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Abstract

In this work, we present and analyze a fully-mixed finite element scheme for the dynamic poroe-
lasticity problem in the low-frequency regime. We write the problem as a four-field, first-order,
hyperbolic system of equations where the symmetry constraint on the stress field is imposed via
penalization. This strategy is equivalent to adding a perturbation to the saddle point system arising
when the stress symmetry is weakly-imposed. The coupling of solid and fluid phases is discretized
by means of stable mixed elements in space and implicit time advancing schemes. The presented
stability analysis is fully robust with respect to meaningful cases of degenerate model parameters.
Numerical tests validate the convergence and robustness and assess the performances of themethod
for the simulation of wave propagation phenomena in porous materials.

1 Introduction

The numerical modeling of coupled diffusion-deformation mechanisms in poroelastic media is rele-
vant in several applications in geosciences, including subsidence due to fluid withdrawal, earthquake
triggering due to pressure-induced faults slip, injection-production cycles in geothermal fields, and
carbon dioxide storage in saline aquifers. The poroelastic model has been consistently studied in
its quasi-static formulations, where the acceleration effects are negligible. Some example of robust
discretization schemes for the Biot’s consolidation problems in its quasi-static form can be found in
[11, 24, 28, 32, 40]. However, for some practical applications, the quasi-static model is not sufficient for
giving a comprehensive understanding of the phenomena and acceleration terms in both the solid and
fluid phases need to be considered. This is the case of earthquake studies and the the studies of induced
seismicity phenomena arising from soil exploitation activities. This model has been introduced by
Biot in [10] and it has been show in [22] that the dynamic effects are crucial for understanding the
wave propagation phenomena in poroelastic media.
In the literature the Biot’s poroelasticity model has been studied in different formulations, e.g.

with the acceleration term introduced for the displacement field only [15], or coupled with different
physics, e.g. the fully-dynamic thermo-poroelastic model [14, 21]. Different method and approaches
have been developed for studying this problem. First, these methods include finite difference, finite
element, boundary element, finite volume, and spectral methods [23, 31, 35, 39, 41]. More recent
approaches have considered high-order space-time continuous and discontinuous Galerkin methods [4,
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5] (also on polygonal grids), ADER scheme [30], mixed finite element methods [34], and hybridizable
discontinuous Galerkin (HDG) method [38].
In this work, we introduce and analyze a fully-mixed formulation of the dynamic poroelasticity

problem having the stress tensor, the fluid flux, the displacement, and the pore pressure as unknowns.
The symmetry constraint on the stress field is imposed by adding to the four-field formulation a
penalization term depending on the skew-symmetric part of the stress and a penalization parameter
that has to be properly selected. The main novel contributions include a robust stability analysis at
both continuous and discrete level which encompasses all the meaningful cases of degenerate model
coefficients. The presented stability estimates does not depend on the dilatation and storage coefficients,
showing the robustness with respect to volumetric locking and quasi-incompressible porous materials.
Moreover, the a priori analysis also supports the case of vanishing densities parameters which make
the model degenerate towards the quasi-static case. This is in contrast with respect to [34] and [38]
were both the storage and densities coefficients are assumed to be strictly positive. Finally, we also
mention that the results are obtained under weak data regularity and general boundary conditions. The
case of mixed and non-homogeneous boundary conditions is often left out in the analysis of numerical
schemes for poroelasticity problems, but is relevant for the practical applications and place several
additional difficulties in the a priori analysis.
The rest of the paper is organised as follows. In Section 2, we present the dynamic poroelasticity

problemwritten as a first-order hyperbolic system. In Section 3, we formulate the problem in variational
form and present the main stability result. Section 4 describes the discrete setting and contains the
statement of the discrete problem. Finally, Section 5 contains a thorough numerical validation of the
convergence and robustness properties of the method. A physically-consistent test on wave propagation
in poroelastic media is also considered.

2 Dynamic poroelasticity

In this section we present the low-frequency poroelasticity equations. We define the model data and
parameters characterizing the initial-boundary value problem and then reformulate it as a first-order
fully-coupled hyperbolic system.

2.1 Model problem

We consider wave propagation through fluid-saturated porous media in the low-frequency regime [10].
Letting 𝜙 ∈ (0, 1) denote the reference material porosity, we assume a continuous superposition of
solid and fluid phases occupying (1 − 𝜙) and 𝜙 of the total volume |Ω|, respectively. We refer the
reader to [20, 29] for the precise derivation of the dynamic problem presented hereafter.
Let Ω ⊂ R𝑑 , 𝑑 ∈ {2, 3}, denote a bounded connected polyhedral domain with boundary 𝜕Ω

and outward normal 𝒏. For a given time interval (0, 𝑡F], with 𝑡F > 0, the problem data consist of
the forcing term 𝜼̃ : Ω × (0, 𝑡F) → R𝑑×𝑑 , volumetric loads 𝒇 , 𝒉 : Ω × (0, 𝑡F) → R𝑑 , fluid source
𝑔 : Ω × (0, 𝑡F) → R, initial solid displacement 𝒅0 : Ω → R𝑑 , initial solid and filtration velocities
𝒖0, 𝒘0 : Ω → R𝑑 , and initial pore pressure 𝑝0 : Ω → R. Given the previous data, the poroelasticity
initial-boundary value problem consists in finding a displacement field 𝒅 : Ω × [0, 𝑡F) → R𝑑 , velocity
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field 𝒘 : Ω × [0, 𝑡F) → R𝑑 , and a pore pressure field 𝑝 : Ω × [0, 𝑡F) → R such that

𝜌𝑢𝜕𝑡𝑡 𝒅 + 𝜌 𝑓 𝜕𝑡𝒘 − ∇·𝝈 = 𝒇 in Ω × (0, 𝑡F), (1a)
𝝈 − C∇s𝒅 + 𝛼𝑝𝑰𝑑 = 𝜼̃ in Ω × (0, 𝑡F), (1b)

𝜌 𝑓 𝜕𝑡𝑡 𝒅 + 𝜌𝑤𝜕𝑡𝒘 + 𝑲−1𝒘 + ∇𝑝 = 𝒉 in Ω × (0, 𝑡F), (1c)
𝑠0𝜕𝑡 𝑝 + 𝛼𝜕𝑡 (∇·𝒅) + ∇·𝒘 = 𝑔 in Ω × (0, 𝑡F), (1d)

𝒅(·, 0) = 𝒅0, 𝑝(·, 0) = 𝑝0 in Ω, (1e)
𝜕𝑡 𝒅(·, 0) = 𝒖0, 𝒘(·, 0) = 𝒘0 in Ω. (1f)

In the momentum equilibrium equation (1a), 𝜕𝑡 and 𝜕𝑡𝑡 denotes the first and second time derivative,
while the parameter 𝜌𝑢 is related to the solid and fluid density 𝜌𝑠, 𝜌 𝑓 > 0 according to 𝜌𝑢 ≔

𝜙𝜌 𝑓 + (1 − 𝜙)𝜌𝑠 > 0.
In the constitutive relation for the stress (1b),∇s denotes the symmetric part of the gradient operator

acting on vector-valued fields, C : Ω → R𝑑
4 is the uniformly elliptic fourth-order tensor expressing

the linear stress-strain law, and 𝛼 ∈ (𝜙, 1] is the Biot–Willis coefficient. For isotropic materials, the
tensor C can be expressed in terms of the Lamé parameters 𝜇 ∈ [𝜇, 𝜇], with 0 < 𝜇 < 𝜇, and 𝜆 ≥ 0 as

C𝝉 ≔ 2𝜇 𝝉 + 𝜆 tr(𝝉)𝑰𝑑 for all 𝜏 ∈ R𝑑×𝑑 ,

where 𝑰𝑑 denotes the identity matrix of R𝑑×𝑑 and tr(𝝉) ≔
∑𝑑

𝑖 𝜏𝑖𝑖 . Introducing the bulk modulus
𝜅 ≔ 2𝑑−1𝜇 + 𝜆 and the deviatoric operator dev(𝝉) ≔ 𝜏 − 𝑑−1tr(𝝉)𝑰𝑑 , an alternative expression for C
is given by

C𝝉 = 2𝜇 dev(𝝉) + 𝜅 tr(𝝉)𝑰𝑑 for all 𝜏 ∈ R𝑑×𝑑 . (2)

In the dynamic Darcy equation (1c), the parameter 𝜌𝑤 is such that 𝜌𝑤 ≔ 𝜌 𝑓 𝜈𝜙
−1, where 𝜈 > 1

denotes the pores tortuosity, while 𝑲 : Ω → R𝑑×𝑑s is the hydraulic conductivity tensor which, for
strictly positive real numbers 𝐾 ≤ 𝐾 , satisfies

𝐾 |𝝃 |2 ≤ 𝑲 (𝒙)𝝃 · 𝝃 ≤ 𝐾 |𝝃 |2 for every 𝒙 ∈ Ω and all 𝝃 ∈ R𝑑 . (3)

Clearly, as a result of (3), the uniquely defined inverse tensor 𝑲−1 is also uniformly elliptic in the sense
that

𝐾
−1 |𝝃 |2 ≤ 𝑲−1(𝒙)𝝃 · 𝝃 ≤ 𝐾−1 |𝝃 |2 for every 𝒙 ∈ Ω and all 𝝃 ∈ R𝑑 .

To be valid, the equation (1c) requires that the spectrum of the waves involve frequencies lower than
a threshold depending on 𝑲, 𝜌 𝑓 , and 𝜙 (cf. [25]). Otherwise, more complex models such as the one
described in [36] are required.
Finally, in the mass conservation equation (1d), 𝑠0 ≥ 0 denotes the constrained storage coefficient

measuring the amount of fluid that can be forced into the medium by pressure increments due to the
structure compressibility. The relevant case of incompressible grains corresponds to the limit value
𝑠0 = 0.
We close the problem by prescribing the boundary conditions. We introduce two partitions

𝜕Ω = Γ𝑑 ∪ Γ𝜎 = Γ𝑝 ∪ Γ𝑤 such that Γ𝑑 ∩ Γ𝜎 = Γ𝑝 ∩ Γ𝑤 = ∅, assuming that the measures of Γ𝑑 and
Γ𝑝 are strictly positive. We impose a given traction on Γ𝜎 , a fixed displacement on Γ𝑑 , a given flux
on Γ𝑤 , and a pressure on Γ𝑝, namely

𝝈 𝒏 = 𝒕 on Γ𝜎 × (0, 𝑡F] 𝒘 · 𝒏 = 𝑤𝑛 on Γ𝑤 × (0, 𝑡F] (4a)
𝒅 = 𝒅𝑑 on Γ𝑑 × (0, 𝑡F] 𝑝 = 𝑝𝑑 on Γ𝑝 × (0, 𝑡F] . (4b)
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2.2 First-order hyperbolic system

Different formulations of problem (1) have been studied in the literature, including the frequency-
domain displacement-pressure formulation of [23]; the two-displacement formulation [37, 5], that is
obtained by inserting the expression of the total stress 𝝈 and the pore pressure 𝑝 from (1b) and (1d)
in the other equations; and the three-field formulations of [2] considering the solid displacement,
solid velocity, and pressure as unknowns. In what follows, we focus on the first-order fully-mixed
formulation considered, e.g., in [34, 35]. This choice leads to several advantages: (i) it produces a
better approximation of the Darcy velocity and stress fields; (ii)mass and momentum conservation are
locally satisfied; (iii) additional assumptions on the poroelastic coeffcient are not required; and (iv) it
is easier to analyze the problem in the framework of strongly continuous semigroups (cf. [38]).
We introduce the solid velocity 𝒖 = 𝜕𝑡 𝒅 and assume that the initial displacement field 𝒅0 is

sufficiently regular to associate the initial stress tensor, defined according to (1b) as 𝝈0 = C∇s𝒅0 −
𝛼𝑝0𝑰𝑑 . The uniformly elliptic fourth-order compliance tensor A is defined such that A(C𝝉) =

C(A𝝉) = 𝝉 for all 𝝉 ∈ R𝑑×𝑑 . The explicit expression of the action of A derived from (2) is given by

A𝝉 ≔
dev(𝝉)
2𝜇

+ tr(𝝉)
𝑑2𝜅

𝑰𝑑 . (5)

We also observe that, taking the trace of the tensor equation (1b), allows to express the divergence of
the solid displacement as

𝜅∇·𝒅 = 𝛼𝑝 + 𝑑−1tr(𝝈).
Thus, taking the time derivative in the previous identity and in (1b), plugging the resulting expression
into (1d), and owing to the definition of the compliance tensor (5), we rewrite the dynamic poroelasticity
problem as a first-order system: find the velocities 𝒖, 𝒘, the stress tensor 𝝈, and pressure 𝑝 such that

𝜌𝑢𝜕𝑡𝒖 + 𝜌 𝑓 𝜕𝑡𝒘 − ∇·𝝈 = 𝒇 in Ω × (0, 𝑡F), (6a)
𝜌 𝑓 𝜕𝑡𝒖 + 𝜌𝑤𝜕𝑡𝒘 + 𝑲−1𝒘 + ∇𝑝 = 𝒉 in Ω × (0, 𝑡F), (6b)

A(𝜕𝑡𝝈) + 𝛼(𝑑𝜅)−1𝜕𝑡 𝑝𝑰𝑑 − ∇s𝒖 = 𝜼 in Ω × (0, 𝑡F), (6c)
(𝑠0 + 𝛼2𝜅−1)𝜕𝑡 𝑝 + 𝛼(𝑑𝜅)−1tr(𝜕𝑡𝝈) + ∇·𝒘 = 𝑔 in Ω × (0, 𝑡F), (6d)

𝒖(·, 0) = 𝒖0, 𝒘(·, 0) = 𝒘0 𝝈(·, 0) = 𝝈0, 𝑝(·, 0) = 𝑝0 in Ω, (6e)

where the right-hand side term in (6c) is defined by 𝜼 = 𝜕𝑡 𝜼̃.
The well-posedness of problem (6) has been established in [38, Section 3] by applying the Hille–

Yosida theory. One of the main ingredient needed to establish a stability result for the previous system
consists in pointing out the the coupling between the solid and filtration velocities as well as the
coupling between the pressure and the stress trace are symmetric and positive, in the sense that the
interaction matrices

𝑅1 ≔

(
𝜌𝑢 𝜌 𝑓

𝜌 𝑓 𝜌𝑤

)
and 𝑅2 ≔

1
𝑑𝜅

(
𝑑−1 𝛼

𝛼 𝑠0𝑑𝜅 + 𝑑𝛼2
)

(7)

are elliptic. Indeed, due to the definition of the model parameters given in Section 2.1, we have
det(𝑅1) = (𝜙−1 − 1)𝜌𝑠𝜌 𝑓 𝜈 + (𝜈 − 1)𝜌2

𝑓
≥ 0 and det(𝑅2) = 𝑠0𝑑−1 ≥ 0.

3 Variational formulation

In this section we introduce some notations that will be used in the sequel, and derive the mixed
variational formulation. First, we present a five-field formulation where the stress symmetry is enforce
weakly as in [33, 34]. Then, we introduce a stabilization term that allows to rewrite the previous
problem as a four-field system with a penalization of the skew-symmetric part of the stress.
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3.1 Notation for functional spaces

Let 𝑋 ⊂ Ω. Spaces of functions, vector fields, and tensor fields defined over 𝑋 are respectively denoted
by italic capital, boldface Roman capital, and special Roman capital letters. The subscripts “s” and “sk”
appended to a special Roman capital letter denotes a space of symmetric and skew-symmetric tensor
fields, respectively. Thus, for example, 𝐿2(𝑋),L2(𝑋), and L2sk(𝑋) respectively denote the spaces of
square integrable functions, vector fields, and skew-symmetric tensor fields over 𝑋 .
For any measured set 𝑋 and any 𝑚 ∈ Z, we denote by 𝐻𝑚(𝑋) the usual Sobolev space of functions

that have weak partial derivatives of order up to 𝑚 in 𝐿2(𝑋). We denote by (·, ·)𝑋 and (·, ·)𝑚,𝑋 the
usual scalar products in 𝐿2(𝑋) and 𝐻𝑚(𝑋) respectively, and by ‖·‖𝑋 and ‖·‖𝑚,𝑋 the induced norms.
The subscript 𝑋 is omitted whenever 𝑋 = Ω. The notation 〈𝜑, 𝜉〉 is used for the duality product
between two functions 𝜑 ∈ 𝐻 1

2 (𝜕Ω) and 𝜉 ∈ 𝐻− 12 (𝜕Ω). Additionally, letH(div, 𝑋) be the subspace of
L2(𝑋) spanned by vector-valued functions admitting a weak divergence in 𝐿2(𝑋) with natural norm

‖𝒗‖div,𝑋 ≔

(
‖𝒗‖2𝑋 + ℎ2𝑋 ‖∇·𝒗‖2𝑋

) 1
2
,

with ℎ𝑋 denoting the diameter of 𝑋 . We define H(div, 𝑋) to be the space of tensor-valued functions
in L2(𝑋) with weak divergence in L2(𝑋).
For a vector space 𝑉 with scalar product (·, ·)𝑉 , the space 𝐶𝑚(𝑉) ≔ 𝐶𝑚( [0, 𝑡F];𝑉) is spanned by

𝑉-valued functions that are 𝑚-times continuously differentiable in the time interval [0, 𝑡F]. The space
𝐶𝑚(𝑉) is a Banach space equipped with the norm

‖𝜑‖𝐶𝑚 (𝑉 ) ≔ max
0≤𝑖≤𝑚

max
𝑡 ∈[0,𝑡F ]

‖𝜕𝑖𝑡 𝜑(𝑡)‖𝑉 .

Similarly, the Hilbert space 𝐻𝑚(𝑉) ≔ 𝐻𝑚((0, 𝑡F);𝑉) is spanned by 𝑉-valued functions of the time
interval, and the norm ‖·‖𝐻𝑚 (𝑉 ) is induced by the scalar product

(𝜑, 𝜓)𝐻𝑚 (𝑉 ) =
𝑚∑︁
𝑗=0

∫ 𝑡F

0
(𝜕 𝑗

𝑡 𝜑(𝑡), 𝜕
𝑗
𝑡 𝜓(𝑡))𝑉 d𝑡 for all 𝜑, 𝜓 ∈ 𝐻𝑚(𝑉).

In order to match the boundary conditions in (4), we introduce H10,Γ𝑑
(Ω) and 𝐻10,Γ𝑝

(Ω) as the
subspaces of H1(Ω) and 𝐻1(Ω) spanned by functions having zero trace on Γ𝑑 and Γ𝑝, respectively;
and define the Hilbert spaces

𝚺 ≔ {𝝉 ∈ H(div,Ω) : 〈𝝉 𝒏, 𝒗〉𝜕Ω = 0 ∀𝒗 ∈ H10,Γ𝑑
(Ω)}, 𝑼 := L2(Ω),

𝑾 := {𝒛 ∈ H(div,Ω) : 〈𝒘 · 𝒏, 𝜉〉𝜕Ω = 0 ∀𝜉 ∈ 𝐻10,Γ𝑝
(Ω)}, 𝑃 := 𝐿2(Ω).

For later use, we also define the skew operator: skw(𝝉) = 𝝉−𝝉T
2 for all 𝝉 ∈ R𝑑×𝑑 , and introduce the

short-handed notation ¤𝜑 = 𝜕𝑡𝜑 for the time derivative. Due to the definition of the tr, skw, and dev
operators, we observe that for all 𝝉, 𝝃 ∈ R𝑑×𝑑

𝝉 : tr(𝝃)𝑰𝑑 = tr(𝝃)tr(𝝉),
𝝉 : skw(𝝃) = skw(𝝉) : skw(𝝃),
𝝉 : dev(𝝃) = dev(𝝉) : dev(𝝃),

with the symbol “ : ” denoting the Frobenius product. In the derivation of the weak formulation of (6)
in the next section, we will use the previous identities multiple times in both directions. For the sake of
brevity, throughout the paper we will use the notation 𝑎 . 𝑏 for the inequality 𝑎 ≤ 𝐶𝑏 with a generic
constant 𝐶 > 0 independent of the discretization parameters and the model coefficients 𝜆, 𝜌𝑠, 𝜌 𝑓 , 𝜌𝑤
and 𝑠0.
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3.2 Weak-symmetry and skew-symmetry penalization

In the mixed formulation of elasticity and poroelasticity problems, the symmetry of the stress tensor 𝝈
has to be explicitly enforced, either strongly in the functional space (see, e.g., [8, 42, 19]), or weakly
by the use of a Lagrange multiplier as in [7, 33, 34]. In what follows, we opt for this second strategy
since it leads to a formulation that can be discretized with low order standard finite element spaces.
We introduce the skew-symmetric part of ∇𝒖, i.e. skw(∇𝒖), as additional unknown, named 𝜻 , we

add to the hyperbolic system (6) the equation skw( ¤𝝈) = 0, and we replace equation (6c) by

A ¤𝝈 + 𝛼(𝑑𝜅)−1 ¤𝑝𝑰𝑑 − ∇𝒖 + 𝜻 = 𝜼 in Ω × (0, 𝑡F).

The weak formulation of the dynamic poroelasticity problem (6) is derived by testing with suitable
functions and integrating by parts in (6b) and (6a). Let 𝜼 ∈ 𝐿2(L2(Ω)), 𝒇 ∈ 𝐿2(L2(Ω)), 𝒉 ∈
𝐿2(L2(Ω)), 𝑔 ∈ 𝐿2(𝐿2(Ω)), 𝒖𝑑 = ¤𝒅𝑑 ∈ 𝐿2(𝑯 1

2 (𝜕Ω)), and 𝑝𝑑 ∈ 𝐿2(𝐻 1
2 (𝜕Ω)). For simplicity, we

assume that 𝒕 = 0 and 𝑤𝑛 = 0 in (4a). The general case of non-homogeneous essential conditions
can be obtained by the H(div,Ω)-regular lifting of boundary data as in [18, Appendix A]. The
weak formulation with weakly enforced stress symmetry reads: for almost every 𝑡 ∈ (0, 𝑡F], find
(𝒖(𝑡), 𝒘(𝑡),𝝈(𝑡), 𝑝(𝑡), 𝜻 (𝑡)) ∈ 𝑼 ×𝑾 × 𝚺 × 𝑃 × L2sk(Ω) such that

(𝜌𝑢 ¤𝒖 + 𝜌 𝑓 ¤𝒘, 𝒗) − (∇·𝝈, 𝒗) = ( 𝒇 , 𝒗) ∀𝒗 ∈ 𝑼, (8a)
(𝜌 𝑓 ¤𝒖 + 𝜌𝑤 ¤𝒘, 𝒛) + (𝑲−1𝒘, 𝒛) − (𝑝,∇·𝒛) = (𝒉, 𝒛) + 〈𝑝𝑑 , 𝒛 · 𝒏〉 ∀𝒛 ∈ 𝑾, (8b)

(A ¤𝝈, 𝝉) +
(
𝛼 ¤𝑝, tr(𝝉)

𝑑𝜅

)
+ (𝒖,∇·𝝉) + (𝜻 , 𝝉) = (𝜼, 𝝉) + 〈𝒖𝑑 , 𝝉𝒏〉 ∀𝝉 ∈ 𝚺, (8c)( 𝑠0𝜅 + 𝛼2

𝜅
¤𝑝, 𝑞

)
+
( tr( ¤𝝈)
𝑑𝜅

, 𝛼𝑞

)
+ (∇·𝒘, 𝑞) = (𝑔, 𝑞) ∀𝑞 ∈ 𝑃, (8d)

−(skw( ¤𝝈), 𝝃) = 0 ∀𝝃 ∈ L2sk(Ω). (8e)

Recalling the definition of A in (5), observing that 𝜻 is skew-symmetric, and defining the linear
functional L𝚺 : 𝚺 → R defined as L𝚺 (𝝉) = (𝜼, 𝝉) + 〈𝒖𝑑 , 𝝉𝒏〉, we rewrite equation (8c) as(dev( ¤𝝈)

2𝜇
, 𝝉

)
+
( tr( ¤𝝈) + 𝛼𝑑 ¤𝑝

𝑑2𝜅
, tr(𝝉)

)
+ (𝜻 , skw(𝝉)) + (𝒖,∇·𝝉) = L𝚺 (𝝉). (9)

Now, we introduce a perturbation to the weak-symmetry constraint (8e) by letting 𝜀 : Ω → R+

small enough, and replacing (8e) with

(𝜀 𝜻 , 𝝃) − (skw( ¤𝝈), 𝝃) = 0. (10)

From the previous relation, we deduce (𝜻 , 𝝃) = (𝜀−1skw( ¤𝝈), 𝝃), that, owing to skw(𝝉) ∈ L2sk(Ω) for
all 𝝉 ∈ 𝚺, we can insert in (9) to obtain(dev( ¤𝝈)

2𝜇
, dev(𝝉)

)
+
( tr( ¤𝝈) + 𝛼𝑑 ¤𝑝

𝑑2𝜅
, tr(𝝉)

)
+
( skw( ¤𝝈)

𝜀
, skw(𝝉)

)
+ (𝒖,∇·𝝉) =L𝚺 (𝝉).

Denoting the right-hand side term appearing in (8b) as the linear functionalL𝑾 (𝒛) = (𝒉, 𝒛)+〈𝑝𝑑 , 𝒛·
𝒏〉 and recalling the definitions of the matrices 𝑅1 and 𝑅2 in (7), we can transform the weak problem
(8) into a four-field formulation reading: for almost every 𝑡 ∈ (0, 𝑡F], find (𝒖(𝑡), 𝒘(𝑡),𝝈(𝑡), 𝑝(𝑡)) ∈
𝑼 ×𝑾 × 𝚺 × 𝑃 such that (

𝑅1

[
¤𝒖
¤𝒘

]
,

[
𝒗
𝒛

] )
+ (𝑲−1𝒘, 𝒛) −

( [
∇·𝝈
𝑝

]
,

[
𝒗
∇·𝒛

] )
=

[
( 𝒇 , 𝒗)
L𝑾 (𝒛)

]
(11a)(dev( ¤𝝈)

2𝜇
+ skw( ¤𝝈)

𝜀
, 𝝉

)
+
(
𝑅2

[
tr( ¤𝝈)

¤𝑝

]
,

[
tr(𝝉)
𝑞

] )
+
( [

𝒖
∇·𝒘

]
,

[
∇·𝝉
𝑞

] )
=

[
L𝚺 (𝝉)
(𝑔, 𝑞)

]
(11b)
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for all (𝒗, 𝒛, 𝝉, 𝑞) ∈ 𝑼 × 𝑾 × 𝚺 × 𝑃. Problem (11) is completed with the initial conditions in (6e)
assuming that 𝝈0 ∈ L2s (Ω), 𝒖0, 𝒘0 ∈ L2(Ω), and 𝑝0 ∈ 𝐿2(Ω).
Remark 1. The idea of adding a small perturbation in equation (10) depending on the parameter
𝜀 is resemblant to the artificial compressibility technique used to stabilized numerical schemes for
incompressible fluid flow problem (see, e.g., [26]).

3.3 Well-posedness

This section investigates the well-posedness of the mixed variational problem (11). Under additional
regularity assumptions on the problem data (forcing terms, boundary data, and initial conditions) the
existence of solutions can be inferred by applying the Hille–Yosida theorem as in [6, Appendix A] and
[38, Section 3.2]. In what follows, we focus on proving a stability result under weaker assumptions,
which in turn also implies the uniqueness of solutions.
First, we present some preliminary results. We recall the following inf-sup conditions establishing

the stability of the divergence operator.

Lemma 2 (Inf-sup conditions). There exist positive constants 𝛽𝑚 (only depending on Ω and Γ𝜎) and
𝛽 𝑓 (only depending on Ω and Γ𝑤 ) such that

𝛽𝑚‖𝒗‖ ≤ sup
𝝉∈Hs (div,Ω)∩𝚺\{0}

(𝒗,∇·𝝉)
‖𝝉‖div

∀𝒗 ∈ 𝑼, (12)

𝛽 𝑓 ‖𝑞‖ ≤ sup
𝒛∈𝑾 \{0}

(𝑞,∇·𝒛)
‖𝒛‖div

∀𝑞 ∈ 𝑃. (13)

Proof. The detailed proof together with the explicit dependence of the constants 𝛽𝑚 and 𝛽 𝑓 with
respect to the domain Ω in the case of fully-essential boundary conditions (i.e. Γ𝜎 = Γ𝑤 = 𝜕Ω) is
given in [16, Propositions 1.1 and 1.5]. For the alternative special case Γ𝜎 = ∅, we refer to [13, Chapter
9]. The general case can be obtain by reasoning as in [9, Lemma A.1] or [17, Theorem 1.4]. �

The next technical result is proved in [3, Lemma 3].

Lemma 3 (dev − div and trace inequalities). There exists two positive constants 𝐶dd and 𝐶tm (only
depending on Ω and Γ𝑑), and a positive constant 𝐶tf (only depending on Ω and Γ𝑝) such that

‖𝝉‖2 ≤ 𝐶dd
(
‖dev(𝝉)‖2 + ℎ2Ω‖∇·𝝉‖

2
)

∀𝝉 ∈ 𝚺, (14)

‖𝝉𝒏‖2
𝑯−1/2 (𝜕Ω) ≤ 𝐶tm

(
‖dev(𝝉)‖2 + ℎ2Ω‖∇·𝝉‖

2
)

∀𝝉 ∈ 𝚺, (15)

‖𝒛 · 𝒏‖𝐻−1/2 (𝜕Ω) ≤ 𝐶tf ‖𝒛‖div ∀𝒛 ∈ 𝑾 . (16)

As a consequence, ‖𝝉‖𝚺 ≔ (‖dev(𝝉)2‖ + ℎ2
Ω
‖∇·𝝉‖2) 12 defines a norm on 𝚺.

The previous Lemma is needed to bound the right-hand side terms in (11). In the next result, given
an Hilbert space 𝑯, we denote by ‖ · ‖𝑯∗ the dual norm defined as

‖L‖𝑯∗ ≔ sup
𝝃∈𝑯\{0}

L(𝝃)
‖𝝃‖𝑯

.

Lemma 4 (Bounds for L𝚺 and L𝑾 ). Assume that the forcing and boundary terms 𝜼, 𝒉, 𝒖𝑑 , and 𝑝𝑑
are such that, for all 𝑡 ∈ (0, 𝑡F],

𝜼(𝑡) ∈ L2(Ω), 𝒉(𝑡) ∈ L2(Ω), 𝒖𝑑 (𝑡) ∈ 𝑯1/2(𝜕Ω), 𝑝𝑑 (𝑡) ∈ 𝐻1/2(𝜕Ω).
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Then, for all 𝑡 ∈ (0, 𝑡F] the linear functionals L𝚺 (𝑡) and L𝑾 (𝑡) in (11) are such that

‖L𝑾 (𝑡)‖𝑾 ∗ ≤
(
‖𝒉(𝑡)‖ + 𝐶tf ‖𝑝𝑑 (𝑡)‖𝐻 1/2 (𝜕Ω)

)
,

‖L𝚺 (𝑡)‖𝚺∗ ≤
(
𝐶dd‖𝜼(𝑡)‖ + 𝐶tm‖𝒖𝑑 (𝑡)‖𝑯1/2 (𝜕Ω)

)
.

(17)

Proof. The first bound in (17) directly follows from the application of the Cauchy-Schwarz inequality
together with (16). For the second, we recall the definition of ‖𝝉‖𝚺 and apply again the Cauchy-Schwarz
inequality followed by (14) and (15). �

We aim to prove a robust stability bound, which also holds in the degenerate cases 𝑠0 = 0, 𝜌 𝑓 = 0,
and 𝜆 → ∞ (implying 𝜅 → ∞). For this purpose, given a function 𝜑 : [0, 𝑡𝐹 ] → R, we introduce the
notation 𝜑̃ for the integral function such that 𝜕𝑡 𝜑̃ = 𝜑 and 𝜑̃(0) = 0, namely 𝜑̃(𝑡) =

∫ 𝑡𝐹

0 𝜑(𝑠) d𝑠. We
adopt the same notation for time-dependent scalar, vector, and tensor fields. Thus, integrating in time
problem (11), leads to (

𝑅1

[
𝒖
𝒘

]
,

[
𝒗
𝒛

] )
+ (𝑲−1𝒘̃, 𝒛) −

( [
∇·𝝈̃
𝑝

]
,

[
𝒗
∇·𝒛

] )
=

[
L1(𝒗)
L2(𝒛)

]
(18a)(dev(𝝈)

2𝜇
+ skw(𝝈)

𝜀
, 𝝉

)
+
(
𝑅2

[
tr(𝝈)
𝑝

]
,

[
tr(𝝉)
𝑞

] )
+
( [

𝒅
∇·𝒘̃

]
,

[
∇·𝝉
𝑞

] )
=

[
L3(𝝉)
L4(𝑞)

]
(18b)

for all (𝒗, 𝒛, 𝝉, 𝑞) ∈ 𝑼 ×𝑾 × 𝚺 × 𝑃, with right-hand side terms defined by

L1(𝒗) ≔ ( 𝒇̃ , 𝒗) + (𝜌𝑢𝒖0 + 𝜌 𝑓 𝒘0, 𝒗)
L2(𝒛) ≔ L̃𝑾 (𝒛) + (𝜌 𝑓 𝒖0 + 𝜌𝑤𝒘0, 𝒛)
L3(𝝉) ≔ L̃𝚺 (𝝉) + ((2𝜇)−1dev(𝝈0), 𝝉) + (tr(𝝈0) + 𝛼𝑑𝑝0, (𝑑𝜅)−1tr(𝝉)) + (𝒅0,∇·𝝉)
L4(𝑞) ≔ (𝑔̃, 𝑞) + ((𝑠0 + 𝜅−1𝛼2)𝑝0, 𝑞) + ((𝑑𝜅)−1𝛼 tr(𝝈0), 𝑞).

Clearly, the previously defined linear functionals L1−4 depend on the problem data 𝒇 , 𝜼, 𝒉, 𝑔, 𝒖𝑑 , 𝑝𝑑
and the initial conditions 𝒅0, 𝒖0, 𝒘0,𝝈0, 𝑝0. For the sake of conciseness, in the next theorem we will
make the following assumption:

Assumption 1. The volumetric forcing and source terms as well as the boundary data appearing
in (11) and (18) are 𝐻1-regular in time, i.e. 𝜼 ∈ 𝐻1(L2(Ω)), 𝒇 ∈ 𝐻1(L2(Ω)), 𝒉 ∈ 𝐻1(L2(Ω)),
𝑔 ∈ 𝐻1(𝐿2(Ω)), 𝒖𝑑 ∈ 𝐻1(𝑯 1

2 (𝜕Ω)), and 𝑝𝑑 ∈ 𝐻1(𝐻 1
2 (𝜕Ω)). Additionally, there is a positive

constant 𝐶pb depending on all the previous quantities, but independent of the possibly unbounded
coefficients 𝑠−10 , 𝜅, 𝜌

−1
𝑓
, and 𝜌−1𝑠 , such that

‖L1‖𝐶0 (L2 (Ω)) + ‖L2‖𝐶0 (𝑾 ∗) + ‖L3‖𝐶0 (𝚺∗) + ‖L4‖𝐶0 (𝐿2 (Ω)) ≤ 𝐶pb,
‖ 𝒇 ‖𝐻 1 (L2 (Ω)) + ‖L𝑾 ‖𝐻 1 (𝑾 ∗) + ‖L𝚺‖𝐻 1 (𝚺∗) + ‖𝑔‖𝐻 1 (𝐿2 (Ω)) ≤ 𝐶pb.

(19)

In light of (17), the 𝐻1-regularity in time of the data, and the assumption on the initial conditions,
we observe that (19) is not restrictive. We are ready to prove the stability estimate for the weak solutions
to (11).

Theorem 5 (Stability). Under Assumption 1, the solutions (𝒖, 𝒘,𝝈, 𝑝) ∈ (𝑼,𝑾,𝚺, 𝑃) of problem
(11) are such that, for all 𝑡 ∈ (0, 𝑡F],

‖(2𝜇)− 12dev(𝝈(𝑡))‖2 + ‖𝜀− 12 skw(𝝈(𝑡))‖2 + +‖𝑅
1
2
1 [𝒖, 𝒘]

T(𝑡)‖2

+ ‖𝑅
1
2
2 [tr(𝝈), 𝑝]

T(𝑡)‖2 + ‖𝒅(𝑡)‖2+
∫ 𝑡

0
‖𝑲− 12𝒘(𝑠)‖2 d𝑠 . 𝐶2pb,

(20)
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where the hidden constant does not depend on the dilatation coefficient 𝜆, the storativity coefficient 𝑠0,
and the density parameters 𝜌𝑢 , 𝜌 𝑓 , and 𝜌𝑤 .

Remark 6. We point out that the stability estimate in (20) is also valid in the degenerate case in which
the densities 𝜌𝑢 , 𝜌 𝑓 and 𝜌𝑤 are all equal to zero, which corresponds to the quasi-static Biot model.
The method presented in this work can be used without modifications.

Proof. The proof is divided into several steps: (i) we establish preliminary bounds on the 𝐿2-norms
of the solid displacement and pressure integrated in time; (ii) we infer the control of 𝑯(div)-norms
of the filtration displacement and integrated stress; (iii) we deduce an energy balance for system (11);
and (iv) we get the conclusion by exploiting the bounds of the previous steps.

Step (i): 𝐿2-bounds for 𝒅 and 𝑝. Using the discrete inf-sup condition (12), equation (18b) with 𝑞 = 0,
and the Cauchy-Schwarz inequality, we infer

𝛽𝑚‖𝒅‖ ≤ sup
𝝉∈Hs (div,Ω)∩𝚺

(𝒅,∇·𝝉)
‖𝝉‖div

= sup
𝝉∈Hs (div,Ω)∩𝚺

L3(𝝉) −
(

dev(𝝈)
2𝜇 , 𝝉

)
−
(
tr(𝝈)+𝛼𝑑𝑝

𝑑2𝜅
, tr(𝝉)

)
‖𝝉‖div

≤ ‖L3‖𝚺∗ + ‖(2𝜇)−1dev(𝝈)‖ + ‖(𝑑𝜅)−1(tr(𝝈) + 𝛼𝑑𝑝)‖ ,

Hence, using (19) and observing that 𝑑𝜅−1 ≤ (2𝜇)−1 ≤ 𝜇−1, it follows that

4𝐶1‖𝒅‖2 ≤ 𝐶2pb + ‖(2𝜇)− 12dev(𝝈)‖2 + ‖𝑅
1
2
2 [tr(𝝈), 𝑝]

T‖2, (21)

with𝐶1 = 𝜇𝛽2𝑚/12. Similarly, using the inf-sup condition (13) together with equation (18a) with 𝒗 = 0,
we obtain

𝛽 𝑓 ‖𝑝‖ ≤ sup
𝒛∈𝑾

(𝑝,∇·𝒛)
‖𝒛‖div

≤ ‖L2‖𝑾 ∗ + ‖𝜌 𝑓 𝒖 + 𝜌𝑤𝒘‖ + ‖𝑲−1𝒘̃‖ .

Then, noting that for all 𝑡 ∈ (0, 𝑡F] it holds ‖𝑲−1𝒘̃(𝑡)‖2 ≤ 𝑡𝐾−1 ∫ 𝑡

0 ‖𝑲− 12𝒘(𝑠)‖2 d𝑠, we get

4𝐶2‖𝑝‖2 ≤ 𝐶2pb + ‖𝑅
1
2
1 [𝒖, 𝒘]

T‖2 +
∫ 𝑡

0
‖𝑲− 12𝒘(𝑠)‖2 d𝑠, (22)

with 𝐶2 > 0 only depending on 𝑡F, 𝐾 , 𝜌𝑤 , and 𝛽 𝑓 .

Step (ii): 𝑯(div)-bounds for 𝝈̃ and 𝒘̃. Testing equation (18a)with (𝒗, 𝒛) = (∇·𝝈̃, 0) and equation (11b)
with (𝝉, 𝑞) = (0,∇·𝒘̃) leads to

‖∇·𝝈̃‖2 = −L1(∇·𝝈̃) + (𝜌𝑢𝒖 + 𝜌 𝑓 𝒘,∇·𝝈̃),

‖∇·𝒘̃‖2 = L4(∇·𝒘̃) −
( 𝑠0𝜅 + 𝛼2

𝜅
𝑝,∇·𝒘̃

)
−
(𝛼tr(𝝈)

𝑑𝜅
,∇·𝒘̃

)
.

Then, applying the Cauchy–Schwarz and Young inequalities and using again (19), it is inferred that

4𝐶3(‖∇·𝝈̃‖2 + ‖∇·𝒘̃‖2) ≤ 𝐶2pb + ‖𝑅
1
2
1 [𝒖, 𝒘]

T‖2 + ‖𝑅
1
2
2 [tr(𝝈), 𝑝]

T‖2, (23)

with positive constant 𝐶3 independent of the quantities 𝑠−10 , 𝜅, 𝜌
−1
𝑓
, and 𝜌−1𝑠 .

9



Step (iii): energy estimate. Taking (𝒗, 𝒛, 𝝉, 𝑞) = (𝒖, 𝒘,𝝈, 𝑝) in (11), recalling that 𝑅1 and 𝑅2 are
symmetric and positive definite, and using 𝜕𝑡 (𝜑2) = 2𝜑 ¤𝜑, we have

𝜕𝑡

(
‖𝑅

1
2
1 [𝒖, 𝒘]

T‖2 + ‖𝑅
1
2
2 [tr(𝝈), 𝑝]

T‖2 + ‖(2𝜇)− 12dev(𝝈)‖2 + ‖𝜀− 12 skw(𝝈)‖2
)

+ 2‖𝑲− 12𝒘‖2 = 2
(
( 𝒇 , 𝒖) + L𝑾 (𝒘) + L𝚺 (𝝈) + (𝑔, 𝑝)

)
.

Integrating in time the previous identity, assuming without loss of generality that

‖𝑅
1
2
1 [𝒖0, 𝒘0]

T‖2 + ‖𝑅
1
2
2 [tr(𝝈0), 𝑝0]T‖2 + ‖(2𝜇)− 12dev(𝝈0)‖2 ≤ 𝐶2pb,

and integrating by parts on the right-hand side terms, we infer that for all 𝑡 ∈ (0, 𝑡F](
‖𝑅

1
2
1 [𝒖, 𝒘]

T‖2 + ‖𝑅
1
2
2 [tr(𝝈), 𝑝]

T‖2 + ‖(2𝜇)− 12dev(𝝈)‖2 + ‖𝜀− 12 skw(𝝈)‖2
)
(𝑡)

+ 2
∫ 𝑡

0
‖𝑲− 12𝒘(𝑠)‖2 d𝑠 ≤ −2

∫ 𝑡

0

(
( ¤𝒇 , 𝒅) + ¤L𝑾 (𝒘̃) + ¤L𝚺̃ (𝝈̃) + ( ¤𝑔, 𝑝)

)
(𝑠) d𝑠

+ 2
(
( 𝒇 , 𝒅) + L𝑾 (𝒘̃) + L𝚺̃ (𝝈̃) + (𝑔, 𝑝)

)
(𝑡) + 𝐶2pb.

(24)

Step (iv): conclusion. We collect the estimates (21), (22), and (23) to infer that the left-hand side of
(24) bounds the 𝐿2-norms of 𝒅, 𝑝,∇·𝝈̃,∇·𝒘̃, namely

𝐶1‖𝒅(𝑡)‖2+ 𝐶2‖𝑝(𝑡)‖2+ 𝐶3‖∇·𝝈̃(𝑡)‖2+ 𝐶3‖∇·𝒘̃(𝑡)‖2 ≤ 𝐶2pb+
∫ 𝑡

0
‖𝑲− 12𝒘(𝑠)‖2 d𝑠

1
2
(
‖𝑅

1
2
1 [𝒖, 𝒘]

T‖2 + ‖𝑅
1
2
2 [tr(𝝈), 𝑝]

T‖2 + ‖(2𝜇)− 12dev(𝝈)‖2 + ‖𝜀− 12 skw(𝝈)‖2
)
(𝑡)

Moreover, owing to (19) and applying the Cauchy–Schwarz and Young inequalities, we bound the
second term in the right-hand side of (24) as(

( 𝒇 , 𝒅) + L𝑾 (𝒘̃) + L𝚺̃ (𝝈̃) + (𝑔, 𝑝)
)
(𝑡)

≤ 𝐶4𝐶2pb +
𝐶1
2
‖𝒅(𝑡)‖2+ 𝐶2

2
‖𝑝(𝑡)‖2+ 𝐶5‖𝝈̃(𝑡)‖2𝚺+ 𝐶5‖𝒘̃(𝑡)‖2div

≤ 𝐶4𝐶2pb +
𝐶1
2
‖𝒅(𝑡)‖2+ 𝐶2

2
‖𝑝(𝑡)‖2+ 𝐶3

2
‖∇·𝝈̃(𝑡)‖2+ 𝐶3

2
‖∇·𝒘̃(𝑡)‖2

+ 1
4
‖(2𝜇)− 12dev(𝝈)‖2 + 1

2

∫ 𝑡

0
‖𝑲− 12𝒘(𝑠)‖2 d𝑠,

with positive constants 𝐶4 and 𝐶5 independent of 𝑠−10 , 𝜅, 𝜌
−1
𝑓
, and 𝜌−1𝑠 . Plugging the two previous

bounds into (24) and using the second inequality in (19) yields

‖𝒅(𝑡)‖2+ ‖𝑝(𝑡)‖2+ ‖𝝈̃(𝑡)‖2𝚺+ ‖(2𝜇)− 12dev(𝝈(𝑡))‖2 + ‖𝜀− 12 skw(𝝈(𝑡))‖2+

‖𝑅
1
2
1 [𝒖, 𝒘]

T(𝑡)‖2 + ‖𝑅
1
2
2 [tr(𝝈), 𝑝]

T(𝑡)‖2 + ‖𝒘̃(𝑡)‖2div +
∫ 𝑡

0
‖𝑲− 12𝒘(𝑠)‖2 d𝑠

. 𝐶2pb +
∫ 𝑡

0
𝐶pb(‖𝒅(𝑠)‖ + ‖𝑝(𝑠)‖ + ‖𝝈̃(𝑠)‖𝚺) + ‖𝒘̃(𝑠)‖div

)
d𝑠.

The conclusion follows from the Gronwall-type inequality in [33, Lemma 1]. �
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4 Discrete setting

In this section we present the fully discrete formulation of the weak problem (11). The spatial
discretization is based on coupling two mixed finite element methods, one for the Hellinger–Reissner
formulation of linear elasticity and the other for mixed Darcy problems. Weakening the symmetry
constraint as in (11) allows the use of simpler elements for the stress unknown usually requiring less
computational cost. For the time discretization, we employ implicit time-advancing schemes such
as BDF or 𝜃-method. For the sake of simplifying the presentation, in this section we focus on the
backward Euler scheme.

4.1 Space and time meshes and discrete spaces

The spatial discretization is based on a conforming triangulation Tℎ of Ω, i.e. a set of closed triangles
or tetrahedra with unionΩ and such that, for any distinct 𝑇1, 𝑇2 ∈ Tℎ, the set 𝑇1∩𝑇2 is either a common
edge, a vertex, the empty set or, if 𝑑 = 3, a common face. We denote by ℎ𝑇 the diameter of 𝑇 and we
set ℎ ≔ max𝑇 ∈Tℎ ℎ𝑇 > 0. Having in mind a ℎ-convergence analysis, we consider a sequence (Tℎ)ℎ∈H
of refined meshes that is shape-regular in the usual sense of Ciarlet [27].
The time mesh is obtained subdividing [0, 𝑡F] into 𝑁 ∈ N∗ uniform subintervals. We introduce the

time step 𝜏 ≔ 𝑡F/𝑁 and the discrete times 𝑡𝑛 ≔ 𝑛𝜏, 𝑛 ∈ È0, 𝑁É. For any vector space𝑉 , all 𝜑 ∈ 𝐶0(𝑉),
and all 𝑛 ∈ È0, 𝑁É, we let, for the sake of brevity, 𝜑𝑛 ≔ 𝜑(𝑡𝑛). We also let, for all (𝜑𝑖)0≤𝑖≤𝑁 ∈ 𝑉𝑁+1

and all 1 ≤ 𝑛 ≤ 𝑁 ,

𝛿𝑛𝑡 𝜑 ≔
𝜑𝑛 − 𝜑𝑛−1

𝜏
∈ 𝑉

denote the backward approximation of the first derivative of 𝜑 at time 𝑡𝑛.
On the mesh Tℎ, with ℎ ∈ H , we introduce appropriate finite dimensional spaces

𝚺ℎ ⊂ 𝚺, 𝑾ℎ ⊂ 𝑾, 𝑼ℎ ⊂ 𝑼, 𝑃ℎ ⊂ 𝑃. (25)

The discrete space 𝑃ℎ (resp. 𝑼ℎ) approximating 𝐿2(Ω) (resp. L2(Ω)) is usually composed of scalar-
valued (resp. vector-valued) piecewise discontinuous polynomial functions on Tℎ. In Section 5, the
notation 𝐷𝐺𝑙 is used the space spanned by fully discontinuous polynomials of degree at most 𝑙. The
𝐿2-projector Πℎ : 𝐿2(𝑋) → 𝑃ℎ is defined such that

(Πℎ𝑞 − 𝑞, 𝑞ℎ) = 0 for all 𝑞ℎ ∈ 𝑃ℎ .

When dealing with the space𝑼ℎ, we use the boldface notation 𝚷ℎ for the corresponding 𝐿2-projector
acting component-wise.
In what follows, we assume that the pair (𝚺ℎ,𝑼ℎ) admits a stable element for the weak-symmetry

Hellinger–Reissner formulation of linear elasticity in the sense that, there exist a finite dimensional
space Λℎ such that the triplet (𝚺ℎ,𝑼ℎ,Λℎ) satisfies the assumptions in [34, Section 3] (see, e.g., the
Arnold–Falk–Winther element of [7] and the elements presented in [12]). Moreover, the finite element
pair (𝑾ℎ, 𝑃ℎ) is a stable element for the Darcy problem. In Section 5, we will consider the standard
Raviart–Thomas and Brezzi-Douglas-Marini families.

4.2 Fully-discrete problem

The crucial step in the design of the spatial discretization of problem (11) is the selection of the skew-
symmetry penalization parameter 𝜀. It has to be small enough so that the solution to the perturbed
problem is close to the one of (8), meaning that the magnitude of the perturbation matches the accuracy
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of the discretization error. At the same time, taking 𝜀 too small may lead to a restrictive constraint
to the space 𝚺ℎ which would compromise the inf-sup stability. In what follows, we choose 𝜀 to be
piecewise constant on Tℎ such that 𝜀 |𝑇 = 𝛾ℎ𝑟

𝑇
for all 𝑇 ∈ Tℎ, where 𝛾 > 0 is a user-dependent penalty

parameter and 𝑟 denotes the convergence rate of the 𝐿2-approximation in 𝚺ℎ of a sufficiently regular
function.
The discretization in space and time of problem (11) consists in finding, for all 1 ≤ 𝑛 ≤ 𝑁 , the

discrete solutions (𝒖𝑛
ℎ
, 𝒘𝑛

ℎ
,𝝈𝑛

ℎ
, 𝑝𝑛

ℎ
) ∈ 𝑼ℎ ×𝑾ℎ × 𝚺ℎ × 𝑃ℎ such that(

𝑅1

[
𝛿𝑛𝑡 𝒖ℎ

𝛿𝑛𝑡 𝒘ℎ

]
,

[
𝒗ℎ
𝒛ℎ

] )
+ (𝑲−1𝒘𝑛

ℎ, 𝒛ℎ) −
( [
∇·𝝈𝑛

ℎ

𝑝𝑛
ℎ

]
,

[
𝒗ℎ
∇·𝒛ℎ

] )
=

[
( 𝒇 𝑛, 𝒗ℎ)
L𝑛

𝑾 (𝒛ℎ)

]
(dev(𝛿𝑛𝑡 𝝈ℎ)

2𝜇
+

skw(𝛿𝑛𝑡 𝝈𝒉)
𝛾ℎ𝑟

, 𝝉ℎ
)
+
(
𝑅2

[
tr(𝛿𝑛𝑡 𝝈ℎ)
𝛿𝑛𝑡 𝑝ℎ

]
,

[
tr(𝝉ℎ)
𝑞ℎ

] )
+
( [

𝒖𝑛
ℎ

∇·𝒘𝑛
ℎ

]
,

[
∇·𝝉ℎ
𝑞ℎ

] )
=

[
L𝑛

𝚺 (𝝉ℎ)
(𝑔𝑛, 𝑞ℎ)

] (26)

for all (𝒗ℎ, 𝒛ℎ, 𝝉ℎ, 𝑞ℎ) ∈ 𝑼ℎ ×𝑾ℎ ×𝚺ℎ ×𝑃ℎ. The problem above is completed by the initial conditions
𝝈0

ℎ
= 𝚷ℎ𝝈0, 𝒖0ℎ = 𝚷ℎ𝒖0, 𝒘

0
ℎ
= 𝚷ℎ𝒘0, and 𝑝0ℎ = Πℎ𝑝0.

Theorem 7. Suppose that the problem data are as in Assumption 1. Then, for all 1 ≤ 𝑛 ≤ 𝑁 problem
(26) admits a unique solution (𝒖𝑛

ℎ
, 𝒘𝑛

ℎ
,𝝈𝑛

ℎ
, 𝑝𝑛

ℎ
) satisfying the a priori estimate

‖(2𝜇)− 12dev(𝝈𝑛
ℎ)‖

2 + ‖𝜀− 12 skw(𝝈𝑛
ℎ)‖

2 + +‖𝑅
1
2
1 [𝒖

𝑛
ℎ, 𝒘

𝑛
ℎ]
T‖2

+ ‖𝑅
1
2
2 [tr(𝝈

𝑛
ℎ), 𝑝

𝑛
ℎ]
T(𝑡)‖2 + ‖𝒅𝑛ℎ ‖

2+
𝑁∑︁
𝑛=1

𝜏2‖𝑲− 12𝒘𝑛
ℎ ‖
2 . 𝐶2pb,

(27)

with hidden constant not depending on 𝜆, 𝑠0, 𝜌𝑢 , 𝜌 𝑓 , and 𝜌𝑤 , and 𝐶pb depending on the problem data
as in (19).

Proof. Since (26) corresponds to a set of squared linear systems, uniqueness of solutions implies its
existence. The uniqueness of solutions can be inferred from (27). Indeed, setting to zero the forcing
terms, boundary conditions and initial data, makes the right-hand side vanish and, as a result, the only
solution would be (𝒖𝑛

ℎ
, 𝒘𝑛

ℎ
,𝝈𝑛

ℎ
, 𝑝𝑛

ℎ
) = 0 for all 1 ≤ 𝑛 ≤ 𝑁 .

A stability estimate as (10) holds for the spatial semi-discrete solutions owing to the conformity
property (25) of the discrete spaces. Then, in order to prove (27), one proceeds as in the proof of
Theorem 5 by replacing integration in timewith sum between 1 ≤ 𝑛 ≤ 𝑁 and the formula 2𝜑 ¤𝜑 = 𝜕𝑡 (𝜑2)
with its discrete counterpart

2𝜏 𝜑𝑛𝛿𝑛𝑡 𝜑 = (𝜑𝑛)2 + 𝜏2(𝛿𝑛𝑡 𝜑)2 − (𝜑𝑛−1)2.
�

For the sake of conciseness, we refer to [34, Section 3] for the convergence analysis with respect to
the mesh size ℎ and time step 𝜏 in the case of FEM discretization with weakly-symmetric stress field.
We postpone the detailed error analysis of the method with skew-symmetry penalization proposed here
to a future work, where we also aim to consider more alternatives for the discrete pair (𝚺ℎ,𝑼ℎ).

5 Numerical results

The aim of this section is to assess the performance of the proposed method in terms of accuracy
and robustness. Moreover, it demonstrates its applicability to physically relevant test cases. All
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computations are performed in FEniCS [1]. We test different choices of discrete spaces for the test
presented in these sections. For all the three tests we consider 𝚺ℎ ×𝑼ℎ × 𝑃ℎ = BDM𝑙+1 ×DG𝑙 ×𝐷𝐺𝑙.
The difference relies in the space of the approximated filtration velocity. Indeed, in Section 5.1 and
in the first test of Section 5.2 we consider 𝑾ℎ = 𝑅𝑇𝑙, while in the second test of Section 5.2 and in
Section 5.3 we consider it to be𝑾ℎ = 𝐵𝐷𝑀𝑙+1.

5.1 Convergence test

We set Ω = (0, 1)2 and consider the following manufactured analytical solution:

𝒅(𝒙, 𝑡) = 𝑡2
©­­­«
sin(2𝜋𝑦) (cos(2𝜋𝑥) − 1) + 1

𝜇 + 𝜆 sin(𝜋𝑥) sin(𝜋𝑦),

sin(2𝜋𝑥) (1 − cos(2𝜋𝑦)) + 1
𝜇 + 𝜆 sin(𝜋𝑥) sin(𝜋𝑦)

ª®®®¬ ,
𝑝(𝒙, 𝑡) = 𝑡2 sin(𝜋𝑥) sin(𝜋𝑦);

Dirichlet boundary conditions and forcing terms are set accordingly. The model coefficients are
reported in Table 1. We test the convergence of the scheme with respect to the mesh size ℎ assuming

𝜌𝑢 [kg/m3] 1 𝜌 𝑓 [kg/m3] 0.25 𝜌𝑤 [kg/m3] 1 K [m2/(Pa s)] I
𝜇 [Pa] 1 𝜆 [Pa] 10 𝑠0 [kg/m3] 0.002 𝛼 [−] 1

Table 1: Convergence tests of Section 5.1: model parameters

that the time step 𝜏 is taken small enough. We consider a sequence of successively refined triangular
meshes setting 𝑙 = 0. In Figure 1, we show the computed errors versus the mesh-size ℎ (loglog scale).
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Figure 1: Convergence test of Section 5.1: computed errors in 𝐿2-norm (left) and H(div)-norm (right) versus 1/ℎ (log-log
scale). The errors are computed at the final time 𝑇 𝑓 . The polynomial degree of approximation is set to be 𝑙 = 0.

We observe that the 𝐿2-error for the velocity field decreases as ℎ. We observe that, when using the
𝐵𝐷𝑀1 space for the filtration velocity, the convergence rate of the best 𝐿2-approximation is 2, however
due to the coupling with the solid velocity field, its order of accuracy is reduced and it turns out to
be suboptimal. Indeed, we observed that, if we off the coupling in the hyperbolic terms (i.e. 𝜌 𝑓 , 𝜌𝑤
= 0), we recover the ℎ2 accuracy for 𝒘 (cf. Figure 3). The 𝐿2-errors for the stress and the pressure
field decrease as ℎ2. For what concerns the H(div)-errors for the stress and the filtration velocity, they
decrease better than ℎ, that corresponds to the expected accuracy in light of the theory.
It is worth noticing that, with respect to [34], where the same discrete spaces are used for the

five-fields formulation of the low-frequency poroelasticity model, we gain one order of accuracy for
the computed stress field.
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5.2 Robustness test

The aim of this section is to assess the robustness properties of the scheme. To this aim, we consider the
same exact solutions, forcing terms, boundary conditions, and discretization parameters of Section 5.1
and test the scheme with two different configurations of the model parameters. First, we consider the
limit case of quasi-incompressible materials (i.e. 𝜆 → ∞) and null specific storage coefficient (i.e.
𝑠0 = 0). We consider the same material properties of Table 1, but taking 𝑠0 = 0 and 𝜆 = 106. Second,
we consider the case in which 𝜌 𝑓 = 0 (then, 𝜌𝑤 = 0 as well) which is of interest when we consider the
Biot model with the inertial term on displacement only [15]. As in the previous Section, we observe
the behavior of 𝐿2- and H(div)-errors with respect to the mesh size ℎ. In Figure 2, Figure 3 we display
the results.
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Figure 2: Robustness test of Section 5.2 (𝑠0 = 0, 𝜆 = 106): computed errors in 𝐿2-norm (left) and H(div)-norm (right)
versus 1/ℎ (log-log scale). The errors are computed at the final time 𝑇 𝑓 . The polynomial degree of approximation is set to
be 𝑙 = 0.
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Figure 3: Robustness test of Section 5.2 (𝜌 𝑓 = 𝜌𝑤 = 0): computed errors in 𝐿2-norm (left) and H(div)-norm (right) versus
1/ℎ (log-log scale). The errors are computed at the final time 𝑇 𝑓 . The polynomial degree of approximation is set to be 𝑙 = 0.

For what concerns Figure 2, we observe that both the 𝐿2- and H(div)-errors respect the estimated
order of accuracy and are in agreement with the results found in Section 5.1. Moreover, we observe
that the absolute values of the errors are almost the same of the ones observed in Section 5.1. Then,
we can conclude that the proposed scheme is robust with respect to the quasi-incompressible case and
null specific storage coefficient.
In Figure 3 we observe that the H(div)-errors behave as in the convergence test and in the first

robustness test. Regarding the 𝐿2-errors, we observe the exact order of accuracy predicted by the
theory. It is interesting to notice that, with respect to Figure 1 and Figure 2, the 𝐿2-error of the pressure
field decays as ℎ, while the 𝐿2-error of the filtration velocity field decreases as ℎ2. In this case, as we
neglect the coupling between the solid velocity and the filtration velocity, we are able to recover the
second-order accuracy for 𝒘. We remark again that, to obtain this result, we need to use 𝐵𝐷𝑀1 as
approximation space of 𝒘 instead of 𝑅𝑇0.

14



5.3 Wave propagation in a poroleastic medium

In this section we test the proposed method in a physically-sound test case inspired by [14, 38]. We
investigate a wave propagation problem in a homogeneous and isotropic poroelastic medium. The
computational domain is Ω = (0, 4800) × (0, 4800)m2 and we place an explosive source [38, 39] at
position x = (2400, 2400)m

𝒇 (𝒙, 𝑡) = 𝑆(𝑡)


(
1 − ‖𝒓‖2

4ℎ2

)
𝒓

‖𝒓‖ if ‖𝒓‖ < 2ℎ

0 otherwise

where 𝑆(𝑡) = (1 − 2𝜋2 𝑓 20 (𝑡 − 𝑡0)
2) exp(−𝜋2 𝑓 20 (𝑡 − 𝑡0)

2), 𝑓0 is the peak frequency, 𝑡0 is the time shift
parameter, ℎ corresponds to the mesh size, and the vector 𝒓 = (𝑥 − 2400, 𝑦 − 2400)𝑇 denotes the
distance from the source position. This choice of the forcing term is often used in the context of
earthquakes and induces a smooth, radially symmetric force distribution around the source point and
the temporal function 𝑆(𝑡) generates a Ricker wavelet.
The homogeneous isotropic medium is characterized by the following physical parameters, cf.

Table 2. Finally, the problem is closed by homogeneous Dirichlet boundary conditions. Since we are

𝜌𝑢 [kg/m3] 1700 𝜌 𝑓 [kg/m3] 950 𝜌𝑤 [kg/m3] 4750
K [m2/(Pa s)] 6.6667 · 10−10I 𝜇 [Pa] 7.2073 · 109 𝜆 [Pa] 4.3738 · 109
𝑠0 [kg/m3] 1.462 · 10−10 𝛼 [−] 0.029

Table 2: Wave propagation test of Section 5.3: pooelastic medium parameters

using Dirichlet boundary conditions, in our simulation we take into account the results in which the
wavefront has not yet touched the boundary of the domain. The mesh is made of 𝑁 = 120000 elements
(ℎ ∼ 51m), the polynomial degree of approximation is set to be 𝑙 = 1, and the time-step parameter for
the backward Euler time marching scheme is set to be Δ𝑡 = 0.005. Last, the final time of simulation is
𝑇 𝑓 = 1s. In the following, we denote by 𝒖ℎ the solid velocity (i.e. ¤𝒅ℎ), by 𝑢ℎ,𝑦 its vertical component,
and by 𝑝ℎ the pressure field. We report in Figure 4, Figure 5, and Figure 6, the computed quantities
|𝒖ℎ |, 𝑢ℎ,𝑦 , and 𝑝ℎ at selected time instants, respectively.

Figure 4: Wave propagation in poroelastic medium: modulus of the computed velocity field |𝒖ℎ | at the time instants 𝑡 = 0.8s
(left), 𝑡 = 0.9s (center), 𝑡 = 1s (right).

From the results of Figure 4 we notice a symmetric wavefront that detaches from the center of the
domain; this is due to the homogeneity of the poroelastic material in which it propagates. We can see
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Figure 5: Wave propagation in poroelastic medium: computed vertical component of the velocity 𝑢ℎ,𝑦 at the time instants
𝑡 = 0.8s (left), 𝑡 = 0.9s (center), 𝑡 = 1s (right).

Figure 6: Wave propagation in poroelastic medium: computed pressure field 𝑝ℎ at the time instants 𝑡 = 0.8s (left), 𝑡 = 0.9s
(center), 𝑡 = 1s (right).

that the axes of symmetry of our wavefront are 𝑥- and 𝑦-axis of the square domain. This behavior is
correct and is due to the form of the forcing term we are imposing. From the results of Figure 5, we
can observe the fast 𝑃-wave that propagates first in the domain, and we can observe also the presence
of the slow 𝑃-wave and of the 𝐸-wave. Due to the choice of the forcing terms, the shear waves are
not observed in this simulation. Last, by looking at Figure 6, we can observe that – as expected –
the computed pressure field follows the path of the velocity field. In conclusion, we can see a good
agreement between our results and the ones presented in [4, 14, 38].
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