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Abstract

Deep reinforcement learning has recently emerged as a promising feedback control strategy for complex
dynamical systems governed by partial differential equations (PDEs). When dealing with distributed, high-
dimensional problems in state and control variables, multi-agent reinforcement learning (MARL) has been
proposed as a scalable approach for breaking the curse of dimensionality. In particular, through decentral-
ized training and execution, multiple agents cooperate to steer the system towards a target configuration,
relying solely on local state and reward information. However, the principle of locality may become a limiting
factor whenever a collective, nonlocal behavior of the agents is crucial to maximize the reward function, as
typically happens in PDE-constrained optimal control problems. In this work, we propose HypeMARL: a
decentralized MARL algorithm tailored to the control of high-dimensional, parametric, and distributed sys-
tems. HypeMARL employs hypernetworks to effectively parametrize the agents’ policies and value functions
with respect to the system parameters and the agents’ relative positions, encoded by sinusoidal positional
encoding. Through the application on challenging control problems, such as density and flow control, we
show that HypeMARL (i) can effectively control systems through a collective behavior of the agents, out-
performing state-of-the-art decentralized MARL, (ii) can efficiently deal with parametric dependencies, (iii)
requires minimal hyperparameter tuning and (iv) can reduce the amount of expensive environment interac-
tions thanks to its model-based extension, MB-HypeMARL, which relies on computationally efficient deep
learning-based surrogate models approximating the dynamics locally, with minimal deterioration of the policy
performance.

1. Introduction

Many modern and large-scale engineering systems are composed of several smaller subsystems, such as
in robotics, sensor networks, transportation systems, smart grids, and biological networks. We refer to
these systems as distributed systems, consisting of the interconnection of two or more subsystems that work
together to perform complex tasks [1]. The control of distributed systems relies on two or more controllers,
each receiving an observation stream from a local sensor and providing a control input to the local subsystem.
Unlike centralized systems, where a single controller controls the behavior of the entire system, distributed
systems rely on decentralized decision-making. Each controller typically operates autonomously, often with
only partial knowledge of the global state, and interacts with its neighbors. The central challenge lies in
designing local yet coordinated control strategies that leverage only limited and local information, ensuring
optimal behavior across the entire system. The a priori design of an effective control strategy may be very
difficult or even impossible due to the complexity inherent in distributed systems. Indeed, the controllers
might need to reach agreement on a shared quantity, maintain a collective formation, synchronize behaviors,
or optimize a common cost function. On top of that, the controllers may be heterogeneous, have different
dynamics, sensing capabilities, or objectives. Additionally, the controller’s behavior often needs to be updated
online in order to reflect, for instance, changes in the environment over time, while gradually improving the
performance of the whole distributed system [2].

In this paper we propose a new framework exploiting reinforcement learning (RL) [3] to address the
problem of controlling high-dimensional, nonlinear, time-dependent, and parametrized dynamical systems,
describing, e.g., the evolution of incompressible fluid flows in multiple scenarios. The dynamics of these



systems, arising in our case from the discretization of partial differential equations (PDEs) through suitable
space and time discretization schemes, can be written as

yt+1 = F (yt,ut;µ) , t = 1, . . . , Nt , (1)

where yt and yt+1 ∈ RNy represent, respectively, the system state at time step t and t+1, with Ny indicating
the dimension of the state and t = 1, ..., Nt the time steps, and ut ∈ RNu denotes the Nu-dimensional control
input at time step t, F : RNy × RNu × RNµ → RNy is the state transition map, and µ ∈ RNµ is a Nµ-
dimensional parameter vector belonging to a suitable parameter space P ⊆ RNµ . The dynamical system
may be high-dimensional in state and control dimensions, i.e., Ny ≫ 1 and Nu ≫ 1. In these settings,
we seek for an effective control strategy that can either deal with the high dimensionality of the problem,
while being adaptive to different instances of the system parameters. The latter makes traditional optimal
control approaches based on the Hamilton–Jacobi–Bellman equation or the Pontryagin maximum principle
intractable, as different optimal control problems must be solved separately for each parameter instance µ.

1.1. Reinforcement Learning and Multi-agent Reinforcement Learning: existing approaches
RL is a branch of machine learning concerned with how agents, namely the controllers of the distributed

system, should take actions, namely select control inputs, in an environment in order to maximize their
cumulative reward [3]. Since the agent does not initially know which actions will yield the highest reward, it
must explore different strategies to improve its behavior, balancing the trade-off between exploiting known
high-reward actions and exploring new, potentially even higher-reward actions. In recent years, advances in
function approximation, particularly through deep neural networks (NNs), have significantly enhanced RL,
enabling it to solve high-dimensional and complex problems that were previously intractable [4, 5]. Deep
RL have achieved success across a large variety of domains, spanning from game playing [6, 7, 8, 9, 10, 11]
to robotic control [12, 13, 14, 15, 16, 17, 18], autonomous driving [19, 20, 20], resource management [21, 22],
and PDEs [23, 24, 25, 26, 27], to mention a few.

Multi-agent reinforcement learning (MARL) is the generalization of RL to multi-agent systems where
optimal policies have to be determined for a set of agents. An important distinction among MARL algo-
rithms lies in the assumptions made when training and deploying the agents. In particular, we can identify
three classes of methods, namely (i) centralized training and execution, (ii) decentralized training and exe-
cution, and (iii) centralized training and decentralized execution. In the centralized training and execution
approach, all agents share all the state observations with each other during the learning and deployment
phase. Conversely, decentralized training and execution approaches assume no shared knowledge among the
agents, with every agent relying solely on local information. Eventually, centralized training and decen-
tralized execution methods combine the two aforementioned strategies, with observations shared among the
agents during training, while only local state information is taken into account during execution. Typical
application domains of MARL are distributed control [2], multi-robot systems [28, 29], resource management
[30], games and competitive environments [31, 32], autonomous driving and traffic control [33, 34], and only
recently active flow control [35, 36, 37, 38, 39]. Active flow control and, more in general, the control of dis-
tributed systems described in terms of PDEs, poses an extreme challenge to centralized RL algorithms due
to the high dimension of state and action spaces. Especially the curse of dimensionality of the action space
has been the key motivation for the employment and the development of (decentralized) MARL approaches
in these settings [40, 35]. However,

- the (full) decentralization, while enabling effective scaling of RL to high-dimensional problems, does
not allow the learning of cooperative policies among the different agents, which is essential to discover
effective control strategies, and

- the adaptation capabilities of MARL approaches has not been demonstrated in control problems gov-
erned by parametrized PDEs, where the parameters of the system dynamics vary.

Recent research in MARL has focused on centralized training and decentralized execution approaches.
Examples in this direction are multi-agent deep deterministic policy gradient (MADDPG) [41], multi-agent
proximal policy optimization (PPO) [42], multi-agent trust region policy optimization [43], and multi-agent
attention actor-critic [44]. However, when dealing with a large number of agents, learning a joint value
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function is extremely difficult [44], making these approaches not suitable for the class of control problems of
interest. To mitigate this issue, it is possible to consider value factorization methods, such as value decom-
position network [45], QMIX [46], FacMADDPG [47], QTRAN [48], and mean-field MARL [49], which learn
a factorization of the joint value function. However, these methods suffer from relative overgeneralization,
where policies converge to suboptimal joint actions [50, 51]. Independent Q-learning has been first proposed
in [52], decentralized approaches – such as, e.g., independent PPO [51] and independent actor-critic COMA
[53] – have recently regained popularity as they reduce the complexity of the algorithms and, often, the size
of NNs employed. It is important to notice that, while independent learning improves algorithm complexity,
it often does not work well when the task requires coordination among the agents [54, 55], which is critical for
effective and distributed control of a dynamical system. Many other factors can be used to classify MARL
algorithms, such as the number of agents, the assumptions on the rewards, or the type of communication
among the agents: for the sake of conciseness, we refer the reader to [56] for additional details.

1.2. Proposed Approach
In this research, we propose HypeMARL, a novel decentralized MARL algorithm tailored to the control

of high-dimensional, parametrized, and distributed systems described in terms of (possibly nonlinear) time-
dependent PDEs. A summary of the HypeMARL strategy is provided in Figure 1.

Unlike other decentralized MARL approaches for PDEs control recently proposed in the literature [35,
39, 36], we focus on developing an approach capable at the same time to (i) control systems with parametric
dependencies, e.g., in the context of flow control, through different inflow angles of attack, and (ii) perform
tasks that require coordination among a large number of agents. Specifically, we inform the local policies
with respect to the system parameters µ and the relative position pi of each agent with respect to the others
to enhance generalization capabilities and coordination among agents, respectively. The relative position
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Figure 1. HypeMARL for control of high-dimensional, parametric and distributed systems. Each agent relies on local rewards
ri,t to learn the optimal local policy. After training, the local policy provides the optimal action for every agent over time
ui,t = π(yi,t;θπ,i), starting from the local state yi,t. To specialize the policy with respect to different agents, the policy
parameters θπ,i are determined through a hypernetwork with respect to positional encoding of the agent’s relative position
PE(pi) and the system parameters µ, that is θπ,i = Hπ(PE(pi),µ;θH). While model-free HypeMARL interacts with the
real environment yt+1 = F (yt,ut;µ), where yt and ut collect the local state and control values, respectively, the model-based
version MB-HypeMARL learns a surrogate model approximating the local dynamics ỹi,t+1 = F̃ (yi,t,ui,t;µ) in order to enhance
sample efficiency and speed up training.
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of each agent is encoded via sinusoidal position encoding [57], as taken into account in natural language
processing to embed the position of each word in a sentence, that is

PE(pi) =

[︃
sin

(︃
pi
ω1

)︃
, cos

(︃
pi
ω1

)︃
, sin

(︃
pi
ω2

)︃
, . . . , sin

(︃
pi
ωd

)︃
, cos

(︃
pi
ωd

)︃]︃
,

where ωj = n2j/d for 1 ≤ j ≤ d, with d being the dimension of the positional embedding vector and n a
constant value. Rather than relying on standard neural networks to improve expressiveness and general-
ization capabilities of the policies, we employ an hypernetwork [58] to learn weights and biases of all local
policies πi that are dependent on physical system information µ and the inter-agents relations PE(pi). The
hypernetwork Hπ(·;θHπ

), with learnable parameters θHπ
, learns the parameters of each agent’s policy θπ,i:

θπ,i = Hπ(PE(pi),µ;θHπ
)

ui,t = π(yi,t;θπ,i) , i = 1, . . . , N

where yi,t and ui,t indicate state and control of agent i, and N denotes the number of agents.
Hypernetworks are a class of NNs that provide the parameters, i.e., the weights and biases, of other NNs,

often referred to as main or primary networks. Hypernetworks improve the expressivity and performance of
NN-based architectures [59], with promising results in a wide variety of deep learning problems, including
continual learning [60], weight pruning [61], uncertainty quantification [62], and recently DRL [63]. Hyper-
networks in RL were first exploited in [63] to learn the parameters of the NNs modeling the value function or
the policy. In the context of meta RL, zero-shot RL, and continual RL hypernetworks have been employed
by [64, 65, 66]. In the context of control of parametric PDEs, instead, our previous work [67] showed that
hypernetworks enable strong generalization capabilities across different instances of the systems parameters,
outperforming standard NN-based parametrizations. However, this hypernetwork-based approach has only
been tested in single-agent and centralized RL settings in presence of low-dimensional states and controls.
In the context of decentralized MARL, instead, hypernetworks were shown to be an effective way to achieve
parameter sharing, which is an important strategy for improving the agents’ performance and scaling to large
numbers of agents by significantly reducing the number of learnable parameters and consequently training
times [56, 52, 68, 69].

Besides the model-free HypeMARL strategy, we also propose a model-based extension, named model-based
HypeMARL (MB-HypeMARL), where we learn a computationally efficient deep learning-based surrogate
model approximating the local environment dynamics, resulting in faster training procedures with minimal
deterioration of the policy performance

ỹi,t+1 = F̃ (ỹi,t,ui,t;µ) ,

where we indicate with ỹi,t+1 and ỹi,t the states predicted by the surrogate model F̃ to distinguish them
from the real-environment measurable states yi,t+1 and yi,t. It is worth mentioning that F̄ (·) solely predicts
the evolution of the measured state ỹi,t when action ui,t is applied by agent i and not the evolution of
the full environment state, which may be extremely challenging and computational demanding due to its
high dimensionality. Specifically, we approximate F̃ (ỹi,t,ui,t;µ) = F̃ (ỹi,t,ui,t,µ;θF̃ ) with a shallow neural
network of parameters θF̃ . Using the data collected from the real-environment interaction, the parameters
of the local forward model θF̃ are optimized by minimizing the prediction error between the samples from
the environment yt+1 and the surrogate model predictions ỹt+1. To assess the performance of the proposed
algorithms, we consider different high-dimensional, parametric, and distributed control problems, namely
density control in a vacuum and in a fluid, and flow control with different actuation strategies, such as jets
and shape-morphing obstacles.

The paper is organized as follows: in Section 2, we introduce RL, MARL, and the building blocks of our
framework. In Section 3, we present in detail our proposed strategy, HypeMARL, while in Section 4 we show
a series of numerical results related with (i) density control in a vacuum, (ii) density control in a fluid, and
(iii) flow control with either vertical jets or shape morphing. Eventually, Section 5 concludes the paper and
discusses our main findings.
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2. Background

2.1. Reinforcement Learning
RL lays its mathematical foundation on the Markov decision process (MDP) framework [3]. Formally, a

MDP is defined by a tuple (Y,U , F,R), where Y ⊂ RNy and U ⊂ RNu denote the state and action spaces
with dimensions Ny and Nu, respectively, F (y,y′,u) : Y×Y×U → [0, 1] indicates the transition probability
for any state y,y′ ∈ Y and control u ∈ U , while R(y,u) : Y × U → R indicates the reward function that
determines the instantaneous reward the agent receives for each action taken in a given state. The agent’s
behavior is defined by its policy π, namely the set of rules that the agent exploits to select a specific action in
a given state y. The policy may be either stochastic π : RNy ×RNu → [0, 1] or deterministic π : RNy → RNu .
The agent’s goal is to find the optimal policy, i.e., the policy that maximizes the total expected cumulative
reward from every state:

J(y) = Eπ

[︄
Nt−1∑︂
k=0

γkrk|Y0 = y

]︄
, (2)

where Eπ denotes the expected value under the policy π, γ ∈ [0, 1) the discount factor, and Nt the horizon
over which actions are taken that may be either finite or infinite. However, maximizing the long-term
behavior while only receiving immediate reward is extremely challenging.

RL algorithms can be classified according to the strategy used to find the optimal policy: (i) value-based
methods, (ii) policy-based methods, and (iii) actor-critic methods. Value-based methods look for an estimate
of the state-action value function Q : RNy × RNu → R associated with a policy π. The state-action value
function gives the expected return obtained when following the policy π, starting from a given state. The
optimal policy is derived by taking the greedy action with respect to the value function estimate. Examples
of value-based methods are Q-learning [70] and SARSA [71]. Policy-based methods, instead, consider a
parametrization of the policy πθ with respect to a set of parameters θ – which may be, for instance, NN
weights and biases in the context of deep reinforcement learning (DRL) [4, 5, 72] – and aim at optimizing
those parameters through the policy gradient [73, 3]. Examples of policy-based methods are REINFORCE
[74] and deterministic policy gradient [75]. Eventually, actor-critic strategies combine the estimation of the
value function with the direct optimization of the policy parameters. Examples are PPO [76] and DDPG
[77]. Another important distinction regarding RL algorithms is that between (i) model-free and (ii) model-
based algorithms. Model-free algorithms utilize data collected from the interaction with the environment to
directly learn the optimal policy and value function. Conversely, model-based RL exploits the data stream
to build a surrogate model of the environment dynamics that serves as a computationally efficient proxy of
the real environment to optimize the control strategy. Model-based RL addresses the problem of the sample
inefficiency of model-free RL, but this approach is often subjected to model biases that degrade the policy
performance when deployed on the real system.

2.1.1. Multi-agent reinforcement learning
When multiple decision-making agents interact with the environment to achieve certain goals, we can talk

about a multi-agent system [56]. Multi-agent systems find applications in a large variety of domains such
as robotics, distributed control, collaborative decision-support systems. MARL algorithms learn optimal
policies for a set of agents in a multi-agent system. MARL is formally modeled using the multi-agent
extension of the MDP, namely the stochastic game [2].

Definition 2.1. A stochastic game is defined by a tuple (Y,U1, . . . ,UN , F,R1, . . . , RN ), where Y ⊂ RNy

denotes the Ny-dimensional state space, Ui ⊂ RNui with i = 1, . . . , N are the Nui
-dimensional actions spaces

of the individual agents, N is the number of agents, U = U1 × U2 × · · · × UN is the joint action space,
F : Y × Y × U ↦→ [0, 1] indicates the transition probability, and Ri : Y × U ↦→ R with i = 1, . . . , N indicates
the reward functions of the agents.

We can identify three classes of methods, namely (i) centralized training and execution, (ii) decentralized
training and execution, and (iii) centralized training and decentralized execution. In the first case, the value
function is defined using the state and joint actions space, i.e., Q : RNy × RNu → R, while the (stochastic)
policy of the ith agent is πi : RNy × RNui → [0, 1]. Conversely, decentralized training and execution result
in local value functions and policies based only on local state information, i.e., Qi : RNyi × RNui → R and
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πi : RNyi × RNui → [0, 1], where Nyi denotes the dimension of the local state space. Eventually, centralized
training and decentralized execution is a hybrid case of the first two, in which a global value function is
estimated, namely Q : RNy × RNu → R, and a local policy is optimized, namely πi : RNyi × RNui → [0, 1].

2.2. Twin-delayed deep deterministic policy gradient
In our numerical experiments, we utilize an actor-critic approach, namely twin-delayed deep deterministic

policy gradient (TD3) [78]. TD3 can handle continuous state and action spaces, making it a suitable
candidate for controlling parametric PDEs using smooth control strategies. TD3 learns a deterministic
policy π(·), i.e., the actor, and two action-value function Q1(·) and Q2(·), i.e., the critics. The actor and
the critics are parametrized by means of NNs of parameters θπ, θQ1

and θQ2
, respectively. We indicate the

parametrized policy with π(yt;θπ) and the action-value functions with Q1(yt,ut;θQ1
) and Q2(yt,ut;θQ2

).
The learnable parameters of policy and value functions are optimized using the interaction data (yt,ut, rt,yt+1)

for all time steps t stored in a memory buffer D. Given a randomly-sampled batch of interaction tuples, we
can update the parameters θQj of the jth action-value function Qj(yt,ut;θQj ) as:

L(θQj
) = Eyt,ut,∼D

[︂
L
(︂
Qtarget −Qj(yt,ut;θQj

)
)︂]︂

, j = 1, 2 , (3)

where L is a arbitrary chosen loss function, e.g. mean-squared error, and yt,ut,∼ D denotes the random
sampling of the interaction data from the memory buffer D. Similarly to [79], we choose L to be the Huber
loss. The Huber loss behaves quadratically for small errors and linearly for large errors and reduces the
influence of outliers in the target values and further improves the stability of critic learning [79]:

Huber(x) =

{︄
1
2 (x)

2 , if |x| < 1

|x| − 1
2 , otherwise .

(4)

Although Equation (3) might look like a standard regression problem, in RL the regression target Qtarget
is not known a-priori and has to be generated using the same Q-function that is learned from data. This
procedure is commonly known as boostrapping [3]. To improve training stability and prevent the overesti-
mation of the regression target, Qtarget is computed using target networks, which are copies of the original
networks with frozen parameters that are not updated in the backpropagation step. In TD3, the policy and
each value function have associated target networks that we indicate with π̄(yt;θπ̄), Q̄1(yt,ut;θQ̄1

), and
Q̄2(yt,ut;θQ̄2

). Using the target networks, the regression target can be computed as from:

qt+1 = min
(︁
Q̄1(yt+1, π̄(yt+1;θπ̄);θQ̄1

), Q̄2(yt+1, π̄(yt+1;θπ̄);θQ̄2
)
)︁
,

Qtarget = rt + γqt+1 ,
(5)

with rt,yt+1 ∼ D.
At the same time, the action-value functions Q1(yt,ut;θQ1

) and Q2(yt,ut;θQ2
) are used to update the

parameters of the policy π(yt;θπ) according to the deterministic policy gradient theorem [75]. In particular,
the gradient of the critic guides the improvements of the actor and the policy parameters are updated to
ascend the action-value function:

L(θπ) = Eyt∼D

[︂
− 1

2
Q1(yt, π(yt;θπ);θQ1)−

1

2
Q2(yt, π(yt;θπ);θQ2)

]︂
. (6)

Eventually, the target networks, parametrized by θQ̄1
, θQ̄2

, and θπ̄, are updated with a slower frequency
than the actor and the critic according to using a soft-update rule:

θQ̄1
= ρθQ1

+ (1− ρ)θQ̄1
,

θQ̄2
= ρθQ2 + (1− ρ)θQ̄1

,

θπ̄ = ρθπ + (1− ρ)θπ̄ ,

(7)

where ρ is a constant factor determining the speed of the updates of the target parameters.
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2.3. HypeRL: Hypernetwork-based Reinforcement Learning
Our previous work [67] already proposed a way to enhance the TD3 algorithm by hypernetworks in

the context of single-agent RL for control of parametrized, low-dimensional dynamical systems. HypeRL
estimates two action-value functions Q1(yt,ut;θQ1

) and Q2(yt,ut;θQ2
) and a policy π(yt;θπ) using hyper-

networks [58].
Hypernetworks are a family of neural network architectures in which the weights and biases of a main

network are generated by a separate neural network, referred to as the hypernetwork [58]. Let g(·;θg) denote
a main neural network, whose parameters θg are generated by a hypernetwork H(·;θH) with parameters
θH . Given a conditioning variable z, the parameters of the target network are obtained as

θg = H(z;θH),

where z may encode task-specific information, or physical parameters in the context of parametrized dy-
namical systems. For a given input x, the output of the target network is then computed as

ŷ = g(x;θg).

Analogously to traditional neural networks, we can use gradient-based optimization to update θg,θH , prop-
agating gradients through both the main network and the hypernetwork.

Using hypernetworks, the parameters of the main networks θQ1 ,θQ2 ,θπ are now learned using three
hypernetworks HQ1(zt;θHQ1

), HQ2(zt;θHQ2
), and Hπ(zt;θHπ ):

θQ1 = HQ1(zt;θhQ1
) ,

θQ2
= HQ2

(zt;θhQ2
) ,

θπ = Hπ(zt;θhπ
) ,

(8)

where zt indicates the hypernetwork input, encoding physical or task-dependent information of the dynamical
systems. Using this parametrization, HypeRL replaces the standard NN-based policy with:

θπ = Hπ(zt;θHπ
) ,

ut = π(yt;θπ) ,
(9)

and analogously, the value functions with:

θQj
= HQj

(zt;θHQj
) ,

qj,t = Qj(yt,ut;θQj ) , j = 1, 2 ,
(10)

where qj,t is the predicted Q-value by the action-value function Qj(·, ·). The hypernetwork parameters are
jointly optimized with the main network parameters by simply allowing the gradient of the TD3 training
objectives in Equations (3) and (6) with the respective target networks that are updated using Equation (7),
leading to:

L(θQj ,θHQj
) = Eyt,ut,∼D

[︂
Huber

(︂
Qtarget −Qj(yt,ut;θQj )

)︂]︂
, j = 1, 2 , (11)

and
L(θπ,θHπ ) = Eyt∼D

[︂
− 1

2
Q1(yt, π(yt;θπ);θQ1)−

1

2
Q2(yt, π(yt;θπ);θQ2)

]︂
. (12)

3. Hypernetwork-based positional encoding for multi-agent reinforcement learning

Many real-world control applications are described by dynamical systems with high-dimensional state and
control spaces, e.g., active flow control. Let us now consider the case of a high-dimensional, nonlinear, time-
dependent, and parametric dynamical system, e.g., obtained through suitable time and space discretization
schemes of a PDE:

yt+1 = F (yt,ut;µ) , t = 1, . . . , Nt .
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From an RL perspective, the large number of state variables and control inputs, i.e. Ny ≫ 1 and Nu ≫ 1,
leads to prohibitively large state-action spaces, making the direct use of single-agent RL methods computa-
tionally inefficient or even impractical, e.g., in the density and flow control problem presented in this work
(see Figure A.12 in Appendix A). Therefore, motivated by the recent works from the literature, e.g., [39],
we cast the control problem of such a system as a fully decentralized MARL problem, in which each agent
relies solely on local state measurements and on the knowledge of the system parameters µ to determine its
actions. However, we argue that while full decentralization is required in order to scale up to large numbers
of agents, it is not enough to achieve global coordinated behaviors that are needed for certain control tasks,
e.g., in density and flow control (see Section 4). In the following, we introduce are hypernetwork-based
positional encoding algorithm, that we named HypeMARL.

3.1. Exploiting Agents’ Relative Positions and System Parameters
Instead of learning a global policy ut = π(yt;µ) operating from high-dimensional states and controls, we

learn N local policies ui,t = π(yi,t;θπ,i), obtained as specializations of the global policy π with respect to
the local state measurements yi,t. To enable coordination among the agents, we exploits the knowledge of
the relative agent position pi, that is simply an agent’s ID and, in our case, corresponds to the index assigned
by the finite element numerical solver. While many positional encoding strategies have been proposed in the
literature [80], in this work we focus on sinusoidal positional encoding [57] to embed the relative position of
an agent pi into a higher-dimensional vector PE(pi) using sine and cosine functions at different frequencies

PE(pi) =

[︃
sin

(︃
pi
ω1

)︃
, cos

(︃
pi
ω1

)︃
, sin

(︃
pi
ω2

)︃
, . . . , sin

(︃
pi
ωd

)︃
, cos

(︃
pi
ωd

)︃]︃
,

where ωj = n2j/d for 1 ≤ j ≤ d, with d being the dimension of the positional embedding vector and n a
constant value. Differently from traditional decentralized MARL strategies, where the same local state values
intrinsically result in the same local actions regardless of the agent’s position, the knowledge of the relative
position is crucial to specialize the independent agents even when observing the same state values and to
achieve coordinated strategies even though relying solely on local information. For instance, in the density
control test cases (detailed in the Section 4), different parametric position-specific actions are required for the
same observed state. In addition to the relative positions of the the agents, we exploit the system parameters
µ, which may be known a priori, estimated from data, or related to task-dependent information specified by
the user, to learn adaptive policies that can generalize across different scenarios.

3.2. Hypernetwork-based Encoding and Parameter Sharing
While the positional encoding vector PE(pi) and the system parameters µ may be concatenated to the

local state yi,t and provided as input to the agent’s policy and value function, we argue that concatenation
may not be the best choice. As shown in Figure B.13 in Appendix B, this naive solution does not yield
acceptable results due to the remarkably high dimension of the resulting state, making the learning of the
local policies and value functions extremely challenging. Therefore, following upon our previously proposed
approach [67], we propose to use hypernetworks to encode positional-encoding and parameter dependencies
into the weights and biases of the local policies and value functions. Building upon the TD3 algorithm (see
Section 2.2) and our previous work HypeRL (see Section 2.3), we rely on three hypernetworks, namely Hπ,
HQ1

, and HQ2
, which parametrize the weights and biases of the policy and value functions with respect

to positional encoding PE(pi) and system parameters µ. Specifically, the hypernetworks Hπ : Rd+Nµ →
RNθπ , HQ1

: Rd+Nµ → RNθQ1 , and HQ2
: Rd+Nµ → RNθQ2 learn the parameters of the NNs that model,

respectively, all the local policies and value functions of the N agents, that is

θπ,i = Hπ(PE(pi),µ;θHπ ) , θQ1,i = HQ1(PE(pi),µ;θHQ1
) , θQ2,i = HQ2(PE(pi),µ;θHQ2

) , (13)

resulting into the following policies and value functions

π(yi,t;θπ,i) , Q1(yi,t,ui,t;θQ1,i) , Q2(yi,t,ui,t;θQ2,i) , i = 1, . . . , N . (14)

The architecture of the hypernetworks is discussed in Appendix C. In the context of MARL, hypernetworks
can be viewed as an effective form of parameter sharing. Indeed, the three hypernetworks in Equation (13)
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are exploited to generate the weights and biases of the policy and value function for all the agents as function
of PE(pi) and µ. Each local policy and value function is optimized according to the TD3 objectives (see
Equations (3) and (6)) with the gradients of the loss functions updating the three different hypernetworks:

L(θπ,i,θHπ
) = Eyt∼D

[︂
− 1

2
Q1(yt, π(yt;θπ,i);θQ1,i)−

1

2
Q2(yt, π(yt;θπ,i);θQ2,i)

]︂
, (15)

and
L(θQj ,i,θHQj

) = Eyt,ut,∼D

[︂
Huber

(︂
Qtarget −Qj(yt,ut;θQj ,i)

)︂]︂
, j = 1, 2 . (16)

A graphical visualization of the training pipeline of HypeMARL is depicted in Figure 2. The data collected
during the interaction with the environment are stored in the memory buffer and subsequently sampled to
train local policies and value functions. While in this work we rely on a TD3 algorithm for each agent, it is

Figure 2. Schematic diagram of the training pipeline of HypeMARL.

worth mentioning that the hypernetwork-based parametrization of policy and value function can be used in
combination with any other (MA)RL algorithm, without changing its core working principles.

3.3. Model-based HypeMARL
In general, model-free (MA)RL can be quite sample inefficient. Sample efficiency may be a limiting factor

for very complex systems where only limited data can be collected and running simulations is computationally
expensive, such as in the case of fluid dynamics. To mitigate this issue, we propose model-based HypeMARL
(MB-HypeMARL) to drastically reduce the number of interactions with the real environment (see Section
4). Differently from standard model-based RL algorithms that learn a global surrogate model of the en-
vironment’s dynamics, which can be extremely challenging for high-dimensional systems, MB-HypeMARL
learns a surrogate model of the local dynamics F̃ that can be autoregressively queried to predict the local
evolution of the system – namely the evolution of the local measured state yi,t when the local action ui,t is
applied by agent i for a given parameter µ:

ỹi,t+1 = F̃ (ỹi,t,ui,t;µ) ,

9



where we indicate with ỹi,t+1 and ỹi,t the states predicted by the surrogate model F̃ to distinguish them
from the real-environment states yi,t+1 and yi,t. Importantly, local transition functions allow us to avoid
the learning of global high-dimensional mappings, which (i) would require (possibly delayed or faulty) com-
munication to gather the local data in realistic settings, and (ii) may be computationally expensive to
train and evaluate, especially when model-order reduction strategies are not taken into account. In this
work, we consider a shallow neural network of parameters θF̃ to approximate the local dynamics, that is
F̃ (ỹi,t,ui,t;µ) = F̃ (ỹi,t,ui,t,µ;θF̃ ). Using the data collected from the real-environment interaction, the
parameters of the local forward model θF̃ are optimized by minimizing the prediction error between the
samples from the environment yt+1 and the surrogate model predictions ỹt+1, that is the loss function

L(θF̃ ) = Eyt,ut,yt+1,µ

[︄
N∑︂
i=1

||yi,t+1 − ỹi,t+1||22

]︄

= Eyt,ut,yt+1,µ

[︄
N∑︂
i=1

||yi,t+1 − F̃ (yi,t,ui,t,µ;θF̃ )||
2
2

]︄
.

The pseudo-code of the two variants of HypeMARL, namely model-free HypeMARL and MB-HypeMARL,
are summarized in Algorithm 1 in Appendix D.

4. Numerical Results

In this section, we present the numerical results obtained when applying HypeMARL to four high-
dimensional, parametric, and distributed control problems: two dealing with density control and two consid-
ering flow control problems with different distributed actuation strategies. It is worth highlighting that, due
to the high-dimensionality of these problems in terms of states and, especially, controls, a single-agent RL
algorithm is not a viable option, as shown in the Appendix. In recent years, decentralized MARL has shown
promising results in controlling distributed systems governed by partial differential equations [35, 37, 36],
and it will be used as a baseline in the following sections to compare with HypeMARL and MB-HypeMARL.
Unlike HypeMARL, decentralized MARL does not take into account positional encoding and hypernetworks,
with local policies that predict local control actions relying solely on local state values and system parame-
ters. It is important to note that HypeMARL performs well in all the test cases presented, even though we
take into account the same hyperparameter values, as described in the Appendix E, and the same training
setting.

4.1. Density control
This section presents two challenging test cases in which the aim is to move an arbitrary distribution from

a random initial mean position to a desired target position by optimally steering the source of a diffusion-
advection PDE. In particular, inspired by [81], we consider two settings: density control in a vacuum and
in a parametric fluid. While the former case does not consider an underlying transport effect, the latter
deals with a fluid moving the density upwards. Density control may be of interest in several scientific fields.
Indeed, density functions serve as macroscopic models of different quantities, such as, e.g., drone or wildlife
swarms, traffic, and concentrations of pollutants or chemicals, to mention a few.

4.1.1. Density control in a vacuum
The first test case considers density control in a vacuum, i.e., without taking into account any underlying

transport effects, such as wind or water currents, that move the density. Let y(x, t) ∈ R be the state variable
representing a density function in the space-time domain Ω × (0, T ], with final time T > 0. The state
dynamics is described by the Fokker-Planck equation⎧⎪⎪⎨⎪⎪⎩

∂y

∂t
− κ∆y = u in Ω× (0, T ]

∇y · n = 0 on ∂Ω× (0, T ]

y(x, 0) = y0(x;µ0) in Ω ,

(17)
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where Ω = (−1, 1)2 is the spatial domain, κ = 0.001 is the diffusion coefficient, n is the outward normal
unity vector to the boundary ∂Ω, and u(x, t) ∈ [−5, 5] ⊂ R is the external source term. Starting from an
initial distribution in the form of a Gaussian density with fixed variance equal to 0.05 and random mean
µ0 = (µ0,1, µ0,2), that is

y0(x;µ0) =
10

π
exp(−10(x1 − µ0,1)

2 − 10(x2 − µ0,2)
2) , x = (x1, x2) ∈ Ω, (18)

the density slightly diffuses over time. The goal in this setting is to move the density from a random
initial position µ0 ∈ [−0.75, 0] × [−0.75, 0.75] to a desired final destination µT = (µT,1, µT,2) ∈ [0, 0.75] ×
[−0.75, 0.75]. To do so, we control the term u in Equation (17) over the whole domain Ω, which can be
interpreted as a source or a sink effect. Notice that only the target destination selected by the controller
is regarded as a system parameter, i.e. µ = µT , while the initial position µ0 is implicitly captured by the
local states observed in the algorithm. Notice also that, after discretizing the spatial domain with a regular
mesh, the dimensionality of the state and the control is equal to Ny = Nu = 1089, thus resulting in a
high-dimensional and distributed control problem. In addition, to solve the Fokker-Planck equation with the
finite element method, we utilize a uniform time discretization of the interval [0, T ] with time step ∆t = 0.1s
and final time T = 1s.

We employ MARL, HypeMARL and MB-HypeMARL to learn a parametric policy capable of controlling
this challenging high-dimensional, parametric, and distributed setting. The local rewards ri,t maximized
while training the local agents are defined as

ri,t = r(yi,t, ui,t;µ) = −(yi,t − yi,T (µ))
2, (19)

where yi,T (µ) = yT (x;µ) corresponds to the local values of the target Gaussian density

yT (x;µT ) =
10

π
exp(−10(x1 − µT,1)

2 − 10(x2 − µT,2)
2) ,

centered at the final target destination. Figure 3 reports the average local rewards during training and
evaluation of the different MARL algorithms with respect to the number of training episodes. In particular,
we display the median and interquartile range of 5 independent runs with 5 different seeds for a fair and robust
comparison. We train the algorithms for a total of 500 episodes, exploring the action space with additive
Gaussian noise, which linearly decays after the first 25 warm-up interactions, on the actions predicted by
the policy. Regarding the evaluations, we test the policy during training every 50 episodes, and we evaluate
the optimal policy after training on 5 different combinations of initial positions µ0 and final destination
µ = µT . When considering MB-HypeMARL, to highlight the data efficiency with respect to model-free
algorithms, we only report the training rewards collected when interacting with the environment, leaving
out the interactions with the surrogate environment. In particular, after the first 25 episodes of warm-
up, MB-HypeMARL performs 10 episodes of interaction with the surrogate environment for every episode
of interaction with the real environment. Both HypeMARL and MB-HypeMARL outperform MARL in
terms of expected cumulative reward during training and evaluation. In addition, while 500 environment
interactions are required to optimally steer the system with HypeMARL, MB-HypeMARL is capable of
learning effective policies with only 73 environment interactions.

Figure 4, instead, displays three examples of controlled solutions at two different time instants, namely
t = 0.0s and t = 0.5s, obtained after training HypeMARL, MB-HypeMARL, and MARL when dealing with
three different random initial positions µ0 and target destinations µ = µT . Although all algorithms are
capable of suppressing the initial density around µ0, only HypeMARL and MB-HypeMARL are able to
make it move around µT . The difficulties of MARL are intrinsic to the fully decentralized nature of the
algorithm. Indeed, MARL policies have no way of differentiating states with similar values but located in
different positions. As soon as the density is suppressed, all the local states show similar values (≈ 0) and,
without any knowledge of their own position, the agents are not capable of making the distribution appear
in the target location. Thanks to positional encoding, the local agents of HypeMARL are aware of their
(relative) position with respect to the others and can effectively solve this challenging task. These results
show the importance of developing coordination among agents even in decentralized settings.
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Figure 3. Density control in a vacuum. Median and interquartile range of HypeMARL, MB-HypeMARL and MARL training
end evaluation rewards.

4.1.2. Density control in a fluid
In this second test case, differently from the setting presented in the previous section, we consider a

circular obstacle with radius 0.15 in the middle of the square (−1, 1)2, that is Ω = (−1, 1)2 \ B0.15(0, 0).
Moreover, we include a parametric transport term in Equation (17), that is, we deal with the following
system ⎧⎪⎪⎨⎪⎪⎩

∂y

∂t
+∇ · (−κ∇y + v(α)y) = u in Ω× (0, T ]

(−κ∇y + v(α)y) · n = 0 on ∂Ω× (0, T ]

y(x, 0) = y0(x;µ0) in Ω

(20)

where κ = 0.001 is the diffusion coefficient, n is the outward normal versor to the domain boundary, and
u(x, t) ∈ [−5, 5] ⊂ R is the distributed control. The advection v(x, t;α) models an underlying fluid flow
representing, for instance, a wind or a water current. The fluid enters the domain from the bottom boundary
Γin = ∂Ω ∩ {x2 = −1}, and moves the density upwards according to the steady Navier-Stokes equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−ν∆v + (v · ∇)v +∇p = 0 in Ω

∇ · v = 0 in Ω

v = 0 on Γobs

v = vin(α) on Γin

v · n = 0 on Γwalls

(ν∇v − p)n · t = 0 on Γwalls

(ν∇v − p)n = 0 on Γout,

(21)

where ν = 0.1 is the kinematic viscosity, p(x, t) ∈ R is the pressure field, t is the tangential versor to the
boundary ∂Ω, Γout = ∂Ω∩ {x2 = 1}, Γwall = ∂Ω∩ {x1 = ±1}, and Γobs denotes the obstacle boundary. The
inflow Dirichlet boundary datum is defined as

vin = [(x1 + 1)(x1 − 1) sin(α), cos(α)]
⊤

,

where the angle of attack α ∈ [−1, 1]rad is regarded as an additional system parameter, that is µ =
[µT,1, µT,2, α], while the parabolic profile (x1 + 1)(1− x1) avoids singularities at the domain corners.

To solve the full-order model of Equations (20) and (21) through the finite element method, we introduce
a spatial discretization of the domain, resulting in state and control dimensions Ny = Nu = 1638, and a
uniform time discretization of the interval [0, T ] with ∆t = 0.1s and final time T = 1s. Similarly to the
test case detailed in the previous section, the goal is to move the density from a random initial position
µ0 = [µ0,1, µ0,2] ∈ [−0.75,−0.25]× [−0.75, 0.75] towards the parametric final destination µT = [µT,1, µT,2] ∈
[0.25, 0.75]× [−0.75, 0.75], maximizing the local rewards defined in Equation (19).

Figure 5 shows the median and interquartile range of training and evaluation rewards obtained with 5
independent runs with 5 different seeds. Similarly to the previous test case, HypeMARL and MB-HypeMARL
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Figure 4. Density control in a vacuum. Uncontrolled states (first row), controlled states and optimal actions obtained with
HypeMARL (second and third row), MB-HypeMARL (fourth and fifth row) and MARL (sixth and seventh row) over time in
three different random parametric settings.
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outperform MARL with remarkably higher rewards. Indeed, as visible in Figure 6 showing three examples
of controlled solutions over time, all control methods are able to suppress the initial density. However, only
HypeMARL and MB-HypeMARL are capable of controlling the source term to make the density appear at the
final desired position. Notice that, due to the presence of the underlying fluid, after moving the density to the
target location, the agents have to maintain the density in place, counterbalancing the parametric transport
effect. Thanks to an accurate deep learning-based surrogate model approximating the local dynamics, which
represents a very limited additional complexity to the algorithm, it is possible to limit the real environment
interactions with the model-based algorithm MB-HypeMARL, thus resulting in a faster training procedure,
with minimal deterioration of the control performance.

Figure 5. Density control in a fluid. Median and interquartile range of HypeMARL, MB-HypeMARL and MARL training
end evaluation rewards.

4.2. Flow control
The second class of applications considered deals with the control of a flow around an object exploiting

different actuation strategies. In particular, the first setting considers vertical jets, which blow and inject fluid
on the top and bottom sides of the object to maximize (minimize) the pressure below (above) the obstacle.
In the second scenario, the controller actively changes the obstacle’s shape to minimize the pressure at the
front of the obstacle.

4.2.1. Flow control with vertical jets
In this section we test the MARL algorithms to steer an incompressible fluid flow around an object.

We consider a rectangular channel Ω = (0, 10) × (0, 2) \ Ωobs with an inner obstacle consisting of the
union of a rectangle and two semicircles, that is, Ωobs = Ωl ∪ Ωc ∪ Ωr where Ωl = B0.25(0.75, 1.00), Ωc =
[0.75, 1.25]× [0.75, 1.25] and Ωr = B0.25(1.25, 1.00). The fluid dynamics in terms of velocity v(x, t) ∈ R2 and
pressure p(x, t) ∈ R is described by the unsteady Navier-Stokes equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂v

∂t
− ν∆v + (v · ∇)v +∇p = 0 in Ω× (0, T ]

∇ · v = 0 in Ω× (0, T ]

v = 0 on Γl ∪ Γr

v = un on Γc

v = vin(α) on Γin

v · n = 0 on Γwalls

(ν∇v − p)n · t = 0 on Γwalls

(ν∇v − p)n = 0 on Γout

v(x, 0) = 0 in Ω ,

(22)

where ν = 0.01 is the kinematic viscosity, n and t are the normal and tangential versors to the domain
boundary, Γin = ∂Ω ∩ {x1 = 0} is the inflow boundary, Γout = ∂Ω ∩ {x1 = 10} is the outflow boundary,
Γwall = ∂Ω ∩ ({x2 = 0} ∪ {x2 = 2}) is the wall, Γc = ∂Ωobs ∩ {0.75 < x1 < 1.25} is the control boundary,
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Figure 6. Density control in a fluid. Uncontrolled states (first row), controlled states and optimal actions obtained with
HypeMARL (second and third row), MB-HypeMARL (fourth and fifth row) and MARL (sixth and seventh row) over time in
three different random parametric settings.
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while Γl = ∂Ωobs ∩{x1 ≤ 0.75} and Γr = ∂Ωobs ∩{x1 ≥ 1.25} are the rounded obstacle boundaries. To steer
the fluid flow, we consider vertical jets on Γc with intensities u(x, t) ∈ [−1, 1] ⊂ R. Moreover, we take into
account an inflow velocity defined as

vin(x, t;α) = [10x2(2− x2) cos(α), 10 sin(α)]
⊤,

where the angle of attack α ∈ [−1, 1]rad is regarded as a system parameter, i.e. µ = α. The Reynolds number
for this test case is equal to 1000. To solve Equation (22) with the finite element method, we discretize the
spatial domain, resulting in a velocity and pressure dimension equal to, respectively, Nv = 100600 and
Np = 12712. Moreover, we consider a uniform time grid in the interval [0, T ] with time step ∆t = 0.1s and
final time T = 5.5s.

We now consider MARL, HypeMARL and MB-HypeMARL to control this challenging parametric and
high-dimensional problem. Differently from the density control test cases where the state and the actions
are observed and predicted over the whole domain, the vertical jets are defined on the obstacle boundary Γc.
Therefore, starting from the Ny = 74 local pressure values yi,t = pi,t = p(xi, t), with xi = (xi,1, xi,2) ∈ Γc,
MARL algorithms have to predict the optimal intensities of the corresponding Nu = 74 jets ui,t in the same
locations in order to maximize the local rewards

ri,t = r(pi,t, ui,t) =

{︄
pi,t if xi,2 = 0.75

−pi,t if xi,2 = 1.25
.

Specifically, we aim at maximizing the pressure values at the bottom boundary of the obstacle, while mini-
mizing the local pressure on top. Notice that the boundary control is applied after letting the uncontrolled
system evolve for 0.5s, and it is updated by the control methods every 0.5s.

The first row of Figure 7 reports the average local rewards in training and evaluation of the different
competing algorithms with respect to the number of training episodes. The results show the median and
interquartile range of 5 independent runs with 5 different seeds for a fair and robust comparison. We
train the algorithms for a total of 250 episodes, exploring the action space with additive Gaussian random
noise, which linearly decays after the first 25 episodes of warm-up, on the actions predicted by the policy.
To highlight the data efficiency of MB-HypeMARL, we only report the training rewards collected when
interacting with the environment, while we leave out the interactions with the surrogate one. After the first
25 warm-up interactions with the real environment, MB-HypeMARL performs 10 episodes of interaction
with the surrogate environment for every episode of interaction with the real one. The agents are evaluated
once every 25 training episodes. HypeMARL and MB-HypeMARL outperform classical decentralized MARL
with remarkably higher rewards. Moreover, the model-based version is extremely data efficient and is capable
of achieving effective control strategies with only 48 real environment interactions. Besides the evaluation
rewards, the left panel in the second row of Figure 7 provides the evaluation lift of the different control
strategies. It is important to note that, due to the high correlation of the selected reward with the lift force,
HypeMARL and MB-HypeMARL provide higher lift values compared to the classical decentralized MARL.
Moreover, the right panel in the second row of Figure 7 compares the reward of the different competing
methods across different angles of attack in the range [−1, 1]rad with respect to the uncontrolled setting. In
particular, it is possible to further assess the effectiveness of the proposed algorithms in all the parametric
scenarios considered and the unsatisfactory results of classical decentralized MARL.

Figure 8 displays, instead, three examples of controlled solutions obtained with the different approaches
for as many random angles of attack µ = α. Specifically, each subfigure shows the vertical jets with the
velocity streamlines around the obstacle (top left), the pressure around the obstacle (top right), and the flow
velocity (bottom).

4.2.2. Flow control with shape morphing
This last test case aims to control the flow around an object by morphing the front shape of the object

itself. Similarly to the previous test case, we consider a fluid flow in the domain Ω(d) = (0, 10) × (0, 2) \
Ωobs(d). Starting from the shape introduced in the previous section, the obstacle Ωobs(d) = Ωl(d)∪Ωc ∪Ωr
can now modify the round left boundary Γl(d) = ∂Ωobs(d) ∩ {x1 ≤ 0.75} according to a deformation field
d(x, t) = d(x, t)nref, with intensity d(x, t) ∈ [−0.1, 0.1] and direction nref, that is the normal versor to
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Figure 7. Flow control with vertical jets. First row: median and interquartile range of HypeMARL, MB-HypeMARL and
MARL training end evaluation rewards. Second row: median and interquartile range of HypeMARL, MB-HypeMARL and
MARL evaluation lifts (left) and reward obtained with HypeMARL, MB-HypeMARL, MARL and no control for different
angles of attack (right).

the initial boundary with no deformation. The flow dynamics is modeled by the unsteady Navier-Stokes
equations ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂v

∂t
− ν∆v + (v · ∇)v +∇p = 0 in Ω(d)× (0, T ]

∇ · v = 0 in Ω(d)× (0, T ]

v = 0 on Γc ∪ Γr

v = unref on Γl(d)

v = vin(α) on Γin

v · n = 0 on Γwalls

(ν∇v − p)n · t = 0 on Γwalls

(ν∇v − p)n = 0 on Γout

v(x, 0) = 0 in Ω(d) ,

(23)

with ν = 0.01 the kinematic viscosity, and u(x, t) ∈ [−0.01, 0.01] the incremental deformation. Notice that,
by discretizing the time interval [0, T ] with a uniform grid t = 1, ..., Tmax, we have d(x, τ) =

∑︁τ
t=1 u(x, t) for

every τ = 1, ..., Tmax. After observing the local pressure values yi,t = pi,t at Ny = 37 points on Γl(d), the
controllers are allowed to deform the front part of the obstacle every 0.5s by applying a deformation ui,t in
as many boundary points (Nu = 37). In this setting, the goal is to minimize the local pressure in front of
the obstacle, that is

ri,t = r(pi,t, ui,t) = −pi,t .

See the previous section for further details on domain boundaries, space-time discretization and inflow
velocity. Similarly to the previous test case, the angle of attack α ∈ [−1, 1]rad is regarded as a system
parameter, i.e. µ = α, and the Reynolds number ranges from 900 to 1100, according to the obstacle
deformation.

The first row of Figure 9 presents the median and interquartile range of training and evaluation rewards
obtained with 5 independent runs with 5 different seeds. HypeMARL and MB-HypeMARL agents outperform
MARL with higher training and evaluation rewards, and thus more effective morphing strategies. Moreover,
as visible in the left panel in the second row of Figure 9, despite the simplicity of the reward function,
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Figure 8. Flow control with vertical jets. Uncontrolled dynamics (first row), controlled dynamics obtained with HypeMARL
(second row), MB-HypeMARL (third row) and MARL (fourth row) in three different random parametric settings. Every panel
presents the vertical jets applied with the velocity streamlines around the obstacle (top left), the pressure around the obstacle
(top right), and the flow velocity norm (bottom).
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Figure 9. Flow control with shape morphing. First row: median and interquartile range of HypeMARL, MB-HypeMARL
and MARL training end evaluation rewards. Second row: median and interquartile range of HypeMARL, MB-HypeMARL and
MARL evaluation drags (left) and reward obtained with HypeMARL, MB-HypeMARL, MARL and no control for different
angles of attack (right).

HypeMARL and MB-HypeMARL indirectly allow for smaller drag values across different parametric settings
with respect to classical decentralized MARL. The right panel in the second row of Figure 9 shows the rewards
of the different competing models for different angles of attack in the range [−1, 1]rad, along with the ones
in the uncontrolled setting.

Figure 10 shows three examples of shape morphing when facing as many values of the angle of attack,
i.e. α = {−0.5, 0.0, 0.5}rad. Specifically, it is possible to assess that HypeMARL and MB-HypeMARL
are able to learn non-trivial narrow front shapes, allowing for local pressure minimization. Moreover, the
resulting shapes clearly exploit the parametric knowledge to adapt the front orientation with respect to the
different angles of attack α. Conversely, MARL is only capable of finding a trivial shape corresponding
to the maximum displacement allowed, without any adaptation corresponding to the different parameter
values. Similarly to the previous test cases, MB-HypeMARL is again capable of reducing the number of real
environment interactions, with a minimal performance deterioration with respect to HypeMARL.

While the results obtained in this very challenging example by HypeMARL and MB-HypeMARL are
interesting and promising, as they show a collective and coordinated behavior of the agents, it is worth
highlighting that the shapes found are not the optimal shapes usually obtained in the context of shape
optimization in fluid flows. Improving the shape smoothness requires higher degrees of freedom in the
boundary displacements. In our experiments, we only consider radial displacements of the front part of
the object, limiting the shapes that can be obtained. Moreover, feasibility constraints should be taken into
account to guarantee physical and geometrical admissibility of the resulting shape. In addition, the obstacle
aerodynamics could be enhanced by maximizing global reward metrics, such as promoting drag reduction
or penalizing non-smooth shapes. However, the maximization of global reward functions in decentralized
settings is extremely challenging, and it will be the subject of future works, as highlighted in the Discussion
section.

5. Discussion and conclusion

In this work, we propose a novel decentralized MARL approach, named HypeMARL, that allows for
solving challenging high-dimensional, parametric, and distributed control problems. HypeMARL relies on (i)
sinusoidal positional encoding of the agents’ relative position to enhance spatial awareness and coordination
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Figure 10. Flow control with shape morphing. Uncontrolled dynamics (first row), controlled dynamics obtained with Hy-
peMARL (second row), MB-HypeMARL (third row) and MARL (fourth row) in three different parametric settings. Every
panel presents the deformed obstacle shape with the velocity streamlines around the obstacle (top left), the pressure around
the obstacle (top right), and the flow velocity norm (bottom).

among the agents, and (ii) hypernetworks to effectively parametrize the control policies as functions of
system parameters and positional information. Moreover, we propose a model-based version of the algorithm,
named MB-HypeMARL, allowing for a significant reduction of interactions with the real environment (by a
factor ∼ 10) thanks to a cheap deep learning-based surrogate model approximating local dynamics.

By means of several numerical experiments dealing with two challenging classes of high-dimensional
control problems, namely density and flow control, we show that both HypeMARL and MB-HypeMARL can
effectively solve problems that the state-of-the-art decentralized MARL approach cannot. Specifically, our
results demonstrate that hypernetworks combined with the sinusoidal positional embedding of the agents’
(relative) position allow for strategic coordination strategies among the agents by only relying on local state
and reward information. The model-based algorithm MB-HypeMARL is especially appealing for applications
where only a limited amount of data is available, as the agents rely on surrogate models approximating the
local dynamics to reduce the need for real systems interactions. These local surrogate models are modeled
through shallow neural networks with a small number of learnable parameters and are learned online from
the interaction data collected by the policies. Despite their simplicity, these models show impressive accuracy
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even when trained with limited data, and opening new doors towards scaling MARL to complex real-world
engineering systems. Future research will further investigate the architectural design of these models, their
predictive capabilities over long time horizons, and their ability to generalize to real-world scenarios.

In particular, the control of density functions is extremely relevant in several scientific fields. For example,
a density function can represent a robot swarm and its optimal control can have impact in security, survey,
monitoring, and surveillance applications [82]. Density functions can also model wildlife, or traffic flows. In
all these cases, developing (decentralized) algorithms that can achieve coordination among the agents and
collective behavior while scaling to large number of agents, such as the ones learned by HypeMARL and
MB-HypeMARL, is essential for solving complex problems. While the high-dimensionality of the states is
not a limiting factor for state-of-the-art deep reinforcement learning algorithms, dealing with large actions
spaces still remains an open challenge.

The ability to manipulate a flow field actively is one of the most important technological challenges of the
present and past decades. Flow control involves transition delay, separation postponement, lift enhancement,
turbulence augmentation, noise suppression, and drag reduction [83]. Drag reduction is especially critical
for reducing fuel consumption of land, air, and sea vehicles and emissions. However, actuation strategies
such as jets, or morphing structures typically require coordination among a large number of distributed
actuators and, consequently, control algorithms capable of dealing with high-dimensional control problems.
In addition, collecting data from real-world flow experiments, for example in a wind tunnel, is extremely
costly and tedious. At the same time, full-order models capable of simulating fluid flows or fluid-structure
interactions are computationally expensive. Data-efficient approaches as HypeMARL and MB-HypeMARL
can lay the foundations towards the next generation of energy-efficient vehicles through active flow control.

The underlying assumption of decentralized MARL approaches is that the maximization of the cumula-
tive local rewards corresponds to the maximization of a global task-specific metric. Although it is feasible
to design such reward functions for various problems, it is not always straightforward. Indeed, local rewards
and global task-specific metrics may be conflicting incentives due to the effect of the agents’ interactions.
Moreover, the credit assignment problem may arise whenever local rewards are uninformative about global
performance. While HypeMARL and MB-HypeMARL prioritize collective behavior of the agents over im-
mediate local payoff, the direct maximization of global reward functions will be the subject of future works.
Another interesting future direction is the learning of local reward functions corresponding to global reward
metrics from given expert demonstrations, in the direction of Inverse RL [84] and imitation learning [85].

Code availability

The implementation of the proposed methodology and the code necessary to replicate the test cases
detailed in the Results section are publicly available in the HypeMARL repository at https://github.com/
nicob15/HypeMARL.
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Appendix A. Comparison with single-agent RL

In this section, we compare HypeMARL, MB-HypeMARL, and conventional decentralized MARL with
single-agent RL. Specifically, single-agent RL focuses on learning a single global policy mapping high-
dimensional states to distributed control actions. Similarly to MARL-based methods, we use the TD3
algorithm for single-agent RL. Due to the prohibitive high-dimensionality of density control problems with
more than 1000 sensors and actuators, single-agent RL cannot learn effective policies, resulting in extremely
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low rewards both in training and in evaluation, as visible in the first two rows of Figure A.12. The perfor-
mance of single-agent RL improves when considering flow control problems, as visible in the last two rows
of Figure A.12, due to a moderate dimensionality of state and action spaces, i.e., < 100. In particular, in
the case of flow control with vertical jets, the concatenation of local states and actions in single-agent RL
is enough to coordinate agents and allows for discovering effective control strategies, outperforming conven-
tional decentralized MARL. However, the hypernetwork-based positional encoding in HypeMARL allows us
to learn more specialized cooperation among agents, resulting in higher reward values during both training
and evaluation. Importantly, the advantage of taking into account HypeMARL is even more evident when
dealing with improved control strength, such as vertical jets continuously updated over time, as visible in
Figure A.11. Agents’ coordination is even more crucial in the case of flow control with shape morphing.
While HypeMARL and MB-HypeMARL can effectively deform the obstacle shape over time to minimize the
front pressure, the non-locality in single-agent RL is not enough in this challenging context.
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Figure A.11. Comparison with single-agent RL. Median and interquartile range of HypeMARL, MB-HypeMARL, MARL
and single-agent RL training end evaluation rewards. The following test case is considered: flow control with vertical jets
continuously updated over time.

Appendix B. Comparison with naive encoding strategies

In this section, we compare HypeMARL, MB-HypeMARL, and conventional decentralized MARL with
the naive encoding strategy PE-MARL, where system parameters µ and positional encoding vector PE(pi)
are concatenated to the local state yi,t, and provided as additional input to the agent’s policy and value
function. Figure B.13 shows the training and evaluation rewards of the competing methods in the four
test cases presented in the Results section. Despite the same pieces of information considered in input,
hypernetworks outperform the naive baseline, especially when dealing with high-dimensional and distributed
control problems where coordination among agents is fundamental to achieve satisfactory control strategies.
The naive encoding strategy is not effective since local policies struggle to predict optimal local actions
starting from high-dimensional inputs, with the local state value that loses significance when concatenated
with system parameters and positional encoding vector.
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Figure A.12. Comparison with single-agent RL. Median and interquartile range of HypeMARL, MB-HypeMARL, MARL
and single-agent RL training end evaluation rewards.
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Figure B.13. Comparison with PE-MARL baseline. Median and interquartile range of HypeMARL, MB-HypeMARL, MARL
and PE-MARL training end evaluation reward.
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Appendix C. Neural Network Architectures

In this section, we discuss the neural network architectures used by the different agents. All approaches,
namely HypeMARL, MARL, PE-MARL, and RL estimates the action-value functions and policies, while
MB-HypeMARL in addition learns a local forward model of the dynamics.
The main policy network π(yi,t;θπ,i) used by HypeMARL and MB-HypeMARL is composed of one input
layer of dimension equal to the local state Nyi

, one hidden layer with 256 neurons, and an output layer of
dimension equal to the control action dimension Nui

. We can write the main policy network as:

xi,t = ReLU
(︁
(1 + g(1)(PE(pi),µ;θHπ ))⊙ yi,tW

(1)(PE(pi),µ;θHπ ) + b(1)(PE(pi),µ;θHπ )
)︁
,

ui,t = tanh
(︁
(1 + g(2)(PE(pi),µ;θHπ

)⊙ xi,tW
(2)(PE(pi),µ;θHπ

) + b(2)(PE(pi),µ;θHπ
)
)︁
,

where g(1),W (1), b(1) and g(2),W (2), b(2) are respectively the gain vectors, the weights matrices, and the
biases of the two layers of the main networks that are learned via the hypernetwork Hπ(PE(pi),µ;θHπ ),
i.e., the hypernetworks outputs, θπ,i = [g(1),W (1), b(1), g(2),W (2), b(2)], and ⊙ indicates the element-wise
product. This type of architecture is motivated by the work in [86]. Similarly to the policy, the main value
function networks Q1(yi,t,ui,t;θQ1

) and Q2(yi,t,ui,t;θQ2
) are composed of one input layer of dimension

Nyi
+Nui

, one hidden layer with 256 neurons, and an output layer of dimension 1. Assuming zi,t = [yi,t,ui,t],
we can write each value function as:

χi,t = ReLU
(︁
(1 + g(1)(PE(pi),µ;θHQ

))⊙ zi,tW
(1)(PE(pi),µ;θHQ

) + b(1)(PE(pi),µ;θHQ
)
)︁
,

qi,t = (1 + g(2)(PE(pi),µ;θHQ
)⊙ χi,tW

(2)(PE(pi),µ;θHQ
) + b(2)(PE(pi),µ;θHQ

) ,

where for the sake of a concise notation, we dropped the index distinguishing the two value functions that
TD3 estimates. The hypernetworks use the same architecture and weight initialization proposed in [63, 67].
Each hypernetwork is composed of three blocks that map PE(pi),µ to g(1),W (1), b(1) and g(2),W (2), b(2).
Each block is composed of a linear layer and two residual blocks and each residual block is composed of two
linear layers with ReLU activation and a skip connection.
On the other hand, MARL, PE-MARL, and RL use the standard actor-critic architectures, where the actor
is composed of 2 fully connected hidden layers with 256 neurons each with ReLU activation, and, in the case
of the policy network a tanh activation at the output layer to bound the actions in a suitable range.
Eventually, MB-HypeMARL approximates the local dynamics model with neural network with two hidden
layers with 256 neurons each and ELU activations.
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Appendix D. Pseudocode of HypeMARL and MB-HypeMARL

We report the pseudocode of HypeMARL and MB-HypeMARL in Algorithm 1.

Algorithm 1 HypeMARL and MB-HypeMARL

1: Initialize models’ parameters and noise variance σ2

2: Set maximum number of episodes Emax and time steps Tmax

3: for e = 1 : Emax do
4: Sample µ
5: Get initial measurement yi,1 for i = 1 : N
6: Set ỹi,1 = yi,1 for i = 1 : N
7: for t = 1 : Tmax do
8: Sample θπ,i = Hπ(PE(pi),µ;θHπ

) for i = 1 : N
9: if interact with real environment then

10: Sample ui,t ∼ π(yi,t;θπ,i) + ϵ, where ϵ ∼ N (0,σ2) for i = 1 : N
11: Apply joint action ut = [u1,t, . . . ,uN,t]

⊤

12: Observe yi,t+1 = F (yt,ut,µ) for i = 1 : N
13: Compute local rewards ri,t for i = 1 : N
14: if train models then
15: Update π and Q using the tuple (yi,t,ui,t, ri,t,yi,t+1,µ)i=1:N

16: Update F̃ using the tuple (yi,t,ui,t, ri,t,yi,t+1,µ)i=1:N

17: end if
18: else if interact with surrogate environment then
19: Sample ui,t ∼ π(ỹi,t;θπ,i) + ϵ, where ϵ ∼ N (0,σ2) for i = 1 : N
20: Apply joint action ut = [u1,t, . . . ,uN,t]

21: Observe ỹi,t+1 = F̃ (ỹi,t,ui,t,µ;θF̃ ) for i = 1 : N
22: Compute rewards r̃i,t for i = 1, ..., N
23: if train models then
24: Update π and Q using the tuple (ỹi,t,ui,t, r̃i,t, ỹi,t+1,µ)i=1:N

25: end if
26: end if
27: end for
28: end for

31



Appendix E. Hyperparameters of the numerical experiments

In this section, we report the value of the hyperparameters of our experiments. In particular, we list in
Table E.1 the hyperparameters of HypeMARL, MB-HypeMARL, MARL, PE-MARL, and RL.

Table E.1. Agents

HypeMARL MB-HypeMARL MARL PE-MARL RL
RL algorithm TD3 TD3 TD3 TD3 TD3
batch size 32 32 32 32 32
positional encoding d 2048 2048 − 2048 −
positional encoding n 1000 1000 − 1000 −
discount γ 0.99 0.99 0.99 0.99 0.99
target network update ρ 0.005 0.005 0.005 0.005 0.005
action noise std σ 0.25 0.25 0.25 0.25 0.25
decay std σ linear linear linear linear linear
value updates per training episode 100 100 100 100 100
policy updates per training episode 50 50 50 50 50
value-to-policy update ratio 2 2 2 2 2
learning rate actor π 10−6 10−6 3 · 10−4 3 · 10−4 3 · 10−4

learning rate critic Q 5 · 10−5 5 · 10−5 3 · 10−4 3 · 10−4 3 · 10−4

num. hidden layer actor π 1 1 2 2 2
num. hidden layer critic Q 1 1 2 2 2
hidden dim. actor π 256 256 256 256 256
hidden dim. critic Q 256 256 256 256 256
learning rate forward dynamics F̄ − 10−4 − − −
num. layer forward dynamics F̄ − 1 − − −
hidden dim. forward dynamics F̄ − 256 − − −
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