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Abstract

The main goal of this work is the proposal of an efficient space-time
adaptive procedure for a ¢GdG approximation of an unsteady diffusion
problem. We derive a suitable a posteriori error estimator where the con-
tribution of the spatial and of the temporal discretization is kept distinct.
In particular our interest is addressed to phenomena characterized by tem-
poral multiscale as well as strong spatial directionalities. On the one hand
this leads us to exploit the experience matured on handling anisotropic
grids, to enrich the analysis currently available in the literature. On the
other hand we devise a sound criterion to update the time step, able to
follow the evolution of the problem under investigation. The reliability and
the efficiency of the proposed error estimator are assessed numerically.

1 Introduction and motivations

We are interested in devising an effective procedure for selecting both the time
step and the grid size to approximate unsteady diffusion problems. Such models

*This research was supported by COFIN 2006 “Metodi Numerici Avanzati per il Calcolo
Scientifico”.



are employed to describe applications of interest in, e.g., heat flow problems,
hydrogeology, particle diffusion phenomena, etc.

We propose an adaptation algorithm enjoying a modest computational cost,
based on both an adaptive choice of the temporal step and an anisotropic mesh
adaptation strategy. Indeed the applications we have in mind often exhibit
both temporal multiscale phenomena and spatial heterogeneities. The first issue
calls for a time step, fitting the evolution of the phenomenon at hand; the second
occurs in the presence of lower dimensional features of the domain, of the problem
data or of the solution.

The proposed adaptation procedure relies on a theoretical tool, i.e., an a poste-
riori error estimator, driving the automatic choice of the spatial and temporal
steps. In more detail, the key point is to identify, in the error estimator, a
space and a time contribution. This is aligned with other works such as, e.g.,
[45, 6, 28, 39]. The additional value of our work is the possibility of dealing also
with problems characterized by strong spatial directional features by means of
an economic mesh from the computational viewpoint. It is in fact well known
that, by better orienting the mesh elements according to the main features of
the solution, it is possible to maximize the solution accuracy for a fixed number
of elements, rather than reduce the number of degrees of freedom for a fixed
solution accuracy [7, 14, 2, 11, 19, 42, 21].

In addition, the proposed adaptive algorithm carries out the spatial adapta-
tion via an optimization procedure, in contrast to the more familiar mark-refine
approach ([8, 6, 28, 39]). On the other hand the temporal step is adaptively
updated driven by the time residual contribution rather than by a standard
fixed-ratio reduction, as, e.g., in [40, 8, 6, 28, 36].

To approximate the problem under investigation we adopt a discretization
scheme appropriate to manage space and time in parallel, i.e., based on space-
time finite elements. In particular we choose finite elements continuous in space
but discontinuous in time, i.e., the so-called cGdG scheme ([18, 15, 16]).

In compliance with [1, 35, 17] we are interested in controlling a suitable global
norm of the space-time error discretization, in our case through an anisotropic
residual-based like a posteriori estimator. Even though the discretization frame-
work that we provide is quite general and suited for a generic cGdG method,
the anisotropic a posteriori analysis is confined to the ¢G(1)dG(0) scheme due
to the particular anisotropic setting employed ([19, 20]).

The main difference with respect to a corresponding isotropic error estimator
([44, 45]) is the presence of an anisotropic contribution weighting the standard
residuals, and depending on the actual error. To preserve the anisotropic in-
formation without giving up the computability of the estimator, we resort to
a suitable recovery approach: as for the space, we employ the well-performing
Zienkiewicz-Zhu gradient recovery procedure ([46, 47, 48]); the time recovery is
based on the idea in [28].

The choice of resorting to the Zienkiewicz-Zhu methodology can be attributed
to various factors: the method is rather independent of the problem, of the gov-



erning equations and of most details of the finite element formulation (except
for the finite element space); it is cheap to compute and easy to implement and,
first and foremost, the method works very well in practice (see, e.g., [5, 26, 34]).
Moreover we have already exploited such an approach also in an anisotropic
framework with successful results (see, e.g., [27, 29, 13]).

As far as we know, the only paper available in the current literature dealing
with an anisotropic management of the space grids in a time-dependent frame-
work is [36]. However in this last work the time adaptation issue is completely
skipped. The author simply introduces the successive halving of the time step so
that the time discretization contribution becomes negligible with respect to the
spatial one. Moreover in this case a standard backward Euler scheme is adopted
to discretize the time. No particular care is finally devoted to the interplay
between successive temporal intervals.

The paper is structured as follows. After presenting in Section 2 the reference
problem and the corresponding ¢GdG formulation, we introduce in Section 3
the leading ideas of the anisotropic setting we refer to. Section 4 is devoted to
the derivation of an anisotropic estimate for the space-time discretization error
associated with the ¢G(1)dG(0) scheme, and to the proposal of a corresponding
a posteriori (i.e., fully computable) error estimator. The numerical assessment
is performed in Section 5. Firstly an effective space-time adaptive procedure,
“converting” the anisotropic error estimator into a criterion to select both the
space and time discretization, is introduced; the reliability and the efficiency of
such a procedure is then numerically investigated on three different test cases.
Finally some conclusions are drawn in the last section.

2 The reference problem

We introduce the model problem we shall be referring to in devising the pro-
posed space-time adaptive procedure. For this purpose we first set up the no-
tation adopted throughout the paper for the function spaces. With reference
to the spatial independent variable only, we introduce the space L?(w) of the
Lebesgue square-integrable functions on w C R%, for d = 1,2, and with norm
|- Il12()- Then we identify the Sobolev space H'(w) of the functions which are
in L?(w) along with the corresponding distributional derivatives of order one.
As suitable subspace of H!(w) we consider the space H}:(w) of the functions in
H'(w) vanishing (in the sense of trace) on a subset I' # ) of dw. We define apart
the space L>°(w) of the functions bounded a.e. in w. For a generic Hilbert space
V, let V' be the corresponding dual space, and let (-, -)y denote the duality
pairing between V'’ and V.

Moving to space-time functions v = v(x,t), we introduce the spaces



T
L2(0,T;V) = {v (0,T) =V - /||v(t)||2vdt < +oo},
0
ov
1 . _ i 2 .
HY(0,T;V) = {v, el (o,T,V)},
CY([0,T);V) = {v:[0,T] — V continuous : Vt € [0,T] |lv(t)||y < +oc},

with V' a given Hilbert space, combining requirements on both the space and
time smoothness. For a complete treatment, we refer to [12].

We identify the reference model with the parabolic problem
( Ou

QE—V-(DVu):f (x,t) € Q=Q x J,
u(x,t) =0 (x,t) € 90Qp =T'p x J, (1)
DVu-n=g (x,t) € 0QNn =T'y X J,

[ u(x,0) = up(x) x €,

where (2 is a polygonal domain in R? with Lipschitz continuous boundary 9,
I'p and I'y are measurable nonoverlapping partitions of 02 such that 9Q =

TpuUTly and fD N fN: 0, J = (0,T) is the time interval, and DVu - n is the
conormal derivative of u, with n the unit outward normal vector to 9€2. The
following assumptions are advanced on the data: the source f € L2(0,T; L?(Q));
the conductivity tensor D = [d;;] € [L>°(£2)]**? satisfies the uniform ellipticity
condition

2
> dii(x)& & = EP VE=(6,&)T €R® ae in Q

ij=1

with v > 0; the storage capacity o € L*>°(Q2), with « > 0 a.e. in §2; the initial
datum ug € L?(Q) while the Neumann one g € L2(0,T; L?(T'y)).

Problem (1) models, for instance, the heat diffusion in heat transfer theory,
rather than the drawdown of the hydraulic head observed at a well in an aquifer,
under Darcy’s law (we refer to Section 5 and [30] for possible examples).

The weak formulation associated with (1) can thus be set up: find u € U =
L*(0,T; H%D ()N HY(0,T; (H%D(Q))’) such that

/ {a@v +DVu- w} dx dt = / Fodxdt +/ gudsdt YoeU, (2)
ol Ot Q 9Qw

with u(x, 0) = up(x).

It turns out that U is continuously embedded in C°([0, T]; L%()) (see, e.g., [12]),

thus assuring the temporal continuity to the weak solution w in (2). Moreover,
the Hilbert spaces H%D () and L%(Q) constitute with the dual space (H%D Q)
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a Gelfand triple, i.e., the continuous injections Hf () — L*(Q) — (H} ()
hold. The inner product on L?(£2) is consequently an equivalent representation
of the duality pairing between H%D(Q) and its dual (H%D (Q)).

A weak formulation alternative to (2) is provided in (5) with a view to the
discretization.

2.1 The space-time discretization

The most straightforward discretization scheme with a view to deriving an error
estimator discriminating the spatial from the temporal contribution resorts to
space-time finite elements (see, the pioneer papers [25, 18, 3], as well as reference
works like, e.g., [16, 43]). In particular we select finite elements continuous in
space but discontinuous in time (a so-called ¢cGdG scheme). This discontinuity
allows a thorough freedom in choosing the spatial grids as well as a reduction of
the computational costs.
We first manage the time discretization. We partition the t-axis via the time
levels
O=to<t1i<...<tp1<t,<...<tny_1<tn=T, (3)

thus identifying the generic time interval J,, = (t,,—1, t,], of width k, = t,, —t,,—1,
and the n-th space-time slab S,, = Q x J,, with n = 1,..., N. Notice that
partition (3) is not necessarily uniform.

In the spirit of a cGdG approximation, we look for an approximate solution to
(2) coinciding, on each subinterval J,,, with a polynomial of degree at most ¢ in
t and with coefficients in H%D (), i.e., a function belonging to the space

Sk = {v (0, 7] — H%D(Q) : v(x,t)bn = Zvj(x) t/, with v; € H%D(Q)},
j=0

where ¢ > 0 is a given integer. These functions are allowed to be discontinuous at
each time level, with continuity from the left. Since 0 ¢ J1, the value v(x,0) has
to be specified separately, for any v € Sg. Moreover while S & U, S|, C U ‘ S
where

s,

q
Sk“sn = {v(x,t) = Zvj(x) t/, with v; € H%D(Q) and t € Jn}
=0

and Uy = L*(Ju; H () 0V H' (J; (HE, ())).

The possible time discontinuity leads us to distinguish between the two values

v = tl_i)r(])n+ v(x,tm +t) and v, = tl_i)r(% (X, ty — t),

and to define the temporal jump

[Vlm =v,) —v,, with m=0,...,N—1 (4)



We stress that the jumps [v],, in (4) are identically equal to zero when v € U.
Thanks to this remark and by splitting the time integral onto the subintervals
Jpn's, we provide an alternative weak formulation, equivalent to (2): find u € U
such that

N N-1
Z /{a%v—i—DVu-Vv}dxdt—i— Z / aful, vt dx + / aug vy dx
n=1 S ot m=1 7§ Q

N
= Z{ /fvdxdt—i—/ gvdsdt}—l—/augva'dx Vv e U,

Sn
(5)
where ug =u, =up(x) and 0O}, =I'n X Jy, for n =1,..., N. The left-hand
side of (5) identifies on the space W = U U Sy, the bilinear form

N N-1
Bpg(w,z) = Z/S {a%—ijz—i—DVw.Vz}dxdt—&—Z /Qa[w]mz:gdx
n=1 n m=1

+ /ouwar zaL dx,
Q

for any w, z € W. With plain calculations it can be verified that

N N-1
1 _
Bpg(w,w) = Y /HDl/szH%ﬂ(Q) dt + 3 > a2 (wh, — w720y
m=1

n=1 T

YVuliag YweWw,

Ly 12, 402 L
+ glle Puwg 20y + 5 lle
(6)
i.e., the bilinear form Bpg(+,-) induces the norm ||| - |||pe = (Bpa(:,-))"/* on
the space W. Notice that the second summation in (6) vanishes when w € U.

1/2

Let us settle now the spatial discretization. We resort to a family of conformal
decompositions of © into triangles, such that there exists always a vertex of the
triangulation at the interface between I'p and I'y (see, e.g., [9]). The temporal
discontinuity allows the employment of different families of meshes on each space-
time slab Sy, for n = 1,..., N (see Figure 1, left). In particular, for any time
interval J,,, we set 7, = {K,}, with K,, triangle of diameter hg, and h, =
maxp, hg,, while we denote with Sk, = K, x J, and Lk, = 0K, x J, the
space-time prism associated with the element K,, and the corresponding lateral
surface, respectively (see Figure 1, right).

We are in a position to introduce the discrete space

q
Shk = {Uhk € Spzopk(x,0)|, =D wi(x) ¢, with ¢; € Xj N H%‘D(Q)} C Sk,
=0

i.e., the cG(r)dG(q) space (see [18, 15]), where X} is the space of the finite
elements of degree r associated with the mesh 7}, (see, e.g., [9]). We highlight



that the functions vy, € Spi preserve the spatial continuity as well as the time
discontinuity proper of Sg.

T

|

s [T |

Figure 1: Temporal discontinuity of the spatial meshes (left); the space-time
prism Sk, and the corresponding lateral surface L, (right).

Th,

n

The c¢G(r)dG(q) formulation of problem (1) can thus be stated as the discrete
counterpart of the weak form (5): find upi € Spx such that

N
0
Z / { Uhk ——vpr + DVupy - Vvhk} dx dt + Z / uhk (Uhk)+ dx

n=1

+ |« uhk Uhk + dx = {/ fonp dx dt +/ gupk ds dt}
— Sn Q%

Q
—i—/au Uhk dX Vvhk € Shk7
Q

(7)
with v € X, N H%D () a suitable finite element approximation of the initial
datum wug(x). Notice that, while u is known, the corresponding right value
(upk)g is an unknown.

We complete the section by recovering the well-known Galerkin orthogonality,
crucial tool with a view to any a posteriori error analysis. Firstly such a property
can be proved slabwise due to the time discontinuity.

For this purpose we restrict the weak formulation (5) to the slab S, for any
n=1,...,N: find u € U‘Sn such that

/ {aa—v-i-DVu Vv}dxdt-l—/ afulp_1 v dx :/ fo dxdt+/ gv ds dt,
s, L Ot 0 Sn n
(8)



for any v € U| g » and where [u],,—1 = 0. As confined to the single slab S, we

can choose v € Sk|5n’ being 8k|Sn
on the whole space-time domain Q.
Now the temporal discontinuity characterizing the space Sy allows us to select
the values of vy in (7) independently on each J,,. We pick vy to vanish outside
Jp: the ¢GdG form (7) thus reduces to the unique equation on J,

cU | s - This would not have been the case

)
/ {0 S v + DV - Vo b dxdt + / afunkln-1 (vnk);—y dx
Shn ot “

(9)
= / fvhkdxdt—F/ gupedsdt Yn=1,...,N,
S, o
with [upklo = (unk)g — u). If we subtract (9) from (8) after identifying v with
Upk, We get the desired orthogonality relation: for any n =1,..., N,

0
/ {a%vhk + DVepy, - Vvhk} dx dt + / afenk]n—1 (vnk)i_y dx =0, (10)
Sn Q

with epr = u — upp € W the space-time error associated with the cGdG ap-
proximation wupy. Identity (10) can now be generalized to an arbitrary function
Upk € Spi by suitably summing through the slabs S),’s.

3 Looking for anisotropic information

When modeling a physical phenomenon exhibiting strong directional features, to
sharply detect these characteristics it is advisable to take into account not only
the size but also the orientation and the shape of each mesh element via a suitable
mesh adaptation procedure. This demand leads us to leave the standard isotropic
adaptive techniques and to move towards an anisotropic grid adaptation strategy
(see, for instance, [7, 14, 2, 11, 19, 42]), even if characterized by a more complex
analysis with respect to the standard isotropic one. On the other hand the
attained reduction on the computational costs often justifies the sophisticated
theoretical analysis involved.

We provide here the basic ideas of the anisotropic setting founded in [19]. We
focus on the generic slab S, with 7, = {K,} the associated conformal mesh.
The source of the anisotropic information is the standard invertible affine map
Tk, : K — K, from the reference triangle K to the general element K,, € 7, ,
identified by the relation

X = (1’1,1‘2)T = TKn(i) = MKn§+tKn Vx € Kn,

with ® € K, and where M Kk, € R?2 and tg, € R% In particular we ex-
ploit the spectral properties of the Jacobian Mg, via two successive factor-
izations: we first introduce the polar decomposition My, = Bk, Zk, of Mk,
into the symmetric positive definite matrix Br, € R?*2 and the orthogonal



matrix Zg, € R2*? corresponding to a stretching and a rotation, respectively.
Then we further factorize B, in terms of its eigenvectors r; x,, and eigenvalues
)‘i,Km for ¢ = 1,2, as BKn = RﬂnAKnRKm with AKn = diag ()\1,[(”,)\2,[(”) and
RE =[rik,,r2,k,]. Notice that Zg, and tg, do not play any crucial role as
associated with a rigid rotation and a shift, respectively.

As reference element K we adopt the equilateral triangle inscribed in the unit
circle, with barycenter located at the origin. For this choice we can completely
describe the shape and the orientation of each element K, through the quan-
tities r; i, and \; k,,. The unit circle circumscribed to K is mapped into an
ellipse circumscribing K,,: the eigenvectors r; ,, and the eigenvalues \; ,, pro-
vide us with the directions and the lengths of the semi-axes of such an ellipse,
respectively (see Figure 2). In particular, we introduce the so-called stretching
factor sk, = Ai Kk, /A2,k, which quantifies the deformation of the element K.
Without loosing generality, we assume A1 g, > A2 k,,, so that sk, > 1, sk being
identically equal to 1 in the case of an equilateral K.

)\2,1%

ALK

NS

Figure 2: Geometrical interpretation of the map Tk, and main anisotropic quan-
tities.

With a view to the a posteriori analysis below, we introduce a suitable in-
terpolation operator. In particular, since we often deal with functions not nec-
essarily continuous, we refer to the Clément interpolant ([10]). In the case of
affine finite elements the Clément interpolant is defined as

Iflznv = ZPjU(Nj)(Pj Yo € L2(Q), (11)
N;

where ¢; is the Lagrangian basis function associated with the node N;, while
Pjv denotes the plane associated with the patch A; of the elements sharing N,



identified by the relations

/ (Pjv—v)p dx =0 with ¢ = 1,21, 2.

J
The sum in (11) runs on all the mesh vertices except the N;’s belonging to the
Dirichlet boundary.
The actual goal is to generalize to the time dependent framework some of the
anisotropic error estimates proved for this interpolant in [19, 20]. In more detail,
in the spirit of a standard mesh adaptation procedure, we are interested in local
interpolation error estimates, i.e., associated with the space-time prism Sk,,.

Lemma 3.1 Let Ak, be the patch of the elements sharing at least a vertex with
the triangle K, € Ty,,, and let v be a function in H'(Q)). Then if

card(Ag,) <N and diam(Ag) < Ca ~ O(1), (12)

with Cn > hp constant and Ap = TI;I(AK”) the reference patch, there exist
two constants C; = C;(N,Cp), with i = 1,2, such that, VK,, € Ty, ,

2 1/2
||v—f,1nv||Lz<sKn>scl[ZA%,Kn (rZKnva)r@-,Kn)} . as)
=1

hic, /21 2 . 1/2
v — II%,LUHLQ(LKR) <Oy <7> [Z )‘?,Kn (TZKnGKn (U)rz‘,Kn) ] )
i=1

ALK A2, Ko
(14)
where G (v) € R?*2 s the symmetric positive semi-definite matriz defined by
Jv v
” = — dxdt ith 4,7 =1,2. 15
( Kn(v))zj /AKnXJn Bz; Oz X wl 1,9 (15)

Proof. Results (13) and (14) follow by integrating on J,, relation (30) in [19] and
(2.15) in [20], respectively and thanks to the time independence of the r; g, ’s and of
the A\; k,,’s. O

Remark 3.1 Conditions (12) avoid excessively distorted patches in the refer-
ence framework. Essentially they do not limit the anisotropic features (stretching
factor and orientation) of each T € Ak, , but rather the variation over Ay, of
the anisotropic quantities. We refer to [32] for more details.

We highlight the explicit dependence of the estimates (13)-(14) on the ainiso-
tropic quantities A; i, and r; ,, in contrast with standard isotropic interpolation
estimates, where only the diameter hg, of K, plays a role. In more detail, via
matrix G (v) the information provided by the first-order partial derivatives
is projected along the directions ry g, and rs g, rather than lumped into the

10



1 . . . . .
H'-seminorm |v|g1(a, x,) s in the isotropic case. As particular case when
ALK, ~ MK, =~ hk,, i.e., when the triangle K, is equilateral, we recover the
corresponding isotropic results (see, for instance, [9]).

Estimates (13)-(14) hold also for a Clément-like interpolant ([41]), provided
that the definition of the patch A, is accordingly modified. On the other hand
we refer to [19, 20] for the corresponding anisotropic interpolation error esti-
mates associated with the standard Lagrange interpolant.

Finally we stress that, in contrast to other well-established anisotropic frame-
works (see, e.g., [2]), the approach above is completely free from any maximal
angle condition.

4 The “driving force” for the space-time adaptation
procedure

This section represents the hardcore of the whole paper. Here we build the
theoretical tool at the basis of the space-time adaptation procedure for problem
(1). The final outcome is a residual-based type a posteriori error estimator for the
norm |||enk|||pG, enriched with anisotropic information. An anisotropic control
for the DG-norm of the error ey, represents the actual novelty of the a posteriori
analysis below in the current literature pertaining to parabolic problems.

We need to anticipate some useful notations. We define the local residuals

distinguishing between the spatial and the temporal ones. For a fixed time
interval J,,, with n =1,..., N, and for any K,, € 7}, let

P, = |f - a% +V - (DY) || N (16)
and
0 on (0K, NT'p) x Jyp,
Jk, =13 2(g — DVupy - n)\SKn on (0K, NTN) X Jn, (17)
—[DVup - 1] on (0K, NEY) x Jy,

be the interior and the boundary residual associated with the cGdG-approximation
upk, and with the prism Sk, , respectively, where £}' is the skeleton of 7}, while
[DVupy,-n] = DVup -ng, +DVup, -ngr denotes the jump of the diffusive flux
across the internal interfaces of K, for any K, € 7y, such that K], N K,, € &'

We introduce now the temporal residual
TIn = al~uppln = a( — (unr)y + (unr)y,) (18)
associated with up, and with the time level ¢, together with the initial error

ey = oug — up). (19)

11



The quantities pg, and jg, in (16)-(17) are related to the space discretization,
whereas 7, and e; depend on the discontinuous temporal scheme.

A crucial role in the a posteriori analysis below is also played by the time
projection operator T, : Sk‘s — H%D(Q), forn=1,..., N, such that
Thw = k:nl/ w(x,t)dt Yw e S

satisfying the estimate (see, e.g., [16])

ow

-7, < kpll—
[|w w||L2(Jn) > ot

: 20
20 (20)

Notice that no constant appears in such an estimate. Moreover, by definition of
T,, the projection error (w — T,,w) is orthogonal to any constant function, i.e.,

and V ¢ = constant in time. (21)

/(w—an)cdt:() Yw ESk‘Sn

JIn

We finally define the time-averaged residuals
Pk, = 1npPK, and an =Thik,- (22)

Proposition 4.1 Let u € U be the solution to the weak problem (2) and let
Upk € Spr be the corresponding ¢GdG-approzimation solving (7) for the choices
r =1 and g = 0. Let the approximation ug of the initial datum ug coincide with
the corresponding o-weighted L?-projection P,%l ug onto the space X,il N H%D (Q),
such that

/ a(Pﬁluo—uo)vdxzo VUEXAI OH%D(Q). (23)
Q

Then, under the hypotheses of Lemma 3.1, there exists a constant C' = C(N,Ca)
such that

N
llenllbe <€y > (af, BE,wk, + ol REEOR +aR2RIZWI2), (20)
n=1 KneThn

S |7 y3/2 3/2 T1 _ T2 _ 1.2
where ag. = K[\ N age, = apd =k,

ry = LG L b
Kn — K| /2 9 WKL (L) A1, MoK

_ 1 _
175, 251, + W(Wnlumm + d1nlleg 2 )| }

1 _ 1 _
R, = 1 [, = Pl + 57 (1901l + Sualles leze) |

12



T2

1 _
K = 50K, — Jr, L2 (g, )s
oKL/ (Lkp)

LT Oeny;

_ T2
YKn 1/2

L2(sx,) K WH

8ehk‘

L2(Lg,)’
- 1 - 1/2
S T T
Wk, = {SKn <r1,Knt7én(ehk)r17Kn> + —SK <r2,KnGﬁn(€hk)r2,Kn>] )

01n, 15 the Kronecker symbol identifying the first slab Sy, éﬁn() = |Kn|_1G}§n(-)
is the scaled counterpart of the matriz in (15), notations (16)-(22) being addi-
tionally adopted.

Proof. We apply the definition of the bilinear form Bpg(-,-) to the discretization
error epr, € W and to a generic function v € W, while adding and subtracting the value

Jo a(ug —uf)vg dx, to get

N
Boc(ens, v Z /{ aehkv + DVepy - Vv} dxdt + Z / alenk] mv dx

mlg2

N
—|—/o<(uar — (uhk)ar) UJ dx = Z [ /{aag};kv + DVep - Vv} dxdt

Q n=1L -5

—l—/a[ehk]n_l vt dx] + /a(ua —uf) vy dx.

Q Q

The trick of adding and subtracting a suitable term allows us to enrich the first summa-
tion on the jumps with the initial jump also. Now we exploit the orthogonality relation
(10) and we add and subtract the value [, a(ug —uf)) (vnr)g dx, with u)) = P} ug. This
yields

N
BDg(ehk, ’U) = Zl |: /{Ozag};k (’U - Uhk) + DVehk . V(’U - Uhk)} dxdt
TS (25)
Jr/oe[ehk]n,l (v - Uhk):_l dx} + /a(ua - u%) (var — (vhk)ar) dx,
Q Q

relation (23) being used with v = (va){ € X} N HE_ (Q). With a view to a local a
posteriori estimator, we split the integrals in (25) on the whole Q onto each triangle of
the mesh:

0
BDG €Epk, UV Z Z |: / {OZ%(’U - Uhk) + DVehk . V(’U - ’Uhk)} dxdt

n=1 K, EThn Sx
n

+ / alendner (0= o) _yax| ¢ X faluy ) - @) dx

K, Ki€Th, g,

13



Taking advantage of relation (8) and after integrating by parts the diffusive term asso-
ciated with upk, we have

Bpa(enk,v Z Z [/{ /(f* agzk +V. (DVuhk))(v—vhk) dx

n=1 K, EThn Jn K,
+ / g(v — vhk) ds — / (DVuhk . n) (v — vhk) ds} dt
0K, TN oK,
Jr/oz[fuhk]n,l (v — th)::_l dx] + Z /a(ua - u,OI) (var - (vhk)ar) dx,
K K1€Th1 K

i.e., thanks to the definitions (16)-(19),

N
1
BDG €hk,V Z Z { / ’U — Uhk) dxdt + B / IK., (’U — Uhk) dsdt
n=1 €Ty

hn Sk, Lk,
(M (IT)

/ U—Uhk)+1dx}+ > /GE(USF—(UM)SF)CZX-

Ki€Tn, g,

(111) (IV)

The factor 1/2 takes into account that each internal edge of 7, is shared by two
elements. We analyze separately the four terms (I)-(IV) after identifying

1
ong = T (I} v) = = /Iﬁnv(x, t)dt € X, NHp (Q),
JTI,

i.e., vpg € Sk’ s, for ¢ = 0, extended to zero outside J,, when considered as a function
in Shk for ¢ = 0 and 7 = 1. To keep distinct the spatial contribution from the temporal
one in the error estimator we resort to the splitting

~ a0, v) = (0= Ta()) + (Tu(v) = TulI}, v)). (26)

The idea is to exploit the projection estimate (20) on the first term (the temporal one)
n (26), while applying the interpolation estimates in Lemma 3.1 on the second one (the
spatial contribution) to introduce the desired anisotropic information.

We consider the first term. Thanks to the definitions of the averaged residual pj and
of the projection operator T,,, and by suitably combining the orthogonality relation (21)
and the projection estimate (20) together with the Cauchy-Schwarz inequality, we write
(I) as

|_‘ /pK ))dxdt+/ (Tn(u)—Tn(I,tnv))dxdt’

Kn

‘ / K,) (0= Tu(v)) dxdt+/|:Tn(’U_I}11n'U)/pKn dt] dx

n JIn

14



/||pK sl o =T, <>||L2<Jn>dx+\ [ o= 1)

Skn

81}

" ok, — Pr, L2y dx + 1Psc, 2 (s5c,) 10— Ih, vl L2(84c, )

< ky

oK, = Pr 25k, + 1Px, lL2(sie,) 10 = T vl L2si, ) -

L2(Skn)

Via the anisotropic interpolation estimate (13) we consequently have

) Oy

lor, = Pr, L2,

L2(Sk,)
. o (27)
+ OBk, s,y | 30 Nk, 5Tk, Gt (i) |

i=1

The second term can be bounded mimicking exactly the computations performed on
(I), now confined to the lateral surface Lg, of Sk, . This yields

)| < B2

ik, — ik, 2 (L) T3 ||JK 2w,y lv=Tn vllL2g,)

L3(Lx,)

i.e., after introducing the anisotropic information via (14),

ky || Ov _
1I < — ||= ik — g
)| N (o P P
Cy - hic. /2 2 § 12
T &, 2L k,) <7)\ 3 > {ZA%K” (rir, G, (V)rik,) } .
LK, A2 K, P

Concerning the quantity (III), first we still apply the splitting (26) to get
+
(III) = /jnfl (’U — dX+ /jn 1 (Ih ))n 1dX.

To control the first of these two terms, we exploit the mean value theorem (in time)
yielding
tn
+ ov
(v—Tn(v), |, =vt  —vp =— E(s) ds,

th—1
for a suitable t% € (tp_1,t,). Thanks to this equality and using the definition of T,

the relation || Jn-1l|r2(sx,) = k,ll/2||jn,1||Lz(Kn) and the Cauchy-Schwarz inequality, we
have

() | < /\jn 1]‘ ‘dxdt—&—— /\Jn 1| v = I} v] dxdt

Skn, Skn
ov 1
<N Tn-1llL2(sk,) 3t s TR [ Tn-1llz2(50,) v = Ii, vllL2(54,)
1/2 8@ 1
<kl ? (| T sy + 77 Ml o = B, vl

15



The anisotropic estimate (13) leads to

v
M| < | F-illiaae § 022 |57
D] < Wl {82 5],

e 1/2
O[S Wk, (T, Gl i, | }
=1

Finally, (IV) can be bounded by repeating the same steps employed for (III), provided
that the initial error e, replaces the temporal residual J,—1. We obtain

)1 < el {15

L2(Sk,)
(28)

1 1/2
+ 7 Ch [Z Ny, (T G (0)ri k) ] }
1 =1

By summing (27)-(28), we deduce

|Boa (enk, v) Z Z {{

n=1 K,

() oK., = Pr, llL2(Sk,)

av
+

_ v
.= L1/2 H_
||-7Kn anHLZ(LKn) + n ot L2(Sk,)

L2(Lk,,)

2
/
(HJn_lHLzmn) e lacendin) | + [ Xk, (T, GR ra,) | 9

) hic. 1/2
[01 P Mez(sie,) + =5 Nk, ez (or,) (W)

1 _
+—75 C1 (11120 + g a2y 010 ) | -

Result (24) can now be derived by suitably scaling all the quantities on the right-hand
side of (29): the first three terms are scaled with respect to k,; the others with respect
to |K,|. Eventually the choice v = ey, is made. O

Some remarks concerning result (24) are in order. First we point out the spe-
cific choice made for the discretization scheme, i.e., for the cGdG space. We use
affine finite elements for the spatial discretization due to the anisotropic frame-
work we are interested in, so far confined to the degree one case. On the other
hand the choice of functions piecewise constant in time is justified by the de-
mand for low computational costs. The employment of finite elements of higher
degree in time would unavoidably lead to a more complex a posteriori analy-
sis: for instance, many of the easy computations above involving the projection
operator T;, could no longer be exploited. Moreover it is known that the time
discontinuity makes the adopted numerical scheme similar to a time-marching
procedure, with the related computational advantages.

We also highlight the presence of the time averaged residuals py —and ‘;Kn on
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the right-hand side of (24) instead of pg, and jg, , respectively. The introduc-
tion of these mean values provides us with a more reliable control of the norm
llentllpg, since [lz2(s,) < [0llz2(s as well as o=l gz < ol 2o, for
any v € L2(Jy,).

Finally we remark that the residuals Rf(n and R?n as well as the weights wf(n
and w%b, with ¢ = 1,2, are scaled with respect to the space and time, respec-
tively. All the spatial and temporal dimensional information are thus collected
into the coefficients af(n and a}?ﬂ, respectively while all the anisotropic infor-
mation are lumped into the w*;;n’s. The rationale behind this scaling and the
splitting of the spatial and temporal contributions will be clear with a view to

the adaptive procedure in Section 5.1.

4.1 The error estimator

The right-hand side of (24) is not yet actually useful to drive an adaptive proce-
dure since it explicitly depends on the (unknown) space-time discretization error
enk- On the other hand the presence of such an error is expected to guarantee
the convergence to zero of the upper bound in (24) as the mesh gets finer and
finer.

To preserve this nice property while making estimate (24) handy, we need to
replace the weights wf(n and w?ﬂ with suitable computable quantities. We have
to distinguish between the spatial and temporal weights. Concerning the spatial
ones, it turns out to be convenient resorting to the well-known Zienkiewicz-Zhu
recovery procedure ([46, 47, 48]), due to the dependence of the wf(n’s on the
first-order derivatives of the error. Denoting the recovered gradient of wy, with
VZZup, = ((VZZuhk)l, (VZZuhk)g)T, we substitute the matrix éﬁn(ehk) in the

definition of w;q(n with the computable one é"Kn(e;;,f), given by

(G, (i), = 151"

((vZZuhk)i—%“—g> ((VZZuhk) i- %Z’;’“) dx dt,

(30)
for 7,5 = 1,2. We have already employed successfully such an approach also in
an anisotropic framework (see, e.g., [27, 29, 13]). In particular, among all the
recipes available in the literature for the recovered gradient VZ%uy;,, we resort
to the one proposed by R. Rodriguez in [38].

As far as the temporal weights are concerned, we use a suitable linear recon-
struction in time, following what done in [28]. In more detail, the time derivative
dep /Ot in w%L and w%i is evaluated via the quantity

862}? _ (9u2,;f _ Oupg (31)
ot ot ot ’

where uZ’kT is the piecewise linear function interpolating the left values (upk),,,
for any ¢, with n =0,..., N (see Figure 3).
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Figure 3: Temporal recovery procedure: upy (solid line), uhk (dotted line).

Finally a particular care has to be taken in computing the residual 7, in
(18) since it merges the information coming from the different meshes 77, and
Th,.,- In practice we evaluate 7, via

Ti® = al = (unk)y + Mpang (unk)y ). (32)

where the operator Hn_,n+1 interpolates from the d.o.f.’s of 73, onto the d.o.f.’s
of T, .,. The value jn is related to the so-called coarsening error (see, e.g.,
[17, 33, 8]).
Both the recovery procedures (30) and (31) and the approximation (32) would
deserve a deeper analysis which is beyond the purpose of this paper.

We are now in a position to define the a posteriori error estimator associated
with result (24). It is represented by the right-hand side of such an estimate
provided that the replacements 7, < Jn ’S,

aehk ‘ 3€hk ‘

1/2H L2(Sk,) 1/2H L2(Lk,)

~ 1/2
s %S _ T An (%S Lotr Fn oS
Wk, < WK, = [SKn (rLKnGKn(ehk )rLKn> + Sk rz,KnG Jen T2k,
are carried out.

Definition 4.1 Let upy € Spi be the ¢G(1)dG(0)-approzimation of the solution
u € U to the weak problem (2). Then, under the hypotheses of Proposition 4.1,
the norm ||lenk|||Dc of the space-time discretization error epy can be estimated

viQ N o
=3 Y @F+k)] (33)

n=1 KneThn

where, in compliance with the notation above, the local space and time error
indicators are defined by
77}9(” = a%nRanKSa 77[7; - aK RTl *Tl +aK RT2 *:25 (34)
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respectively. It is understood that in both Rf(n and R%L the temporal residual
Jn s replaced by jf{’s.

5 Numerical validation

We pursue in this section a twofold goal: first we explain how to exploit the
estimator 7 in (33) to drive an actual space-time adaptive procedure. Then we
examine the reliability and the efficiency of this procedure on some numerical
tests. In particular the last one deals with a case of interest in hydrogeology.
Here the anisotropic nature of problem (1) is emphasized by a heterogeneous
scalar diffusivity varying anisotropically in 2.

A rigorous reliability and efficiency analysis for the estimator n is beyond the
purposes of the present work. We defer the interested reader to [29] for a possible
track. Nevertheless in the test cases below we check numerically the robustness
of  and of the adaptive procedure by evaluating the corresponding effectivity
index.

5.1 The adaptive algorithm

We look for an effective iterative procedure based on both an adaptive choice of
the temporal step and an anisotropic mesh adaptation strategy, suitably com-
bined to contain the computational costs involved in a ¢G(1)dG(0) approxima-
tion of the model problem (1).

The goal is to determine the time steps and the meshes to guarantee a uniform
slab-wise distribution of the error ep;. In more detail we fix a global tolerance
7 to be ensured on each space-time slab S,,. We split 7 into a space (7°) and
a time (77) contribution. Then the time step and the spatial mesh are suc-
cessively adapted till both the time and space estimators 7. = > Kn€Th, 77%1
and 75 = Kn€Th, 77*]9(” are to within the corresponding tolerances. The same
estimators, suitably exploited in a predictive fashion, drive the choice of the
temporal and spatial partitions.

Thus the overall procedure can be summarized as follows (see Figure 4 for
a sketch). Let us focus on the slab S,,. Firstly a loop of time adaptivity is
executed: moving from an initial guess for both the time step (k7) and the
mesh (’27;: ), the ¢cGdG approximation upk, solution to (7), is computed along
with the corresponding temporal error indicator 7. Then if this estimator is
below the desired threshold 77, we move to the second step of the whole adaptive
procedure; otherwise the time step is iteratively updated until relation n! < 77
is met. The criterion followed to update k2 takes advantage of the definition of
the time error estimator. We rewrite it as

T _ 1.2 T1 *,Tl T2 *,T?
KneTA
n
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time and space adaptivity ,

. P o N\
time adaptivity < st
update Ky,
update kp,
\. J
( ———— | adapt the mesh ) N
space adaptivity solve (7) |~e update kp,
)
i time step qoarsening -“

Figure 4: Flowchart of the space-time adaptive algorithm.

Now as both the residuals and the weights are scaled with respect to time (i.e.,

are independent of the time step), we can compute the new value for k,, simply

by imposing the equality n! = 77 i.e., as

1/2
T /

kn =
[ Z (RT1 ;(Tl—}—R *TZ)
Kn€T,}

(35)

Notice that the terms R?ﬂ and w}}zn in (35), for i« = 1,2, are computed at the
previous time step, in the spirit of a predictive procedure. This justifies the need
of solving again problem (7), and consequently of evaluating 1. and to check
condition n!" < 77 after updating k.

The second step of the space-time adaptive algorithm deals with the spatial
anisotropic mesh adaptivity. The goal is to identify the mesh with the least
number of elements, which satisfies a given constraint (7°) on the accuracy of
the numerical solution and an error equidistribution criterion on the mesh ele-
ments. We employ a metric-based iterative algorithm driven by the estimator
n,SL , still used in a predictive way. In more detail, at each step j of this iterative

/)

procedure, we evaluate the estimator on the actual mesh 7, h(i
MUY and then we build the new mesh Th(i +1), matching the metric MU+D

(see [13]). Notice that ,th(,?) = ’Z;fl
The crucial step of this procedure is the derivation of a metric from the error

, we devise a metric

estimator 17;? . This is performed via suitable independent local optimization
problems. We first recall that a metric is represented by a symmetric positive
definite tensor field M : Q — R2%2, For our purposes it is convenient to diag-
onalize M as M = RTA—2R, with A = diag(A, A2) and RT = [f1,T2] positive
diagonal and orthogonal matrices, respectively; then we approximate the quan-
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tities X, and T; by piecewise constant functions over the triangulation Th(i ), such
that Fz‘Kn = F'i7Kn7 Xz‘Kn = Xi7Kn7 for any K, € 7;1(7]1) and with 7 =1, 2.

We consider now the local error estimator nf(n in (34). The spatial scaling ap-
plied to the residual and the weight essentially lumps all the information related
to the measure of the triangle K, into the coefficient af(n only, at least asymptot-
ically (i.e., when the mesh is sufficiently fine). We observe that minimizing the
number of mesh elements is equivalent to maximizing the area |K,| of each ele-
ment. This consequently amounts to solving the local constrained minimization
problem: find sk, , r1 g, such that

=~ *,S 1 -~ *,S
O ) = i, (v, G, (€))7 = (v, GR, (€5 r2 ) (36)

n

|| - |2 denoting the standard Euclidean norm. As proved in [29] the solution of

is minimum, with sk, > 1, |[rik,[l2 = [re,k,.ll2 = 1 and r1 g, -T2k, = 0,

(36) exists unique. It is given by Sk, = [al,Kn/ag,Kn]l/Q and T1 g, = P2.K,,
where 01 g, and 09 g, are the maximum and minimum eigenvalues of Ct’}én (eZ’kS),
while p1,k,, and po k, denote the associated eigenvectors. To fully characterize
the metric MU+D we still need to compute separately the values XLK” and
Xz, K,, now “merged” in sk, . This is achieved by imposing the spatial error
equidistribution, i.e., via the identity nf(n = TS/NIEZL), for any K,, € ’171(2) and
with IV lgjn ) the cardinality of Th(i ). The metric MU+ is thus identified by the

optimal values T; g, and XZ K,, with ¢ = 1,2, for any K,, € ’];ffl ). The new mesh
’];L(i +1) matching the metric MUHD) g finally constructed. The mesh generator
employed for this purpose is BAMG [22]. We refer to [13] for the definition of
matching condition between a mesh and a metric and for further details.

The third step of the whole adaptive algorithm alternate time and space
adaptivity following the criteria above, till the global tolerance n!" + nS < 7 is
guaranteed.

Finally the fourth step can be thought of as a coarsening of the time step. In
particular if the time tolerance is amply satisfied, i.e., n. < 677, with @ € (0, 1),
a new (larger) time step is guessed for the next slab S, 1.

The space-time algorithm above is similar to the one in [40, 8, 6]. However
while in our case the space adaptivity is carried out via an optimization strat-
egy, in [40, 8, 6] both the spatial and the temporal adaptation are driven by a
compute-estimate-mark-refine procedure.

Remark 5.1 It is worth pointing out that the optimal value © of © in (36) is
0= 2[0171(”02,[(”]1/2. Namely, © does not depend on the ratio o1 g, /02 K, as
*,S

the general ©, but on the product of the two eigenvalues of é}én (e ). Conse-

quently, O does not blow up for a small o2 ,, , but rather it goes to 0.
Therefore, as 01k, and 02k, are an approximate measure of the marimum and
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.. *75 .
minimum curvature of the error e,)’, respectively, we are able to guarantee a
negligible error even if o1 i, s large provided that o2, is small.

5.2 An “ice-breaker” test case

We first assess the proposed adaptive procedure on an academic problem ex-
hibiting clear anisotropic features.

We consider problem (1) on the space-time cylinder Q x J = (0,1)3, with
a =1, D = I (identity tensor), I'y = () and f and wug chosen such that the ex-
act solution is u = exp (—(r — r¢)?/0?), where r = \/(z1 — 0.5)2 + (z2 — 0.5)2,
re = 0.1+ 0.2¢, and o = 0.01. The exact solution is thus localized in an annular
region of thickness O(c), while the median radius of the ring expands at a con-
stant speed equal to 0.2.
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Figure 5: Adapted mesh at ¢t = k1 (top-left) and t = T' (top-right); details of the
last adapted mesh (bottom).
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Figure 6: Time evolution of the time step (left) and of the number of mesh
elements (right).

We apply the adaptive algorithm sketched in Figure 4 by choosing 7% = 1
and 77 = 0.1. Figure 5 shows the adapted meshes at time ¢ = k; (top-left)
and at the final time (top-right), together with two details of the last adapted
mesh (bottom). The mesh is correctly detecting the anisotropic features of the
solution wu: the triangles are more stretched along the circumferential direction
than they are in the radial one.

Figure 6 gathers the time evolution of k,, (left) and of the cardinality Ny, of 7},
(right). As the ring expands, the number of mesh elements, after a first abrupt
decrease possibly biased by the choice of an inappropriate initial mesh, grows
because of the enlargement of the area of the annular region (the thickness is
constant but the perimeter grows).

On the other hand, the time step decreases steadily with time, approaching a
limiting value for large t. The annular region asymptotically tends to a straight
line advancing at a constant speed. A constant time step is consequently ex-
pected.

To check the robustness of the estimator (33), we compute the effectivity in-
dex E.I. = n/|||enk|||pc. This quantity provides us with a measure of both the re-
liability and the efficiency of the estimator and of the whole adaptive procedure.
We obtain ||lens|Bg = 921169, 0 0l = 0.212242, SN 7% = 111.454, i.e.,
via (33), E.I. = 3.4817. This value is not so unusual in our experience with
anisotropically adapted meshes. Similar values can be found for instance in [29]
in the case of stationary purely diffusion problems. Likely, the smallness of the
error contribution with respect to the spatial one does not modify substantially
the results obtained for the steady case. Overall, the whole adaptive procedure
turns out to be efficient and reliable.
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5.3 An application to heat flow

We choose the space-time cylinder Q x J = (—2,2)? x (0,4), and pick the
data in (1) as « = 1, D = I, I'y = 0, and f and ug ensuring that v =
cos(mx1/4) cos(mxa/4) tanh [10 (w2 — cos(rt/2) sin(mx1))] is the exact solution to
(1). Function u exhibits a steep gradient across the curve xo = cos(nt/2) sin(mwz1),
i.e., a sine function harmonically varying in time. This test case might model,
roughly, the conduction of thermal energy through a matter, due to a serpentine-
shaped heat source which moves with time periodically. Figure 7 shows a con-
tour plot of the initial condition ug(x) = cos(mwz1/4) cos(wz2/4) tanh [10(zy —
sin(wxl))] along with a detail of the most meaningful part. Notice the crowding
of the contour lines around the three points of inflexion, (-1,0), (0,0) and (1,0).
During the time window of the simulation a full period of the oscillation occurs,
so that the sine function vanishes at ¢ = 1, reverses at t = 2, vanishes again at
t = 3 and comes back to the original configuration at ¢ = 4.

We assess the performance of the adaptive procedure in Section 5.1 with the

choice 7% =1 and 77 = 0.1 for the spatial and temporal tolerance, respectively.
The adapted meshes corresponding to the four levels t = 1,2, 3,4 are displayed
in Figure 8. The features of the exact solution are correctly detected throughout
the simulation. Two details of the adapted mesh at the final time are shown in
Figure 9 to highlight the anisotropic nature of the grid. Observe that the trian-
gles are mostly stretched in correspondence with the three points of inflexion.
The time histories of the time step and of the number of mesh elements, gath-
ered in Figure 10, show that: the time step is small around the time levels
t = 0,2,4, i.e., when the phenomenon to be described achieves its maximum
spatial extension; it is larger around the time levels ¢ = 1,3, i.e., when the
phenomenon is negligible in practice. This behaviour can be explained by the
contribution ||px, — Pk, llL2(sk,) in the time residual R in (24). In this case
this norm amounts to || f — T, f| 12(sy, ), for which relation |[f — T f|l 125y, ) <
knllOf /Ot L2 (s, ) holds. Thus, ky is expected to be inversely proportional to
the size of df/0t, which achieves its maxima at t = 0,2, 4.
On the other hand, the number of mesh elements is small when the solution
vanishes, and reaches its maximum at ¢ ~ 1.5, 3.5, that is, midway between the
vanishing and the maximum extension phases. As far as the spatial error is con-
cerned, it seems, reasonably, more problematic to describe the transition from
the flat status to the full vertical configuration than to capture this latter phase
when the phenomenon stagnates.

As for the accuracy check, we obtain |||leps||[Be = 25.5276, SN ol =

3.21921, zgzl nTSL = 104.952, i.e., E.I. = 2.05849. As in the previous test case,
most of the error is due to the space approximation. Again the whole procedure
goes to prove the efficiency and reliability.
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Figure 7: Contour plot of the initial solution u (left) and a corresponding
detail (right).
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Figure 8: Adapted mesh at the time level ¢ = 1 (top-left), ¢ = 2 (top-right),
t = 3 (bottom-left) and ¢ = 4 (bottom-right).
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Figure 9: Details of the adapted mesh at the time level ¢ = 4.
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Figure 10: Time evolution of the time step (left) and of the number of mesh
elements (right).

5.4 An application to hydrogeology

We simulate a so-called pumping test in the ambit of flow to wells in confined
aquifers: water is extracted at a given rate from a well and the drawdown,
that is the deviation from a reference level of the hydraulic head, is measured
in a nearby observation well (see Figure 11). In practice the actual purpose
of this type of experiment is to solve an inverse problem: to infer, from these
measurements, the hydraulic properties of water-bearing and associated rocks
[37]. As far as we are concerned, we assume that such properties are known and
we compute instead the drawdown throughout the aquifer. This represents an
interesting application of (1) in an axisymmetric context under the hypothesis
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Figure 11: Cross section through a discharging well screened in a part of a
nonleaky aquifer.

of a partially penetrating well in a nonleaky aquifer. In more detail, we choose
as computational domain a hollow tube of inner radius r,, (corresponding to the
radius of the well) and outer radius R; vertically it is divided into three beds: a
central aquifer for z; < z < z9, and two aquitards, the lower one for 0 < z < 23
and the upper one for zo < z < z3 (see Figure 12 (left)). The well is screened
only in the aquifer, i.e., water is extracted from the well near the aquifer only.
Under axisymmetric conditions, the real model is given by

Js

¢§—V-(TTVS):O (y,t) € Q=0 xJ,
s(y,t) =0 (y;t) €9Qp =Tp x J,
rT,Vs-n= P(2n)"! (y,t) € 99N, =Ty, X J, (37)
rT.Vs-n=0 (y,t) € 09N, =N, x J, i=1,...,4,
[ 5(y,0) =0 y €9,

where y = (7, z) collects the radial and the axial coordinate, respectively, the
unknown s [m] models the drawdown, ¢ (dimensionless) is the storage coefficient,
T, [m2s71] is the transmissivity, P [m3s71] is the pumping rate (negative if water

is extracted from the well), and
10 ds 0 ds
-1+ ()
V- (1:Vs) ror\ "or + 0z\" "0z
is the divergence operator in polar coordinates. Concerning the computational

domain,  coincides with the rectangular region {r,, < r < R} x {0 < z < z3}
(see Figure 12 (right)), the Dirichlet boundary is I'p = {r = R} x {0 < z < 23},
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Figure 12: Geometry of the discharging well in 3D (left) and axisymmetric
approximation (right).

while the five Neumann boundaries are
ny={r=ru}x{z1<z<z}, Tn={r=ry}x{0<z<2},
Iy, ={r=ry} x{z2<z<z}, T'n,={rw<r<R}x{z=0}
I'n, ={rv <r < R} x {z =23}

Observe that the I'y,’s, for ¢ = 1,...,4 are impermeable. The axisymmetric
formulation of (37) is almost identical to the two-dimensional Cartesian case
considered in (1) ([24]). The only difference is that a factor of 27 needs to be
included in each integrand of the variational equation to account for the correct
volumetric weighting (i.e., dx = 27r drdz replaces dx = drjdxs). The common
term 27 can then be cancelled throughout. Thus the weak form of (37) can be
cast in the setting (2), where 1 =7, x9 = 2, a = x1¢, D = 21T}, f =0, and g
is equal to P(27)~! on the lateral surface pertaining to the aquifer and zero in
correspondence with the aquitards.

The actual values for the data are: z; = 25, 29 = 75, z3 = 100, R = 200, ¢ =1,
T, = 1 in the aquitards and T}, = 100 in the aquifer, P = —0.4exp (—(t — 1)2),
and T' = 20. In the following, for computational ease, all the spatial variables are
scaled with respect to 100. The pumping rate shows a Gaussian variation profile
in time with mean 1, variance 1 and peak value 0.4. This represents the driving
force of the problem. The peak value of the pumping rate is reached at ¢t = 1:
shortly afterward, due to the increase draw of water leaving the aquifer, the
gradient of the drawdown in correspondence with the lateral surfaces becomes
higher and higher. When the effect of the pumping fades away, the drawdown
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Figure 13: Time evolution of the time step (left) and of the number of mesh
elements (right).

extinguishes towards a steady configuration where s = 0 everywhere.

We assess the space-time adaptive procedure above setting the tolerances as
79 =10710 and 77 = 10~!'. This choice is motivated by the expected small size
of the drawdown. The time histories of the time step (in log scale) and of the
cardinality of the meshes are gathered in Figure 13. Essentially, the number of
mesh elements reaches a local minimum (1035) at ¢ = 1.55 and two local maxima
at t = 1.30 (1718) and ¢ = 2.2 (1657). Afterwards, this number gets smaller
and smaller while the pumping is extinguishing, until the final time is reached
(only 438 triangles suffice in this case). While the minimum can be ascribed
to the presence of three really steep layers (for which an efficient anisotropic
grid consists of few appropriately stretched triangles), the second maximum can
be justified by the delayed contribution of the two aquitards (compare also the
zooms in Figure 15). On the other hand the behaviour of the time step shows a
dip in the time interval 1.16 < 1.9 with a global minimum occurring at ¢t = 1.4
(with k&, = 0.0295). Then it gradually increases as the phenomenon is reaching
the steady-state configuration. Notice that at ¢t =T a time step equal to 6.0026
is employed.
Figure 14 collects the adapted meshes corresponding to t = k; (top-left), t = 1.30
(top-right), ¢ = 1.55 (center-left), ¢ = 2.22 (center-right), t = 4.73 (bottom-
left), ¢ = 20 (bottom-right). The anisotropic features emphasize an orthogonal
pattern: on the one hand, due to the pumping, the main flow is radial close to
the well and takes place mostly in the aquifer, as the aquitards are much less
conductive; on the other hand, the jump of the transmissivity across the beds is
responsible for the horizontal layers.
Finally the details of the meshes associated with the two local maxima and with
the local minimum of the mesh elements are displayed in Figure 15. Notice the
different extent of crowding near the inner lateral surface of the aquifer and the
different extent of refinement across the three beds.
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Figure 14: Adapted mesh at the time level t = ky (top-left), ¢ = 1.30 (top-right),
t = 1.55 (center-left), t = 2.22 (center-right), ¢t = 4.73 (bottom-left) and ¢ = 20
(bottom-right).
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Figure 15: Details of the adapted mesh at the time level t = 1.30 (left), ¢t = 1.55
(center) and ¢ = 2.22 (right).

6 Some conclusions

We have proposed a space-time adaptive procedure for a ¢G(1)dG(0) approxi-

mation of the model problem (1). It is based on an anisotropic a posteriori error
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estimator for the ¢cGdG energy norm of the space-time discretization error. A
weak point of the presented procedure is the “empirical” management of the
spatial and temporal tolerances 7° and 77. Indeed in the test cases of Section
5 neither the total number of time intervals nor of the slabwise triangles is fixed
a priori, nor even any threshold on the total error is demanded. In such a case
it is the same adaptive algorithm which is steering these choices.

However, a simple modification to the algorithm sketched in Figure 4 allows us
to set the total accuracy. Let €7 and €% be the desired total time and space
tolerances, respectively. It suffices to replace in the presented algorithm the
slabwise constant time and space tolerances 77 and 7° with 71 = (7/T)k,
and 77 = (£%/T) ky,, respectively for any S, with n = 1,..., N. Notice that now
71" and 75 depend on the unknown time step and vary across the space-time
slabs.

On the other hand a procedure aiming at minimizing the total error, for a fixed
number of time intervals and a maximum number of mesh elements would imply
solving several times the full problem on the whole time window in order to meet
the constraint S0 k, = T.

Other important aspects deserve to be investigated in the future. For in-

stance it could be interesting a rigorous analysis of the reliability and of the
efficiency of the error estimator (33). The reliability of 1 is not necessarily
guaranteed a priori, due to the recovery procedures (30) and (31) and to the
approximation (32). Heuristically, we expect that to be the case though, as long
as the recovered space-time derivatives of the error enjoy superconvergent prop-
erties. As far as the efficiency is concerned, we believe that it holds in practice
due to the particular optmized adaptive procedure employed. A possible track
for both a reliability and an efficiency analysis of 1 can be found in [29], where
the case of a reaction-diffusion elliptic problem is dealt with.
The numerical assessment in Section 5 can at the moment fill in for the lack of
a rigorous theoretical argument. The effectivity index E.I. evaluated in the first
two test cases where an exact solution is available, is of the order of 2 + 3. This
strengthens the robustness of the estimator 7. Most importantly, in all the test
cases the E.I. turns out to be independent of both the variable time step and of
the stretching factor of the different slabwise meshes.

Our interest for problems related to practical applications will unavoidably
lead to generalize the proposed analysis to more complex problems (we refer to
[31] for some preliminary results), as well as to a goal-oriented philosophy (see,
e.g., [4, 23]), also in an optimal control framework ([28])). Yet the most crucial
issue to be faced in such a framework turns out to be the efficient management
of the reverse-in-time dual problem. This aspect represents another interesting
issue to be investigated.
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