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UNIFORM CONVERGENCE OF THE SCHWARZ ALTERNATING1

METHOD FOR OPTIMAL CONTROL PROBLEMS∗2

GABRIELE CIARAMELLA† , WEI GONG‡ , FELIX KWOK§ , AND ZHIYU TAN¶3

Abstract. In this paper, we analyze the Schwarz alternating method for unconstrained elliptic4
optimal control problems, which is equivalent to the corresponding method for the associated saddle-5
point systems. A distinctive feature in this setting is that the local error propagation operators are6
not necessarily nonexpansive in the energy norm, which stands in marked contrast to the standard7
elliptic boundary-value case. We develop a rigorous uniform convergence theory in the continuous8
setting and then extend the analysis to finite difference discretizations. In both formulations, we prove9
that the Schwarz iteration converges whenever its counterpart for the underlying elliptic equation10
is convergent. Furthermore, we show that the contraction factor for the auxiliary elliptic equation11
in the maximum norm provides a uniform upper bound, which is independent of the regularization12
parameter α, for the contraction factor of the optimal control iteration in the same norm. The13
theoretical framework is also extended to cover one-level alternating Schwarz and parallel Schwarz14
variants. Numerical experiments are presented to validate the theoretical results.15
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1. Introduction. In this paper, we consider the following optimal control prob-19

lem20

min
u∈L2(Ω),y∈H1

0 (Ω)
J(y, u) =

1

2
∥y − yd∥2L2(Ω) +

α

2
∥u∥2L2(Ω)(1.1)21

subject to22

(1.2) Ly = f + u in Ω and y = 0 on ∂Ω,23

where Ω ⊂ Rd (d = 1, 2, 3) is a bounded Lipschitz domain, u ∈ L2(Ω) is the control24

variable, yd ∈ L2(Ω) is the desired state or observation, α > 0 is the regularization25

parameter, f ∈ L2(Ω) and L is a self-adjoint and strictly elliptic operator which is26

defined in strong form as27

(1.3) Ly = −
d∑

i,j=1

∂

∂xj

(
aij(x)

∂y

∂xi

)
+ c0(x)y,28
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with aij(x), c0(x) ∈ L∞(Ω) and c0 ≥ 0.29

The optimal control problem (1.1)-(1.2) has a unique solution (y, u) which can30

be characterized by its first-order optimality system (see, e.g., [33]). Using standard31

arguments, the first-order optimality system of (1.1)-(1.2) is32 
αu+ p = 0 in Ω,

Ly = f + u in Ω, y = 0 on ∂Ω,

Lp = y − yd in Ω, p = 0 on ∂Ω,

33

where p is the adjoint state.34

By eliminating u, it is equivalent to the following saddle-point system35

(1.4)

{
Ly = f − α−1p in Ω, y = 0 on ∂Ω,

Lp = y − yd in Ω, p = 0 on ∂Ω.
36

Over the past several decades, PDE-constrained optimization problems have at-37

tracted considerable attention due to their increasingly broad applications in mod-38

ern science and engineering. This growing demand has in turn stimulated intensive39

research on efficient numerical methods. Nevertheless, the fast and reliable simula-40

tion of such problems remains highly challenging. For a comprehensive theoretical41

treatment, we refer to [33, 47]; for recent advances in optimization algorithms and42

numerical schemes, we refer to the monograph [30].43

Beyond the convergence analysis of discretization schemes and the design of opti-44

mization algorithms, the fast and robust solution of the resulting discrete systems is45

of paramount importance. Numerous strategies have been developed to address this46

challenge. Preconditioned Krylov subspace methods with specially designed block47

preconditioners have been employed in [5, 25, 41, 55]. Multigrid methods have been48

investigated in [6, 7, 8, 40, 43, 48]. Domain decomposition methods (DDMs for short)49

constitute another powerful strategy; see, e.g., [2, 3, 4, 15, 11, 20, 29, 28, 37, 45, 44].50

Parallel implementations of DDM-type algorithms are discussed in [38, 39, 54], while51

time-domain decomposition for time-dependent optimal control problems is addressed52

in [19, 31, 21, 24, 32].53

In this paper, we focus on the Schwarz alternating method for optimal control54

problems. Originally introduced by H. A. Schwarz in [42] to prove the existence55

and uniqueness of solutions to Laplace’s equation on general domains with Dirichlet56

boundary conditions, the method gained prominence as a computational tool in the57

1980s. This was particularly spurred by P. L. Lions’s proof of convergence via vari-58

ational principles [34], which significantly simplified the convergence analysis. Lions59

later also established convergence properties based on the maximum principle [35].60

For a historical overview of the Schwarz alternating method and its developments, we61

refer to [22]. Generalizations of the Schwarz alternating method in various directions62

have given rise to a broad class of domain decomposition methods, which have proven63

highly effective as fast solvers for self-adjoint positive definite PDEs. Their inher-64

ent parallelism makes them particularly attractive in large-scale applications. For a65

comprehensive treatment of the design and convergence analysis of DDMs for elliptic66

equations, we refer to the monograph [46] and the review articles [49, 52] and the67

references therein. For extensions to nonsymmetric and indefinite problems, we refer68

to [10, 9, 50].69

In contrast to the case of elliptic equations, where DDMs are supported by a rich70

theoretical foundation and exhibit satisfactory numerical performance, the theoretical71
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understanding of DDMs for optimal control problems remains limited and far from72

satisfactory. Nevertheless, numerous numerical experiments in the literature have73

demonstrated the efficiency and robustness of DDMs for such problems.74

Roughly speaking, domain decomposition methods for optimal control problems75

can be classified into two categories: PDE-level methods, where DDMs are applied76

separately to the state and adjoint equations (cf. [11]), and Optimization-level meth-77

ods, where DDM are designed to decompose the optimal control problem directly78

to some optimization subproblems (cf. [3, 4, 20]). In [3, 4], non-overlapping DDMs79

based on Robin-type transmission conditions were proposed, and convergence of the80

algorithms was established without explicit estimates on the contraction factor; this81

approach was subsequently extended within the optimized Schwarz framework in82

[18, 17, 53]. In [20], the authors proved convergence of several non-overlapping meth-83

ods and showed that, under suitable parameter choices, the corresponding algorithms84

converge in at most three iterations.85

To the best of our knowledge, no robust theoretical convergence results exist in the86

literature for Optimization-level overlapping DDMs applied to optimal control prob-87

lems—in the sense of methods that converge uniformly with respect to the mesh size88

and the regularization parameter α. The extension of the existing convergence theory89

for DDMs from elliptic equations to optimal control problems (or, more generally,90

PDE-constrained optimization) is hindered by the inherent saddle-point structure of91

the first-order optimality system. A key ingredient in the standard DDM convergence92

framework is the nonexpansiveness of the local error propagation operators (cf. [51,93

Assumption (A2)]). However, this assumption fails for optimal control problems, and94

consequently, the standard approach does not yield uniform convergence. Further95

discussion is provided in [13].96

In this paper, we establish the uniform convergence of the Schwarz alternating97

method for elliptic optimal control problems. To this end, we introduce suitable error98

merit functions (or error vectors in the discrete setting) that are naturally tied to the99

norms employed in [8, 25, 26, 45, 41, 55]. By invoking the maximum principle for100

elliptic operators, we further derive a uniform contraction factor that is strictly less101

than one and independent of the regularization parameter.102

Our analysis rests primarily on the weak maximum principle for second-order103

elliptic operators, which we recall in the following theorem; for further details, we104

refer to [23].105

Theorem 1.1. [23, Theorem 8.1] Let Ω ⊂ Rd (d = 1, 2, 3) be a bounded domain106

and let ϕ ∈ H1(Ω) satisfy Lϕ ≤ 0 (≥ 0) in Ω. Then107

sup
Ω
ϕ ≤ sup

∂Ω
ϕ+ (inf

Ω
ϕ ≥ inf

∂Ω
ϕ−)108

where ϕ+ = max{ϕ, 0} (ϕ− = min{ϕ, 0}),109

sup
∂Ω

ϕ = inf{c|ϕ ≤ c on ∂Ω, c ∈ R} and inf
∂Ω
ϕ = − sup

∂Ω
(−ϕ).110

The remainder of this paper is organized as follows. In Section 2, we formulate111

the Schwarz alternating method for the optimal control problems under considera-112

tion. Section 3 is devoted to the uniform convergence analysis of the method in the113

continuous setting, where we establish a contraction factor in the maximum norm and114

show that it is uniformly bounded above by the corresponding contraction factor for115

the elliptic equation case. Additionally, we prove convergence in the L2 norm. The116
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extension to multiple subdomains is presented in Section 4. In Section 5, we adapt the117

analysis to the finite difference discretization and demonstrate that the same conver-118

gence properties hold. Finally, numerical experiments are reported in the last section119

to corroborate the theoretical findings.120

Throughout this paper, we adopt the standard notation for differential operators,121

function spaces, and norms as used in [1, 23]. We shall denote by C a generic positive122

constant that is independent of both the regularization parameter α and the mesh123

size.124

2. The Schwarz alternating method for elliptic optimal control prob-125

lems. In this section, we extend the Schwarz alternating method for elliptic PDEs to126

the optimal control problem (1.1)-(1.2).127

2.1. The subproblem. The subproblem retains the structure of an optimal128

control problem with an elliptic PDE constraint (see also [29]).129

Definition 2.1. Let ω ⊂ Rd (d = 1, 2, 3) be a bounded Lipschitz domain, and let130

pΓ, yΓ ∈ H1/2(∂ω) be given functions on ∂ω, and yd, f be given functions in L2(ω).131

The following optimal control problem is called a Dirichlet-Dirichlet optimal control132

problem133

min
u∈L2(ω)

J(y, u) =
1

2
∥y − yd∥2L2(ω) +

α

2
∥u∥2L2(ω) − ⟨ ∂y

∂nL
, pΓ⟩H−1/2(∂ω),H1/2(∂ω)(2.1)134

subject to135

(2.2) Ly = f + u in ω and y = yΓ on ∂ω,136

where the conormal derivative ∂y
∂nL

is given by137

∂y

∂nL
=

d∑
i,j=1

aij(x)
∂y

∂xi
cos(n, xj),138

cos(n, xj) is the j-th direction cosine of n and n is the unit outward normal vector of139

∂ω.140

A standard argument gives the first order optimality system of the Dirichlet-141

Dirichlet optimal control problem as142 
αu+ p = 0 in ω,

Ly = f + u in ω, y = yΓ on ∂ω,

Lp = y − yd in ω, p = pΓ on ∂ω.

143

Eliminating u by the first equation, it gives an equivalent saddle-point system144

(2.3)

{
Ly = f − α−1p in ω, y = yΓ on ∂ω,

Lp = y − yd in ω, p = pΓ on ∂ω.
145

2.2. The Schwarz alternating method. Let {Ωi : i = 1, 2} be an overlapping146

domain decomposition of Ω with Ω = Ω1∪Ω2 and Ω1∩Ω2 ̸= ∅ (see Figure 1). Assume147

that Ωi (i = 1, 2) are two bounded Lipschitz domains.148

With these ingredients, we are now in a position to define the Schwarz alternating149

method for the elliptic optimal control problem. Given the overlapping decomposition150
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Ω

Ω2

Γ2

Ω1

Γ1

Fig. 1. Overlapping decomposition of Ω

Algorithm 2.1 : The Schwarz alternating method for OCPs

1. Initialization: choose y(0), p(0) ∈ C(Ω) ∩H1
0 (Ω).

2. For k = 0, 1, · · · , solve the Dirichlet-Dirichlet optimal control problem on Ωi (i =
1, 2) alternately

min
u
(2k+i)
i ∈L2(Ωi)

J(y
(2k+i)
i , u

(2k+i)
i ) =

1

2
∥y(2k+i)

i − yd∥2L2(Ωi)
+
α

2
∥u(2k+i)

i ∥2L2(Ωi)

− ⟨∂y
(2k+i)
i

∂nL,i
, p(2k+i−1)|∂Ωi⟩H−1/2(∂Ωi),H1/2(∂Ωi)

subject to

Ly(2k+i)
i = f + u

(2k+i)
i in Ωi and y

(2k+i)
i = y(2k+i−1) on ∂Ωi

and set u(2k+i), y(2k+i), p(2k+i) as follows:

u(2k+i) =

{
u
(2k+i)
i in Ωi,

u(2k+i−1) in Ω \ Ωi;
y(2k+i) =

{
y
(2k+i)
i in Ωi,

y(2k+i−1) in Ω \ Ωi;

p(2k+i) = −αu(2k+i).

Ω =
⋃2

i=1 Ωi, the method is stated in Algorithm 2.1. We denote by ∂y
∂nL,i

(i = 1, 2)151

the conormal derivative as that of ∂y
∂nL

where ω is replaced by Ωi (i = 1, 2).152

Leveraging the equivalence between the optimal control problem and its first-order153

optimality system, we present in Algorithm 2.2 the corresponding Schwarz alternating154

method applied directly to the saddle-point system (1.4). This algorithm can be155

interpreted as a domain decomposition approach that splits the original saddle-point156

problem into two coupled saddle-point subproblems.157

Remark 2.2. Since each subdomain problem retains the structure of an optimal158

control problem, the decomposition here is an Optimization-level decomposition of159

the original problem. Notably, it simultaneously decomposes both the state equation160

and the objective functional, which is a distinctive feature of the algorithm.161

3. Uniform convergence of the Schwarz alternating method. This sec-162

tion is devoted to the uniform convergence analysis of Algorithm 2.2; the convergence163

properties of Algorithm 2.1 then follow directly from the equivalence of the two algo-164
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Algorithm 2.2 : The Schwarz alternating method for saddle-point problems

1. Initialization: choose y(0), p(0) ∈ C(Ω) ∩H1
0 (Ω).

2. For k = 0, 1, · · · , solve the following problem on Ωi (i = 1, 2) alternately

Ly(2k+i) = f − α−1p(2k+i) in Ωi,
Lp(2k+i) = y(2k+i) − yd in Ωi,

y(2k+i) = y(2k+i−1) on ∂Ωi,
p(2k+i) = p(2k+i−1) on ∂Ωi,
y(2k+i) = y(2k+i−1) in Ω \ Ωi,
p(2k+i) = p(2k+i−1) in Ω \ Ωi.

rithms. Our proof of uniform convergence in the maximum norm relies on the weak165

maximum principle stated in Theorem 1.1.166

For this purpose, we first establish the well-posedness and regularity results of167

the subproblems and give a key observation of the self-adjoint and strictly elliptic168

operator L.169

Lemma 3.1. Let ω ⊂ Rd (d = 1, 2, 3) be a bounded Lipschitz domain, β > 0 and170

let ψb, ϕb ∈ C(∂ω) ∩H1/2(∂ω). Consider the coupled system171 {
Lψ = −βϕ in ω, ψ = ψb on ∂ω,

Lϕ = ψ in ω, ϕ = ϕb on ∂ω.
172

Under the above assumptions, the system admits a unique solution (ψ, ϕ) satisfying173

ψ, ϕ ∈ C(ω) ∩H1(ω). Moreover, the following inequality holds:174

L(ψ2 + βϕ2) ≤ 0 in ω.175

Proof. The existence and uniqueness of a solution (ψ, ϕ) ∈ H1(ω)×H1(ω) follow176

from the trace theorem (cf. [27, Theorem 1.5.1.3]) and the Lax–Milgram theorem177

applied to the equivalent weak formulation of the coupled system; see, e.g., [8, 26].178

To establish continuity of ψ and ϕ up to the boundary, note that H1(ω) ↪→ L2(ω).179

Since ψb, ϕb ∈ C(∂ω), by elliptic regularity theory for second-order operators with180

Lq right-hand sides and 2q > d, we obtain ψ, ϕ ∈ C(ω) (cf. [23, Theorem 8.30]).181

Consequently, ψ, ϕ ∈ C(ω) ∩ H1(ω) ⊂ L∞(ω) ∩ H1(ω), which further implies that182

ϕ2, ψ2 ∈ H1(ω).183

A direct calculation gives184

L(ψ2) = 2ψLψ − 2

d∑
i,j=1

(
aij(x)

∂ψ

∂xi

∂ψ

∂xj

)
− c0(x)ψ

2
185

and186

L(ϕ2) = 2ϕLϕ− 2

d∑
i,j=1

(
aij(x)

∂ϕ

∂xi

∂ϕ

∂xj

)
− c0(x)ϕ

2.187
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By the coupled system and using the strict ellipticity of L, we obtain188

L(ψ2 + βϕ2)

= −2

d∑
i,j=1

(
aij(x)

∂ψ

∂xi

∂ψ

∂xj

)
− 2β

d∑
i,j=1

(
aij(x)

∂ϕ

∂xi

∂ϕ

∂xj

)
− c0(x)(ψ

2 + βϕ2)

≤ 0.

189

This completes the proof.190

Denote e
(j)
y = y − y(j) and e

(j)
p = p − p(j) with y, p the solutions of (1.4) and191

y(j), p(j) generated by Algorithm 2.2. A direct calculation shows that the errors e
(j)
y ,192

e
(j)
p (j = 2k + i, i = 1, 2, k = 0, 1, 2, ...) satisfy the following equations193

(3.1)


Le(2k+i)

y = −α−1e
(2k+i)
p in Ωi, e

(2k+i)
y = e

(2k+i−1)
y on ∂Ωi,

Le(2k+i)
p = e

(2k+i)
y in Ωi, e

(2k+i)
p = e

(2k+i−1)
p on ∂Ωi,

e
(2k+i)
y = e

(2k+i−1)
y in Ω \ Ωi,

e
(2k+i)
p = e

(2k+i−1)
p in Ω \ Ωi.

194

We denote195

(3.2) η(j) = (e(j)y )2 + α−1(e(j)p )2 ≥ 0,196

with j = 2k+ i (i = 1, 2, k = 0, 1, ...). For each j = 2k+ i, by Lemma 3.1, η(j) satisfies197

198

(3.3)

{
Lη(2k+i) ≤ 0 in Ωi, η(2k+i) = η(2k+i−1) on ∂Ωi,
η(2k+i) = η(2k+i−1) in Ω \ Ωi.

199

Similarly, we can define the Schwarz alternating method for the elliptic equation

Lξ = 0 in Ω and ξ = 0 on ∂Ω

on Ωi with the initial guess ξ(0) = η(0). The k-th iteration is given by200

(3.4)

{
Lξ(2k+i) = 0 in Ωi, ξ(2k+i) = ξ(2k+i−1) on ∂Ωi,
ξ(2k+i) = ξ(2k+i−1) in Ω \ Ωi

201

with j = 2k + i, i = 1, 2, k = 0, 1, 2, . . . , ξ(0) = η(0) on Ω.202

Lemma 3.2. For i = 1, 2 and k = 0, 1, 2, . . . , suppose that η(2k+i) and ξ(2k+i) are203

defined as above. Then204

0 ≤ η(2k+i) ≤ ξ(2k+i) in Ωi.205

Proof. We prove this by induction. For the base case, we consider k = 0 and206

i = 1. From (3.3), (3.4), and the fact that ξ(0) = η(0) on Ω, we obtain207

L(η(1) − ξ(1)) ≤ 0 in Ω1, η(1) − ξ(1) = 0 on ∂Ω1.208

An application of the weak maximum principle (Theorem 1.1) then yields

0 ≤ η(1) ≤ ξ(1) in Ω1,

This manuscript is for review purposes only.



8 G. CIARAMELLA, W. GONG, F. KWOK, Z. TAN

which establishes the claim for k = 0 and i = 1.209

Now assume that the result holds for 2k + i− 1; we prove it for 2k + i. Observe210

that η(2k+i) − ξ(2k+i) satisfies211

L(η(2k+i)−ξ(2k+i)) ≤ 0 in Ωi and η(2k+i)−ξ(2k+i) = η(2k+i−1)−ξ(2k+i−1) on ∂Ωi.212

By the induction hypothesis,

η(2k+i−1) − ξ(2k+i−1) ≤ 0 on Ω.

Applying Theorem 1.1, we conclude that

η(2k+i) − ξ(2k+i) ≤ 0 in Ωi.

Together with (3.2), this yields 0 ≤ η(2k+i) ≤ ξ(2k+i) in Ωi. The induction is thus213

complete.214

Lemma 3.2 establishes the relationship between the errors η(j) of Algorithm 2.2215

and the auxiliary solutions ξ(j), namely,216

0 ≤ η(j) ≤ ξ(j) on Ω, ∀ j = 2k + i, k = 0, 1, 2, . . . , i = 1, 2,217

provided that ξ(0) = η(0) on Ω. This inequality immediately implies the uniform218

convergence of Algorithm 2.2 whenever ξ(j) → 0 as j → +∞. Moreover, it enables us219

to derive a uniform upper bound on the contraction factor of Algorithm 2.2. These220

convergence results are summarized in the following theorem.221

Theorem 3.3. Let an overlapping domain decomposition of Ω into two Lipschitz222

subdomains be given. If the Schwarz alternating method for the homogeneous elliptic223

equation224

(3.5) Lξ = 0 in Ω, ξ = 0 on ∂Ω225

is convergent, then the Schwarz alternating method for the optimality system (1.4),226

i.e., Algorithm 2.2, is uniformly convergent as well. Moreover, if the contraction227

factor of the Schwarz method for the elliptic equation (3.5) in the maximum norm is228

denoted by ρe ∈ (0, 1), satisfying229

(3.6) sup
x∈Ω

ξ(2k) ≤ ρe sup
x∈Ω

ξ(2(k−1)), k = 1, 2, . . . ,230

then for all k ≥ 1, the following contraction estimate holds:231

(3.7) sup
x∈Ω

η(2k) ≤ ρe sup
x∈Ω

η(2(k−1)).232

Proof. It suffices to establish the contraction estimate (3.7).233

For any k ≥ 1, we take the 2(k − 1)-th iterate as the initial step by setting

ξ(2(k−1)) = η(2(k−1)) on Ω

in the auxiliary systems (3.3) and (3.4). Lemma 3.2 then yields

η(2k) ≤ ξ(2k) on Ω.

Combining this with the contraction estimate (3.6) for the elliptic equation, we obtain

sup
x∈Ω

η(2k) ≤ sup
x∈Ω

ξ(2k) ≤ ρe sup
x∈Ω

ξ(2(k−1)) = ρe sup
x∈Ω

η(2(k−1)).

This completes the proof.234

This manuscript is for review purposes only.
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By applying the above theorem, we can also obtain the convergence of the algo-235

rithm under the L2 norm.236

Corollary 3.4. Suppose the assumptions in Theorem 3.3 hold, then it holds237

∥e(2k)y ∥2L2(Ω) + α−1∥e(2k)p ∥2L2(Ω) ≤ Cρke sup
x∈Ω

η(0),238

where C > 0 is a constant independent of ρe and α.239

Proof. According to Theorem 3.3, we have240

∥e(2k)y ∥2L2(Ω) + α−1∥e(2k)p ∥2L2(Ω) =

∫
Ω

η(2k)dx ≤ |Ω| sup
x∈Ω

η(2k) ≤ Cρke sup
x∈Ω

η(0).241

This gives the results.242

Remark 3.5. Following are some remarks.243

1. One can refer to [42, 35, 12] for the convergence analysis and the contraction244

factor of the Schwarz alternating method for elliptic equations under the245

maximum norm.246

2. Estimate (3.7) gives a uniform upper bound ρe for the contraction factor of247

the method for optimal control problems. Our numerical results in Section 6248

indicate this upper bound is not optimal and the optimal one might be ρ2e.249

More details can be found in [12, 13].250

4. Extension to multiple subdomains. Let {Ωi : i = 1, 2, . . . , N} be an251

overlapping decomposition of Ω into Lipschitz subdomains and {χi : i = 1, 2, . . . , N}252

be a partition of unity based on this decomposition, which satisfies253

(4.1) 0 ≤ χi ≤ 1 and

N∑
i=1

χi = 1.254

The one-level alternating Schwarz method and the parallel Schwarz method are255

given in Algorithm 4.1 and Algorithm 4.2, respectively.256

In the previous section we have shown that the convergence of the Schwarz al-257

ternating method for the optimal control problem follows from the convergence of258

its counterpart for the state equation. This is also true for the one-level alternating259

Schwarz method and the parallel Schwarz method.260

Actually, for the one-level alternating Schwarz method we can conduct the conver-261

gence analysis following the same process as that of the Schwarz alternating method262

in Theorem 3.3 by Lemma 3.2.263

For the parallel Schwarz method, by the convexity of the quadratic functional264

and (4.1), we have265

(y − y(k+1))2 + α−1(p− p(k+1))2

=

[
N∑
i=1

χi(y − y(k+
i
N ))

]2

+ α−1

[
N∑
i=1

χi(p− p(k+
i
N ))

]2

≤
N∑
i=1

χi[(y − y(k+
i
N ))2 + α−1(p− p(k+

i
N ))2]

=

N∑
i=1

χi[(e
(k+ i

N )
y )2 + α−1(e

(k+ i
N )

p )2],

266
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Algorithm 4.1 : The alternating Schwarz method

1. Initialization: choose y(0), p(0) ∈ C(Ω) ∩H1
0 (Ω).

2. For k = 0, 1, · · · , solve the Dirichlet-Dirichlet optimal control problem on Ωi (i =
1, 2, . . . , N) sequentially

min
u
(k+ i

N
)

i ∈L2(Ωi)

J(y
(k+ i

N )
i , u

(k+ i
N )

i ) =
1

2
∥y(k+

i
N )

i − yd∥2L2(Ωi)
+
α

2
∥u(k+

i
N )

i ∥2L2(Ωi)

− ⟨∂y
(k+ i

N )
i

∂nL,i
, p(k+

i−1
N )|∂Ωi

⟩H−1/2(∂Ωi),H1/2(∂Ωi)

subject to

Ly(k+
i
N )

i = f + u
(k+ i

N )
i in Ωi and y

(k+ i
N )

i = y(k+
i−1
N ) on ∂Ωi,

and set u(k+
i
N ), y(k+

i
N ), p(k+

i
N ) as follows:

u(k+
i
N ) =

u
(k+ i

N )
i in Ωi,

u(k+
i−1
N ) in Ω \ Ωi;

y(k+
i
N ) =

y
(k+ i

N )
i in Ωi,

y(k+
i−1
N ) in Ω \ Ωi;

p(k+
i
N ) = −αu(k+ i

N ).

where e
(k+ i

N )
y = y − y(k+

i
N ) and e

(k+ i
N )

p = p − p(k+
i
N ) for i = 1, . . . , N . Note that267

(e
(k+ i

N )
y )2 + α−1(e

(k+ i
N )

p )2 can be bounded by using Lemma 3.2. This will give the268

desired results.269

We omit the details of the proof and give the results in the following theorem.270

Theorem 4.1. For a given domain decomposition with multiple Lipschitz subdo-271

mains, the alternating Schwarz method and the parallel Schwarz method for optimal272

control problems converge under the maximum norm if their counterparts for the equa-273

tion274

Lξ = 0 in Ω and ξ = 0 on ∂Ω275

are convergent under the maximum norm, respectively.276

Moreover, in the alternating Schwarz case, the contraction factor for the equation
gives a uniform upper bound of that for optimal control problems. In the parallel
Schwarz case, if the contraction factor for the equation case is ρa ∈ (0, 1), it gives

sup
x∈Ω

[(y− y(Nk))2 +α−1(p− p(Nk))2] ≤ ρa sup
x∈Ω

[(y− y((N−1)k))2 +α−1(p− p((N−1)k))2].

Remark 4.2. In [14], the authors discussed the scalability of the parallel Schwarz277

method for the elliptic equation. Combining with the results in Theorem 4.1, we can278

also expect the scalability of the method for optimal control problems.279

5. Extension to the discrete case. In this section, we will consider the ex-280

tension of the arguments in the previous section to the discrete case.281

For illustration purposes, we will consider the problem in two dimensional case
and use finite difference methods to discretize the optimal control problem. More
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Algorithm 4.2 : The parallel Schwarz method

1. Initialization: choose y(0), p(0) ∈ C(Ω) ∩H1
0 (Ω).

2. For k = 0, 1, · · · , solve the Dirichlet-Dirichlet optimal control problem on Ωi (i =
1, . . . , N) parallelly

min
u
(k+ i

N
)

i ∈L2(Ωi)

J(y
(k+ i

N )
i , u

(k+ i
N )

i ) =
1

2
∥y(k+

i
N )

i − yd∥2L2(Ωi)
+
α

2
∥u(k+

i
N )

i ∥2L2(Ωi)

− ⟨∂y
(k+ i

N )
i

∂nL,i
, p(k)|∂Ωi

⟩H−1/2(∂Ωi),H1/2(∂Ωi)

subject to

Ly(k+
i
N )

i = f + u
(k+ i

N )
i in Ωi and y

(k+ i
N )

i = y(k) on ∂Ωi

and set u(k+1), y(k+1), p(k+1) as follows:

u(k+1) =

N∑
i=1

χiu
(k+ i

N ), y(k+1) =

N∑
i=1

χiy
(k+ i

N ) and p(k+1) = −αu(k+1).

precisely, we will take

Ω = (0, 1)2 ⊂ R2 and L = −∆.

5.1. The discrete problem. We adopt the five-point finite difference scheme to282

discretize the state equation and approximate the objective functional by the trape-283

zoidal rule. We refer to [6, 36] for the numerical analysis of the finite difference284

scheme.285

For a given step size h = 1/N , we define the uniform grid (xi, yj) on Ω = (0, 1)2,286

with 0 ≤ i, j ≤ N and xi = ih, yj = jh. For a given function z, we take zi,j = z(xi, yj)287

or some approximation of it and set {zi,j : 0 ≤ i, j ≤ N}, which can be mapped to288

a vector Z ∈ R(N+1)2 . We denote by ZI the part corresponding to the interior grid289

points in Ω and Z∂ the part corresponding to the boundary grid points on ∂Ω.290

The five-point finite difference scheme for the state equation is given by291

−yi−1,j + yi+1,j − 4yi,j + yi,j−1 + yi,j+1

h2
= fi,j + ui,j 1 ≤ i, j ≤ N − 1,292

and the discrete problem of (1.1)-(1.2) reads293

min
U∈Rn

J(Y,U) =
h2

2
∥YI − Yd,I∥2Rn +

αh2

2
∥UI∥2Rn(5.1)294

subject to295

(5.2) LhY = FI + UI and Y∂ = 0,296

where Lh is the corresponding coefficient matrix of the five-point finite difference297

scheme and n = (N − 1)2 and ∥ · ∥Rn is the standard norm on Rn.298
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Following a standard argument, the first order optimality system of the discrete299

problem reads300 
LhY = FI + UI , Y∂ = 0;

LhP = h2(YI − Yd,I), P∂ = 0;

αh2UI + PI = 0.

301

Similarly, we can eliminate UI and after doing some reformulation, we have302

(5.3)


LhY = FI −

1

α
(
1

h2
PI), Y∂ = 0;

Lh(
1

h2
P ) = YI − Yd,I , P∂ = 0.

303

5.2. The Schwarz alternating method for the discrete problem. As in304

the continuous case, we can define the Schwarz alternating algorithms analogous to305

Algorithm 2.1 and Algorithm 2.2 in this discrete setting. We give the counterpart306

of Algorithm 2.2 and prove the uniform convergence of the algorithm. The conver-307

gence properties of the equivalent algorithm in the discrete case, which corresponds308

to Algorithm 2.1, follow directly.309

For i = 1, 2, we denote by ZI , Z∂ , Zi, Zi,I , Zi,∂ the vector components of Z310

corresponding to the grid points related to Ω, ∂Ω, Ωi, Ωi, ∂Ωi, respectively, and L(i)
h311

the restriction of Lh to the grid points related to Ωi.312

Algorithm 5.1 : The Schwarz alternating method for the discrete problem

1. Initialization: choose Y (0), P (0) ∈ R(N+1)2 with Y
(0)
∂ = 0 and P

(0)
∂ = 0.

2. For k = 0, 1, · · · , solve the following problem alternately

L(i)
h Y

(2k+i)
i = Fi,I − α−1(

1

h2
P

(2k+i)
i,I ), Y

(2k+i)
i,∂ = Y

(2k+i−1)
i,∂ ,

L(i)
h (

1

h2
P

(2k+i)
i ) = Y

(2k+i)
i,I − Yd,i,I , P

(2k+i)
i,∂ = P

(2k+i−1)
i,∂ ,

Y (2k+i) = Y (2k+i−1) on Ω \ Ωi,

P (2k+i) = P (2k+i−1) on Ω \ Ωi.

5.3. Convergence analysis. In the following, we prove the convergence results313

of Algorithm 5.1. We first write down the error system of the algorithm and then314

prove a discrete counterpart of Lemma 3.1 for Lh for a proper error merit vector. The315

remaining analysis can be carried out identically in parallel with the continuous case316

by recalling the maximum principle of Lh.317

5.3.1. The error equations. We denote E
(j)
y = Y − Y (j), E

(j)
p = P − P (j)318

(j = 2k + i, i = 1, 2, k = 0, 1, 2, . . . ) with Y, P the solutions of (5.3) and Y (j), P (j)319
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generated by Algorithm 5.1. Then the errors E
(j)
y and E

(j)
p satisfy320

(5.4)



L(i)
h E

(2k+i)
y,i = −α−1(

1

h2
E

(2k+i)
p,i,I ), E

(2k+i)
y,i,∂ = E

(2k+i−1)
y,i,∂ ,

L(i)
h (

1

h2
E

(2k+i)
p,i ) = E

(2k+i)
y,i,I , E

(2k+i)
p,i,∂ = E

(2k+i−1)
p,i,∂ ,

E(2k+i)
y = E(2k+i−1)

y on Ω \ Ωi,

E(2k+i)
p = E(2k+i−1)

p on Ω \ Ωi.

321

5.3.2. A property of Lh. For Z = (Zk)m×1 ∈ Rm, we define Z2 ∈ Rm in a322

componentwise sense, i.e., (Z2)k = (Zk)
2.323

Lemma 5.1. Let β > 0 and Φ,Ψ ∈ R(N+1)2 satisfy324

LhΨ = −βΦI and LhΦ = ΨI ,325

then Lh(Ψ
2 + βΦ2) ≤ 0, which is understood componentwisely.326

Proof. Let {ϕi,j : 0 ≤ i, j ≤ N} be the set corresponding to Φ. Since327

−
ϕ2i−1,j + ϕ2i+1,j − 4ϕ2i,j + ϕ2i,j−1 + ϕ2i,j+1

h2

= −2ϕi,j
ϕi−1,j + ϕi+1,j − 4ϕi,j + ϕi,j−1 + ϕi,j+1

h2

− (ϕi−1,j − ϕi,j)
2 + (ϕi+1,j − ϕi,j)

2

h2
− (ϕi,j−1 − ϕi,j)

2 + (ϕi,j+1 − ϕi,j)
2

h2
,

328

it gives
Lh(Φ

2) ≤ −2ΦT
I LhΦ.

Analogously, we have
Lh(Ψ

2) ≤ −2ΨT
I LhΨ.

Combing with the assumption, it implies that

Lh(Ψ
2 + βΦ2) ≤ −2ΨT

I LhΨ− 2βΦT
I LhΦ = 0,

which completes the proof.329

Remark 5.2. The above lemma also applies to L(i)
h (i = 1, 2) for vectors related330

to Ωi.331

5.3.3. The maximum principle of Lh. The maximum principle is a key in-332

gredient in the proof of uniform convergence of the Schwarz alternating method in333

the continuous case. An analogous discrete maximum principle is valid for the finite334

difference operator Lh, which we state in the theorem below; we refer to [16, Theorem335

3] for a detailed treatment.336

Theorem 5.3. The finite difference operator Lh satisfies the discrete maximum337

principle, i.e., for any Z ∈ R(N+1)2 with LhZ ≤ 0 (≥ 0), we have338

max{Z} ≤ max{0, Z∂} (min{Z} ≥ min{0, Z∂}),339

where max and min are understood in a componentwise sense.340

Remark 5.4. Note that this theorem also applies to L(i)
h (i = 1, 2) for vectors341

related to Ωi.342
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5.3.4. The uniform convergence results. We define the error merit vectors343

as344

E(2k+i) = (E(2k+i)
y )2 +

α−1

h4
(E(2k+i)

p )2, i = 1, 2, k = 0, 1, 2, . . . .345

Applying Lemma 5.1 to L(i)
h and E

(2k+i)
i , we have346

(5.5) L(i)
h E

(2k+i)
i ≤ 0, i = 1, 2, k = 0, 1, 2, . . . .347

Using (5.4), (5.5), and Theorem 5.3, the uniform convergence of Algorithm 5.1348

can be established by following the same line of argument as in the proof of Theorem349

3.3. We therefore state the convergence results below and omit the details of the350

proof.351

Theorem 5.5. For a given overlapping domain decomposition with two subdo-352

mains, if the Schwarz alternating method for353

(5.6) LhW = 0 and W∂ = 0354

is convergent, then the Schwarz alternating method (see Algorithm 5.1) for the system355

(5.3) is uniformly convergent. Moreover, if the contraction factor of the Schwarz356

alternating method for (5.6) is ρe,d ∈ (0, 1) under the maximum norm, then for k =357

1, 2, ..., we have358

max{E(2k)} ≤ ρe,d max{E(2(k−1))}.359

Remark 5.6. As in the continuous case, the uniform upper bound ρe,d here is not360

optimal, which has been observed in the numerical tests.361

Parallel to Corollary 3.4, we have the following corollary.362

Corollary 5.7. Suppose that the assumptions in Theorem 5.5 hold, then it holds363

364

h2∥E(2k)∥2R(N+1)2 ≤ Cρke,d max{E(0)},365

where C > 0 is a constant independent of h, ρe,d and α.366

Remark 5.8. Similar to the continuous case, we can also give the one-level alter-367

nating Schwarz method and the parallel Schwarz method in the discrete case and we368

will obtain similar convergence results as those in Theorem 4.1.369

6. Numerical experiments. In this section, we present numerical experiments370

to assess the performance of the proposed methods: the Schwarz alternating method,371

the alternating Schwarz method, and the parallel Schwarz method. We consider the372

optimal control problem373

min
u∈L2(Ω)

J(y, u) =
1

2
∥y − yd∥2L2(Ω) +

α

2
∥u∥2L2(Ω)374

subject to375

−∆y = f + u in Ω and y = 0 on ∂Ω,376
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where Ω = (0, 1)2, yd = sin(πx1) sin(πx2), f = 2π2 sin(πx1) sin(πx2). The exact377

solution is y = sin(πx1) sin(πx2), p = 0 and u = 0 for any α > 0.378

The problem is discretized on a uniform grid of size h using the five-point finite379

difference scheme, leading to the discrete problem380

min
U∈Rn

J(Y,U) =
h2

2
∥YI − Yd,I∥2Rn +

αh2

2
∥UI∥2Rn381

subject to382

LhY = FI + UI and Y∂ = 0,383

with Yd and F denoting the grid values of yd and f respectively, and the notation384

follows that introduced in the previous section. Although we present results only for385

this particular discrete problem, we have also tested random choices of Yd, F , which386

yielded similar performance.387

To construct the overlapping domain decomposition, we first partition the do-388

main into non-overlapping subdomains and then add several layers of grid points to389

each subdomain. For instance, in Figure 2, the domain is first partitioned into non-390

overlapping subdomains (delineated by the black lines). Overlapping subdomains are391

then obtained by adding two layers of grid points to each subdomain, as indicated392

by the blue and red lines. The left panel illustrates a two-subdomain decomposition,393

while the right panel shows a multi-subdomain decomposition.

Fig. 2. Grid and decompositions of Ω.

394

In our numerical experiments, we set the mesh size to h = 1/64 and consider the395

values α = 10−2, 10−4, 10−6 for the regularization parameter. The overlapping size is396

controlled by the parameter δ, which denotes the number of mesh layers added to each397

subdomain; we choose δ = 1, 2, 3, 4, corresponding to overlapping sizes of h, 2h, 3h398

and 4h, respectively. We investigate the influence of both the overlapping size δ and399

the regularization parameter α on the convergence behavior of the algorithm, and we400

compare its performance between the elliptic equation case and the optimal control401

problem case. The exact solution of the discrete problem is obtained by solving402

the first-order optimality system. We define ∥E∥∞ as the maximum norm of the403

error between the iterative solution of the Schwarz alternating method and the exact404

discrete solution. For the optimal control problem, ∥E∥∞ := ∥E2
y +α−1E2

p∥∞, where405

Ey and Ep denote the error vectors for the state and adjoint variables, respectively.406

The contraction factors for the elliptic equation and the optimal control problem are407

denoted by ρe,d and ρc,d, respectively. The numerical results are reported in Table 1.408

Table 1 reports the maximum-norm errors of the first five iterations of the Schwarz409

alternating method for both the elliptic equation and the optimal control problem,410
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Table 1
The errors and contraction factors of the Schwarz alternating method versus α, δ and the

iteration number k.

Elliptic PDE α = 10−2 α = 10−4 α = 10−6

δ k ∥E∥∞ ρe,d ∥E∥∞ ρc,d ∥E∥∞ ρc,d ∥E∥∞ ρc,d

1

1 9.2738e-1 - 8.6604e1 - 7.2285e3 - 2.5279e5 -
2 7.9016e-1 8.5204e-1 6.1720e1 7.1267e-1 2.7918e3 3.8623e-1 1.6005e4 6.3314e-2
3 6.6541e-1 8.4212e-1 4.2779e1 6.9311e-1 1.1760e3 4.2122e-1 9.8908e2 6.1797e-2
4 5.5466e-1 8.3357e-1 2.9006e1 6.7803e-1 5.1234e2 4.3566e-1 5.9773e1 6.0434e-2
5 4.5850e-1 8.2663e-1 1.9388e1 6.6842e-1 2.1107e2 4.1198e-1 3.4274e0 5.7340e-2

2

1 8.5724e-1 - 7.3447e1 - 4.5124e3 - 6.3505e4 -
2 6.0803e-1 7.0929e-1 3.5317e1 4.8085e-1 7.6078e2 1.6860e-1 2.3274e2 3.6649e-3
3 4.1559e-1 6.8351e-1 1.5790e1 4.4708e-1 1.2923e2 1.6986e-1 8.1402e-1 3.4975e-3
4 2.7760e-1 6.6795e-1 6.7994e0 4.3063e-1 2.2636e1 1.7516e-1 3.0695e-3 3.7709e-3
5 1.8311e-1 6.5963e-1 2.8540e0 4.1974e-1 3.5541e0 1.5701e-1 1.0338e-5 3.3680e-3

3

1 7.8980e-1 - 6.1795e1 - 2.7926e3 - 1.6005e4 -
2 4.5793e-1 5.7981e-1 1.9350e1 3.1314e-1 2.1125e2 7.5645e-2 3.4274e0 2.1414e-4
3 2.5008e-1 5.4609e-1 5.4692e0 2.8264e-1 1.5174e1 7.1830e-2 7.2018e-4 2.1012e-4
4 1.3321e-1 5.3268e-1 1.4701e0 2.6879e-1 9.0707e-1 5.9778e-2 1.5694e-7 2.1792e-4
5 7.0335e-2 5.2800e-1 3.8813e-1 2.6402e-1 5.7030e-2 6.2872e-2 3.1882e-11 2.0315e-4

4

1 7.2530e-1 - 5.1592e1 - 1.8031e3 - 3.8839e3 -
2 3.3954e-1 4.6814e-1 1.0356e1 2.0074e-1 5.3161e1 2.9483e-2 5.0780e-2 1.3074e-5
3 1.4774e-1 4.3511e-1 1.8249e0 1.7621e-1 1.4308e0 2.6915e-2 6.2383e-7 1.2285e-5
4 6.3005e-2 4.2647e-1 3.0868e-1 1.6915e-1 3.5916e-2 2.5101e-2 7.9164e-12 1.2690e-5
5 2.6743e-2 4.2446e-1 5.1728e-2 1.6758e-1 8.7228e-4 2.4287e-2 1.0084e-16 1.2739e-5

for various overlapping sizes and values of α. The corresponding contraction factors411

are also provided for each test setting. The results show that, for a fixed domain412

decomposition, the contraction factor for the elliptic equation uniformly dominates413

that for the optimal control problem with respect to α. In both cases, increasing414

the overlap reduces the contraction factor, while decreasing α also leads to faster415

convergence for the optimal control problem. For further theoretical discussion, we416

refer to [13]. To facilitate comparison, the convergence curves for the different test417

configurations are plotted in Figure 3. These results are fully consistent with our418

theoretical analysis.419

The numerical results for the multiple-subdomain case are reported in Table 2,420

which are in full agreement with our theoretical predictions. In this experiment, we421

use a decomposition consisting of 9 subdomains (cf. Figure 2) and set α = 10−4. The422

convergence of both the alternating and parallel Schwarz methods is clearly observed423

as the iteration count increases. As in the two-subdomain case, we present the results424

for the first five iterations only.425

7. Conclusion. In this paper, we have established the uniform convergence of426

the Schwarz alternating method for unconstrained elliptic optimal control problems427

using the maximum principle for elliptic operators. We proved convergence in the428

maximum norm with a contraction factor that is uniformly bounded by a constant429

strictly less than one, independent of the regularization parameter α. These results430

were extended to multiple subdomains for both one-level alternating and parallel431

Schwarz methods.432

As noted in Remark 3.5, the uniform upper bound obtained here is not sharp.433

Improving this estimate to the optimal contraction factor is an interesting problem.434

The proposed framework may also be extended to local optimal control problems,435

where the control acts only on a subset of the domain, as well as to problems with436

additional constraints. Furthermore, proving the geometric convergence of the method437

in the finite element discretization setting, which has been observed numerically (cf.438

[44]), remains an important direction for future research.439
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Fig. 3. The convergence results
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