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Abstract A unified and robust mathematical model for compressible and
incompressible linear elasticity can be obtained by rephrasing the Her-
rmann formulation within the Hellinger-Reissner principle. This quasi-op-
timally converging extension of PEERS (Plane Elasticity Element with Re-
duced Symmetry) is called Dual-Mixed Hybrid formulation (DMH). Ex-
plicit residual-based a posteriori error estimates for DMH are introduced
and are mathematically shown to be locking-free, reliable, and efficient.
The estimator serves as a refinement indicator in an adaptive algorithm for
effective automatic mesh generation. Numerical evidence supports that the
adaptive scheme leads to optimal convergence for Lamé and Stokes bench-
mark problems with singularities.

1 Introduction and motivation

It is well known that for nearly incompressible and incompressible materi-
als, i.e. for a value of the Poisson ratio near or equal to 0.5, finite element
computations based on a standard displacement formulation fail due to
the onset of the locking phenomenon (see [11] for numerical evidence). A
valid alternative to locking-affected methods is represented by dual-mixed
formulations, that provide mathematical models capable of treating under
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an unified framework both compressible and incompressible linear elas-
ticity problems (see [3,18]). However, the quasi-optimal convergence rate
of such methods can be unfavorably degraded, for example, by the pres-
ence of singularities in the computational domain. In such an event, the
convergence performance can be improved by resorting to a robust mesh-
refinining algorithm for an efficient automatic mesh-design. A list of con-
tributions proposing and analyzing robust and effective adaptive finite el-
ement methods in compressible, nearly incompressible and pure incom-
pressible solid and fluid mechanics includes references [4,10,11,13,12,17,
23,24].

In the sequel, we will deal with a dual-mixed formulation obtained by
rephrasing the Herrmann approach [20] within the Hellinger-Reissner prin-
ciple. This quasi-optimally converging extension of PEERS (Plane Elastic-
ity Element with Reduced Symmetry) is called Dual-Mixed Hybrid formu-
lation (DMH) and in the case of isotropic materials reads: Given the linear
functionals

���
	��
and 
 ����� , find

�
�����������
���������! #"%$&"(')"+*
such that, �
�.-!	��0/213���4���5�
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Therein,
�J�! 

(respectively,
�K<

) denotes the Sobolev space
�L6NM&�
OQPSRJ-UTV�

accounting for nonvanishing (respectively, vanishing) traction boundary con-
ditions on W�X , while

$
,
'

and
*

are Lebesgue spaces over the bounded
domain

TZY\[�]
with Lipschitz boundary W 6 W5^`_#W X for Dirichlet and

traction boundary conditions. The bilinear forms , �baS�UaB� , 13�baS�UaB� , and
@3�baS�UaB�

are defined by, �
�.-!	��c6 degf h�i �Gjk	ml?n 9o���!	;�;�p�
13�����!=Q�!>q-!	��76 h i �VarOQPSRF	ml?n�/ h i =tsvuQ	mlkn�/ h iAwe >.x�y�	ml?n9t�����!=��!>?�F�:$z";' "�* 9�	{�;�J<3�
@C�B�4-!>?�c6 h�i w �v>.lkn 9q�4�!>(��*(�

(2)

where we set
�Zjm	N6}| ]~�� ��� � � ~�� 	 ~�� , x4yQ	�6}| ]~�� � 	 ~�~ and, for

l�6 e
,s�uQ	�6)	 ���m� 	 ��� . The linear forms

�%�
	��
and 
 ����� are defined by���
	��c6 h�g� � ^ a�	F�Klq� and 
 �����D6 � hi�� aU��lkn 9o	{�;�H9E����$DI
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The parameter
w

is a continuous function (also in the incompressible limit)
of the compressibility modulus � of the material. We refer the reader to
Section 2 for the remaining details of notation.

Quasi-optimal and robust a priori error estimates for DMH were proved
in [15]. Robustness here is referred to the performance of the DMH method
in the sense that, for small values of the mesh size, the error is independent
of the compressibility parameter. As anticipated before, the quasi-optimal
convergence rate of DMH can be degraded by the presence of singularities
in the computational domain, this demanding to resort to a robust mesh-
refinining algorithm for an efficient automatic mesh-design. With this aim,
we introduce in this paper explicit residual-based a posteriori error esti-
mates for the DMH formulation. These a posteriori error estimates are used
in an adaptive algorithm for effective automatic mesh generation (cf. Sec-
tion 5).

For
l�6 e

and �� 6 egf
, where

f
is the second elastic Lamé coef-

ficient, we propose the following error estimator with volume contribu-
tion �k� and edge contribution �q� : Given the computed discrete approxima-
tion

�
�������o���
�E�������k�
, we compute on each element   in the triangulation¡ �

the volume part of the refinement indicator

� �� 6£¢ ��f ��¤S¤ � /&OQPSRF��� ¤S¤ �< � � / ¢ � � ¤S¤ ¥U¦ y¨§�� ���© � ���ª/ we �E�C«m/¬�­�k� ¤S¤ �< � �/®df �0¤S¤ s�u���� ¤S¤ �< � � / ¤S¤ we �B�E�ª/¯de x�y����k� ¤S¤ �< � � I
Here and throughout the paper, ° a ° < � ± denotes the ² � 6NM < norm ° a °¨³ ��´ ±qµ
on a domain, face or edge ¶ . On each edge · ��¸��¬6¹¸ i _ ¸ ^�_ ¸ X ,
where

¸ i
denotes the set of interior edges,

¸ ^ and
¸ X the sets of edges on

the Dirichlet and Neumann boundary, respectively, we compute the jump
contribution to the refinement indicator

� �� 6 º»»»¼ »»»½
¢ � ¤S¤¿¾ ��� ��J© � ���ª/ we �E�C«m/¬�­�k�ÁÀ � � ¤S¤ �< � � if · �{¸ i �¢ � ° � � © � ���ª/ wCÂ e �E�k«m/¬��� �ÄÃ � ^ �ÁÀ � ° �< � � if · �{¸ ^ �¢ �f �m¤S¤ ���c� � ��Å X ¤S¤ �< � � if · �{¸ X I

The error estimator associated with the DMH formulation, then readsÆ � �
����- ¡ �k�DjB6 Ç�vÈgÉUÊ Æ � � with
Æ � � jB6 � �� / Ç�tÈgËr� � �� I (3)
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Denoting by Ì rel a positive constant independent of the mesh-size ¢ and
the material parameter � �ÎÍ Ï���Ð¬Ñ , the reliability of the error estimator is
expressed by the following inequality

Ì © �rel ¤S¤ �� © �ÁÒ�� �
� � �E�k� ¤S¤ �< � iÔÓ Æ � �
����- ¡ �k��I (4)

Details on the aformentioned notation are given in Sect. 2 and 3. The proof
of (4) combines a unified approach from [9] with several arguments from
[10,11,13,12,6]. Efficiency holds in a local form up to higher-order terms.

The local refinement indicator
Æ � from (3) serves in an adaptive al-

gorithm for effective automatic mesh generation. Numerical evidence in
Section 6 supports that the resulting DMH adaptive scheme is character-
ized by optimal convergence rates when applied to the numerical solution
of Lamé and Stokes benchmark problems with singularities.

The remaining part of the paper is organized as follows. Section 2 is
devoted to the strong form of the linear elasticity problem and its related
dual-mixed weak formulation. The numerical approximation of the DMH
problem is then considered, and a priori quasi-optimal error estimates are
reviewed for the method, with emphasis on their robustness with respect to
the compressibility parameter. Section 2 concludes with some details on the
efficient implementation of the dual-mixed method through the hybridiza-
tion procedure; cf. [1,2,15]. A proof of the a posteriori error estimate (4) is
given in Section 3 while efficiency of

Æ �
�Õ��-!	U�k�
is discussed in Section 4.

Section 5 illustrates the adaptive algorithm implemented in the computer
code to drive the automatic mesh generation process. Numerical experi-
ments on several benchmark problems illustrate in Section 6 the reliability
and the efficiency of our robust a posteriori error estimate as well as the
performance of the proposed adative refinement strategy.

2 Model problem, dual-mixed (hybrid) formulation, and
finite element approximation

2.1 Mathematical model

Let
T YÖ[�]

be the reference configuration of an elastic material with
Lipschitz boundary × TØ6 W ^ _¬W4X , W ^ÚÙ6ÜÛ

, W ^�Ý W�X 6ÞÛ
, and its

outward unit normal vector
�

. The linear elasticity problem reads: Given
a volume force

� jßTØà [�]
, a displacement

� ^ j W ^ à [�]
, a trac-

tion Å X j W4X à [�]
, find a displacement

�¹jáTâà [ª]
and a stress
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T���;6 �mì �����

in
T���í6N� ^ on W ^ ��K�#6 Å X on W�X (5)

with strain tensor
ì �����76 �� � Ã ��/�� Ã ����ê.� and stress tensor�;6 ��î �����c6 egf î �����4/ � x�y î ������« (6)

in the isotropic case. In (6), � � f are the Lamé constants and
«

is the
l�"�l

identity matrix. Plain strain or plane stress conditions can be recovered by
taking in (5) appropriate values of the coefficients � and

f
(see [21], p.83).

Korn’s inequality and Lax-Milgram lemma ensure that problem (5) ad-
mits a unique (weak) solution

�
���Q���m� ² � �bT�-¨ã ]gä­]æ�ç¨è ��"#M � �bTV� ] . In order
to construct the DMH variational formulation of (5) we introduce two ad-
ditional unknowns,

�
and

�
, through the relations�p6 � dl x4yQ� and

ì �����76 Ã � � ��I (7)

The variable
�

is a pressure parameter that allows for a straightforward
discrete treatment of the incompressible case ( � 6®/KÐ

) and is the main
novelty of the DMH formulation with respect to the original PEERS ap-
proach [2]. Denoting by

�
the hydrostatic pressure, in the case

l`6£ï
we

have that
�26 �

, while when
l`6 e

,
�Ô6ð��� � / f � Â � � / egf Â ï?��� � in the

case of plain strain conditions and
��6ñï � Â e

in the case of plane stress
conditions. The variable

�
is the infinitesimal rotation tensor that allows to

weaken the symmetry constraint on
�

.
Introducing (7) into (5), we obtain the following equivalent formulation

of the linear elasticity problem [15]: Find
�2j5Tòàó[J]

,
��j5T£àôã ]åä­]

,�;j�THà}[
, and

��j�T�àÞã ]åä­]æ�õ÷öÁø 6�é � �;ã ]åä­] j � / � ê 6NÏ­ë such that� OQPSRD�:6 � in
T���:6 �� � Ã � � �0� � f w ��« in
T���{6 � dl x�yQ� in
T��svuQ�:6�Ï

in
T���{6\� ^ on W ^ ��J��6 Å X on W X

(8)

where �� 6 egf
and

w 6 � Â � f � � / egf Â l­��� , with
§ùP�úûrüKý w 6 d Â f . In the

incompressible case, system (8) can be conveniently interpreted as the con-
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servative form of the Stokes equations in fluid dynamics� OQPSRD�c���Õ�c6 � in
T���;6 eCþ î ����� � �o« in
T��OQPSR��í6NÏ

in
T���í6�� ^ on W ^ ��c�����q��6 Å X on W�X (9)

with kinematic viscosity
þ 6 f

and where
�

is to be intended as a velocity
field. To show the equivalence of system (9) with the Stokes problem in
conservative form, we use the definition of

�
in (8) � , take the trace of this

latter relation, and use the definition of �� and
�

, obtainingx�y î ���Õ�c6NOQP�RD�{6 degf �
x4yE��/ f w �ol­�t6 �vlegf � f w � d ��I
For � 68/KÐ , the incompressibility constraint

OQPSR��í6NÏ
is thus recovered.

2.2 DMH weak formulation

In order to introduce the DMH weak formulation of problem (8), we define
the Sobolev spaceM&�
OQPSRJ-UTV�c6Îér�`� ² � �bT�-¨ã ]gä­] �Dj7OQPSRF�`� ² � �bTV� ] ë?-
and, given

� ^ � ² � � W ^ � ] , Å X � ² � � W4X � ] and
� � ² � �bTV� ] ,���! Ä6Hér�`�#M&�
OQPSR�-UTV��j7����6 Å X{ÿ��vW4X ë?�$86 ² � �bTV� ] � ' 6 ² � �bT�-¨ã ]åä­]æÁõ÷ö�ø ��� *Î6 ² � �bTV��I

In the case W�X 6�Û , in order to preserve the uniqueness of the solution, the
definition of the pressure space

*
must be modified into

*Z6 ² �< �bTV� , the
space of square integrable functions over

T
having null average on

T
. Mul-

tiplying each equation in (8) by a proper test function and using integration
by parts, we obtain the DMH weak formulation (1) of the linear elastic-
ity problem. Under proper regularity assumptions on the solution of (8),
an existence and uniqueness result of the solution of (1) has been proved
in [15].

2.3 Finite element approximation

In view of the numerical approximation of problem (1) we assume hence-
forth that

T
is a bounded domain in

[ �
and we introduce a regular par-

tition
¡ �

[16] of
T

into triangles   such that
T 6�� �vÈgÉUÊ   and let¸��N6)¸ i _ ¸ ^ _ ¸ X be the set of edges associated with

¡ �
. For each
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element   � ¡ �
with boundary ×E  , we denote by ¤   ¤ and ¢ � the area

and the diameter of   , respectively, while for each edge · �{¸o� we denote
by ¢ � the length of · and choose one unit normal

� � along · (pointing
outwards

T
for · �G¸ X ). We set ¢ 6Hú���� �vÈgÉUÊ ¢ � . Then, for �
	 Ï , we

denote by � õ �   � the space of polynomials in two variables of total degree
at most � on the element   and we let � �   ��6Z��[�
v<C�   ����� � � � , where[�
 < �   � is the lowest order Raviart-Thomas finite element space [22] on  and

� � 6 ¥U¦ y¨§ � 1 � � , 1 � being the cubic bubble function on   [8]. The
finite element spaces for the DMH approximation are defined as follows� �! � �K6Îér���%�#M&�
OQPSR�-UTV��j.9 · �{¸ X �Q�E�3� ¤ � 6���< � � � Å X ��-9   � ¡ �­����� ¤ � � � �   �¨ë?�$.�ß6Îé��E�%�G$Hj.9   � ¡ �­�Q�E� ¤ � �Ä� � <C�   ��� � ë?�'��ß6ÎéU�­�%� Ì < � T�-¨ã � ä �æÁõ÷ö�ø �Fj59   � ¡ �­���­� ¤ � � � � �   -¨ã � ä �æÁõ÷ö�ø �¨ë?�*K�ß6Îér>��%�;*Lj59   � ¡ �­�Q>�� ¤ � � � <?�   �¨ë?I

(10)

Therein, for any · �G¸��
,
�F< � � is the orthogonal projection in ² � � · � onto

the space of constants
� � < � · ��� � on · , i.e.

� < � � is the integral norm opera-
tor.

The discretization of problem (1) reads: Find
�
�Õ�����o�����­���
�o�k����� �! � �Õ"$5��":'G��"�*��

such that, �
���Q-!	U�k�Õ/213���E�����­�Q�
�E��-!	U�?�c68���
	U�k� 9�	U����� < � ���13�
�E��-��C���!=å���!>��k�Õ/2@3�B�o��-!>��k�c6 
 ���C�k� 9A���3�Q�!=å���!>��?�F��$5��"�'G��":*��­I
(11)

Existence and uniqueness of the solution of the discretized problem (11)
have been proved in [15] and in the same reference, under appropriate (min-
imal) regularity assumptions on the solution of problem (1), the following
quasi-optimal a priori error estimates have been established¤S¤ � � �E� ¤S¤ < � i / ¤S¤ � � �E� ¤S¤ < � i � ¢ � ¤ � ¤ � � i / ¤ � ¤ � � i / ¤ � ¤ � � i ���¤S¤ � � �E� ¤S¤ < � i � ¢ � ¤ � ¤ � � i / ¤ � ¤ � � i / ¤ � ¤ � � i / ¤ � ¤ � � i ���¤S¤ � � �­� ¤S¤ < � i � ¢ � ¤ � ¤ � � i / ¤ � ¤ � � i / ¤ � ¤ � � i ��I (12)

Here and throughout this paper, � Ó Ì�� is abbreviated as � � � whenÌ is a positive (generic) constant independent of ¢ and independent of the
compressibility parameter � ; for any integer ��	 Ï we denote by ¤S¤ a ¤S¤ è � ±
and ¤ a ¤ è � ± the norm and seminorm on the Sobolev space

M è � ¶ � , re-
spectively, ¶ Y [v] . It is important to notice that the above estimates are
uniformly robust with respect to the compressibility parameter � , i.e. they
maintain their validity even in the exactly incompressible regime character-
ized by the value � 68/KÐ .
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The computer implementation of (11) leads to solving a linear sparse
system of algebraic equations of large size. In order to reduce the com-
putational complexity of the problem, it is convenient to resort to the hy-
bridization of the dual-mixed formulation (11). This amounts to relaxing
the
M&�
OQPSR�-UTV�

-continuity requirement for interelement normal stresses that
is contained in the definition of the finite element space

� �� � � at the ex-
pense of introducing a further variable � � into the system (11) (see [1,2]).
The variable � � is defined only over the edges of

¸Q�
, this fact giving the

name “hybrid ”to the corresponding numerical scheme, and plays the role
of a Lagrangian multiplier that enforces back the interelement traction reci-
procity of the discrete stress

���
. The resulting discontinuous finite element

spaces for
�E�

and � � are defined as���ß6�ér����� ² � �bT�-¨ã � ä � �Djt9   � ¡ ���Q��� ¤ � � � �   �¨ë?���� ��� �ß6�é � ��� ² � ��¸��k� � jg9 · �{¸���� � � ¤ � �Ä� � <?� · ��� � �9 · �í¸ ^ � � � ¤ � 6��F< � � � ^ ë?I (13)

Since the stress
�o�

is now a priori fully discontinuous over the triangulation¡ �
, it can be statically eliminated at the element level together with the ele-

ment displacement
�Õ�

, leading to a condensed system in the sole unknowns�­���
�o��� � � (see [11,14] for the algorithmic details of the procedure). The in-
terelement variable � � has the physical meaning of edge displacement and
can be shown to enjoy a higher convergence rate than the corresponding
element variable

���
(see [15] and also [1,18]).

3 A posteriori error estimate

This section is devoted to prove the reliability estimate (4). Beforehand, we
need to introduce some notation that will be useful in the following.

3.1 Notation

For each edge · �:¸��
with fixed normal

� � (that coincides with the exte-
rior normal to W if · Y W ), define the jump of a function

�
(that is con-

tinuous on each of the neighbouring elements   � and   © but, in general,
discontinuous along their intersection · ) across the edge · as¾ ����� ¤ � jB6z��� ¤ ��! ¤ � � � ��� ¤ �#" ¤ � ���  � being the triangle whose outward unit normal vector coincides with

� � .
If · 6   Ý W , we set ¾ ����� ¤ � jB6z��� ¤ � ¤ � ��I
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For each normal
� � we denote by

À � its associated tangent unit vector, such
that

� � points to the right side defined by the orientation of
À � .

Moreover, we define

Curl $ 6z� $ � �m� $ � � ��� curl $ 6&% $ � �� $ � �(' 9 $ �#M � �bTV��-
Curl

�{6)% � � � �J� � � � �� � � �J� � � � �(' � curl
�í6�� � � �7� � � � � 9o���#M � �bTV� � -

curl
�;6 % � ��� � �c� � ��� � �� ��� � �c� � ��� � �*' � div

�;6 % � ��� � � /&� ��� � �� ��� � � /&� ��� � �+' 9o���#M � �bT�-¨ã � ä � ��I
In the sequel, the mesh-size is regarded as a (piecewise constant) ² ý func-
tion, i.e. ¢ É÷Ê (respectively, ¢+, Ê ) is

¡ �
-piecewise constant (respectively,

¸��
-

piecewise constant) with ¢ É Ê ¤ � 6 ¢ � 6LOQP-�Cú#�   � for each   � ¡ �
(re-

spectively ¢+, Ê ¤ � 6 ¢ � 6NOQP.�Cú#� · � for each · �{¸�� ). Similarly, the piece-
wise action of differential operators on (in general discontinuous) piecewise
sufficiently smooth functions is denoted by a subindex, e.g. / ¦ y�§ ÉUÊ means� / ¦ y¨§ ÉUÊ ��� ¤ � 6 / ¦ y¨§ ��� ¤ � � for

�p�{M � �   ���â9   � ¡ �­I
For brevity, let

�baS�UaB� < � ± denote the ² � scalar product in ² � � ¶ � for a domain,
edge etc. and let ° a ° < � ± denote the induced norm. Similarly, ° a ° � � ± and ¤ a ¤ � � ±
denote the norm and seminorm in

M � � ¶ � , respectively. Set
M �^ �bTV�AjB6é��Î�zM � �bTV� ] jp�\6 Ï

on W ^ ë and
M �< �bTV�#jB6Öé����HM � �bTV� ] jí��6Ï

on W ë and

² jB6Hér�`� ² � �bT�-¨ã ]åä­]sym

��j h�i x�y4�
�4�­l?n;6NÏ­ë
and 0 jB6NM �< �bTV� ] if W�X 6�Û­-² jB6 ² � �bT�-¨ã ]gä­]sym

�
and 0 jB6NM �^ �bTV� if W�X Ù6NÛ­I

Let ° a ° ³ jB6 ° a ° < � i and ° a °21 jB6 ° a ° � � i . With the elasticity tensor
�

from (6) and the positive parameters
f

and � one defines the energy norms° ì ����� ° � jB6z� �mì ������� ì ������� �ÁÒ��< � i and ° 	 ° �3" � jB6 � � © � 	��!	�� �ÁÒ��< � i
for any

ì �����
or
	

in ² � �bT�-¨ã � ä � � .
3.2 Mathematical preliminaries

Given the exact and discrete solution
�
�����������
���

and
�
�Õ�����o�����­���
�o�k�

inM&�
div
-UTV�F"G$z"�' "�*

, define 4�o��jB6�u65�úÔ�E� , the symmetric part of
�o�

and let 7 �;M � �bTV� � be some Sobolev function with 7 6N� ^ on W ^ .
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Since, 4�E� does, in general, not equal
�mì � 4�Õ�q� for some 4�o�¬�\M �^ �bTV� ,

we consider that 4����/ 7 �#M �^ �bTV� with the minimal distance with respect
to
�mì � 4�E�­� as defined by the following Helmholtz decomposition.

Lemma 1 (Helmholtz decomposition for symmetric tensor fields, [10])
Suppose that W�X is a finite union of connected components W <3�UIUIUI�� W�8
and either W5X 6�Û or W4X Ù6�Û and W ^ have a positive distance. Then there
exists 4�o�G�2M �^ �bTV� and

Æ �2M � �bTV�
with 9 i Æ l?n&6 Ï , / ¦ y¨§ Æ 6 @ � onW � , @ � �{[ � , : 6 d �UIUIUIå�¨ã ,

@÷<ª6NÏ
, such that4�E� � �mì � 7 �c6 �mì � 4�o�q�Õ/ / ¦ y¨§ / ¦ y¨§ Æ I ;<

(14)

Lemma 2 ([10]) There exists some � -independent constant Ì � (which de-
pends on W�X ,

T
, and

f
but not on � or on

Æ
) such that° Æ ° � � i 6 °=/ ¦ y¨§ / ¦ y¨§ Æ ° < � i Ó Ì � °=/ ¦ y¨§ / ¦ y¨§ Æ ° �3" � I>;<

Theorem 3 Let ? j ² " 0 à � ² " 0 �A@ be defined by� ? �
���������÷�
	������mjB6L� � © � ���!	��b< � i � �
��� ì �������b< � i � �
	�� ì ���Õ���b< � i
for all

���!	 � ² and
�4���¯� 0 . Then, the operator ? is bounded and

bijective and the operator norms of ? and ? © � are � -independent.

Proof. The case W5X 6 Û
is proved in [6, Theorem 5.1] and the proof

in the case W X Ù6 Û
is sketched in the sequel for convenient reading. We

refer the reader to [5,8] for the general theory of mixed formulations. The
continuity and inf-sup condition on the bilinear form

�
��� ì �������
(with � -

independent constants) are well established. The kernel of this bilinear form
reads B jB6�ér�`� ² j7OQPSRF�;6NÏ in

T
and

�J��6NÏ
on W�X ë?I

The remaining non-trivial point is to verify that the bilinear form
� � © � ���!	��

is continuous and

B
-elliptic with � -independent constants. The first prop-

erty is immediate from the expression of
� © � . To check the latter property,

given
�`� B

, we employ the arguments of Lemma 1 and obtain�;6 �mì �����0/ / ¦ y¨§ / ¦ y¨§ Æ
for
���`M �^ �bTV� and

Æ
with properties stated in the lemma. Since

OQPSRF�Ä6Ï
in
T

and
�J� 6ÜÏ�6 / ¦ y¨§ / ¦ y¨§ Æ � on W X we deduce

�86ÞÏ
. From

Lemma 4.2 in [10] we have°=/ ¦ y�§ / ¦ y¨§ Æ ° < � i Ó Ì � °=/ ¦ y¨§ / ¦ y¨§ Æ ° �3" �
for a � -independent constant Ì � (which depends on W X ,

T
, and

f
but

not on
Æ

). Since
�N6 / ¦ y¨§ / ¦ y¨§ Æ , the last inequality reads Ì © �� ° � ° �³ Ó� � © � ���!�4� . For more details cf. [6].

;<
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3.3 Proof of reliability.

Recall that 7 �#M � �bTV� ] denotes a function with 7 6�� ^ on W ^ and recall
from (14), that � � 4���ß6 �Fì ��� � 7 � 4�E�k� � / ¦ y¨§ / ¦ y�§ Æ I
Theorem 3 is then applied to

�
� � 4������� � 7 � 4�E�?� and yields existence of�
	�������� ² " 0 with ° �
	������ ° ³ ä 1 � d uniformly bounded such that° � � 4��� ° ³ / ° � � 7 � 4�o� ° 16z� ? �
� � 4������� � 7 � 4�o�k���÷�
	������6z� � © � �
� � 4���k���!	��b< � i � �
� � 4�E��� ì �������b< � i� �
	�� ì ��� � 7 � 4�E�k���b< � i6 � � / ¦ y�§ / ¦ y¨§ Æ �!	��b< � i � �
��� ì �������b< � i /8�
����� ì �������b< � i (15)

because of
� © � �;6 ì ���Õ� and 4�E�(j ì �����c6N���(j ì ����� .

In the next steps, we estimate the right-hand side of (15).
Using

�
��� ì �������b< � i 6 � � �����b< � i / 9 �  Å X �Dlq� and an integration by
parts in the term

�
�o��� Ã ���b< � i we obtain° � � 4�E� ° ³ / ° � � 7 � 4�E� ° 1 6z� � / ¦ y�§ / ¦ y¨§ Æ �!	��b< � i � �
OQPSRF���ª/ � �����b< � i/��
����� ì ����� �¬Ã ���b< � i / h �  �
���t� �GÅ X �Á��l­�?I
Since 9 � � � /LO�PSRm���?�­l?nñ6 Ï

for any   � ¡ �
we have, with

�?�ò��DC4<?� ¡ �k��� �
defined by

�C� ¤ � jB6 ¤   ¤ © � 9 � ����n��­l?n for all   � ¡ �
, that� �
OQPSRF���ª/ � �����b< � i 6 � �
OQPSRF���ª/ � ��� � �C�k�b< � iÓ ° ¢ É Ê � � /&OQPSRF���k� ° < � i ° ¢ © �É Ê ��� � �C�k� ° < � i� ° ¢ ÉUÊ � � /&OQPSRF���k� ° < � i

(owing to an elementwise Poincare inequality ° ¢ © �É Ê ��� � �C�k� ° < � i Ó d Â�E ° Ã � ° < � iÓ d ). Since
�E�.� ¤ � 6���< � � Å X for each · �#¸ X , a similar argument shows

thath �  �
���.� �GÅ X �Á�Dlq��6 h �  �
�E�.� �GÅ X �÷��� � � , Ê �­l?nÓ ° ¢ �ÁÒ��, Ê � Å X � �E�.��� ° < � �  ° ¢ © �ÁÒ��, Ê ��� � �GF÷� ° < � �  � ° ¢ �ÁÒ��, Ê � Å X � �E�.��� ° < � �  



12 Carsten Carstensen et al.

(owing to an elementwise trace inequality and a proper choice of an edge-
wise

� , Ê ).
Since

�
�E��� ì ����� �JÃ ���b< � i 6L�
svuQ�E��� ì ����� �JÃ ���b< � i , this term is bounded
by ¤S¤ svu���� ¤S¤ �< � i ¤S¤ ì ����� �VÃ � ¤S¤ �< � i � ¤S¤ s�u��E� ¤S¤ �< � i (where we employed Korn’s
inequality and ¤S¤ � ¤S¤ 1 Ó d in the last step).

Altogether, we deduce° � � 4��� ° ³ / ° � � 7 � 4�E� ° 1 � °=/ ¦ y¨§ / ¦ y¨§ Æ ° ³ / ° ¢ É÷Ê � � /VOQPSR ÉUÊ �E�C� ° < � i/ ° ¢ �ÁÒ��, Ê � Å X � ���3��� ° < � �  �/ ° s�uª�E� ° ³ I (16)

Lemma 4 There exists a
� � � ¢ � -independent constant Ì ��H Ï such that°=/ ¦ y�§ / ¦ y¨§ Æ ° �3" � Ó Ì �JI ° ¢ ÉUÊ / ¦ y¨§ ÉUÊ � 4� © � ���ª/ w?Â e �E�?«m/¬�­�k� ° < � i/ ° ¢ �ÁÒ��, Ê ¾ � 4� © � �E�ª/ wCÂ e �E�?«m/¬���k�ÁÀ � ° < � ´ �=K ,ML K?�3�ÕµON I

Proof. Notice that� © � 4���ß6 4�E� Â � egf � � � Â � egf �÷�
x4y 4���k��« Â � e � / egf �6 4� © � 4��� � wCÂQP x�y5�
���k��«
and abbreviate R ���(jB6 4� © � �E�ª/ wCÂ e �o�?«F/A�­��I
The orthogonality in the Helmholtz decomposition (14) leads to°=/ ¦ y�§ / ¦ y¨§ Æ ° ��3" � 6 hQi / ¦ y¨§ / ¦ y¨§ Æ j�� � © � 4�E� � ì � 7 ���­l?n6L� / ¦ y¨§ / ¦ y¨§ Æ � R ���k�b< � i � � / ¦ y¨§ / ¦ y¨§ Æ � wCÂ e �B�E�/ d Â e x4y.�
���k������«3� < � i � � / ¦ y¨§ / ¦ y¨§ Æ � Ã 7 � < � i
where we have already used the aforementioned notation and the fact that/ ¦ y�§ / ¦ y¨§ Æ is symmetric (and so orthogonal to asymmetric

�0� � 4��� and�­�
). Lemma 2 yields°=/ ¦ y�§ / ¦ y¨§ Æ ° ³ � � / ¦ y¨§ / ¦ y¨§ Æ � R ��� �¬Ã 7 �b< � i / ° wCÂ e �B�E�J/ d Â e x�y5�
���k��� ° < � i I

The estimation of
� / ¦ y¨§ / ¦ y¨§ Æ �(S�o�k�b< � i essentially follows the technique of

[10, Lemma 5.1]. The first observation is that
1íjB6 / ¦ y�§ Æ �\M � �bTV� � is

constant on each of the connectivity components W � of W X . Taking nodal
interpolation as a boundary condition on WtX and a Clement-type weak in-
terpolant, e.g.

1U�Q�UTq�ßjB6 ¤ VXWk¤ © � 9ZY�[ 13��n��­lkn for a node
T Ù� W�X with patch
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� _ é   � ¡ �Äj�T2�   ëg� and

1��Q�UTq��jB6®13�UTq��6®@ � for
T2� W � ,

one defines
1÷�&� Ì � Tß� � Ý � � � � ¡ �k��� � with

1 � 1��Ä6®Ï
on W X and so is/ ¦ y�§÷1���6NÏ+6 / ¦ y¨§U1�� almost everywhere W5X . Furthermore,

° ¢ © �É Ê � 1 � 1��k� ° < � i / ° ¢ © �ÁÒ��, Ê � 1 � 1��k� ° < � , Ê � ¤ 1 ¤ � � i � ¤ Æ ¤ � � i I (17)

Since / ¦ y¨§U1����^]5<?� ¡ -`_ � ä � � with
OQPSR / ¦ y¨§�1��&6 Ï

,
	U�ÔjB6 / ¦ y�§÷1����� < � � and (11) � yieldh �3� � ^ ar	U�5�Klq�J6z� 4� © � �E���!	U�C� < � i /N� �­�Q�!svuQ	U�k� < � i/�� wCÂ e �E�Q�!x4y�	U�?�b< � i 6z� R �����!	U�k�b< � i I

This and
	��3��6NÏ

along W�X plus an integration by parts show that�MS�����!	U�k� < � i 6 h �3� 7ª^ a / ¦ y¨§U1��3�Klq�J6 h � 7 a / ¦ y�§÷1��3�Kl­�:6z� / ¦ y¨§�1���� Ã 7 � < � i I
Therefore,� / ¦ y¨§ / ¦ y�§ Æ �(S��� �ÄÃ 7 � < � i 6z� / ¦ y¨§ � 1 � 1��k���(S��� �ÄÃ 7 � < � i I
A standard piecewise integration by parts yields� / ¦ y�§ / ¦ y¨§ Æ �(S��� �¬Ã 7 � < � i 6z� 1 � 1���� / ¦ y¨§ É Ê S���k� < � i� h K ,ML � 1 � 1��C�.a ¾ �MS�E�q�ÁÀ � lq�� h �3� � 1 � 1��k�÷�MS���3À � � × � ^ Â × �3�­lq�kI
From this, using Cauchy inequalities, trace estimates and (17), we eventu-
ally conclude the proof; cf. [10] for further details.

;<
Lemma 4 and inequality (16) show that

° � � 4��� ° ³ / ° � � 7 � 4�o� ° 1 � ° ¢ É÷Ê / ¦ y¨§ ÉUÊ � 4� © � �E��/ w?Â e �E�k«E/%���C� ° < � i/ ° ¢ �ÁÒ��, Ê ¾ � 4� © � �E�ª/ wCÂ e �E�q«F/A�­�?�ÁÀ � ° < � K , Ê/ ° ¢ É Ê � � /&OQP�R É Ê ���?� ° < � i / ° ¢ �ÁÒ��, Ê � Å X � ���g��� ° < � �  �/ ° s�uª�E� ° ³ I
This is the reliability of our proposed estimator in a slightly different nota-
tion.
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4 Efficiency

Given the reliable error estimator with ��� and �?� , this section aims to
establish the reverse estimate for � � and � � even in a local form: For each  � ¡ �

, it can be proved that� � � ° � � �E� ° < � � / ° � � �E� ° < � � / ° � � �­� ° < � � / ¢ � ° � � � � ° < � � I
(18)

The last term ° ¢ � � � � � � � ° < � � , with the integral mean
� � of

�
on   , is

an oscillation of the right-hand side and is of higher order (provided
� �M � �   � ). The proof of (18) is by a standard inverse estimate technique due

to Verfürth [23]. We therefore give an example for ° ¢ � � / ¦ y¨§aS���?� ° < � � 6+jw � �MS�E�q� and the polynomial
S�o�pjB6 4� © � ����/ w?Â e �E�?«ª/A��� on   of degree� e

, written
S�E��� � �   � .

On the finite-dimensional vector space � �   � , w � is a seminorm and so
we have w � �MS	U�k�DjB6 úáP �b Èdc � ´ i µ ° S	U� �ÄÃ � ° < � � for

S	U��� � �   ��I
Notice that

w � �MS	U�k�D68Ï implies that
S	��

is a gradient and hence
w � �MS	U�k�D68Ï .

Owing to the equivalence of norms on finite dimensional vector spaces
(here, a quotient space of � �   � factorized by the set of gradients) one
deduces that

w � � w � . A scaling argument reveals that the constant Ì inw � Ó Ì w � on � �   � is independent of ¢ � . Therefore, we have that° ¢ � / ¦ y¨§aS��� ° < � � � ° 4� © � �
� � �E�?�0/ wCÂ e �B� � �E�?��«�/¬� � �­� ° < � �
and triangle inequalities yield the associated result in (18). The remaining
assertions in (18) are easier to prove; we therefore omit further details on� � .

The interior edge contributions � � for · �{¸ i satisfy¢ �ÁÒ��� ° ¾ ��� 4Ì © � �E��/ wCÂ e �E�q«F/A�­�k�ÁÀ � � ° < � �� ° � � ��� ° < � Yfe / ° � � �E� ° < � Yfe / ° � � ��� ° < � Y�e / ° ¢ É � � � � É � ° < � Yfe
(19)

with a right-hand side that is the sum of the right-hand side in (18) for
the two neighbouring elements   6hg\i

, V � 6jg �`_ g © and
gki � ¡ �

with
g � Ý g © 6 · . The proof of (19) follows the lines of that of (18)

on the finite dimensional space � �Dg � ��� � �Dg © � of piecewise polynomial
functions on V � (and ° S	U� �ÄÃ � ° < � Yfe � in the definition of

w � . We therefore
omit further details and, instead, mention the standard technique for the
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proof of (18)-(19) which employs cubic and quadratic bubble-functions and
an integration by parts. In this way, one can prove that ��� is efficient for· �í¸ ^ _ ¸ X in the following sense� � � ¢ �ÁÒ��� ° ���3� � �GÅ X�° < � �� ° � � �E� ° < � Yfe / ° ¢ � � � � � É÷Ê � ° < � Yfe / ¢ �ÁÒ��� ° Å X �GÅ X � � ° < � � 9 · �{¸ X �� � � ¢ �ÁÒ��� ° � 4� © � ����/ wCÂ e �o�k«m/¬�­� �ÄÃ � ^ �ÁÀ � ° < � �� ¢ �ÁÒ��� ° � 4� © � / wCÂ e �E�?«m/¬��� �ÄÃ � ^ � � �ÁÀ � ° < � � / ¢ �ÁÒ��� °�× Â × �D��� ^ � � ^ � � � ° < � �� ° � � �E� ° < � Yfe / ° � � �o� ° < � Y�e / ° � � �­� ° < � Yfe / ¢ �ÁÒ��� ¤ � ^ � � ^ � � ¤ � � �
for all · ��¸ ^ . Therein, V � 6   � ¡ �

is the neighbouring element of·ml�  Ý W and, at least for smooth data Å X and
� ^ , Å X � � and

� ^ � � are
their constant and affine approximations on · , respectively. Further details
on the adopted arguments can be found in [10,11] and are therefore omitted
here.

5 Adaptive algorithm

The efficiency in the local form asserted above motivates the usage of
Æ � �

as a refinement indicator in an adaptive mesh-refining algorithm.
The following adaptive Algorithm (A) has been implemented in the

framework of a Matlab computer code:

a. Start with a coarse mesh
¡ � � < , � 6NÏ , and a fixed tolerance tol H Ï .

b. Solve the discrete problem with respect to the present mesh
¡ � � õ with n

degrees of freedom.
c. Compute

Æ � for all   � ¡ � � õ with a sum over all the edges · of   .
d. Compute the error estimateÆ õ 6 Æ õ �
����- ¡ � � õ �t6po Ç�vÈ3É ÊZq r Æ � �3s �ÁÒ��
corresponding to the mesh

¡ � � õ . Then, terminate the algorithm ifÆ õ Óutwvwx Æ <g�
otherwise go to step (e) of the algorithm.

e. Mark the element   for further refinement if
Æ � 	 de ú�����zyùÈgÉUÊ{q r Æ �zy .

f. Perform red-green-blue refinement on all the marked elements and run a
closure algorithm to avoid hanging nodes.
g. Generate the new mesh

¡ � � õ � � , set � à � / d , and go to (b).

Details on the red-green-blue refinement and closure algorithms can be
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found in [24,17,7]. The numerical performance of Algorithm (A) will be
illustrated in Section 6 in the solution of several compressible and incom-
pressible benchmark problems with singularities.

6 Numerical experiments

To provide experimental evidence of the robustness and accuracy of the
DMH method with adaptive mesh refinement and of the reliability, effi-
ciency and robustness of the a-posteriori error estimator, we investigate
several model problems, both in the incompressible (Stokes problem) and
in the compressible regime. We also compare the results provided by algo-
rithm (A) with uniform mesh-refinement. In the following, the parametern represents the total number of degrees of freedom associated with a cer-
tain mesh, while ¢ represents an average mesh size (in the case of uniform
refinement).

6.1 Stokes flow in an L-shaped domain

The first numerical example deals with the solution of the Stokes prob-
lem in the L-shaped domain shown in Fig. 1, with

� 6 Ï
and viscosityf 6 d . The boundary values, prescribed as specified in Fig. 1 (left), are

computed from the exact solution, which reads as a function of the polar
coordinates

�}|g�!=q��í6�|d~Õ��� d /��.�­u!P � �
=­� 7 �
=q�0/ ¥ ÿ ur�
=q� 7�� �
=q������(6�|d~Õ� � � d /��.� ¥ ÿ u3�
=q� 7 �
=q�4/&u!P � �
=q� 7�� �
=q������í6 � | ´ ~ © � µ ��� d /��.� � 7�� �
=q�Õ/ 7��6�6� �
=q��� Â � d � �5��� (20)

with 7 �
=­�t6z�
u!P � ��� d /��5�b=­� ¥ ÿ uå��� V ��� Â � d /��.� � ¥ ÿ uå��� d /��.�b=q�� �
u!P � ��� d � �5�b=q� ¥ ÿ u3��� V ��� Â � d � �.�0/ ¥ ÿ ug��� d � �.�b=q���
and where

��6NÏ�I�� PdPdPf� ï��3ï
is the positive solution of the equation

�+u!P � � e V ��/u!P � � e V �.�c6NÏ , with V 6�ï E4Â e .
A plot of the initial mesh is given in Fig. 1 (right), while in Fig. 2 we

show the mesh generated by Algorithm (A) after 12 refinement steps and
a magnified detail of the mesh around the re-entrant corner at

�
Ï��!Ïk�
. No-

tice the strong nonuniformity of the computational mesh and the high re-
finement performed by the automatic mesh generation algorithm near the
singularity.

The experimental convergence rate for the uniform refinement tends to
the theoretically expected rate

�
which results from the approximation of
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Figure 1. Computational domain (left) and initial mesh (right) for test case 6.1.

Figure 2. Adaptive mesh generated by Algorithm (A) after 12 refinement steps with a
magnified detail around the re-entrant corner at �.�M�O�Z� for test case 6.1.

singular functions like (20) (see [19]). The convergence rate we obtain with
the adaptive mesh refinement is improved to the optimal order 1. These re-
sults are shown in Fig. 3, where the error ¤S¤S¤ � � �Õ� ¤S¤S¤ 6 ¤S¤ �Ì © �ÁÒ�� �
� � �E�C� ¤S¤ < � i
and the error estimator

Æ �
���­- ¡ �k�
are displayed as functions of n on uni-

form and adaptive meshes (notice that in Fig. 3, a slope 1/2 corresponds to
a convergence rate of 1).

In Tab. 1 we show the error ¤S¤S¤ � � �o� ¤S¤S¤ and the error ¤S¤ � � ��� ¤S¤ < � i ,
both computed using a high-order Gauss quadrature formula on each mesh
element.

The experimental convergence rate Ì�� is defined as the corresponding
(negative) slope in Fig. 3. We observe that the quotient   ´>¡ Ê�¢ ÉUÊ µ£¤£¤£ ¡ © ¡ Ê £¤£¤£ remains
bounded from above in agreement with estimate (4).
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Figure 3. Error and error estimator for test case 6.1 on uniform and adaptive meshes.¥ ¦ §¨§�§ ©«ª¬© Ê §¨§¨§ CR
§¨§ ­�ª¬­ Ê §¨§ ® q L CR ¯�°¤±2²M³ ´µ²Z¶· · · ± " ± ² · · ·

187 1.4142 2.052e+00 - 8.728e+00 - 0.0592
721 0.7071 4.673e-01 2.135 5.643e-01 3.951 0.0730
2833 0.3536 3.118e-01 0.584 1.940e-01 1.540 0.0961

11233 0.1770 2.169e-01 0.523 8.188e-02 1.244 0.1036
44737 0.0884 1.505e-01 0.527 3.716e-02 1.139 0.1063

178561 0.0442 1.038e-01 0.534 1.740e-02 1.094 0.1075

Table 1. Error and convergence rates on uniform meshes for test case 6.1.

In Tab. 1 we show the individual contributions to the error estimator,
defined as follows�d¸O¹ZºD» 6 Ç�vÈ3É Ê o ¤S¤ ¥U¦ y¨§ � �� © � �E�ª/^¼ e �E�?«m/¬���k� ¤S¤ �< � � s �ÁÒ�� ��d½*¾ 6âÇ�vÈgÉUÊ o�df �0¤S¤ s�u��E� ¤S¤ �< � � s �ÁÒ�� �� � 6 Çö È ,ML K , � o ¢ � ¤S¤¿¾ ��� ��J© � ���ª/ ¼ e �E�C«�/Ä�­� �`Ã � ^ �ÁÀ � � ¤S¤ �< � �/ Çö È ,  ¢ �f �m¤S¤ ���.� � �GÅ X ¤S¤ �< � ��s �ÁÒ�� I
The remaining contributions to the error estimator, � ] ~ b 6 | �vÈgÉUÊ � � �¿À � ¤S¤ � /OQPSRF��� ¤S¤ �< � � ¢ � � � �ÁÒ�� and � ê+Á 6 | �vÈgÉ Ê � ¤S¤DÂ � �B�E��/ �� x�y����?� ¤S¤ �< � � � �ÁÒ�� , here as
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well as in the following examples, are of negligible size compared to the
other contributions.¥ ¦ ÃZÄ-Å`Æ>Ç

CR
ÃZÈdÉ

CR
Ã e CR

187 1.4142 1.939e+01 - 1.010e+01 - 2.685e+01 -
721 0.7071 3.405e+00 2.509 2.071e+00 2.286 5.001e+00 2.424

2833 0.3536 1.475e+00 1.207 1.167e+00 0.827 2.638e+00 0.922
11233 0.1770 9.156e-01 0.688 7.725e-01 0.595 1.716e+00 0.620
44737 0.0884 6.156e-01 0.572 5.238e-01 0.560 1.161e+00 0.563

178561 0.0442 4.195e-01 0.553 3.577e-01 0.550 7.935e-01 0.550

Table 2. Individual contributions to the error estimator on uniform meshes.

6.2 Stokes flow over a backward facing step

As a next example, we consider a fluid flow through a backward facing step
as shown in Fig. 4, with

f 6 d Â �3Ï . On W.X we setÅ 6z��Ê � �r� e�Ë � ï?� Â dCd ÏCÏk� n{6NÏ�� Ë �ÄÍ d � e Ñ �Å 6z� d �q�r� d � Ë � ÂQPdP ÏCÏk� n{6 � � Ë �ÄÍ Ï�� e Ñ �
while homogeneous boundary conditions are enforced on W7^ .

ÌMÍÎMÏ ÐÒÑ
ÓÒÔÕ Ö

×Ø
Figure 4. Computational domain and boundary conditions for test case 6.2.

In Fig. 5 we show the refined mesh and a magnified detail around the
corner after 15 refinement steps with Algorithm (A). The adaptive mesh
is highly refined in correspondence of the areas of strongest stretching and
curvature of the flow, in particular around the step corner. In Fig. 6 we show
the error estimator

Æ �
�o��- ¡ �k�
as a function of n for adaptive and uniform

meshes. The convergence rate is slightly more than 1/2 for adaptive meshes
and about 2/5 for uniform meshes.



20 Carsten Carstensen et al.

Figure 5. Adapted mesh after 15 iterations of Algorithm (A) and magnified detail around
the corner for test case 6.2.
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Figure 6. Error estimator as a function of the number of degrees of freedom for uniform
and adaptive refinement for test case 6.2.

6.3 L-shaped compressible material domain

We now apply the adaptive refinement algorithm (A) to the numerical so-
lution of the linear elasticity system (5) in both compressible and quasi
incompressible regimes. With this aim, we consider an L-shaped domain
as in Fig. 7. The radial and tangential components of the exact solution
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expressed as functions of the polar coordinates
�}|g�!=q�

read� Á �}|g�!=q�D6 |d~egf � � ���{/ d � ¥ ÿ uå�����#/ d �b=q�Õ/�� Ì �m� ���{/ d ��� Ì � ¥ ÿ uå����� � d �b=q������ � �}|å�!=­�c6 |G~egf �����{/ d �­u!P � �����í/ d �b=q�Õ/�� Ì � /�� � d � Ì � u!P � ����� � d �b=q�����
(21)

where
�

is the same value as in test case 6.1, V 6�ï E4ÂQP andÌ � 6 � ¥ ÿ ur�����#/ d � V � Â ¥ ÿ uC����� � d � V ��� Ì � 6 e � � / egf � Â � � / f ��I
The Young modulus is · 6 d ÏCÏ�ÏCÏCÏ and numerical computations have been
performed with the Poisson ratio

þ
ranging in the intervalþ 6zÍ Ï�I¿ï­�!Ï�I P �­�!Ï�I PfÙ �!Ï�I PfÙdÙ �!Ï�I PfÙ�ÙdÙ �!Ï�I PfÙfÙdÙ�Ù Ñ �

the latter value corresponding to a quasi-incompressible problem. Mixed
Dirichlet-Neumann boundary conditions are computed from the exact so-
lution and enforced as shown in Fig. 7.

Ú
Û

Ü Ý
Þ ß

à áãâ
ä�å æ�ç

è�éê�ë

Figure 7. Computational domain (left) and initial mesh (right) for test case 6.3.

In Tab. 3 and Tab. 4 the errors and rates of convergence are displayed forþ 6NÏ�I¿ï
and

þ 6NÏ�I PfÙdÙdÙdÙ
, respectively. The experimental convergence rate

tends to the value
�

, as theoretically expected for solutions like (21)(see
[19]). The quotient

£¤£¤£ ¡ © ¡ Ê £¤£¤£  ´ì¡ Ê�¢ ÉUÊ µ is seen to be bounded from above and below.
In Fig. 8 and Tab. 5 we summarize the results of the computation with
Algorithm (A). The final mesh after 20 refinement steps is shown in Fig. 9
(left) with von Mises stresses (right). A very strong refinement is produced
by the algorithm around the re-entrant corner.
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§¨§ ­íªî­ Ê §¨§ � q L CR

· · · ± " ± ² · · ·¯�°¤± ² ³ ´ ² ¶
100 1.4142 2.247e-02 - 6.487e-04 - 42.719
373 0.7071 9.512e-03 1.240 9.341e-05 2.796 71.241
1441 0.3535 6.015e-03 0.661 2.958e-05 1.658 86.312
5665 0.1768 4.051e-03 0.570 1.338e-05 1.144 89.924

22465 0.0884 2.758e-03 0.554 6.651e-06 1.008 90.986
89473 0.0442 1.884e-03 0.549 3.465e-06 0.940 91.538

Table 3. Error and convergence rates on uniform meshes for test case 6.3 with ïíð �Mñ ò .¥ ¦ §¨§¨§ ©3ª¬© Ê §¨§�§ CR
§¨§ ­íªî­ Ê §¨§ ® q L CR

· · · ± " ±2² · · ·¯�°¤± ² ³ ´ ² ¶
100 1.4142 2.413e-02 - 7.797e-04 - 40.191
373 0.7071 1.014e-02 1.250 9.371e-05 3.056 77.237
1441 0.3535 6.358e-03 0.674 2.869e-05 1.707 99.195
5665 0.1768 4.269e-03 0.574 1.263e-05 1.182 104.213

22465 0.0884 2.904e-03 0.555 6.114e-06 1.047 105.636
89473 0.0442 1.983e-03 0.550 3.112e-06 0.974 106.359

Table 4. Error and convergence rates on uniform meshes for test case 6.3 with ïóð�ãñ ô{õ{õ{õ2õ .
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Figure 8. Error and error estimator for uniform and adaptive mesh refinement for test case
6.3 with ïöðø÷ �Mñ òM�ù�ãñ ôÒúÒ�û�ãñ ôZõM�A�Mñ ôZõ{õM�û�ãñ ôZõ2õ{õã�û�Mñ ô{õ{õ2õ{õýü .
6.4 Plate with a hole under traction

As a final test case, we consider a plate with a circular hole, subject to a
shearing load on the right side (see Fig. 10, left).
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N h
ÃZÄ-Å`Æ>Ç

CR
Ã ÈdÉ

CR
Ã e CR

100 1.414214 3.229e-04 - 8.181e-05 - 4.066e-04 -
373 0.707107 7.228e-05 2.159 3.254e-05 1.330 1.073e-04 1.920

1441 0.353553 3.351e-05 1.108 2.004e-05 0.699 5.770e-05 0.896
5665 0.176777 2.105e-05 0.670 1.325e-05 0.596 3.755e-05 0.619
22465 0.088388 1.406e-05 0.581 8.923e-06 0.570 2.531e-05 0.568
89473 0.044194 9.518e-06 0.563 6.063e-06 0.557 1.720e-05 0.557

Table 5. Individual contributions to the error estimator on uniform meshes for test case 6.3
with ïíðþ�ãñ ò .
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Figure 9. Adapted mesh (left) with a magnified detail of the re-entrant corner and von-
Mises stresses (right) with a magnified detail of the re-entrant corner after 20 refinement
steps with Algorithm (A) with ïíðþ�ãñ ò for test case 6.3.

A closed-form solution to the linear elasticity system exists in the case
of an infinitely large, thin plate with a circular hole, and the stress normal
to the vertical plane of symmetry (

Ë
-axis) is�aÿÒÿ ¤ ÿ � <ª6 º¼ ½

� < % d / �e�Ë � ' Ë 	u� �Ï Ë�� � I (22)

We set
� < 6 d , · 6 d ÏCÏtÏCÏCÏ and

þ 68Ï�I¿ï
. Symmetry boundary conditions

are enforced on the boundaries converging to the curved part (that is, on
the axis of symmetry of the entire plate, of which Fig. 10 represents the
quarter that we study), while Neumann boundary conditions are enforced
elsewhere. From (22) we have that at location

]
of Fig. 10,

� ÿÒÿ`6¹ï3��<
.

Since point
]

is a node, we display the value of
� ÿÒÿ

computed by an aver-
aged stress approximation. Observe the significantly better result obtained
with the adaptive approximation. In Fig. 11 we plot the value

� ÿÒÿ
at
]

com-
puted using both uniform and adapted meshes. In Fig. 12 (left) we plot the
adapted mesh after 15 refinement steps with Algorithm (A) and in Fig. 12
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������� 	


�
�
�

�

Figure 10. Computational domain (left) and initial mesh (right) for test case 6.4

(right) we plot the corresponding von Mises stresses. We observe that the
Algorithm (A) generates a refinement towards the hole, where the stress
gradients are higher. The results are independent of the Poisson ratio

þ
.

0 2 4 6 8 10

x 10
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1
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3.5
adaptive
uniform

N 

Figure 11.
©����

component of the stress tensor at � as a function of the number of degrees
of freedom for test case 6.4 using uniform and adaptive refinement.
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15. P. Causin and R. Sacco. A dual-mixed hybrid formulation for fluid mechanics prob-
lems: Mathematical analysis and application to semiconductor process technology.
Comput. Methods Appl. Mech. Engrg., 192:593–612, 2003.

16. P.G. Ciarlet. The Finite Element Method for Elliptic Problems. North Holland, Ams-
terdam, 1978.

17. K. Eriksson, D. Estep, P. Hansbo, and C. Johnson. Introduction to adaptive methods
for differential equations. Acta Numerica, pages 105–158, 1995.

18. M. Farhloul and M. Fortin. Dual hybrid methods for the elasticity and the Stokes
problems: a unified approach. Numer. Math., 76-4:419–440, 1997.

19. P. Griesvard. Singularities in elasticity theory. In P.G. Ciarlet and E. Sanchez-Palencia,
editors, Applications of multiple scaling in Mechanics, pages 134–150. Masson, Paris,
1987.

20. L.R. Herrmann. Elasticity equations for incompressible and nearly-incompressible
materials by a variational theorem. AIAA Jnl., 3-10:1896–1900, 1965.

21. T.J.R. Hughes. The Finite Element Method, Linear Static and Dynamic Analysis.
Prentice-Hall, Englewood Cliffs, New Jersey, 1987.

22. P.A. Raviart and J.M. Thomas. A mixed finite element method for second order elliptic
problems. In I. Galligani and E. Magenes, editors, Mathematical Aspects of Finite
Element Methods,I. Springer-Verlag, Berlin, 1977.

23. R. Verfürth. A posteriori error estimator for the Stokes equations. Numer.Math.,
55:309–325, 1989.

24. R. Verfürth. A posteriori error estimator for the Stokes equations. II: Nonconforming
discretizations. Numer.Math., 60:235–249, 1991.


