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Abstract

The Fisher—Kolmogorov model is one of the most widely used models in the study of neu-
rodegenerative diseases, owing to its simple structure as a nonlinear reaction—diffusion equa-
tion. In particular, it is commonly employed to describe proteinopathies such as Alzheimer’s
and Parkinson’s diseases. Under suitable assumptions, non-negativity of the solution is guaran-
teed at the continuous level, which is physically relevant since the solution represents a relative
concentration. However, this property is not generally preserved at the discrete level, poten-
tially leading to unphysical and unstable numerical approximations. In this work, we analyze
a modified version of the Fisher—-Kolmogorov model that stabilizes the dynamics around the
unstable equilibrium ¢ = 0. For the spatial discretization, we adopt a discontinuous Galerkin
method on polygonal and polyhedral meshes, coupled with the Crank—Nicolson scheme for
time integration. We derive stability and a-priori error estimates for the semi-discrete prob-
lem. The theoretical findings are supported by numerical experiments, including convergence
studies in both two and three dimensions. Finally, we validate the model through simulations
of a-synuclein diffusion in a two-dimensional agglomerated brain section, demonstrating the
high-order accuracy and robustness of the proposed method.

1 Introduction

Neurodegenerative diseases comprise a class of disorders that impair neuronal function. Among them,
proteinopathies such as Alzheimer’s and Parkinson’s diseases are the most prevalent and have been ex-
tensively studied. These pathologies are characterized by the misfolding and aggregation of prion-like
proteins into toxic, insoluble conformations [1]. For instance, a-synuclein [2] and amyloid-3 [3, 4] undergo
such processes in Parkinson’s and Alzheimer’s diseases, respectively.

Understanding and predicting the evolution of these processes is crucial for improving diagnosis and
patient care. In recent years, several mathematical models describing prion-like dynamics have been
proposed. In particular, models based on the Smoluchowski equation have been extensively studied [5, 6].
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Due to their complexity, simplified formulations have been introduced, leading to nonlinear reaction—
diffusion models such as the heterodimer model and the Fisher-Kolmogorov (FK) equation [7, 8].

Alongside the development of new theoretical models, a variety of numerical methods have been
proposed to approximate their solutions. For the FK model, several approaches have been explored,
including finite element methods [7, 9, 10], finite difference schemes [11], boundary element methods
[12], and discontinuous Galerkin (DG) methods [13]. Since the FK model aims to study the diffusion of
misfolded proteins in the brain, it is important that the solution is non-negative from a physical point of
view. Under suitable hypotheses, this property is guaranteed at the continuous level. At the numerical
one, instead, it is not automatically inherited; thus, structure-preserving formulations based on the DG
methods have been proposed to solve the issue [14, 15].

In this work, we propose and analyze a numerical method based on a stabilized version of the FK model
(SFK). The modification concerns the nonlinear reaction term, for which an absolute-value stabilization
is introduced. This preserves the original structure of the equation while avoiding the issues related to
strong nonlinearities in interior penalty discretizations (see [14]). A key property is that the proposed
SFK model is strongly consistent with the original FK equation for positive solutions, which are typical in
applications [16]. To approximate the solution, we employ a high-order discontinuous Galerkin method on
general polygonal and polyhedral meshes (PolyDG) for the spatial discretization, coupled with a second-
order implicit time integration scheme such as Crank—Nicolson. This choice ensures high-order accuracy
and enables the treatment of complex geometries, providing significant flexibility in mesh generation,
particularly for brain domains.

Through a rigorous theoretical analysis, we establish improved stability and convergence properties
of the proposed method compared to the original formulation in [13], in both two and three dimensions.
Moreover, the structure of the method naturally extends the analysis to general polytopal meshes [17, 18],
which is particularly relevant for brain applications employing mesh agglomeration strategies [19].

Finally, we present numerical experiments that validate the theoretical findings, including optimal
convergence rates and solution accuracy. We also apply the model to a full brain section, showing that the
resulting diffusion patterns of misfolded proteins are consistent with observations reported in the medical
literature [20, 21]. A comparison between the SFK and standard FK models further demonstrates that
the former provides reliable results even at lower polynomial degrees, making it a robust and efficient
computational approach.

The thesis is organized as follows. In Section 2, we recall the FK model and its functional setting.
In Section 3, we present some preliminary technical backgrounds and the PolyDG space discretization of
the problem and we introduce the SFK model and its formulation. In Section 4, we prove the stability
of the SFK model. In Section 5, we derive an a-priori error estimate of the semi-discretized problem. In
Section 6, we introduce the Crank-Nicolson time discretization scheme for the SFK model. In Sections
7 and 8 we report the numerical results, starting from some convergence tests in the case of a given
manufactured solution and the simulations of the diffusion of a-synuclein protein in Parkinson’s disease
in a two-dimensional brain section reconstructed from medical images, respectively. Finally, in Section 9,
we draw some conclusions and discuss possible future developments.

2 The Fisher-Kolmogorov model

In this section, we present the FK model, used to describe the reaction and diffusion of interacting species
[7]. We consider the domain  C R? with d = 2,3 and the time interval (0,7, being 7' > 0 a fixed
final time. We denote by ¢ = ¢(x,t) the relative concentration of misfolded proteins over the theoretical
maximum that can be derived as in [7] under the assumption of constant baseline concentration of healthy
state protein. The variable ¢ has to be in the range [0, 1], where 0 stands for the absence of misfolded
proteins and 1 for total presence of them. The strong formulation of the FK model reads:



@:V(DVC)%—ac(l—c)—i-f in Q x (0,7,

ot
c=cp on I'p x (0,77,
c(+,0) =co in Q.

In Equation (1), the reaction parameter a > 0 represents the local conversion rate of healthy proteins
into misfolded ones. The diffusion tensor D = D(x) describes the spreading of misfolded proteins inside
the domain and is obtained as the combination of an axonal diffusion of magnitude d,., > 0 and an
extracellular diffusion effect of magnitude de;; > 0, such that:

D(m) = degt1 + daxna(w) ® a’(m)7 (2)

where a(x) is the axonal fibres orientation at point & € Q. The axonal direction is the main orientation
of the connections between the neurons (axons), which can be derived from Diffusion Weighted Imaging
(DWI) [7]. The forcing term f = f(x,t) models the external addition/removal of mass. The Neumann
condition prescribes a sufficiently regular flux ¢ = ¢n(2,t) on the boundary of the domain denoted by
I'y, while the Dirichlet condition imposes a concentration value cp = ¢p(x,t) on the boundary portion
I'p. Wenote that Ty UT'p =0Q and Ty NT'p = 0.

We define the Sobolev spaces as follows Wp = {w € H'(Q) : w|r, = ¢p} and Wy = H%D (©). When
ITp| =0 and I'y = 09, we say that Wp = Wy = H'(Q2). We employ a standard definition of the scalar
product in L%(Q), represented by (-,-)q, and of its induced norm || - ||, whose definition can be extended
component-wise to vector-valued and tensor-valued functions [16]. Then we can introduce the following
assumption on coefficients’ regularity.

Assumption 2.1 (Coefficients’ regularity). We assume the following regularities for the coefficients and
the forcing terms appearing in Equation (1):

e D c L=(9,R¥™4) and 3dy > 0 such that: do|ep|> < »TDyp Ve € RL
o f € L%(0,T]; L*(Q)).

o ¢n € L*((0,T]; L*(T'w)).

e cp € L*((0,T]; H/*(T'p)).

e cy € L*(Q).

The last step to derive the weak formulation of problem is to introduce:

a(c,w) = (VDVe, VDVw)q Ve € Wp,Yw € Wy, (3)
F(w) = (f,w)a + (én,w)ry Yw € Wy. (4)

Then, the weak formulation of problem (1) reads: Find ¢ = ¢(t) € Wp such that for any ¢ € (0,71:

(gtw> +ale,w) = (acw)g + (ac’, w)g = Flw) Y & W, (5)

c(+,0) = ¢ in Q.

Remark 2.1. Under Assumption 2.1, if f =0, ¢n =0 and T'p = 0 with co(x) € [0,1] Vo € Q, co(x) not
identically equal to zero, it can be proved that the FK equation admits a traveling wave solution. Moreover,



we can state that the solution c(x,t) € [0,1] Ve € Q, t > 0. This translates into the existence of two
equilibrium points: an unstable equilibrium at ¢ = 0 and a stable one at ¢ = 1, such that:

lim c(x,t) = 1.

t——+o0

3 Polygonal discontinuous Galerkin semi-discrete formulation

In this section, we construct a space approximation for problem (5) using the PolyDG method [13]. First,
we introduce a mesh partition .7}, of the domain 2 made of disjoint polygonal/polyhedral elements K.
For each of them, we define its measure |K| and its diameter hg such that h = maxge g {hx} < 1. From
now on, we will use the following notation x < y to say that 3C > 0 : x < Cy, where the constant C
depends on the model parameters and on the polynomial degree p but is independent on the mesh size
h. The interface is the intersection of the (d — 1)-dimensional facets of two neighbouring elements:

e for d = 2, the interfaces are line segments and a set of segments is denoted with #},;

e for d = 3, any interface is a generic polygon and we assume that each of them can be decomposed
into planar triangles, whose set is denoted with .%,.

The set .7, can be seen as the union of interior faces (Z}) and exterior faces (%) lying on the domain
boundary 9€2. The boundary faces can be split taking into account the type of boundary condition:
FB=7PuUZN, where FP and Z}¥ are the boundary faces contained in I'p and Ty, respectively.

In this work we introduce two different mesh regularity assumptions that will be exploited in different
part of the theory developed in the next sections.

Assumption 3.1 (Shape-regular mesh [22]). The mesh sequence {.7,}, satisfies the following properties:
1. Shape regularity: c;hd < ¢|K|< chd, VK € F,.

2. Contact regularity: VF € %, with F C K for some K € .}, it holds h%* < |F|, where |F| is
the Hausdorff measure of the face F'.

3. Submesh condition: there exists a shape-regular, conforming, matching simplicial submesh %
such that:
eVKcZ, 3IKecJ: KCK.
e The family {?h}h is shape and contact regular.
o VK € 7, K € J, with K C K, it holds hx < hz.

Assumption 3.2 (Polytopic-regular mesh [18]). The mesh sequence {.7},}, satisfies the following prop-
erties:

1. Polytopic-regularity: let {Sf;} Fcok be a set of non-overlapping d-dimensional simplices con-
tained in K, then:

VK € Z, 3H{SE}rcox such that VF c 9K F = 0K NSE and hi < d|SE||F|7L

2. Covering mesh condition: For each % € {%}h there exists a shape-regular, simplicial covering
F, such that for each pair K € 7, and K € .9, with K C K it holds hi S hyp and maxgez, {|K'|} S

1 where K’ 6%.K’QK#O,K€%,KCK.

3. Local bounded variation property: VF € %, F C 0K N0Ks Ki,Ks € 95 = hk, S hk, S
hx, where the hidden constants are independent of the number of faces of K; and K.



Remark 3.1. We remark that Assumption 3.1 is more restrictive than 3.2, which requires milder hypothesis
on the size of the element faces. .

We define P,,(K) to be the space of polynomials of total degree p > 1 over a mesh element K. Then, we
introduce the following discontinuous finite element space WP¢ = {w € L*(Q) : w|x € Pp(K) VK € F,}.
Let F' € .%}, be a face shared by the elements K+, then nt is the corresponding unit normal vector on face
F pointing exterior to K*. For sufficiently regular scalar-valued functions v and vector-valued functions
g, we define the following trace operators [23], respectively:

e jump operator [] on F € ZL: [v] =vtnT+ov™n~, [ql=q" nt+q -n7;
e average operator {-} on F € Z[: {v} =1(vT+v7), {a}=1%(g"+4q),

where the superscripts 4 refer to the traces of the functions on F taken within the interior to K=
respectively. Moreover, we can introduce similar operators on the face F' € 9’,{3 associated with the cell
K € 9, with n outward unit normal on 0%:

e jump operator [-] on F' € ﬁhD: [v]=(v—g)n, [q] = (q—g)- n;
e average operator {-} on F € ZP: {v} =v, {q} =gq,

where g and g are the corresponding Dirichlet boundary conditions. Additionally, we introduce the
following broken Sobolev spaces H"(J},) = {wp, € L*(Q) : wp|x € H"(K) VK € 9} for 7 > 1 and the
shorthand notation for the L2-norm on a set of faces .# as || - [|% = Y pes || - H%Q(F).

3.1 Interior-penalty DG semi-discrete formulation
Before presenting the semi-discrete formulation, we need to define the penalization function n : .%;, — R™:

2

% onFGy;{,
n=m{ (©)
% on F e 7P,

where the operator {-};; stands for the harmonic average on F € 9,{ and 79 is a suitable parameter,
which has to be large enough to achieve stability. We define the bilinear form <7 : W,?G X W,?G — R as:

o (c,w) = /thc -Vyw + /@IU?D <17[[c]] [w] — {DVe} - [w] - [€] - {{DVw}})dU Ve, w € W,]LDG, (7)

h

where V- is the elementwise gradient [23].
Then, the semi-discrete PolyDG formulation reads: Find c,(t) € WPS such that vVt > 0:

((‘)cgt(t) : “’h>9 + o (en(t), wp) — (e (t), wp)a + (ack(t),wp)o = F(w,)  Ywp, € WPS,

(8)

cn(0) = ¢, in Qp,

where ¢ € W,PG is a suitable approximation of ¢y. For the analysis of the method in (8), we refer to [13].



3.2 The stabilized FK model

In this section, we propose a stabilized version of the FK model (SFK) based on a new definition of the
reaction term. The strong formulation of the SFK model reads:

%:v~(DVé)+a\éy(1—é)+f in © x (0,7,
(DV@) ‘n=¢y on I'y X (O,T], (9)
é:CD on FD X (O)T]7
é(-,O) = ¢ in €.

In Equation (9), we recover the same coefficients of Equation (1) and Assumption 2.1 still holds for the
SFK model.

Remark 3.2. The choice of |¢| in the reaction term transforms the unstable equilibrium ¢ = 0 into a stable
one, avoiding the solution from diverging when it is negative. At the discrete level, the same property
is preserved providing a stabilization or the original method (8). Moreover, the solutions of the classical
FK model and of the SFK model coincide at the continuous level when c(z,t) > 0 and é(z,t) > 0,
respectively, such that strong consistency is guaranteed among the two. "

The resulting semi-discrete PolyDG formulation of the SFK equation reads: Find ¢,(t) € W,]?G such
that V¢ > O:

<5@h (t)

’wh>g + o (en(t), wn) — (alén(t), wn)o + (alen(®)|en(t), wn)a = F(wp)  Yw, € WS,

ot (10)
én(0) = ¢ in Q.
3.3 Preliminary estimates and properties
First of all let us introduce the two following DG-norm:
lvlbe = VD Vho|* + IVl zp, Yo € HY(Th), (11)
1
el = llelide + In~ AV 5p, Vo € H (). (12)

Under Assumption 3.2, we recall that |||v]|[}q < ||[v]|?q for any v € WPS, thanks to the trace-inverse
inequality [18]. Moreover, we introduce the following proposition on the continuity and coercivity of the
bilinear form [17, 18].

Proposition 3.3. Let Assumption 3.2 be satisfied, then the bilinear form «7(-,-) is continuous and
coercive (provided that the penalty parameter 7 is large enough):

| (v, wn)| S llonllpcllwnlpe,  Yon, w, € W, (13)
| (vn, wn)| < llonllpallwlipe,  Von € WP, Vo € H'(F), (14)
thHI%G N JaZ(T)imvh) Yoy, € W}PG. (15)

Finally, we

Proposition 3.4 (Polynomial interpolant [24]). Let Assumption 3.1 be satisfied, then the following
estimate holds:

Yue H'(F) Jur € WP« fllu—urllbe < S mp™ P 2 ) 2 . (16)
Keg,



The interpolant u; belongs to the discrete space, which means that it is a polynomial of order £ on
each element K [22, §2.1]. This fact guarantees the boundedness in the L>-norm of the function u; on a
general polygonal element K for any ¢ [25]:

dM; > 0: HUIHLoo(Q) < M; Vte (O,T) (17)

At the continous level, if the initial condition cy(x) € (0,1) and for homogeneous Neumann boundary
conditions ¢ = 0 and f = 0, then for each (x,t) € Q x (0,7], we get that:

le())ie@) <1Vt e (0,T). (18)

4 Stability analysis of the SFK semi-discrete formulation

This section aims to derive a stability analysis for the solution of the PolyDG semi-discrete problem

(10). Before that, we define the energy norm we are going to use for our study. The energy norm
|- lle : HY(F) — R is defined as:

t t
len ()12 = llen(®)]12 + /0 len(s)lpe ds + /0 len(5) 35 qy ds. (19)

Theorem 4.1 (Stability result). Let Assumptions 2.1 and 3.2 be satisfied. For a sufficiently large penalty
coefficient n, let ¢, (t) be the solution of Equation (10) for any t € (0,T]. Then, the following estimates
hold:

t
!éh(t)||§§\|éhll2+ﬂlt+/o 1£(s)II%ds, (20)

t
len(®)lIBe + llen®7s @) S llehliba + 1ERl17s @) + 1817 + 1208 + (1 + t)/o 1£(s)|*ds., (21)
where Cp, is the constant coming from the discrete Sobolev-Poincaré inequality in [20].

Proof. Proof of estimate (20). Let us consider Equation (10) and choose wy, = ¢é;(s):

ocn . A A s LA .
(Gen) o+ nin) = allenl éna + allanl. o = Fien)
Q

After an integration in time in (0,¢) and using the coercivity estimate in (15) and the Hélder inequality
on the forcing term we obtain:

t

len(®)]? + /0 (Ien() B + n() ey ) ds < 117 + /O (len()]12 + 17 () én(s)]))ds
<192+ /O (len()]12 + 17()[2)ds.

where in the last step we used the Young inequality. The latter step that is needed is to bound the term
lén(s)||?> on the right hand side. The latter can be rewritten using both Holder and Young’s inequalities:

N A 1 N
lenll? < NenlZaey 205 < lénldsgqy + 19,



where || denotes the measure of the domain. Substituting the result we obtain:

t
len(®)IZ < lehll* + QIH/0 1£(s)II*ds.

. o¢
Proof of estimate (21). Let us consider Equation (10) and choose wy, = ¢, = %:
énl1? + o7 (n, én) — a|én], én)a + a(|énlén, én)a = F(én).

We can observe that due to the symmetry of o7:
b 2 r .. . 1 0 0
; o (En(s), cp(s))ds = §M(ch(t),ch(t)) - 2%(ch,ch)

L . : . a,.
/O a(|en(s)|en(s), en(s))a = gHCh(t)H?iS(Q) - §||Ch||3i3(g)

Then, after an integration in time in (0,¢) and using the coercivity and continuity estimates in (15) and
(13) we obtain:

len®libe + 160 s / én(s)]%ds

<136 + 183 @) + / (Ién(s)],én(s))ads + / (f(s), én(s))ads

0

t
<136 + 18180y + / (Ien() 1+ 1£ )12 + 1én(s) ) ds,

where in the last steps we used the Holder and Young inequalities. After simplification of ||éy(s)]|2, we
use the stability estimate (20) to bound ||é5(s)|| on the right hand side:

t
len(®)3 + len Ol s S 18136 + 1El13aq + LI + 1212 + (1 + 1) /0 1£(s)]ds.

O]

Remark 4.2. The stability estimates (20) and (21) are established for general polygonal and polyhedral
meshes satisfying Assumption 3.2, in the spirit of [18]. This represents a substantial advance over the
stability analysis for the FK model in [13], which relied on the more restrictive Assumption 3.1. In
addition, the stability result for the SFK model is global in time, and the dependence on the final time ¢
in the energy norm is linear rather than exponential as in [13], ensuring significantly better control for
large times. The analysis can be extended to full Neumann boundary conditions by using the Sobolev-
Poincaré-Wirtinger inequality from [26], without loss of generality. "

Remark 4.3. Under the assumption of f = 0, the stability estimate (20) of Theorem 4.1 becomes:
len (@2 S el + 1920t = Cs (&, 121,1), (22)
while the stability estimate (21) reduces to:
len@®le + e ®lEaqy S 116 + 120125 gy + a2 + 19162 = Cs (e, |91, ). (23)

The definitions of Cs and Cg will be used in the following analysis.



5 A-priori error analysis of the SFK semi-discrete formulation

In this section, we derive an a-priori error estimate for the solution of the semi-discrete PolyDG formu-
lation (10). We assume homogeneous forcing term f = 0 and full Neumann boundary conditions, i.e.
¢n = 0, respectively.

Theorem 5.1. Consider problem (9) with f =0, ¢y = 0 for 'y = 9Q. Let Assumptions 2.1 and 3.2
be valid and let ¢ be the weak solution of (9) for any t € (0,T] and let it satisfy the following additional
reqularity requirement:

¢ e CH(0,T); HM(Q) N L>=(Q)), (24)

where n > 2. Let also assume further regularity on the initial condition co € Wy. For a sufficiently large
penalty coefficient n, let ¢, be the solution of (10) for any t € (0,T]. Then, for any t € (0,T] it holds:

t
~ ~ ~ ~ 2min In}—2 4
IIC(t)—Ch(t)HQJr/0 lle(s) = en()llbads S D AR P2 o) B
Ke9,

t
2min 1n}-2 A C
LY pzmelpiin /(||c(s)||§{n(K)+Hc(s)lﬁqn(m)d&
KeZ, °

(25)

provided p 2, o, where the hidden constant depends on the interpolation constant M of equation (17),
the stability constant Cg defined in equation (23) and the discrete Sobolev embedding constant Cg, for the
L1(Q) spaces in [206].

Proof. We subtract equation (10) from the weak formulation of (9) to obtain:
(é - éh,wh>ﬂ o (& — epywn) — o (6] — en],wn) g + o (€] — énlénl, wn)g =0 Yy, € WPC.

Then, we define the errors éf = c; — ¢, ed €7 = ¢ — ¢y, with ¢; being a suitable interpolant. By setting
Wwh = éﬁ:

(é.60), + (@ é0) = a(lel = |enl,é5)q + o (Zle] = eulénl. &) = (5, 7)q + o (€. €5)

We remark that é¢(0) = 0 by setting ¢) = ¢7(0) and, by using the symmetry of the scalar product,

i A 1d,.. . 1d, ...
(é.e0), = 5 @ éfa = 3l

We integrate in time between 0 and a generic time instant ¢ such that:
9 t 5 t t
lesol? + / 165(5)I2 ds = / (65(s), &5 (s))ads + / A (5(5), & (5))ds
t t
T / (12()] — 1en(5)], 5(5))gy ds + / (&()1e(3)] — en(s)1en(s)], 5(5))q ds
Now, we can use Equation (13) and Hélder inequality to obtain
5 t 9 t t
lesol? + /0 ul5.(3) B ds < /0 165 () 1125, (s)llds + /0 5 ()llIbe 1165.(5) Ipads

" /0 o (18()] — en(s)], €5(5))g ds + /0 o (E(8)]é(s)] — en(s)[en()). () ds  (26)
(1) (2)




The integrand (1) can be bounded by combining the triangular and Cauchy-Schwarz inequalities:

<|é|—|eh|,éz>9=/g<| —lenDés /\|c| ch|||éh|</\c énl 165

Z/Q\é—CIJrCI—éh! [EARS /Q(Ie?HIéZ)\éZ < [legll el + lles .

Moreover, the integrand denoted by (2) can be manipulated as follows:

¢le| — énlen| = élé| — eler| + éler| — erler| + cerler| — |er|én + |erlén — |Enlén
= ¢&(le] — ler]) + ler|(é — cr) + |er|(er — én) + énller| — [€nl) -

M (1) (1) (1V)

Each resulting term can be treated in the following way:

e The term (I) can be bounded using the triangular and Cauchy-Schwarz inequalities and the bound
of continuous solution (18):

(D1 < [(lel = lerD)s ep)al < léllze@lle — erll Rl < llezll lénll-

e The term (II) can be bounded using the Cauchy-Schwarz inequality and the interpolant bound (17):

(D] < [(lerl(é = er)s ép)al < llerlle@llé = erl lepll < Millegll [l

e The term (III) can be bounded using the Cauchy-Schwarz inequality, the bound of interpolant (17),
and the Sobolev-Poincaré-Wirtinger inequality with constant Cr, [26]:

((ID)] < [(lezl(er = én), &)al < llerll e 1E511* < MOl Iba-

e The term (IV) can be bounded using the stability estimate of the L3(2)-norm of the solution (23),
the triangular, Holder, and the Sobolev-Poincaré-Wirtinger inequality with constant Cg,[26]:

(V)] < |(enler| = lenl), e)al < [(én, (60)*) o] < llenllzs@llén ]Iy < CsCrsllésIba-

Then, Equation (26) using the equivalence of the DG-norms in W}?G and provided p 2 a becomes:

I + / &5 )llde ds < /0 U5 + e )l 165 ()]s + /0 l€5()lIbal1és () lpeds.

Using once again Holder inequality, Gronwall’s lemma [27] and the estimate in (16), we obtain:
t
O + / lles()llbe ds < /0 (llez()II” + lleg()II” + llef (s) ) ds
t
2min 1n}—2 A ~
3 I ) e+ 16660 ) s

Keg,
Finally, using the triangular inequality, we find the thesis. O

Remark 5.2. Given Proposition 3.4, we assume that in problem (10) the initial condition is ¢} = ¢;(0) €
W}?G, with cg = co(x) being sufficiently regular, i.e. cg € Wp. Moreover, we require element-wise H?2-
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regularity of the concentration together with the continuity of the flux through the interfaces F' € ﬂ,{ for
t > 0, because we want to extend the bilinear forms of (10) to the space of continuous solutions. "

6 Fully-discrete SFK formulation

Let {gpj}évzo be a suitable basis for W}PG, where N is the dimension of the space W}PG. Then, ¢é,(t) =

i Cj(t)¢; and we denote by C € RY the corresponding vector of expansion coefficients in the chosen
{)Zgis. We define the following matrices Vi,j = 1,..., N:

M;; = (¢j, i), (Mass matrix) [Alij = (), i) (Stiffness matrix)
[R(C(t))]ij = (a|en(t)], vi)a, (Reaction matrix) [f{(C(t))]Z] = (alen(t)|ej, pi)a. (Reaction matrix)

Moreover, we define the forcing term [F]; = F(p;) = (f,¢;)a Vj = 1,..., N. Then problem (10) can be
written as: N

MC(t) + AC(t) — R(C(t)) + R(C(t))C(t) = F(t), Vte (0,T] (27)

C(0) = C°. (28)

We define a partition of the time interval [0, 7] into Np subintervals [t,,t,+1] Yn = 0,..., Np — 1, with
At = tp41 — tn. We employ the Crank-Nicolson scheme such that the fully-discrete formulation reads:
Given C(0) = C% Vn =0, ..., Ny — 1, find C**! ~ C(t,11) such that:

g
2

At

MCn+1 + (A + ﬁ(c*))cn—i—l — MC" — 7

(A +R(C*)C" + At R(C*) + %(Fn +F"), (29)

where we use a semi-implicit treatment of the nonlinearity C* = %C” — %C"il.

7 Verification of the SFK model

In this section, we verify the theoretical results by performing a convergence study based on a manufac-
tured solution in both two-dimensional (2D) and three-dimensional (3D) settings.

7.1 Test Case 1: verification of 2D convergence

We design a convergence test to verify the theoretical bounds derived in the previous sections. For the
2D numerical tests, we use a MATLAB library called 1ymph [28], which implements the SFK solver on
polygonal meshes. We consider a unit square domain Q = (0,1)? and the corresponding mesh has been
generated with PolyMesher [29]. In this test, the manufactured solution is given by:

é(x,y,t) = % (cos(mx) cos(my) +2) et

To simplify the problem, we assume isotropic diffusion, i.e. D = I, which yields @ = 1 and 79 = 10.
The forcing term f and the boundary conditions are constructed from the exact solution. We employ
a fixed timestep At = 107° and final time 7' = 10~3 for both h- and p-convergence studies. For the
h-convergence analysis, we consider four meshes with N = 30,100, 300, 1000 elements and polynomial
degrees p = 1,...,6. For the p-convergence study, we fix the mesh with N = 30 elements and vary the
polynomial degree in the range p=1,...,8.

Figure 1 displays the errors at final time T as functions of the mesh size for polynomial degrees
p = 1,...,6, measured in both the L?norm and the DG-norm. The observed convergence rates are
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Figure 1 Test Case 1: computed errors and convergence rates with L2-norm (left) and DG-norm (right).
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Figure 2 Test Case 1: computed errors in the energy norm (left) and convergence w.r.t. to the p (right).

consistent with Theorem 5.1: we recover order p in the DG-norm and order p + 1 in the L?-norm.
Although the latter is not covered by the present theoretical analysis, optimal rates are clearly observed
in practice.

Figure 2 (left) reports the errors measured in the energy norm defined in (19), confirming the expected
order p convergence under mesh refinement. On the right, we present the p-convergence results on the mesh
with Ne = 30, measured in the L?-, DG-, and energy norms. In this case, the errors exhibit exponential
decay with respect to the polynomial degree p, indicating numerically optimal behavior despite the lack
of a corresponding theoretical estimate.

7.2 Test Case 2: verification of 3D convergence

In this section, we extend the convergence study of the SFK model to the 3D case. The simulation of this
section have been carried out with Vulpes (Versatile and parallel compUtational Library for high-order
discontinuous Polytopal Element Simulations) [30], an open-source and general-purpose C++ library
developed for the numerical solution of multiphysics and multiscale differential problems.

We consider a cubic domain € = (0,1)3. The manufactured solution of the problem is given by:

é(x,y, z,t) = (sin(mz) sin(my) sin(rz) + 2)e".

We assume isotropic diffusion, which means D = I, &« = 0.1 and 79 = 10. The forcing term f and
the boundary conditions on 9f) are derived accordingly to the exact solution. We use a fixed timestep
At = 107% and a final time of simulation 7" = 10~% for both h-convergence and p-convergence studies.
For the h-convergence study, we select five meshes with A = 0.45,0.35,0.279,0.226,0.17479 respectively
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Figure 3 Test Case 2: example of a Voronoi grid used (top-left) and computed errors with respect to
different polynomial degrees (top-right). Computed errors and convergence rates in the L?-norm (bottom-
left) and DG-norm (bottom-right).

generated via Voro++ [31] and we repeat the simulation for polynomial degrees p =1,...,4.

The second row of Figure 3 shows the computed errors at final time 7" versus the mesh size for each
polynomial degree in the L?-norm and DG-norm, respectively. We observe that the expected convergence
rates are obtained as claimed in Theorem 5.1.

For the p-convergence study, we use different polynomial degrees p = 1, ..., 6 on the mesh with h = 0.45.
Figure 3 (top-right) shows the results of this analysis. We notice an exponential decay of the errors with
respect to the polynomial degree p, which confirms that optimal convergence is achieved. As already
explained in the 2D case, there is no theoretical estimate that validates this experimental behaviour.

8 Validation of the SFK model

In this section, we validate the SFK model through simulations of realistic problems and compare its
performance with that of the FK model.

8.1 Test case 3: comparison of the FK and SFK models for a two-dimensional trav-
eling wave

In this section, we use the PolyDG formulation to simulate the travelling-wave solution of the FK equation
in two dimensions. We consider a solution of the form c(x,y,t) = ¥ (z — vt) = ¢¥(§). By substituting
the expression into problem (1) with homogeneous forcing term f = 0 and free boundary conditions, we
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obtain the following system of equations:

X(€) = —x(O) + 9O - p@), €€ (0.T)
ext ext (30)
¥(©) = x(6). £ (0,T)

assuming an isotropic diffusion tensor D = d,,;I. For this test case, we use the parameters de,; = 1075,
a =1, and 79 = 10. The wave speed is set to v = 0.1, with initial conditions ¥ (0) = 1 and x(0) = —1072.
The chosen parameters are taken from [13] to allow a direct comparison between the proposed model and
the reference. We consider two final simulation times, 7' = 5 and 7' = 10 and Q = (0,5) x (0,1). We
compute a reference solution of problem (30) numerically using MATLAB’s ode45 solver, with a tolerance
set to 10712,

First, we analyze the effect of different mesh sizes (N = 30,100, 300), keeping the time step fixed
at At = 0.01, and compute the L?-error at the final simulation time for both p = 2 and p = 3. The
results are reported in Table 1 for both the FK and SFK methods. We observe that the stabilized version
significantly reduces the errors, particularly for coarse meshes with a lower number of degrees of freedom.
Remarkably, our model is able to simulate the traveling wave even for p = 1. In Figure 4, where we
display the solutions at the final simulation time for both methods. For T = 10, the solutions produced
by the original model are completely unreliable, whereas our formulation provides reasonably accurate
results in all cases. The numerical scheme proposed in [13] lacks robustness when the solution approaches
negative values, due to the instability of the equilibrium point at ¢ = 0.

Figure 5 illustrates an example where the error-correction mechanism is active. We report the solution
along the line y = 0.5 for x € [0,5], with p = 2 and N, = 30, using both schemes. For the positivity-
preserving scheme, when the solution reaches negative values, the model corrects the oscillations after
few iterations. In contrast, the scheme without positivity preservation amplifies the oscillations around
¢ = 0, leading to the results shown in Figure 4. Additionally, with the classical formulation we observe
oscillations also around ¢ = 1, which are typical in applications with fast variations (high gradients), in
addition to those occurring at ¢ = 0. As shown, our method is able to damp the oscillations at ¢ = 1 as
well, leading to overall improved results.

t=5

N =30

N, = 100

4 4

Ch(xl t)[_]

Reference
solution

\ )
N
N

J

SFK Classical FK

Figure 4 Test case 3: solutions with different mesh refinements using both the classical and stabilized
FK formulations with p = 2.

In Figure 6, the left panel reports the error in the energy norm for three polynomial orders as a function
of time. The behavior for p = 2 is qualitatively consistent with the other cases, further supporting the
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Table 1 Test case 3: computed L? errors at final time with different mesh refinements (At = 0.01): p = 2

(top) and p = 3 (bottom) for SFK and Classical FK formulations.

SFK FK [13]
Semi-Implicit Semi-Implicit Implicit

Refinement DOFs T=5 T=10 T=5 T =10 T=5 T =10

p=2 At=0.01
Ny =30 180 7.00 x 1072 474 x 1071 | 6.33 x 102 1.03 x 10* 1.63 x 10° 5.36 x 106
Ng =100 600 5.55 x 1073 8.72x 1072 | 1.45 x 10? 1.12 x 10* 824 x 107!  2.18 x 107
N = 300 1800 3.00x 1072 3.70 x 1073 | 1.98 x 10! 6.02 x 10*  6.97x 1072  1.28 x 108

p=3 At=0.01
N, =30 300 1.41 x 1072 281 x 107! | 927 x 107! 6.75 x 10* 1.56 x 1071 7.34 x 107
N = 100 1000 270 x 1073 6.20x 1073 | 550 x 1072 7.20x 107! 812x 1073 1.78 x 107!
N = 300 3000 270 x 1073 590 x 1073 | 6.35x107% 780 x107% 7.71x107* 212x 1073

t = 0.01 (classical FK model) ¢ = 0.11 (classical FK model)

T T
1 — cp(x) 1 — cp(x)
0.5 |- < 0.5 |
0 \, 0 \/\_;_
| | | |
0 2 4 0 2 4

Figure 5 Test case 3: snapshots of the approximated solution along the line y = 0.5 at different times-
tamps for the SFK model and the classical FK model [13].

improved long-time stability predicted by Theorem 4.1. In particular, no exponential growth is observed
for low-order approximations, in contrast with the formulation in [13]. The right panel shows the error at
the final time 7" = 5 as a function of the number of degrees of freedom (DOFSs), comparing h-refinement
with fixed polynomial order p = 2 and p-refinement on a fixed mesh with N = 30. For a fixed number
of DOFs, higher polynomial orders consistently yield lower errors than mesh refinement, indicating that
p-refinement is more effective than h-refinement in this setting.

8.2 Test Case 4: Spreading of a-synuclein in a 2D brain section

In this section, we simulate the spreading of a-synuclein protein on a polygonal agglomerated grid rep-
resenting a brain section. We use an agglomerated mesh made of 534 elements that represents a sagittal
brain slice (see [32, Fig. 6b] for details about mesh and axonal fibres). The solution is computed by using
a polynomial order of discretization p = 4 and a timestep At = 102 years. Concerning the parameters
of the model, we select an extracellular diffusion magnitude de,t = 8 mm? /year and an axonal diffusion
magnitude dgz, = 80 mm?/year [33]. Moreover, we set the reaction parameter a = 0.9/year and the
penalty coefficient 179 = 10. We assume f = 0 and impose homogeneous Neumann boundary conditions
on 0f). As initial condition, we consider a Gaussian concentration of proteins initially located in the
dorsal motor nucleus [20].

In Figure 7, we report the initial condition and the solution at different time instants up to the final

15



107! = —1 [T ‘ ‘ ‘ ‘ T
w E —PpP= 2 ___"__"—"—/—? [ 10 E I p—reﬁnement E
= | —p=3 —— i § B = h-refinement (p = 2) ||
T 0T H——p=4| — E s | |
| 4 | | 1077 E
S w0 E o E |
| | | | i 10—3 | | | | | |
1 2 3 4 5 158 251 398 631 1,000 1,585

T [-] DOFs

Figure 6 Test case 3: computed errors with respect to the simulation time 7" for N = 30 (left) and with
respect to the number of degrees of freedom (DOFs) considering p-refinement and h-refinement (right).
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Figure 7 Test Case 4: patterns of computed a-synuclein concentration ¢, through different years of
development of the pathology and corresponding activation time computed with the SFK model and
polynomial order p = 4.

time T' = 25 years. We observe that the diffusion of the misfolded proteins is coherent with the medical
literature [20, 21]. We highlight that the time development of the pathology is of the order of 25 years,
coherently with the medical literature. Furthermore, we compute the activation time of the pathology as:

t(x) = argmin{ép(x,t) > Cerit} (31)
te(0,T7]

where we set the critical concentration of misfolded proteins cqit = 0.95. The choice of this value is justified
by the fact that higher values of concentration of proteins compromise the electric signal transport. The
activation time gives us the idea of the time after which a neuron is damaged due to the progression of
the disease.

16



t = 0years t =5 vyears t =10 years

—1.00
0.80
|
060 =
)
040
=
Q
0.20
0.00
t = 20 years t = 25 years Activation time
25 o
~
3
20
[ K
—15 g
B
10 .S
-
5 §
=1
Q
0 <

Figure 8 Test Case 5: computed a-synuclein concentration ¢, across different years of pathology devel-
opment using the FK model with polynomial order p = 4.

8.3 Test Case 5: Comparison with the FK model

We repeat the previous test case using the fully discrete FK formulation introduced in [13]. Keeping
the same mesh and parameter setup, we simulate the spreading of a-synuclein in a 2D brain section.
Figure 8 presents the solution at different time instants, showing strong agreement with the SFK results
from Figure 7.To further evaluate the model, we compare the activation times computed by the two
formulations. The resulting activation profiles are virtually identical, confirming the consistency between
the FK and SFK approaches. Moreover, increasing the polynomial order and refining the mesh effectively
suppresses numerical oscillations, confirming that both models converge toward the same propagation
pattern under discretization refinement.To assess the robustness of the SFK model under lower-order
discretizations, we repeat the simulation using p = 1 for both formulations. As shown in Figure 9, the
SFK model accurately captures the expected propagation dynamics. In contrast, the FK model suffers
from numerical instability, producing nonphysical negative values near the outer brain boundary that
ultimately trigger divergence. This comparison underscores the ability of the SFK formulation to deliver
reliable solutions even at low polynomial orders, significantly reducing computational overhead.

8.4 Test Case 6: Spreading of a-synuclein with grey-white matter distinction

In this test case, we simulate the spreading of a-synuclein protein in a 2D brain section taking into account
the distinction between grey and white matter. We highlight the difference because grey matter can be
approximately assumed isotropic, while white matter is mainly made of axons, whose fibres represent the
principal direction of propagation of the electric signal. We select a unique extracellular diffusion mag-
nitude dezy = 8 mm? /year, an axonal diffusion magnitude dgz, = 0 mm? /year and a reaction parameter
a = 0.45/year for grey matter regions, and dyz, = 80 mm?/year and a = 0.9/year for white matter re-
gions. The solution is computed using a timestep At = 1072 years on the agglomerated mesh introduced
in Test Case 3. Moreover, we choose 79 = 10, f = 0, and we assume homogeneous Neumann boundary
conditions on 0. As an initial condition, we consider a Gaussian distribution of proteins located in the
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Figure 9 Test Case 5: comparison of computed a-synuclein concentration across different years of pathol-
ogy development for the FK and SFK models with p = 1.

dorsal motor nucleus [20].

Figure 10 displays the computed solution at different time instants (¢ = 10 and T = 25 years) alongside
the resulting activation times for both formulations. We observe that the progression of the disease remains
coherent with the medical literature [20]. The activation time of the pathology is computed using (31);
as expected from the concentration patterns, the activation of the pathology is not complete within the
considered time frame. Moreover, the SFK model achieves the same accuracy and captures identical
patterns as the FK model while employing a lower polynomial order (p = 3 for SFK versus p = 4 for
FK). This reduction in the discretization order significantly lowers the computational cost, making the
SFK formulation more efficient.

9 Conclusions

In this work, we proposed a polytopal discontinuous Galerkin discretization of a stabilized Fisher—
Kolmogorov model obtained by introducing an absolute-value stabilization in the nonlinear reaction term.
The resulting model and numerical scheme exhibit several key advantages. On the one hand, for non-
negative continuous solutions, the formulation is strongly consistent with the original model, which is
particularly relevant for biological applications. On the other hand, it ensures significantly improved
stability properties. In addition, we derived stability and convergence error estimates for the proposed
method on a general class of polytopal meshes. We provided numerical validation of the theoretical results
in both two and three dimensions. We also simulated the diffusion of a-synuclein in a realistic 2D brain
section, validating the outcomes by comparing activation times in selected brain regions with findings
reported in the medical literature. Furthermore, a comparison with the non-stabilized formulation shows
that the proposed method delivers reliable results even at low polynomial degrees, while maintaining
high-order accuracy and computational efficiency.

Possible future developments include validation on realistic 3D brain geometries, enabling applications
to patient-specific reconstructions. Another promising direction is the development of a space—time DG
formulation [34, 35] to achieve higher-order convergence in time. Finally, the approach could be extended
to other biological population dynamics models affected by similar instabilities near equilibrium states,
which often compromise the robustness of standard numerical solvers.
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Figure 10 Test Case 6: patterns of computed a-synuclein concentration at ¢ = 10 and T' = 25 years,
and corresponding pathology activation times, distinguishing between grey and white matter. Results are
obtained using the FK model (p = 4) and the SFK model (p = 3).
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