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Abstract

We develop and analyse a symmetric weighted interior penalty polytopal discontinuous Galerkin (SWIP-PolyDG)
method for multi-species reaction–diffusion systems with nonlinear reaction terms of up to cubic order. Such terms
arise naturally when higher-order interactions are incorporated into population models, allowing non-additive effects
among multiple species to influence local growth and conversion mechanisms. The proposed framework accommodates
heterogeneous and possibly anisotropic diffusion tensors on general polygonal meshes. To control the nonlinear coupling,
we consider a hierarchical block structure in the reaction operator, whereby each population block depends only on
its own variables and on those associated with preceding blocks. In addition, the cubic self-interactions within each
block are assumed to have a dissipative diagonal structure. Under these hypotheses and proceeding recursively over the
hierarchy of population blocks, we derive local-in-time stability estimates in two spatial dimensions for the semi-discrete
formulation in both the L2(Ω)-and dG-norms. We further establish an a priori error estimate in a combined L2(Ω)–dG
energy norm for sufficiently regular solutions for the semi-discrete formulation. Finally, numerical experiments confirm
the predicted convergence behaviour and illustrate the robustness of the method under heterogeneous diffusion.

1 Introduction

Reaction–diffusion systems provide a flexible mathematical framework for describing the evolution of interacting popula-
tions, in which reaction terms encode local growth, competition, cooperation, and conversion mechanisms, while diffusion
accounts for spatial dispersal. Such systems arise in a broad range of applications, including ecology [1], epidemiology [2],
chemical kinetics [3], and protein–protein interaction models [4].

A common modelling assumption is that population dynamics are governed by pairwise interactions, so that the
per-capita growth rate of a population depends additively on the densities of the other populations, as in classical Lotka–
Volterra [1]. However, this assumption may be inadequate when the effect of an interaction between two populations is
modified by the presence or density of additional populations [5, 6]. Such non-additive effects are commonly referred to
as higher-order interactions (HOIs) [7].

In reaction–diffusion population models, HOIs can be represented by nonlinear terms in the per-capita growth rates.
In particular, quadratic non-additive effects at the per-capita level give rise to cubic reaction terms in the equations
governing population densities. Such terms may alter the coexistence, stability, and persistence properties of ecological
communities; see, e.g., [8, 9]. More generally, nonlinear interaction terms of this form also arise in epidemiological and
biochemical models. In these settings, complex nonlinear interactions may be approximated through Taylor expansions
of underlying reaction mechanisms; higher-order terms become relevant whenever a second-order truncation does not
adequately capture the observed dynamics [10].

The inclusion of cubic reaction terms substantially increases the analytical complexity of multi-species reaction–
diffusion systems. For locally Lipschitz reaction operators, standard semilinear parabolic theory yields local-in-time
classical solutions. For superlinear reaction–diffusion systems, finite-time blow-up cannot be excluded in general, even
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under natural mass-dissipation assumptions. Conversely, global existence can be recovered under additional structural hy-
potheses, such as quasi-positivity, suitable mass-control or dissipation conditions, and growth restrictions on the reaction
terms; see, e.g., [11, 12, 13].

Cubic reaction terms are particularly delicate because their treatment requires the control of higher Lebesgue norms
and the careful use of nonlinear interpolation estimates. In the two-dimensional setting considered here, the relevant
bounds follow from discrete Sobolev embeddings, which provide control of the Lp norms for every finite p in terms of the
H1 norm. This property is essential in estimating the products generated by the cubic reaction terms. By contrast, in
three spatial dimensions, the corresponding Sobolev embedding is limited to p ≤ 6, and does not in general provide the
higher integrability required by the present argument. Consequently, the extension of our analysis to three dimensions
remains an open issue.

Moreover, in multi-species systems, fully coupled cubic interactions may transfer growth between components and
prevent a direct componentwise argument. In the present work, we address the corresponding difficulty at the semi-
discrete level by assuming a hierarchical coupling structure, in which each population block depends only on its own
variables and on the variables associated with preceding blocks. Together with a dissipative diagonal structure for the
intra-block cubic interactions, this assumption allows the nonlinear reaction terms to be controlled recursively along the
hierarchy.

On the numerical side, reaction–diffusion systems may develop localized concentrations, propagating fronts, sharp
transition layers, and complex spatial patterns, thus requiring discretizations that combine high-order accuracy with
robustness under heterogeneous and possibly anisotropic diffusion [14, 15]. Discontinuous Galerkin (dG) methods are
particularly attractive in this setting because they naturally support high-order polynomial approximations, accommodate
nonconforming and polygonal or polyhedral meshes, and handle discontinuous material parameters [16]. In particular,
symmetric weighted interior penalty (SWIP) formulations offer additional advantages for diffusion operators with large
coefficient jumps or anisotropy [17]: diffusivity-dependent weighted averages and penalty parameters scaled by harmonic
averages of the normal diffusivities yield stable discretizations that are robust with respect to strong local diffusion
contrasts [18, 19].

In this work, we propose and analyze a SWIP-PolyDG method for hierarchically coupled nonlinear reaction–diffusion
systems with HOIs. The model comprises several interacting populations and heterogeneous diffusion tensors on general
polygonal meshes. The nonlinear reaction operator is represented through second-, third-, and fourth-order interaction
tensors. We assume a block-triangular hierarchical structure and a dissipative diagonal form for the cubic self-interactions
within each block. These hypotheses allow the nonlinear reaction terms to be controlled recursively along the hierarchy.
The main contributions of this work are as follows:

• We formulate a symmetric weighted interior penalty polytopal discontinuous Galerkin (SWIP-PolyDG) discretization
for multi-species reaction–diffusion systems with reaction terms of up to cubic order, posed on general polygonal
meshes and featuring heterogeneous diffusion tensors. We prove the coercivity and continuity of the discrete diffusion
bilinear form for sufficiently large penalty parameters based on harmonic averages.

• We establish local-in-time stability estimates both in L2- and dG-norms for the semi-discrete formulation through a
recursive argument over the hierarchy of population blocks. As a byproduct, the first-block analysis yields stability
estimates for general multi-species reaction–diffusion systems with linear and quadratic interactions, encompassing
several classical models in mathematical biology and physical chemistry.

• We derive an a priori error estimate in a combined L2(Ω)–dG energy norm for sufficiently regular solutions. In
the case of purely quadratic nonlinearities, the result extends the analysis of the Fisher–Kolmogorov equation in
[15, Theorem 2] to vector-valued systems, while removing the structural relation previously required between the
diffusion coercivity constant and the reaction terms.

• We validate the proposed method on a three-species Lotka–Volterra competition–diffusion system and on a manu-
factured two-species problem featuring cubic HOIs. We further illustrate the robustness of the method for a coupled
Fisher–Kolmogorov system with discontinuous diffusion coefficients.

The remainder of the paper is organized as follows. In Section 2, we introduce the class of hierarchically coupled nonlinear
reaction–diffusion systems and state the assumptions on the interaction tensors. Section 3 presents the weighted interior
penalty PolyDG formulation and its main coercivity and continuity properties. The local-in-time stability analysis and the
a priori error estimate for the semi-discrete method are derived in Sections 4 and 5, respectively. Section 6 describes the
IMEX–Runge–Kutta time discretization used in the numerical experiments. Finally, the numerical results are presented
in Section 7, followed by concluding remarks in Section 8.
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2 Mathematical model

In this article, we consider a hierarchically coupled multi-species nonlinear reaction-diffusion system, modeling ecological
and epidemiological dynamics with higher-order interaction terms up to cubic order. For this reason we consider a variable
w = w(t,x) to model the population dynamics. The general system of equations reads:

∂w

∂t
= ∇ · (D : ∇w) +G(w)w + γ, in Ω× (0, T ];

(D∇w)nΩ = 0, on ΓN × (0, T ];

w = 0, on ΓD × (0, T ];

w(0,x) = w0, in Ω.

(1)

where ΓD ∪ ΓN = ∂Ω with ΓD ∩ ΓN = ∅ and |ΓD| > 0. This system generalises the case of the dynamics of the family
of n populations w = [w1, . . . , wn]

⊤. In this context, D ∈ L∞(Ω;Rn×d×n×d) is a fourth-order diffusion tensor such that:
Dkilj = Dl

ijδkl, with Dl ∈ L∞(Ω) symmetric diffusion tensor associated with the l-th population and δ is the Kronecker’s

delta. Moreover, we assume that ∃ dl0 > 0 such that dl0|ψ|2 ≤ ψTDlψ ∀ψ ∈ Rd and for a.e. x ∈ Ω. Moreover, γ ∈ L2(Ω)
is an external forcing term and G : Rn → Rn is a mapping associated with linear, quadratic and cubic components, as
follows:

G(w)w = (L+Qw + (Cw)w)w.

In particular, we have that:

• L ∈ Rn×n is a second order tensor (matrix) containing the coefficients of linear reaction terms Lij ;

• Q ∈ Rn×n×n is a third order tensor containing the coefficients of quadratic reaction terms Qijk;

• C ∈ Rn×n×n×n is a fourth order tensor containing the coefficients of cubic reaction terms Cijkl.

Then, we remark that the k-th equation of the system reads:

∂twk = ∇ · (Dk∇wk) + γk +

n∑
i=1

Gkiwi +

n∑
i,j=1

Qkijwiwj +

n∑
i,j,l=1

Ckijlwiwjwl.

2.1 The block structure

In this work, we assume that the fourth-order tensor C induces on the system a block structure dividing the vectors in
pM blocks:

w = [w(1), . . . ,w(p), . . . ,w(pM)]T , γ = [γ(1), . . . ,γ(p), . . . ,γ(pM)]T , with w(p),γ(p) ∈ Rnp ,

with
∑npM

p=1 np = n. Moreover, we denote by L(p,q) ∈ Rnp×nq , Q(p,q,s) ∈ Rnp×nq×ns , and C(p,q,s,t) ∈ Rnp×nq×ns×nt .
Finally, the system of equations associated with the p-th block reads

∂w(p)

∂t
= ∇ · (Dp : ∇w(p)) +

p∑
q=1

(
L(p,q) +

p∑
s=1

(
Q(p,q,s) +

p∑
r=1

C(p,q,s,r)w(r)

)
w(s)

)
w(q) + γ(p). (2)

From Equation (2), it is clear that the reaction terms depend only on the quantities of the same or previous blocks. In
particular, we assume an additional property:

Assumption 1 (Diagonal blocks structure). For any p = 1, . . . , pM, the block C(p,p,p,p) is diagonal, namely

((C(p,p,p,p)w(p))w(p))w(p) = −
[
c
(p)
1

(
w

(p)
1

)3
, . . . , c(p)np

(
w(p)

np

)3]T
;

moreover, we have that cpj ≥ 0 for each j = 1, . . . , np.
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2.2 Weak formulation

First of all, let us define the Sobolev space W = H1
ΓD

(Ω). Then, we can write the weak formulation of the problem in
Equation (1). By multiplying the first equation of (1), by a test function v and integrating by parts, we obtain: Find
w ∈ L∞((0, T ),W) ∩H1((0, T ),W′) such that{

(ẇ,v) + (D : ∇w,∇v) = (G(w)w,v) + (γ,v), ∀v ∈ W;

w(0,x) = w0, in Ω.
(3)

Remark 1. We underline that, due to the structure of tensor D, the following relation holds:

(D : ∇w,∇v) =
n∑

l=1

(Dl∇wl,∇vl)

3 Polytopal discontinuous Galerkin semi-discrete formulation

In this section, we derive the interior penalty discontinuous Galerkin formulation of problem (3). First of all, we introduce
some preliminary estimates.

3.1 Discrete setting and preliminary estimates

Let us introduce a polytopic mesh partition Th of the domain Ω made of disjoint polygonal/polyhedral (polytopal)
elements K, where for each element K ∈ Th, we denote by |K| the measure of the element and by hK its diameter. We set
h = maxK∈Th

hK < 1. We define the interface as the intersection of the (d− 1)−dimensional facets of two neighbouring
elements. We distinguish two cases:

• case d = 2, in which the interfaces are always line segments; then we denote such a set of segments with Fh.

• case d = 3, in which any interface consists of a generic polygon, we further assume that we can decompose each
interface into (planar) triangles; we denote the set of all these triangles with Fh;

It is now useful to decompose Fh into the union of interior faces (F I
h) and exterior faces (FB

h ) lying on the boundary of
the domain ∂Ω, i.e., Fh = F I

h ∪ FB
h . Moreover, we decompose the boundary faces into the set of faces associated with

Dirichlet boundary conditions (FD
h ) and with Neumann boundary conditions (FN

h ).

Assumption 2. The mesh sequence {Th}h satisfies the following properties [20]:

1. Shape Regularity: ∀K ∈ Th it holds : c1h
d
K ≲ q|K| ≲ c2h

d
K .

2. Contact Regularity: ∀F ∈ Fh with F ⊆ K for some K ∈ Th, it holds hd−1
K ≲ |F |, where |F | is the Hausdorff

measure of the face F .

3. Submesh Condition: There exists a shape-regular, conforming, matching simplicial submesh T̃h such that:

• ∀K̃ ∈ T̃h ∃K ∈ Th : K̃ ⊆ K.

• The family {T̃h}h is shape and contact regular.

• ∀K̃ ∈ T̃h,K ∈ Th with K̃ ⊆ K, it holds hK ≲ hK̃ .

Let us define Pℓ(K) as the space of polynomials of total degree ℓ ≥ 1 over a mesh element K. Then, we can introduce
the following discontinuous finite element space:

WDG
h = {w ∈ L2(Ω) : w|K ∈ [Pℓ(K)]n ∀K ∈ Th}

We next introduce the so-called trace operators [21]. Let F ∈ F I
h be a face shared by the elements K±. Let n±

be the unit normal vector on face F pointing exterior to K±. Then, for sufficiently regular scalar-valued functions v,
vector-valued functions q, and tensor-valued functions τ , respectively, we define:

• the weighted average operator {{·}}δ on F ∈ F I
h:

{{v}}δ = δ+v+ + δ−v−, {{q}}δ = δ+q+ + δ−q− {{τ}}δ = δ+τ+ + δ−τ−;
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• the jump operator [[·]] on F ∈ F I
h: [[v]] = v+n+ + v−n−, [[q]] = q+ · n+ + q− · n−;

• the tensor-jump operator [[[·]]] on F ∈ F I
h: [[[q]]] = q

+ ⊗ n+ + q− ⊗ n−.

In these relations, we are using the superscripts ± to denote the traces of the functions on F taken within the interior
of the elements K±, respectively. In the following sections, the weighted average parameters are chosen according to the
physical diffusion parameter

δ±l =
n∓Dl|K∓n∓

n+Dl|K+n+ + n−Dl|K−n− .

Moreover, the diffusion tensors are assumed to be elementwise constant with respect to the computational mesh: Dl|K ∈
Rd×d

sym ∀K ∈ Th and jumps in the diffusion coefficients are allowed across mesh interfaces. This choice gives rise to a robust

formulation with respect to anisotropic and locally small structure of the diffusion tensor (see [18]). Moreover, let F ∈ FD
h

be a face associated with an element K and with outward unit normal vector n. Then, we define:

• the weighted average operator {{·}}δ on F ∈ FD
h : {{v}}δ = v, {{q}}δ = q, {{τ}}δ = τ ;

• the jump operator [[·]] on F ∈ FD
h : [[v]] = vn, [[q]] = q · n;

• the tensor-jump operator [[[·]]] on F ∈ FD
h : [[[q]]] = q ⊗ n.

3.2 Semi-discrete formulation

To construct the semi-discrete formulation, we define the following penalization face-wise function ηl : F I
h ∪ FD

h → R+

with l = 1, . . . , n defined as

ηl = η̃
|F | ℓ2 {dKl }H

{|K|}H
, onF ∈ F I

h, and ηl = η̃
|F | ℓ2 dKl

|K|
, on F ∈ FD

h (4)

where we are considering the harmonic average operator {·}H on K± and dK
±

l = (n±)⊤Dl|K±n± for any K ∈ Th
1 and η̃

is a parameter at our disposal (to be chosen large enough). Using the preliminary definitions in the previous section, we
introduce the bilinear form A (w,v) such that:

A (w,v) = (D∇hw,∇hv)− ({{D∇hw}}δ, [[[v]]])F I
h∪FD

h
− ([[[w]]], {{D∇hv}}δ)F I

h∪FD
h
+ (H[[[w]]], [[[v]]])F I

h∪FD
h
, (5)

where H = diag(η1, . . . , ηn). By exploiting the definition of the bilinear form, we obtain the following semi-discrete
PolyDG formulation.

Find wh = wh(t) ∈ WDG
h such that ∀t > 0:{
(ẇh,vh) + A (wh,vh) = (G(wh)wh,vh) + (γ,vh), ∀vh ∈ WDG

h ;

wh(0) = w0h.
(6)

Proposition 1 (Coercivity). The bilinear form A , defined in Eq. (5), is coercive, namely it satisfies

A (vh,vh) ≥
1

2
∥vh∥2DG ∀vh ∈ WDG

h ,

under the assumption on the penalty parameter value η̃ ≥ 4Cinv, and Cinv is the inverse trace inequality constant (see [16,
Lemma 11]).

Proof. First of all, we need to notice that we can decompose the bilinear form in a sum of n bilinear forms associated with
the l-th scalar problem:

A (u,v) =(D∇hu,∇hv)− ({{D∇hu}}δ, [[[v]]])F I
h∪FD

h
− ([[[u]]], {{D∇hv}}δ)F I

h∪FD
h
+ (H[[[u]]], [[[v]]])F I

h∪FD
h

=

n∑
l=1

[
(Dl∇hul,∇hvl)− ({{Dl∇hul}}δl , [[vl]])F I

h
− ([[ul]], {{Dl∇hvl}}δl)F I

h
+ (ηl[[ul]], [[vl]])F I

h

− (Dl∇hul, vl)FD
h
− (ul,D

l∇hvl)FD
h
+ (ηlul, vl)FD

h

]
.

(7)

1In this context ∥ · ∥2 is the operator norm induced by the L2 norm in the space of symmetric second order tensors.
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Then, by considering u = v = vh, we obtain the following problem:

A (vh,vh) =

n∑
l=1

[
∥
√
Dl∇hvlh∥22 − 2({{Dl∇hvlh}}δl , [[vlh]])F I

h
− 2(Dl∇hvlh, vlh)FD

h
+ ∥η1/2l [[vlh]]∥2F I

h∪FD
h

]
. (8)

Now, we have to treat the following quantity

|2({{Dl∇hvlh}}δl , [[vlh]])F I
h
| =|2((δ+l D

l
+∇hv

+
lh, [[vlh]])F I

h
+ 2((δ−l Dl

−∇hv
−
lh, [[vlh]])F I

h
|

=|2((
√
Dl

+∇hv
+
lh, δ

+
l

√
Dl

+[[vlh]])F I
h
+ 2((

√
Dl−∇hv

−
lh, δ

−
l

√
Dl−[[vlh]])F I

h
|

(Hölder and Young inequalities) ≤
∑

F∈F I
h

α+
F ∥

√
Dl

+∇hv
+
lh∥

2
L2(F ) + α−

F ∥
√
Dl−∇hv

−
lh∥

2
L2(F )

+ (α−
F )

−1∥δ−l
√
Dl−[[vlh]]∥2L2(F ) + (α+

F )
−1∥δ+l

√
Dl

+[[vlh]]∥2L2(F )

Then, we can bound the first two terms at the right-hand side by using the inverse-trace-inequality:

|2({{Dl∇hvlh}}δl , [[vlh]])F I
h
| ≤ℓ2

∑
F∈F I

h

Cinv

(
α+
F

|F |
|K+|

∥
√
Dl∇hvlh∥2L2(K+) + α−

F

|F |
|K−|

∥
√
Dl∇hvlh∥2L2(K−)

)
+ (α−

F )
−1∥δ−l

√
Dl−[[vlh]]∥2L2(F ) + (α+

F )
−1∥δ+l

√
Dl

+[[vlh]]∥2L2(F ).

We choose the parameter

α±
F =

|K±|
2|F |Cinvℓ2

,

Then we can rewrite∑
F∈F I

h

2Cinvℓ
2 |F |
|K−|

∥δ−l
√
Dl−[[vlh]]∥2L2(F ) + 2Cinvℓ

2 |F |
|K+|

∥δ+l
√
Dl

+[[vlh]]∥2L2(F )

≤
∑

F∈F I
h

∫
F

(
2Cinvℓ

2

(
|F |
|K−|

(δ−l )2d
K−
l +

|F |
|K+|

(δ+l )
2d

K+

l

)
|[[vlh]]|2

)

≤
∑

F∈F I
h

∫
F

(
2Cinvℓ

2
{
dKl
}
H

|F |
{|K|}H

|[[vlh]]|2
)

=
∑

F∈F I
h

∫
F

(
η̂l|[[vlh]]|2

)
= ∥η̂1/2l [[vlh]]∥2F I

h
.

(9)

Finally, by using equations (8) and (9), and assuming that η̃ > 4Cinv (similar arguments apply to the Dirichlet boundary
faces), we find a coercivity estimate

A (vh,vh) ≥
n∑

l=1

1

2

[
∥
√
Dl∇hvlh∥22 + ∥η1/2l [[vlh]]∥2F I

h∪FD
h

]
=

n∑
l=1

1

2
∥vlh∥2DG =

1

2
∥vh∥2DG.

Proposition 2 (Continuity). The bilinear form A , defined in Eq. (5), is continuous, namely it satisfies

|A (uh,vh)| ≤ 4∥uh∥DG∥vh∥DG ∀uh,vh ∈ WDG
h .

Proof. First of all, we start from Equation (7) by considering u = uh and v = vh. Using the Hölder inequality we obtain:

(
√
Dl∇hulh,

√
Dl∇hvlh) ≤ ∥

√
Dl∇hulh∥2∥

√
Dl∇hvlh∥2,

and
(ηl[[ulh]], [[vlh]])F I

h
≤ ∥η1/2l [[ulh]]∥F I

h
∥η1/2l [[vlh]]∥F I

h
.

Now, we have to treat the following quantity

|({{Dl∇hulh}}δl , [[vlh]])F I
h
| =|((δ+l D

l
+∇hu

+
lh, [[vlh]])F I

h
+ ((δ−l Dl

−∇hu
−
lh, [[vlh]])F I

h
|

=|((
√
Dl

+∇hv
+
lh, δ

+
l

√
Dl

+[[vlh]])F I
h
+ ((

√
Dl−∇hv

−
lh, δ

−
l

√
Dl−[[vlh]])F I

h
|

(Hölder inequality) ≤
∑

F∈F I
h

(
∥(α+

F )
1/2

√
Dl

+∇hu
+
lh∥

2
L2(F ) + ∥(α−

F )
1/2

√
Dl−∇hu

−
lh∥

2
L2(F )

)1/2
(
∥(α−

F )
−1/2δ−l

√
Dl−[[vlh]]∥2L2(F ) + ∥(α+

F )
−1/2δ+l

√
Dl

+[[vlh]]∥2L2(F )

)1/2
6



Finally, using the inverse-trace-inequality and the same steps of the coercivity proof we arrive at the following result

({{Dl∇hulh}}δl , [[vlh]])F I
h
| ≤ ∥

√
Dl∇hulh∥2∥η1/2l [[vlh]]∥F I

h
.

Repeating for the last term and for the Dirichlet boundary faces, we derive the thesis.

Finally, we recall a specific type of Gagliardo-Nirenberg inequality that will be useful in the subsequent analysis.

Proposition 3 (Gagliardo-Nirenberg-type Lp(Ω)-interpolation). The following inequality holds for d = 2:

∥u∥αLp(Ω) ≤
α(p− 2)

2p
ε

2p
α(p−2)
p,α ∥u∥2DG +

2p− αp+ 2α

2p

(
Cα

GNp

εp,α

) 2p
2p−αp+2α

∥u∥
4α

2p+2α−αp

L2(Ω) , (10)

for any εp,α > 0 under the assumptions p > 2 and α ∈ (0, 2p
p−2 ).

Proof. First of all, we recall that for d = 2, the following Gagliardo-Nirenberg inequality holds [22] for d = 2:

∥u∥Lp(Ω) ≤ CGNp∥u∥θDG∥u∥1−θ
L2(Ω), with θ = 1− 2

p
.

Then, we can observe that for a general exponent α and for p > 2, we obtain:

∥u∥αLp(Ω) ≤
(
εp,α∥u∥

α p−2
p

DG

) (
Cα

GNp

εp,α
∥u∥2

α
p

L2(Ω)

)
≤ 1

q

(
εp,α∥u∥

α p−2
p

DG

)q

+
1

q′

(
Cα

GNp

εp,α
∥u∥2

α
p

L2(Ω)

)q′

,

where in the last step we used the Young’s inequality and 1
q +

1
q′ = 1. Finally, we want that α(p−2)q

p = 2, then q = 2p
α(p−2)

and q′ = 2p
2p−αp+2α . Substituting, we obtain the thesis.

Finally, we report a small extension of the Perov inequality [23], that allows to handle non-constant forcing terms a.

Proposition 4 (Perov-type inequality). Let y : [0, T ) → R≥0 be a continuous function satisfying, for all t ∈ [0, T ),

y(t) ≤ a(t) +

∫ t

0

b(τ) y(τ) dτ +

∫ t

0

c(τ) y(τ)γ dτ, (11)

where γ > 1 is fixed, a : [0, T ) → R≥0 is non-decreasing and continuous, and b, c : [0, T ) → R≥0 are continuous. Then, for
every t ∈ [0, T ) such that a(t) > 0 and

a(t)γ−1 (γ − 1)

∫ t

0

c(τ) exp

(
(γ − 1)

(∫ τ

0

b(ξ) dξ

))
dτ < 1,

the following estimate holds:

y(t) ≤
a(t) exp

(∫ t

0

b(τ) dτ

)
(
1− a(t)γ−1 (γ − 1)

∫ t

0
c(τ) exp

(
(γ − 1)

(∫ τ

0

b(ξ) dξ

))
dτ
) 1

γ−1

.

Proof. The proof follows the steps of [23, Theorem 3.1], noting that since a is non-decreasing we may replace a(τ) with
a(t) for every τ ∈ [0, t], freezing the right-hand side of (11) at the fixed value ā := a(t) before proceeding with the Bernoulli
substitution u = z1−γ .

4 Stability analysis

Before deriving the stability results, we define the following energy functionals,

∥vh∥2e1 :=∥vh∥2L2(Ω) +

∫ t

0

1

2
∥vh∥2DG + 2

n1∑
j=1

c
(1)
j ∥vjh∥4L4(Ω)

 dτ, ∀vh ∈ WDG
h , (12a)

∥vh∥2e2 :=
1

4
∥vh∥2DG +

n1∑
j=1

c
(1)
j ∥vjh∥4L4(Ω) +

1

2

∫ t

0

∥v̇h∥2L2(Ω) dτ, ∀vh ∈ WDG
h . (12b)
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To study the stability of system (6), we start by selecting the first block, associated with p = 1. In this case, we have to
analyze the stability of the system:

(ẇ
(1)
h ,v

(1)
h ) + A1(w

(1)
h ,v

(1)
h ) = (L(1,1) + (Q(1,1,1) + C(1,1,1,1)w

(1)
h )w

(1)
h )w

(1)
h + γ(1),v

(1)
h ),

where we underline we do not have any cubic reaction dependent on previous blocks.

Theorem 1 (Stability result for the first block of populations). Let d = 2 and suppose Assumptions 1 and 2 hold. Let
wh(t) ∈ WDG

h be the solution of problem (6). If the stability parameter ηl defined in Equation (4) for each l = 1, . . . , n
has been chosen sufficiently large, then the following stability estimates hold:

∥w(1)
h (t)∥2e1 ≤

(
∥w(1)

0h ∥2L2(Ω) +
t
l∞

∥γ(1)∥2L2(Ω)

)
e3l∞t(

1−
2q2∞C6

GN3
(e3l∞t−1)

3l∞

(
∥w(1)

0h ∥2L2(Ω) +
t
l∞

∥γ(1)∥2L2(Ω)

)) =: C(1)
e1 (t). (13)

and

∥w(1)
h (t)∥2e2 ≤

(
2∥w(1)

0h ∥
2
DG + c∞∥w(1)

0h ∥
4
L4(Ω) + t∥γ(1)∥2L2(Ω) + l∞

∫ t

0

C(1)
e1 (τ) dτ

)
e
2q2∞C4

GN4

∫ t

0

C(1)
e1 (τ) dτ

, (14)

for t ∈ (0, t̂) such that the nondegeneracy condition holds:(
e3l∞ t̂ − 1

)(
∥w(1)

0h ∥
2
L2(Ω) +

t̂

l∞
∥γ(1)∥2L2(Ω)

)
<

3l∞
2q2∞C6

GN3

.

Proof. Proof of equation (13). Let us start by taking into account the first block of equations of problem (2). With

this purpose we take as test function vh = [w
(1)
h ,0]T with w

(1)
h = [w1h, . . . , wn1h]

T and integrate in time between 0 and t:∫ t

0

(
(ẇ

(1)
h ,w

(1)
h ) + A1(w

(1)
h ,w

(1)
h )
)
dτ =

∫ t

0

(
(L(1,1) + (Q(1,1,1) + C(1,1,1,1)w

(1)
h )w

(1)
h )w

(1)
h + γ(1),w

(1)
h

)
dτ.

Then, we can use the L∞-bounds of the tensors L and Q to bound the RHS

((L(1,1)+Q(1,1,1)w
(1)
h )w

(1)
h + γ(1),w

(1)
h ) ≤ l∞∥w(1)

h ∥2L2(Ω) + q∞∥w(1)
h ∥3L3(Ω) + ∥γ(1)∥L2(Ω)∥w

(1)
h ∥L2(Ω).

Then we can integrate by parts (ẇ
(1)
h ,w

(1)
h ) and use Assumption 1 and Proposition 1 to bound from below the LHS

∥w(1)
h (t)∥2L2(Ω)+

∫ t

0

∥w(1)
h (τ)∥2DG + 2

n1∑
j=1

c
(1)
j ∥w(1)

jh (τ)∥4L4(Ω)

 dτ

≤∥w(1)
0h ∥

2
L2(Ω) +

∫ t

0

(
(2l∞ + ε−1

γ )∥w(1)
h (τ)∥2L2(Ω) + 2q∞∥w(1)

h (τ)∥3L3(Ω) + εγ∥γ(1)∥2L2(Ω)

)
dτ.

Then, we use the inequality (10), with p = 3 and α = 3. We subtract the DG-norm on the LHS, choosing to simplify
εγ = 1/l∞ and ε3,3 = 1/

√
2q∞. Then we obtain

∥w(1)
h (t)∥2e1 =∥w(1)

h (t)∥2L2(Ω) +

∫ t

0

1

2
∥w(1)

h (τ)∥2DG + 2

n1∑
j=1

c
(1)
j ∥w(1)

jh (τ)∥4L4(Ω)

dτ

≤∥w(1)
0h ∥

2
L2(Ω) +

t

l∞
∥γ(1)∥2L2(Ω) + 3l∞

∫ t

0

∥w(1)
h (τ)∥2L2(Ω)dτ + 2q2∞C6

GN3

∫ t

0

∥w(1)
h (τ)∥4L2(Ω)dτ,

where we used the energy functional defined in (12a). Finally, using the Perov inequality in Proposition 4, we obtain the
estimate in equation (13).

Proof of equation (14). Take vh = [ẇ
(1)
h ,0]T in the first block and integrate over (0, t). Since A1 is symmetric,∫ t

0

A1

(
w

(1)
h (τ), ẇ

(1)
h (τ)

)
dτ =

1

2
A1

(
w

(1)
h (t),w

(1)
h (t)

)
− 1

2
A1

(
w

(1)
0h ,w

(1)
0h

)
.

8



We estimate the linear and forcing terms by Young’s inequality:

l∞∥w(1)
h ∥L2(Ω)∥ẇ

(1)
h ∥L2(Ω) ≤

1

4
∥ẇ(1)

h ∥2L2(Ω) + l2∞∥w(1)
h ∥2L2(Ω),

∥γ(1)∥L2(Ω)∥ẇ
(1)
h ∥L2(Ω) ≤

1

4
∥ẇ(1)

h ∥2L2(Ω) + ∥γ(1)∥2L2(Ω).

Moreover, Hölder’s and Young’s inequalities yield∣∣∣((Q(1,1,1)w
(1)
h )w

(1)
h , ẇ

(1)
h

)∣∣∣ ≤ 1

2
∥ẇ(1)

h ∥2L2(Ω) + q2∞
1

2
∥w(1)

h ∥4L4(Ω)

≤ 1

2
∥ẇ(1)

h ∥2L2(Ω) +
1

2
q2∞C4

GN4
∥w(1)

h ∥2DG∥w
(1)
h ∥2L2(Ω).

Using Assumption 1, coercivity, and continuity, we infer

∥w(1)
h (t)∥2e2 :=

1

4
∥w(1)

h (t)∥2DG +

n1∑
j=1

c
(1)
j ∥w(1)

jh (t)∥4L4(Ω) +
1

2

∫ t

0

∥ẇ(1)
h (τ)∥2L2(Ω) dτ

≤ 2∥w(1)
0h ∥

2
DG + c∞∥w(1)

0h ∥
4
L4(Ω) + t∥γ(1)∥2L2(Ω) + l2∞

∫ t

0

∥w(1)
h (τ)∥2L2(Ω) dτ

+
1

2
q2∞C4

GN4

∫ t

0

∥w(1)
h (τ)∥2DG∥w

(1)
h (τ)∥2L2(Ω) dτ,

where we used the energy functional defined in (12b). Using ∥w(1)
h (τ)∥2L2(Ω) ≤ C

(1)
e1 (τ) together with ∥w(1)

h (τ)∥2DG ≤
4∥w(1)

h (τ)∥2e2 , we obtain

∥w(1)
h (t)∥2e2 ≤ 2∥w(1)

0h ∥
2
DG + c∞∥w(1)

0h ∥
4
L4(Ω) + t∥γ(1)∥2L2(Ω) + l2∞

∫ t

0

C(1)
e1 (τ) dτ + 2q2∞C4

GN4

∫ t

0

C(1)
e1 (τ)∥w(1)

h (τ)∥2e2 dτ.

Gronwall’s inequality yields (14).

Remark 2. An extension to d = 3 can be obtained by adapting the Gagliardo–Nirenberg exponents and imposing the
corresponding admissibility conditions on the Lebesgue exponents. We do not pursue this extension here. For an application
in d = 3 to the Fisher–Kolmogorov model, we refer to [15].

Remark 3. We emphasize that Theorem 1 is already a result of independent interest, beyond its role as the base case of the
induction leading to Theorem 2. Indeed, the first block of the system (1) reduces to a general nonlinear reaction–diffusion
system with purely quadratic interactions. This general model contains, as particular cases, several classical models in
mathematical biology and physical chemistry, such as: (i) Smoluchowski-type coagulation models without secondary nucle-
ation [4]; (ii) reaction–diffusion Lotka–Volterra systems for competing or predator–prey populations [1]; (iii) mass-action
chemical kinetics systems with bimolecular reactions [3]; and (iv) epidemic models with spatial diffusion [2]. Theorem 1
therefore provides, as a byproduct, an L2- and DG-norm stability result for the semi-discrete PolyDG approximation of
this whole class of models.

Theorem 2 (Stability result for the p-th block of populations). Let d = 2, and let Assumptions 1 and 2 hold. Let
wh(t) ∈ WDG

h be the solution to problem (6). Assume that the stability parameters ηl, defined in (4), are chosen sufficiently
large. Then, for t ∈ (0, t̂p),

∥w(p)
h (t)∥2e1 ≤

(
∥w(p)

0h ∥2L2(Ω) +
t
l∞

∥γ(p)∥2L2(Ω) +K
(p)
1 (t)

)
eβ

(p)(0,t)[
1− 2

(
∥w(p)

0h ∥2L2(Ω) +
t
l∞

∥γ(p)∥2L2(Ω) +K
(p)
1 (t)

)2 ∫ t

0

(
2q2∞C6

GN3
+K

(p)
3 (τ)

)
e2(β

(p)(τ,t)) dτ

] 1
2

=: C(p)
e1 (t),

(15)

where β(p)(t1, t2) := 3l∞(t2 − t1) +
∫ t2
t1

K
(p)
2 (τ) dτ and the K

(p)
j terms are defined as in (23). The estimate holds provided

that

2

(
∥w(p)

0h ∥
2
L2(Ω) +

t

l∞
∥γ(p)∥2L2(Ω) +K

(p)
1 (t̂p)

)2 ∫ t̂p

0

(
2q2∞C6

GN3
+K

(p)
3 (τ)

)
e2(β

(p)(τ,t̂p)) dτ < 1.
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Moreover, the following estimate holds for t ∈ (0, t∗p)

∥w(p)
h (t)∥2e2 ≤

a(p)(t) exp

(∫ t

0

D
(p)
2 (τ) dτ

)
1− a(p)(t)

∫ t

0

(
6q∞C4

E4
+D

(p)
3 (τ)

)
exp

(∫ τ

0

D
(p)
2 (ξ)dξ

)
dτ

, (16)

with

a(p)(t) := 2∥w(p)
0h ∥

2
DG + c∞∥w(p)

0h ∥
4
L4(Ω) + 6t∥γ(p)∥2L2(Ω) +

∫ t

0

6l∞C(p)
e1 (τ) dτ +D

(p)
1 (t),

provided that the following non-degeneracy condition holds(
2∥w(p)

0h ∥
2
DG + 6t∥γ(p)∥2L2(Ω) +

∫ t∗p

0

6l∞C(p)
e1 (τ) dτ +D

(p)
1 (t∗p)

)∫ t∗p

0

(
6q∞C4

E4
+D

(p)
3 (τ)

)
e
∫ τ
0

D
(p)
2 (ξ) dξdτ < 1,

and with the D
(p)
j coefficients as in (24).

Proof. Now, we prove the induction step on the population p, assuming that the estimates for the previous p − 1 blocks
have already been proved.

Proof of equation (15). First, we take as test function vh = [0,w
(p)
h ,0]T and integrate in time between 0 and t :∫ t

0

(
(ẇ

(p)
h (τ),w

(p)
h (τ)) + Ap(w

(p)
h (τ),w

(p)
h (τ))

)
dτ

≤
∫ t

0

(
(L(p,p) + (Q(p,p,p) + C(p,p,p,p)w

(p)
h (τ))w

(p)
h (τ))w

(p)
h (τ) + γ(p),w

(p)
h (τ)

)
dτ

+

∫ t

0

p−1∑
q=1

(
l∞∥w(q)

h (τ)∥L2(Ω)∥w
(p)
h (τ)∥L2(Ω) + q∞∥w(q)

h (τ)∥L3(Ω)∥w
(p)
h (τ)∥2L3(Ω) + c∞∥w(q)

h (τ)∥L4(Ω)∥w
(p)
h (τ)∥3L4(Ω)

)
dτ

+

∫ t

0

p−1∑
q,s=1

(
q∞∥w(s)

h (τ)∥L3(Ω)∥w
(q)
h (τ)∥L3(Ω)∥w

(p)
h (τ)∥L3(Ω) + c∞∥w(s)

h (τ)∥L4(Ω)∥w
(q)
h (τ)∥L4(Ω)∥w

(p)
h (τ)∥2L4(Ω)

)
dτ

+

∫ t

0

p−1∑
q,s,r=1

(
c∞∥w(r)

h (τ)∥L4(Ω)∥w
(s)
h (τ)∥L4(Ω)∥w

(q)
h (τ)∥L4(Ω)∥w

(p)
h (τ)∥L4(Ω)

)
dτ.

Using the previous steps of the induction and repeating the steps of the proof of equation (13), we obtain

∥w(p)
h (t)∥2L2(Ω) +

∫ t

0

1

2
∥w(p)

h (τ)∥2DG + 2

np∑
j=1

c
(p)
j ∥w(p)

jh (τ)∥4L4(Ω)

 dτ

≤ ∥w(p)
0h ∥

2
L2(Ω) +

t

l∞
∥γ(p)∥2L2(Ω) + 3l∞

∫ t

0

∥w(p)
h (τ)∥2L2(Ω)dτ + 2q2∞C6

GN3

∫ t

0

∥w(p)
h (τ)∥4L2(Ω)dτ

+

∫ t

0

p−1∑
q=1

(
l∞

√
C

(q)
e1 (τ)∥w(p)

h (τ)∥L2(Ω) + 2q∞

√
C

(q)
e2 (τ)CE3∥w

(p)
h (τ)∥2L3(Ω) + 2c∞

√
C

(q)
e2 (τ)CE4∥w

(p)
h (τ)∥3L4(Ω)

)
dτ

+

∫ t

0

p−1∑
q,s=1

(
4q∞

√
C

(q)
e2 (τ)C

(s)
e2 (τ)C2

E3
∥w(p)

h (τ)∥L3(Ω) + 4c∞

√
C

(q)
e2 (τ)C

(s)
e2 (τ)C2

E4
∥w(p)

h (τ)∥2L4(Ω)

)
dτ

+

∫ t

0

(
p−1∑

q,s,r=1

8c∞

√
C

(q)
e2 (τ)C

(s)
e2 (τ)C

(r)
e2 (τ)C3

E4
∥w(p)

h (τ)∥L4(Ω)

)
dτ,

where CEk
is the Sobolev-Poincaré embedding [20, Theorem 6.5] constant for the Lk(Ω) space. By applying the inequality

(10) to the terms involving the L3(Ω) and L4(Ω) norms of w
(p)
h , with the parameters εp,α chosen so that each contribution
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involving ∥w(p)
h ∥2DG is equal to 1

10∥w
(p)
h ∥2DG, we obtain

∥w(p)
h (t)∥2e1 ≤∥w(p)

0h ∥
2
L2(Ω) +

t

l∞
∥γ(p)∥2L2(Ω) + 3l∞

∫ t

0

∥w(p)
h (τ)∥2L2(Ω)dτ + 2q2∞C6

GN3

∫ t

0

∥w(p)
h (τ)∥4L2(Ω)dτ (17)

+

∫ t

0

(
A

(p)
2,1(τ)∥w

(p)
h (τ)∥L2(Ω) + (A

(p)
3,2(τ) +A

(p)
4,2(τ))∥w

(p)
h (τ)∥2L2(Ω) +A

(p)
4,3(τ)∥w

(p)
h (τ)∥6L2(Ω)

)
dτ

+

∫ t

0

(
A

(p)
3,1(τ)∥w

(p)
h (τ)∥

4
5

L2(Ω) +A
(p)
4,1(τ)∥w

(p)
h (τ)∥

2
3

L2(Ω)

)
dτ.

Here, the non-negative functions A
(p)
k,α are defined as in Equation (22). Now, to handle the subquadratic terms, we notice

that xβ ≤ (1− β
2 )(

β
2 )

β
2−β +x2 for every β ∈ (0, 1]. On the other hand we observe that x4 ≤ 4/27+x6 for all x ∈ R. Using

them in (17), we derive

∥w(p)
h (t)∥2e1 ≤∥w(p)

0h ∥
2
L2(Ω) +

t

l∞
∥γ(p)∥2L2(Ω) +K

(p)
1 (t) +

∫ t

0

(3l∞ +K
(p)
2 (τ))∥w(p)

h (τ)∥2L2(Ω)dτ

+

∫ t

0

(2q2∞C6
GN3

+K
(p)
3 (τ))∥w(p)

h (τ)∥6L2(Ω)dτ,

where, we define the functions K
(p)
1 (t), K

(p)
2 (t), K

(p)
3 (t) as in (23) such that they collect the quantities connected with the

interaction of the p-th population with the previous blocks. The thesis follows from the application of Perov’s inequality
in Proposition 4.

Proof of equation (16). Take vh = [0, ẇ
(p)
h ,0]T in the p-th block and integrate over (0, t). Since Ap is symmetric,∫ t

0

Ap

(
w

(p)
h (τ), ẇ

(p)
h (τ)

)
dτ =

1

2
Ap

(
w

(p)
h (t),w

(p)
h (t)

)
− 1

2
Ap

(
w

(p)
0h ,w

(p)
0h

)
.

Proceeding as in the proof of the first block and using the Hölder and Young’s inequalities on the reaction terms we obtain∫ t

0

1

2
∥ẇ(p)

h (τ)∥2L2(Ω)dτ +
1

2
Ap

(
w

(p)
h (t),w

(p)
h (t)

)
+

np∑
j=1

c
(p)
j ∥w(p)

jh (t)∥4L4(Ω)

≤ 1

2
Ap

(
w

(p)
0h ,w

(p)
0h

)
+

∫ t

0

(
6l∞∥w(p)

h (τ)∥2L2(Ω) + 6q∞∥w(p)
h (τ)∥4L4(Ω) + 6∥γ(p)∥2L2(Ω)

)
dτ

+

∫ t

0

p−1∑
q=1

(
6l2∞∥w(q)

h (τ)∥2L2(Ω) + 6q2∞∥w(q)
h (τ)∥2L4(Ω)∥w

(p)
h (τ)∥2L4(Ω) + 6c2∞∥w(q)

h (τ)∥2L4(Ω)∥w
(p)
h (τ)∥4L8(Ω)

)
dτ

+

∫ t

0

p−1∑
q,s=1

(
4q2∞∥w(s)

h (τ)∥2L4(Ω)∥w
(q)
h (τ)∥2L4(Ω) + 4c2∞∥w(s)

h (τ)∥2L8(Ω)∥w
(q)
h (τ)∥2L8(Ω)∥w

(p)
h (τ)∥2L4(Ω)

)
dτ

+

∫ t

0

p−1∑
q,s,r=1

2c2∞∥w(r)
h (τ)∥2L6(Ω)∥w

(s)
h (τ)∥2L6(Ω)∥w

(q)
h (τ)∥2L6(Ω)dτ.

Using Assumption 1, coercivity, and continuity, the estimates of the previous p − 1 blocks, and the Sobolev-Poincaré
inequality [20, Theorem 6.5], we derive

∥w(p)
h (t)∥2e2 ≤ 2∥w(p)

0h ∥
2
DG + c∞∥w(p)

0h ∥
4
L4(Ω) + 6t∥γ(p)∥2L2(Ω) +

∫ t

0

6l∞C(p)
e1 (τ)dτ +D

(p)
1 (t)

+

∫ t

0

D
(p)
2 (τ)∥w(p)

h (τ)∥2e2dτ +

∫ t

0

(
6q∞C2

E4
+D

(p)
3 (τ)

)
∥w(p)

h (τ)∥4e2dτ.

where we exploit the definition of ∥·∥e2 and the functions D
(p)
1 (t), D

(p)
2 (t), D

(p)
3 (t) are defined as in (24). The thesis follows

from the application of the Perov inequality in Proposition 4.

Remark 4. The proof of Theorem 2 cannot be trivially extended to the three-dimensional case d = 3. The obstruction
arises because in three dimensions the critical Sobolev exponent is 6, so that H1(Ω) ↪→ Lq(Ω) only holds for q ∈ [2, 6], and
H1(Ω) ̸↪→ L8(Ω).

11



Remark 5 (Dependence on previous blocks). We emphasize that both stability estimates in Theorem 2 for the p-th block
are not self-contained, but depend explicitly on the stability estimates of all the previous p−1 blocks. The same cumulative

dependence affects the time of degeneracy of the estimates. Both the definitions of t̂p and t∗p involve the functions K
(p)
i

and D
(p)
i , then the admissible time interval for the p-th block is, in general, no larger than that of every previous block.

This reflects the hierarchical nature of the block structure introduced in Assumption 1: instabilities or blow-up phenomena
occurring in an early block of the hierarchy necessarily propagate to, and restrict the validity horizon of, all higher blocks
that interact with it, then we have that minp=1,...,pM

{t̂p, t∗p} = t∗pM
.

Remark 6 (Existence and uniqueness of the discrete solution). Since WDG
h has finite dimension, problem (6) is equivalent,

upon choosing a basis, to a system of ODEs with polynomial (hence locally Lipschitz) right-hand side. By the Cauchy–
Lipschitz theorem, this system admits a unique local-in-time solution wh ∈ C1([0, τ);WDG

h ) for some τ > 0, which can be
extended to a maximal interval [0, Tmax). The a priori estimates of Theorems 1 and 2 rule out this blow-up scenario on
the respective intervals of validity, so that the unique discrete solution wh(t) is guaranteed to exist on (0, t∗pM

).

5 Error analysis of the semi-discrete formulation

In this section, we discuss the a priori error estimates for the solution of the semi-discrete problem in (6). First of all, we
introduce the additional norm defined as

|||u|||2DG = ∥u∥2DG + ∥η−1/2{{D : ∇hu}}δ∥2L2(F I
h∪FD

h ), ∀u ∈ H2(Th). (18)

To extend the bilinear forms of (5) to the space of continuous solutions we need further regularity requirements. We
assume element-wise H2-regularity of the solution concentration together with the continuity of the flow across the
interfaces F ∈ F I

h for all time t ∈ (0, T ]. Moreover, the following continuity result holds.

Proposition 5 (Continuity). The bilinear form A , defined in Eq. (5), is continuous, namely it satisfies

|A (u,vh)| ≤ 2|||u|||DG∥vh∥DG ∀u ∈ H2(Th),vh ∈ WDG
h .

Proof. The proof is the same of Proposition 2, but neglecting the inverse trace inequality on the u, for which it does not
hold in principle.

Finally, we introduce the interpolant wI ∈ WDG
h of the solution of the continuous formulation (3) defined as in [24, 20].

Proposition 6 (Interpolation result [24]). Let K ∈ Th and assumption 2 be fulfilled. Let uI ∈ WDG
h be the interpolant

of a function u ∈ Hν(Th) for ν ≥ 2. Then the following estimate holds provided that η̃ is large enough:

|||u− uI|||2DG ≤
∑

K∈Th

CI
h
2min{ℓ+1,ν}−2
K

ℓν−2
∥u∥2Hν(K)

In this section, we assume that w0h = wI(0) ∈ WDG
h . Now, we are ready to state the a priori estimate.

Theorem 3 (A priori error estimate). Let us consider problem (3) and its solution w ∈ C1((0, T ];Hν(Ω)) for ν ≥ 2
and let Assumptions 1 and 2 be fulfilled. Let us assume further regularity on the initial condition w0 ∈ H1(Ω). For a
sufficiently large penalty parameter η̃, let wh be the solution of (6) for any t ∈ (0, t∗pM

], the following estimate holds:

∥w(t)−wh(t)∥2L2(Ω) +
1

2

∫ t

0

|||w(τ)−wh(τ)|||2DG dτ

≲
∑

K∈Th

h
2min{ℓ+1,ν}−2
K

(
∥w(t)∥2Hν(K) +

∫ t

0

∥w(τ)∥2Hν(K)dτ +

∫ t

0

∥ẇ(τ)∥2Hν(K)

)
exp

(∫ t

0

α(τ)dτ

)
,

where the hidden constant and α(τ) may depend on w, w0h, γ, Ω, ℓ but is independent of the discretization parameter h.

Proof. First, we subtract equation (6) from (3), using v = vh ∈ WDG
h .

(ẇ − ẇh,vh) + A (w −wh,vh) = (L(w −wh),vh) + ((Qw)w − (Qwh)wh,vh)

+ (((Cw)w)w − ((Cwh)wh)wh,vh)

12



Then we decompose the difference w −wh = (w −wI) + (wI −wh) =: −eI + eh, where wI is the interpolant defined as
in Proposition 6. Moreover, we choose vh = eh. Then, we obtain

(ėh, eh) + A (eh, eh) ≤(ėI, eh) + A (eI, eh) + l∞∥eh∥2L2(Ω) − l∞(eI, eh)

+ ((Qw)w − (Qwh)wh, eh) + (((Cw)w)w − ((Cwh)wh)wh,vh) .
(19)

Then we rewrite the nonlinear terms using the following algebraic relations to neglect the dependence on w where we
exploit the L∞(Ω)-bounds of the parameters.

|(Qw)w − (Qwh)wh| ≤ q∞(|w|+ |wh|)|w −wh| = q∞(|w|+ |wh|)|eh − eI|,
|((Cw)w)w − ((Cwh)wh)wh| ≤ c∞(|w|2 + |wh||w|+ |wh|2)|w −wh| = c∞(|w|2 + |wh||w|+ |wh|2)|eh − eI|,

Concerning the nonlinear terms, we can bound the terms using Hölder inequality, Young inequality and Equation (10):

((q∞(|w|+|wh|) + c∞(|w|2 + |wh||w|+ |wh|2))(eh − eI), eh)

≤
(
q∞(∥w∥L2(Ω) + ∥wh∥L2(Ω)) + 2c∞(∥w∥2L4(Ω) + ∥wh∥2L4(Ω))

)
∥eh∥2L4(Ω)

+
(
q∞(∥w∥L4(Ω) + ∥wh∥L4(Ω)) + 2c∞(∥w∥2L8(Ω) + ∥wh∥2L8(Ω))

)
∥eI∥L4(Ω)∥eh∥L2(Ω)

≤ 1

4
∥eh∥2DG + C4

GN4

(
q∞∥w∥L2(Ω) + q∞

√
Ce1 + 2c∞∥w∥2L4(Ω) + 8c∞CE4

Ce2

)2
∥eh∥2L2(Ω)

+
1

2

(
q∞∥w∥L4(Ω) + 4q∞

√
CE4

Ce2 + 2c∞∥w∥2L8(Ω) + 8c∞CE8
Ce2

)2
∥eI∥2L4(Ω) +

1

2
∥eh∥2L2(Ω),

where in the last step we used the stability estimates in Theorems 1 and 2 and the Sobolev-Poincaré inequality in [20].
The result is then applied to (19) integrated between (0, t) and using the estimates in Proposition 1 and 5:

∥eh(t)∥2L2(Ω) +
1

8

∫ t

0

∥eh(τ)∥2DGdτ ≤
∫ t

0

(
1

2
∥ėI(τ)∥2L2(Ω) + 8|||eI(τ)|||2DG

)
dτ

+
1

2

∫ t

0

(
l∞ + q∞∥w(τ)∥L4(Ω) + 4q∞

√
CE4

Ce2(τ) + 2c∞∥w(τ)∥2L8(Ω) + 8c∞CE8
Ce2(τ)

)2
∥eI(τ)∥2L4(Ω)dτ

+

∫ t

0

(
1 +

3l∞
2

+ C4
GN4

(
q∞∥w(τ)∥L2(Ω) + q∞

√
Ce1(τ) + 2c∞∥w(τ)∥2L4(Ω) + 8c∞CE4Ce2(τ)

)2)
∥eh(τ)∥2L2(Ω)dτ.

By Grönwall’s inequality, we obtain

∥eh(t)∥2L2(Ω) +

∫ t

0

∥eh(τ)∥2DG dτ ≤

[∫ t

0

(
4∥ėI(τ)∥2L2(Ω) + 24|||eI(τ)|||2DG

)
dτ

+

∫ t

0

4
(
q∞∥w(τ)∥L4(Ω) + 4q∞

√
CE4

Ce2(τ) + 2c∞∥w(τ)∥2L8(Ω) + 8c∞CE8
Ce2(τ)

)2
∥eI(τ)∥2L4(Ω) dτ

]

× exp

(∫ t

0

(
1 +

3l∞
2

+ C4
GN4

(
q∞∥w(τ)∥L2(Ω) + q∞

√
Ce1(τ) + 2c∞∥w(τ)∥2L4(Ω) + 8c∞CE4

Ce2(τ)
)2)

dτ

)
.

Exploiting the definition (18) for which it holds |||eh|||DG ≤ 2|||eh|||DG [25], and using the triangular inequality on w−wh

we obtain:

∥w(t)−wh(t)∥2L2(Ω) +
1

2

∫ t

0

|||w(τ)−wh(τ)|||2DG dτ ≤ ∥eI(t)∥2L2(Ω) +

∫ t

0

|||eI(τ)|||2DGdτ

+

[
4

∫ t

0

∥ėI(τ)∥2L2(Ω)dτ + 24

∫ t

0

|||eI(τ)|||2DGdτ + 4

∫ t

0

κ(τ)∥eI(τ)∥2L4(Ω) dτ

]
exp

(∫ t

0

α(τ)dτ

)
.

The thesis follows from the interpolation estimate in Proposition 6.

Remark 7. In the case of a purely quadratic nonlinearity (C = 0), Theorem 3 not only extends to the vector-valued
setting the a priori error estimate result for the Fisher–Kolmogorov equation proved in [15, Theorem 2] for the case d = 2,
but also improves it by removing the structural relations between the reaction terms and the diffusion coercivity constant.
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6 Time discretization: fully-discrete formulation

To derive the algebraic formulation of the system we introduce a suitable basis (φjk)
Nh

k=1 for each scalar component of the

space WDG
h such that nNh = dim(WDG

h ). Then, we construct a vectorial basis (Φk)
nNh

k=1 such that

Φk = [φk, 0, . . . , 0]
⊤, k = 1, . . . , Nh,

ΦNh+k = [0, φk, 0, . . . , 0]
⊤, k = 1, . . . , Nh,

and so on, so that each block of Nh basis functions corresponds to one population.
Then we rewrite the semi-discrete solution as

wh(x, t) =

nNh∑
k=1

W k(t)Φk(x),

where W (t) ∈ RnNh is the corresponding vector of expansion coefficients written in terms of the chosen basis. Moreover,
we define the matrices and vectors, for i, j = 1, . . . , nNh,

[M]ij =(Φj ,Φi), (mass matrix),

[K]ij =A (Φj ,Φi), (stiffness matrix),

[G(W (t))]j =(Ĝ(wh(t)),Φj), (nonlinear reaction vector),

[Γ]j =(γ,Φj), (forcing vector).

The resulting semi-discrete problem can be written in the abstract form{
MẆ (t) +KW (t) = G(W (t)) + Γ, t ∈ (0, T ],

W (0) =W 0.
(20)

To advance (20) in time, we adopt an implicit–explicit Runge–Kutta (IMEX–RK) time discretization, in which the
linear diffusion part is treated implicitly, while the nonlinear reaction term G(W )+Γ is treated explicitly. More precisely,
letting 0 = t0 < t1 < · · · < tNT = T with time-step ∆t, and denoting by Wm ≈ W (tm), we use an s-stage IMEX–RK
scheme of the form

Wm+1 =Wm +∆t

s∑
i=1

b̃i
(
G(W (i)) + Γ

)
−∆t

s∑
i=1

bi KW
(i),

where the internal stages W (i) are defined by a pair of Butcher tableaux (Ã, b̃) and (A, b) corresponding to a high-order
optimized IMEX–RK method, as in [14] for diffusion–reaction problems.

Remark 8. The IMEX–RK discretization is introduced for the numerical experiments; a fully discrete stability and error
analysis is beyond the scope of the present work. In all convergence studies, the time step is selected sufficiently small so
that the temporal contribution is negligible with respect to the spatial discretization error.

7 Numerical results

In this section, we present numerical experiments aimed at validating the theoretical results and illustrating the applica-
bility of the proposed framework to representative reaction–diffusion models. In Section 7.1, we consider a three-species
Lotka–Volterra competition–diffusion system with a known travelling-wave solution and verify the expected spatial con-
vergence rates. Section 7.2 addresses a manufactured two-species system featuring both self- and cross-species cubic
higher-order interactions, for which we investigate h-convergence in the dG, L2(Ω), and energy norms, as well as the be-
haviour under p-refinement. Finally, in Section 7.3, we consider a heterogeneous coupled Fisher–Kolmogorov model with
discontinuous diffusion coefficients to assess the robustness of the weighted interior penalty discretization in a qualitative
setting. The implementation of the PolyDG method is carried out within the lymph library framework [26].
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(a) Computed errors in energy norm w.r.t. the mesh size h.
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Figure 1: Test case 1: Computed errors and convergence rates w.r.t. the mesh size h.

7.1 Test case 1: Three-species competition-diffusion system

In this first test case, we consider the three-species competition-diffusion system studied in [27], for which the existence
of an analytical travelling-wave solution is proved. The problem reads:

∂w1

∂t
= ∆w1 + w1

(
1− w1 −

8

5
w2 − 2w3

)
, inΩ× (0, T ],

∂w2

∂t
= ∆w2 + w2

(
1− 19

25
w1 − w2 −

1

16
w3

)
, inΩ× (0, T ],

∂w3

∂t
= ∆w3 + w3

(
1− 18

25
w1 −

8

5
w2 − w3

)
, inΩ× (0, T ],

and is equivalent to problem (1) without cubic interactions (C = 0), setting

L = I, Qw = diag

(
−w1 −

8

5
w2 − 2w3, −

19

25
w1 − w2 −

1

16
w3, −

18

25
w1 −

8

5
w2 − w3

)
,

where I is the identity matrix. Considering suitable boundary and initial conditions, the analytical solution of this problem
is

w1 =
1

2

(
1 + tanh

(
x− σt

5

))
, w2 =

1

4

(
1− tanh

(
x− σt

5

))2

, w3 =
4

25

(
1− tanh2

(
x− σt

5

))
,

with σ = 11
10 as proved in [27]. We consider the rectangular spatial domain Ω = (−30, 30) × (0, 10) and set the final

time to T = 10−3. Dirichlet boundary conditions are prescribed by evaluating the exact solution on ∂Ω. The com-
putational domain is discretized using a sequence of polygonal meshes generated with PolyMesher [28], consisting of
Nel = 50, 100, 200, 400, 800, 1600, 3200 elements. We consider polynomial degrees ℓ = 1, 2, 3, 4. To investigate the spa-
tial convergence of the proposed method, we fix the time step to ∆t = 10−5 and employ the IMEX(4, 6)-LDp3 scheme
introduced in [14].

Figures 1a and 1b show the computed errors in the energy norm and in the L2(Ω)-norm, respectively, together with
the corresponding convergence rates. In agreement with the theoretical a priori estimates, the observed rates match the
expected orders O(hℓ) in the energy norm. Although not covered by the present analysis the optimal order O(hℓ+1) in
the L2(Ω)-norm is observed. The observed rates are already consistent with the asymptotic regime over the considered
range of mesh sizes.

Figure 2 provides a qualitative comparison between the numerical solutions obtained with polynomial degrees ℓ = 1
and ℓ = 4 on a mesh consisting of 200 polygonal elements and the exact travelling-wave solution, for each of the three
species w1, w2, and w3. Although the low-order approximation with ℓ = 1 correctly captures the overall shape and
propagation of the travelling wave, a noticeable loss of accuracy is observed in the transition region. This is particularly
evident for w3, where the enlarged view highlights a less sharp profile and small numerical oscillations. In contrast, the
approximation obtained with ℓ = 4 is visually indistinguishable from the exact solution, including in the magnified region
around the wave front. This qualitative agreement is consistent with the higher accuracy and convergence rates reported
in Figures 1a and 1b.
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Figure 2: Test case 1: Qualitative representation of the numerical solutions for ℓ = 1 (first column) and ℓ = 4 (second
column) together with the exact solution (third column) at time T = 10−3.

7.2 Test case 2: Two-species system with higher-order interaction terms

In this second test case, we consider the two-species reaction-diffusion system with higher-order terms. The problem reads:
∂w1

∂t
= ∆w1 + 2w2

1 (1− w1) , inΩ× (0, T ],

∂w2

∂t
= ∆w2 + w2 (w1 + w2)− 2w2

1w2, inΩ× (0, T ],

(21)

and is equivalent to problem (1), setting

L = 0, Qw =

(
2w1 0
0 w1 + w2

)
, (Cw)w =

(
−2w2

1 0
0 −2w2

1

)
.

where 0 is the null matrix. Considering suitable boundary and initial conditions, the analytical solution of this problem
is w1 = w2 = 0.5 (1− tanh (0.5(x− t))). The model in (21) is a manufactured example with analytical solution to study
the properties of convergence of the proposed numerical method. We employ the same computational setting as in the
previous test case, considering Ω = (−30, 30)× (0, 10), T = 10−3, and the same family of computational meshes. Dirichlet
boundary conditions are derived from the exact solution. The spatial convergence is investigated for ℓ = 1, 2, 3, 4, using
∆t = 10−5 and the IMEX(4, 6)-LDp3 scheme of [14].

Figures 3a and 3b display the computed errors in the dG and L2(Ω) norms, respectively. The observed convergence rates
agree with the expected orders, namely O(hℓ) in the dG norm and O(hℓ+1) in the L2(Ω) norm. Moreover, consistently with
the a priori estimate established in Theorem 3, Figure 3c shows that the energy functional converges with order O(hℓ).
Finally, we investigate the convergence with respect to the polynomial degree by considering ℓ = 1, . . . , 10 on a fixed
polygonal mesh consisting of 50 elements. The corresponding results are reported in Figure 3d. Although p-convergence
is not covered by the present theoretical analysis, the errors decay rapidly as the polynomial degree increases, consistently
with the smoothness of the analytical solution. This result highlights the effectiveness of high-order local polynomial
approximations for the smooth travelling-wave solution considered in this test.

This test simultaneously assesses the approximation properties of the proposed scheme in the presence of both
self-interaction and cross-species higher-order reaction terms. The agreement between the observed and predicted h-
convergence rates confirms that the cubic interaction does not compromise the optimal spatial accuracy of the method.
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(a) Computed errors in dG norm w.r.t. the mesh size h.
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(c) Computed errors in energy functional w.r.t. the mesh size h.
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Figure 3: Test case 2: Computed errors and convergence rates w.r.t. the mesh size h and polynomial degree ℓ.

7.3 Test case 3: A heterogeneous double Fisher–Kolmogorov system

As a final test case, we consider a system of two coupled Fisher–Kolmogorov equations:
∂w1

∂t
= ∇ · (µ∇w1) + w1 (1− w1) , inΩ× (0, T ],

∂w2

∂t
= ∇ · (µ∇w2) + (1 + w1)w2 (1− w2) , inΩ× (0, T ].

This system has been used, for instance, to model the spreading of prion-like proteins in Alzheimer’s disease; see [29].
We consider the square domain Ω = (−1, 1)2 and the final time T = 36. Homogeneous Neumann boundary conditions

are imposed on ∂Ω. The computational domain is discretized by a polygonal mesh consisting of 2500 elements, generated
with PolyMesher [28]. The spatial discretization employs polynomial degree ℓ = 4, while time integration is performed
with the fourth-order IMEX(4, 6)-LDp3 scheme introduced in [14], using the time step ∆t = 10−1.

To assess the robustness of the SWIP method in the presence of heterogeneous diffusion, we prescribe the discontinuous
diffusion coefficient

µ(x, y) =

{
5× 10−3, x < 0,

5× 10−4, x ≥ 0.

Finally, to investigate the effect of the first population w1 on the growth of the second population w2, we prescribe the
initial conditions

w1,0(x, y) = 0.2 exp
(
−100

(
(x− 0.5)2 + (y + 0.5)2

))
+ 0.2 exp

(
−100

(
(x+ 0.5)2 + (y + 0.5)2

))
,

w2,0(x, y) = 0.5 exp
(
−100

(
x2 + y2

))
,
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Figure 4: Test case 3: Qualitative representation of the numerical solutions for w1h (first row) and w2h (second row) for
a sequence of time snapshots t = 0, 5, 10, 15, 20.

reported in Figure 4 (first column).
Figure 4 illustrates the evolution of the two populations at t = 0, 5, 10, 15, and 20. Initially, w1 consists of two localized

concentrations in the lower part of the domain, whereas w2 is concentrated around the center. The different diffusion
coefficients across the interface x = 0 produce visibly asymmetric propagation: the population fronts advance more rapidly
in the left subdomain, where µ is 10 times larger than in the right subdomain. The sharp transition layers across the
discontinuity of the diffusion coefficient are resolved without visible spurious oscillations due to the robustness provided
by the SWIP discretization method.

The lower and upper portions of the domain act as two distinct local regimes for the evolution of w2. In the lower region,
the presence of the initially localized w1 concentrations modifies the reaction dynamics of w2 through the coupling factor
(1+w1), whereas the upper region is initially characterized by the standard Fisher–Kolmogorov kinetics. The interaction
factor (1 + w1) modifies the local Fisher–Kolmogorov dynamics of w2 in regions occupied by w1. Its expansion contains
the cubic contribution −w1w

2
2, which provides a density-dependent saturation mechanism. The snapshots illustrate the

qualitative effect of the full coupled reaction dynamics in the presence of discontinuous diffusion.

8 Conclusions

In this work, we introduced and analyzed a weighted discontinuous Galerkin method for hierarchically coupled nonlinear
reaction–diffusion systems with linear, quadratic, and cubic reaction terms. A dissipative diagonal structure is assumed
for the intra-block cubic interactions, providing the key mechanism for controlling the nonlinear reaction contributions.
The proposed framework accommodates multiple interacting populations and heterogeneous, possibly discontinuous or
anisotropic, diffusion tensors on general polygonal meshes.

The spatial discretization is based on a weighted symmetric interior penalty formulation, for which we establish
coercivity and continuity of the discrete diffusion bilinear form. We then derive local-in-time stability estimates for
the semi-discrete problem through a recursive argument along the hierarchy of population blocks. In particular, the
stability bounds for each block depend explicitly on the estimates obtained for the preceding blocks, consistently with
the one-way coupling structure of the model. Moreover, an a priori error estimate in a combined L2(Ω)–dG energy norm
is proved for sufficiently regular solutions. The numerical experiments support the theoretical results, confirming the
expected convergence behaviour for both classical and higher-order reaction–diffusion systems. Moreover, the coupled
Fisher–Kolmogorov test with discontinuous diffusion coefficients illustrates the robustness of the weighted interior penalty
formulation in the presence of heterogeneous diffusion and nonlinear inter-population coupling.

Extending the analysis to three spatial dimensions remains an open challenge, since the present proof relies on Sobolev
embeddings that do not provide the required control of the higher Lebesgue norms arising from cubic reaction terms.
Several further directions warrant investigation. A fully discrete stability and error analysis for the IMEX–Runge–Kutta
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time discretization would complement the present semi-discrete theory. Other natural developments include the design
of adaptive hp-PolyDG strategies for localized reaction fronts and heterogeneous media, as well as the application of the
proposed framework to more detailed multi-species ecological, epidemiological, and neurodegenerative-disease models.

A Recursive coefficients in the block stability estimates

This appendix collects the nonnegative coefficient functions entering the stability estimates for the p-th block. Besides
shortening the proof of Theorem 2, these definitions make explicit the recursive dependence on the stability bounds of the
preceding blocks. For p = 1, all the sums below are understood to be empty and hence equal to zero.

A.1 Coefficients for the L2-energy estimate

For p ≥ 2 and almost every t, define

A
(p)
4,3(τ) =

153

2
C12

GN4
c4∞C4

E4

p−1∑
q=1

C(q)
e2 (τ)2, A

(p)
3,2(τ) =

16
√
10

3
√
3
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(
q∞CE3

√
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(q)
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) 3
2

,
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(p)
4,2(τ) = 10C4
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e2 (τ), A
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5
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(
5
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) 1
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,

(22)
These functions collect the terms produced by the Gagliardo–Nirenberg and Young inequalities in the proof of the first
estimate of Theorem 2. We then set

K
(p)
1 (t) :=

8

27
q2∞C6

GN,3t+

∫ t

0

[
1
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3 3
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dτ,
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A.2 Coefficients for the higher-energy estimate

The terms depending only on the preceding blocks are collected in

D
(p)
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∫ t

0
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(24)

The functions in (23) and (24) are nonnegative and depend only on the already controlled blocks 1, . . . , p−1. Hence, they
are known at the pth step of the recursive argument.
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