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Abstract

We present a framework for the analysis and unmixing of random density mixtures in the Bayes Hilbert
space BQ(I ). General identifiability results for mixtures in Hilbert spaces are established and applied to
the Bayes Hilbert space setting. Building on these results, we propose a penalised maximum likelihood
approach for the unmixing of Bayes Hilbert mixtures aimed at recovering the statistically space-efficient
representation, together with a computationally efficient coordinate-wise maximisation algorithm for its
implementation. The methodology is illustrated through a hyperspectral data application, where observa-
tions can be naturally embedded in the Bayes Hilbert space and analyzed in terms of distributional shape
rather than amplitude. A complementary simulation study demonstrates the interpretability and practical
performance of the proposed approach.

Keywords: Mixture models, Compositional data analysis, Convex geometry, Hyperspectral imaging, Func-
tional data analysis

1 Introduction

Probability densities are central to statistics because they describe how values of a variable are distributed
across a population. In many modern applications, the unit of analysis is not a single individual but an entire
society or complex system. In these cases, the overall distribution can reveal important patterns that simple
summaries, like the mean or variance, cannot. For example, two completely different distributions can have
the same mean and variance, yet behave in fundamentally different ways. Capturing such differences requires
looking at the full density, rather than just a few summary statistics.

In this work, we introduce and explore mixtures of densities, decomposing an observed density into inter-
pretable constituent parts with compositional proportions. We prove the existence and uniqueness of the pair
of vertices and proportions that maximise the statistical spread of the data over the space of compositional
weights — i.e. positive weights summing to 1. Moreover, we propose a penalised maximum likelihood unmixing
strategy and validate the model through simulations and on a case study — using data from AVIRIS Indian
Pines [3].

Working with densities is not straightforward because they are constrained objects: they cannot be negative,
and their total mass must always sum to one. Classical approaches in functional data analysis (FDA, [30])
generally assume that the data can vary freely, which is not true for densities. Applying these methods directly
to densities can lead to misleading or invalid results.

To overcome this problem, researchers developed the concept of the Bayes Hilbert space [39], a mathematical
framework specifically designed for densities. In this space, densities can be combined and manipulated in ways
that respect their natural constraints. Indeed, transformations exist that allow traditional functional data
analysis techniques to be applied safely, while making the study of densities simpler.

Embedding densities in the Bayes Hilbert space has already led to many practical advances. Researchers
have used it to handle higher dimensional domains [11] T3], to work with non-Lebesgue reference measures [37],
to model spatially dependent densities [23], to analyze situations where only sparse observations are available
[20, B5], and where densities are the predictors [14] or the responses [18 20, [21] of regression models.

Yet, one fundamental problem remains unaddressed within this framework: the unmixing of densities.
Mixtures arise naturally in many fields, representing populations composed of multiple subgroups or overlapping
latent processes. Consider, for instance, the income distribution of a country composed of distinct socioeconomic
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groups: the observed density is a mixture of the group-specific densities, and unmixing it reveals the underlying
subpopulation structure. Addressing this problem within the Bayes Hilbert space framework, however, is not
straightforward. While simplicial PCA [12] [35] offers the closest existing tool for decomposing densities in the
Bayes Hilbert (BH) space, it does so along orthogonal directions of variation — not as a mixture of components
with compositional weights. Moreover, such a decomposition cannot be equated with classical probabilistic
mixtures, which are linear combinations in the traditional sense and do not respect the geometric structure
of the Bayes Hilbert space. This distinction matters whenever the population is heterogeneous and the goal
is to recover latent subgroups or overlapping processes. As we discuss in Section [3} BH mixtures induce a
genuinely different notion of mixing, and their interpretation requires care. Indeed, classical mixtures induce
non-linear structures in Bayes Hilbert spaces. Conversely, mixtures defined within Bayes Hilbert spaces are
given by convex combinations of distributions with respect to the underlying vector space operations, and
therefore do not, in general, coincide with classical mixtures. This discrepancy has been partially addressed
in the literature on c-mixtures, which introduce alternative, generally non-linear, combination rules [2, B
33]. These mixtures have been investigated in several applied areas, including survival analysis and reliability
modeling, stochastic ordering and comparison of heterogeneous populations, and Bayesian inference for lifetime
models, where they provide flexible interpolation schemes between arithmetic — for « = 1 — and geometric —
a — 0T — aggregation of probability models. However, this line of work does not provide a practical tool for
nonparametric estimation of the vertices and of the proportions’ distribution. In this work, we focus instead
on exploring Bayes Hilbert mixtures as a powerful alternative grounded in the literature on compositional data
analysis [111 [13], 14} [I8] 20} 211, B5H37, 39].

A particularly natural application of this framework arises in hyperspectral imaging, where each pixel
records a superposition of pure-material signatures. Hyperspectral data consist of reflectance — or radiance
— curves measured across a dense grid of wavelengths, forming a high-dimensional functional signature for
each pixel of the recorded scene. In this context, it is not the absolute magnitude of reflectance that is most
informative, but rather the relative distribution of energy across wavelengths — that is, the overall shape of
the spectral curve. Subtle variations in peaks, slopes, and absorption features reveal the presence of specific
materials, surface properties, or ongoing chemical processes [22]. For this reason, hyperspectral reflectance
curves are usually analysed after normalisation, encoding the relative distribution of energy across wavelengths
rather than absolute intensity, and can thus be treated as densities within the Bayes Hilbert space framework
— making unmixing a problem of recovering compositional proportions over a simplex of endmember densities.
More broadly, because densities are positive, compactly supported, and continuous, they can represent any
functional object whose key feature is its shape rather than its amplitude, making this framework widely
applicable beyond classical probabilistic settings.

In hyperspectral data, pure material exhibits a characteristic signature — either in reflectance or radiance
— allowing its remote identification within a scene, namely a spatially extended domain such as a planetary
surface portion [40, 41]. When a scene is captured by remote sensors, every pixel of the resulting image
corresponds to a hyperspectral observation. However, hyperspectral measurements rarely coincide exactly
with pure-material signatures, as sensing technologies introduce spatial blurring and mixing effects due to
neighbouring light sources and limited spatial resolution. For this reason, a dedicated research area known as
Hyperspectral Unmizing (HU) has emerged, aiming to develop methods that estimate the proportions — or, in
some formulations, the probabilities of occurrence — of each material contributing to the spectrum recorded at
a given pixel. Moreover, since the set of materials present in a scene is not always known a priori, the pure-
material signatures — endmembers — are often estimated in a fully unsupervised manner. Some approaches, such
as Vertex Component Analysis (VCA, [25]), adopt the so-called pure-pizel assumption, which postulates that
at least one pixel in the scene corresponds to each pure material; however, this assumption may fail in practice,
potentially leading to inaccurate or non-identifiable endmember estimates. Non-negative Matrix Factorisation
(NMF, [I5]), which identifies the minimum-volume simplex enclosing the data, and Minimum-volume HU [I7]
relax this assumption, but remain sensitive to outliers: extreme observations can artificially inflate the enclosing
simplex and distort the estimated endmembers. Our approach occupies a middle ground: rather than requiring
pure pixels to be present in the dataset, we assume that the endmembers have positive probability density —
that is, they need not be observed, but must be plausible under the data-generating distribution. Under this
assumption, we identify the vertices that maximise the statistical spread of the data over the simplex, a criterion
grounded in the covariance structure of the compositional weights and less sensitive to extreme observations
than minimum-volume alternatives.

The article is organised as follows. In Section [3]we formally define and study random density mixtures within
the Bayes Hilbert space, and discuss the difference with respect to probabilistic mixtures. Section [4] investigates
the identifiability conditions of the corresponding unmixing problem in generic Hilbert spaces; Section[5]presents
the proposed maximum likelihood estimation procedure in Bayes Hilbert spaces. The practical performance and
applicability of the proposed methodology are demonstrated through an extensive simulation study (Section @
— with synthetic probability density data — and a real-data application to hyperspectral imagery (Section .



2 Theoretical background

2.1 Bayes Hilbert Space

A Bayes Hilbert space on a compact interval I C R, denoted by B?(I), is an infinite-dimensional Hilbert space
specifically designed for the analysis of density functions [39]. Formally, B?(I) can be defined as the quotient
space

L2(D)] =p,

where
Li(I)={f:1—R"st. log(f) € L*},

and =p2 is the equivalence relation given by
f=p2zg ifandonlyif f=mng a.e. on I, for some constant n > 0.

Thus, elements of B?(I) are equivalence classes of positive functions whose logarithm is square integrable,
that differ only by a positive multiplicative constant. In other words, functions are identified up to scale,
reflecting the fact that only their relative structure — or shape — is relevant. By convention, in the following,
each equivalence class is represented, if possible, by its normalised element, i.e. the density integrating to one
over I. As a Hilbert space, it is equipped with a sum @ (a.k.a. perturbation), a multiplication by scalar ®
(a.k.a. powering), and a scalar product, with respect to which B2?(I) is complete. For f,g € B%(I) and o € R,
the operations are defined as f

g

fog= f]f(;l'g(s)dis,

To define a scalar product on B2(I), [39] introduced the centered log-ratio (clr) transformation, which maps
densities into elements of

(1)

L2(I) = {f € L2(I) | /If(s) ds = 0}.

The clr-transformation is defined as
lr(£)(t) = log(f(1)) - ﬁ / log(f(s)) ds, )

where A denotes the Lebesgue measure on I. By construction, with (f, g) 21y = (clr(f), clr(g)) 21y, the clr-
transformation is an isometry between B2(I) and L2(I), and it preserves the Hilbert space structure. Moreover,
B?(I) is separable [39], a property that is particularly important in statistical and computational contexts, where
data must be efficiently represented and recorded.

This formulation is here considered for ease of exposition, although a wide range of extensions exists,
including generalizations to more complex or unbounded supports and non-Lebesgue reference measures [13]
37, 39].

2.2 Linear mixtures

Let {h;}; C B*(I) be a set of densities. A linear mixture is defined as [10]

m m
9=>_pihj, Y pi=1,p; >0V
=1

Jj=1

If we denote the vector of proportions p = (p;);, then by construction p € S, where S C R™ is the (m —1)
dimensional simplex. Thus, g is a linear convex combination of the densities {h; };-”:1, or equivalently a weighted
arithmetic mean, where the weights sum to 1. Let X ~ g. Then, X has the same distribution as the mixture
Y, defined conditionally as Y|{J = j} ~ h; for all j € {1,...,m}, with mixing index J ~ p supported on
{1,...,m}.

Consequently, the linear mixture provides an appropriate model when each observation is assumed to be
generated by first selecting a component density h; with probability p;, and then sampling from that density.
In this sense, the linear mixture represents a purely probabilistic mixture, as it explicitly models heterogeneity
through a random selection among distinct components.

In the next section, we introduce a framework for random Bayes Hilbert mixtures, highlighting the crucial
differences with respect to the classical linear — probabilistic — mixture.



3 Bayes Hilbert mixtures

We now introduce the core theoretical developments of our work, beginning with the definition of Bayes Hilbert
mixtures. Note that this construction does not depend on the specific geometry of Bayes spaces, but is valid
in any Hilbert space. However, for the purposes of this work, we restrict our attention to mixtures defined
within a Bayes Hilbert space and adopt the corresponding notation throughout. Let {h; } *, C B%(I) be a set
of linearly independent densities, where linearity has to be intended in the Bayes Hllbert sense, namely with
respect to the operators @, ® deﬁned above. A conver hull in the Bayes Hilbert space (B?(I),®,®) is a set

M({hi}i) = {9632 ’g—@pJGh],ij—l pg>0VJ}

j=1

In the following, we name Bayes Hilbert miztures the elements of M. Note that, by projecting M through
clr into the L3(I) space, the image is conv(clr(hy),...,clr(hy,)), i.e. the classical (linear) convex hull of clr-
transformed densities {h;}71,

Let H . .
m hJ ‘
- @t - v an = LI
j=1 fl Jj= 1hJJ z)dz j=1 !

for a given set of {h;}7"; in B2(I) and p = (p;); in S™. By construction, the resulting density g corresponds
to the weighted geometric mean of the densities {h;}"" 7.,. Consequently, the Bayes Hilbert mixture represents a
form of aggregation that differs fundamentally from probabilistic mixing: rather than describing a population
composed of distinct subpopulations, it yields a single distribution that integrates the characteristics of the
original densities. In this sense, the Bayes Hilbert mixture is more appropriately viewed as a fuzzy mixture
than as a probabilistic one.

The concept of a fuzzy mixture is widely recognized [16]: in general, it describes a framework in which each
observation does not belong exclusively to a single component, but rather to all of them simultaneously, with
varying degrees of membership. Just as grey is not simply a mixture of white and black pixels, but a shade in
its own right — where white and black represent the two extremes of a continuum — the Bayes Hilbert mixture
yields a genuinely new density that interpolates smoothly between the original components. It is strictly related
to the problem of soft-clustering, as it models data belonging to more than one cluster at the same time, with
different proportions. This seems appropriate e.g. in our application on hyperspectral unmixing, where pixels
usually contain more than one material at the same time.

Figure [l (top) displays an example with Beta distributions. The two continuous curves represent two
densities d1, d in the Bayes Hilbert space B2([0, 1]). The dashed curve represents the result of a linear mixture,
while the dotted one represents the result of a Bayes Hilbert mixture. In both cases, p = (0.5,0.5). The linear
mixture is bimodal, with modes that are near the modes of the two original densities. By contrast, the Bayes
Hilbert mixture is unimodal, with the mode in 0.5: this highlights that the two kinds of mixtures can be
strongly different. For example, let us consider the densities and mixtures of Figure [1| (top) having a domain
equal to a color map from white, 0, to black, 1. Figure [l| (bottom) displays pixels that are i.i.d sampled from
dy (first from left, mostly light), da (last, mostly dark), their linear mixture (second, heterogeneous mixture
of light and dark pixels) and Bayes Hilbert mixture (third, mostly grey). This illustrates that linear mixtures
are preferable when the data are believed to arise from separable subpopulations (here light and dark pixels),
whereas Bayes Hilbert mixtures define a population, where mixing takes place within each observation (here
within pixels, leading to differently grey pixels). The choice between the two mixing paradigms is thus driven
by the setting and inferential goal.



<+ — d1

— d2

- - LMxtp=(0.5,0.5)
- BHMxt p=(0.5,0.5)

density

a)

0 02 04 06 08 1

Figure 1: (Top) Density curves of Beta(2,5) and Beta(b,2) distributions (d_1 and d_2), their linear (uniform)
mixture (dashed), and their Bayes Hilbert (uniform) mixture (dotted). (Bottom) Independent samples from a)
dy, b) linear uniform mixture, ¢) BH uniform mixture, and d) ds, stored in a matrix for ease of visualization.

Formally, let (€2, F,P) be a probability space and let G :  — B2(I) be a random element in the Bayes
Hilbert space B2(I).

Definition 3.1 (Bayes Hilbert random mixture). Let {h;}72; C B*(I) be linearly independent in the Bayes
Hilbert space. We say that G is a Bayes Hilbert random mixture (of {h;}JL,) if

G(w) € M({h;}jL,) forallw e Q,
where M({h;}7L,) denotes the associated convex hull.

So far, our formulation shows that if G is any random mixture, then it can be represented by a collection
of vertices {hj};n:1 with an associated random proportion vector p. To make this useful in practice, we may
ask whether we also have the identifiability of any such G, i.e. whether it can be uniquely represented as a
mixture. We discuss two variants of identifiability:

1 artial identifiability: given it ., the distribution of p is unique;
i) Partial identifiabilit i hjgnl he distributi fpi i

(ii) Total identifiability: the representation of G is unique, namely, there exists a unique pair consisting of
vertices and random proportions generating G.

The first property holds, as shown in Section [BI] The second property, however, does not hold in general.
Given G, there may exist infinitely many pairs of vertices and corresponding random proportions that generate
G as a random mixture.

In particular, larger convex hulls containing the support of (the distribution of) G, indicated as supp(G),
correspond to low-variance distributions of p, whereas smaller convex hulls containing supp(G) require more
dispersed distributions of p — see Figure [f] for a schematic explanation. As the convex hull shrinks, its vertices
approach supp(G); equivalently, the vertices become increasingly likely to appear in a realization.

In real datasets, the vertices are typically latent and do not appear as pure realizations — see the discussion
of the pure-pixel assumption in [4I]. Nevertheless, one may assume that the vertices, even if not observed,
could in principle occur. Formally, this amounts to seeking the representation whose vertices are closest to
supp(@G), or equivalently, whose associated distribution of p is as spread out as possible. This is analogue to
searching for the minimum-volume convex hull, as is standard in hyperspectral unmixing problems, but in a
distributional perspective. We discuss this in more detail in



4 Identifiability of mixtures in Hilbert Spaces

We study the identifiability of the representation of a random mixture G through a set of vertices {h; };»”:1 and

the distribution of the random proportion. Throughout, G is assumed to be a random mixture supported on
the convex hull of m fixed vertices.

Partial identifiability Given vertices {h;}7",, Proposition (proved in guarantees that the distribution
of p is uniquely determined by G. This allows us to define the map

m

bo: HE = D(S™),  ba{h}i) =D <= GE@Pp;oh; p~D,

j=1

where H is the set of m-tuples of linearly independent vertices whose convex hull contains supp(G) almost
surely (Definition [B.1]). Under suitable regularity conditions (see , ¢¢ is continuous and, when G is finite-
symmetric — meaning ¢ (D) is finite for every D — ¢¢ is also a closed map, so Im(¢¢) is closed in D(S™).

Minimal representation. Let ¥, denote the covariance matrix of the isometric log-ratio transformation
(ilr, [9]) of the proportion vector p € S™, namely:

¥, = Cov(x), x = Y(p), Y : 8™ — R isomorfism (3)

We define a strict partial order < on the set of valid representations of G. Since two m-tuples of vertices that
differ only by a permutation yield the same convex hull, we work on the quotient space with respect to the
equivalence relation ~: (hy,...,hy) ~x (B, ..., hL,) if there exists a permutation 7 of {1,...,m} such that
(h1y.. s hm) = (h;(l), e h;(m)). The set of valid representations is then

Co = {({hj}j’ p):G< ®,;p;© hj}/Nw-

We set ({h;};,p) <c ({h;};,P) whenever tr(3,) > tr(X;). The quantity tr(¥,) measures the total dispersion
of p: maximising it selects the representation in which the proportions spread out most within the convex hull,
thereby utilising the available space efficiently. By contrast, directly minimising the volume of the convex hull
tends to concentrate the vertices near the most extreme observations, which may distort the recovered statistical
structure by overweighting atypical data points. Existence of a minimal element follows from Proposition [J]
(see [B)).

Uniqueness requires an additional assumption. We say that G satisfies the Probabilistic Pure Pizel (3P)
assumption if each vertex of the minimal representation can be approached with positive probability. Formally

Definition 4.1. (Probabilistic Pure Pixel assumption) We say that G satisfies the Probabilistic Pure Pixel
(3P) assumption if there exists ({hj,...,h}},p) in the minimal set, such that ¥j = 1,...,m and Ve > 0,
P(G € Dc(h})) > 0, where D(h}) is the ball centered in h} and with radius .

This differs from the classical pure pixel assumption in Hyperspectral Unmixing, which requires each vertex
to appear as a pure observation almost surely; the 3P assumption only requires this event to have positive
probability.

Theorem 1 (Minimal representation). If G is finite-symmetric and satisfies the 3P assumption, the minimal
element of (Cq,<g) is unique. The unique minimal representation is given by the vertices {h;‘ 7Ly paired with
p* ~ D* = ¢c({hj}]L,).

Corollary 2. The vertices {h;k }]m:l n De_ﬁm'tion paired with the corresponding random proportion
p* ~ D" =¢a({h;}j1)
are the unique minimal representation in Theorem [1]

By forcing p to be spread out while estimating the representation of G, we obtain the minimal representation,
which corresponds to the representation for which the vertices belong to the closure of G’s support. This fact
is crucial for the interpretability of our model. All proofs and auxiliary results are collected in [B]



5 Bayes Hilbert unmixing via penalised maximum likelihood

In real datasets consisting of multiple realizations of a random mixture G, the assumption that G is a noiseless
mixture is generally unrealistic. Without an additive noise term absorbing existing residual variability in B2(I),
every observed realization would require its own vertex to be represented exactly, leading to an unbounded
growth of m and to overfitting of the vertices. We therefore incorporate a noise component and fix the number
of components m (the choice of this hyperparameter is discussed in . We model G as

G=GpDepe (4)

where G o is a noiseless mixture for which the 3P assumption holds (see Definition , and ep: € B%(I) is
a density-valued noise term with mean equal to the uniform distribution [0] g2, the neutral element of the BH
space, and a covariance operator I'.. The perturbation term eg= allows G to deviate, with probability one,
from the convex hull on which G lies. More precisely,

Gpnm o= @ijhj, (5)

j=1
where {h;}7L; C Hg are the vertices and p := (p;)7L; ~ D € D(S™) are random proportions. The pair
({h;}71.p) € HE x D(S™)

constitutes the minimal representation of G . This representation is unique up to permutations of the indices,
according to the identifiability results established in Section In this section, we propose a strategy for
estimating both the vertices and the distribution of the random proportions that generate G4, based solely
on a sample of n independent and identically distributed (i.i.d.) realizations of the noisy mixture G.

5.1 Modelling the proportions’ distribution

In Equation , (pj);ﬁzl = p € 5™ denotes the vector of proportions. We assume that the isometric log-ratio
(ilr, [9]) transformation of p follows a Gaussian distribution, namely

b~ ql)_l (Nmfl(ll/pa Ep)) )

for some p,, € R™LY, € Rm=Dx(m=1) positive semidefinite, where ¢ : §™ — R™~1 denotes the discrete
ilr transformation. The ilr transformation maps the compositional vector p from the simplex S™ to the
real Euclidean space R™~! by projecting log-ratio coordinates onto an orthonormal basis, thereby preserving
distances and endowing the simplex with a standard (finite-dimensional) Hilbert space structure. Equivalently,
in ilr coordinates, the model reads

z = w(P) ~ Nmfl(u'pv Ep)v

and the composition is recovered through the inverse mapping

p=y"1(2)

This formulation makes explicit that the Gaussian assumption is imposed in Euclidean space, while the induced
distribution on the simplex is ilr-normal. While other log-ratio transformations, such as the clr, are possible,
they differ from the ilr by a linear transformation and thus do not affect normality.

5.2 Modelling the density objects

The model detailed in Equation and includes different density objects: the noisy realizations {g; }?_,,
which are observable, the latent vertices {h;}7.; and the noise €pz.

In our work, we represent each density object through their clr-transformation, which is discretised — ap-
plying truncation — via finite Karhunen-Loéve decomposition (i.e., simplicial functional principal component
analysis, SFPCA, [12]) of G. This yields, for a generic density g:

gla) = cir™? (icl@(x)) (6)

=1

where {¢;}F_, € LZ(I) are the first k simplicial principal components (SFPCs) — which form a k-dimensional
orthonormal basis — and ¢; € R are the scores of g(x) over the SFPCs — i.e., ¢; = (g, ¢;) g2, with (-,-) g2 the
inner product in B2(I).



The clr-transformation of the density eg2 is assumed to be distributed as a Gaussian process (GP, [0]),
namely eg2 = clr ™' () with
€~ GPL(Z) (O, Fe)

Analogous to (6)), we can expand € = clr(eg2) in the basis of the first k eigenfunctions (SFPCs) of G, with
coefficients then following a multivariate Gaussian distribution of dimension k with mean p. = 0 and covariance
matrix ¥.. The equivalence is shown in [35]. Hereafter, the symbol ¢; € R* will denote the vector of coefficients
of clr(g;), associated with the k elements of the basis {¢1, ..., ¢ }. Analogously, the matrix H € R¥*™ will store
the coefficients of h;, j € {1, ..., m} column-wise. For clarity, the complete model can be summarised as follows.
Each observed density g; is represented by its clr-coefficient vector ¢; € R*, which satisfies

= le + €, €~ Nk(07 26)7 p; = ¢_1(Zi)7 Zq m—l(l'l'pa Ep) (7)

5.3 Problem formulation

The parameters (H,up,Zp,Ee) are estimated by maximising the marginal likelihood of the observed data
{9:}1~, obtained by integrating out the latent proportion vectors {p;}. Since this integral is intractable, we
resort to the MCEM algorithm: in the E-step, the current conditional expectation of the complete-data log-
likelihood is approximated via Monte Carlo; in the M-step, this approximation is maximised with respect to the
parameters. Observing only {g;}?_; C B%(I) — represented by {c;}"_; C R"*¥ — independent realizations of
G, we seek to estimate via maximum likelihood the vertices hq, ..., h € B2(I) through the coefficients’ matrix
H € R¥*™ the residuals’ covariance operator I'. € R¥** through ¥, the mean ilr-proportion By, € R(™=1 and
its covariance %, € R(m=1)x(m=1),

Throughout this section, fp, denotes the model density of p; induced by the ilr-normal assumption, and f, |,
its conditional density given the observed coefficient vector ¢;. For given p,, i € {1,...,n}, the log-likelihood
would be:

n

Z(H’ E€|p17 "'7pn) = Zl (vaza

=1

l\J\»—A

Z —Hp,)'~ 7 (c; — Hp;) — %log(det(Ze)) + const.  (8)

However, in our scenario the proportions p, are latent variables. Following the Monte Carlo Ezpectation—
Maximization (MCEM) framework, in each M-step we maximise the expected complete-data log-likelihood
(the @-function from the E-step) with respect to the parameters, namely:

Z(Hv l"’pv Zpa Ze) = ZEpi\ci [li(vaia EE) + log fpi|ci (pz)] y (9)

where the expectation is based on the conditional distribution of p;|¢; with the current values of the parameters.
In each M-step, we aim to find the set of parameters (I, p,,, ¥, ¥c) which maximizes the expected log-likelihood
in Equation @[)

The conditional expectation in @D is not analytically available. The p, are obtained through a nonlinear
transformation v of a Gaussian random variable, but are not Gaussian themselves. As a consequence, the model
density and the likelihood of p, are not conjugate, and the resulting conditional distribution is not Gaussian.
Nevertheless, expectations with respect to p, can be approximated via Monte Carlo simulation. Specifically,
at each iteration ¢ the current parameter estimates (H(t), ;L,(,t), Ez(,t), Egt)) are held fixed; the latent variables p,
are then sampled from the conditional f, |, (E-step), the expectation in @[) is approximated by Monte Carlo,
and the parameters are updated by maximising this approximation (M-step). MCEM is well established in the
literature [6] and has already been employed in the Bayes Hilbert space setting [35].

The conditional distribution f, |, of p; is such that:

Fode (20 050~ (0000) = )55 (W(p) ~ ) — (e~ Ep)E e ~BR) ). (10)

For the E-step, we can sample from the conditional distribution without explicitly computing the nor-
malizing constant, using methods that range from importance sampling to more advanced algorithms such as
Hamiltonian Monte Carlo (HMC). Importance sampling is easy to implement and interpret, e.g. [4], but poorly
scalable as m increases. Moreover, expectations are approximated by weighted averages, with weights given
by the ratio between the target conditional density and the auxiliary density. Conversely, HMC is designed to
efficiently explore high-dimensional conditional distributions [27], and in this case expectations are computed as
simple sample averages, since all samples have unit weight and are already distributed according to the target
conditional distribution. For this reason, we present both options.



In the E-step, the expectation in @[) is approximated by drawing B samples {pb,i}szl from an auxiliary
distribution 7 and computing importance-weighted averages. Here p, ; denotes the b-th sample drawn from
for the i-th observation, with weight w;, ; = Ezb';;b,i and np,; = Jz’;r'(c;iip%) For HMC, m = fp.|c, and wp; = 1/B
for all b.

Notice that, together with the maximization of the expected log-likelihood with respect to the model pa-
rameters, we are also implicitly maximizing the expected log-density of p,. This term alone does not control
the size of the induced convex hull M({h;}7.,), since tr(¥,) may become arbitrarily small. In such a case,
the proportions concentrate around the mean p,,, while the locations of the vertices remain essentially uncon-
strained. To address this issue, and to improve the identifiability of the vertices — see Section [4] -, we introduce
two additional penalization terms: one controlling the size of the convex hull by penalising small dispersion,
and one regularising the shape of the estimated vertices when exact pure observations are not available. The
resulting objective function to be maximised is:

B n
Z(H7ﬂp72 E Zwb,z vab i )+10g.fp |c1(pbl)) )\trtr - s’rnz:HD2 ClI‘ j)]Hiz(I)’ (11)

b=1 i=1

where D? indicates the second derivative operator, and choice of A and Mgy, is discussed in Section

5.4 Implementation

In this section we describe the practical implementation of the E- and M-steps introduced in Section [5.3]
showing that each parameter block admits a closed-form update within the coordinate-wise maximisation of
the marginal likelihood. The resulting updates are reported below and form the building blocks of the iterative
estimation procedure, as described in Algorithm

Update of the vertices H

Fixing 3¢, p,,, 3, the maximization of [ has a closed form solution H*, that is:
vee(H*) = (A} ® Iixk + Inxm ® Ay) ™' vee(C) (12)

where ® denotes the Kroeneker product, Ipxx and I,,x., are, respectively, the identity matrix of dimension
k x k and m x m, vec(-) is the operation that vectorises the matrices by column, and:

A= (2 i - e - Do)
B
Ar == ZB[)zl Z?:l Wy,i * (pb,ipij,i) (13)
C =371 2 iy Wy - Cip;),z'
where Dy € R¥*¥ is the matrix representation of the second-derivative operator in the SFPC basis, i.e.,
(D2)kr = (&, &) r2(1)- When Ay, = 0, the maximiser of [ becomes H* = CA,”!. H* = CA; " can be interpreted
as a weighted mean of the observations (encoded in C) corrected by A1, which adjusts for vertices’ overlap.
The diagonal entries of A, reflect average squared conditional proportions per vertex, while the off-diagonal

entries capture their joint co-occurrence. Applying A1 thus mitigates vertex overlap. The derivation of
is provided in [C]

Update of the noise covariance 3.

Conditional on (H, p,,,), the maximization of [ with respect to X, reduces to the estimation of a weighted
residual covariance matrix. The optimiser is given by

= Z Zwb i(ci —Hp, ;) (ci — Hp, ;)’ (14)

v p=1i=1

that is, the conditional-weighted covariance of the reconstruction errors. Hence, ¥, captures the dispersion of
the data around the current mixture representation.

Update of the proportion’s parameters

Fixing (H, 2, £,), the update of i, corresponds to a weighted average in the transformed coordinate system.
Specifically,

By = szwbzzzwbﬂbpbz (15)

i



that is, the conditional mean of the transformed proportions. This expression highlights that the Gaussian
assumption is enforced in the Euclidean space induced by .

Finally, fixing (H, ¥, p,,), the maximization with respect to ¥, yields a regularised weighted covariance
estimator:

= szwbl(zzwbz (Po.i) l’l’p)(w(pbj)_.u’p)/‘i‘/\trl(m1)><(m1)), (16)

where the trace-penalization term As.I ensures numerical stability and prevents degeneracy of the covariance
matrix.

The MCEM algorithm [6], with a coordinate-wise optimization in the M-step whose steps all have a closed-
form solution (as shown in Equations , , , ) is reported below. The algorithm proceeds as
follows. At each iteration it, a simple random sample (SRS) — i.e., drawn uniformly without replacement
— of ny = [ma,| observations is selected, where a, € (0,1] is the batch fraction. SRS ensures that each
observation has equal probability of being selected, avoiding systematic bias in the parameter updates. Setting
a, = 1 recovers the full-batch version of the algorithm. For each parameter block, conditional samples {p;, ;}
are generated and the corresponding closed-form update is applied in sequence: first ¥, then H, then p,,, and
finally ¥,. Convergence is assessed via the relative change in Hj; the algorithm stops when this falls below a
tolerance threshold tol. The algorithm supports a stochastic-batch option: rather than using all observations at
each update step, a fresh SRS batch is drawn before each parameter update (lines 4, 6, 8, 10). This introduces
additional stochasticity that can help escape local optima and reduces the computational cost per iteration, at
the price of a noisier gradient signal. An alternative is to draw a single batch per full iteration. The tuning
parameters A, Agm, and m are discussed in Section The batch fraction «, should be set according to
the redundancy of the dataset: when observations are spatially or otherwise correlated, «, can be reduced
substantially without loss of information — in the case study of Section [7] we set a,. = 0.2 — whereas for non-
redundant datasets a,. = 1 is recommended. For the convergence criterion, we set tol= 0.05 (i.e., a 5% relative
change threshold on H) and max_it= 50, which proved sufficient for convergence in all simulation and case
study settings considered in this work. In absence of prior knowledge, we recommend to choose as initial values

(0) =0, E(O) = Im-1)x(m—1)- The initialisation of H©® and Z( ) ensures that the algorithm starts aligned
w1th the dlI‘eCtIOIlb of maximal variation in the data: the initial vertices coincide with the first m simplicial
principal components, while EEO) is calibrated to the variance explained by the first discarded component, as
measured by the (m + 1)-th eigenvalue.

Algorithm 1 Algorithm for MCEM estimation — with stochastic-batch option

Require: {c;} ., E(O) H(®), u;,O), EI(UD), Ds, A\tr, Asm, Qp, max_it, tol
Output: (pp, Xp, H, 2 )

1: m < ncol H{JU

2 ng +— fmozﬂ

3: for it = 1 to max_it do

4 SRS batch {c;, };',
GEED 5/ S updatey, () (Eq. (T4))
6: SRS batch {c;, } e
7 HEY) updateH( ) (Eq. ([2)
8: SRS batch {cba} 1
9: (1t> + update,, () (Eq. (T3)
10: SRS batch {cls} i1
11: Efait) — updatczp(~) (Eq. (T6))

B — BG- D)

[HE=D ] + 10-5
13: if Ay < tol then

12:

14: break
15: end if
16: end for

17: return {ug,it), El(oit),H(it), Egit)}

5.5 Choice of the tuning parameters

In this section we discuss the choice of the penalty parameters Ay, , A¢-, and the number of vertices m.

Penalty parameters

The parameter A, regulates the strength of the smoothing penalization. If the data are already smooth (e.g.
in our simulations in Section @ or if they have to keep they natural irregularity (e.g. in the case study in
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Section , Asm can be set equal to 0. In general, \;,, > 0 can be selected on the basis of the reconstruction
error of the mean density process, i.e.:

1
MSEev (Aem) = 17 3 lles = Epill;
i€V

where V' C {1,...,n} is a held-out validation set disjoint from the training set, and || - ||2 denotes the
Euclidean norm in R*. For real case studies, whose statistical analyses are commonly supervised by experts on
the scientific subject of the data, one can also choose Ay, based on the interpretability of the results.

Unlike Mgy, which enforces smoothness at the expense of fit to the data, the penalization of tr(X,)™! can
be interpreted as an effective increase, by a factor ¢, in the variance of each coeflicient of ¥(p) (see Equation
(16)). Empirically, the algorithm typically exhibits convergence in the || - |2 norm of the coefficients H to
the same result, across a wide range of values of )., indicating a limited sensitivity of the solution to this
regularization parameter when the distribution of proportions saturates near the vertices —i.e. when 3P holds.

Number of vertices m

The number of mixture components m is treated as a model hyperparameter; its selection is validated empirically
in [C] for the simulation settings considered in Section [} A classical approach consists in setting m equal to
the number of principal components selected via the elbow rule, or via a threshold on the cumulative sum of
eigenvalues. Alternatively, one can fit the model for m € {2, ..., mmax} and select m via reconstruction error on
a hold-out validation set (analogous to MSE¢y in Section, an information criterion, or domain knowledge.
The sensitivity of the results to m should always be assessed by comparing solutions for adjacent values.

6 A simulation study: probability density unmixing

This section investigates the behavior of the proposed method under two relevant stress scenarios, with in-
creasing degree of difficulty. Each simulated dataset consists of n = 500 mixtures of m density components
(vertices) defined on the unit interval. Each component approximates a Beta distribution with varying shape
parameters. Beta distributions are a well-known and flexible parametric family defined on the unit interval,
making them a natural choice for simulating heterogeneous density shapes on [0,1]. However, as shown in
Section [A] exact Beta distributions are linearly dependent in the Bayes Hilbert space, which would violate the
assumptions of Section [2] To circumvent this issue, each component is defined as a sample density obtained
from a histogram generated from the corresponding Beta distribution, yielding vertices that are a.s. linearly
independent. The densities are then transformed using the centered log-ratio (clr) transformation, which maps
them from the Bayes space to an unconstrained Hilbert space. The resulting clr functions are represented
through cubic compositional B-spline basis expansions with a second-derivative roughness penalty, as in [21],
yielding a finite-dimensional coefficient representation.

Mixture observations are generated by simulating compositional weights in isometric log-ratio (ilr) coordi-
nates from the multivariate Gaussian distribution

NM—l(Upa Zp)v

and subsequently transforming them back to the simplex. Functional mixtures are then obtained as linear
combinations of the vertices in clr space. To mimic realistic data conditions, additive multivariate Gaussian
noise,

€ NNk(O, Es),

is introduced in the coefficient space.

This framework generates synthetic density-valued functional observations with a known underlying struc-
ture, enabling a systematic evaluation of estimation accuracy, robustness to noise, and recovery of both mixture
components and mixing proportions.

The most challenging scenarios are expected to arise when: (i) the residual variance increases, i.e., tr(XZ;)
becomes larger (Study A); (ii) the mean of the mixing distribution u, moves further away from the uniform
composition [0]gm towards a corner of the simplex (Study B).

Datasets are simulated under the following configuration. The number of mixture components is set to
m = 3. The noise covariance matrix is specified as ¥. = 02}, where 02 = 0.01 - tr(X.), with 3, the sample
covariance of the clr-coefficient vectors {¢;}_, unless otherwise stated (see Study A). The mean of the mixture
coefficients is set to p, = Opz in Study A, while it varies in Study B, in such a way to study its effect on the
estimation.
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The estimation phase is carried out according to Algorithm To ensure comparability across scenarios,
the following hyperparameters are kept constant in every simulation. The model distribution is initialized as
follows: the mean vector is set to

w9 =0
P )

the covariance matrix of the mixture parameters to
2 = In-1)x(m-1),
and the noise covariance matrix is initialized as
2O = Ik

The matrix H(® is initialized such that its columns correspond to the first m simplicial principal components
of ¢1, ..., ¢, with m set to 3. The regularization parameters are fixed at

()\smv )\tr) = (07 1),

and the learning rate is set to a;,, = 20%, meaning that each update is computed using 100 randomly sampled
observations.

We claim that, apart from m = 3, the selected hyperparameters are intentionally not optimised for each
individual realization of the synthetic datasets. This choice is motivated by the need to ensure comparability
across the different scenarios and, at the same time, to avoid relying on a fully automatic tuning procedure,
that would be computationally expensive in an extensive simulation study. The selection of m = 3 should not
be regarded as an artificial advantage derived from the simulation design. Although m = 3 corresponds to the
true underlying dimensionality used to generate the data, this choice is also strongly supported empirically (see

0).

6.1 Study A: amplifying the dispersion from the convex hull

In Study A, we investigate how the dispersion of the residuals affects the performance of our maximum-likelihood
unmixing strategy. As tr(X.) increases, the proportion of variance explained by the mixture correspondingly
decreases. This makes the identification of the mixture more challenging, as the mixture structure becomes
increasingly obscured by the overall variability of the data.

Figure [2| (top row) illustrates a representative realization of Study A: the discrepancy between the true and
estimated vertices is negligible when o2 equals 0.01, corresponding to observations that are almost noiseless
mixtures. However, the mismatch becomes more severe when o2 reaches 0.5, that is, when the variability of
the residual is comparable to half the variability of the vertices themselves. In this regime, the noise makes the
estimated vertices also noisy. In situations like these the solutions can be:

e Avoiding subsampling at each iteration, setting c,. = 1 — see Algorithm
e Increase the smoothing penalization parameter Ag,,.

Figure 3| (left) reports the L? error distribution across 50 independent repetitions. The representative
realization in Figure [2| (top row) is selected as the one closest to the median error and should be interpreted
as a typical outcome. Two features emerge: the median error remains roughly stable across values of o2,
suggesting that the algorithm consistently identifies the correct vertex directions even under substantial noise;
the interquartile range widens markedly as o? increases, reflecting growing variability across repetitions. Two
conditions are compared: in both cases, BH unmixing is applied, but the data are generated either from a Bayes
Hilbert mixture (light blue boxplots) or from a linear mixture (violet boxplots). The latter case corresponds
to a misspecified model, where the unmixing assumption does not match the data-generating process. As
expected under misspecification, the linear mixture case yields systematically higher errors, confirming that the
BH unmixing estimator is sensitive to the assumed mixing geometry.

6.2 Study B: moving the mean proportion towards one vertex

In Study B, we examine how the proximity to one particular vertex, and consequently the distance of y, from
the uniform proportion [0]gm, influences the performance of our maximum-likelihood unmixing strategy. As
{p’s norm increases, at least one of the vertices becomes underepresented in the dataset of the mixtures. This
aspect can make the recognition of that vertex difficult. In particular, as the proportions relative to a vertex
are distributed near 0, the influence of that vertex becomes almost null. In that specific case, the dataset will
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be approximately a mixture of (m — 1) vertices. For this simulation, we consider the following u, — recalling
that m = 3:

(0,0),(0,1/2),(0,1),(0,2)

Figure (11 illustrates the four choices of u,, represented as points in S3 C R3. As || t,|| increases, the mean
proportion moves away from the uniform composition towards one vertex. It is important to note that for all
these simulations, the starting value for 4, in the iterative procedure is always equal to [0]sm. As one can easily
observe in the example in Figure [2] (bottom row), qualitatively, the estimated vertices progressively get worse
from [0]gm to ¥71((0,1)) ~ (0.18,0.18,0.64) € S®. When discrepancy between the proportion of one vertex is
too high with respect to the ones of the other vertices, e.g. in our example for 1»~1((0,2)) ~ (0.07,0.07,0.86),
the two less represented vertices collapse into one unique vertex, becoming indistinguishable.

Figure 3] (right) summarises estimation accuracy across 50 independent repetitions; the representative re-
alization in Figure (bottom row) corresponds to the median error. Performance remains stable for u, €
{(0,0),(0,1/2),(0,1)} and deteriorates sharply only at u, = (0,2), where one vertex carries proportion ap-
proximately 0.86 and the remaining two become nearly indistinguishable. This threshold behaviour suggests
robustness of the estimation procedure to moderate imbalances in the mixing distribution, with breakdown
occurring only when one vertex is so dominant that the others are effectively unobserved. As in Study A, BH
unmixing is applied to both conditions: data generated from a BH mixture (light blue) and data generated
from a linear mixture (violet). The BH mixture case consistently yields lower errors throughout, confirming
that the advantage of the correct model specification results also in this case — regardless of ||y, ||.

True vertices par_A =0.01 par_A=0.1 par_A=0.2 par_A=0.5

densities
2|
densities
densities
densities
densities

dom dom dom dom dom

True vertices par_ B=0 par_B=0.5 par B=1 par_ B=2

densities
2I
densities
densities
densities
densities

00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 0.0 02 04 06 08 10 0.0 02 04 06 08 10

dom dom dom dom dom

Figure 2: Representative realizations of Study A (top row) and Study B (bottom row): true vertices (leftmost
panel) and estimated vertices for increasing values of par_a = 02 (Study A) and par_b = ||, || (Study B). Each
realization is selected as the one closest to the median L? error over the 50 repetitions.
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Figure 3: Distribution of the L? estimation error — defined as - min, > llhy — fL,T(j)HBz, minimised over all
vertex permutations 7 — across 50 independent repetitions, as a function of 0 (Study A, left) and || || (Study B,
right). Light blue: data generated as Bayes Hilbert mixtures; violet: data generated as linear mixtures.

7 A case study: AVIRIS Indian Pines hyperspectral unmixing

The AVIRIS Indian Pines dataset is a widely used benchmark in hyperspectral image analysis [41], providing a
challenging setting for the evaluation of spectral analyses: from pixel classification [28] to unsupervised unmixing
[26]. Acquired by the Airborne Visible/Infrared Imaging Spectrometer (AVIRIS) in 1992 over agricultural areas
in northwestern Indiana, the scene consists of 145 x 145 pixels with reflectance measurements across 224 spectral
bands spanning the wavelength range from approximately 0.5um to 2.5um [3]. After removing bands affected
by atmospheric absorption and noise, the dataset exhibits high spectral redundancy, subtle class variability, and
significant spectral mixing due to limited spatial resolution and heterogeneous land cover. Moreover, the Indian
Pines site is predominantly characterised by the coexistence of vegetation, water, and soil, with only a limited
presence of artificial structures such as streets and buildings — see Figure As a consequence, each pixel
is likely to simultaneously represent multiple land-cover types. The combined effect of low spatial resolution
— resulting in spatial blurring — and the intrinsic heterogeneity of the scene makes Indian Pines particularly
suitable for testing advanced unmixing models that go beyond linear and pointwise representations of spectra.
In this setting, Bayes Hilbert mixtures are a natural modelling choice: rather than describing each pixel as a
discrete combination of pure endmembers, they yield a single coherent distribution that integrates the spectral
characteristics of all contributing land-cover types, consistently with the fuzzy nature of mixed pixels.

In this work, we interpret each hyperspectral pixel not as a finite-dimensional vector but as a functional
compositional object, viewed as a distribution over the continuous wavelength domain. This perspective nat-
urally leads to an embedding of hyperspectral data into the Bayes Hilbert space, despite it being originally
designed for analysing probability density functions. This approach enables us to focus on the shape of the
spectra, rather than on their amplitude. Indeed, it is widely recognised in the literature that amplitude has no
physical meaning in hyperspectral analysis.

Within this functional-compositional framework, spectral unmixing is reinterpreted as a density unmixing
problem. We model each observed normalised hyperspectrum as a BH mixture — as mixing is thought to occur
within pixels, i.e. fuzzy-like, as discussed in Sectionf of latent endmember densities (vertices) defined over the
wavelength domain. Figure[don the left shows the dataset of normalised hyperspectra. Applying the simplicial
FPCA [12], we select m = 4. We set the starting values for {h;}}J, as the first m principal components, and
for X as pm+1lkxk, where p,,11 is the (m + 1)-th eigenvalue, i.e. the variance explained by the first discarded
principal component. The first 4 principal components, obtained without imposing smoothness so as to preserve
the roughness typical of hyperspectral data, and the variance explained are reported in Figure [14]in [G]

The choice of m = 4 is guided by Figure|14] (center), i.e. the plot of variance explained varying the number
of retained principal components. This plot displays an elbow in m = 4 — retaining 96% of the total variance.

Selecting m = 4, we discuss the result of our MCEM unmixing, employed to estimate the tuple of vertices
{h1,h2, h3, ha}, the mean ilr-proportion p, and covariance X,, and residual coefficients’ covariance X.. In
Figure {4 we show the data (left) compared to the estimated vertices (right). The vertices seem reasonable
convex generators of the data. In order to interpret the results, we plot, for each pixel of the Indian Pines site,
the mazimum a posteriori estimate of each component of the proportion p;, for every j € {1,...,m}, obtaining
m maps — see Figure

Comparing the results obtained with historical imagery from 1993’s Google Earth, with the ten years later
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map — Figure [16| — and keeping as a reference the experts’ manually labeled landcover map — Figure [18| — we
can state that the proposed spectral unmixing strategy is capable of accurately distinguishing the following
land-cover classes: h; — cultivated lands of type 1, ho — cultivated lands of type 2, hg — impervious surfaces,
including streets and building roofs, hy — trees, and By considering the sum of the proportions of h; and hq, we
can easily recognise the profile of the cultivated fields in 1993. The difference between h; and hs is unknown
a priori. However, we can observe that hy has a stronger decay in the band [0.55um, 1um], classified as the
Visible to Near Infrared (NVIR). In this band, water reacting with chlorophyll — the green pigment, present in
all green plants and in cyanobacteria, responsible for the absorption of light to provide energy for photosynthesis
— typically present a higher reflectance [24]. Indeed, this band is observed by scientists in order to assess if a
plant is healthy — high reflectance — or not. Thus, we can suggest that h; represents fields that are less healthy
than the ones with a high proportion of ho. Analogously, the difference could also be due to a higher presence
of water in hs.

By comparison, we report in [G] (Figure[L5) the result of Vertex Component Analysis (VCA, [25]) on AVIRIS
Indian Pines, obtained on the normalized hyperspectra, trained on 25% of the pixels — to reduce redundancy
inducted by spatial correlation —, fixing m = 4 to make the result comparable to ours. VCA is a statistical
method for linear unmixing that requires a pure-pixel assumption. It extracts the endmenbers (l/j)’;@:l among
the statistical units, and computes the pixels’ abundances vectors a = (aj);”:l, which, in contrast to proportions,
are only constrained to be positive, not to sum to 1. Consequently, two endmembers can have a high abundance
on the same pixel. Employing as a reference Figures [17] and [16] shows that v3 highlights the presence of trees,
similarly to hg, vo the grass-pastures (see Figure , while v, vy, though spatially coherent, are of difficult
interpretability both in terms of manually labeled map and of Google Earth’s photographies (Figure.

The interpretable findings and the coherence of our results highlight the potential of functional-compositional
representations for hyperspectral unmixing, particularly in scenarios where spectral variability and spatial
blurring challenge traditional linear models. Indeed, as illustrated in Section [3| the Bayes Hilbert mixture
naturally models spatially blurred observations, where distinct endmembers are smoothly integrated within a
single pixel.
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Figure 4: On the left the normalised hyperspectral mixtures, to be unmixed. On the right the m = 4 estimated
vertices.

15



P1 P2 P1+p2

04 06 08

0.2

Figure 5: Unmixing in Bayes Hilbert space. The six panels show the estimated proportions pi,...,ps € (0,1)
as well as p; + po.

Conclusion

In this work, we introduced a framework for the analysis and unmixing of random density mixtures in the
Bayes Hilbert space B?(I). We studied the identifiability of a statistically space-efficient representation of a
random mixture, defined as the convex combination of vertices in B2(I), with vertex proportions following a
distribution that maximizes the covered region of the simplex. General identifiability results for mixtures in
Hilbert spaces were established and subsequently applied to the Bayes Hilbert space setting.

Based on these results, we proposed a penalized maximum likelihood approach for the unmixing of Bayes
Hilbert mixtures aimed at recovering the statistically space-efficient representation. The resulting optimization
problem can be implemented through a coordinate-wise maximization algorithm.

The proposed methodology was illustrated through a hyperspectral data application, where observations
can be naturally embedded in the Bayes Hilbert space and analyzed in terms of distributional shape rather
than amplitude. A complementary simulation study based on noisy mixtures of Beta distributions further
demonstrated the interpretability and practical performance of the method, particularly in the presence of
fuzzy-type mixtures.

The performance of the approach may deteriorate when observations lie far from the center of the convex
hull of the vertices, are very noisy or when the mixture type is misspecified, for instance when the underlying
mixture is linear. An interesting direction for future research is to relax the assumption of strictly Bayes—
Hilbert or linear mixtures and investigate which a-mixture within the c-mixture family [7], 38] provides the most
appropriate representation of a generic random mixture of densities. Concerning the model for the proportions,
the ilr framework may become restrictive under the pure-pixel assumption, since logarithmic transformations
are undefined for zero components; in such cases, the discrete a-transformations [7, B8] may provide a more
suitable alternative, as they admit pure proportions and remain well-defined on the boundary of the simplex. In
our model, we assume that the proportion vector p follows an ilr-normal distribution, that is, its isometric log-
ratio (ilr) transformation is multivariate normally distributed. This choice yields a unimodal distribution for p.
When the observed realisations of G exhibit multimodality — suggesting the presence of distinct subpopulations
— a more flexible model for the distribution of p may be considered [g].

Finally, one could consider modelling correlation —temporal, spatial, or spatio-temporal, depending on the
application — in the proportions. Notably, in the hyperspectral case study of Section [7] spatially contiguous
proportion maps are obtained even without explicitly accounting for spatial dependence (see Figure [5)).

We believe that the Bayes Hilbert space setting provides a principled and interpretable foundation for
fuzzy-like mixture modelling of distributional data, and that the extensions outlined above represent promising
directions for broadening its scope and applicability.
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A BH mixtures in exponential families

As an illustrative example, we briefly discuss the special case of distributions belonging to the exponential
families. We already know that the set of the exponential family of distributions is an affine subspace of B2(I)
[39]. Here, we want prove that the Bayes Hilbert mixture operation preserves the distribution of the exponential
family: if all elements in the convex hull of {h;} C B? belong to the same distribution, then the Bayes Hilbert
mixture also belongs to that distribution, yielding a density characterized by updated parameters.

Proposition 3. Let F be the set of all densities obtained by truncating a fized exponential family to a compact
support I' C I. Then F is a convex subset of B>(I).

Proof: Convex combinations in B2(I) are defined through the perturbation and powering operations & and
©®. Let f1, fo € F have the same compact support I’ C I, and let p € [0,1]. Assume

{fl(fﬁ) = h(z)exp(n(61) - T(x) — A(61)) 11 (x),
f2(z)=h

where 1;(z) denotes the indicator function of the set I at z. For z € I’, the convex combination in B%(I) is

(o fi)®((1-p) O fa).

By the algebraic properties of B2(I), this is equivalent to

[p® (h(z) - exp(n(61) - T'(z) — A(61)))]®
@ [(1 = p) © h(z) - exp(n(b2) - T(x) — A(62))] =p2

=p2h(a) PP exp((pn(61) + (1 = p)n(62))T () + a7)
—(pA(61) + (1 — p)A(62))] =p>

=p2h(z) exp(n(612)T(z) — A(612)) =p2

) exp(n(612)T'(x))

The existence of 015 follow from the continuity of the natural parameter map n (by the intermediate value

theorem). Hence, the convex combination belongs to the same exponential family truncated to I’; and therefore
lies in F.

—B2h(l‘

O
Hence, differently from the probabilistic mixture, which would generally exhibit multimodality, the BH
mixture produces a distribution of the same exponential family but with modified parameters.
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B Propositions for identifiability of the minimal representation

This appendix shows and discuss the details regarding the results, presented in Section [ on identifiability of
the representation of a random mixture G' through a set of vertices {h;}72; and the distribution of the random
proportion. Here, we assume that G is a pure random mixture, meaning that none of the possible realisations
of G are allowed to fall outside the convex hull of a set of m vertices, where m is fixed — known or estimated.
All the results in this Section are valid for any Hilbert space, although here presented in B2(1).

As a first step, in Section we prove that, if G is a random mixture, any set of vertices {h;}7L, can be
associated, according to G, with a unique random proportion p : Q@ — S™. We will denote by D(S™) the set
of all probability distributions on S™, and write p ~ D € D(S™).

B.1 Partial identifiability

Hilbert Space ®
B*(I) hs

I =g}

o

Figure 6: Schematic representation of a mixture G lying perfectly in M (hq, ho, hs). The points hq, ho, hs are
represented as points in the Bayes Hilbert space, and the triangle with vertices hq, ho, hg illustrates a convex
hull. The blue cloud represents the distribution of G, with darker blue indicating higher probability mass,
while the yellow point corresponds to a realization of G. Both the blue region and the realization of G lie
within the depicted convex hull with probability 1. The other triangles, with unmarked vertices, represent
alternative convex hulls in which G also lies with probability 1, but corresponding to a different distribution of
the proportions. In this sense, the representation of G as a random mixture is not unique.

Let us assume that G is a random mixture of {h; -1, according to Definition Then, by construction, for
any w € Q) we may find p(w) such that

G(w) = @pj(w) © h;.

Hence, the random mixture G identifies at least one random variable p :  — S™. Proposition [ states that

the distribution of p, given the distribution of G and {h;}".,, is unique. The proof is given in the Appendix.

Proposition 4 (Identifiability in distribution of p|{h;};). Let G be a random mizture of {h;}L,, with h;
non-random elements in B*(I), j = 1,...,m, i.e. for w € Q:

for some p ~ D € D(S™). If it also holds:

for some random vector p, then p==p.
Proof of Proposition By contradiction, let us assume that p#?p. Then, 34 € S™ : P(p € A) <
P(p € A). Let us define Ag := {g =@/ piOhjpe A} and Yw € Q, G(w) := @, pj(w) © hj. Then, by

construction: B
P(GeAg)=Ppe A) <P(pe A) =P(G € Ag)
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And this contradicts the assumption that G =¢G. O

B.2 The vertices set

Not every m-tuple of vertices in B?(I) generates a valid convex hull for G (see Figure [7). To represent the
distribution of G' as a random mixture, we therefore restrict attention to those m-tuples whose elements are
linearly independent and for which G lies in their convex hull with probability 1 —that is, supp(G) € M({h;}"-,
The collection of such m-tuples defines the subset H{ C B?*(I) x ... x B*(I) = B*™(I) - Definition
Furthermore, we show that H7 is closed in B>™(I).

Definition B.1. We call H} the subset of B>™(I) defined as:
HE = {(h1,.e, hy) € BP™(I) : dim(spangz 1) (h1, ...hm)) = m,
P (G e M({h;}]L))) =1}

where spang:py is the span in the Bayes Hilbert space sense.
P(GeM,) =1

P(GeM;) <1

hy
Hilbert Space o

B*(D) hs //

2

Figure 7: All triangles represent generic convex hulls. The green convex hull (M) is an example of element of
%, as supp(G) is contained in it. Contrarily, the red one (M;) does not entirely contain supp(G), consequently
it does not belong to H.

Now, let us provide B*™(I) with the norm ||h||gz.m(5) = Z;n:l ||| B2(r)- Hilbert spaces are by construction
complete metric spaces, with respect to the norm induced by their own scalar product. Moreover, the cartesian
product of m Bayes Hilbert spaces, B%>™(I), provided with a scalar product equal to the sum of the marginal
scalar products || - [|g2(r), is itself a Hilbert space. Thus, (B*>™(I),|| - ||g2.m(r)) is closed in itself. As a
consequence of the previous proposition, we obtain the result in Proposition [5] The role of this result is being
clarified in Section [B:4] Theorem [T}

Proposition 5. The set B>™(I) is closed in (B*™(I), || - ||p2.m (1))

m

Proof of Proposition Consider a sequence of m-tuples of vertices {hﬁb)}jzl, ¢ € N, converging to
{h}}7%,. From the closure of H™, we know that {h}}72, € H™. However, we have to prove that, if M* :=

M({h}};), P(G € M*) = 1. We proceed as follows.
The sequence of m-tuples of vertices induces equivalently a sequence of convex hulls

M, = M({R};), c HE c H™

converging to M*. If the sequence is increasing, namely M, C M, 1, then, straightforwardly P(G € M*) >
P(G € M,) = 1. If it is decreasing, namely M,; C M,, then, being P(G € M,) = 1 for any ¢ € Ny, and
following the properties of the probability as a measure,

L—> 00

1= lim P(GeM,) = P(ﬁ{G e M,}) =P(G e M)
=1

This implies that {h}k 7Ly € Hg . Lastly, if the sequence is neither decreasing nor increasing, we can first extract
the subsequence of convex hulls that contains M™*. The elements of these sequence are ordered according to a
new index tq, tg,.... Now, we proceed in this way:
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e Assign the first element: M; = M, .

e Update all the other elements of the sequence intersecting them with M;
e Discard the empty sets.

e Reassign the indexes i, t3, ... respecting the previous order.

Then, repeat for i, 3, ..., obtaining a sequence of subsets of H. Then, since:

M*C ﬁMﬁUCﬁML:M*

v=1 =1

the intersection of these decreasing subsets converges to M*. Hence, as before, {h}}, € H. O

B.3 A map from vertices to proportions

We next aim to identify the probability distribution D of the random proportion p ~ D, knowing only G and
the set of vertices {h; };":1 Consequently, we are interested in measuring the distance between proportions in
terms of their distributions.

For this reason, we equip ©(S™) with the metric dp defined by

dp(p.p) = M{q € S : Fp(q) # Fp (9)}) »

where A denotes the Lebesgue measure on R™ D S™, and F}, is the joint cumulative distribution function
associated with p. We note a slight abuse of notation in writing dp(p,p’), as this formally represents the
distance between the distributions D ~ p and D’ ~ p’, although it is expressed directly in terms of the
parameter vectors p and p’. This metric explicitly quantifies the discrepancy between two random vectors
in terms of the sets where their associated distribution functions differ, and is commonly referred to as a
measure-theoretic Hamming distance [5].

Thanks to Proposition we can define the function ¢¢ : HEF — D(S™), a map that given the distribution
of a random mixture G and a proper m-tuple of vertices, returns the distribution D of the relative random
proportion p, namely

oc({h;}jL,) =D iff G =1 @pj ® hj for p~ D.
j=1

We can prove that ¢ is continuous.

Proposition 6 (¢¢ is continuous). Let G be a random mixture of densities and let ¢g be defined as above.
Then, ¢g is continuous.

Proof of Proposition [68 We want to prove that (||e|lzm — 0) = (dp(da({h; + €;};), pa({h;};)) — 0).
Let p ~ ég({h;};) and p9 ~ ¢c({h; + ¢;};). First, we claim some necessary and sufficient statements. By
construction of ¢¢, for any € = (€1, ...,€m) € H™ such that {h; +¢;}7, € HE,

m

G= @pJQh —@p;)@ hj + €5) g@ O hy —I—pj)@ej
j=1 j=1 j

meaning that both the original and the deviated pair of vertices and proportions still represent GG in distribution.

This is true if and only if:
B0 @ on B o,

If and only if:

~ € d ~ €
D - o =P o
j=1

j=1

Let us now assume that ||€||zym — 0. Then:

Yw e Q: EBp;) ) ® €j —llellem=01p] 5,
7=1
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This implies that:

m

lim i — ) @R L[0]g: =V lim  (p;—pi?) L0
H€||Hm‘>0§( Jj b ) ;=05 jHeHHm%O( j j )

Thus,
dp(p,p) = 0

O
Although in practical applications ¢¢ can often be regarded as invertible — since real data rarely exhibit exact

symmetries — this is not the case in the present theoretical setting, where no assumption is made on the geometry
of the distribution of G. In this section, we introduce the notion of finite-symmetry, a property ensuring that
¢¢ admits a finite preimage for every element of ®(S™) and, consequently, that it is a closed map.

The closedness of ¢ will play a crucial role in Section in particular in Theorem

Definition B.2 (Finite-symmetry). We say that a random mixture G is finite-symmetric if for every D the
preimage ¢, (D) has finite cardinality.

Notice that random mixtures G exhibiting infinitely many symmetries are degenerate and purely theoretical.
An example is given by
G=h®e,

where € ~ N([0] g2, 021 (s,v)), schematically represented in Figure Here, [0] g2 denotes the neutral element of
perturbation (which is the constant density under the Lebesgue reference measure), and I the identity operator.
In this case, one may apply a rotation T to one representative convex hull by any angle 6 € [0,27) without
altering the (spherical) distribution of the proportions D. In fact, G can be interpreted in this case as a noiseless
mixture with infinitely many vertices — rather than a noisy unique vertex. Consequently, the preimage of D
through ¢¢ is uncountable, being in one-to-one correspondence with the interval [0, 27).

Hilbert Space
B*(D)

Figure 8: Schematic example of a non-finite-symmetric G. It can be seen as a density h with the addition of a
noise, or alternatively as a noiseless mixture of infinitely many vertices around h.

Proposition 7. Let G be a finite-symmetric random mizture. Then ¢g is a closed map, that is, it maps closed
sets into closed sets. In particular, Im(¢g) is a closed subset of D(S™).

Proof of Proposition |7} Let C be a closed subset of the domain of ¢, and let {p,}15 C ¢c(C) be a
convergent sequence with limit p. For each ¢ there exists z, € C such that ¢g(x,) = p,. Since gb&l(p) is finite,
there exists a subsequence (v,,) converging to some x € C. By continuity of ¢, we obtain ¢g(z) = p, hence
P € ¢c(C). Therefore ¢ (C) is closed.

O

Henceforth, we restrict to finite-symmetric random mixtures G, which are the only ones relevant in real-
case scenarios. Indeed, in real-case scenarios the distribution of GG is never invariant under continuous families
of transformations of the vertex set, as the underlying components carry distinct statistical signatures; exact
continuous symmetries of the kind illustrated above are a purely theoretical artifact. In the next Section [B-4]
we introduce a strict partial order on the set of representations of G. More precisely, given two representations
({h;}jLs,p) and ({ﬁj};“:l,ﬁ), we say that the first is smaller than the second if the associated trace of the
covariance matrix of the corresponding proportions p, denoted by tr(%,), is larger.
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The quantity tr(2,) measures the total dispersion of p. As discussed in Section [2| the trace of ¥, provides
a natural quantitative proxy for the geometric size of the representation. While related in concept, minimizing
the trace encourages the distribution of p to spread out evenly within the convex hull, thereby utilising the
available space efficiently. By contrast, directly minimising the volume of the convex hull tends to concentrate
the vertices near the most extreme observations, which may distort the recovered statistical structure by
overweighting atypical data points.

Figure [9] schematically illustrates the concept of a minimal element: it corresponds to the statistically
space-efficient convex hull, i.e. to the representation in which the proportions exhibit the largest dispersion.

We aim to prove that a minimal element with respect to this partial order exists and is unique.

B.4 The minimal representation(s) of G

In this Section, we show that within the set of all the possible representations of the distribution of G there
exists at least one representation that maximises the trace of the covariance of p. Under a suitable assumption,
this representation is unique.

Definition B.3. Let G be any random mixture, and let ({h;}}L,, p), ({i_zj};?”;l,ﬁ) be such that:

We say that ({h;}7",p) <c ({h; }1L1, D), if the trace of the covariance matrix ¥, is higher that the one of ¥j,
namely tr(2,) > tr(3;).

Definition B.4 (Strict partial order, [34]). A relation < on a set X is a strict partial order if it is:
e Irreflexive: Vo € X, x £ x.
e Asymmetric: Vz,y € X if z < y then y £ x.
e Transitive: Va,y,2 € X if (z < y) A (y < z) then z < 2.

Definition B.5 (Minimality [34]). An element x € (X, <), where < is a (generic) order relation is called
minimal if Ay € X 1y < z.

hy
Hilbert Space b

B2(I) hs

We seek the
minimal area

representation

o

Figure 9: Schematic illustration of the concept of a minimal element: it corresponds to the convex hull in which
the associated proportions exhibit the largest dispersion.

Let ~, denote the equivalence relation on m-tuples of vertices defined as follows: two m-tuples (hi, ..., hy)
and (h},...,hl,) are equivalent, (h1,...,hpy) ~z (h,...,h)), if there exists a permutation 7 of {1,...,m}
such that

(hl, ey hm) == ( ;_(1), ey h;_(m))
Let HE x ©(S™)/ ~x be the equivalence class with respect to ~.

Proposition 8. The relation <¢ is a strict partial order relation on Cq C HE X D(S™)/ ~r, where D(S™)
is the space of all possible distributions on S™, HE x D(S™)/ ~x is the quotient space w.r.t. the equivalence
relation m and

Ca = {({hj}}n_l,p) eHE x D(S™) : Gi;épj @hj}/ ~ =
- {({hj};”_l,m €HE xD(S™) i p= %({hﬁ;ﬁg}/ ~
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Proof of Proposition [8} We only have to check all the properties of strict partial orders:
1. Irreflexive: trivial

2. Asymmetric: ({h;}7-,,p) <c ({h;}j1,,P) implies that tr(X,) > tr(%;), hence it cannot be true that
({h]};n:hp) >a ({hj}gnzlaf))

3. Tramsitive: let ({h;}72),p) <¢ ({h;}]=y,P) and ({h;}7),P) <c ({f}j};":l,p). Then ¥, > ¥; > 3.
This implies that ({hj}jmzl,p) <a ({hj};”zhﬁ).

O

Proposition 9 (Existence of a minimal element). If G is such that

sup  (tr(E,)) < +o0
({hs}sp)ECe

then (Cq, <g) has at least one minimal element.

Proof of Proposition @ Let us consider a generic sequence ({hg-b)}j,p(b))L C Cg such that

tr(Eg)) —te sup  (tr(¥,)) == M < +o0
({hj};p)eCa

From Proposition |7} we know that Im(¢g) C ©(S™) is closed, hence also H% x Im(¢g) is closed. Then,
I({hj}s,p*) € HE x Im(de) : ({hj}),p") = 1imLHoo({h§l’)}j,p(b)) and by construction tr(X%) = M. Hence,
there exist at least a minimal element, that is ({A}};,p*) € HE x Im(¢q). Consequently, there exists at least
a minimal element in Ce = ({h}};,p*) € HE x Im(dg)/x-

O

So far, we proved the existence of a minimal representation of GG, according to the order <. To ensure
uniqueness of the minimal representation, it is crucial to define and assume a property of G, which we call
the Probabilistic Pure Pizel (3P) assumption. Intuitively, the 3P assumption requires that each vertex can
be observed with positive probability, up to arbitrary precision; in other words, no vertex is probabilistically
hidden. For a more formal definition see [4.1]

For readers familiar with Hyperspectral Unmixing, the 3P assumption differs from the classical pure pixel
assumption: 3P only requires that the probability of observing each noiseless mixture is theoretically positive,
whereas the pure pixel assumption assumes it occurs with probability one.

When 3P assumption holds, we can conclude with Theorem [l that states the uniqueness of the desired
minimal representation of G.

Proof of Theorem [1} Let us assume that the minimal element is not unique. Then, we can intersect two
convex hulls, obtaining a new set ©. Let {h],...,h’,} be one of these two convex hulls. If h; € © for every j,
then for convexity, M(h7,...,h}) C © and this is against the assumption of minimality. Then, at least one of
the m vertices does not belong to ©. Consequently, since © is the intersection of two closed subsets of H, it is
closed itself. Moreover, its complementary ©° is open. Therefore, Je > 0 such that P(G € D.(h;) C ©) = 0,
then 3P does not hold. Due to the generality of the choice of {h],...,h’ }, 3P does not hold. This proves that
3P is a sufficient condition for uniqueness.

O]
C Proofs of Section [5
Proof of Equation First, we can rewrite Equation [TT} fixing ¥, p,,, ¥, as follow:
R 1 B n
[(H) =— 5 Zzwb,i (fi —H-py )TN (F - Hepy )+ (18)
b=1 i=1

— Agm tr(H' - Do - H) + const
where p,, ; is the b-th sampled proportion for the i — th unit, p, ; sampled according to the fixed p,, and

¥p. Notice that Vb,i : dim(p,;) = m x 1. Lastly, Dy = [( ;’,cg’)] , where (. is the r-th element of the
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k-dimensional basis of H.

The gradient of [ with respect to the matrix H has the same dimensions as H, being the codomain of ]
one-dimensional, and it is equal to

B n
ZZ .f —H- Dy, z)pbz )\sm(DZ H)
b=1 i=1

B n
_5 ( S wni(f, — H- pb,np;),i) (D2 H)

b=1 i=1
By imposing the gradient to be equal to the k£ X m dimensional null matrix, we get the following expression:

B n
-1 (z S s fz-pz,,i) -

b=1 1=1

B n
_ zle(Z S s (pmpg,i)) T 2 (Da - H)

b=1 i=1
That implies

B n
(zzwb,i - fip;,,i) -

b=1 i=1

B n
- H(Zzwb,i - <pb,ip;,i>) (25 Dy) - H

b=1 i=1
Hence, the problem is equivalent to finding H such that:

AH+HA, =C

and the solution is:

vec(H*) = (A! @ Inxp + Imxm @ Ay) ™ vec(C)

where ® denotes the Kroeneker product, Ipxx and I,,x.,n are, respectively, the identity matrix of dimension
k x k and m x m, and vec(-) is the operation that vectorizes the matrices by column.

O
Notice that if Mgy = 0, the maximum of [ — see Equation [11|— with respect to H is equal to:

B n B n _1
- <Z Z Wh,i * fz‘pé,i) <Z Z Wp,; 'pb,ip;),i) =CA!

b=1 =1 b=1 i=1

The matrix C' can be interpreted as a weighted mean of the observations {f;}, where the weights are given
by their posterior proportions. Let us examine the inverse of the second term, namely A L.

e The diagonal entries of A, represent average squared posterior proportions associated with each vertex.

e The off-diagonal entries, say in position (j,;’), quantify the joint contribution of vertices j and j’, and
can be interpreted as a probability of their coexistence within the data. Such coexistence indices tend to
increase when many units ¢ exhibit a uniform coexistence in two or more vertices. This is the case when
the number of vertices m is overestimated.

Consequently, when A, ! is applied to C, it acts as a correction term that mitigates the artificial coexis-
tence between different vertices, thereby improving their identifiability. This mechanism is analogous to the
decorrelation of a dataset, which is obtained by applying the inverse of the upper triangular Cholesky factor of
the covariance matrix.

Proof of Equation First, we can rewrite Equation [11} fixing H, p,,, ¥, as follow:
1 B n
U(Ee) =— by Zzwb,i (fi —H- pb,i)/zzl(fi —H p,;)+ (19)
— log(det(%¢)) + const
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this maximization problem is equivalent to finding the maximum likelihood covariance matrix when the
mean is fixed [6], whose solution is:

5=

L NN (F— ) — (. —Fp ) —0) —
—sz-wbi;; bi((f; HPb,z) 0)((f; Hpb’l) 0) )

1
sz wbzbzgzzgwbl f Hpbz)(f Hpbz)

O
Proof of Equation this result is well known and employed in modern statistics, e.g. in [35]. O
Proof of Equation X
Vy,-1 1=
=Vg 1 (Z Z’wb i(V(poi) = 1) 5, (D (poi) — )+
~og(der(%,)) ~ v (%)) =
= Vzpl(zzwbz (Po,i) = 1) S, (W (Po,i) — py,)+
HO S ) los(den(5, 1)~ A (1)) =
b
=— Z Z Wo,i (Y (Po,i) — k) (P (D1,i) — 1)+
Z Z w — Ard(m—1)x (m—1)
Imposing the gradient equal to 0, we proved our statement.
O

D Justified choice of m in the simulations

The scree plots of all simulated datasets (see Figure clearly display that the explained variance is essentially
exhausted beyond this point. Therefore, m = 3 would be selected based on standard diagnostic criteria,
independently of prior knowledge of the data-generating process. Finally, we compare the performance of the
BH unmixing procedure under two scenarios: when the data are generated according to the BH mixture model,
and when this assumption is violated, i.e., when the data are in fact linear mixtures.
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Screeplot of simplicial FPCA - colored by par_A

Screeplot of simplicial FPCA - colored by par_B
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Figure 10: Scree plots of all the simulated datasets — both Study A and B. As one can notice, the variance
exhaust in m = 3.

E Visualisation of the parameter in Study B
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Figure 11: The options of x, in simulation study B, represented in R?, strictly belonging to S® C R3. The
black point is ¥ ~1((0,0)), the darkest violet is ¥~1((0,1/2)) and the lightest is ¢ ~1((0,2))

F Effect of the number of vertices on vertex estimation error

In addition to the Study A (noise level, Section and Study B (separation of mean proportions, Section,
in this appendix we assess the effect of the number of vertices m on the estimation accuracy of the BH model.
We compare three configurations: the baseline case m = 3 (shared by the Simulation A and B studies, with
02 = 0.01) and the cases m = 5 and m = 8 from Simulation C, keeping all other parameters fixed (o2 = 0.01,
tp =0, n =500, k = 23, 50 replicates per configuration). For each replicate we compute the vertex estimation
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error as a weighted Frobenius norm between the estimated and true vertices, after optimal realignment via
linear assignment (as in Section and [6.2). As discussed below, the results reveal a trade-off between two
competing effects of m on estimation accuracy, rather than a single monotonic relationship.

Figure[I2]shows the distribution of the error for m = 3,5,8. Two distinct patterns emerge. First, the spread
of the error across replicates decreases monotonically with m: the interquartile range and whisker extent are
markedly larger for m = 3 than for m = 5 and m = 8. Second, the median error level does not follow the same
monotonic trend: it is lowest for m = 5, higher for m = 3, and higher still for m = 8. The relationship between
estimation error and the number of vertices is therefore non-monotonic, reflecting two competing effects that
we discuss below.
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Figure 12: Vertex estimation error (weighted Frobenius norm, outliers not shown) for m = 3,5, 8 vertices, BH
model, 50 replicates per configuration (sd-perc = 0.01, p, = 0, n = 500).

Effect 1: vertex separation reduces variability The first effect is explained by the vertex-generation
mechanism in the simulator. For a given m, the j-th vertex (j = 1,...,m) is defined as a Beta(j +1, m —j +2)
density. Figure shows these densities for m = 3,5,8. For m = 3, the Beta parameters remain close to
the centre (Beta(2,4), Beta(3,3), Beta(4,2)), producing wide, strongly overlapping vertices. As m increases,
the parameters move progressively toward the tails of the distribution (e.g. Beta(2,9) and Beta(9,2) for
m = 8), yielding narrower, better-separated vertices. Lower geometric separation between vertices makes the
estimation problem less identifiable: small perturbations in the simulated data can drive the EM algorithm
toward qualitatively different solutions across replicates. This effect alone would predict a monotonic decrease
in both the level and the variability of the error as m increases.
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Figure 13: Densities that our vertices approximate, generated by the simulator under the Beta(j+1, m—j+2),
j = 1,...,m parametrisation, for m = 3,5,8. For small m the vertices are wider and overlapping; as m
increases they become narrower and better separated, reducing the ambiguity of the estimation problem and,
consequently, the error variability shown in Figure [I2]

Effect 2: more vertices means more parameters to estimate The second effect works in the opposite
direction on the median error level. The vertex matrix H has dimension k& x m with k = 23 basis functions, so
the number of free parameters to estimate grows linearly with m (69, 115 and 184 parameters for m = 3,5,8
respectively), while the sample size is held fixed at n = 500 across all configurations. The ratio of vertex
parameters to observations therefore increases from 0.14 at m = 3 to 0.23 at m = 5 and 0.37 at m = 8. With
a fixed amount of information in the data, estimating more parameters leaves less information available per
parameter, which tends to inflate the estimation error for each individual vertex. We verified that this increase
is not an artefact of how the error is aggregated across columns of H: computing the error separately for each
vertex (i.e. without summing over columns) yields the same pattern, with the per-vertex error markedly higher
at m = 8 than at m = 5.

Net effect The two mechanisms act on different aspects of the error distribution and, in this experiment,
partially offset each other. Increasing m from 3 to 5 is dominated by the separation effect: vertices become
easier to tell apart, and both the level and the variability of the error decrease. Increasing m further from 5 to
8 is dominated by the parameter-count effect: vertices are even better separated, so the variability of the error
continues to decrease, but the larger number of parameters relative to the fixed sample size increases the typical
magnitude of the error. The configuration m = 5 in this study appears to sit close to the point at which the
two effects balance, combining a comparatively low error level with low variability across replicates. We report
the results as observed, without correcting for this trade-off, as it reflects a genuine property of the estimation
problem under a fixed sample size rather than an instability of the proposed method.

G Additional figures for the AVIRIS Indian Pines case study

This appendix collects auxiliary figures for the AVIRIS Indian Pines case study of Section[7} Figure [I4]reports
the diagnostic output of the simplicial FPCA used to select m = 5, while Figure displays the abundance
maps obtained by the VCA competitor, included here for completeness.
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Figure 14: First 4 principal components (left). Variance explained by the first 4 components (center). Cumu-
lative variance explained by the first 4 components (right).
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Figure 15: Vertex Component Analysis. In this map, we report the obtained abundances maps, where each
abundance a; is a positive number expressing the linear amplitude of the effect of the endmember v;.

31



Figure 16: Indian Pines site in 1993 (left), one year after AVIRIS recorded the hyperspectral data. In 1992, we
have an almost identical image, with some parts missing. Indian Pines site in 2003 (right) — the first colored
one —, 11 years after AVIRIS recorded the hyperspectral data. This image works as a reference to understand
the image in 1993, which is black and white. Source: Google Earth
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Figure 17: Experts’ landcover map with 4 summarising categories. For the detailed subcategories see Figure
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Manually labeled areas
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Figure 18: Experts’ landcover map (left), with legend (right), with the detailed subcategories
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