T, R;) and contained in
B (%, R2). Since

ok (z) = / Ty (@) Yo ) o),
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we can write:

@) = () = [ [rij (er9) - (F1| /o) dx)} Yien () do (1)
= /Z L (,y) Yem (y)do(y).

Then, by [BI2)), we know that for every positive integer n there exists ¢, such

dx,

that
B
A @ - () e s (1) gt
’ |8l=2n, yesy | \OY
— ¢, m2n B sup DTy (z,y) — B /B DTy (u,y)du|.  (3.16)
=an, YyernN T r
By (I3) we have:
1
AA Dgl"ij (x,y) — B |/B Dgl"ij (u,y) du| dx
— m : - : [DyFij (z,y) — D, Ti; (u,y)] du|dzx
< m m ‘Dy Lij (z,y) — D, T (u,y)’ dudx
< ca lyl* 9~ |B|/ 7 L 14 - A ) dus
< 2o = )= / Au
|B:| /B,
(where ||-|| inside the last integral just denotes the matrix norm). Therefore by
BI18) we have:
! ckm(z) — (C’?m) ’ dr < ¢ .m—%.i A(z) — 1 A(u)du
| B: | Y VBT |B:| /B, | B: |
and
[ijm]LMO <co-m™ (Ao -

Next, we prove (B.14). By Lemma [B.6l we can write

aij(zv)—(aij)BTz—/EN [l" x,y) |B|/ wydw}Zblk Yk do(y
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so that, by 33),

1
iy (0) = @)y | < [ D@ - [ T ww)de) doy) <
YN |BT| B,
1
<c [ g [ e =T ] o) <
YN r B,
1
<e [ g [ @) =T el dvdo(y) <
YN B,

<c / |B|/ 4 (2) =A@ ly]~ dw doy) =
N
|/ 14 () — A (w)]| duw
Qi (o dwdx <
|B|/ @) = (i), do < |B| BT|B|/ (W
as before
<c — A()| dx
B, By “‘

which gives the desired bound on LMO norm of a;; in terms of that of the
matrix A. =
4 Singular integral estimates

The main object of this section is to prove the following two theorems, which
will be the key tool in order to derive our local BMOP estimates from the
representation formula ([B.7]).

Theorem 4.1 (Singular integral estimate) If K;; are the singular integral
operators defined in (B0, then for any p € (1,00) there exists C > 0 such that:

(Kij A atos,. (8@ r3r)) < C (1 + [A]LMO“’“(Q)) .
1flze(BGz,R)
(lonon.oimom + raes

for any ball B(Z,3R) C Q,f € BMO! (B (T, R;3R)) with sprtf C B (T, R).
The number C depends on p, G, A.

Theorem 4.2 (Local commutator estimate) Let b € LMO;,.(Q?), K;; as
before, and C [K;;,b] the commutator, defined as in B8). Then for any p €
(1,00) there exists a constant C' and two absolute constants K > H > 3, such
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that for any R > 0 with B (T, KR) C Q, any f € BMO;, (B (T, R;3R)) with
sprtf C B(T, R),

[C'[Ki5,0] flBrmo,. (B Rs3R)) < C (1 + [A]LMOZOC(Q)) [blLr0n,. (B@ HRKR))

1
S flBrMOL,.(B@ R3R) + ————7 I fllLrB@.R) ¢ -
{ toc(B(@,R;3R)) |B(E7R)|l/p ?(B(z,R))
The number C depends on p, G, A, but not on f,b, R. This means in particular
that, if b € VLM Oy0c(R2), then for any € > 0 there exists R > 0 such that

C[b]LMozoc(B(f,HR;KR)) <e.

The above two theorems will be derived exploiting the expansion in spher-
ical harmonics and the bounds on the corresponding coefficients discussed in
the previous section, applying similar theorems regarding singular integrals of
convolution type (modeled on spherical harmonics), and a multiplication theo-
rem (see next Theorem [3]). Therefore the plan of this section is the following:
after establishing some basic estimates regarding BM O type norms (§ 1), and
particularly the aforementioned multiplication theorem, we will state and prove
singular integral estimates for convolution kernels (§[4.2]) and then we will prove

Theorems (1] and (§ [43).

4.1 Preliminary real analysis estimates

Throughout the following, we will need a localized version of two well-known
facts, namely a multiplication theorem and John-Nirenberg theorem.

Theorem 4.3 There exists an absolute constant K > 3 such that if f € BMO?. (B (T, R; KR))

loc

for some 1 < p < oo, and ¥ € L™ N LMO,. (B (T, R;3R)), then ¢f €
BMOP. (B (T, R;3R)) and

[ enon,. @ rary) < C (||7/’|\Loo(3(f,3R)) + [‘/’]LMOLDC(B(f,mR))) :

I fllr(B@ K R))
: ([f]BMOLDC(B(ER;KR)) + |B(z, R)|l/p ’

with C = C (G).

Proof. Let n be a positive integer such that 2"r < 3R < 2"tlr. We set
By = B(x,2"r), with k= 0,1, ...,n. Since pr |f = fB,ldz <2 [ |f — fB,|dx
for p < t, we have that for f € BMO? (B (z, R;13R)), B(xo,r) C B(Z,3R),

loc
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xo € B(E, R)

|fB(;E0,r)| < Z |ka - ka+1| + |an+1|

k=0
gfji @) = fulde + = | (a7
k=0 B| Bpy1 |B($7R)| :
c
— d — T
> Z/2k+1 |Bk+l| B4 |f(x) ka+1| v |B(f7 R)ll/prHLp(B( TR)
2k t2y
Q 1 ds ¢
<e - o, dz— R(= R\I1/p z
< z:/zk+1 2k+1 B0 )] Joeens |f (%) = fB(2o,s)ldT . + B, R)ll/p”f”LP(B( J7R))
2" s

- &
<cf ?[f]BMOzoc(B(E,R;ISR)) + W”][””(B@’m))

/p | flle(B@7R))- (4.1)

< clog — [f] TR —
> r BMO;,.(B(Z,R;13R)) \B(Z,R)|

Then (see also Lemma 2.4 in []])

1
W/Bm Y [ f = (0 f)Bwo,r|de

|fB(m0 r)|
07 = 0D ptemlde = ZZED (g () ds
|B Zo, T |/ (zo,r) ) |B(£L’Q,T)| B(zo,r) B )
|fB(m0 r)|
+ : ¢— ¢ x0,T d!E
|B(x0,7)| JB(z0,r) W= (s
2

W}Hf - (f)B(mo,r)|dI

| (‘TO? )| B(zo,r)

3R 1
c {10g — (Fervon,. (B@ r3R) + Wﬂfﬂmw(z,m))} :

1 /
. ¢ - dj xo,T dx
|B(xo,7)| B(wo,r)| W)

< dlYllelflBmor, (@ R3Rr) T W] Lro,,. (B r3R) [1BMOL.(B@ RA3R))
| f e (B, 7R))
+c ["/’]LMOZOC(B(E,R;BR)) |B(z, R)ll/p

|
From Theorem [£3] we can derive also the following (see also Lemma 4.12 in

18]):

Corollary 4.4 Let ¢ € C' (B (z,R)) such that, for somet < s < R, ¢ = 1
in B(z,t), ¥ = 0 outside B (x,s), ¥ <1 and |Dy| < ¢/ (s —t). Then for any
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f € BMOy,. (B (Z,R; KR)) one has

C £l ze(B= K R)
F¥lsron.meram < Tp ([f]BMom(B(f,R;KR)) T BER )

The proof of the following John-Nirenberg Theorem is similar to the proof
of Theorem A in [28§].

Theorem 4.5 There exist positive constants c1,c2 and o > 1 such that for any
f € BMOo.(B(T,R;aR)), any ball B(xzo,r) C B(Z,3R) with o € B(T, R),
and Y\ > 0, we have

{z € B:|f(z) = fo] > A} < crexp(=caM/[f]BroOy.. (B Riar)) )| Bl -

In a standard way it is also possible to prove

Corollary 4.6 Let f € BMO;,.(B(T, R;aR)) and 1 < p < +00. Then there
exists a constant ¢ = c(p) such that

1/p
sup fB T,r | dy <
z€B(Z,R), B(w r)CB(Z,3R) <|B {E T |/ mr) (wr) )

< clflBMO.. (B@, R;aR))

with « > 1 as in the previous theorem.

We now state and prove some further preliminary results which will be useful
in the next subsection.

Lemma 4.7 Let f € BMOy,. (B (%, R;5R)) and B = B(xo,7) C B(T,3R),
xo € B(Z,R). Then V3 >0

|f(y) — 5l C
76@ <5lf ve(B(T
/B(m,R)\B(aco,%‘) d(Io,y)QJrﬁ [ ]BMOL (B(@RiER))

where C' depends only on Q and (3.

Proof. Set By, = B(z¢,2"r), k =0,1,2,..,n, with 2"r < 2R < 2"F1p,

1
— = | — — d
‘ka+1 ka| ‘lBk| /Bk(f ka+1> y‘
20 0
— |Bk+1| B |f(y) - ka+1|dy S 2 [f]BMOloc(B(TvR§5R)) ’
k41

from which
|fBiir — IBo| < (k+1)2°[f]prron,. (B R5R)) - (4.2)
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Then

|f(y) — 1l / |f(y) |
) = Jel o EAC b L1
/(z R)\B(z0,2r) d(xo y)QJrﬁ B(zo, 2n+1r)\B(x0 2r) d(zo,y)@+P

n
/() = /Bl
;/Bk+1\3k 'IO y Q‘i’ﬁ Z‘/Bk+1 T2k Q‘i’ﬁ

c

< I(y) — fBldy 4.3
; o el ) 5, @)~ 10 (4.3)
n C
<> 5 ([flBMOL.(B@E.R5R) + | [Biys — [B])
= (2)
by (@.2)
+oo c
< 2 (T2k> 52+ E)flBMOL..(B@ R5R) < pr) [f1BMOy.(B@,R5R))-
| |

Lemma 4.8 Let f be in LM O, (B (T, R;5R)) and B = B(xo,r) C B (%, 3R),
zo € B(Z,R). Then V3 >0

|f(y) — Bl ¢
dy S [f] oc z,R; )
/(z R)\B(zo,2r) d(20,y)9F8 8 (1+ log 2£) FMOtoc (B 151)

where C' depends only on @ and (3.

Proof. The proof is similar to that of [@Il). With the same notation, we have

2¢ c
’kaH - ka’ < W[f]LMOzoc(B(T,R;SR)) = m[f]LMOloc(B(T,R;5R))
2k+1,p
from which
k+1

|ka+1 _fBo| <c

m[f]LMOzOC(B(E,R;sR)) .

Then [3) gives, recalling that 2"r < 2R < 27 F1y
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/ |f(y) |
B(z,R)\B(zo,2r) A(T0,y)9TH

<|Bk+l|/3 )_fB’“+1|dy+|ka+1 _fBo|>
k:l k+1
- 1

kE+1
D

+ T,R;
P 1 <1+log( T) n—k+1> [flLrO. (B@ R5R)

n

c 1 k+2
_ﬁ[f]LMOzoc(B(z R;5R)) ; kB (m)

IN

IN

7“2’C
r2k

| AN

IN

c n+1 k+2
B@+kg@§»VhM@“w@ﬁ“mZ;2w (n—k+1)

C
] [f1L00ye(B@ Ri5R))

P (1 + log 28

z":n+1 k2 N\ _~kt2( 0 K

286 \n—k+1) 2k n—k+1
(k+2)(k+1)

k=1
2k,8 = Cﬁ.

IN

since

M I1M-

IA
T

4.2 Estimates for singular integrals of convolution type

In this section we prove the BM O-type estimates for singular integrals and their
commutators. Here we deal with the convolution kernels Hy,, defined in (3.9).
The explicit form of the kernel is not important; it will be enough to point out
the relevant properties which we will use. So, let

k(x,y) =ko (yil ) a:)

be one of our singular integral kernels, defined in the whole RY. The following
properties hold true (see [6], Prop. 1]):

—_— xr N .
Ik(:v,y)lﬁd(x’y)Q Vr,y € R (4.4)
(e, ) — (o, )| + Iy, 2) — k(y,xonsze% (45)

for any zq,r,y € RY with d(z¢,y) > 2d(zo, 7).

/ k(x,y)dy:():/ k(y,x)dy
ri<d(z,y)<ra r1<d(z,y)<ra
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for any 0 < r; < rg < oo.
The last property requires some comments. It is known that the integral of
Yim (y) over Xy, for m > 1, is zero. This also implies that

/‘ k@wﬁ@=0=/ k(y,x)dy
ri<p(z,y)<ra ri<p(z,y)<ra

for any 0 < 7 < ry < o0, since B, (0,7) = D (r) B,(0,1) = D (r) B (0,1). It
is less obvious that this vanishing property still holds with respect to d-balls.
However, this is true in view of the homogeneity of d (see Proposition[2.2]), that
is a homogeneous norm.

Let now

Tf(e) = PV. [ k) f ) dy

R
All the quantitative estimates that we will prove in this section on the operator
T will depend on k only through the numbers A, B in (£4)-(Z3]). We will show
in the next section how to quantify this dependence in the case of our concrete
kernels Hy,,.

Throughout this section, let B (Z, R) be a fixed d-ball such that B (T, KR) C
Q for some large K > 0 which will be chosen later. We are interested in studying
Tf (z) and its commutator for sprtf C B (7, R) and € B (T,3R), hence for
d(z,y) <4R. So, let ¥ (z,y) = 1o (y~ o x) be a cutoff function such that

B (0,4R) < vy < B(0,5R).

Hence for sprtf C B (7, R) and « € B (Z,3R),

Tt = [ Renfdy= [ ke v =T,

We will also let

k(z,y) =k (z,9) ¢ (z,y) -
Note that for any z € B(Z,3R),g € L}, (RY) we have

loc
To@) = [ k) ds
B(z,8R)
Note that the cancellation property
/ k(z,y)dy =0 Vry <rg
ri<d(z,y)<ra

implies that
/ k(z, )¢ (x,y)dy =0 Vry <re
r1<d(z,y)<ra

and so _
T (c) =01in B (%,3R), for any constant c. (4.6)
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Now, for b € LMOy. (B (7, R;KR)), f € C° (B (T, R)),x € B (T, 3R)
T, () = [1,8] () (2) = T (bf) (2) ~ b () Tf ()
= [ E @b ~b@) f ) dy
= 70| (N (@) =Thf (@)

Note that for € B(Z,3R) and g € L}, (RY) we have

loc
Tl @@= [ ke be)-b@lgwd
B(z,8R)

which is meaningful provided b is defined in B (Z,8R) (hence, we will pick K >
8).

The aim of the previous definitions is the following: on the one hand, we
want to define a “local” commutator, without the necessity of extending the
function b to the whole space RY; but, on the other hand, we need to preserve
the strong cancellation property (L)), which will be essential in the sequel.

Theorem 4.9 Let T be a singular integral operator as before. There exists an
absolute constant K > 3 such that for any ball B (T, KR) C Q we have

(T f1BMO,,. (B@ R3R) < | flBMOL.(B@ RKR));
<c

[T flomon,. (B@R:3R) < clflLrmo,,.(B@ R:KR))

for any f € BMO,. (B (Z,R; KR)) (or LMO,,., respectively) with sprtf C
B (z, R), some constant ¢ independent of R and f.

We recall that the singular integral operator 7" and the commutator T} are
continuous in L? (see [7] and [I1]). Moreover we note that in [§] a general
continuity result for singular integral operators on the scale of spaces BMOgy
has been proved, which in particular applies to BMO and LMO. However,
the bounds we need here are formulated in terms of local BMO and LMO
spaces; moreover, the strong cancellation property we can rely on makes it easy
to present a short self-contained proof.

Proof. We are going to prove the second inequality; the proof of the first follows
by the same reasoning, just dropping all the “log” functions.

Let B = B(x0,7) C B(Z,3R) with o € B (T, R). Since sprtf C B (T, R)
for # € B(Z,3R) Tf (z) = Tf (z), so in the following we will always handle T'f
instead of T'f. Let us split

f(x) = fop + (f(x) = faB)X2B (%) + (f(2) — f2B)X(2B)- (¥) = f1 + fa(2) + f3(2).
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By (4.0), val =0, hence for any c € R

1+ log 82 |/‘
Tf(z ‘ x
|B|
1+1og—/ ~
<2———= ’Tf$ —c‘dw
Bl
1+ log SE ~ ~
§2& (/ ’ng(x)‘dx—i—/ ‘Tf3(x)—c’dx)
|B| B B
=I+11.

By Holder and John-Nirenberg inequalities and the L? continuity of T we

have
B 1/2
1<2 (mog?) <ﬁ / |Tf2<x>|2)
1/2
(1+1og 6R> <|B| IR >|2dx)
12R 1/2
<c (1 + log — ) (|2B|/ ng|2d£L')

<c [f]LMOzoc(B(T,R;GR))-

To bound I1, pick z* € B such that ng( *) < 400 (this is true for a.e.
2* € B since Tfs € L2 (B)) and choose ¢ = T f3(z*). Then for any = € B, by
#8) we can write, by [£.5]

O] = | [ [fo) -] sata

/ [ié(x, 9~k 0)] 1) Fos dy
B(z,8R)\B(z0,2r)

Tf3(z) — Tfs(x

d(x,x*)
< C/ ——————=f(y) — faBldy
B(%,8R)\ B(wo,2r) 4T, y)QH' W) = o]

< cr/ |f(y) — {22+31|
B(#.8R)\B(wo,2r) 4(T0,Y)

Applying Lemma .8 with § = 1 we get

|f(y) — fB] c
dy S [f] Oioe z,R;
/BmsR)\B(xovzr) d(wo, y) ! r (1 + log 2R) M Oec (B RIHD

for some large constant K (independent of R), hence

IT < [flLmo,.(B@ RKR))

and we are done. m
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Remark 4.10 In the previous theorem the number 3 has nothing special: we
will also need, in the following, a modified version of the previous estimate:
given a constant K > 3 there exists a constant K' > K such that for any ball
B (Z,K'R) C Q we have

[T flBron..(B@R:KR) < clflBMO,,.(B@ R:K'R))}

<c
[T flomon,. (B@ R3R) < clflLro,,.(B@ R:KR))

for any f € BMOjo. (B (T,R; K'R)) (or LMO),, respectively) with sprtf C
B(Z,R).

Theorem 4.11 Let b € LMO;0.(Q2), then for any p € (1,00) there exists
a constant C such that for any R > 0 such that B(T,KR) C Q, any f €
BMO?, (B (%, R;3R)) with sprtf C B (T, R),

loc

[Ty f1 0Oy, (B R:3R) < CDLMO. (BF AR KR)):

1
W”f”LMB(m,R))} - (4.7)

The number C' depends on p and the constants of the singular kernel of T, but
not on f,b, R. This means in particular that, if b € VLM Oj0.(Q2), then for any
€ > 0 there exists R > 0 such that

: {[f]BMOZOC(B(:E,RﬁR)) +

Clbl a0y, (B@ AR KR)) < E-

Remark 4.12 Again, the absolute constant 3 appearing in the previous esti-
mates is not so important: replacing 3 with a larger number simply causes the
constants K and 4 be replaced by larger constants.

Also, note that by [12, Thm. 7.1],

HbeHLP(B(T,BR)) < ClblLnmo,.(B@aR:KR)) ”fHLP(B(T,BR)) (4.8)
which, coupled with the above theorem, gives, for a function f supported in

B(z,R),

1T fll saror

loc

1
' {[f]BMozoc(B(f,RﬁR)) + (1 + W) ”f”LP(B(E,R))}-

Proof of Theorem .11l Since we want to bound Ty f (x) for f supported
in B (%, R) and = € B(Z,3R), as remarked at the beginning of this section we
have

(B(,R:3R)) = ClOlLrO1,. (B@ ARKR)):

Tof (x) = Tof (x),

hence from now on we will work with Tb.
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Let B = B (x0,7) C B(Z,3R) with 2o € B (T, R), and let us split, like in
the proof of Theorem

f(x) = fap + (f(z) = faB)xeB(x) + (f(x) = foB)X(2B) (%) = f1+ f2 (x) + f3 ()

from which

Tof — (Tof)s = (Tofr — (Tof1)B) + (Tofo — (Tofo) )+
+(Tofs — (Tofs)p) = T+ 1+ IIT.

Then, since f is constant, we have Tf; = 0 (see (£6)), hence

=T(bfr) — 1(Tb)p = f1(Tb— (Th)p)
hence by (@) and Theorem we have

IBI/ I|dz = |‘|%B||/B|Tb—(fb)3|dx

3R
c {log S [f]BMOLDC(B(i,R;mR)) +

1 - ~
'ﬁ/ | Tb — (Tb) |dw

g % 11 L g
14+ 10g 6R BMO,.(B(%,R;13R)) |B (T, R)|1/p L?»(B(z,R))

14 log /
: |Tb B|dw
Bl

1
WWHLF(B@R)) :

1
WWHLP(B(E,R))

1
W”f”ﬂ’(B(T,R)) :
(4.9)

< [Tt Loy, (B@ R3R) {[f]BMOZOC(B(m,R;lb’R)) +

< clblLymo,.(B@ R KR)) {[f 1BMOL,. (B Ri13R) T

Now we consider

1 1 ~ ~
E/Buﬂdx = E/ |be2 - (be2)3|d$

< 157 [ Bosalds < 2B 2T ol oy

by Hélder inequality. Next, we apply the L? boundedness of fb. The local
continuity result on the commutator of T} in LP proved in [12, Thm. 7.1]

implies that

I Ts foll n2(B@z3r)) < clblBaron. (B@arkr) | f2ll 12 (BE3R))
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for some absolute constant K > 4, with ¢ independent of R. Hence, since
B (z0,7) C B(Z,3R),

1
< BBl srron,. (B@arx r) 1 f2ll L2(Bzo,2r)
1/2
= c[b]BMO,,.(B(® ARK R)) <|2B|/ — faB| dl‘)
< bl Bro,,.(B=ar:kR) f]1BMO,,.(B@ R:KR)) (4.10)

where we have used also Corollary .6
Last, we come to

ITT = T(bfs)(z) — b(x)T f3(x |B|/ Ty f3)(2
((b—1bp) f3) = (b—bp) T fs+
1

T
- <ﬁ [ T -t - [ 06 - )T a1z )

= —(b(x) = bp)(T f3(w) — T fs(0)) — (b(x) — bp)T fa(o)+
|B|/ = bp)(Tf3(2) = T fs(wo))de+

“iB /B[T((b —bp)fs)(2) = T((b— bp) f3)(x)]dz
=1L+ 111, + 1113+ 111y .

First, we want to bound, for x € B,

/ (k. ) — M0, )(F(y) — fap)dy| <
R"\2B

Tfs(z) — Tf3(330)‘ =

d(xg.x)
<c _— — d
- /B(177R)\B(mo72r) d(:vo,y)Q“'f(y) fasldy

d(l‘o, )
=c 0T f(y) — fonldy+
/B(z,R)\B(wo,2r) d(wo,y)@t?

+c/ d(zg, x)
B(z,7TR)\(B(#, R)UB(z0,2r)) A(T0,y)9T!
=I+11
By Lemma [£7 with 8 =1
|f(y) — Bl / |f5 — f28]
I <ecr / —————dy + S Norl WY
< B(@,R)\B(x0,2r) A(T0,y) 9T B(#,R)\ B(xo,2r) A(0,y)?T!

1
<ecr {;[f]BMOlOC(B(T,R;5R)) + = IfB - szI} c[flBMOL. (B R5R))-

|f(y) — faBldy
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Since sprtf C B (7, R),

d(zg, x)
11 =l fon] 0y < ol fon|
B(z,7TR)\(B(#, R)UB(z0,2r)) (0, )@t
by (€.
3R c
< clog — [f] R + ——— I fllr (B, R))-
r BMO,,.(B(Z,R;13R)) B (3, R)|1/p P(B(Z,R))
Therefore

~ ~ 3R
Tf3(x) - Tfs(ﬂﬁo)‘ <c (1 + log 7) (15700 (B@,RA3R) T

C
+ WHJCHLP(B(E,R))

which implies

1 1
E/Bﬁllﬂdxg E/B|b(:c)—b3|d:c- (4.11)

c

7p ”f”LP(B(T,R))}

3R
e 1+10g7 [f]BMOzoc(B(TﬂR;lgR))—’—W

<c [f]BMOloc(B(f,R;BR)) [b]LMoloc(B(f,R;SR))+
(&

+ W Ifllr (B R) [b] BAMOL,. (B, R:3R))-
z,

and

1
] /B [[1I5|dz < c[flgnro,,. (8@ R13R) [PlLro,.(B@ Ri3R)) (4.12)

C
+ W||f||LP(B(5,R))[b]BMoloc(B(f,R;m))-

In order to bound 115, we now start proving that T f3(xo) exists and satisfies
the estimate

‘Tf3(330)‘ <c <1 + log (g)) [f]BMOL,.(B@, Ri5R)) - (4.13)

Indeed, let j =1,2,...,n with 2"r < TR < 27+1p, B; =B (xo,er). Then (here
we have to modify the technique previously used, to exploit the cancellation
property of the kernel k)

k(xo,y)(f(y) — f2B)dy

’Tf3(330)’ =

/B(:E,GR)\B(m(),QT‘)

/ (...)dy—/ (.)dy| =|A-B].
B(zg,2"t1r)\B(zo,27) B(zo,2"+1r)\B(Z,6R)
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|A|<Z

by the cancellation property of Kk

<X [ amgal - sl

j=1

<c / — fB. |dy
Z |BJ+1| B J+1

4R
< enlflBmos,. (B R5R) < C (1 + log <7)) [f1BroO,.(B@.Ri5R))-

/ k(wo,y)(f(y) — fo5)dy
Bj+1\B;

n
j=1

[ o)t - o)y
Bj+1\B;

On the other hand,

Bl< [ R0, 9)(7(0) — fon)|
B(z0,2"t1r)\B(Z,6R)

&
> f fop)|dy < fy) — fap)|dy (4.14
7 o = Rl < 5 [ 1) = sl dy (410
< |B / an+1+an+1 an +_f2B’dy
n+1| n+1

F(y) an+1|dy+Z\fBM I,

|Bn+1| Bnt1
4R
< en[flBmMO,.(B@,R5R) < ¢ | 1+ log e [f1BMOL,.(B@,R5R))»

hence [@I3) is proved. Therefore

4R 1
|B| / |IIIQ|dZZ? < ClOg ( > [f]BMOloc(B(E)R;SR))E /B |b($) — bB|d$ (415)

< cflBmoy,.(B@ R5R) Dl LMOL. (B R:3R)) -

Now we want to bound, Vz,y € B,
IT((b — ) fa)(@) = T((b— bs) f5) (v)| (4.16)
< |k(x, 2) — k(y, 2)|[b(2) — bpl| f(2) — fap| dz

d(z,y)
c ———67710(2) = bl f(2) — fapldz
/B(T,SR)\B(zo,Qr) d(z, 2)9T!
1

Scr/ ———o7110(2) = bB||f(2) — fapldz.
B(@.8R)\B(zo,2r) A(T0,2)9T!

Let Bj = B (x9,27r), let n be such that 2"r < 9R < 2""'r. Then

/B(T,SR)\B(zo ,27)

<
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\f«b —bp) f3)(@) — m —b5) f3)(y)
/ b(=) ~ bsllf(2) = fosl
Bj+1\Bj d(zo, Z)Q+1

Z T [ ) ballf() ~ fusla

J+1

1/2 1/2
<e b(z) — bg|?dz / f(z) = fapl?d=
ZQJ|BM|</BM|<> | ) (me |

nyq 1 1/2
<c¢) —|—=—— |b(z)—b3|2dz / — fop|?dz .
; 2 <|Bj+1|/Bj+1 |B; +1| B

We observe that, reasoning like in ([Z14)

) 1/2
<— |f(z) = f2B|2dZ> (4.17)

|Bj+1| Bj+1

1 1/2
<l [ 1) = ol
| J+1| Bji1

< cjlflBrOL,.(B@ R19R)) »

'M:

| /\

and in the same way

1/2
/ — bp|dz <c(j+1)bBmos,.(B@ R19R)-  (4.18)
|BJ+1| ]+1

Then, by ([@IT) and [@I8), (£16) gives
IT((b = b)fo) (@) = T((b = b2) fo) ()
I

clb ]BMO;OC (B(Z,R; 19R))[f]BMOLoc(B(f,R;IQR))-

I/\
m|,_.

J + 1 BMOLOC(B(T,R;H)R))[f]BMOlOC(B(T,R;IQR))

| /\

Hence

1
E/ |[[114|dx < c[b]pro,,. (B, r19R) Lf]BMOL. (B(z,R:19R))- (4.19)
B

36



From (4.9), (@I0), (£11), [EI12), (£I15), and (EI9) we have

[T f1 500w, (B @ Ri3R))

C
< cblimo,,.(B@ KR § Lf] = R: +—— | fller(BE.R
toc(B( ) BMO,.(B(%,R;13R)) B (z, R)|1/p ?(B(Z,R))
+ c[blBrvron,. (B@.ar:k R) L] BMOL,. (B@, RiK R) T
+ bl a0, (B@,R3R)) MO (B@RA3R) T
+ ———= I/ v -
 —1/» L?(B(Z,R))YIBMO;,.(B(%,R;3R))
|B (@, R)|'”
+ c[b]Lr10,. (B@ R3R) [f]BMOL,. (B Ri5R) T
+ C[b]BMOZOC(B(T,R;ls)R)) [f]BMOLoc(B(T,R;lgR))
C
< c[blLros,.(B@ AR K R)) {[f]BMOLoc(B(w,R;KR)) + 71||f||LP(B(m,R))}
B (z,R)|""
by Lemma 2.7]
1
< cblLrmor,.(B@ARKR)) - {[f]BMOzoc(B(m,R;SR)) + 71||f||LP(B(m,R))}
B (,R)|"”

and ([{T) is proved. The last assertion in the statement of the theorem then
follows by 23). =

4.3 Estimates for singular integrals with variable kernels

Now we are ready to prove the two theorems stated at the beginning of this
section, regarding singular integrals with variable kernels and their commutator.

Proof of Theorem[d.1l Let f € BMOy,. (B (%, R; 3R)) with sprt f C B (7T, R),
B (Z,3R) C Q. By the expansion in spherical harmonics (8.8) and Theorem 3]

o gm
[ ljf]BMOloc(B :E R 3R Z Z Tkmf BMOLOC(B(m R; BR))
m=1 k=1
o km
Z Z (HC HLoo (B(z,3R)) + [cij }LMOIOC(B(E,R;BR))) '
m=1k=1
| T f | v (Bz.K R))
([Tkmf]BMOLDC w R,KR)) |B(E, R)'l/p

We now apply Theorem with Remark .10, getting

(Tem flprron,. (5@ rxr)y) < €0,Gk,m) [flgao,,. (8@ Rk R))
HTkmeLP(B(E,KR)) <c(p,G, k,m) ”f”LP(B(E,KR))
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where the constant ¢ (p, G, k, m) depends on k,m only through the constants
A, B appearing in ([@4)), (£3) when the kernel is Hy,,. In turn, these constants
are bounded in terms of

w2

sup |Hgm ()] + sup |VHgn, (0)] < ¢(G) -m

Ju|=1 Jul=1
by (3II). A standard linearity argument shows then that actually
c(p,G,k,m) < c(p,G) ‘mz.

Next, we use the bounds on the coefficients ¢} contained in (3I3) and Theorem
They assure that for any positive integer n there exists a constant ¢(n, G, A)
such that

km —an
+ [c) }LMOzoc(B(T,R;SR)) <c(n,G,A)-m (1 + [A]LMOLDC(B(va??’R)))
< e(n,G,A)-m™2" (1 + [A]LMolocm))

Recalling also the bound (BI0) on the number g,,, we

m
HCij HLoo

where A = {a;;}!
get,

7,j=1"

[Kijf]BMOloc( z R 3R)) >~ Z . C(TL, G, A)m72” (1 + [A]LMOIOC(Q)) '

m=1

N | fll e (B R))
~c(p,G) -m?> ([f]BMonAB(m,R;K'R)) YIB@E R
I fllLe (B R))
=c¢(Q) (1 + [A]LMOLOC(S‘!)> ([f]BMOLOC(B(z RK'R)) T W

00

N_o_
E C?’LGA N+5—-2-2n
m=1

I fllzr Bz, R))
=c(p,G,A) (1 + [A]LMoloc<ﬂ>) (V]BMOLM(B(E,R;K'R)) TIB@ R

where we have finally fixed n large enough to make the series converge. So the
theorem is proved. m

Proof of Theorem The proof is similar to the previous one. We have:

oo gm

[C [K1]7b] f]BMOlOC B(IR3R)) Z Z kmC Tkma ]f] BMOoc(B(F,R;3R))
m=1k=1
o0 gm

=C Z Z (HC ||L°°(B (z,3R)) + [CZW]LMOLDC(B@,R;?,R)J ’

m=1k=1
[C [Thm, b] fllLe(B@E K R)
' ([C (Tim: 0] 0101, (B@ e R)) BT R)|/r :




Next, by Theorem [AT11] and Remark [£.12]

N
[C [Tim, Y] flpnion,. (B@ xRy < €0, G) - m2 [blLyvo,,. 5@ HR K R)*

7p ||f||Lp(B(T,R))>

1
| [flemoy,.(B@ R:KR) + ——————
( I T B @ )

while, by the commutator theorem on L? (see (L)),

N
1C [Tkm, ] fllr(B@.xR)) < c(p, G) - m2 blyoy,. @R K R L (BE.R))

Reasoning like in the previous proof we conclude

[C [Kij, 0] flBMOy.. (B@ R:3R) < (D, G, ) (1 + [A]LMOLOC(Q)) [0l L7O,. (B HR: K R))

' <[f]BMOzoc(B(f,R;KR)) + |f|LP(B(E,R))> ;

B @ R)|'"
which by Lemma 2.7 gives the result. m

5 Local BMOP? estimates for second order deriva-
tives

In this section we will prove our main result. As already explained in the
introduction, the proof will proceed in three steps corresponding to the three
subsections.

5.1 Local estimates for functions with small compact sup-
port

Theorem 5.1 For every p € (1,00) there exist positive constants C, Ry, de-
pending on the group G, the numbers p and A, and the VLMO;,. moduli of
the coefficients apk, and an absolute constant K', such that for every T € Q
with R < Ry B (T, K'R) C Q and every u € Sp.»* (B (%, R; 3R)) with sprtu C
B (z, R) we have, fori,j=1,2,...,q,

(B@R3R)) = ¢ (1 + [A]LMOZ"C(Q)) .

[ Lull Le(Bz.R)
. {|Lu||BMofOC(B(f,R;3R)) + " |B(@, R)|\/P

1 X X5 ull g aror

loc

Proof. Let us start from B.1) for u € Sfo’f’* (B (Z, R;3R)) and take BM Oy, (B (T, R; 3R))
seminorms of both sides:

(XiXj ulgnro,,. (B@.r3r)) < Kis (L))o, (8@ rar) T

q
+ Z [C [Kij, ank] (Xn Xk u)]B]WOzOC(B(f,R;SR)) + [aij - LU]BMOLDC(B(E,R;SR))
h,k=1
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by Theorems 1] 2 3] LemmalZ7] and the bounds B.2), (3:14) on the ay;’s,

| LullLe(B(z,R))
<C (1 + [A]LMOLDC(Q)) {[LU]BMOLDC(B(I,R§3R)) + Bz, R)|[\/P
q

Z [ahk]LMOzoc(B(f,HR;KR)) ([Xth U]BMOLDC(B(E,RﬁR))
h,k=1

+

1

+W||Xth u”LP(B(f)R))) } .

We now exploit the assumption apr, € VLMOj,. (Q2): for any € > 0, by (2.3)
there exists Ry such that for any R < Ry

q
Z [ahk]LMOloc(B(T,HR;KR)) <e.
h,k=1

Choosing ¢ such that

1
C (1 + [A]LMOZOC(Q)) €<3

we get, for R < Ry, Ry depending on the VLM O,,. moduli of the an’s,

q

> XiXiulpo,, (5@ pamy < C (1 + [A]LMOloc@)) '

4,j=1

1 q
[Lulgrion,.(B@ R3R) T BE.R)” | Lull o (B@@,R)) + Z | Xi X ull e (B2, R))
? i,j=1

Also exploiting the known LP estimates on X Xy u (see [6]) we conclude:

q
Z 1Xi X; u”BMOlpOC(B(f,RﬁR)) <C (1 + [A]LMOZOC(Q)) '

i,7=1

[ Lull Le(B@,R)
AWt oy + e

5.2 Local estimates for functions with noncompact sup-
port

To remove from our basic estimate in Theorem [5.1] the assumption of compact
support of the function v we need to use, as usual, cutoff functions and interpo-
lation inequalities to handle the norms of first order derivatives of u. However,
it turns out that the local norms of type BMO? (B (z, R;3R)) that have been

loc
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useful to prove Theorem [5.1] are not adequate to establish interpolation inequal-
ities. Instead, we have to use to this aim the more standard BMO? (B (T, R))
norms, which also allows us to apply directly some results proved in [8]. We
have the following:

Theorem 5.2 For every p € (1,00) there exist positive constant C, Ry, de-
pending on the group G, the numbers p and A, and the VLM O, moduli of the
coefficients api, such that for every T € Q with B (T, Ry) C Q, every t, R’ with
Ro/2 <t < R < Ry, every u € S>P* (B (7, R'))

1
ullg20. - (Bze) < C (W + 1) (HUHBMOP(B(E,R’)) + ”LUHBMOP(B(E,R’))) :

Proof. Fix four numbers R’ > R > s > t > 0 and a cutoff function ¢ €
C§° (B (z, R')) such that

B(%,t) < ¢ < B(T,s).
Then for any function u € S%P* (B (7, R')) we have, by [8, Lemma 4.4, (ii)]:
1XiXjull prror (e = 1XiX5 (ol prrors,e) < ¢ I1XiX5 (bl paror (B,
by Proposition 2.8 (a) and applying Theorem Bl to ¢u on B (T, s; 3s):

1L (w6) |1 (s
< e XX, W)l paror(srmssy scA{nL<u¢>||BMofOC<B<I,s;35»+ T

by @2.4)

1 1
<Oy {[L (ud) prrosE.ry) + ((R 7 + o5t 1) L (u(b)le(B(f,s))} .

Now, by our choice of ¢ and [8] Lemma 4.12]

(L ()l saro(B(z,r))

C C C
S — [Lulgavos,ry) + Go1? [(Xjulpyvo@r)) T Got® (W prioB@,R))

Next, for % <t < R, we pick s = (t + R) /2, hence

c

B0 [Xju]

C
1XiXjull prron Bz < Ca {m [Lulgrio @Ry + BMO(B(z.R))

c 1 1
+ ———u . + + 1| |L(ud)|| o5z
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so that, adding to both sides HXjuHBMOp(B(E T lull saror Bz, and exploit-
ing the estimates on ||ul|g2.»(p(z, gy, Which are known by [6] we can write

1 1
lullg2.p Bz < C {m [LulgrioE,r) + B0 1X5ull 5 aror (B, R))

R—t
1 1

s lullpror sy + | =gz + 1 ) [1Eloae my + el oogammn)] | -
VAT lull saror (B, R)) <(R_t)2+Q/p ) ILull o5z ry) + Ul o5z R)) }

We can then apply the interpolation inequality for BM O seminorms proved
in [8, Thm 4.15] and the analogous interpolation inequality for LP norms proved
in [6, Thm. 21]: choosing R’ > R such that R’ — R = R —t, for some a > 0
and any d > 0 we have

&
”XJ"UJHBMOP(B(T,R)) <4 HXinuHBMOp(B(T,R/))+W H’UJHBMOP(B(E,R’)) :

Choosing 6 = (R — t)® ¢, with ¢ to be chosen later, we get

1
[ull sz (B(z)) < C {ﬁ (Lulgriomery) T € IXiXiul gron e, )

C
+— ||u — pyy T ———= ||U —
(R lull prror (B, r) R0 lull garor (B, R))

1
+ (m + 1) |:||L'UJHLP(B(5)R)) + HU’HLP(B(E,R))} } .

For € small enough we then get

1
||u|‘52,p,*(3(z,t)) < 3 |‘u|‘52,p,*(3(13/))
1
+C <m + 1) (”U’HB]WOP(B(E,R/)) + HL’UJHBMOP(B(E,R’)))

for some v > 0 and any R’ >t > Ro/2. Applying [8, Lemma 4.14] we finally get

1
[ulls2n By < C (W + 1> (HUHBMOP(B(E,R’)) + ||LUHBMOP(B(§,R/))) :

5.3 Interior estimates in a domain

Theorem [5.2] by the same techniques in [8, proof of Thm 4.8] immediately gives
the following;:

Theorem 5.3 For any Q' € Q, with Q,Q reqular domains (see below), every
p € (1,00) there exists a positive constant C depending on 2, @, the group G,
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the numbers p and A, the VLM O;,. moduli of the coefficients any,, such that for
every u € S?P* (Q)

||U||s2vpv*(w) <C (HU‘HBMOP(Q) + HLUHBMOP(Q)) :
We recall that in [8] a domain 2 is called regular if it satisfies the property
|B (z,7) N Q| > ¢|B(x,7)] (5.1)

for any x € Q,0 < r <diamQ. Tt is proved in [§, Lemma 4.2] that, in particular,
a metric ball is regular.

We are also interested in deriving from Theorem a version of the above
estimates involving local BMO norms, which is our main result, stated in § 23]
and does not require assumption (G.I). Namely, we now come to the

Proof of Theorem For fixed Q) € Q3 € Q, let Ry > Ry > 0 be two
numbers such that for any T € Q; B (T, R2) C Q2 and B (T, Ro) C Q.

Pick ¢ < min (%, f2) | then by Theorem and Proposition (a) we
have

HuHSszv*(B(f,t)) <C (HUHBMOP(B(E,%)) + ||Lu||BM0p(B(z,2t)))
<C (HUHBMOfOC(B(EQt,Gt)) + ”LU‘HBMOlpOC(B(EQt,Gt)))

<C (HU”BMOP (©Q,0) T ||Lu||BMOLOC(Q2,Q)> . (5.2)

Recall that the constant C' in the above estimate depends on the domains but
not on 7. Clearly, the norm [|u[|g2., (g, is bounded by a finite sum of IV terms
of the kind [|ul|g2.5(p(z, 1)) - and then is bounded by NV times the right hand side
of (52). Next, to bound the terms

[Xi X U]BMOLOC(QI 0,) T [X; u]BMOLOC(Ql 0,) T [u]BMOLDC(Ql,Qg) )

take a ball B (T, r) centered at some T € ; and contained in Qo. If < ¢ (with
t as in (5:2))) then
1
[B, @) J5, ()

< O (Il paro, (0w + 1l arop, 0n)

|Xinu (y) — XinUBT(f)| dy < ||U||sz,p,*(3(f,t))

If r >t (but B (T,r) C 2) then, exploiting the local S?P estimates of [6],

1
ey} XiXju(y) — (XiXju)p | dy <2 IXX u(y)|dy
| B, (Z)] B, (%) ! 7B | ( )l
1 1/p
<2 | X Xju (y)|” dy < | X jul|
<w<nmm ’ < 7 Lr(02)

< w275 (1l oy + 120l oiey) < 57 (lellmaror, ney + Il maron (@) -
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In any case

[Xinu]BMOLOC(Ql,(b) <C (HUHBMOZPOC(QQ,Q) + ||LUHBMofOC(Qz,Q))

Analogously we can bound [Xju]py0, o, 0,0 T [Upno,,. 01,0, Exploiting
again the local S%P estimates we conclude

ll 2.z oy < € (Il mavrop, @wn + Etlmaror, (@ue))

and we are done. m

6 Appendix. Uniform bounds on the oscillation
of the fundamental solution

The aim of this section is to prove Theorem [3.3] that we have exploited in §
3 to prove LM O uniform bounds on the coefficients cfjm which appear in the
spherical harmonics expansion of I';;. Let us recall its statement:

Theorem 3.4 For any nonnegative integer p, there exists a constant ca
such that for any w1, 2,y € RN we have:

‘XilXig'-'XipF (l‘l, y) — XilXig-'-XipF (1'2, y)‘ S CA,p ||A (,Tl) - A (,TQ)H |y||(2Q)p
6.1
where the differential operators X;, act on the y-variable.

Let us recall again that ||y|| stands for the homogeneous norm in G while
|A(x1) — A (x2)| stands for the usual matrix norm in R??. Actually, the proof
of this theorem amounts to revising some results and techniques contained in
[2], [3] and [4]. Namely, the following fact is proved in [4, Corollary 7.13]:

Theorem 6.1 For any nonnegative integer p, there exists a positive constant
CcA,p such that

’XilXig-'-XipF (:101, y) — XilXig'--XipF (:102, y)’ (62)
< enp A (22) = A2 yl*79 7"

for every i1, ...,ip, € {1,2,...,q}, and for every y € RN \ {0}, where the differ-
ential operators X;, act on the y-variable.

Recall that s is the maximum lenght of commutators required to span RY.

Comparing ([6.2]) with (G.I), one sees that what we need is to replace the ex-
ponent 1/s of the matrix norm on the right hand side of (6.2)) with the exponent
1.

In order to prove Theorem [3.3] we will now revise the proof of Theorem [G.]
given in [4], which proceeds in four steps:

Step 1. The Authors assume G to a be a free Carnot group. Under this
assumption, they consider the evolution operator

HA = 815 - Zainin
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where A = {a;;} is a symmetric positive, constant, matrix, in a fixed “ellipticity

class” Map:
q

AP < Y a6y < AT VE € RY
i,j=1
For this operator H,4 they consider the fundamental solution (“heat kernel”)
ha (z,t) and prove the following estimate (see [3| Theorem 7.5)):

2
x
[y (,6) = hag (2,0)] < ex AL = Ao 179 exp <_%> (6.3)
for z € RV, t >0, any Ay, Ay € M.
Step 2. Under the same assumptions, the Authors extend the previous bound
to the derivatives of h,, proving (see [3, Theorem 7.7]): for any nonnegative
integers p, m, there exist positive constants cy and cy p,m such that

| Xy X, (00)™ hay (2,8) — Xy X5, (81)™ ha, (2,1)] < (6.4)
2
< Cnpn [ A1 = Ag|[V/° £ @HPTI2 05 (_ ] )
cat

for x € RN ¢ > 0, any iy, i, ...,ip € {1,2,...,q}, and any Ay, Ay € M,4.

Step 3. The assumption that G is free in now removed, by a suitable “lifting
result” proved in [2] (see also [3, Theorem 8.3]), so that (G4 is established for
any Carnot group.

Step 4. The Authors prove (see [3, Theorem 3.9]) that the function

+00
FA(x):/O ha (z,t)dt
is the fundamental solution to the stationary operator
La=-> ai;X;iX;.
Then, integrating in the ¢ variable the estimate (G.4) they get
XiyXi,Ta, (@,8) = Xiy o Xi, Dy (,8)] < eapq |41 — AV lyP~977

which is essentially (6.2)).
We are going to show that the following refinement of ([6.3]) can be proved:

Proposition 6.2 Under the same assumptions and with the same notation of
Step 1, we have

2
A (@, ) —ha, (1)) < ca 1 — Ao -t ex _33_||
i, () = s 0] < e 141 = s+ exp L2

for any x € G,t > 0.
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(The improvement consists in the exponent 1 instead of 1/s, for ||A; — As]]).
Before proving this proposition, we collect in the following theorem a number
of results proved in [2], that we will need.

Theorem 6.3 Let G be a free homogeneous Carnot group and let A € Majy.
Then there exists a Lie group automorphism T4 of G, commuting with the di-
lations of G, such that

ha(2,6:€,7) = Ja(x) - ha (Ta, (x) 4, Ta, (§) 1) (6.5)

where hg is the heat kernel for 8y —> X2 on G , which is actually a convolution
kernel:

ha (Ta, (2) 6T, (€),7) = h (Ta, () o Ta, (@), =7)  (6.6)
and has the following homogeneity
ha (D (N) 2, \°t) =t %he (z,t) for any A > 0, (6.7)

while J (x) = |det Jr, (x)], where Jr, is the Jacobian of Ta. Moreover Ja (x)
turns out to be constant in x, and

(ca) h < Ja <ea (6.8)

|Ja, = Ja,| <eallAr — As| (6.9)
(ca) "Mzl < ITa (2)]] < ea |2 (6.10)

|TA1 (‘T) - TAz ($)| <ca HAl - A2|| ) (611)

for any x € G, any A, A1, As € Mjy.
Relations (6.5), [@8), @.9), @I0) are (1.5), (2.19), (2.20), (2.21) in [2],

respectively (note that our symbol h corresponds to I in [2]); for (G.ITI), see the
last line in [2]; ([66]) and (6.7)) are known properties of the heat kernel on Carnot
groups, see also [3].

Proof of Proposition Here we somewhat revise the proof of [3| Theorem
7.5].

|hA1 (:E,t) — ha, (Iat)| = |JA1hG (TAI (I) 7t) — Ja,ha (TA2 (I) 7t)| <
< |JA1 - JA2| |hG (TAI (:E) 7t)| +Ja, |hG (TAI (I) 7t) — he (TAz (I) at)| =I+11I
(6.12)

By (69), the Gaussian estimate for hg and (610):

I <ep|Ar = Agf| =9 exp <_M) <ep||Ar — Ag||[t~ % 2 exp <_M) )

ct ct
(6.13)
while by (G.8)
IT < cplhg (Ta, () ,t) — hg (Ta, (z),1)]. (6.14)

We now need the following
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Claim 6.4 There exists k > 0 such that if ||x|| = 1, then

1
lhe (Tay (2),8) — he (Tay (@), 0)] < ca [ As — Aa]| 2 F exp (——) .

ct
(6.15)
Let us first show how we can conclude the proof using the claim, then we
will prove (G.I5]).
For any z € G, let x = D), (2') with ||2’|| = 1, and let us apply (G.I5),
keeping in mind ([@7) and the fact that T4 commutes with dilations:

Ty,

7

(:E) = TAi (D”z” (,TI)) = DHIH (TAi (:EI)) for i = 1, 2, hence
lhe (Ta, (z) 1) = ha (Ta, () )] =

he <D|m| (T, ()., 2l — )—hc (Dnzn (T, (@), ] — )

2 2
] [l

t t
ha <TA1 (z), —2> —ha (TA2 (z'), 2)
[|z]] [l
e\ Jall?
—-Q xr
< A - Ao [ Iy
<|lz] "7 eal|Ar — Az <||x”2> eXP( 7 )
k
o (N2l Els
=cp ||A] — Aot — | exp|——-] <
t ct

2
< l|Ar — Aol 79 2 exp (‘@) )
C

= [l =€

possibly changing the constant ¢ inside the exp. By (@I12), (613), (6I14) this
implies the result.

Let us now prove the Claim. We will bound the left hand side of (615 apply-
ing Lagrange theorem (in the standard form, instead of the Lagrange theorem
for vector fields which is applied in the proof of [3, Theorem 7.5]).

lhe (Ta, (x) 1) = ha (Ta, (2) 1) < [Ta, () — Ta, (2)| sup Vyha (y, 1)l
YE[Ta, (2),Ta, (v)]
(6.16)
Recalling (6.I0), we now note that for some constants dg, co € (0,1) we can say
that

if |z =1,y € [Ta, (2),Ta, (2)] and |Ta, (x) = Ta, (x)] < do, then [|y[| > co.

We then distinguish two cases.

47



Case 1. [Ty, () — T4, ()] < 9. Then we proceed from (E.16]), expressing
Euclidean derivatives of h¢g in terms of the vector fields X;’s and their commu-
tators, and exploiting Gaussian bounds for hg proved in [3] Theorem 5.3]

sup [ Vyha (y,1)] < (6.17)
YE[Ta, (2),Ta, (2)]
1
<t Q2R. sup exp (—M> < ot~ @/2k exp (——) .
YE[Tay (2).Tay (2)] cat cpt

By (GT6), [6I7) and GII) we get (GI5).
Case 2. |Ta, (x) —Ta, (z)| > do. We then apply ([G.3)) (that is the result
already proved in [3]):

5 ,— 1
|hG (TAl (;C)at) — ha (TAQ ($),t)| <ca ||A1 —A2||1/ t Q/zexp (_E> <
£ _ _ 1/s ,—Q/2 _l
< 5 |Ta, (x) = Ta, (x)]||A1 — A2 /7t exp <
0 ct

by (€11

s ,_ 1 _ 1
<cllA - A2||1+1/ =92 exp <_E> <Ay — Ag| t79 % exp <_E>

since the matrix norm ||A4; — As|| is always bounded in M. Finally, the last
expression can be bound by

1
c||Ar — Ag| t=9/2 F exp (--) ,
ct

possibly changing the exponent inside the exp.
So the Claim is proved and the proof of the Proposition is complete. m
Starting from the previous Proposition one can now proceed following word
by word the arguments of Steps 2, 3 and 4 in [3], concluding the proof of Theorem
0.0l
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