Control and Inverse Problems Theory Approaches for Solving Some Hydrodynamics Equations

V. I. AGOSHKOV^{∗†}

Abstract – In this study, we apply optimal control approaches and adjoint equations to construct iterative processes for some problems of hydrodynamics. First, the iterative processes are proposed for an abstract problem given by the system of operator equations. Second, the general methodology is applied to the generalized Stokes equations perturbed by a skew-symmetric bounded operator, to the stationary linearized Navier–Stokes equations (the Oseen problem) and to the non-stationary Stokes problem. The convergence rates of the iterative algorithms are studied.

In some physical processes of fluid mechanics, the internal and pressure forces are the main forces that affect the velocity of particle motion. In some of these mathematical problems like ones for the Stokes or Navier–Stokes equations, these forces are expressed in equations as right-hand-side functions of a pressure gradient. We usually consider the solution both as an unknown function of the velocity vector ϕ(x) and as an unknown function of pressure p(x). However, in the theory of boundary value problems the statements are very often encountered in which, besides a ‘regular’ solution (for the Stokes equations we understand it as a velocity vector function), all of the source functions or some of them are sought. These problems belong to the class of inverse problems. Thus, in view of the above interpretation, it is possible to consider (to some extent!) the Stokes problem, the Navier–Stokes problem, etc. as inverse problems since, along with a fluid velocity vector, we also seek a pressure function that defines one of the source functions. But then it may be assumed that in investigating and solving these problems many special algorithms and approaches developed in the classical theory of inverse problems [1, 10] may prove useful. Moreover, it may happen that if these special approaches are ignored while examining and especially numerically solving these problems, many difficulties can emerge (this is the case in some problems of fluid mechanics).

The approaches of the optimal control theory [1–5] in turn happened

∗Institute of Numerical Mathematics of the Russian Academy of Sciences, Moscow GSP-1, 119991, Russia

†The work was supported by the Russian Foundation for Basic Research (04-01-00615) and has been prepared in part when the author was visiting MOX ( Dipartimento di Matematica, Politecnico di Milano).

to be fruitful in examining and solving the inverse problems. It should be emphasized that most problems in the control theory are essentially inverse problems.

In view of the above assumptions, the author examines in this study the following approach to the solution of problems of the given class exemplified by a boundary value problem for the Stokes and Oseen systems: the pressure function is regarded as an ‘additional’ unknown to the ‘main’ component of a problem’s solution, and the continuity condition from the system of equations is regarded as one of the ‘observation conditions’ (‘observational data’, etc.), which is prescribed to close the system. Then the problem, which is considered as an inverse one, is included in the family of optimal control problems depended on a regularization parameter. In the following, the optimal control problems are examined and solved by classical methods. At the final stage, we must show that we obtain the original problem and corresponding results for the trivial value of the regularization parameter (possibly, with additional restrictions on the initial data of the problem).

The above approach will be applied here to some of the boundary value problems for the Stokes equations perturbed by a skew-symmetric bounded operator and for the stationary linearized Navier–Stokes equations. Having formulated the original problem, the author reduces it to an optimal control problem, in which the pressure function p(x) is a ‘control’, while the condition div ϕ = 0 belongs to the ‘observation conditions’ and is included in a cost functional. Later, having investigated the solvability of the optimal control problem, the author arrives at the well-known results on the solvability of the problem as a consequence of the statements obtained. Then the author considers some examples of iterative processes for the solution of the problems in question, justify them, and estimate their convergence rates. The realization of these processes consists of the solution of a sequence of classical elliptic ( or parabolic ) problems by the well-studied numerical methods (including the simplest ones) such as the finite element method and the finite difference method. It should be emphasized that in solving these problems the condition div ϕ = 0 is absent; as shown in [13], this condition considerably complicates the algorithms, especially in multidimensional problems and in the case of a domain of complex form (in addition, it imposes certain restrictions on the order of the employed finite elements in the finite element method).

In conclusion, we present some results of numerical experiments.

1. GENERAL APPROACH TO THE SOLUTION OF A CLASS OF PROBLEMS

Let X_c, H_0, H_c, H_{ob} be Hilbert spaces, let W, Y be Banach spaces (where ‘ob’ stands for ‘observation’ and ‘c’ for ‘control’), and let W^∗, . . . , Y^∗ be adjoint spaces, where H_0 ≡ H^∗_0 , H_{ob} ≡ H^∗_{ob}, and H_c ≡ H^∗_c are basic. The inclusions W ⊆ Y ⊂ H_0 ⊂ Y^∗ ⊆ W^∗ and X_c ⊆ H_c ⊆ X^∗_c are assumed to be continuous and dense. It is also assumed that W = W^{∗∗}.

Consider a class of problems given by the system of equations

Lϕ = f + Bu, Cϕ = h + Du (1)

where f, h are the vectors of the given data, u is the data to be determined concurrently with ϕ [i.e. the pair ϕ, u is the solution of (1)]; L, B, C, D are linear operators; L and B are closed; the operator L acts from W into Y^∗, B acts from H_c into Y^∗, C acts from W into H_{ob}, and D acts from H_c into H_{ob}. We assume that the domain of L coincides with the domain of C, the domain of L is dense in W , while its range is dense in Y^∗, i.e. D(L) = D(C), D(L) = W, R(L) = Y^∗, and L is a continuously invertible operator. Here the operators B, D are bounded and D(B) = D(D) = X_c. If f ∈ Y^∗ and u ∈ H_c are given, we assume that the first equation of (1) has the solution (which is generally weak) ϕ ∈ W , and the estimate ‖ϕ‖_W ≤ C(‖f‖_Y ∗ + ‖u‖_{Hc} ) is valid.

Along with (1), we consider the optimal control problem: find ϕ = ϕ(u) and the ‘control’ u ∈ X_c such that

Lϕ = f + Bu, J_α(u, ϕ(u)) = inf_{v∈D(B)} J_α(v, ϕ(v)), (2)

where

J_α(v, ϕ(v)) = α‖v‖^2_{Λc} + ‖Cϕ − h − Dv‖^2_{Hob} Lϕ(v) = f + Bv, α ≥ 0 ‖v‖^2_{Λc} = (Λ_cv, v)_{Hc} = ‖Λ^{1/2}_c v‖^2_{Hc} (3)

and Λ_c : X_c → X^∗_c is a symmetric positive definite operator with domain D(Λ_c), D(Λ_c) = X_c, the norm ‖v‖_{Λc} being equivalent to the norm ‖v‖_{Xc} in X_c; α ≥ 0 is a parameter. If ϕ, u is the solution of (1), it is also a solution of (2) with α = 0. Thus, for trivial value of α the problem (2) can be regarded as a weak statement of the problem (1) with the second equation considered in the ‘least squares’ sense.

If we exclude ϕ = L^{−1}(f + Bu) from (2), the functional J_α(u, ϕ(u)) ≡ J_α(u) has the form

J_α(u) = α‖u‖^2_{Xc} + ‖Au − g‖^2_{Hob} (4)

where A = CL^{−1}B − D, g = h − CL^{−1}f.

The variational equation corresponding to (4) reads:

A_αu ≡ αΛ_cu + A^∗Au = A^∗g (5) while the complete system of variational equations, which is equivalent to the problem (2), is

Lϕ(u) = f + Bu, L^∗q = C^∗(Cϕ − h − Du) αΛ_cu + B^∗q − D^∗(Cϕ − h − Du). (6) If α > 0, the operator of equation (5) is symmetric and positive definite.

Using these properties, it is possible to use various iterative procedures for solving (5). The simplest of them can be written as

Λ_cu^{k+1} = Λ^k_c u^k − τ_k(αΛ_cu^k − A^∗Au^k − A^∗g), k = 0, 1, . . . (7)

with some parameters {τ_k}. If

Sp(Λ^{−1}_c A^∗A) ∈ [C_0, C_1], C_0, C_1 = const, C_0 ≥ 0, C_1 > 0 (8)

then we can put

τ_k = τ = 2 2α + C_0 + C_1

, k = 0, 1, . . . . (9)

With these values of parameters {τ_k}, the estimate of the convergence rate is valid [1, 12]:

‖u − u^k‖_{Xc} ≤ C � C_1 − C_0 2α + C_0 + C_1

�_k → 0, k → ∞, (10)

where the constant C does not depend on k and u [with ϕ, q, the element u is the solution of (6)].

In terms of the operators of the problem (6) the algorithm (7) reads (for given u^k):

Lϕ^k = f + Bu^k, L^∗q^k = C^∗(Cϕ^k − h − Du^k) Λ_cw^k = B^∗q − D^∗(Cϕ^k − h − Du^k) u^{k+1} = u^k − τ(αu^k + w^k), k = 0, 1, . . . .

(11)

From the estimate ‖ϕ‖_W ≤ C(‖f‖_Y ∗ + ‖u‖_{Hc} ) and (10) we have also the estimate

‖ϕ − ϕ^k‖_W ≤ C � C_1 − C_0 2α + C_0 + C_1

�_k → 0, k → ∞, (12)

where C = const > 0 and ϕ = ϕ(α) is the component of the solution of the system (6).

If the system (1) is well-posed, we can put α ≡ 0 in all the above iterative algorithms. Generally, if the problem (1) is ill-posed, we need to consider α → +0. The number of iterations in (11) should be adjusted to the value of α and to the error estimates of numerical methods to be used for solving all the equations from (11) at each step of iterations [10, 14].

Assume that the problem (1) is well-posed. Then we can put α ≡ 0, Λ_c = I (i.e. X_c = H_c) and the algorithm (11) has the ‘geometric convergence rate’ in this case (independently of the ‘symmetry property’ of L, . . . , D). To implement the algorithm (11) one needs only to invert the operators L and L^∗.

The methodology described earlier has been applied in [3] to solve the ‘generalized Stokes problem’. In the following sections, we consider applications of this general methodology to the Stokes equations perturbed by a skew-symmetric bounded operator and to the stationary linearized Navier– Stokes problem (the Oseen problem).

2. COMPUTATIONAL PROCESS FOR SOLVING THE PER- TURBED STOKES SYSTEM

Let us use the optimal control methods to study and construct algorithms for solving the ‘generalized’ Stokes problem perturbed by the skew-symmetric boundary operator:

−αΔϕ + bϕ + Kϕ = f − ∇p in Ω

div ϕ = 0 in Ω, � Ω p dx = 0, ϕ = 0 on Γ,

(13)

where Ω ⊂ R^n is a bounded domain with Lipschitz boundary Γ ≡ ∂Ω, x = (x_1, x_2, . . . , x_n), ϕ = (ϕ_1, ϕ_2, . . . , ϕ_n), p(x) is a scalar function (‘pressure’), a = const > 0, b = const ≥ 0, f = (f_1, f_2, . . . , f_n) is a given vector function from (L_2(Ω))^n, Kϕ ≡ (−lϕ_2, lϕ_1, 0, . . . , 0), l = l_0 + l_1x_2, l_0, l_1 = const. If l ≡ 0, the problem (13) is called ‘the generalized Stokes problem’; for l ≡ 0 and b ≡ 0, the problem (13) is the classical Dirichlet boundary value problem for the stationary Stokes equations. Instead of the Dirichlet boundary condition, other boundary conditions can be considered (for example, ‘periodicity conditions’, see Section 5).

We introduce the spaces: W ≡ (^∘W^1_2(Ω))^n, H_0 ≡ (L_2(Ω))^n, H_c ≡ L^{(0)}_2 (Ω) = {v : v ∈ L_2(Ω), � Ω v dx = 0}. The problem can be written in the operator form Lϕ = f + Bp, Cϕ = 0, (14)

i.e. in the form (1) with h ≡ 0, D ≡ 0, p ≡ u, where

L = A_0 + K, (A_0ϕ, ψ) ≡ (a∇ϕ, ∇ψ) + (bϕ, ψ) ∀ ϕ, ψ ∈ W

(Bp, ψ) ≡ (p, divψ)_{L2(Ω)} ∀ψ ∈ W, Cψ ≡ W, Cψ ≡ div ψ

L : W → W^∗, B : H_c → W^∗, C : W → H_c

D(L) = W, D(B) = H_c, D(C) = W, (·, ·) ≡ (·, ·)_{H0} , ‖ · ‖ ≡ ‖ · ‖_{H0} . Let us introduce the functional J_α: J_α(p, ϕ) ≡ α‖p‖^2_W m_{2 (Ω)} + ‖Cϕ‖^2_{Hc} , where m = 0 or m = 1, α = const ≥ 0, and consider the set of problems given by (2). Then in (5) we have (with p ≡ u and Λ_c ≡ Λ_m): Λ_0p = p, m = 0 (Λ_1p, ~p )_{L2(Ω)} ≡ (∇p, ∇~p )_{L2(Ω)} + (p, ~p )_{L2(Ω)} ∀ p, ~p ∈ W^1_2 (Ω), m = 1 L ≡ A_0 + K, A = −div(A_0 + K)^{−1}∇ and equations (6) read:

A_0ϕ + Kϕ = f + Bp, A_0q − Kq = C^∗Cϕ αΛ_mp + B^∗q = 0, m = 0, 1.

(15)

In the sequel, only the case ‘ m = 0 ’ is considered (some specific properties of the problems arising for m = 1 are discussed in [3]).

Let us study the properties of the operator A_0 ≡ A^∗A. To prove the positive definiteness of A_0 we consider the form (Ap, p)_{L2(Ω)} ≡ ‖p‖^2_A ∀ p ∈ H_c. If ϕ ≡ −(A_0 + K)^{−1}∇p, then

‖p‖^2_A = (divϕ, p) = −(ϕ, ∇p) = (ϕ, A_0ϕ + Kϕ) = (ϕ, A_0ϕ) ≥ (aλ_1 + b)‖ϕ‖^2 > 0, p ≢ 0,

(16)

where λ_1 = min_i λ_i > 0 and {λ_1} are eigenvalues of the eigenvalue problem:

−Δφ_j = λ_j φ_j in Ω, φ_j = 0 on Γ, ‖φ_j ‖_{L2(Ω)} = 1. (17) From (16) we conclude that the operators A_0, A, A^∗ are positive definite.

Now, using simple calculations, we can write down the equalities (with ϕ ≡ −(A_0 + K)^{−1}∇p):

(Ap, p)_{L2(Ω)} ≡ ‖p‖^2_A = (ϕ, A_0ϕ) = (−∇p − Kϕ, A^{−1}_0 (−∇p − Kϕ)) = (∇p, A^{−1}_0 ∇p) + (Kϕ, A^{−1}_0 Kϕ) + 2(Kϕ, A^{−1}_0 ∇p).

Since

(Kϕ, A^{−1}_0 ∇p) = (Kϕ, −ϕ − A^{−1}_0 Kϕ) = (Kϕ, ϕ) − (Kϕ, A^{−1}_0 Kϕ) = −(Kϕ, A^{−1}_0 Kϕ) we have

(Ap, p)_{L2 (Ω)} ≡ ‖p‖^2_A = (A^{−1}_0 ∇p, ∇p) − (A^{−1}_0 Kϕ, Kϕ). (18)

The relations also hold true [1, 3]:

μ_1λ_1 (aλ_1 + b)

‖p‖^2_{L2(Ω)} ≤ (A^{−1}_0 ∇p, ∇p) ≤ 1 a ‖p‖^2_{L2(Ω)} ∀ p ∈ H_c, (19)

where 1 > μ_1 = μ_1(Ω) = const > 0 (estimates for the constant μ are studied in [7]). From (18), (19) we get (with ‖l‖_∞ ≡ ‖l‖_{L∞(Ω)})

‖p‖^2_A ≤ ‖p‖^2_{L2 (Ω)}/a

(∇p, A^{−1}_0 ∇p) = ‖p‖^2_A + (A^{−1}_0 Kϕ, Kϕ)

≤ ‖p‖^2_A+

‖l‖^2_∞ aλ_1 + b

‖ϕ‖^2 ≤ � 1 + ‖l‖^2_∞ (aλ_1 + b)^2 � ‖p‖^2_A

μ_1λ_1(aλ_1 + b) (aλ_1 + b)^2 + ‖l‖^2_∞

‖p‖^2_{L2(Ω)} ≤ ‖p‖^2_A ≤ 1 a ‖p‖^2_{L2 (Ω)}.

(20)

The estimates and relations like (20) are valid for the operator A^∗ too. To prove them it is sufficient to replace K by −K in the above considerations.

We obtain the spectrum bounds for the operator A_0 = A^∗A. If p, ~p ∈ H_c, ϕ ≡ −(A_0 + K)^{−1}∇p, ~ϕ ≡ −(A_0 + K)^{−1}∇~p, we have

(Ap, ~p )_{L2(Ω)} = (ϕ, −∇~p ) = (a∇ϕ, ∇~ϕ) + (bϕ, ~ϕ) + (Kϕ, ~ϕ)

≤ ‖p‖_A‖~p ‖_A+

‖l‖_∞ aλ_1 + b

‖p‖_A‖~p‖_A

≤ 1 a � 1 + ‖l‖_∞ aλ_1 + b � ‖p‖_{L2(Ω)}‖~p ‖_{L2(Ω)}.

Hence, ‖A‖ ≤ 1 a � 1 + ‖l‖_∞ aλ_1 + b � . (21)

Since ‖p‖^2_A = (Ap, p)_{L2(Ω)} ≤ ‖Ap‖_{L2 (Ω)}‖p‖_{L2(Ω)}, from (20) we have

μ_1λ_1(aλ_1 + b) (aλ_1 + b)^2 + ‖l‖^2_∞ ≤ ‖Ap‖_{L2(Ω)} ‖p‖_{L2(Ω)}

∀ p ≠ 0. (22)

Now, from (21), (22) it follows that

Sp(A^∗A) ∈ [C_0, C_1], (23)

where

C_0 = � μ_1λ_1(aλ_1 + b) (aλ_1 + b)^2 + ‖l‖^2_∞

�_2

, C_1 = 1 a^2 � 1 + ‖l‖_∞ aλ_1 + b

�_2

ξ ≡ C_0 C_1 = μ^2_1(1 + b_0)^4 ((1 + b_0)^2 + a^2_0)^2(1 + b_0 + a_0)^2

a_0 ≡

‖l‖_∞ aλ_1

, b_0 ≡ b aλ_1 . (24)

Let us formulate the above statements as the following assertions. Proposition 2.1 The assertions hold true:

(1) The operators A, A^∗, A_0 = A^∗A are positive definite. (2) Ker(A) = Ker(A^∗) = Ker(A_0) = {0}. (3) The problem (15) is well-posed for α ≥ 0. (4) Sp(A^∗A) ∈ [C_0, C_1], where C_0, C_1 are given by (24).

To solve (15) the iterative algorithm (11) can be chosen. Assume that α = 0, m = 0. Then this algorithm reads (in the ‘classical’ form of equations):

−aΔϕ^k + bϕ^k + Kϕ^k = f − ∇p^k in Ω

ϕ^k = 0 on Γ, � Ω p^k dx = 0

−aΔq^k + bq^k − Kq^k = −∇div ϕ^k in Ω q^k = 0 on Γ p^{k+1} = p^k − τ div q^k, k = 0, 1, . . . ,

(25)

where τ = 2/(C_0 + C_1), and constants C_0, C_1 are given by (24).

Let ϕ, p be the solution of (13). Then it is easy to see that ϕ, p, q ≡ 0 is the solution of the problem (15) as α = 0. Using this remark and the estimate (10), we have the following assertion.

Proposition 2.2 The functions {ϕ^k}, {p^k} constructed by the iterative process (25) can be regarded as the approximate solutions of the problem (13) and the estimate

‖ϕ^k − ϕ‖_W + ‖p − p^k‖_{Hc} ≤ C � 1 − ξ 1 + ξ

�_k → 0, k → ∞, (26)

where C = const and ξ = C_0/C_1 holds true.

Note that ξ = μ^2_1 for b ≡ 0 and l ≡ 0. Since μ_1 depends only on the geometry of Ω [7, 9], we conclude: if b ≡ 0 and l ≡ 0, the convergence rate of the iterative algorithm (25) depends only on the geometry of Ω.

Thus, if we have some fast procedures to solve elliptic problems, applying the iterative procedure like (25), we can effectively solve the generalized Stokes problem perturbed by the bounded skew-symmetric operator K.

3. COMPUTATIONAL PROCESS FOR THE OSEEN PROBLEM

Let us consider the problem (13):

−aΔϕ + bϕ + Kϕ = f − ∇p in Ω,

div ϕ = 0 in Ω, � Ω p dΩ = 0 on Γ, (27)

where K is determined as follows:

Kϕ ≡ (U, ∇) ≡ n� i=1 U_i ∂ ∂x_i ϕ (28)

with given vector function U = (U_1, U_2, . . . , U_n). For simplicity we assume that U ∈ (C^{(1)}(Ω))^n, div U = 0 in Ω, U = 0 on Γ,

U_∞ ≡ ‖U‖_{C(Ω)} = � � � �_n � i=1 U^2_i

�_{1/2}� � �_{C(Ω)}

< ∞.

(29)

Other coefficients from (27) are described in the previous section.

The problem (27) is the linearized stationary Navier–Stokes problem (the ‘Oseen problem’). The operator of the form (27) can be written as (14). The system of variational equations corresponding to the set of the optimal control problems with cost functional J_α(p, ϕ) is given by (15).

Let us study some properties of the operators A ≡ −div(A_0 + K)^{−1}∇, A^∗, A_0 ≡ A^∗A, which correspond to the problem (27).

Relations (16), (18), (19) and the estimate ‖p‖^2_A ≤ ‖p‖^2_{L2(Ω)}/a also hold true. Then from

(∇p, A^{−1}_0 ∇p)_{L2(Ω)} = ‖p‖^2_A + (A^{−1}_0 Kϕ, Kϕ) ≤ ‖p‖^2_A +

U^2_∞ a(λ_1a + b)

(a∇ϕ, ∇ϕ)

= ‖p‖^2_A +

U^2_∞ a(λ_1a + b) � (a∇ϕ, ∇ϕ) + (bϕ, ϕ) � − U^2_∞(bϕ, ϕ) a(λ_1a + b)

it follows that

U^2_∞ a(aλ_1 + b)

(bϕ, ϕ) + (∇p, A^{−1}_0 ∇p)_{L2(Ω)} ≤ � 1 + U^2_∞ a(aλ_1 + b) � ‖p‖^2_A and μ_1λ_1 aλ_1 + b

‖p‖^2_{L2 (Ω)} +

U^2_∞ a(aλ_1 + b)

(bϕ, ϕ) ≤ � 2 + U^2_∞ a(λ_1a + b) � ‖p‖^2_A. (30)

Hence the estimates aμ_1λ_1 a(λ_1a + b) + U^2_∞

‖p‖^2_{L2(Ω)} ≤ ‖p‖^2_A ≤ 1 a ‖p‖^2_{L2(Ω)} (31)

hold true.

The estimates and relations (16), (18), (19), (31) for the operator A^∗ are also valid for this problem.

By virtue of the same reasoning as was used for proving (21), (28), we have μ_1λ_1 (aλ_1 + b) + U^2_∞/a ≤ ‖Ap‖_{L2 (Ω)} ‖p‖_{L2 (Ω)}

∀ p ≠ 0 (32) and |(Ap, ~p)_{L2(Ω)}| = |(a∇ϕ, ∇~ϕ) + (bϕ, ~ϕ) + (ϕ, (U, ∇)~ϕ)| ≤ � (a∇ϕ, ∇ϕ) + (bϕ, ϕ) + (A_0ϕ, ϕ)

�_{1/2} × � (a∇~ϕ, ∇~ϕ) + (b~ϕ, ~ϕ) + (A^{−1}_0 K ~ϕ, K ~ϕ)

�_{1/2}

≤ √ 2 a ‖p‖_{L2(Ω)}‖~p‖_{L2(Ω)}

‖A‖ ≤ √ 2 a . (33)

From (32), (33) it follows that

Sp (A^∗A) ∈ [C_0, C_1], (34)

where C_0 = � μ_1λ_1 (aλ_1 + b) + U^2_∞/a

�_2

, C_1 = 2 a^2

(35) ξ = C_0 C_1 = μ^2_1 2(1 + b/(aλ_1) + U^2_∞/(a^2λ_1))^2

. (36)

Thus, the following assertion is valid. Proposition 3.1 If U_∞ < ∞, we have:

(1) The operators A, A^∗, A_0 ≡ A^∗A are positive definite. (2) The problem (27) and the problems (15) with Kϕ ≡ (U, ∇)ϕ are wellposed.

(3) Sp (A^∗A) ∈ [C_0, C_1], where C_0, C_1 are given by (35). (4) The iterative process (25) (with Kϕ ≡ (U, ∇)ϕ) to be applied to the solution of (27) converges and for its convergence rate the estimate (26) is valid, where ξ is defined in (36).

Now let us consider the system (15) with small positive α and m = 0. In the ‘classical form’ this system reads:

−aΔϕ + bϕ + Kϕ = f − ∇p in Ω, � Ω p dx = 0, ϕ = 0 on Γ,

−aΔq + bq − Kq = −∇div ϕ in Ω, q = 0 on Γ, αp + div q = 0 in Ω, (37) where Kϕ ≡ (U, ∇)ϕ, ϕ = ϕ(α), p = p(α). We denote by ϕ_0, p_0 the solution of (27). Since p, p_0 satisfy the equations αp + A^∗Ap = A^∗g, A^∗Ap_0 = A^∗g A^∗A(p − p_0) = −αp, ‖A(p − p_0)‖^2_{Hc} = −α(p, p − p_0)_{Hc} , where g ≡ div(A_0 + K)^{−1}f, using the properties of A^∗A, A, A^∗, we derive the estimates:

α ‖p‖^2_{Hc} + C‖p‖^2_{Hc} ≤ ~C‖f‖_W ∗ ‖p‖_{Hc} ‖p‖_{Hc} ≤ C‖f‖_W ∗ ∀ α ≥ 0 C‖p − p_0‖^2_{Hc} ≤ α ‖p‖_{Hc} ‖p − p_0‖_{Hc} ≤ Cα‖f‖_W ∗ ‖p − p_0‖_{Hc} ‖p − p_0‖_{Hc} ≤ α C‖f‖_W ∗ ‖ϕ − ϕ_0‖_W ≤ C‖p − p_0‖_{Hc} ≤ αC ‖f‖_W ∗ , where the constants C, ~C do not depend on α, p, . . . , f. Hence, ‖ϕ − ϕ_0‖_W + ‖p − p_0‖_{Hc} ≤ αC ‖f‖_W ∗ → 0, α → +0 (38) and ϕ ∼= ϕ_0, p ∼= p_0 as 0 < α ≪ 1.

To obtain the approximate solutions of (37) we can use the iterative procedure (11) with small positive α. For the system (37) this iterative procedure reads: for k = 0, 1, 2, . . . compute −aΔϕ^k + bϕ^k + Kϕ^k = f − ∇p^k in Ω ϕ^k = 0 on Γ, � Ω p^k dΩ = 0 (39)

−aΔq^k + bq^k − Kq^k = −∇div ϕ^k in Ω, q^k = 0 on Γ p^{k+1} = p^k − τ_k(αp^k + div q^k) in Ω.

If we set τ_k ≡ τ = 2 2α + C_0 + C_1

(40) then according to (10), (12) the estimate

‖ϕ^k − ϕ‖_W + ‖p − p^k‖_{Hc} ≤ C � C_1 + C_0 2α + C_0 + C_1

�_k → 0, k → ∞ (41)

is valid.

From (38), (41) it follows that

‖ϕ_0 − ϕ^k‖_W + ‖p_0 − p^k‖_{Hc} ≤ C � α + � C_1 − C_0 2α + C_1 + C_0

�_k� → 0 k → ∞, α → +0. (42) Thus, if α > 0 is sufficiently small, while k(α) is sufficiently large, then ϕ^k, p^k can be taken as the approximate solutions of (27).

Remark 3.1 The iterative process (39) with α > 0 can be used to solve (27) when b or U_∞ is large.

Remark 3.2 Since C_0, C_1 in (40) are only the estimates of bounds of the spectrum of A^∗A, the convergence rate of the algorithm (40), when (39) is used, can be slow. On the other hand, the following choice of {τ_k} can be proposed. By the theory of extremal problems [14] the parameters {τ_k} can be calculated as τ_k = (J_α(u^k) − J_{α,∗})/‖J^′_α(u^k)‖^2, where the value J_{α,∗} ≡ inf J_α is assumed to be known. It often happens that J_{α,∗} is unknown. However, if Ker (A^∗) =Ker (B^∗L^{∗−1}C^∗) = {0}, we have R(A) = H_c and inf J_α(u) → 0 as α → 0 [1]. Hence, if α is sufficiently small, we can put J_{α,∗} ∼= 0 and τ_k ∼= J_α(u^k)/‖J^′_α(u^k)‖^2. Applying these considerations to the process (39), for τ_k we have the expression: τ_k ∼= ‖div ϕ^k‖^2_{L2(Ω)}/(4‖div q^k‖^2_{L2(Ω)}). The convergence rate of (39), when these values {τ_k} are used, can be much faster.

4. COMPUTATIONAL PROCESS FOR SOLVING NONSTATIONARY STOKES PROBLEM

Let us consider the nonstationary Stokes problem given as: � � � � � � � � � � � � � � � � � � u_t − aΔu − lv + bu = f_1 − p_x in Q_T ≡ Ω × (0, T ),

v_t − aΔv + lu + bv = f_2 − p_y in Q_T , u � �_{∂Ω} = v � �_{∂Ω} = 0, ∀t ∈ (0, T ), u � � t=0 = u_0(x, y), v � � t=0 = v_0(x, y),

divϕ ≡ u_x + v_y = 0 in Q_T , � Ω p dxdy = 0, ∀t,

(43)

where Ω ≡ (0, A)×(0, B), ϕ ≡ U ≡ (u, v), a, b, l −const, a > 0, b ⩾ 0, u_t ≡ ∂u/∂t, . . . , p_y ≡ ∂p/∂y.

Let us rewrite (43) in an operator form. Assume that: H ≡ (L_2(Q_T ))^2,

H^{(0)} = {f ∈ L_2(Q_T ) : � Ω f dxdy = 0 ∀t ∈ [0, T ]}

W = {ϕ ∈ H : ||ϕ||_W = � ||ϕ_t||^2_L

2(0,T ;( ⋄ W^1_2 (Ω))^∗)^2 +

+||ϕ||^2_L

2 (0,T ;( ⋄ W^1_2 (Ω))^∗)^2

�_{1/2} < ∞}.

Then we can write (43) in a weak form: find ϕ ∈ W, p ∈ H^{(0)} such that

ξ(ϕ, ^ϕ) = f(^ϕ) + η(p, ^ϕ) ∀^ϕ ∈ W, ζ(ϕ, ^p) = 0 ∀^p ∈ H^{(0)}, (44) where ϕ ≡ (u, v), ^ϕ ≡ (^u, ^v), ξ(ϕ, ^ϕ) ≡ (ϕ, −^ϕ_t) + (a∇ϕ, ∇^ϕ) + (bϕ, ^ϕ) + + (−lv, ^u) + (lu, ^v)_{(L2(QT )} + (ϕ(T ), ^ϕ(T ))_{(L2 (Ω))}2 , f(^ϕ) = (f, ^ϕ) + (ϕ_0, ^ϕ(0))_{(L2 (Ω))}2 , (·, ·) ≡ (·, ·)_H , η(p, ^ϕ) ≡ (p, div^ϕ)_{L2(Ω)}, ζ(ϕ, ^p) ≡ (divϕ, ^p)_{L2(Ω)}, f ≡ (f_1, f_2), ϕ_0 = (u_0, v_0).

Let us define the operators L, B, C as follows: (Lϕ, ^ϕ) ≡ ξ(ϕ, ^ϕ) ∀ϕ, ^ϕ ∈ W, (Bp, ^ϕ) ≡ η(p, ^ϕ) ∀p ∈ H^{(0)}, ^ϕ ∈ W, (Cϕ, ^p) ≡ ζ(ϕ, ^p) ∀ϕ ∈ W, ^p ∈ H^{(0)}. Then the problem (43) can be rewritten as the system of two operator equations:

Lϕ = f + Bp, Cϕ = 0, (45) i.e. in the form (1) with p ≡ u, Du ≡ 0 · u, h ≡ 0. The system (43) is the "classical form" of (45).

If we set X_C ≡ L_2(Q_T ) and Λ_C ≡ I, h ≡ 0, Dν = 0, H_{ob} ≡ L_2(Q_T ) in the functional J_α from (3), then the iterative process (11) in the "classical form" applying (45) (i.e. applying (43)) reads as follows: for given p^{(k)} find the solution of the equations � � � � � � � u^k_t − aΔu^k − lv^k + bu^k = f_1 − p^k_x in Q_T

v^k_t − aΔv^k + lu^k + bv^k = f_2 − p^k_y in Q_T

u^k � �_{t=0} ≡ u0, v^k � �_{t=0} ≡ v0; u^k � �_{∂Ω} = v^k � �_{∂Ω} = 0 ∀t ∈ (0, T )

(46)

� � � � �

−q^k_{1 t} − aΔq^k_1 + lq^k_2 + bq^k_1 = −(divϕ^k)_x in Q_T

−q^k_{2 t} − aΔq^k_2 − lq^k_1 + bq^k_2 = −(divϕ^k)_y in Q_T

q^k_1 � � t=T ≡ 0, q^k_2 � � t=T ≡ 0; q^k_1 � � ∂Ω = q^k_2 � � ∂Ω = 0 ∀t ∈ (0, T )

(47)

p^{k+1} = p^k − τ_k(αp^k + div Q^k), (48) where ϕ^k ≡ (u^k, v^k), Q^k ≡ (q^k_1 , q^k_2 ), τ > 0, α > 0 are parameters.

Remark 4.1 The iterative parameters {τ_k} calculated according to Remark 3.2 have the following form:

τ_k ∼= 1 4 T� 0 ||divϕ^k||^2_{L2(Ω)}dt T� 0 ||div Q^k||^2_{L2(Ω)}dt

. (49)

5. NUMERICAL EXAMPLES

5.1 Let us consider the equations from (13) in R^2 under the ‘periodicity condition’:

−aΔϕ + bϕ + Kϕ = −∇p + f(x_1, x_2) in Ω div ϕ = 0 in Ω, � Ω p dx = 0

ϕ|_{xi+1} = ϕ|_{xi} , p|_{xi+1} = p|_{xi} ∀ x ∈ Ω, i = 1, 2,

(50)

where Ω = {0 ≤ x_i < 1, i = 1, 2}, Kϕ = (−lϕ_2, lϕ_1), l = const,

f = f_N = f_{0,0} + � 0<K_1,K_2<N 2� m=1 f^{(m)}_{K1,K2} φ^{(m)}_{K1,K2} (x_1, x_2)

φ^{(1)}_{K1,K2} = cos(2π(K_1x_1 + K_2x_2)), φ^{(2)}_{K1,K2} = sin(2π(K_1x_1 + K_2x_2)) f^{(m)}_{K1,K2} = 1/(1 + K^2_1 + K^2_2 ).

If we take into account (50), the iterative process (39) reads:

−aΔϕ^k + bϕ^k + Kϕ^k = −∇p^k + f in Ω, � Ω p^k dx = 0

−aΔq^k + bq^k − Kq^k = −∇div ϕ^k in Ω p^{k+1} = p^k − τ(αp^k + div q^k), k = 0, 1, 2,

(51) where

a = 0.1, b = 10, N = 50, α = 0.001, 0 ≤ l ≤ 30 τ = 2/(2α + C_0 + C_1)

C_0 = 2 � a + b (2π)^2

�_2 + l^2 (2π)^4 � , C_1 = 2 a^2 . Note that τ ∼= 0.01 for the above data.

For the stopping criterion of the iterative process (51) we used the relation

max_m max_{K1,K2}

|(p^{k+1} − p^k, φ^{(m)}_{K1,K2} )_{L2(Ω)}| |(p^{k+1}, φ^{(m)}_{K1,K2} )_{L2(Ω)}|

≤ 10^{−10}.

To solve the subproblems at each step of the iterative algorithm (51) the Fourier method was applied to calculate ϕ^k ≡ (ϕ^k_1 , ϕ^k_2 ), q^k ≡ (q^k_1 , q^k_2 ) using the basis functions {cos(2π(K_1x_1 + K_2x_2))}, {sin(2π(K_1x_1 + K_2x_2))}.

Figures 1– 4 show some computational results.

5.2 Let us solve the problem (43) by the proposed methods. Assume the test solution of (43) is the following:

u(t, x, y) = e^{−t2} 4π B sin^3 πx A sin^3 πy B cos πy B , v(t, x, y) = −e^{−t2} 3π A sin^2 πx A cos πx A sin^4 πy B , p(t, x, y) = 2 √ t sin^2 πx A sin^2 πy B − 8 √ t AB . The functions f_1, f_2 corresponding to this test solution are equal zero on ∂Ω × (0, T ). We set A = B = 4, T = 3, a = b = 1, l = 5, α = 10^{−5}. The figures 5-8 presents the results of calculating of the solution of (43).

At each step of the iterative process (46)- (48) all the subproblems have been solved by the eigenfunction method.

CONCLUSIONS

The results described in the previous sections show that the methodology of the solution of the above problems does not need explicit forms of the operators L^{−1} and (L^∗)^{−1}. Therefore this methodology may be used to solve boundary value problems of general form. We can also suggest that the approaches discussed in this paper may be extended to the solution of the problems of the form

L(φ, u) = 0, Cφ = ϕ_{ob} (52) with a nonlinear state equation and to nonlinear inverse problems of general form. We also assume that this methodology can be applied to the solution of the Navier–Stokes problem:

−aΔϕ + bϕ + (ϕ, ∇)ϕ = −∇p + f in Ω ⊂ R^n

div ϕ = 0 in Ω, ϕ = 0 on Γ, � Ω p dx = 0. (53)

The iterative process like (39) for the problem (53) is

−aΔϕ^k + bϕ^k + n� i=1 ϕ^k_i

∂ϕ^k ∂x_i

= −∇p^k + f in Ω

ϕ^k = 0 on Γ, � Ω p^k dx = 0

−aΔq^k + bq^k − n� i=1 ∂ ∂x_i

(ϕ^k_i q^k) + (∇ ⊗ ϕ^k)q^k = −∇div ϕ^k in Ω (54)

p^{k+1} = p^k − τ_k(αp^k + div q^k), k = 0, 1, 2, . . . ,

where (∇ ⊗ ϕ^k) is the matrix with elements (∇ ⊗ ϕ^k)_{ij} ≡ (∂ϕ^k_j )/(∂x_i), i, j = 1, . . . , n. The problem of the convergence of the iterative algorithm (54) calls for special investigation. We hope that this study and the corresponding numerical algorithms may be investigated on the basis of nonlinear analysis by using the results of the optimal control theory and the theory of nonlinear inverse problems as well.

ACKNOWLEDGEMENTS

The author is thankful to Prof. F. Saleri and Prof. E. V. Chizhonkov for helpful discussions and comments and to R. Yu. Fadeev and E. A. Botvinovsky for their assistance in conducting the numerical simulation which yielded the results presented in the figures.

References

[1] V. I. Agoshkov, Methods of the optimal control and adjoint equations in the problems of mathematical physics. Inst. of Numer. Math., Russ. Acad. Sci., Moscow, 2003.

[2] V. I. Agoshkov, Optimal control methods in inverse problems and computational processes. J. Inv. Ill-Posed Problems (2001) 9, No. 3, 205– 218.

[3] V. I. Agoshkov, C. Bardos, and S. N.Buleev, Solution of the Stokes problem as an inverse problem. Preprint No. 9935. Centre de Mathematiques et Leuers Applications, E.N.S. de Cachan, Cachan, France, 1999.

[4] V. I. Agoshkov, C. Bardos, P. B. Dubovski, and S. G. Panferov, Reconstruction of the source function for an inverse transport problem in a slab. Preprint No. 9818, CMLA, E.N.S. de Cachan, Cachan, France, 1998.

[5] V. I. Agoshkov, C. Bardos, E. E. Parmuzin, and V. P. Shutyaev, Numerical analysis of iterative algorithms for an inverse boundary transport problem. Preprint No. 9812, Centre de Mathematiques et Leuers Applications, E.N.S. de Cachan, Cachan, France, 1998.

[6] V. I. Agoshkov, On some inverse problems for distributed parameter systems. Russ. J. Numer. Anal. Math. Modelling (2003) 18, No. 6, 455– 465.

[7] E. V. Chizhonkov, Iterative methods for solving difference equations with a sadle-point operator. Doctoral Thesis, Inst. of Numer. Math., Russ. Acad. Sci., Moscow, 1999.

[8] V. Girault and P. Raviart, Finite Element Methods for Navier–Stokes Equations. Springer-Verlag, Berlin–Heidelberg–New York–Tokyo, 1986.

[9] M. Grouzeix, Etude dúne méthode de linéarisation. Résolution numerique des équations de Stokes stationnaires. Application aux équations de Navier–Stokes stationaires. In: Approximations et Méthodes Itératives de Résolution dÍnéquations Variationnelles et de Probléms Non Linéaires, 12, Cah. de lÍRIA, 1974, pp. 139–244.

[10] Ill-posed Problems in Natural Sciences (Ed. A. N. Tikhonov). VSP BV, Netherlands, TVP, Moscow, Russia, 1992.

[11] O. A. Ladyzhenskaya, Mathematical Questions of the Dynamics of Viscous Incompressible Fluids. Nauka, Moscow, 1970.

[12] G. I. Marchuk, Methods of Numerical Mathematics. Nauka, Moscow, 1989.

[13] R. Temam, Navier–Stokes Equations. North-Holland Publishing Company, Amsterdam–New-York–Oxford, 1979.

[14] F. P. Vasiliev, Methods for Solving Extremal Problems. Nauka, Moscow, 1981.

Figure 1: The function of calculated pressure p(x_1, x_2).

Figure 2: The dependence of the number of iterations on τ (0 ≤ l ≤ 30, α = 0.001).

Figure 3: The dependence of the number of iterations on τ (for various values of α and for l = 10).

Figure 4: The dependence of the total number of iterations on τ for all harmonics (for various values of l and for α = 0.001).

Figure 5: The relative error of the function u in L_2(Q_T ).

Figure 6: The relative error of the function v in L_2(Q_T ).

Figure 7: The relative error of the function p in L_2(Q_T ).

Figure 8: The norm of the divergence in L_2(Q_T ).