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Abstract

This paper is meant to be the continuation of the previous work [1] where
a coupled ODE/PDE method for the simulation of semiconductor devices
was introduced. From a strictly mathematical viewpoint, analytical results
on coupled PDE/ODE systems (as arising in integrated circuit simulation)
can be found in [2]. In particular, in the present paper, we numerically
investigate an algorithm of Domain Decomposition type for the simulation
of circuits containing distributed devices (§ 1) as well as semiconductors
in which some part is modeled with lumped parameters (§ 2). It is worth
noticing the original employment of the Domain Decomposition technique
within the confines of a “heterogeneous” PDE/ODE coupling, versus its
typical use in a “homogeneous” full-PDE context. The results presented
here have been studied in the seminal work [3], while a more thorough
analysis is ongoing [4].

∗The research has been partly supported by COMSON COupled Multiscale Simulation and

Optimization in Nanoelectronics, Marie Curie Research Training Network.
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1 Extra-device approach

The approach that we present here is devoted to circuit analysis. Suppose we
have to deal with a complex circuit network where, however, only few devices
are critical with respect to the behavior of the network. On the one hand, the
use of a complex PDE model to describe the whole network may be unnecessary
and, even though very accurate, it would also require a lot of resources, thus
undermining the overall efficiency. On the other hand, using some “black box”
method to model the critical devices would possibly be quite inaccurate. What
we propose here is to use the PDE model only where strictly needed, keeping the
lumped circuit model for the other parts. In the literature, this kind of hetero-
geneity is usually addressed as mixed-mode device simulation and a Newton-like
numerical procedure is implemented in the simulator MINIMOS-NT [5]. Re-
cently the full Newton method has also been applied to the simulation of a cou-
pled semiconductor-circuit model including thermal effects [6]. Our approach
is instead based on Domain Decomposition techniques that suitably allows for
the coupling of distributed devices, modeled by PDE’s, with external circuits
described by ODE’s. With this aim we have employed a suitable extension of
the Dirichlet/Neumann algorithm [7] to enforce the continuity of both currents
and node potentials at the device-circuit interface.

V

I

PDEs
G

D

S

NMOS

RLC−network

ODEs

Vdd

Cout

Rpol

Vout

Rload

Rin
Cin

Vin
Diode

Figure 1: Example of the Domain Decomposition approach for network analysis
(left) and scheme for the attenuator of the model problem (right)

For simplicity, suppose that there is only one device that requires a PDE
description like, for example, a pn junction diode. We can consider the circuit
viewed from the diode terminals as a generic bipole: thus the circuit is divided
in two separate subdomains, i.e., the PDE-diode and the ODE-bipole. To apply
the Dirichlet/Neumann algorithm it is necessary to figure out how to treat the
boundary conditions (b.c.). We have chosen to use Neumann b.c. (i.e., current-
operated) for the ODE-circuit and Dirichlet b.c. (voltage-operated) for the PDE-
diode. To fix some notation, suppose that the distributed and the lumped models
are described by the two problems

∂u

∂t
+D(u, V ) = 0 in Ω× (0, T ], and

dw

dt
+ L(w, I) = 0 in (0, T ], (1)

respectively, where u = u(x, t) represents the internal (state) variable of the
PDE part, with x ∈ Ω and t ∈ (0, T ], w = w(t) those of the ODE, while V =
V (t), I = I(t) are the vectors of the potentials and of the currents, respectively,
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Table 1: Numerical data used for the extra-device test case

Diode P Zone N Zone

Doping (Uniform) NA = 1017 cm−3 ND = 1017 cm−3

Length 5µm 5µm
Minority carrier lifetime 10 ns 10 ns
Simulation time 1µs
Time step 5 ns

Circuit

Rin = 100 kΩ Rpol = 100 kΩ Rload = 1 kΩ
Cin = 10 nF Cout = 10 nF
VDD = 5 V Vin = sin (2πft) mV f = 1 MHz

at the boundary of the device occupying the domain Ω. The quantities D,L are
suitable differential operators and proper boundary and initial conditions are
understood. Let us first introduce a partition {tn} of [0, T ] into N subintervals
such that 0 = t0 < t1 < · · · < tN−1 < tN = T . We want to advance the
solutions u(x, t), w(t) from t = tn until t = tn+1, for n = 0, 1, · · · , N − 1. The
Dirichlet/Neumann algorithm can be thought of as a fixed point iteration for
the potentials V (·)|(tn ,tn+1]. For this purpose, set the iteration counter j ← 0.

Then given some initial guess V (j), the algorithm comprises the following steps:

1. Solve ∂u
∂t

(j+1)
+D(u(j+1), V (j)) = 0 in Ω× (tn, tn+1] for u(j+1)(x, t);

2. Compute I(j+1) = I(u(j+1), V (j));

3. Solve dw
dt

(j+1)
+ L(w(j+1), I(j+1)) = 0 in (tn, tn+1] for w(j+1)(t);

4. Compute V (j+1) = θ V(w(j+1), I(j+1)) + (1− θ)V (j);

5. Check for convergence: if ‖V (j+1) − V (j)‖(tn ,tn+1] < ε then finish, else j ←
j + 1 and go to 1.

Note that the functions I = I(u, V ), V = V(w, I) return the output current of
the device and the potentials at the circuit terminals, respectively, while 0 < θ <

1 is a suitable relaxation parameter, and ε a given tolerance. In practice, the
fixed point mapping is understood with respect to the final value V (tn+1) only,
and spatial/temporal discretization schemes have to be employed as well. This
algorithm admits also a very interesting circuit interpretation, see Fig. 1 (left).
As we can identify Neumann b.c. with the currents at the diode terminals, and
Dirichlet b.c. with the values of the corresponding potentials, we have to deal at
each time step with a voltage-operated PDE device and with a current-operated
ODE circuit. We point out that this procedure is implementable without any
knowledge about the internal codes of both the PDE and the ODE solvers.
Actually, one can use these particular solvers as building-blocks for implementing
the Domain Decomposition algorithm.

We carry out a sensitivity analysis with respect to the relaxation parameter
of the Dirichlet/Neumann algorithm for the transient simulation of a small signal
circuit, i.e., an attenuator (Fig. 1, right). The diode is treated as a 1D device
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and is described by the Drift-Diffusion (DD) transport model [8]. The data used
in the simulation are gathered in Tab. 1. The circuit is solved via the Tableau
analysis [9]. The sensitivity for both Dirichlet (top) and Neumann (bottom)
b.c. is shown in Fig. 2, where the number of iterations vs time and relaxation
parameter are displayed. Notice that under-relaxation is needed for convergence
with an optimal parameter of about 0.15 in both cases.
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Figure 2: Sensitivity for Dirichlet (top) and Neumann b.c. (bottom)

2 Intra-device approach

The second approach we present is focused on the simulation of a single dis-
tributed device. In this case we treat with a PDE model a particular region of
interest of the device at hand, and with an ODE model the other parts. As in
the extra-device case, the terminal current and voltage continuity is enforced via
the Dirichlet/Neumann approach. In Fig. 3 (left) we see a possible application
of this procedure to a MOSFET where only the channel (green box) is modeled
with PDE’s. For the derivation of a suitable ODE model we have used a tech-
nique proposed in [10, 1] that allows for the extraction of a compact physics-based

circuit model from dc device simulations. We have also improved the model, de-
riving the constitutive relations for the currents from a linearization of the very
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Figure 3: Example of ODE/PDE coupling for a single device (left) and basic
building-block for the circuit extraction technique (right)

well-known Scharfetter-Gummel formulas [11]. This has the advantage of being
mathematically consistent with the PDE model, where the current continuity
equations are also discretized via the Scharfetter-Gummel formulas, and elimi-
nates the degree of freedom in the choice of the conductances that characterizes
the approach in [10]. In particular, the expressions of the conductances for the
electrons read:

Gk+1/2
mn = −

qµn

h

[

Ḃ(∆kψ)nk+1 + Ḃ(−∆kψ)nk

]

,

Gk+1/2
rn =

qµn

h
B(∆kψ)nk+1, G

k+1/2
fn = −

qµn

h
B(−∆kψ)nk,

where q is the absolute value of the electron charge, µn the electron mobility,
h the length of a typical grid element, nk, ψk the electron concentration and

electric potential at the k-th grid point, ∆kψ = ψk+1−ψk

Vth
, B(·), Ḃ(·) the Bernoulli

function and its derivative, while Vth is the thermal voltage.
The algorithm that we propose is in some way similar to the one adopted in

the extra-device case, except that we have to guarantee that the ODE system
be consistent with the PDE model. This is why we have used a physics based
circuit extraction that calibrates the lumped model from dc device simulations
only. Basically, this procedure allows us to describe a semiconductor region of
finite size with the basic circuit block shown in Fig. 3 (right).

We have tested our algorithm on a model problem, i.e., a voltage-operated
1D diode. We use the lumped model only in the quasi-neutral zones, while the
PDE model (based on the DD equations) is employed for the depletion region.
This choice is motivated by the consideration that this region is where most of
the physically relevant processes take place, so that it represents the part of the
device needing a more accurate description.

We carry out a sensitivity analysis with respect to the relaxation parameter
for a transient simulation. The Gummel map [12] is employed for the solution of
the DD equations. The data used in the simulation are collected in Tab. 2. The
lumped circuits are solved with the MNA analysis [9, 13]. The sensitivity results
are displayed in Fig. 4, through the number of iterations vs time and relaxation
parameter, and where the order of the circuits refers to the number of blocks
used for modelling each quasi neutral zone. The relaxation refers only to the
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Table 2: Numerical data used for the intra-device test case

Diode P Zone N Zone

Doping NA = 1016 cm−3 ND = 1016 cm−3

Mobility 1000 cm2/(V s) 1000 cm2/(V s)
Length 5µm 5µm

Polarization 0.6 V No Generation/Recombination
ac signal sin (2πft) mV f = 100 kHz
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Figure 4: Sensitivity analysis for the coupled model with fifth- (top) and tenth-
order circuits (bottom)

Neumann boundary conditions. As in the extra-device case, under-relaxation is
required for convergence and the optimal parameter is about 0.007.

3 Conclusions

We have extended a Dirichlet-Neumann method to the ODE/PDE framework for
simulating extra-device as well as intra-device structures. The numerical inves-
tigations show that under-relaxation is required for achieving convergence under
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general conditions. Moreover, also a time adaptive procedure would be welcome
for a better efficiency. So far only simple devices and (linear) circuits have been
tested. We plan to extend the numerical technique to more complex circuits and
to multidimensional devices, and to carry out a theoretical assessment of the
convergence properties of the whole algorithm.
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