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Abstract

QUBO formulation provides a natural route to address topology optimization of contin-
uum structures with classical heuristic, quantum-inspired, and quantum annealing solvers.
Their practical applicability, however, is still limited by the number of binary variables that
can be handled, especially on near-term quantum hardware. In this work, we tackle this bot-
tleneck by proposing QUBOSIMPATY algorithm which combines a QUBO formulation of
the SIMP minimum compliance problem with anisotropic recovery-based mesh adaptation,
enriched with metric-based complexity control. Specifically, we exploit anisotropic mesh
adaptation to reduce the number of density degrees of freedom, while retaining directional
resolution along the sharp material-void interfaces that characterize optimized layouts. A
metric rescaling procedure is applied to prescribe the number of mesh vertices, and hence
the number of binary variables, so as to comply with the severe size constraints imposed by
quantum annealing hardware. Numerical tests in two and three dimensions are carried out
with classical QUBO heuristics, including simulated annealing and tabu search. Moreover,
a proof-of-concept experiment is performed on quantum annealing hardware. The results
show that the proposed strategy improves the suppression of intermediate densities while
keeping the optimization problem within the admissible size range.

1 Introduction

Topology optimization is a rigorous mathematical framework for the optimal distribution of
material within a prescribed design domain, subject to governing physical laws, boundary con-
ditions, loads, and design constraints [1]. In structural mechanics, one of the most representative
formulations is the minimum compliance problem, where the goal is to maximize stiffness,
or equivalently minimize compliance, under a constraint on the available material volume.



This paradigm has become a standard tool for the design of lightweight and high-performance
structures, with applications ranging from mechanical and aerospace engineering to additive
manufacturing and sustainable product design [2, 3].
In most computational settings, topology optimization is addressed through density-based meth-
ods. Among them, the solid isotropic material with penalization (SIMP) approach is arguably
one of the most widely used strategies [4, 1, 5]. In SIMP, the original binary material-void
formulation is relaxed by introducing a fictitious density variable, which interpolates between
absence and presence of material and allows one to exploit continuous optimization techniques.
The resulting optimization problem is typically solved by gradient-based methods, coupled with
a finite element discretization of the governing elasticity equations. This combination has proved
extremely effective, but the underlying problem remains, at its core, a discrete design problem.
Indeed, after discretization of the design domain, each element or degree of freedom is associated
with the binary choice of placing material or void. From this viewpoint, topology optimization
can be interpreted as a nonlinear mixed 0-1 optimization problem. This observation has motivated
several attempts to address topology optimization through genuinely discrete or combinatorial
formulations, including alternative density interpolation schemes [6] and decomposition-based
methods for the direct treatment of the binary problem [7].
In the context of combinatorial optimizations, the quadratic unconstrained binary optimization
(QUBO) model has emerged as a particularly relevant formulation [8]. Many classical com-
binatorial problems, such as maximum cut and graph coloring, can be reformulated in QUBO
form [9], which consists in minimizing a quadratic objective function over binary variables and
is known to be NP-hard. A further reason for the current interest in QUBO formulations is their
formal equivalence to Ising models from statistical physics. This equivalence provides a direct
connection between binary optimization and spin systems, making QUBO problems naturally
amenable to quantum annealing, quantum-inspired methods, and specialized classical heuristics.
The use of QUBO and quantum-compatible formulations in computational mechanics is
an active research direction, with topology optimization representing a particularly appealing
benchmark setting (see, e.g., [10, 11]). Indeed, the presence of many local minima, together
with the binary nature of the ideal material distribution, makes topology optimization a natural
candidate for combinatorial approaches. Recent works have investigated QUBO or quantum-
annealing strategies for topology optimization along different directions [12, 13, 14, 15]. For
instance, some methods introduce binary design updates within a SIMP-like optimization loop,
thus replacing the continuous update step by the solution of a QUBO subproblem. Other
approaches avoid the standard SIMP sensitivity-analysis framework and formulate the design
variables directly in binary form. Splitting or decomposition strategies have also been considered,
where the original topology optimization problem is recast as a sequence of smaller mixed-integer
or binary optimization problems amenable to QUBO-based or quantum-annealing solvers.
Regardless of the specific strategy adopted, a common bottleneck is the growth of the number of
binary variables with the discretization size, typically arising in application contexts. This issue
is particularly critical for near-term quantum devices, where the number of available qubits and
the hardware connectivity impose severe restrictions on the admissible problem size [16, 17]. In
topology optimization, this limitation has a direct impact on the design process, since the binary
variables are associated with the design degrees of freedom. Working with too few variables



may compromise the ability to resolve relevant structural features, such as thin members, holes,
or sharp material-void interfaces, ultimately affecting both the quality and the reliability of the
optimized layout. Thus, controlling the number of design degrees of freedom becomes a key
requirement to make QUBO formulations compatible with current solvers, especially from a
quantum-computing perspective, without excessively degrading the expressive capability of the
design space.

This work addresses this issue by exploiting anisotropic mesh adaptation as a complexity-
control tool for QUBO-based topology optimization. Anisotropic adaptation has long been used
to improve finite element accuracy by modifying the size, orientation, and shape of mesh ele-
ments according to the directional features of the numerical solution [18, 19, 20, 21, 22, 23, 24,
25, 26, 27, 28, 29]. This is particularly relevant in topology optimization, where optimized lay-
outs typically exhibit sharp material-void interfaces. This feature is exploited in the SIMPATY
algorithm [27, 30, 31], which combines the SIMP method with anisotropic mesh adaptation.
Indeed, by aligning stretched elements with such interfaces, anisotropic meshes can preserve an
accurate description of the design while reducing the number of density degrees of freedom. In
the present setting, this classical property takes on a quantum-oriented role: since each density
degree of freedom is associated with a binary variable in the QUBO formulation, reducing the
design complexity makes the resulting optimization problem more compatible with the limited
problem sizes currently accessible to quantum-computing hardware.

To match this goal, we set a two-phase process. First, we recast the SIMP minimum compliance
problem into a QUBO framework, while retaining the information provided by the standard
compliance sensitivities. This is motivated by the fact that sensitivity information is inexpensive
to compute in density-based topology optimization and plays a key role in avoiding the slow
convergence often observed in non-gradient approaches [32]. Second, we introduce anisotropic
recovery-based mesh adaptation, combined with a metric rescaling strategy, as a complexity-
control mechanism for QUBO-based topology optimization. The metric rescaling allows one to
prescribe or bound the number of mesh vertices, and hence the number of binary variables, so
that the generated QUBO instances remain compatible with the admissible problem size of the
selected solver.

The resulting algorithm, named QUBOSIMPATY, combines SIMP-based topology optimization,
additive binary density updates, QUBO solvers, anisotropic mesh adaptation, and metric-based
complexity control. The QUBO subproblems can be solved by different classes of samplers,
including classical heuristics such as simulated annealing and tabu search, as well as quantum
annealing. Numerical experiments in two and three dimensions are used to assess the proposed
formulation and to compare the resulting designs with those obtained by standard topology op-
timization procedures. A proof-of-concept experiment on D-Wave quantum annealing hardware
is also included to validate the overall pipeline in a real quantum computing setting.

The paper is organized as follows. Section 2 recalls the basic QUBO formulation and the main
classes of solvers considered in this work, including classical heuristics and quantum annealing.
Section 3 introduces the SIMP minimum compliance problem, while in section 4 we derive the
associate QUBO formulation. Section 5 presents the anisotropic mesh adaptation strategy, the
metric rescaling procedure used to control the number of design degrees of freedom, and the
overall QUBOSIMPATY algorithm. Section 6 reports numerical experiments on benchmark test



cases, while section 7 summarizes the main findings and discusses future research directions.

2 Background on Ising and QUBO models

The Ising model is a mathematical framework for magnetism in statistical mechanics [33, 34],
which describes a lattice of N spin variables, interacting with an external magnetic field and with
neighboring sites. The energy of the system is represented by the classical Ising Hamiltonian,

H,, defined as
N N N
Hp(slw--,sN):_Zhisi_Z Z Jijsisj, (D
i=1

i=1 j=i+1

where s; € {—1, +1} is the i—th spin variable, h; € R represents the magnetic field interaction
exerted on s;, and J;; € R is the interaction strength between s; and s;, fori,j = 1,...,N. To
rewrite H), in its quantum counterpart on the Hilbert space H = (C%)®N of an N-qubit system,
as is customary in the quantum optimization literature, each classical spin variable s; is replaced
by the Pauli-z operator o; .. This commutes Hamiltonian H/, into

N N N
Hp :_Zhio-i’z_z Z Jijo-i,za-j,z~
i=1

i=1 j=i+l

The ground state of H p corresponds to a spin assignment attaining the minimum classical
energy in (1). Computing ground states of Ising Hamiltonians is relevant in several applications,
including Max-Cut problems, where nodes are partitioned so as to maximize the weight of
cut edges; satisfiability problems, where one seeks a Boolean assignment satisfying a set of
logical constraints; and scheduling tasks, where resources or operations must be arranged under
prescribed constraints [9, 8, 35, 36].

The minimization of (1) can be reformulated into a QUBO form through the variable trans-
formation x; = (1 + s;)/2, where x; € {0, 1} is a binary variable. More in detail, QUBO is an
unconstrained combinatorial optimization problem defined as the minimization of a quadratic
objective function f, given by

. . T
min X) = mimn X X,
xe{O,l}Nf( ) xe{0,1}N Q @)

where X = [x1,...,xy]7 € {0,1}" is a vector of binary variables and Q is a square upper
triangular! real matrix of order N, with generic entry [Q];. j = qij. Using the identity x; = x% for
binary variables, the objective function can be decomposed into linear and quadratic contributions

as
N

N N
min X) = min X+ x|, 3
xe{0.1}V f( ) xe{0.1}V iZQn i Z Z qijXiXj ( )

=1 i=1 j=i+l

!Other equivalent formulations rely on a symmetric matrix Q, which may provide computational advantages in
the solution of the minimization problem [37].



this representing the well-known QUBO formulation.

The QUBO problem is widely used in scheduling, routing, finance, machine learning and nu-
merical quantum computing [38, 39, 40, 41]. In its general form, QUBO is NP-hard and no
polynomial-time algorithm is known for solving it efficiently [37]. Consequently, practical ap-
proaches typically rely on high-quality approximate solutions. These methods can be broadly
divided into classical heuristics and quantum or quantum-inspired algorithms.

While quantum computing offers a promising route for tackling QUBO problems [42], current
near-term devices still impose severe limitations in terms of available qubits and connectivity.
For instance, recent advances in simulating spin-glass dynamics involve up to a few thousand
qubits [43], but remain constrained by the fixed topologies of the underlying quantum processors.

2.1 Classical heuristics

Classical heuristic algorithms are often the default choice for large-scale practical QUBO prob-
lems, as they are well-established and widely available. The most employed algorithms are
simulated annealing and tabu search [44], in addition to general purpose optimization software
and other metaheuristics [37].

The simulated annealing algorithm consists in the repeated stochastic selection of a neighbor
Xnew Of the current state x. Then, by employing an acceptance probability P that depends on a
fictitious temperature 7" and on the evaluation of the cost function f, the system either evolves
into the new state or stays at X. This procedure is inspired by metallurgical annealing, and it
mimics the process of heating and controlled cooling of metal to reach a low-energy, ordered
state, avoiding local minima by occasionally accepting worse solutions. Typically, the move step
is repeated until the system reaches a state that is good enough for the application, or until a given
computation budget has been exhausted. The algorithm ultimately lead the system to move to
states of lower energy.

The tabu search procedure is a heuristic search method which employs a random neighbor
selection. Differently from simulated annealing, this optimization method also uses a tabu list of
recently explored states that it does not revisit in order to escape local minima.

In general, the tabu search algorithm performs better in higher dimensional scenario with respect
to simulated annealing [45]. This justifies the adoption of tabu search as the primary tool for the
solution of the QUBO problems in section 6.

2.2 Quantum and quantum-inspired algorithms

Quantum-based QUBO solvers are primarily represented by two paradigms: the quantum ap-
proximate optimization algorithm and quantum annealing.

Qantum approximate optimization algorithm operates within the gate-based model of quantum
computation, but its current applicability is restricted by the limited scale and reliability of avail-
able quantum devices.

Quantum annealing offers a more direct physical route to QUBO optimization. The problem is
encoded into an energy landscape, so that solving the QUBO formulation (2)-(3) corresponds to
searching for the ground state of the Ising Hamiltonian in (1) [46]. This principle is implemented
by quantum annealers, specialized devices designed to perform optimization through annealing



dynamics [47]. The approach is theoretically motivated by the adiabatic theorem, according to
which a quantum system can remain close to its instantaneous ground state when its Hamiltonian
evolves sufficiently slowly and a nonzero spectral gap is preserved [48].

Alongside quantum hardware-based methods, quantum-inspired approaches have also been
developed. A notable example is digital annealing, which combines dedicated digital circuit
design with physics-inspired optimization mechanisms to escape local minima by emulating
selected features of quantum dynamics [49].

3 Topology optimization with the SIMP method

Topology optimization aims at determining the optimal distribution of material within a pre-
scribed design domain by minimizing an objective function under suitable physical and design
constraints.

We consider a design domain Q C R4, with d € {2,3}, in a small displacement regime, such
that the linear elasticity equation

-V.o(u)=0 inQ (4)

governs the structure statics, with u the structure displacement and where o(u) = 2ue(u) +
Atr(e(u))1 is the stress tensor, with £(u) = (Vu + Vu’)/2 the strain, I the identity tensor, tr(-)
the trace operator,

E
1 - ifd=2 .

/l: v ﬂ:—
Ev fdo3 2(1+v)
(L+v)(1-2v) a

&)

the Lamé coefficients depending on the Young’s modulus £ and on the Poisson’s ratio v of the
material contained in Q.

A standard setting in topology optimization is the minimization of the structural compliance
under a prescribed volume fraction constraint, when a traction f is applied on the Neumann
portion I'y of the boundary dQ of Q. To this aim, we adopt the widely used density-based
SIMP approach, where an auxiliary density field p € L*(€) describes the material distribution
in Q [1]. Ideally, p should take only the values 0, corresponding to void, and 1, corresponding
to full material. In practice, however, intermediate values in [0, 1] may occur and are penalized
through a power law p?, with p > 1.

The density field enters the mechanical model by modifying the stress tensor as

op(u) = pP [2ue(u) + Atr(s(u))I] .
The SIMP formulation of the minimum compliance problem then reads
ap(u(p),v) =c(v) VYvelU
min c(u(p)):{ [ pag<alal ©

PEL™®(Q)
O<p<p<l,

6



where

c(u(p)) = /r £ -u(p) dr

is the objective function coinciding with the static compliance,

4p((p).v) = [ op(ulp)) : 5(v) d0
Q

is the SIMP counterpart of the bilinear form associated with (4), for u = u(p) and v belonging to
a suitable function space U, a € (0, 1) is a prescribed maximum portion of the volume |Q|, and
p is a positive lower bound on the density, introduced to avoid degeneracy of the stiffness tensor.
Finally, we complete the physical model constraining (6) with the boundary conditions

f onI'y

u(p) =0 onlp, op(u(p))n = { 0 onTy.

with n the unit outward normal vector to the boundary, and I'p, I'y and ['r portions of 9 such
that 9Q = Tp UTy ULk and I'p N I'v N T'F = 0. Thus, the function space in (6) is chosen as
U={ve [H(Q]?:v=00onTp}.

3.1 The discrete SIMP formulation

In order to numerically compute the solution to (6), we introduce a conforming computational
mesh, 75, consisting of a collection, {K}, of simplicial elements such that Q= U ke, K, with
#7;, the mesh cardinality.

We associate with tessellation 7}, the finite element space V; of the piecewise polynomials with
degree r > 0. The displacement and density fields in (6) are approximated in discrete spaces that
may differ. Indeed, the discrete SIMP minimum compliance topology optimization problem is

ap(r(pn), Vi) = c(vi), ¥v, € [Vi]9nU

N,

mi‘r/lr c(up(pn)) : Z Vilpi) =1 @)

PREV), i=1 VO

O<p<pi<l i=1,...,N,,

with N, = dim(V}) and w,(ppn) € [Vz]d N U the finite element displacement. The two
design constraints require some care, since their discrete form is not a direct transcription of the
corresponding continuous conditions in (6). To this aim, we write the discrete density in terms
of the basis {¢s,; f\i"l of V" as

N,
pr(r) = Zpi @n,i(r),
p

where r € Q denotes the spatial variable, and the coefficients p; € R are the unknown density
degrees of freedom (DOFs), collected in vector p = [py,..., pr]T e RMe. By exploiting this



representation, we rewrite the left-hand side of the volume fraction constraint in (6) as

N, N, N,
/pth:Zpi /tph,idQ=ZpiWi ZZVi(Pi),
Q i=1 Q i=1 i=1

with V;(p;) the material volume associated with the i-th DOF. Weights w; are also instrumental
to redefine the right-hand side of the volume fraction constraint, being

N, N,
Vo = a|Q| =CVZ/Q<,0h,idQ=C¥ZWi,
i=1 i=1

this leading to the inequality
NP
Z Vi(pi) < Vo.
i=1

We observe that, in this minimum compliance setting, the volume constraint is equivalently
written as the equality constraint

Np
Z Vi(pi) = Vo,
i1

as stated in (7), being the minimum of the structural compliance reached in correspondence with
the maximum volume attainable.

Additionally, the discrete notation now adopted leads to commute the two-sided inequality in (6)
into the N, discrete controls in (7).

Topology optimization problems are commonly solved by gradient-based iterative algorithms,
such as the optimality criteria (OC) method and the method of moving asymptotes (MMA) [50,
1, 511, which generate a sequence of approximate vectors {p‘*)}¢>¢ describing the evolution
of the design from the initial guess to the optimized structure. For the minimum compliance
problem, these two approaches involve essentially the same class of computational operations,
since both rely on a Lagrangian treatment of the constraints and require the update of the
associated multipliers through an inner loop. Other optimization strategies include evolutionary
approaches [52], and genetic algorithms [53]. Regardless of the chosen optimization strategy, the
discrete spaces V; and V> have to be selected carefully, together with suitable filtering techniques,
such as Helmholtz and Heaviside filters, to prevent numerical artifacts including checkerboard
patterns, staircase effects, and greyness [54, 55].

4 QUBO for topology optimization

We now recast the minimum compliance topology optimization problem in (7) within a QUBO
framework. This is achieved by expressing the density DOFs as a linear function of binary
variables, so that the optimization step becomes a combinatorial search over admissible config-
urations.



4.1 Minimum compliance formulation

A QUBO formulation of (7) first requires expressing the compliance as a function of the binary
variables in x, with a dependence that is at most quadratic in form, according to (3). This
requirement constrains the selection of the penalization exponent p in the definition of the
compliance

c(un(pn)) = /Q p? 2416 (o)) + tr(e(u (o) DI] - £(up(pn) d2

to be set equal to 2. However, this value may lead to inaccurate design processes in different
settings. To get rid of this limitation on the SIMP exponent p, let us focus on a generic SIMP
optimization step updating the density vector p‘%) into p(¥*!). The compliance is then understood
as a function of the density vector, i.e., c(u,(pn)) = c(p), and approximated by a first-order
Taylor expansion around p¥), namely

NP
dc k k
(Pt = ea(ptD) = c(p®) 4 3 (0o = o), ®)
i=1 "t

with p®), for s = k, k + 1, the vector containing the density DOFs associated with the s-th
iteration of the optimization process, and pl?s) the corresponding i—th component. Concerning
the evaluation of the components, dc/dp;, of the sensitivity V,c, we resort to a standard
Lagrangian approach. If density filters are used, the sensitivities are computed with respect to
the filtered densities and then mapped back to the original design variables by applying the chain
rule [1].
To express the components of p**1) in terms of p(¥) and of the binary design variable x,
we consider the generic update rule
pU = p® D p™)  with i = oV (o), i= 1N, )

i
Following [13], a possible choice for such a rule is the multiplicative update scheme

(b +0p)p") ifx; =1
P§k+1)(xi§/0§k)) = (Ogx; + Hb)PEk) = k "
9b,0,§ ) ifx; =0,

where 0,, 0, > 0 are real parameters suitably chosen to ensure a gradual update of the design
variable (for instance, 6, = 0.2 and 85, = 0.9 increase or decrease pl.(k) by 10%, depending on
the value of x;).
However, the update scheme (10) suffers from a major drawback, as density DOFs plfk) that are
zero, or close to zero, cannot be directly upgraded to solid material if needed.
To overcome this issue and improve the stability of the numerical scheme, we employ the additive
law

o (xis o) = o = Sui + 600 i (1n)



with

s ifpM =1 5 if o =1
Sai =10 ifp? =p Spi=136  ifp =p (12)
0 otherwise, 26 otherwise,

and 6 > 0 a real parameter. The update rule in (11) also ensures that the box constraint in (7)
is tightly enforced. Moreover, § may vary across optimization iterations, analogously to trust
region optimization methods [56].

Plugging the update scheme (11) into the first-order expansion (8) yields

NP
Jdc
c1(x) = 1 (p" V) (x: p 1)) = c(p®) + Y a_p.(P(k)) (<0ai+0pixi).  (13)

Thus, at the k-th optimization step, the minimization of the linearized compliance is recast as
a binary optimization problem in the variable x € {0, 1}"¢, rather than in terms of the density
field pp, €V} .

As a next step to derive the QUBO formulation, we handle the volume constraint through a
penalty term added to the objective function, so that, with a straightforward extension of the
notation, we have

{%nn [Eci(®) + g™ : apup(p®),v) = c(vi) Vv e [Vi14nU (14
with )
o i)

Np
s = | ), = (15)

i=1

the constraint function, and where ¢ is the penalty parameter, while ¢ is a scaling factor introduced
to make écy and { g comparable in terms of order of magnitude. The values of ¢ and ¢ are
problem-dependent and mutually related (we refer the reader to section 6 for the values adopted
in the numerical tests).

To cast problem (14) into the form (2) (i.e., (3)), we need to define the matrix Q, starting from
the expressions in (13)-(15). In particular, we observe that the constant terms in the objective
function can be neglected, since they do not affect the minimization, so that function c; is
replaced by

Np
&1 (x) = 8—<p<k>> Sp.i X,

while g reduces to

=i+

N, N, _ N,
252 oy 2 X%
Wi 6 V2 Windb,iéb’_ixix_i + 7 wiéb,ix,-,
0 i=1 j=i+1 03
with

| &
V = VOZWi(PEk) —0g,) — 1.

i=1



Thus, the entries of matrix Q are given by

oc 1 2V
¢ )y s . Lohn 2V e
=i = 2 16
Qs =1 gﬁwiwjéb,iéb,j if j>i (16)
0
0 otherwise,

fori,j=1,...,Np.
The minimization problem (14) can thus be equivalently expressed in the QUBO formulation
(2) (i.e., (3)) for N = N, additionally subject to the state equation a, (uy, (P, vp,) = c(vy) for
any v, € [V;l']d NnU.

4.2 Implementation aspects

We now discuss some computational aspects featuring the QUBO formulation associated with
the minimum compliance setting.

The matrix Q is stored in upper-triangular form, with most pairwise interaction coefficients
qij,» for j > i, being nonzero. This structure affects the computational cost of the QUBO
solution process and becomes particularly critical for near-term quantum annealers, where it
increases the complexity of the embedding on the quantum processing unit. Indeed, the all-to-all
connectivity induced by the QUBO matrix must be mapped onto the sparse topology of the
quantum processing unit, through minor embedding [57], which represents logical variables as
chains of coupled physical qubits with consistent measurement outcomes. The use of such chains
increases the number of physical qubits needed to represent the problem and therefore limits the
maximum attainable problem size.

Another relevant issue concerns the numerical range and precision of the QUBO coefficients.
QUBO instances with high-precision linear and quadratic coefficients are challenging for quantum
annealing hardware, due to the limited coefficient precision that can be reliably implemented
in the presence of control errors [58]. For this reason, values h; and J;; of the equivalent
Ising formulation (1), have to lie within the admissible hardware range, typically [—1, 1], while
remaining sufficiently large in magnitude with respect to the device precision. Consequently,
before being submitted to the hardware, matrix Q has to be rescaled by a suitable global factor.
Thus, the choice of the scaling parameter £ and of the penalty parameter £ turns out to be relevant
for balancing the objective and the constraint violation, as well as for obtaining a numerically
meaningful hardware implementation.

We finally remark that the pattern of Q becomes less restrictive for other classes of QUBO
solvers, such as digital annealers, simulated annealing, tabu search, or general-purpose classical
optimization algorithms, where no minor embedding onto a sparse quantum architecture is
required.
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S Anisotropic recovery-based mesh adaptation

Anisotropic mesh adaptation provides a framework to iteratively modify a computational grid by
adjusting the size, orientation, and shape of its elements according to directional features of the
numerical solution, typically guided by mathematically grounded error estimators. Successful
applications have been reported in several areas, including ocean modelling, ice-flow simula-
tions, biomedical and aerospace engineering, seismic wave propagation, material design, and
sustainability-oriented applications [59, 60, 61, 62, 63, 64, 65, 66].

Unlike isotropic adaptation, which only controls the element size while preserving a fixed el-
ement shape, anisotropic adaptation offers greater flexibility and efficiency, either maximizing
the solution accuracy for a fixed number of elements or reducing the number of elements needed
to achieve a prescribed tolerance. This controlled reduction in the number of degrees of free-
dom is particularly relevant for the development of quantum-ready formulations of engineering
optimization problems and, more specifically, structural design, since reducing the problem size
is a key requirement for the effective use of current quantum computing technologies, whose
applicability is still limited by the number of available information-processing units.

For this reason, in this section we enrich the QUBO formulation for the minimum compliance
problem with the anisotropic mesh adaptation tool for structural topology optimization proposed
with the SIMPATY (SIMP with AdaptiviTY) algorithm in [27]. Here anisotropic adapted meshes
are employed to better describe the sharp material-void interface typically arising in optimized
topologies.

5.1 From the PDE problem to the estimator

As a preliminary step, we recall the anisotropic framework used to formalize the adaptive mesh
procedure. Following [67], each element K of the partition 7}, is characterized through the
standard affine map Tk : K — K from the reference element K to the generic element K, namely

r =Tk (T) = MgT + tg,

withr € K, T € K, Mg € R4 and tx € RY.

By factorizing the matrix Mg as BxZk through the polar decomposition, the geometric fea-
tures of the element K can be described in terms of the spectral properties of Bg, being
Bx = RIEAKRK, where Ax = diag(d; k,...,dq4,k) collects the eigenvalues of Bk, and
Rk = [r1k,--.,rq k] contains the corresponding eigenvectors. In particular, the eigenval-
ues measure the lengths of the semi-axes of the ellipsoid circumscribed to K, whereas the
eigenvectors identify the corresponding directions. This provides a complete characterization of
the three distinguishing features of an anisotropic element, namely the size, related to the values
A k., the orientation, determined by the vectors r; g, and the shape, described by the associated
aspect ratios

U

2(d-1)
. — d
Si,K = /li,K

, .
]_[ Aj,K] i=1,....d. (17)

j=Lj#i
The isotropic case is included in this definition, corresponding to the limiting situation in which
the ellipsoid reduces to a sphere with radius A; ¢ = ... = A4, x and the aspect ratios satisfy the
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relation s; g = 1,fori=1,...,d.

The anisotropic setting above provides the framework used to enrich the QUBO formulation
of the minimum compliance problem with a mesh adaptation module. To this end, we employ
an a posteriori anisotropic error estimator for the H'(Q)-seminorm of the discretization error
en = p — pp, associated with the density field. This choice is motivated by the need to accurately
track regions with large density gradients, typically located at the solid-void interface, so that the
adaptive procedure promotes a sharp mesh resolution of the optimized design.

The error estimator selected to drive the mesh adaptation procedure is

d
[ [
j=1

proposed in [60, 68], which generalizes the well-established isotropic recovery-based error
estimators originally proposed by O.C. Zienkiewicz and J.Z. Zhu [69, 70, 71] to an anisotropic
environment.

In (18), Ev(pn) = P(Vpn) — Vpy, is the recovered error, which surrogates the error on the
gradient, Vp — Vpy, in the evaluation of the seminorm |ep| g1 (g, With P(Vpy) the recovered
gradient. Quantity G, (-) denotes the symmetric semidefinite positive matrix with entries

_2
d

n* = Z 17%{ with n%(:
KeT,

d
Z /llziK(rl?:KGAK (EV(Ph))l‘i,K), (18)
i1

(G @lin = 3, [t Lm=1.....d, (19)

TeAk

for any vector-valued function q = g1, ...,qq4]7 € [L*?(Q)]¢, and Agx = {T € 75, : TN K # 0}
the patch of elements associated with K.

Concerning the specific choice for the recovered gradient, in the numerical validation below we
adopt the formula in [68], so that

1
P(Vpp)(r) = A Z IT| Vpu|, forrek (20)
TEAK

coincides with a volume-weighted average of the discrete gradient Vpj,.

Of course, depending on the specific application, other scalar or vector physical quantities may
be used in place of pj, in (20) (see, for instance, [19] and section 6 therein).

Finally, we observe that the sum appearing in the definition of 77% in (18) provides the anisotropic
counterpart of the standard H'(Q)-seminorm. In line with the original Zienkiewicz-Zhu (ZZ)
estimator, the scaling factor multiplying this sum ensures the consistency of the anisotropic
quantity with the corresponding isotropic version.

5.2 From the estimator to the adapted mesh

As a next step, we translate the error estimator n into an operational criterion for adapting
the current computational mesh. We pursue three simultaneous goals, namely enforcing a
prescribed accuracy 7 for the discrete solution, reducing the mesh cardinality, #7,, and achieving
an approximately uniform distribution of the estimated error across all elements of the mesh. To
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this aim, we adopt a metric-based approach, where the error estimator 7 is used to define the
spacing of the new adapted mesh through a metric tensor M, i.e., a symmetric positive definite
tensor that modifies the notion of length in the computational domain [72].

Following [68, 60], it can be proved that, at each iteration of the adaptation procedure, we solve
the elementwise constrained minimization problem

riK Tk =0ij
d
min Zsi”( (I‘ZKGAK(EV(Ph))ri,K) :

Si,K-Ti,K 4
i=1

SI,K 2" 2 SdK
(21

sjk =1,

—-

J=1

with ¢;; the Kronecher symbol and GAK (Ev(pn)) = |Ak|™' Gag (Ev(pp)) the matrix in (19)
scaled with respect to the measure of the patch Ag.

The solution to problem (21) is provided in [60] through an explicit formula. In particular, the
optimal values for s; x and r; g are

1
d a
ik = [ﬂgi,K] g;ll_l., N g = 8a+1-i Withi=1,....d, (22)
i=1

where {g;, g }i=1.....q are the eigenpairs associated with matrix GAK (Ev(pn)), with g; > ... >
g4 > 0 and {g;};=1,... 4 orthonormal vectors. In addition, the error equidistribution criterion
which imposes

72

w7,

allows us to identify the optimal anisotropic lengths

Ny =

d

g =|—— 8i,K 82 i (23)
K\ a w7 Ak] 1—1[ l i

where Ax = Tlgl (Ak) denotes the patch A pulled-back through the map Tk .

The optimal quantities A7 , and r; . are instrumental to define the metric tensor M, approximated
on the mesh 7, by the piecewise constant matrices Mg = M|x = (Ry)T(A}) ™% R}, with
Ry =[r] go- sy gl and Ay = diag(/l”l"K, e ,/IZ’K).

After being suitably projected onto the vertices of the mesh 7j, the new metric tensor My is

provided as input to a metric-based mesh generator, to generate the anistropic adapted mesh 7,*.

5.3 Embedding anisotropic mesh adaptation into the QUBO formulation

The adaptive procedure described in the previous section may generate a computational mesh
7, whose number of vertices, depending on the prescribed tolerance 7, exceeds the admissible
problem size for the subsequent QUBO solution step, both on classical and quantum solvers.

To control the complexity of the resulting binary optimization problem, we adopt the strategy
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in [73, 74], which iteratively rescales the metric tensor until the generated mesh attains the target
number of vertices N;, within an assigned tolerance. The rationale behind this procedure relies
on the notion of the complexity of the metric tensor M, defined as

C(M) = /Q \det(M) dQ. (24)

In particular, the number, N,, of vertices and the cardinality, #7},, of a mesh 7}, associated with
the metric M are directly proportional to this complexity, namely

Ny, =y, CM),  #Tp =y CM) (25)

with y,, and vy, positive constants.
We now analyze the effect of the uniform rescaling

Ms = Sa M (26)

of the prescribed metric M on the number of vertices and on the mesh cardinality, with S > 0.
It follows that the element orientation and shape are preserved, while the metric complexity

modifies as
C(Ms) = / \det(ST M) dQ = SC(M). 27)
Q

Consequently, by (25), the number, N, s, of vertices and the cardinality, #7; s, of the mesh
associated with the scaled metric Mg modify into

Nys =SN,, #Th.s = S#7). (28)

These relations are instrumental to select the scaling factor S which keeps the number of QUBO
unknowns within the admissible problem size, without altering the anisotropic features of the
mesh. Once the admissible problem size has been identified, either with a target number of
vertices Nj; or with a target mesh cardinality #7,", the scaling factor S is determined through

the iterative mesh adaptation process. In more detail, let M éo) = M be the metric associated

with the initial mesh 7;1(0). Inspired by (26) and by the vertex-based relation in (28);, we update
the metric according to the rules

MU 2 (s AM, s 2 s N (29)
S S N(])
v,S

where M ék) and S¥) denote the metric and the scaling factor at the k-th adaptive iteration, while

N‘()ks) is the corresponding number of vertices, for k = j, j+ 1. Alternatively, when the admissible
problem size is prescribed in terms of the target mesh cardinality #7,*, the element-based relation
in (28), yields

MY (S(j))%/\/((j), sU+) — ¢() #7;!‘ , (30)
S S )]
#T,s
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with #‘7;;? the cardinality of mesh ‘72(?. In both cases, the iterations are stopped when Nv(j é, or

#‘7;1(?, coincides with the target value Ny, or #7,*, up to the tolerance 6, namely

Ny e [N(1-0), N(1+6)]  or  #7,%) e [#7,/(1- ), #7,/(1+6)].

Algorithm 1 summarizes the QUBO version of the SIMPATY procedure, enriched with the
metric rescaling step described above.
The algorithm takes as input parameters: the initial discretization, 7;1(0)’ of the domain Q
and the associated density vector, p(?); volume/density-related quantities, @ and p; the QUBO

coefficients &, & and ¢; the sampler settings sampler, ng, and T'; the filtering data 7, 8, Bmax, R;
the parameters for the mesh adaptation, 7, Ayin and A, and for the metric rescaling, N}, and 6;
the tolerances tolto and tol for the stopping criteria; the maximum iteration counts, kpyax and
Imax-

QUBOSIMPATY returns the adapted mesh 7j, the standard, p, and the filtered p, density vectors.
QUBOSIMPATY procedure is organized into two nested loops. The inner loop performs topology
optimization on the current adapted mesh 7;1(’). At each topology optimization iteration k, the
density field is filtered by combining the standard Helmholtz filter and a smoothed Heaviside
projection, controlled by the parameters R and by 7, 5, respectively, through the function FILTER.
The resulting filtered density is then used to compute the compliance sensitivities by means
of the function SEnsITIvITIES. Finally, the QUBO problem (14) is solved to update the design
variables according to (11). This step is carried out by the function QUBOopPTIMIZE, Which
constructs the QUBO matrix in (16), initializes the binary variables from the current density
distribution, and calls a prescribed sampler to approximate the minimum-energy configuration.
The sampler can be chosen among classical, quantum-inspired, or quantum-based QUBO solvers,
such as simulated annealing, tabu search, or quantum annealing, with ng and T denoting the
number of samples and the maximum computational time allowed for the sampling procedure,
respectively. The inner loop is stopped when the relative error in the L?()-norm on the density
field, computed by function

(k+1) (k)
® ey ey = oy Nl
P, )=

ho p
||,0§L )||L2(Q)

ERrRrORDENSITY (0 3D

falls below the tolerance toltg, or when the maximum number of topology optimization iterations,
kmax, 1S achieved. .

Once the topology optimization loop has converged on the current mesh 7;;”, the resulting
density field is used to drive anisotropic mesh adaptation. Before adaptation, an additional
filtering step is performed with a progressively increased Heaviside projection parameter S4.
This produces a sharper density transition and therefore promotes anisotropic elements aligned
with the solid-void interface. We emphasize that this continuation on 84 is used here to improve
the mesh adaptation step, while it is not required by the QUBO optimization procedure to obtain
a binary final design.

The adapted mesh is generated by the function AbapTMEsH, which computes the anisotropic
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Algorithm 1 QUBOSIMPATY
Input 7/'1(0)7 p(O)’ a,’ B’ 69 é‘:a g’ Samplerv nS’ T’ n’ ﬂa Bl’l’la)h R’ T7 hmi[‘l’ hl’l’la)h N;, 9’ tOITO’ t01A7

Kmax, imax
1:i«<0
2 p—p®
3 Ba<—p
4: errp <« toly + 1
5: while errp > tolp and i < iy do
6: k<0
7 p(k) — p
8  errro <« tolro + 1

9:  while errrg > tolto and k < k. do

10: pX) — Firer(p®; 1, B, R)

11: Voc SensrriviTies(ph))

12: p**D) — QUBOopTMIZE(p ), Vyc,0,¢,¢,p,a, sampler, ns,T)
13: errro «— ERRORDENSITY(p;lk), p;lkﬂ)) -

14: ke—k+1

15:  end while

16 pe— p(k)

17: Ba < min{Bmax, 284}

18:  pa < FILTER(p: 7, BA, R)

19: ‘7;1(”1) — ADAPTMESH(?#”, PA> Ty Fmin, Aimax, N, 6)
20:  p < FiLtEr(p; 7,8, R)

21:  p « Prosecr(p, 7;1(i), 7;l(i+1))

22:  p « Prosecr(p, 7;1(i), 7;1(”1))

23:  eITp «— ERRORMESH((];l(i), 7;(”1))
24: i—i+1

25: end while

26: Tp, 7;}”

Output: 75, p, p
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metric (22)-(23) from the filtered density field? and the prescribed tolerance 7, constrained by the
minimum and maximum allowed mesh size parameters, Ani, and An,x. In addition, the metric
rescaling strategy in (29) is applied so that the adapted mesh 7;l(i+1) has the prescribed number
of vertices, N;, up to the tolerance 6. After remeshing, the standard and filtered density fields
are projected from 7}'1(” to 7;1(”1 ),

The outer loop is then repeated until the mesh cardinality variation,

(i+1) (i)
[#7, " —#T,

ERRORMESH(T(i), T(i+l)) = ;
h h #7;1(1)

’

remains below the tolerance tolp, or the maximum number of mesh adaptation cycles, ipax, 1S
reached.

6 Numerical results

In this section, we numerically assess the performance of the proposed QUBOSIMPATY algo-
rithm on standard two (2D)- and three (3D)-dimensional benchmark test cases [75]. We first
report the input parameters of the algorithm that are common to all the considered configurations.
The test case-dependent quantities are instead specified in the dedicated sections.

We refer to a generic isotropic material, with Young modulus £ = 1 and Poisson ratio v = 0.3
in (5). In (6), the SIMP penalization exponent is set to p = 3 for the 2D tests and to p = 4 for
the 3D simulations, consistently with the literature [76]. Moreover, unless otherwise stated, the
initial guess for the design variable is set to the constant vector p*) = [e,...,a]”, while the
lower bound p is chosen as 107° for the 2D assessments, and as 10~ in the 3D cases.

The filtering phase is governed by parameters 7 = 0.5, 8 = 1, Bmax = 8, while the radius for the
Helmbholtz filter is specified for each test.

For the QUBO solver, we consider the two values 6 = 0.05 and § = 0.025 for the density step size
defined in (12), with the specific choice depending on the numerical test under consideration.
Concerning the penalty parameter { and the scaling coefficient £ in (14), we set £ = 1000 for the
2D cases, ¢ = 500 for the 3D tests, while we pick

= weli = (3

i=1

Jdc

-1
L)

independently of the domain dimension. The number of samples is set to ng = 1 for each
selected sampler [77]. When tabu search (TS) is used, we additionally prescribe the maximum
computational time T = 1's, whereas no value of T is required for simulated annealing (SA).
Concerning the control of the adaptive mesh complexity, the target number of vertices N;, is
enforced up to the tolerance 6 = 5 - 1072,

Finally, the breaking conditions are tuned by tolerances toly = 1072, tolyo = 10~* and by the

ZWe observe that the recovered gradient in (20) is computed from the filtered density. Indeed, regardless of the
polynomial degree r used for the density space V;, the filtered density is always taken as a piecewise linear finite
element function, so that its gradient is well defined.

18



maximum number of allowed iterations imax = 3 and kpyax = 100 for the 2D simulations, while
we pick toly = 1072, tolro = 1072, imax = 3 and kpmax = 200 in the 3D test cases.

The quality of the optimized designs is assessed through the value of the objective function
(i.e., the compliance), the fulfillment of the prescribed volume constraint, and two additional
indicators computed on the unfiltered density field p;,. The first indicator is the grayness
index [78]

4
G(pn) = ] /Qph(l - pn) d<, (33)

which measures the degree of binary separation of the layout, where G(pj) = 0 corresponds to
the optimal sharp 0-1 distribution. The second indicator is the total variation

TV (o) = /Q IVpnlle 4, (34)

which is related to the perimeter of the final design in 2D and to the measure of the interfacial area
in 3D [79]. Low values of TV (py,) indicate less oscillatory and geometrically simple designs.

The finite element solution of the linear elasticity problem in (6) is performed by the dolfinx
Python library [80], following the approach adopted in the FEniTop package [81]. The generation
and manipulation of anisotropic adapted meshes are delegated to FreeFEM for the computation
of the metric tensor [82] and to mmg, as an open-source software package specifically designed
for metric-based mesh adaptation [83]. The QUBO problem is constructed and solved through
the D-Wave software libraries, which allow different choices for the sampler variable to be
employed, including quantum annealing (QA) on remote D-Wave hardware [84], SA, and TS
on standard hardware’. Finally, when the standard SIMP or SIMPATY algorithms are used for
comparison purposes, MMA is adopted as the optimizer.

6.1 2D test case 1: the cantilever beam

The minimum compliance problem (6) is here solved in the design domain Q = (0,2) x (0, 1),
where a traction f = [0,—1]7 is applied on the boundary portion I'y = {(x,y) € 0Q : x =
2,|ly — 0.5] £ 0.1} and homogenous Dirichlet data are assigned to the displacement on I'p =
{(x,y) € 0Q : x = 0} (see Figure 1, left, for a sketch). The design process is constrained by
allowing a maximum volume fraction @ = 0.6. The domain € is discretized using an isotropic
structured triangular mesh, 7;1(0), composed of 5000 elements.
In the filtering stage, the Helmholtz radius is set to R = 0.048. The QUBOopTiMIZE function is
employed by selecting TS as sampler, with a density step size 6 = 0.025.
The anisotropic mesh adaptation procedure is driven by the tolerance 7 = 6, with minimum and
maximum admissible element sizes equal to Ay, = 1072 and hpgax = 1071, respectively. In this
test, the metric-scaling procedure is initially switched off.

The optimization procedure is first validated by comparing different polynomial degrees for
the discrete space V; in (7), namely by picking r = 0 or r = 1. Figure 2 presents the density field

3The numerical simulations have been performed on the Kami cluster at the Department of Mathematics, Po-
litecnico di Milano. The cluster features 40 CPU nodes, each one powered by two 24-core CPUs with 512 GB
RAM.
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Figure 1: 2D test cases: sketch of the design setting for the cantilever beam (left) and the coat
hanger (right) configurations.

pn at different global iterations. We observe that the designs associated with the initial mesh (i.e.,
for i = 0) differ in terms of intermediate densities, with gray regions being more pronounced
for r = 1. This discrepancy is damped in the converged layouts obtained for i = 2. Based on
this comparison, we select » = 0 in all the checks performed in this section. This choice has to
be interpreted in terms of the number of density DOFs. For r = 0, these DOFs are associated
with the element barycenters, whereas, for r = 1, they coincide with the mesh vertices. In the
2D meshes considered here, the numbers of elements and vertices are relatively close, so that
using r = 0 does not significantly vary the QUBO size with respect to the » = 1 choice. In 3D,
instead, the number of vertices is much smaller than the number of tetrahedra, and the choice
r = 1 becomes preferable to limit the number of binary variables (see section 6.3).

‘ 1.0e+00
I:U.Q
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(@r=0,i=0. br=1,i=0.
—056
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Figure 2: The 2D cantilever beam: sensitivity of the optimized design to the polynomial degree
r (by column) at different global iterations i (by row).

©)r=0,i=2. @r=1i=2.
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Table 1: The 2D cantilever beam: sensitivity of the computed design to the selected sampler in
terms of structure performance and quality, and required computational time.

i sampler VF c G TV Teonv [S]
5000 elements
0 TS 0.602 1.3225 0.0179 9.8477 250
SA 0.602 1.3222 0.0208 9.8449 2727
| TS 0.602 1.3175 0.0103 8.8650 251
SA 0.602 1.3170 0.0126 8.7500 2750
’ TS 0.602 1.3165 0.0033 8.6702 257
SA 0.602 1.3159 0.0094 9.0231 2748
3200 elements
0 TS 0.603 0.7897 0.0198 10.0524 160
SA 0.603 0.7894 0.0219 9.9523 1124
| TS 0.603 0.7872 0.0140 9.3001 163
SA 0.603 0.7869 0.0156 9.1790 1143
’ TS 0.603 0.7864 0.0084 9.1948 163

SA 0.603 0.7861 0.0112 9.1056 1144

As a second check, we investigate the effect of the selected sampler on the quality of the
optimized design, measured through the indicators in (33) and (34), and on the achievement of the
optimization goal under the constraint in (6). To this aim, we compare the TS and SA samplers
on a fixed mesh, in order to avoid any bias introduced by the mesh adaptation procedure. Table 1
gathers the results of this analysis on two structured grids, consisting of 5000 (top panel) and 3200
(bottom panel) triangles. The quantities monitored over the 3 global iterations to convergence
are the achieved volume fraction (VF), compliance (c), grayness (G), and total variation (TV).
For each fixed mesh, the two samplers lead to very similar structural performances, while small
discrepancies are observed in terms of grayness and total variation, generally in favor of TS
at convergence. On the contrary, the time to convergence, Tony, reported in the last column
of the table, exhibits a pronounced difference. This quantity is reduced by about one order of
magnitude when using TS, leading to a considerably faster computation of the optimized design.
This observation is consistent with the well-known behavior of SA, which may require a large
number of iterations in high-dimensional spaces and, when stopped after a prescribed maximum
time, may remain trapped in suboptimal local minima [45], as already observed in section 2.1.

We now assess the benefits of the additive density update rule proposed in (11) with respect
to the multiplicative formula in (10). To this end, we consider two choices of the initial density
field, p;lo) , namely a constant and a random initialization. The layouts obtained at convergence
with the additive rule (11), shown in Figure 3 (top), indicate that the final topology is essentially
independent of the selected initial guess. In contrast, when the multiplicative rule (10) is adopted,
the QUBOSIMPATY algorithm does not reach convergence within the prescribed maximum
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Figure 3: The 2D cantilever beam: comparison between the additive (11) (top) and the mul-
tiplicative (10) (bottom) density update rules, for a constant (left) and a random (right) initial
density p;lo). Final density distributions are overlapped to the corresponding anisotropic adapted
meshes.

number of iterations independently of the selected initial density (see Figure 3, bottom).

Figure 4 shows the convergence histories of the compliance, ¢, and of the volume fraction,

VF, for the standard SIMPATY algorithm and for QUBOSIMPATY with the TS sampler, using
the two values 6 = 0.025 and 6 = 0.05. SIMPATY enforces the volume constraint exactly,
whereas the QUBO formulation allows for a marginal deviation from the prescribed value. On
the other hand, QUBOSIMPATY exhibits a faster decrease of the compliance for i = 0, reaching
lower values in fewer iterations for both choices of ¢, with the best performance obtained for
60 =0.05.
This comparison is complemented by the grayness and total variation values reported in Table 2
for the three optimization runs throughout the global iterations. To ensure a fair comparison,
both indicators are computed after projecting the different density fields onto a high-resolution
fixed grid with 80000 triangles. It turns out that QUBOSIMPATY with 6 = 0.05 yields the
lowest value of G, whereas TV does not show a clear trend and remains comparable across the
different runs.

The improvement brought by anisotropic mesh adaptation within the QUBO formulation is
assessed in Table 3. The table compares QUBOSIMPATY with the standard QUBO algorithm
applied on a fixed mesh with 5000 triangles, in terms of structural performance and design
quality over the first three global iterations. As previously done, to avoid mesh-dependent
effects in the evaluation of the reported indicators, all quantities are computed after transferring
the corresponding density fields onto the a common high-resolution fixed mesh with 80000
elements. QUBO and QUBOSIMPATY methods yield comparable values for the monitored
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Figure 4: The 2D cantilever beam: convergence history of the compliance (solid lines) and of the
volume fraction (dotted lines) for the standard SIMPATY and the QUBOSIMPATY algorithm,
with two values of parameter §. Mesh adaptation takes place in correspondence with the vertical
lines.

metrics, but at different computational costs, here measured by the mesh cardinality reported in
the last column of the table. In particular, QUBOSIMPATY improves the compliance by 0.21%
and decreases the total variation by 3.88% with respect to the fixed mesh QUBO algorithm,
while using a smaller number of elements, i.e., of density DOFs (approximately 3700 versus
5000 triangles).

Finally, we assess the effectiveness of the QUBOSIMPATY algorithm when activating the

metric rescaling module, to obtain a mesh with a number of vertices close to the prescribed target
N;. To this end, we vary N in the set {1000, 2000, 3000, 4000}. For the selected value of the
tolerance 6, the rescaling algorithm converges within 5 iterations in all cases.
Figure 5 provides the meshes generated at convergence by QUBOSIMPATY, together with the
actual number of vertices, N,,, and the maximum and the average value of the aspect ratio, denoted
by Sk max» and sk avg, respectively. As expected, the four meshes exhibit similar anisotropic
patterns, with stretched elements aligned along the material-void interface. The average aspect
ratio values remain essentially unchanged across the different target sizes, consistently with the
uniform rescaling of the metric tensor in (29). This behavior confirms that metric rescaling is
instrumental to a quantum-oriented setting, since reducing the number of QUBO variables to a
hardware-compatible size, while retaining the anisotropic mesh features needed to represent the
optimized layout.

6.2 2D test case 2: the coat hanger

We now consider a simplified version of the optimization setting discussed in the previous case,
in order to assess the potential computational benefits of a quantum-based approach using the QA
sampler on remote D-Wave hardware. To this aim, the reference optimization context coincides
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Table 2: The 2D cantilever beam: comparison in terms of structure quality between the standard
SIMPATY and the QUBOSIMPATY algorithms, for two values of parameter J.

i algorithm o G TV

QUBOSIMPATY 0.025 0.0164 9.9076
0 QUBOSIMPATY 0.050 0.0104 9.8244
SIMPATY - 0.0359 9.2903
QUBOSIMPATY 0.025 0.0089 9.3674

1 QUBOSIMPATY 0.050 0.0037 9.3163
SIMPATY - 0.0230 9.5640
QUBOSIMPATY 0.025 0.0051 9.1649

2 QUBOSIMPATY 0.050 0.0007 8.8939
SIMPATY - 0.0163  9.4308

Table 3: The 2D cantilever beam: comparison between the standard QUBO and the QUBOSIM-
PATY algorithms, in terms of structure performance and quality, and mesh cardinality.

algorithm VF ¢ G ™v  #7,"

~.

QUBOSIMPATY 0.603 1.4730 0.0179 9.8477 5000
QUBO 0.603 1.4730 0.0179 9.8477 5000
QUBOSIMPATY 0.602 1.4591 0.0097 9.5697 3830
QUBO 0.602 1.4628 0.0103 8.8650 5000
QUBOSIMPATY 0.602 1.4561 0.0051 9.0069 3726
QUBO 0.602 1.4592 0.0033 8.6702 5000

)

[u—

[\
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(@) Ny = 981; sk max = 12.70, (b) Ny = 1940; sk max = 15.97,
SK,avg = 3.23. SK.,avg = 3.39.

(c) N, = 2870; sk max = 19.12, (d) N, = 3873; sk max = 17.24,
SK,avg = 2.83. SK,avg = 2.38.

Figure 5: The 2D cantilever beam: anisotropic adapted meshes delivered by QUBOSIMPATY
algorithm for a metric rescaling associated with N}, = 1000, 2000, 3000, 4000 (from (a) to (d)).
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with the coat hanger configuration (see Figure 1, right, for a sketch).

Aloadf = [0, —1]7 is applied on the boundary portion 'y = {(x,y) € 9Q: x = 1, |y—1| < 0.2},
while the structure is clamped along the left edge I'p = {(x,y) € 0Q : x = 0}. The prescribed
volume fraction is fixed to @ = 0.6. The domain € is discretized using an isotropic triangular
mesh, ‘7;1(0), with cardinality equal to 3200.

We filter the density variable by picking a radius R = 0.06, while the TS sampler is adopted in
the function QUBOopTiMIZE, for 6 = 0.05. The parameters T = 3, hpyin = 1072 and Ayay = 107!
drive the anisotropic mesh adaptation step.

(a) (b) () (d) (e) ®

Figure 6: The coat hanger: final design provided by the standard QUBO algorithm on 7;1(0) (a)
and by the QUBOSIMPATY algorithm (b) on the final anisotropic adapted mesh (c); final design
provided by the standard SIMP algorithm on ‘7;1(0) (d) and by the SIMPATY algorithm (e) on the
final anisotropic adapted mesh (f).

Figure 6 presents a comparative visualization of the final density field p;, obtained using the
QUBO and the SIMP formulations, potentially enriched with anisotropic mesh adaptation (i.e.,
QUBOSIMPATY and SIMPATY algorithms, respectively). The results show that the binary
nature of the QUBO formulation does not, by itself, prevent the occurrence of intermediate
densities. This is due to the fact that the binary variables control the design update, but do not
coincide directly with the density field. As a consequence, a suitably adapted mesh is still needed
to obtain a sharp material-void interface, as shown by the comparison between panels (a) and (b).
A similar behavior is observed for the SIMP formulation, when comparing the standard SIMP
and SIMPATY results in panels (d) and (e). In both the QUBO and SIMP settings, the activation
of anisotropic mesh adaptation removes jagged boundaries and leads to a sharper representation
of the optimized layout.

Table 4 compares the QUBO method, for the two values of ¢ considered above, with the SIMP
formulation in terms of objective value, constraint fulfillment, and structural quality. The QUBO
reformulation of problem (6) yields results that are fully comparable with those obtained by the
SIMP method combined with MMA and, for some choices of ¢, slightly better. An exception
concerns the volume fraction constraint, which is enforced exactly by the SIMP method only,
consistently with the results of the previous section.

Similar considerations apply to the comparison between QUBOSIMPATY and SIMPATY at
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comparable computational complexity, measured in terms of the number of density DOFs in-
volved in the optimization problem. This conclusion is supported by the values in Table 5
associated with the convergence of the optimization procedure, after projecting the density fields
onto a common high-resolution mesh with 80000 elements.

Table 4: The coat hanger: comparison between the standard QUBO and SIMP algorithms, in
terms of structure performance and quality.

i algorithm o VF c G TV

QUBO  0.025 0.601 0.2483 0.0019 4.0739
0 QUBO 0.050 0.601 0.2483 0.0026 4.1724
SIMP - 0.600 0.2491 0.0152 4.0679
QUBO  0.025 0.601 0.2483 0.0019 4.0860
1 QUBO 0.050 0.601 0.2483 0.0026 4.1724
SIMP - 0.600 0.2490 0.0081 4.0931
QUBO  0.025 0.601 0.2483 0.0018 4.0860
2 QUBO 0.050 0.601 0.2483 0.0026 4.1724
SIMP - 0.600 0.2490 0.0069 4.0865

Table 5: The coat hanger: comparison at convergence in terms of structure performance and
quality, and mesh cardinality between the standard SIMPATY and the QUBOSIMPATY algo-
rithms, for two values of parameter ¢.

i algorithm o VF c G TV #Tn

QUBOSIMPATY 0.025 0.601 0.3386 0.0006 4.3204 2053
2 QUBOSIMPATY 0.050 0.601 0.3385 0.0003 4.3718 2092
SIMPATY - 0.600 0.3402 0.0123 4.5725 1978

We now consider a downscaled version of the optimization framework described above, in
order to validate QUBOSIMPATY on D-Wave Advantage quantum processing units (QPUs) [85],
based on the Pegasus topology [86]. To this end, the admissible volume fraction is set to @ = 0.5
and the QUBO problem is solved using the QA sampler, with ng = 100, T = 107's, and
6 =0.025.

The parameters ¢ and ¢ in the optimization problem (14) are set to { = 5000 and

-1
) . (35)

€= Vel = (o

In addition, the filter radius is increased to R = 0.1, while the anisotropic mesh adaptation is
constrained by the parameters 7 = 4, hyin, = 107", and hma = 4 - 1071, Then, to balance
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computational cost and convergence, we allow a larger number of global adaptation iterations,
namely in.x = 4, and reduce the maximum number of topology optimization iterations to
kmax = 50.

The most challenging aspect remains the maximum problem size that can be handled by the QPU.
In this respect, building on the observations on the finite element degree r in section 6.1, and
exploiting the metric rescaling strategy included in QUBOSIMPATY, we set r = 1 and discretize
the domain with an initial coarse triangular mesh of cardinality #7;1(0) = 200 (i.e., N‘EO) =116
vertices). In addition, we choose the target number of vertices for metric rescaling as N}, = 160.
The configurations returned by the QPU are finally processed by the QA sampler through a
simple greedy selection step, which identifies the best candidates among the sampled solutions.
This post-processing follows the standard workflow adopted when using D-Wave QPUs [84].

()i =0. (b)i=3. (©)i=3. d)i=0. (e)i=3. )i=3.

Figure 7: The coat hanger: design provided by the QUBOSIMPATY algorithm at the first (a) and
last (b) global iteration and final anisotropic adapted mesh (c); design provided by the SIMPATY
algorithm at the first (d) and last (e) global iteration and final anisotropic adapted mesh (f).

Figure 7 shows the optimized layouts obtained with QUBOSIMPATY for i = 0 (panel (a))
and i = 3 (panel (b)), associated with the initial uniform mesh and the final anisotropic adapted
grid (panel (c)). The use of a very small number of vertices makes the effect of mesh adaptation
particularly evident in the geometry of the final design. In this test, the number of vertices in
the adapted mesh exactly matches the prescribed target value N; = 160, further supporting the
effectiveness of the metric rescaling procedure. For comparison, the corresponding SIMPATY
results run on standard hardware (panels (d)—(f)) are also reported, confirming the consistency
of the QUBO-based SIMP formulation, when endowed with a mesh adaptation procedure.

Comparing the performance of the QPU with classical optimization procedures is not straight-
forward in general, since the execution on D-Wave quantum computers involves several distinct
time contributions. We denote by 7, the service time required to access the remote hardware,
including communication latency. This contribution is typically of the order of 10~!s and is
often excluded when the goal is to isolate the solver performance on the QPU.

A more representative measure of the computational cost associated with the quantum device is
the QPU access time T' = T, + T +Tx, where T}, is the QPU programming time, T is the sampling
time, and T collects additional overheads. The sampling time can be further decomposed into
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the quantum annealing time, 7,, and the readout time, 7,-, both multiplied by the number of
samples ng, namely Ty ~ ng (T, + T,). Since the annealing stage represents the core quantum
part of the computation, we focus on the contribution ng7,. With the standard annealing time
T, = 20 us and ns = 100 samples, this contribution amounts to 2 ms. For the same test case,
the classical MMA optimization step employed by SIMPATY typically requires about 25 ms
per iteration. Thus, when only the annealing contribution is considered, the QPU sampling
phase is faster than the corresponding classical optimization step by approximately one order of
magnitude.

—— QUBOSIMPATY (QA) —— QUBOSIMPATY (TS) —— SIMPATY
---- QUBOSIMPATY (QA)  ---- QUBOSIMPATY (TS)  ---- SIMPATY
0.60
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Figure 8: The coat hanger: convergence history of the compliance (solid lines) and the volume

fraction (dotted lines) for the standard SIMPATY and the QUBOSIMPATY algorithm with QA
and TS samplers.

On the other hand, the total wall-clock time of a QA call, approximately 0.8 s in the present test,
includes the QUBO matrix construction, the QPU access time, and remote-service overheads.
This value is larger than the time required by one classical SIMPATY optimization step on the
local machine, taking approximately 0.025s. Therefore, the present experiment should not be
interpreted as an end-to-end speedup of QUBOSIMPATY over SIMPATY. Rather, it separates
two different aspects of the computation: the intrinsic annealing contribution has a favorable
time scale, whereas the overall execution time is still dominated by overheads associated with the
current hardware-access workflow. From this perspective, anisotropic mesh adaptation is meant
to control the number of QUBO variables and to make the resulting instance compatible with the
size restrictions of the quantum annealer, while retaining the mesh features needed to describe
the optimized layout.

Figure 8 compares the convergence curves, restricted to the first optimization cycle, associated
with the QUBO problems solved by QA and TS, with the SIMPATY algorithm. The QA and
TS curves are almost indistinguishable and exhibit a faster decrease of the compliance during
the first global iteration, reaching a nearly stationary value earlier than SIMPATY. The volume
fraction remains close to the prescribed target for all methods, with a slight overestimation in the
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QUBO-based runs.

To sum up, at comparable problem size, the QUBO minimization step is consistent with the
classical optimization strategy and can lead to a faster reduction of the objective. At the same
time, the overall computational balance depends on both the cost of a single optimization step
and the number of iterations required to reach a satisfactory design. In the present experiment,
this balance is still affected by QUBO construction, remote QPU access, and hardware-execution
overheads. Nevertheless, the observed convergence behavior suggests a possible regime in which
faster QUBO minimization, combined with mesh complexity control, may become advantageous
as hardware access and problem embedding improve. Along this line, we expect the potential
benefit of quantum annealing to become more evident for larger-scale problems, whose treatment
on currently available QPUs remains challenging.

6.3 3D test cases

The performance of QUBOSIMPATY is now investigated in 3D design settings close to realistic
applications. In the context of quantum computing, however, 3D topology optimization does
not represent a standard benchmark, as it is in direct contrast with the limited computational
resources currently available on quantum hardware. To mitigate this limitation, we consider
configurations in which geometric and loading symmetries can be exploited. Indeed, when the
design domain, boundary conditions, and loads are symmetric, the optimal topology is expected
to inherit the same symmetry. Accordingly, the results reported below are obtained by simulating
only a symmetric portion of the full geometry, with the condition u-n = 0 imposed on symmetry
planes to prevent spurious normal displacements. Consistently with this reduced computational
setting, the values in the tables and convergence plots refer to the simulated symmetric portion
of the domain.

We consider three optimization settings and use linear finite elements in order to limit the
number of density DOFs, coherently with the discussion in sections 6.1-6.2. The QUBOSIM-
PATY algorithm is run with 6 = 0.025.

The structures shown in the following paragraphs are obtained through a post-processing that
retains the elements for which the filtered density is greater than 0.5.

3D test case 1: the cantilever beam We select the design domain Q = (0, 0.5)%x (0, 0.5)x(0, 2)
and apply the load f = [0,—1,0]7 to the boundary portion I'y = {(x,y,z) € 0Q :z7 =2,y <
0.1}, while we clamp the structure on I'p = {(x,y,z) € dQ : z = 0} (see Figure 9, left, for a
sketch). A maximum volume fraction @ = 0.3 is allowed during the design process. Owing to
symmetry, the simulation is carried out on half of the domain, which is discretized by a uniform
tetrahedral mesh, 7;1(0), with 12000 elements.
The filter radius is set to R = 0.05. The mesh adaptation procedure is driven by the tolerance
7 = 6 and by the admissible element size range [/Amin, fimax] = [ - 1073,2.5-1071]. Finally, the
metric rescaling procedure is enabled with target number of vertices N;, = 4000.

Table 6 and Figure 10 provide qualitative and quantitative information on the performance
of the QUBOSIMPATY algorithm, which converges in i = 2 iterations. The optimized structure
is consistent with the literature and with the imposed loads and boundary conditions.
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Figure 9: 3D test cases: sketch of the design domain for the cantilever (left) and the stool (center),
and a cross-sectional view of the dome (right). The symmetry planes for the cantilever and stool
test cases are highlighted in red.

The effect of anisotropic mesh adaptation is clearly visible. Despite the limited number of
vertices, namely N, = 3965 at convergence, enforced by the metric rescaling procedure, the
adapted mesh concentrates tetrahedra along the material-void interface and yields a predomi-
nantly smooth structure.

The values in Table 6 confirm the better performance of the TS sampler compared with SA in
terms of time to convergence. In particular, the computational time is reduced by a factor of
about 3 for i = 0 and of about 7 for i = 1, 2. Differences in grayness, total variation, compliance
minimization and volume fraction are instead negligible or absent. Finally, Figure 11 compares
the convergence histories of QUBOSIMPATY, for the two samplers, with that of the SIMPATY
algorithm over the whole optimization process. In contrast to what was observed in the 2D
case, no significant difference in convergence speed is detected between QUBOSIMPATY and
SIMPATY, as indicated by the nearly overlapping solid lines. Moreover, the volume fraction
constraint is exactly satisfied at convergence by all three schemes. The jumps occurring at the
iterations where mesh adaptation is performed are consistent with the behavior typically observed
when combining mesh adaptation procedures with optimization cycles [66].

Table 6: The 3D cantilever beam: sensitivity of the QUBOSIMPATY design to the selected
sampler in terms of structure performance and quality.

i sampler VF c G TV Teonv

TS 0.296 2.7469 0.1594 1.5225 412

0 SA 0.296 27150 0.1548 1.4971 1478
| TS 0.296 1.8978 0.0887 1.5913 579

SA 0.296 1.8777 0.0893 1.6077 3612
) TS 0.299 0.9063 0.0744 1.5746 547

SA 0.299 0.9060 0.0724 1.5634 3401

3D test case 2: the stool We consider the cube Q = (0, 1) as the design domain that we
load with the surface traction f = [0,0,1]7 on T'y = {(x,y,2) € 0Q : z = 1,]x = 0.5] <
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Figure 10: The 3D cantilever beam: half design (top), corresponding anisotropic adapted mesh
(center), and final structure (bottom).
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Figure 11: The 3D cantilever beam: convergence history of the compliance (solid lines) and of the
volume fraction (dotted lines) for the standard SIMPATY and the QUBOSIMPATY algorithm,
with two samplers. Mesh adaptation takes place in correspondence with the vertical lines.

0.1,]y — 0.5] < 0.1} (see Figure 9, center, for a sketch). The structure is clamped at the four
corners of the bottom face, being I'p = {(x,y,z) € 0Q:z=0,|x - 0.5] > 0.4, |y — 0.5] > 0.4}.
The prescribed volume fraction is @ = 0.2.

Exploiting symmetry, the optimization is carried out on one quarter of Q, discretized with a
uniform tetrahedral mesh characterized by 12000 elements.

We set the filter radius R to 0.03, while we control the mesh adaptation procedure through
parameters T = 6, Ay, = S - 1073 and Apmax = 2.5- 107", The resulting metric is successively
rescaled in order to guarantee a final number of vertices equal to N, = 6000. Finally, the TS
sampler is employed.

We use this configuration to further compare QUBOSIMPATY and SIMPATY, with particular

attention to structural performance and quality. The two algorithms produce fully comparable
and remarkably smooth final layouts, as shown in Figure 12. This behavior is enabled by the
use of anisotropic adapted meshes, which have approximately the same number of vertices and
comparable maximum aspect ratios (see Table 7).
The quantitative results in Table 7 also show that the volume fraction constraint is exactly satisfied
by both methods, although QUBOSIMPATY reaches this trend only at convergence, as for the
3D cantilever test. Finally, the compliance and total variation values do not exhibit significant
differences between the two approaches, whereas, at convergence, the grayness obtained with
QUBOSIMPATY is reduced by a factor of about 3 compared with SIMPATY.

3D test case 3: the dome We consider a dome-like geometry, defined on a non-Cartesian
design domain consisting of a hemispherical shell with outer radius 1.25 and thickness 0.02. A
top hole is obtained by removing a cylinder of radius 0.25, aligned with the z-axis and passing
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Figure 12: The stool: final design (left) provided by the QUBOSIMPATY (top) and SIMPATY
(bottom) algorithms and corresponding anisotropic adapted meshes (right).

Table 7: The stool: comparison between the QUBOSIMPATY and SIMPATY algorithms in
terms of structure performance and quality, and mesh cardinality and maximum aspect ratio.

i algorithm VF c G TV Ny SK.max
0 QUBOSIMPATY 0.199 0.0915 0.0877 1.0490 2541 2.71
SIMPATY 0.200 0.0906 0.0879 1.0434 2541 271
1 QUBOSIMPATY 0.199 0.0713 0.0392 1.0810 6079 18.69
SIMPATY 0.200 0.0709 0.0465 1.0623 6086 16.47
’ QUBOSIMPATY 0.200 0.0577 0.0286 1.0594 5811 45.78

SIMPATY 0.200 0.0590 0.0763 1.0118 5828 60.47
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through the origin. The resulting domain is
Q={(x,y,2) eR*:1.23> <x® +y? + > < 1.25%, 2> 0, x* +y* > 0.25%} .

The structure is clamped at the bottom I'p = {(x,y,z) € dQ : z = 0}, while the load f =
[0,0,—1]7 is applied on Ty = {(x,y,2) € dQ : Yx2 + y2 = 0.25} (see Figure 9, right, for a
sketch).

The optimization process is performed on a quarter of the whole design domain by symmetry,
discretized through an isotropic computational mesh consisting of 11918 tetrahedra. The filtering
process is performed with a filter radius of R = 0.05, while we use parameters 7 = 4, Anyin =
51073 and hpax = 2.5 - 107! to adapt the mesh. The metric rescaling procedure is switched on
with N}, = 3000 and we select TS as sampler.

AN A7 "N\

18\%W 8%

Figure 13: The dome: final design for @ = 0.2 (left), @« = 0.3 (center), and @ = 0.4 (right)
provided by QUBOSIMPATY algorithm (first row) on the corresponding final anisotropic adapted
meshes (second row) and by the standard QUBO algorithm (third row).

To assess the robustness of QUBOSIMPATY for shell-like optimized layouts, we consider

three values of the maximum volume fraction, namely @ € {0.2,0.3,0.4}. Figure 13 shows the
optimized structures in the first row and the corresponding anisotropic adapted meshes in the
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second row. The target number of vertices is reached within the prescribed tolerance 6, with
N, =3097 fora = 0.2, N, = 3119 for @ = 0.3, and N,, = 3060 for @ = 0.4. It follows that, even
for the smallest amount of available material, the algorithm successfully produces a meaningful
optimized design. The adapted meshes exhibit stretched tetrahedra aligned with the struts and
boundaries of the optimized dome. The maximum aspect ratio values are Sk max = 88.47,
57.58, and 63.27, while the corresponding average values are sk avo = 10.84,9.11, and 9.24, for
a = 0.2, 0.3, and 0.4, respectively.

The regularizing effect of anisotropic mesh adaptation is evident by comparing the structures in
the first row with those in the third row of Figure 13, obtained with the baseline QUBO algorithm
on a fixed mesh with 3964 vertices. Despite the use of about 1000 additional vertices, the fixed
mesh results do not provide the same quality of the final designs, which exhibit less regular
material-void interfaces and a more fragmented structural layout. This effect is particularly
visible for @ = 0.3 and @ = 0.4, where the QUBO algorithm produces more complex topologies
whose accurate representation would likely require a substantially larger number of elements on
a fixed mesh.

7 Discussion and conclusions

In this work, we have introduced QUBOSIMPATY, a QUBO-based topology optimization algo-
rithm that combines a SIMP formulation of the minimum compliance problem with anisotropic
mesh adaptation and a metric rescaling-based complexity control. The proposed strategy is
motivated by the need to reduce the number of binary variables in QUBO formulations, a key
requirement for their practical use with classical heuristics, quantum-inspired solvers, and near-
term quantum annealing hardware.

In more detail, the QUBO reformulation is based on an additive binary update of the density
variables and exploits standard compliance sensitivities, thereby retaining a close connection
with classical density-based topology optimization. The anisotropic mesh adaptation component
is used to concentrate the discretization along material-void interfaces, while the metric rescaling
procedure allows the number of mesh vertices, and hence the number of QUBO variables, to be
prescribed within a given tolerance. In this sense, mesh adaptation acts as a complexity-control
mechanism rather than only as a discretization improvement tool.

The numerical results provide an extensive assessment of the proposed strategy on two- and
three-dimensional benchmark configurations. Overall, QUBOSIMPATY produces optimized
layouts that are consistent with those obtained by classical SIMP-based approaches, while keeping
the number of density degrees of freedom under control. The observed trends are broadly coherent
when moving from two to three dimensions, although the computational balance becomes more
delicate in three dimensions because of the larger design spaces and the stronger impact of the
QUBO size.

These observations support the use of mesh-complexity control as a structural component of
QUBO-based topology optimization, particularly when the admissible problem size is dictated by
quantum-oriented hardware restrictions. This role is highlighted by the downscaled experiment
performed on D-Wave quantum annealing hardware. The results should not be interpreted as
an end-to-end speedup over classical topology optimization, since the overall wall-clock time is
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still affected by QUBO construction, hardware access, and communication overheads. Instead,
the experiment shows that QUBOSIMPATY can produce hardware-compatible QUBO instances
while preserving the mesh resolution needed to describe the optimized layout. Within this
setting, the intrinsic annealing contribution exhibits a favorable time scale, and the convergence
behavior suggests that QUBO-based minimization may become advantageous in regimes where
faster sampling can compensate for the current overheads.

Several directions remain open for future work. A first issue concerns the dense structure
of the present QUBO matrices, which affects both the classical solution cost and the embedding
complexity on quantum annealing hardware. Alternative formulations leading to sparser QUBO
structures, possibly through the introduction of auxiliary variables [87], represent a natural con-
tinuation of this study. Further developments concern more systematic strategies for selecting
the density increment and the penalty parameters, as well as the integration of adaptive encoding
techniques for real-valued design variables [88]. Finally, the combination of QUBOSIMPATY
with other quantum, quantum-inspired, or hybrid optimization strategies [89, 90] will be impor-
tant to assess the potential of quantum-ready topology optimization beyond the problem sizes
currently accessible to available hardware.
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