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Abstract

Starting from the three-dimensional Newtonian and incompressible Navier-Stokes equa-
tions in a compliant straight vessel, we derive a reduced one-dimensional model by an aver-
aging procedure which takes into consideration the elastic properties of the wall structure. In
particular, we neglect terms of the first order with respect to the ratio between the vessel ra-
dius and length. Furthermore, we consider that the viscous effects are negligible with respect
to the propagative phenomena. The result is a one-dimensional nonlinear hyperbolic system
of two equations in one space dimension, which describes the mean longitudinal velocity of
the flow and the radial wall displacement. The modelling technique here applied to straight
cylindrical vessels may be generalized to account for curvature and torsion.

An analysis of well posedness is presented which demonstrates, under reasonable hypoth-

esis, the global in time existence of regular solutions.

Introduction

The use of reduced models to study the fluid-structure interaction in compliant vessels is rather
well established. Typical applications range from the haemodynamics of large arteries to the
investigation of hammer effects in hydraulic networks. These models are quite accurate in the
description of the wave propagation phenomena typical of this type of problems and are much

cheaper in terms of computational cost compared to a full three-dimensional model.
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An increased interest in these models in the context of haemodynamic applications has been
driven by the “geometrical multiscale approach” for simulating the mutual interaction between
local and systemic dynamics (see [8],[9],[10]). In this frame, reduced models play the role of
representing the global behavior of the circulatory system or large parts of it, which interact
with local descriptions made by means of more sophisticated models. One-dimensional models
are here of interest because of their capability of accurately represent pulse waves in large arteries
(see [15],[19])).

Simplifying assumptions are usually necessary for their derivation. In particular, it is as-
sumed that the flow is mainly in the axial direction and that the effects of the viscosity are
negligible with respect to the propagative effects under study. Indeed the viscous terms are
either completely neglected, as in [19], or accounted for by a source term, as in [14] and [2].
Here, we use this hypothesis in the set up of the fluid-structure interface condition, where we
do not explicitly enforce a no-slip condition. Moreover we suppose that the profile of the axial
component of the velocity is such that the non-linear advective term in the momentum equation
can be suitably treated. Under these hypotheses we are able to derive a system of just two
equations that describe the evolution of mean flux and pressure. With respect to the derivation
of similar model, we have here avoided to make any assumption that could impede to generalize
the model to curved vessels. Therefore, even if the results here presented are specialized for
straight vessels, the derivation can be generalized to a different metric. Work is indeed ongoing
in this direction and this extension will be the subject of a forthcoming paper.

We mention that in [3] a different one-dimensional model for compliant vessels is advocated,
which does not require any closure assumption on the longitudinal velocity profile. The authors
show that the model is accurate to the second order with respect to the ratio between the
vessel radius length scales. However, this model requires to solve an additional equation and its
complexity reduces its applicability in practice.

The role of longitudinal displacements of the vessel wall has been recently pointed out in
[5]. This work shows their small relative importance for haemodynamic applications, which are
the main concern of the present work. Therefore we have chosen to describe the vessel wall in
terms of a linear elastic and axi-symmetric structure which allows only radial displacements.
Differently from previous works we will not use a shell type representation of the structure

as we preferred to derive the law governing the structure dynamics directly from the Navier



equation, through some simplifying assumptions. By our asymptotic analysis we finally obtain
an algebraic law linking the pressure to the measure of the vessel section, which is constant
on each cross-section as in [2]. The resulting expression is indeed similar to that obtained for
membrane shells, with a correction term that accounts for moderately thick walls. This algebraic
law can be used as a closing relation for our one dimensional model.

The way of reducing the three-dimensional Navier-Stokes system and of handling the bound-
ary conditions proposed in the present article, has been inspired by the derivation of the equa-
tions for shallow water flow introduced in [13] and later refined in [6] and in [7]. In particular we
consider three dynamic boundary conditions prescribing the equilibrium of the stresses at the
fluid-structure interface and one kinematic condition which guarantees the continuity of the ra-
dial velocity at the fluid-structure interface. On the other hand, in [14] and [2] authors force the
longitudinal and the circumferential components of the velocity to vanish at the fluid-structure
interface and they impose continuity of the radial velocity; they take only the radial component
of the dynamic equilibrium equations into account.

The more common one-dimensional models present in the literature, and our model as well,
are given by hyperbolic systems of two differential equations in one space dimension. In [2] a
rather complete mathematical analysis is carried out in the space-time half-plane. In particular
they analyze the blow-up of regular solutions due to the non linear effects in the case that the
system is homogeneous with no source term. They find that, being the typical vessel length
of an artery much shorter than the space required for a discontinuity to develop, the wave
propagation in the arterial system may considered of regular type. In this paper we present a
general well posedness analysis and prove the global in time existence of regular solutions on
a bounded spatial domain, in the case of constant coeflicients and no source term and when
either the pressure or the velocity are prescribed at the inlet and a non-reflecting boundary
condition is used at the outlet. Given bounds on the C%-norm of the initial and boundary data
and sufficiently smallness of their derivatives are also required. The result has been obtained
by extending and specializing the results on semi-global in time existence of smooth solution
proposed in [18]. The analysis may be applied to a wide class of one-dimensional models. We
have then assessed our model with numerical tests.

The outline of this paper is as follows. In the Section 1 we introduce the three-dimensional

fluid-structure interaction model we are moving from and the rescaling of the system needed for



the successive derivations. In the Section 2 we derive the one-dimensional system by averaging
the rescaled model. In the Section 3, we provide a complete mathematical analysis; in particular
we prove a global in time existence and uniqueness result for smooth solutions on a finite space-
domain. In the Section 4 we provide some numerical experiments in order to validate our new
model and compare it with the model previously proposed in [14]. Some conclusions are drawn
in Section 5 and some details on the geometrical framework we are dealing with are collected in

the Appendix at the end of the paper.

1 The 3D fluid-structure-interaction model

In this section we detail the fluid and the vessel wall dynamics in cylindrical coordinates in
their respective space-time domains. We describe the wall dynamics through a linear elastic and
isotropic stress-strain law as in [11]. We also consider only radial displacements. Furthermore,
we will assume that the shear component of the Cauchy stresses in the wall are negligible once
the equations are written in the natural coordinate frame of the vessel wall.

The imposition of the continuity of the radial velocity and of the stresses at the fluid-structure
interface completes the setting of the 3D fluid-structure interaction model. We will not enforce
the continuity of the axial and circumferential components of the velocity at the interface ex-
plicitly.

Finally, by introducing a suitable rescaling of the whole model we approximate the equations
to the first order with respect to the ratio between the vessel radius and length and derive a

first-order approximate expression for the pressure of the fluid.

1.1 The fluid-dynamics

The time-dependent fluid domain and its boundaries. Let L > 0 be the total length of

an axi-symmetric vessel with circular cross-section, let 7' > 0 be the total evolution time and let
n:[0,T] x [0, L] — R, no:[0,L] — R (1.1)

be the radial distance of the fluid-wall interface from the centerline (see Fig. 1), during the
motion and in the reference configuration, respectively. We are here assuming that the vessel

wall allows only radial displacements. The space domain we are dealing with may be described



in cylindrical coordinates, using the notation
t=r 2*=0, 3=z (1.2)

where z is aligned along the vessel axis, assumed fixed. We refer to [1] for a reminder of vector
analysis in the cylindrical coordinate system.

At any t € [0, 7] the fluid domain is given by
U={(r0,z) €[0,n(t,z) x [0,2m) x (0, L)}. (1.3)

Its boundary is split into three different parts: the inlet L;,, the outlet L,,; and the vessel wall
interface S (see Fig. 1)1. We have, for t € [0, T]

Figure 1: The time-dependent axi-symmetric domain U and its boundary at a given time ¢

Lin =A{(r,0,0): (r,0) € [0,n(t,0)) x [0,27)}, (1.4)
Loyt = {(r,0,L) : (r,0) € [0,n(t, L)) x [0,27)}.
while

S={(n(t z2),0,2):(0,2) € 0,2r) x (0,L)}, tel0,T]. (1.5)

We will indicate the outward radial normal to § by ns. It may be readily verified that its

coordinates are given in physical components by

0
ns = cs (1,0, __77> with ¢g =
0z

1+ (%)2] _1/2. (1.6)

From now on we will adopt the summation convention and, whenever not otherwise indicated,

repeated indices 7, j, k, [ run from 1 to 3. Furthermore, we will indicate the physical components

of a tensor B in cylindrical coordinates either as B(ij) or, alternatively, as By, B,g etc.

In haemodynamic applications the terms proximal and distal are usually referred to as inlet and outlet,

respectively



The Navier-Stokes equations The physical components of the rate of deformation tensor

D in (physical) cylindrical coordinates are

ou, 10ug  u, ou, 1 /0u, Ou,
D, = Dypy=-—+—, D..=—, D,,== 1.7
rr or 00 r o0 + r 2z 9z Tz 9 0z + or ) ( )
1 0 [ug 1 0u, 1 /10u, Oug
a3 ()1 15). pamd (3 52).
o 2<T8r ; +'r89> 6 2<r 96 oz
while the components of the Cauchy stress tensor T for a Newtonian fluid are given by
Tn(ij) = = P67 + 6(ij), (1.8)

being P the pressure, 6“ the Kronecker symbol and &(ij) = 2D(ij), where fi is the viscosity
of the fluid. It is a common practice to divide the momentum equation by the constant density.
We will therefore indicate

Tn(ij) = —pé7 + o (ij) (1.9)

where o(ij) = 2uD(ij); p is here the kinematic viscosity and p is the pressure scaled by the

fluid density. Finally, the Navier-Stokes equations in cylindrical coordinates may be written as

0 Oug 0

E(T‘ur) + W + &(T‘uz) = O7
ou, 10 (ru?) 10 (upug)  O(upuz) 1 o
at “r ar r 08 9. r9”

Jp N 10 (roy) 100.9 Do g9

or ' r  Or r 00 0z r’

oug  O(uyug)  10(ul)  O(uguy) 2 B 1.10
ot + or +T‘ o0 + 0z —i—Tuaur— (1.10)

10p 0oy 10099 ODog, 2
- + ;0-7’97

r 06 or r 00 0z
Ou,  190(ruyuy) N 10(uzug) 10 (ru?)

ot +'r or r 00 r 0z
8p+ 19(roy») 18029 18(7“0%)

9z ' r  or r 00 r 0z

1.2 The dynamics of the vessel wall

We will here consider the equations necessary to account for the wall compliance. Following the

route usually taken to derive reduced models we will assume that the wall inertia is negligible,



that is the wall is instantaneously in equilibrium. The configuration at time ¢ of the vessel wall

is given by:
W ={(r0,z):(0,2) € [0,2m) x (0,L),r € [n(t,z),n(t, z) + k(t, 2)]} (1.11)

where k = k(t,z) > 0 indicates the thickness of the wall. The inner part of the vessel wall
coincides with the fluid-structure interface S introduced in (1.5) (see Figure 2); more precisely
W,—, = S§. The current and the reference position of a point of the wall is given respectively
by:

w:(0,T)xW =R wy: W —-R?

where w depends on the dynamics of the wall, while wg is a known function. For a complete
description of function w see (A.3) in the Appendix. On the wall it is also possible to identify
a different coordinate system, (s,#,1), aligned with the current configuration. Its definition is
detailed in the Appendix as well. Since we are considering only radial displacements, we may
write

Wy = Wog, W, = WQy. (1.12)

Furthermore, we have the following identities

n(tv Z) = w?‘(t? 77(75’ Z)v 97 z)7 "70(2) = wO'r(nO(z)? 9? Z)v (t7 97 Z) € (07 T) X (07 27T] X (07 L) :

Let v be the 1-contravariant displacement vector given by

Figure 2: The time-dependent axisymmetric domain W

1 2 3
P =w, —wo,, Y =weg—wog =0, Y’ =w,—wy,=0.

The general formulation of the infinitesimal strain tensor in 2-covariant form (see [11]) is

1 1 [0y; O
i = 3 Gy + o) = 5 (S + ) ~ T (113)
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where I’ ﬁj are the Christoffel symbols connected to the orthogonal metric (A.5). The familiar

linear elastic relation that provides the Cauchy stress tensor is given by
Tij = 2Geij + )\ekkgij (1.14)
and, in physical components,
T(Zj) = QGe(Zj) + )\ekkdij (1.15)

where G and ) are, in general, functions of z. It is worth recalling the usual relationships

B F _ EE
BT R (RS gy (1.16)

where E > 0 is the Young modulus and & € (0,1/2) the Poisson ratio. We will consider the

G

following hypotheses:

1. The thickness of the vessel is uniform, that is k(¢, z) = ko and is small in comparison with

the radius of the vessel.

2. As a consequence of the previous assumption we consider that egg is constant across the

n—mno

thickness of the vessel wall. In particular we will set egg = 7

3. The Cauchy stress tensor is aligned with the local reference frame t, n, b (see the Ap-
pendix). That is, in this reference frame shears are negligible (see [12]). This assumption
derives from the fact that the fibers that form the structural part of the wall of a blood
vessel are approximately aligned with the local frame and show little resistance to bending.
As a consequence, the Cauchy stress tensor in the local reference frame, here indicated by

T, is assumed to be diagonal.

4. We neglect the inertial effects in the wall structure, that is the wall structure is always in

static equilibrium.

5. We finally assume that the pressure external to the vessel is zero. This is not a restric-
tive hypothesis since the isotropic contribution of the external pressure may be added

a-posteriori.

Exploiting (1.15) and recalling the usual relationship between the traces Tpr = (2G + \)egk

and assumption 3, we can express the components of the (diagonal) elastic stress tensor 7 in



the local reference frame t, n, b as

Too(n) = 2G50 + 15(Tos(n) + Too(n) + Tu(n))

Tu(n) = 5 (Zes(n) + Toa(n) + Tu(n)),

(1.17)

on the fluid structure interface » = 1. In order to close the system we evaluate 7Z45(n) by solving
the equation of static equilibrium along the direction n. By using the symbols s, § and [ to
denote the physical components, as described in the Appendix, the equilibrium in the s direction
gives

. 1 90 [(hoh 1 hg hs
0= [div(T)]s = ——— ("7 ) 4 205, oy + 515,700 + 21370 1.18
[div(7)] Tl 8s< I >+hs +h§ 00 69+th nTu (1.18)

In our case

hs=1, hg=r=n+scosy, h; =1+ sy,

and

F::s =0 FZG = —rcosy I‘lsl = _X(1+SX)7

where the quantities cos and x depend on the geometry and are defined in (A.4). Therefore,
(1.18) gives
1

0
= | (1 50T20) = cos (1 + 50T | — XTi = 0. (119)

Integrating (1.19) over the wall thickness 0 < s < kg and recalling that a zero external pressure
implies that 755 = 0 for s = kg, we obtain a relation between 755(n), Zgo(n) and 7;;(n). Taking
relations (1.17) into account, it is possible to obtain an explicit form for T4(n), Zgg(n) and Ty (n).
However, we will postpone this calculation after an a-dimensionalization procedure which points
out the terms which are proportional to the ratio between the scales of the vessel radius and the
length, which are supposed to be small and then negligible by our asymptotic analysis.

It is possible to obtain the Cauchy stress tensor 7" with respect to the global (cylindrical)

reference frame. To this purpose it is sufficient perform a rotation around the 6-axis, that is
T = RTRT, (1.20)

where the rotation matrix R is given by

R=10 1 o |. (1.21)



Here n, and n, are the radial and longitudinal components of the outward normal to the fluid-

structure interface ns introduced in (1.6).

1.3 Boundary conditions at the fluid-structure interface

At the fluid-structure interface we have the continuity of the normal stresses, that is we may
write

T -ns—T -ns=0. (1.22)

Thanks to (1.21) and the definition of the normal vector we have

Ny T Tss
T-ns=RTR" ns=| 0 | =cs 0
0
n:Tss _a_ZlTss-

where we posed 735 = T35(n). In fact T - ng is equal to the first column of R7.

Relation (1.22) may then be rewritten componentwise as

—p+ Oy — @Urz = Q_LZ;Sa
5 0z

Org — _UUGZ =0, (123)
o 0

Ory — a_Z(_p+ Uzz) = Qil <_8_TZ’]7;S) .

The term o~ ! is linked to the fact that the Navier-Stokes equations have been divided by the
density. The continuity of the radial component of the velocity at the fluid-structure interface
S implies

_On on

The Navier-Stokes equations (1.10) coupled with boundary conditions on S (1.23) and (1.24),
form a consistent 3D fluid-structure interaction system (four unknowns and four boundary con-
ditions) we will refer to throughout this paper. At this stage we will skip the problem of posing
boundary conditions at the inlet and at the outlet surfaces and initial conditions. The issue will

be analyzed later on for the reduced system.
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1.4 Scaling the equations

We introduce the following scales:  vessel length: L, vessel radius: R, wu,: V. The as-

sociated dimensionless ratios are

R 7
=1 = 1.2
, v /Re S (1.25)

where p is the kinematic viscosity and Re is the Reynolds number, while the corresponding

E =

derived scales are , and ug: €V, p: V27 Tess Too, Ty VQ, t: LJV. The derivation
of the reduced model is based on the assumption that € be small. With an abuse of notation
that however helps to reduce the number of symbols, in this section we will still denote by r, z,

t, ur, ug, Uy, 1, p the corresponding scaled quantities. The scaled components of o are

Orr = 20eV?[[D,]], 099 = 20eV3([Dygl], 0.. = 2veV?[[D..]], (1.26)

Orp = EVVQ[[DTG]L 020 — VVQ[[DZG]L Ory = VVQ[[DTz]]a

where we posed:

_ 9 _Oupl | ur _ %
[[DT‘TH - Eu [[DGGH - 90 r + r [[Dzz“ = 0z ; (127)
ou ou 0 /u 10u 10u ou
2 r z _ .Y _6 + r _ = z 2_9
[Dra]} = 0z * or’ [1Drol] = "or ( r > r 90’ [[D=0] r 00 te 0z

The only component of the elastic stress tensor that comes into play in the boundary conditions

is 755/ 0, which scales as

Tos/0 = V?([Tss/ 0] (1.28)
where [[Zs5/0]] denotes the a-dimensional part of Z4s/0. Similarly we have Tgg/0 = V?[[Zp9/0]]
and T /0 = V?[[Tu/d]]-

The three-dimensional Navier-Stokes system (1.10) is now rewritten using the scaled quanti-
ties in order to put into evidence how the terms scale with €. The continuity equation is formally
unaltered, that is

Oug 0

0

R
After scaling and multiplication by 72 the radial and circumferential equations become

ou 10 10 0 1
2 29 ) + =2 9 () — —u2| = 1
c [ ot + r Or (TUT) + r 00 (urug) + 0z (uruz) rue} (1.30)

_ @ 4 %2 <T8UT> 4 EQ (7-2 (%) 4 18u3> 4
or r Or or r 00\ Or \r r 00
—H/z’:‘2 <8ur52 + 8uz> e <% +u >
0z \ 0z or r2 \ 00 "

11




and

ot or 0z
—1@4—1/52( 0 (ue)_’_lauZ)_’_QVE@ <8Ug+ )+

0 0 10 0 2
52 [ﬂ + _(Uruﬂ) + ;% (Ug) + —(Uauz) + ;Uﬂur:| = (1'31)

rao  ar\Uar\% ) Trae )T ae \ae T
0 (10u, 9 O0ug 2ue 0 [uy 1 0u,
MSFT <; a6 ¢ E)JFT(?E(?)*F%)’

respectively. Finally, the axial momentum equation after scaling and multiplication by L/V?

becomes
ou, 10 10 10 n
B + ;E(Turuz) + ;%(UZU()) + ;& (TUZ) = (1'32)
dp v 0 ou, 5  Ouy, v 0 [10u, 9 0ug 0%u,
2z " aror [T<025 +8r>]+57“89<r 96 " oz +2V5822'

The dynamical conditions (1.23) after scaling and dividing by V? are equivalent to

—p+ 20el[Dy]] — €5 IDs] = [T/,
o|[Dua]) — L] [D]] = (1.33)
D] ~ Gle(=p -+ 2el[Dai])) = ~ 3 Lel[ oo/ ]

And in particular the third equation in (1.33) after dividing by € becomes:

Ou, 1 0u, on onou,  On
”(az e 1O ) + 9y e 91 By ) (1.34)

The kinematic condition (1.24) remain formally unaltered.

1.5 Approximation to the first order

We now rewrite the Navier-Stokes equations (1.29)—(1.32) neglecting all the terms which are
O(g). We have

0 0
E(TUT) + %w + 5 (ruy) =0
9 _p_,
or 00 (1.35)
Oou, 10 10 d ., 4
or T gr i) g i) g )+
O v O Ou v Pu
\ 0z reodr " or r2e 902

12



From (1.35) we infer that the pressure remains constant on each cross-section, as already
pointed out in [2]. The axial momentum conservation equation gives information about the
flow-convection; this is consistent with the fact that in long and thin vessels the flow develops
mainly in the longitudinal direction.

We also rewrite here below equation (1.34), which represents the longitudinal component of

the dynamical boundary conditions after scaling (1.33), with an approximation of O(¢):

v ou, On on

=, T 9,0 = "5, s/l (1.36)

The kinematic conditions (1.24) remain identical after dropping out the terms which are O(e).

Now we evaluate with an approximation of the first order with respect to £ the component 74
of the elastic stress tensor. We rescale (1.19), approximate to the first order, recover dimensions
and integrate over the wall thickness; then we exploit relations (1.17). To this purpose, recalling

(A.4) and denoting by [[cos ¥]] and by [[x]] the rescaled expressions of cos ¢ and x, we have that:

~1/2 —3/2
an\ 2 c 92 on\ 2
1+g<£)] , mw:75§1+g<£>] (137

We remark that the previous relation in addition with hypothesis of a small € guarantees that

[[cos ¢]] =

h; in (A.6) remains positive during motion. Therefore, with an approximation of the first order

with respect to ¢, relation (1.19) becomes:

9 (rTss)
Os

— Tpg = 0. (1.38)

We now integrate for 0 < s < kg, being kg the thickness and recalling that r(s) = n + scos.
A zero external pressure implies that 7,5 = 0 outside the wall and thus we obtain that on the
fluid-structure interface Zg5(n) = —@'Zgg (n). Since in our target applications 1 — 79 is bounded
by a quantity of the same order of Znagnitude as kg we may linearize the previous expression
around 7 = 19 and obtain

ko

Tos = ——2Tpy. (1.39)
Tlo

From (1.17) and (1.39) we finally have that at the fluid-structure interface,

o — 70 A — 70 o — 70
Tos = —Bus n” . Top = Boo n” T = By n" , (1.40)

where

Boo = 2%, Bss = %399, Bu = C Py, (1.41)

13



with C' = ¢ <1 — @> . Remark that these quantities may be function of z, as the Young modulus
and the referencezgdius no may vary along the longitudinal direction. They are strictly positive
under the conditions ko/ng < 1 (consistent with the hypothesis of thin wall) and £ > 0. We note
that the relations are valid also for incompressible material £ = 1/2.

We remark that the negative sign in the expression for 744 reproduces the physical fact that
an expansion of the vessel corresponds to a compression of the wall structure in the radial
direction. It is worth to notice that, in accordance to [12], for thin walls we have a dominance

of the circumferential stress with respect to the radial stress, since in this case ng >> BSS. To

ease notation, in the following we will put 5;; = 3”/ 0.

First order approximation of the pressure. We will calculate the pressure using the
dynamic condition at the interface which expresses the equilibrium of fluid and structure forces
in the radial direction. By dropping out all terms which are O(e) in the first of (1.33) and

recovering dimensions, we obtain that V¢ € [0,7] and z € [0, L],

p=p(0.2) = ~Toafo = fus(e) L2, (1.42)

Using (1.16) and (1.41) we obtain that
E(z)ko
m(z)e |(1 =€) +£(1+¢)

ﬁss(z) =

kg
no(2)

We recall that we have assumed the external pressure pe,; = 0. This is not a limitation since
we can interpret p as the difference between the fluid pressure and the external pressure (what
is often called transmural pressure). It may be convenient for the further developments to
introduce the quantities A = 7n? and Ag = 702, which represent the measure of the vessel axial
section in the current and in the reference configuration, respectively. Furthermore, for the sake

of notation, we will indicate in the following fss simply by (. This way, relation (1.42) may be

written in the form

AO EkOﬁ
=p 1—\/—>, here 3 = : (1.43)
! ( A) T A (1- ) +&(1+ kT

With respect to the expression proposed in [14], which may be rewritten in the form

B A . _ Ekovm
p= 0o <\/A:0—1>, with BO_—Q\/A_O(l—e)’ (1.44)

14



the differences are that (1.44) has been obtained through a linearization procedure and that the
expression for 8 accounts also for moderately thick vessel wall, while Sy neglects terms of the
order of ko/ng. The latter difference is however, less relevant and may be neglected. It is easy to
verify that the expression for the pressure given in (1.43) satisfies the hypothesis of admissibility
illustrated in [14], namely that p = 0 whenever n = 1y (remind that here p is the transmural

pressure) and g—ﬁ > 0 for all A > 0.

Remark 1.1. Ezpression (1.44) may be obtained from (1.43) by neglecting the term proportional
to ko/no and taking a Young modulus function of n, namely E = E\/%, being E a constant
(possibly depending on z). This can be justified to account that large arteries tend to stiffen

when expanded. This physical fact justifies to consider a general relation of the type

(%@)d(z) _ 1] , (1.45)

where C(z) and d(z) are known parameters which satisfy C(z)d(z) > 0 and |d| < 2.
We obtain, as special cases, (1.43) by setting C(z) = —B(2) and d(z) = —%, and (1.44) by
setting C(z) = fo(z) and d(z) = 1.

p(4,2) = C(2)

2 The 1D-reduced fluid-structure-interaction model

In this section we derive a one-dimensional model, performing term by term cross-section inte-
gration of the continuity equation and of the longitudinal momentum equation in (1.35). The

pressure is assigned through formula (1.42). We will use the following notation.

Notation 2.1. Let f:[0,T] x RT x [0,27) x [0, L] — R. Then:

F(t,2) = /0 " /0 " (.0, 2)rdrds, f(t,Z)i%an(t,Z)-

Remark 2.1. Observe that, if g : [0,7] x RT x [0,27) x [0,L] — R is a sufficiently smooth

function, the following identities hold:

@ — @ _ @/Qﬂ W B /27r
ot ot o 0 Iir=nd, o ) — 1 : Glr=n do .

Moreover, if g is continuous w.r.t. the coordinate 6, for any o € R

aag _ K a+1 2 89 _ aag _ 8—a a+1877 /27T
<T 89>_/0T o 00%) =0 M) Ta T s fy A
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Averaging the continuity equation. Let us consider the continuity equation in (1.35) and
average each term on the cross-section. Then, using the expressions in Remark 2.1 and taking

(1.24) we obtain that o
om*) | O(n*uz)

=0. 2.1
o T Y (2.1)

Assumptions on the velocity profile We will assume that
—2 =
Uy (t,Z) —ug(t,z) = O(E)

This implies that the velocity profile is mainly flat.

Averaging the axial momentum equation. Let us first consider the convective term of the
axial momentum equation in (1.35) and average each term on the cross-section. Then, thanks to
Remark 2.1, taking (1.24) into account, in view of the assumption on the velocity and dropping
out the terms which are O(e), we may write
— 25 _ 9=—2
oorm |, 2(72) _oopm) 2 ()

a T a: o T o

The remaining terms after averaging give

o [ [ 2T Ton Ou, 1
&/0 /0 prdrd@—/o n [&p—i-l/ 5 E} - do (2.3)

Taking the first-order approximation of the continuity of the axial stress at the fluid-structure

interface (1.36) into account, we may replace the last term of (2.3) as:

2 877 8uz 1 2w 8?7
0= o I ——[[Tss do, 9.4
/0 " [8zp+y or 5] =1 /0 n( 07;[[ 11/0) (2.4)

where the pressure is given by (1.42) and the radial component of the local elastic stress tensor

have been assigned in (1.40).

Remark 2.2. Sometimes one accounts for a different velocity profile by introducing a coefficient
in the quadratic advective term, the so-called momentum correction coefficient, like in [14).
However, this is not the route we have followed here. Indeed, the correct value of the coefficient
1s difficult to be found in general. Moreover, it has been found that in haemodinamic applications

its value would be in practice prozimal to one [16], and its influence in the solution is negligible.

For the sake of notation we will indicate in the following u = .
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The 1D model. Using (2.1)—(2.4) and recovering dimensions, in terms of the variables
A = mm?, Q = mu = Au,

after simple computations we obtain the following reduced model on (0,7") x (0, L):

9A  0Q
o "o

0Q 9 [(Q* o

E*&(I)“‘&—O (25)
p(4,2) = C(2) <m> - 1]

with d = —1/2 and C(z) = —(3(%), see (1.43) and Remark 1.1.

Remark 2.3. In the one dimensional model proposed in [14] and in many other similar models
a zeroth-order term is present due to the treatment of the viscous term in the boundary layer.
Its derivation required to assume a velocity profile. Here this term is not present because of the
way the balance at the fluid-structure interface has been set up. The price to pay is the lack of
an explicit imposition of a no-slip condition at the interface. If necessary, the zeroth-order term
may be added a-posteriori following heuristic arguments. However, we wish to point out that the
hyperbolic one dimensional model model is valid only when the propagative effects are dominant
with respect to the viscous ones. Therefore the addition of the zeroth order term should not

change substantially the behavior of the solution.

3 Mathematical analysis

In this section we write a conservation form and point out some analytical properties of the
system (2.5). Then, in the constant coefficients case, we prove a general theorem which guaran-
tees the global in time existence of regular solutions on a finite space for a reducible quasilinear
system of two hyperbolic equations with suitable boundary conditions and show how models

(2.5) may fit this theory.

17



The conservation form. In terms of variables A and @ on the time-space domain [0,7] x

[0, L], the conservation form of the system (2.5) is given by:

9A  9Q

EIRT i

%0 o o (3.1)
Y% Ad—l—l — A

ot 8z<A+Ag(d+1) ) Sz 4)

where Cd > 0, |d| < 2,d # —1, A > 0, Ap > 0. The source term depends on the known
parameters C'(z), d(z), Ao(z) and vanishes if these parameters are constant. Its explicit form
may be derived following the computations exposed in [14]. If we use expression (1.43) for the

pressure term, the source term becomes
dA d
S(z, A) 5\/ &% 2\/0—\/) a2

The eigenvalues. The Jacobian of the flux in the system (3.1) is given by:

0 1
Q2 QQ ) (3'2)
a2t g

d
c1(z, A) = VCd (%) . (3.3)
and the eigenvalues are given by:
Yz Au)=u—c,  plzAu) =utcr. (3.4)

We refer to the quantity c;, (3.3), as the characteristic speed. Since we required Cd > 0, the
eigenvalues are well defined for A, Ay > 0 and real with p > - and then the system (3.1) is

strictly hyperbolic. Moreover, the system is genuinely nonlinear; indeed,
Ry = _[1’7]t’ R, = [laﬂ]t
are right eigenvectors of (3.2); now, setting U = [A, Q]?, we compute that

) d
Vuoy Ry, = Vyu R, = a—j + %:%<1+§> >0 since |d < 2.
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The Riemann invariants. Following [4], chap. VII, we compute the two Riemann invariants

associated to the system (3.1), as the scalar functions r(z,U), s(z,U) such that:

or Os
T, g
oU U ’

where L., L, are the left eigenvectors of the matrix (3.2):
L’y(zv Av U) = [_,ua 1]5(‘47 Q)7 LM(Z> Aa U) = [_77 1]5(‘47 Q)
and £(A, Q) is a scalar smooth function of its arguments. Choosing £(A,Q) = 1/A we find

r(U) = u—F,  s(zU) = u+F, F=F(zA) = [} a4 (35)

Since OF/0A = ¢1/A = (2/d)(0c1/0A), (observe that OF/0A > 0), we find that

d
2vCd AN\2
F(z,A)=—|[—) -1 .
=22 (5) (36)
Using (3.5) and (3.6), we can express v and ¢; in terms of 7, s as follows:
d
u:T+S, a=-(s—r)+vad.
2 4
Thanks to the previous relations, we have that:
2+4+d 2—d 2—d 2+d
Py:r(—i-)—i-s( ) ca #:r( )+8(+)+ G (37)

4 4
We remark that in order to have satisfied the subcritical condition v < 0 < p, it is sufficient
that |r|,|s| < vCd.

In Riemann coordinates, the system(3.1) rewrites as

or or
a +’Y(Z,’I”, 8)& - El(Z,’I”, 8)

0s Os
a + M(Zvrv s)& - EQ(Z,T, 8)

with suitable F; and FEs.

3.1 The special case where the parameters are constant

From now on, we assume that the parameters Ay, C and d are constant. The source terms in

(3.1) vanish and the system becomes homogeneous; the diagonal system (3.8) rewrites as

% + (7, s)% =0

¥ (3.9)
0s s
a5 +,u(r,s)& =0.
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We provide the system (3.9) with initial data

(r,8)(0,2) = (ro(2),s0(2)) , z€[0,L] (3.10)

and boundary conditions
z2=0: s(t,0) =k -r(t,0) +v(t), k=+£1, (3.11)
z=1L: r(t,L)=0. (3.12)

We analyze the mixed IBV problem (3.9)—(3.12), with k either —1 or 1, for smooth data. We
can apply a result by Li, Rao and Jin, ([18], Theorem 2.1) concerning semiglobal solutions — that
is, for any prescribed 7 > 0, a smooth unique solution exists up to time 7, provided that the C!
norm of the initial data is sufficiently small. The result in [18] is valid for boundary conditions
which include (3.11), (3.12). Here, due to our special boundary conditions (especially (3.12)),

we can prove that the solution to our problem is defined globally in time.

Theorem 3.1. Assume that 7, p are C' functions of r, s and that p(r,s) > 0 > ~y(r,s) for
all (r,s). Assume that ro, so € C1([0,L]), v € C([0,+00)), [vllcogo,00)) < +o0 and that the

compatibility conditions are satisfied:

50(0) = kro(0) +v(0) where k= =1,

2=0: (3.13)
11(r0(0), 50(0))5(0) = k7(r0(0), 50(0))r(0) — v'(0)

z=1": ro(L) =0, 74(L)=0 (3.14)

Then, the mized IBV problem (3.9)-(3.12), with either k = —1 or k = 1, together with (3.13),
(3.14), admits a unique C solution on [0,+00) x [0, L], provided that

ba= max H(aT‘o 880> 87)
(Vi a9 o s || ar
0z 0z Jllooqo,rpy 11 9 lleo((o00)
18 small enough. In particular, if we pose
ao=max {||sollcogo,zp) - 7o leogozyy + lelloogosey } - (3.15)
we have:
Ir(t,2)|, |s(t,2)] < ao, Vi, z (3.16)
H(ﬁ(t,-)ﬁ(t, .)) < Clh).  Vt>0 (3.17)
82 82 CO([O,L])

20



where C(by) is a positive constant which vanishes as by — 0.
Moreover, if the boundary data v : [0, +00) — R is periodic, the solution becomes periodic in

time: there exists T > 0 such that (r(t, z),s(t, z)) is periodic in time on the set [T, 00) x [0, L].

Proof. Recalling the definition of ag, (3.15), choose M > a¢ and define

My = max {Ml ! } (3.18)

Ir],|s|<M r,s)|” u(r,s)

Then choose a time 7' > 0. By Theorem 2.1 in [18], the initial-boundary value problem (3.9)—
(3.14) admits a unique C! solution (r(z,t),s(z,t)) in the domain Dy = {(t,z) : 0 < t <
T, 0<z< L}, provided that the C! norms of 7g, sg, v are small enough. Moreover, there
exists a positive constant C5(T, bg) such that || (%(t, ), %(t, ) HCO([O,L}) < Co(T, by).

Recall that r is constant along ~y-characteristics and s is constant along u-characteristics. Let

us refine the estimates on r, s.

Estimates on r. Let (t,,2,) € Dy. Consider the vy-characteristic passing through (¢,, z,),
for t < t,. Then, one of the two following situations occurs. Either it intersects the z-axis at

some point (0, «), and then
7 (to, 20)| = |7(0, @) < [lrollcopo,z)) »
or it intersects the right boundary z = L at some time 7 < t,, and then
7 (to, 20)| = |r(7,L)| = 0.
Then one has

r(t,2)| < lrolleoqo,ry,  V(t2) € Dr. (3.19)

Estimates on s. Let us now consider the p-characteristic passing through (t,,z2,). If it

reaches the z-axis at ¢ = 0, at some point (0, «), then

[5(t0s z0)| = [5(0, )] < ls0llcopo,Ly) »

while if it intersects the left boundary at some point (7,0), one has

[5(t0, 20)| = |8(7, 0)] = [kr(7,0) + v(7)] < [[rollcoqpo,r) + 0l copo,00)) -

21



where we have used the bound on 7, (3.19). We can conclude that
|s(t, 2)| < max{|[sollco(o,)): ITollcoo,zy + Ivllcoqoeont =a0  V(t,2) € Dr.  (3.20)
Putting together (3.19), (3.20), we find
Ir(t,2)], |s(t,2)| <ap <M, V(t,z) € Dp. (3.21)

Observe that this last estimate does not depend on T'; hence, to obtain the C° estimate on r,
s, we do not need to require ag to be small. Moreover, following the proof in [18], the estimate
on the derivatives does not depend on the smallness of ag (the constant A; that appears there
is equal to 0 in our case) but only on the smallness of by.

Next, choose T as follows:
T = 2LM,. (3.22)

Let z1(t) be the y-characteristic starting at the point (¢ = 0,z = L). It exists up to some time
T1 > 0, time at which it intersect the left boundary z = 0. Observe that

1 T
- max < LMy= —, 3.23
T 8] 2 (3.23)

thanks to our choice of T'. Then one has, if (¢,z) € Dr:
Ir(t,2)| < ag if z <z (t), te]l0,T1]
r(t,z) =0 if 2> 2z(t), tel0,Th] orif te(T1,T], =z€]0,L].

In particular, r(7, z) = 0 for all z € [0, L]. Now, let z2(t) be the pu-characteristic issued at (77, 0);

it will intersect the right boundary at some time 75 > T7. Observe that T5 satisfies

1
T2 —T1 < L - max
Irl,|sl<M p(r, s)

, (3.24)

that gives, together with (3.23), T, < 2LMy = T.

By the previous analysis on s, we deduce the following. If (¢,,z,) lies above the graph of
z9(t), then the p-characteristic issued at (t,, 2z,) intersect the left boundary at some time 7 > 77,

and then, since r(7,0) = 0, the left boundary condition reduces to
s(7,0) = v(7) Vr>T.
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In conclusion we have, for (z,t) € Dy,

ao if 2> 29(t), te[11,T7]
|s(t,2)| <
||’U||CO([07OO)) if z < Zg(t), te [Tl,TQ] or te (TQ,T], Vze [0, L] .

After time T, the solution can be continued as follows: r = 0, while s is completely determined

by the left boundary data v. If the C' norm of v is small enough, a C! solution s of
St + ,U'(Oa S)SZ =0, 5(t7 O) = U(t)
exists for all (¢,2), t > T, z € [0, L]. Therefore, the inequality on the derivatives of the solution

holds globally on time. O

The IBV problem. Next, we are going to apply Theorem 3.1 to the system (3.1), which

written in the physical variables reads as

0A  0Q
ot !
(3.25)
a_Q 4 2 Q_2 iAdJrl =0
ot 9z \ A~ Ad(d+1) B

where here C, d # —1 and Ay are constant. To this purpose, we need to prove that, for all (¢, z),

A remains positive and that v(A4,u) < 0 < pu(A4,u).
Remark 3.1. We point out that system (3.25) in the case d > 0 reduces to the classical p-system
of gas-dynamics with v =d + 1.

The property that A does not vanish is essential: if d > 0 as in the model proposed in [14] it
guarantees strict hyperbolicity, while if d < 0, as in the model here derived, it is needed to have

the eigenvalues (3.4) well defined.

We provide the system (3.1) with initial conditions
A(0,z) = Ao, u(0, 2) = up(2), z€[0,L]. (3.26)

As for the boundary conditions, we prescribe at z = 0 either the vessel area A(0,t) = A, (t)
or the velocity u(0,t) = w;n(t), while at the outlet boundary z = L we impose a non-reflecting
boundary condition, that is we require that the backward characteristic vanishes. Thus, we

consider either
z=0: A(t,0) = Ain(t); z=L: w(tL)—F(A(t,L)=0, t>0 (3.27)
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or

z=0: u(t,0)=wupn(t); z=L: w(tL)—F(A(t L) =0, t>0 (3.28)

d
where F'(A) = @ [(A%) - 1} .

Proposition 3.1. (I) We consider the IBV problem (3.25)-(3.27) with A;, : [0,400) — R

(I1)

of class C1. Let Ag > 0, ug € C1([0, L]) and assume the following compatibility conditions:
up(L) = uy(L) =0, Ain(0) = Ay, Aoug(0) + A%, (0) =0. (3.29)

Moreover assume that

[[uollcogo,cpy + 2 1F (Al oo,y < VO (3.30)
0Ain o) :
and that ’T CO([0400))’ ‘ SR oo, are sufficiently small.

Then, the IBV problem (3.25)-(3.27) admits a unique C' solution (A(t,z),u(t,z)) on
[0,00) x [0,L]. Moreover, if the left boundary data is periodic, the solution eventually

becomes periodic in time.

We consider the IBV problem (5.25), (3.26), (3.28) with w, : [0,4+00) — R of class C*.
Let Ag > 0, ug € C1([0,L]) and assume the compatibility conditions:

up(L) = ug(L) = 0, win(0) = ug(0), up(0)ug(0) + ul, (0) = 0. (3.31)

Moreover assume that

l[uollcogo,cpy + 2 1winllcoo,eey < VCd (3.32)
and that ‘ 5t || 00100 ‘ 52 || cogo.r) are sufficiently small.

Then, the same conclusion of (I) holds for the IBV problem (3.25), (3.26), (3.28).

Proof. We pass to the Riemann coordinates, (3.5), and check the assumptions of Theorem 3.1.

Since F'(Agp) = 0, we have

ro(2) = so(2) = uo(2) - (3.33)

For both (3.27), (3.28) the boundary condition at z = L rewrites as r = 0, see (3.12). At z =0,

condition (3.27) (case (I)) becomes

s(t,0) = r(t,0) + v(t), v(t) = 2F (Ain (1))
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while condition (3.28) (case (II)) becomes
s(t,0) = —r(t,0) + v(t), v(t) = 2up(t).

Hence we are dealing with the IBV problem (3.9)—(3.11) for the diagonal system, with k = +1.

Recalling (3.7), the condition v < 0 < p is equivalent to require that

r(2+d)+s(2—d) < JCa r(2—d)+s(2+d) > _Jd
4 ’ 4 '

(3.34)

At time t = 0, (3.34) is satisfied, thanks to (3.33), (3.30), (3.32). Moreover, one can easily verify
that (3.29), (3.31) give the compatibility conditions (3.13), (3.14) for both cases k = %1.

Hence, by Theorem 3.1, a C! solution of the diagonal system (3.9), satisfying our initial,
boundary and compatibility conditions, exists and, correspondingly, also a C' solution (A,u)
for the system (3.25), as soon as v < 0 < p and A > 0. We must show that these conditions are
verified for all ¢ > 0.

Observe that the quantity ag, introduced at (3.15), here amounts either to

ag = |luollcopo,zy) + 2 [1F'(Ain)ll co(o,00y)  (case (I)) (3.35)

or to
ao = [luollcogo,z)) + 2 [tinllco(o,c))  (case (IT))

which is in both cases < vVCd by assumptions (3.30), (3.32), respectively.

Recalling (3.16), until the (r, s)-solution exists, it must be

T(2+d)1‘5(2_d) < ap < VCd, T(Q_d)IS(Q—'_d) > —ag > —VCd. (3.36)

Hence (3.34) is satisfied. Moreover, recalling that

r+s s—r
2 )

u =

we obtain |u(t, 2)| < ag < VCd.

To show that A is well defined, we need to invert F. Recall that F is strictly increasing;
moreover if d < 0 F(A) — —oc0 as A — 0+ and F(A) — 2,/C/d as A — +oo, while if d > 0
F(A) — 400 as A — +oo, and F(A) — —2,/C/d as A — 0+. Recalling that |d| < 2 and
Cd > 0, we have

sS—7T

2

[E(A)] =

< ‘8‘;“' < ag< VCd < 2,/%; (3.37)

25



we deduce that A is well defined and is bounded away from 0. Hence the solution in the

(r, s)—variables, and, correspondingly, in the (A, u)—variables, is well defined for all ¢ > 0. O

Remark 3.2. We can give estimates for A(¢, z) u(¢, z) in terms of the parameters and the data.
First of all, the assumption (3.32) implies necessarily that |u,(z)| < VCd, |uin(t)] < vCd/2
while, recalling the definition of F'(A), the assumption (3.30) implies that

2 2
4—d\1  An) 44d\a
(5°) <50 < ()

From (3.37), we deduce that |u(t, )|, |F'(A(t,2)| < vVCd and then

2-d 3<A(t,z)< 2 +d\ 4
2 Ao > ) -

Recalling the proof of Theorem 3.1, after a time 7' > 0 one has r = 0, hence u = F(A) = s/2.

Then, the estimates

A—d\d Al A4d\i VCd
d-d\t Al (AT gy < Y VE>T  (3.38)
4 A, 1 2

can be easily obtained.

We can give a lower bound on the time 7" after which the solution depends only on the left
boundary data.

In fact from (3.22), (3.18), (3.7) and (3.16) we have that:

T> 2L
o \/Cd—ao.

We remark that, as the length L increases, the time 71" will increase and, consequently, we will

(3.39)

need a smaller bound on the derivatives of the data, when applying Theorem 3.1.

In the case of the model derived here, where the pressure is given by (1.43), we have d = —%

and then F(A) = 228 (1 — A, /A). Therefore 0.41 ~ (4/5)* < A(t, 2)/Ay < (4/3)* ~ 3.16,
and |u| < +/(/2 while after a time 7" which satisfies inequality (3.39) one has:

8\* At 2) 8\* \/ﬁ
62~ (= - =1. =
0.6 <9> < A < <7> 7, lu| < S

In the case of the model with pressure given by (1.44), we have that d = 3 and then F(A) =
2v/2F, (,4/% - 1). Therefore 0.31 ~ (3/4)* < 262 < (5/4)* ~ 2.44 and |u| < \/Fo/2, while

after a suitable time T one has:

' Atz (9)! Bo
RS I — ~ 1. —.
0.59 (8) < A < <8> 6, lu| < 3
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4 Numerical results

In this section we present a numerical validation of model governed by the pressure relation
(1.43) (here referred for simplicity as the "new model”), comparing it with the numerical results
obtained by the model introduced in [14], in the inviscid case. We consider the case where all
the parameters are constant, this allows us to verify numerically the bounds of the theorem. For
both models, we set A(0,z) = Ag > 0, Q(0,2) =0, z € [0,L]. At the left boundary z = 0 we

impose an area variation given by
Azn(t) = Ao(l + 0.1 sin(27rt/TpeT)), t>0

< 02mdo - At the
C0([0,400)) per

right boundary z = L we are imposing that the incoming characteristic variable is zero. We are

which guarantees that AiAL(t) € [0.9,1.1], V¢ > 0 and that Ha‘g—ti"
0

then in the condition of Theorem 3.1 (assuming that the time derivatives are small enough).
To discretize the two models we have adopted the second order Taylor-Galerkin scheme
described in [10], which is an accurate numerical scheme in the case of smooth solutions. The
scheme has been implemented using the lifeV finite element library (www .lifev.org).
We consider a uniform mesh on the space and time intervals.

The data in the unit system CGS (centimeters, grams, seconds) are

L =60, Az=1, At=0.0001, (4.1)

E=4-10% ky=0.065 ¢=05

Ag(z) = 1.76715, wup(z) =0 z€[0,L], Tper =0.8,

o= 1.
It can be verified that our initial and boundary data satisfy the assumptions of Proposition 3.1,
for both models. Then the subcritical condition (i.e. |u| < ¢1)) is everywhere satisfied during
the motion. The numerical solution shows a smooth curve for both the cross-section area and
the velocity (see Figures 4 and 5), confirming that in this test case the data have been taken
small enough.

If we compare the characteristic speed for the new model and for the old model when A = Ay,

we have

char-speed-new zwg ~ 461.17, char-speed-old = % ~ 480.74,  (4.2)
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which show that the two models are almost equivalent, with a slight slower propagation speed
for the new one.

As our numerical test fits the hypotheses of Proposition 3.1 - case (I), using (4.1) we may com-
pute through (3.39) the minimum time 7', referred to as ”critical time” after which the solution

depends only on the left boundary condition, for the new and for the old model, respectively:

Thew = 0.3206, Tyq = 0.3093. (4.3)

We compare at t = 0.1,0.3,0.5,0.7 the cross-section area in Figure 4 and the velocity in Figure
5 for both the new and the old model and remark that the numerical results are quite similar
for the areas, while there are slight differences for the velocity; in fact the two models have a
different expression for the current characteristic speed (3.3). In the new model the coefficient
d= —% < 0, causes a decrement of the characteristic speed with the increase of A, which is
consistent with the elastic behavior. The old model has an opposite behavior, being d = % > 0.
This could be more appropriate to simulate the stiffening characteristics of the wall of large
arteries. In the following table we display the values of the C%-norm of the ratio A/Ag and of
the velocity at the given times, in order to verify if the bounds prescribed in Remark 3.2 are

satisfied for both models, before and after the times (4.3), respectively:

52 ooy | et Moo,y | 2462 oy, | Tttt Do
0.1 1.0344 15.51 1.0345 14.19
0.3 1.0477 21.68 1.0479 19.98
0.5 1.0112 17.01 1.0157 15.01
0.7 0.9635 24.67 0.9637 21.82

If we recall the values of the characteristic speed for both models (4.2), we may conclude that

the bounds prescribed in Remark 3.2 are satisfied at the given times.

5 Conclusions and further developments

In this paper we have obtained a one-dimensional system describing the mean axial motion
of a Newtonian incompressible fluid moving into a compliant straight vessel and the radial
displacement of its isotropic and linearly elastic wall. The methodology can be extended to

account for curvature and torsion. This extension is the subject of current research.
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The analysis has demonstrated the well posedness of the problem under realistic data. This
has been confirmed by numerical experiments. Work is ongoing to extend the results to other
type of boundary conditions relevant to the practice and to derive quantitative bounds on the

derivatives of the inlet data which guarantee smooth solution of models (2.5).

A The metric of the wall

In Figure 3 an axial section of the vessel at a given time ¢ € [0, 7] is presented.

Figure 3: An axial section of the vessel at a given time ¢

Let us consider the vector-position of a point at the fluid-structure interface at a fixed time

t given by:
p(t,0,2) = ze. +n(t, 2)e-(0); (A1)
we recall that
e, =(0,0,1), e.(0) = (cosh,sind,0), ey(d)=e,x e, = (—sinb, cosh,0) (A.2)

where 6 € [0,27] is the phase angle around the vessel. We have that the local tangent to the

fluid-structure interface profile is given by:
1/2

@)-p ()] o)

This relation is consistent with the expression of the local outward normal to the fluid-structure

()] (e ).
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t(t,0,z) = 5
z

interface, given in (1.6) by:

ng(t,0,z) =




Let us consider on the vessel wall the three independent variables s, ,1: 6 € [0,27] is the usual

circumferential variable, [ is the arc-length on the vessel wall profile, given by:
1/2

1(z)2/021+<%>2] dz,  z€0,1]

while s € [0, k(t, z)] is the position along the local normal ng to the vessel wall surface. Here

k = k(t, z) is the thickness of the vessel wall. The position of a general point @ in the wall is
given by (see Figure 3):

w(s,0,l) =Q —0=ze, +ne.(0) + sny(t,0,2) (A.3)

The derivatives of the position vector (A.3) with respect to the local variables s, 0,1 are given

at time ¢ by:
ow
a; = E = ns(t7972)
ow
a2 =25 = (n+ scosip)ey(0)
1 = 22 = 4(1,0,2) = (14 sx(t, 2))8(1,0,2)

where we posed:

—1/2 97 —3/2
an\> O™ an

Remark that x (¢, z) is the curvature of the line described by the point p introduced in (A.1) as

cosY =

z varies at fixed ¢t while the quantity n + scos represents the radial distance of the point Q
determined by the vector position (A.3) from the centerline of the vessel.

The metric induced by w is orthogonal and given in covariant form by:

200
G=9ij =i aj; jcr195 = |0 hy 0 (A.5)
0 0 h?
where:
hs =1, hg=r=n+scosy, h =1+sx(tz). (A.6)
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Cross-section area at t=0.1
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Figure 4: Cross-section area. Comparison between old model (dashed line) and new

model (solid line).
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Velocity at t=0.1

Velocity at t=0.3
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Figure 5: Velocity. Comparison between old model (dashed line) and new

(solid line).
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(d) Flux at t = 0.7 sec
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