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UNIFORM CONVERGENCE OF THE SCHWARZ ALTERNATING
METHOD FOR OPTIMAL CONTROL PROBLEMS*

GABRIELE CIARAMELLAT, WEI GONG#, FELIX KWOK$, AND ZHIYU TANY

Abstract. In this paper, we analyze the Schwarz alternating method for unconstrained elliptic
optimal control problems, which is equivalent to the corresponding method for the associated saddle-
point systems. A distinctive feature in this setting is that the local error propagation operators are
not necessarily nonexpansive in the energy norm, which stands in marked contrast to the standard
elliptic boundary-value case. We develop a rigorous uniform convergence theory in the continuous
setting and then extend the analysis to finite difference discretizations. In both formulations, we prove
that the Schwarz iteration converges whenever its counterpart for the underlying elliptic equation
is convergent. Furthermore, we show that the contraction factor for the auxiliary elliptic equation
in the maximum norm provides a uniform upper bound, which is independent of the regularization
parameter «, for the contraction factor of the optimal control iteration in the same norm. The
theoretical framework is also extended to cover one-level alternating Schwarz and parallel Schwarz
variants. Numerical experiments are presented to validate the theoretical results.
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1. Introduction. In this paper, we consider the following optimal control prob-

lem
(L.1) min J(yw) = 5y — yalliae + Sl
’ weL?(Q),yeHL(Q) Yol =gy = Ydlizz@) T 5 licz@)
subject to
(1.2) Ly=f+4+u inQ and y =0 on 99,

where Q C R? (d = 1,2,3) is a bounded Lipschitz domain, u € L?(Q) is the control
variable, 34 € L?(f2) is the desired state or observation, a > 0 is the regularization
parameter, f € L%(2) and £ is a self-adjoint and strictly elliptic operator which is
defined in strong form as

d
0 dy
1. = — —_— .. E———
( 3) Ey 7;;:1 833] (azj (.’IJ) axl) + C()(-'lf)y,
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with a;;(x), co(z) € L*(Q2) and ¢y > 0.

The optimal control problem (1.1)-(1.2) has a unique solution (y,u) which can
be characterized by its first-order optimality system (see, e.g., [33]). Using standard
arguments, the first-order optimality system of (1.1)-(1.2) is

au+p=0 in Q,
Ly=f+u inQ, y=0 ondf,
Lp=y—yqg iInQ, p=0 on 09,

where p is the adjoint state.
By eliminating u, it is equivalent to the following saddle-point system

(1.4) {L‘y: f—a'p inQ, y=0 onodQ,

Lp=1y—1yq inQ2, p=0 onJN.

Over the past several decades, PDE-constrained optimization problems have at-
tracted considerable attention due to their increasingly broad applications in mod-
ern science and engineering. This growing demand has in turn stimulated intensive
research on efficient numerical methods. Nevertheless, the fast and reliable simula-
tion of such problems remains highly challenging. For a comprehensive theoretical
treatment, we refer to [33, 47]; for recent advances in optimization algorithms and
numerical schemes, we refer to the monograph [30].

Beyond the convergence analysis of discretization schemes and the design of opti-
mization algorithms, the fast and robust solution of the resulting discrete systems is
of paramount importance. Numerous strategies have been developed to address this
challenge. Preconditioned Krylov subspace methods with specially designed block
preconditioners have been employed in [5, 25, 41, 55]. Multigrid methods have been
investigated in [6, 7, 8, 40, 43, 48]. Domain decomposition methods (DDMs for short)
constitute another powerful strategy; see, e.g., [2, 3, 4, 15, 11, 20, 29, 28, 37, 45, 44].
Parallel implementations of DDM-type algorithms are discussed in [38, 39, 54], while
time-domain decomposition for time-dependent optimal control problems is addressed
in [19, 31, 21, 24, 32].

In this paper, we focus on the Schwarz alternating method for optimal control
problems. Originally introduced by H. A. Schwarz in [42] to prove the existence
and uniqueness of solutions to Laplace’s equation on general domains with Dirichlet
boundary conditions, the method gained prominence as a computational tool in the
1980s. This was particularly spurred by P. L. Lions’s proof of convergence via vari-
ational principles [34], which significantly simplified the convergence analysis. Lions
later also established convergence properties based on the maximum principle [35].
For a historical overview of the Schwarz alternating method and its developments, we
refer to [22]. Generalizations of the Schwarz alternating method in various directions
have given rise to a broad class of domain decomposition methods, which have proven
highly effective as fast solvers for self-adjoint positive definite PDEs. Their inher-
ent parallelism makes them particularly attractive in large-scale applications. For a
comprehensive treatment of the design and convergence analysis of DDMs for elliptic
equations, we refer to the monograph [46] and the review articles [49, 52] and the
references therein. For extensions to nonsymmetric and indefinite problems, we refer
to [10, 9, 50].

In contrast to the case of elliptic equations, where DDMs are supported by a rich
theoretical foundation and exhibit satisfactory numerical performance, the theoretical
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understanding of DDMs for optimal control problems remains limited and far from
satisfactory. Nevertheless, numerous numerical experiments in the literature have
demonstrated the efficiency and robustness of DDMs for such problems.

Roughly speaking, domain decomposition methods for optimal control problems
can be classified into two categories: PDE-level methods, where DDMs are applied
separately to the state and adjoint equations (cf. [11]), and Optimization-level meth-
ods, where DDM are designed to decompose the optimal control problem directly
to some optimization subproblems (cf. [3, 4, 20]). In [3, 4], non-overlapping DDMs
based on Robin-type transmission conditions were proposed, and convergence of the
algorithms was established without explicit estimates on the contraction factor; this
approach was subsequently extended within the optimized Schwarz framework in
[18, 17, 53]. In [20], the authors proved convergence of several non-overlapping meth-
ods and showed that, under suitable parameter choices, the corresponding algorithms
converge in at most three iterations.

To the best of our knowledge, no robust theoretical convergence results exist in the
literature for Optimization-level overlapping DDMs applied to optimal control prob-
lems—in the sense of methods that converge uniformly with respect to the mesh size
and the regularization parameter a. The extension of the existing convergence theory
for DDMs from elliptic equations to optimal control problems (or, more generally,
PDE-constrained optimization) is hindered by the inherent saddle-point structure of
the first-order optimality system. A key ingredient in the standard DDM convergence
framework is the nonexpansiveness of the local error propagation operators (cf. [51,
Assumption (A2)]). However, this assumption fails for optimal control problems, and
consequently, the standard approach does not yield uniform convergence. Further
discussion is provided in [13].

In this paper, we establish the uniform convergence of the Schwarz alternating
method for elliptic optimal control problems. To this end, we introduce suitable error
merit functions (or error vectors in the discrete setting) that are naturally tied to the
norms employed in [8, 25, 26, 45, 41, 55]. By invoking the maximum principle for
elliptic operators, we further derive a uniform contraction factor that is strictly less
than one and independent of the regularization parameter.

Our analysis rests primarily on the weak maximum principle for second-order
elliptic operators, which we recall in the following theorem; for further details, we
refer to [23].

THEOREM 1.1. [23, Theorem 8.1] Let Q C R? (d = 1,2,3) be a bounded domain
and let ¢ € HY(Q) satisfy L& <0 (> 0) in Q. Then

Slslzp‘b < sup ¢"  (inf¢ >info™)
where T = max{®,0} (¢~ = min{¢,0}),

sup ¢ = inf{c|¢p < c on 9Q, ¢ € R} and inf ¢ = —sup(—¢).
90 oQ o0

The remainder of this paper is organized as follows. In Section 2, we formulate
the Schwarz alternating method for the optimal control problems under considera-
tion. Section 3 is devoted to the uniform convergence analysis of the method in the
continuous setting, where we establish a contraction factor in the maximum norm and
show that it is uniformly bounded above by the corresponding contraction factor for
the elliptic equation case. Additionally, we prove convergence in the L? norm. The
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4 G. CIARAMELLA, W. GONG, F. KWOK, Z. TAN

extension to multiple subdomains is presented in Section 4. In Section 5, we adapt the
analysis to the finite difference discretization and demonstrate that the same conver-
gence properties hold. Finally, numerical experiments are reported in the last section
to corroborate the theoretical findings.

Throughout this paper, we adopt the standard notation for differential operators,
function spaces, and norms as used in [1, 23]. We shall denote by C' a generic positive
constant that is independent of both the regularization parameter a and the mesh
size.

2. The Schwarz alternating method for elliptic optimal control prob-
lems. In this section, we extend the Schwarz alternating method for elliptic PDEs to
the optimal control problem (1.1)-(1.2).

2.1. The subproblem. The subproblem retains the structure of an optimal
control problem with an elliptic PDE constraint (see also [29]).

DEFINITION 2.1. Let w C R? (d = 1,2,3) be a bounded Lipschitz domain, and let
pr, yr € H'/?(0w) be given functions on dw, and yq, f be given functions in L?(w).
The following optimal control problem is called a Dirichlet-Dirichlet optimal control
problem

@0 min I = 5y~ vl + 51l — G P o300
subject to
(2.2) Ly=f+4+u inw and y=yr ondw,
where the conormal derivative 5{% s given by
oy d dy
g = MZ:l aij (ac)a—mZ cos(n, z;),

cos(n, z;) is the j-th direction cosine of n and n is the unit outward normal vector of

ow.

A standard argument gives the first order optimality system of the Dirichlet-
Dirichlet optimal control problem as

ou+p=0 inw,
Ly=f+u inw, y=yr onduw,
Lp=y—yq inw, p=pr on dw.

Eliminating u by the first equation, it gives an equivalent saddle-point system

(2.3) .
Lp=1y—yq inw, p=pr on ow.

{Ey =f—a'p inw, y=yr on dw,

2.2. The Schwarz alternating method. Let {Q; : i = 1,2} be an overlapping
domain decomposition of Q with Q = Q;UQs and Q1 NQy # O (see Figure 1). Assume
that Q; (i = 1,2) are two bounded Lipschitz domains.

With these ingredients, we are now in a position to define the Schwarz alternating
method for the elliptic optimal control problem. Given the overlapping decomposition

This manuscript is for review purposes only.
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Fic. 1. Owverlapping decomposition of Q

Algorithm 2.1 : The Schwarz alternating method for OCPs

1. Initialization: choose y©, p(® € C(Q) N H ().
2. For k =0,1,- -, solve the Dirichlet-Dirichlet optimal control problem on §; (i =
1,2) alternately

min J(y
u$F T erz(q,)

7 ) (2

2hti)  (2kti L (2kti Qg (2Rti
P ) = S —allfaa, + 5 e N,

8y§2k+i)

_<7

(2k+i—1)
o0, —1/2 P 1/2 P
onc. P loc.) 1 (892;),H/2(89;)

subject to
Ly® = 4w in, and P = 4R on 90,

and set w2k D) ¢ Rk+1) 52kt a5 follows:

(2k—+4) . (2k—+4) .
L2k — )t in €, 2R+ — Y in €,
w1y Q\ Q; y(%ﬂ;l) in Q\ Q;
PR g (2K,

0= U?:1 Q;, the method is stated in Algorithm 2.1. We denote by 625@ (i=1,2)
Oy

the conormal derivative as that of 5 where w is replaced by Q; (i =1,2).

Leveraging the equivalence between the optimal control problem and its first-order
optimality system, we present in Algorithm 2.2 the corresponding Schwarz alternating
method applied directly to the saddle-point system (1.4). This algorithm can be
interpreted as a domain decomposition approach that splits the original saddle-point
problem into two coupled saddle-point subproblems.

Remark 2.2. Since each subdomain problem retains the structure of an optimal
control problem, the decomposition here is an Optimization-level decomposition of
the original problem. Notably, it simultaneously decomposes both the state equation
and the objective functional, which is a distinctive feature of the algorithm.

3. Uniform convergence of the Schwarz alternating method. This sec-
tion is devoted to the uniform convergence analysis of Algorithm 2.2; the convergence
properties of Algorithm 2.1 then follow directly from the equivalence of the two algo-

This manuscript is for review purposes only.
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Algorithm 2.2 : The Schwarz alternating method for saddle-point problems
1. Initialization: choose y(©), p(® € C(Q) N HA ().
2. For k=0,1,---, solve the following problem on ; (i = 1,2) alternately

Lyh+i) = f o= 1p@k+D) iy
Lp@k+i) = ¢2k+i) _ o in €;,

y(2k+i) - y(2k+z‘—1) on 99,
p(2k+i) _ p(2k+z’—1) on 89,
y(2k+i) — y(2k+i71) inQ \ ﬁi»
p(2k+i) _ p(zkﬂ‘q) inQ \ Q,.

165 rithms. Our proof of uniform convergence in the maximum norm relies on the weak
166 maximum principle stated in Theorem 1.1.

167 For this purpose, we first establish the well-posedness and regularity results of
168 the subproblems and give a key observation of the self-adjoint and strictly elliptic
169 operator L.

170 LEMMA 3.1. Let w C R? (d = 1,2,3) be a bounded Lipschitz domain, 3 > 0 and
171 let by, ¢y, € C(Ow) N HY/2(0w). Consider the coupled system

£¢:_ﬂ¢ in w, 1/):1/11; on awa
Lo =1 m w, ¢=4a¢, on Ow.

173 Under the above assumptions, the system admits a unique solution (¢, ) satisfying
174 1, ¢ € C(@) N HY(w). Moreover, the following inequality holds:

175 L+ o) <0 in w.

176 Proof. The existence and uniqueness of a solution (¢, ¢) € H'(w) x H'(w) follow
177 from the trace theorem (cf. [27, Theorem 1.5.1.3]) and the Lax—Milgram theorem
178 applied to the equivalent weak formulation of the coupled system; see, e.g., [8, 26].
179 To establish continuity of 1) and ¢ up to the boundary, note that H!(w) < L?(w).
180  Since ¥y, ¢p € C(Ow), by elliptic regularity theory for second-order operators with
181 L7 right-hand sides and 2q > d, we obtain ©,¢ € C(w) (cf. [23, Theorem 8.30]).
182 Consequently, ¥, ¢ € C(@) N H'(w) C L*®(w) N H'(w), which further implies that
183 ¢ Y2 € HY(w).

184 A direct calculation gives
| ) . a9y 2
185 o) <2002 3 (a5 g2 5) = cotes
186 and

2 - 99 90 2
187 L(¢?) = 2L — 2;1 <aij(x) o, axj) — cola)¢?.

This manuscript is for review purposes only.
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By the coupled system and using the strict ellipticity of £, we obtain

LW + Be?)
d o 0 2 99 0¢ 2. g2
a2 Gl R Gl R
<0.
This completes the proof. 0

Denote e(yj) =y —yY and e](gj) = p —pY) with y, p the solutions of (1.4) and
y), pl) generated by Algorithm 2.2. A direct calculation shows that the errors eg(f ),

e,(;]) (j=2k+1i,5=1,2,k=0,1,2,...) satisfy the following equations

LD = 1M i, ey T = e Y on 09,
(3.1) £€£2k+l:) = ez(/%H:) in %, o ez()QkH) = 61(9%“71) on 99,
ez(/2k+z) _ ez(j2k+l_1) inQ \ Q“
6;)2k+z) _ 61(92k+z_1) in Q\ Q.
We denote
(3.2) n(j) _ (e?(/j))z + a—l(e:(nj))Q >0,

with j = 2k+i (i = 1,2,k = 0,1,...). For each j = 2k +1i, by Lemma 3.1, n¥) satisfies

(3.3) {577(2’““) <0 QP =D on 90y,

p@hH) = @Ry O\ Q.
Similarly, we can define the Schwarz alternating method for the elliptic equation
LE=0 in Q@ and £=0 on 9N
on €; with the initial guess £(©) = n(©). The k-th iteration is given by

(3.4) { LECKD =0 inQ, R = ¢@RHTD - on 90,

E@k+) §(2k+i—1) in O\ 0

with j =2k +4,i=1,2,k=0,1,2,..., &9 = on Q.

LEMMA 3.2. Fori=1,2 and k=0,1,2,..., suppose that n***t9) and €2++1) gre
defined as above. Then

0 < @) < @)

Proof. We prove this by induction. For the base case, we consider k = 0 and
i =1. From (3.3), (3.4), and the fact that £ = 7(® on Q, we obtain

LW —eM)y<0 inQy, nM —¢M =0 on d9.
An application of the weak maximum principle (Theorem 1.1) then yields

0<n® <e® inQy,

This manuscript is for review purposes only.



213
214
215

216

217

218
219
220
221

8 G. CIARAMELLA, W. GONG, F. KWOK, Z. TAN

which establishes the claim for k =0 and i = 1.
Now assume that the result holds for 2k + ¢ — 1; we prove it for 2k + ¢. Observe
that n(k+i) — ¢k+1) gatisfies

L) @) <0 in Q, and p2FH) g2+ — k=D _cCheoD oy g0,
By the induction hypothesis,
pEhHi=1) _e@htich) < g on Q.
Applying Theorem 1.1, we conclude that
R+ _ c@RH) <0 i 0.
Together with (3.2), this yields 0 < nk+9) < ¢Ck+) in ;. The induction is thus
complete. O

Lemma 3.2 establishes the relationship between the errors ) of Algorithm 2.2
and the auxiliary solutions £, namely,

OST](J)Sg(J) onﬁ, VJ:2/<;+1,]C:O7172,,’L:172,

provided that £© = 7 on Q. This inequality immediately implies the uniform
convergence of Algorithm 2.2 whenever £€U) — 0 as j — +o00. Moreover, it enables us
to derive a uniform upper bound on the contraction factor of Algorithm 2.2. These
convergence results are summarized in the following theorem.

THEOREM 3.3. Let an overlapping domain decomposition of Q) into two Lipschitz
subdomains be given. If the Schwarz alternating method for the homogeneous elliptic
equation

(3.5) LE=0 in Q, E=0 onoQ

is convergent, then the Schwarz alternating method for the optimality system (1.4),
i.e., Algorithm 2.2, is uniformly convergent as well. Moreover, if the contraction
factor of the Schwarz method for the elliptic equation (3.5) in the maximum norm is
denoted by pe € (0,1), satisfying

(3.6) supEPM) < posup PR =12,
zeﬁ 165

then for all k > 1, the following contraction estimate holds:

(3.7) sup n®®) < p, sup n2E=1),
z€Q z€Q
Proof. It suffices to establish the contraction estimate (3.7).
For any k > 1, we take the 2(k — 1)-th iterate as the initial step by setting

¢@E-1) — pE-1) 5y
in the auxiliary systems (3.3) and (3.4). Lemma 3.2 then yields
pP) < R on
Combining this with the contraction estimate (3.6) for the elliptic equation, we obtain

sup 7)< sup £ < p, sup £ = p, sup k1),
zEQ z€eQ € zEQ

This completes the proof. 0

This manuscript is for review purposes only.



239

244
245
246
247
248
249
250

251
252
253

266

UNIFORM CONVERGENCE OF SAM FOR OCPS 9

By applying the above theorem, we can also obtain the convergence of the algo-
rithm under the L? norm.

COROLLARY 3.4. Suppose the assumptions in Theorem 3.3 hold, then it holds

||eg(/2k) ||%2(Q) + Oé_l ||61(72k) ||%2(Q) < Cpl;: SuE 77(0)’
z€Q

where C' > 0 is a constant independent of p. and .

Proof. According to Theorem 3.3, we have

e 720y + @ e (172 = /Q?Y(Qk)dff < 9] sup ¥ < Cpl sup n©).
zeQ €

This gives the results. O

Remark 3.5. Following are some remarks.

1. One can refer to [42, 35, 12] for the convergence analysis and the contraction
factor of the Schwarz alternating method for elliptic equations under the
maximum norm.

2. Estimate (3.7) gives a uniform upper bound p, for the contraction factor of
the method for optimal control problems. Our numerical results in Section 6
indicate this upper bound is not optimal and the optimal one might be p2.
More details can be found in [12, 13].

4. Extension to multiple subdomains. Let {Q; : ¢ = 1,2,...,N} be an
overlapping decomposition of €2 into Lipschitz subdomains and {x; : ¢ =1,2,...,N}
be a partition of unity based on this decomposition, which satisfies

N
(4.1) 0<y; <1 and ZXFL
i=1

The one-level alternating Schwarz method and the parallel Schwarz method are
given in Algorithm 4.1 and Algorithm 4.2, respectively.

In the previous section we have shown that the convergence of the Schwarz al-
ternating method for the optimal control problem follows from the convergence of
its counterpart for the state equation. This is also true for the one-level alternating
Schwarz method and the parallel Schwarz method.

Actually, for the one-level alternating Schwarz method we can conduct the conver-
gence analysis following the same process as that of the Schwarz alternating method
in Theorem 3.3 by Lemma 3.2.

For the parallel Schwarz method, by the convexity of the quadratic functional
and (4.1), we have

(y _ y(k+1))2 + Oz_l(p _p(k+1))2
N 2 N 2
- lz xily =y ot lz Xi(p —p(’““”)]
i=1

=1
Xil(y — ") p a7l (p - pltR))Y

-

©
I
—

xilley T2 a9y,

-

o
Il
s
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Algorithm 4.1 : The alternating Schwarz method

1. Initialization: choose y(©), p(® € C(Q) N HA ().
2. For k=0,1,---, solve the Dirichlet-Dirichlet optimal control problem on ; (i =
1,2,...,N) sequentially

. (kt4) (k) _ Ly (k) (k)
min Sy, Vup V)= §Hyi a _yd||%2(ﬂi)+§”ui Y72 0
WV ez,
(k+ 4
a i N i—1
- <Wap(k+ N )|391:>H*1/2(89i),H1/2(6Qi)
subject to

Ly — Y i and TR = S on 09y,

i

and set u*d+ %) yk+x) pk+ ) ag follows:

, (k+4) . , _ (k+%) . 4
L) — u; | in €, ki) QY in Q;,
uFTRD) in Q) Qi yFEF) in O\ Q
pETR) = _qukta),
where eéjﬂ_ﬁ) =y —y¥*t~) and e;E,kJrﬁ) =p—p¥*+%) for i = 1,...,N. Note that

(eeg(,]€—~_ﬁ))2 + a_l(e;k+#))2 can be bounded by using Lemma 3.2. This will give the
desired results.

We omit the details of the proof and give the results in the following theorem.

THEOREM 4.1. For a given domain decomposition with multiple Lipschitz subdo-
mains, the alternating Schwarz method and the parallel Schwarz method for optimal
control problems converge under the maximum norm if their counterparts for the equa-
tion

LE=0 in Q and £=0 on 0N

are convergent under the maximum norm, respectively.

Moreover, in the alternating Schwarz case, the contraction factor for the equation
gives a uniform upper bound of that for optimal control problems. In the parallel
Schwarz case, if the contraction factor for the equation case is p, € (0,1), it gives

sup[(y —y™)? + a7 (p — p™N)?) < pa sup[(y — y VIR 4 a7 (p— p(N TR
T€EQ zeQ
Remark 4.2. In [14], the authors discussed the scalability of the parallel Schwarz

method for the elliptic equation. Combining with the results in Theorem 4.1, we can
also expect the scalability of the method for optimal control problems.

5. Extension to the discrete case. In this section, we will consider the ex-
tension of the arguments in the previous section to the discrete case.

For illustration purposes, we will consider the problem in two dimensional case
and use finite difference methods to discretize the optimal control problem. More

This manuscript is for review purposes only.
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Algorithm 4.2 : The parallel Schwarz method
1. Initialization: choose y(©), p(® € C(Q) N HA ().
2. For k=0,1,---, solve the Dirichlet-Dirichlet optimal control problem on ; (i =
1,...,N) parallelly

. (kt4) (k) _ Ly (k) (k)
min Sy, Vup V)= §Hyi a _yd||%2(ﬂi)+§”ui Y72 0
WV ez,
3(%(“#) (k)
—<3T_7P |Bﬂi>H*1/2(89i),H1/2(8Qi)
subject to

Eyflﬁ_ﬁ) =f —i—uUH_#) in Q; and y(k+ﬁ) = y(k) on 0f);

A i

and set w1y 5+ a9 follows:

N N
wE+HD — inu(’”ﬁ), y(k+1) _ iny(kﬁ’%) and p(k+1) — _aqutD.
i=1 i=1

precisely, we will take
Q=(0,1)>CR* and L=-A.

5.1. The discrete problem. We adopt the five-point finite difference scheme to
discretize the state equation and approximate the objective functional by the trape-
zoidal rule. We refer to [6, 36] for the numerical analysis of the finite difference
scheme.

For a given step size h = 1/N, we define the uniform grid (z;,y;) on Q = (0,1)2,
with 0 < 4,7 < N and x; = ih, y; = jh. For a given function z, we take z; ; = z(x;, y;)
or some approximation of it and set {z; ; : 0 < 1,5 < N}, which can be mapped to
a vector Z € RV+D?. We denote by Z; the part corresponding to the interior grid
points in © and Zy the part corresponding to the boundary grid points on 0.

The five-point finite difference scheme for the state equation is given by

Y1 Yty — Wig T Y1t Y
h2

:fi7j+ui7j 1§i,jSN—1,

and the discrete problem of (1.1)-(1.2) reads

(5.1) mmJWnyﬁw—Yu2+gﬂwH
’ UeRn o= g IR Sd IIRe 2 Hige
subject to

(5.2) LY =F;r+U; and Yy =0,

where L is the corresponding coefficient matrix of the five-point finite difference
scheme and n = (N — 1)? and || - ||g» is the standard norm on R".
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Following a standard argument, the first order optimality system of the discrete
problem reads

LY =F+ U, Yy=0;
,ChP:h2(Y[—Yd7[), PaZO;
ah*U; + P; = 0.

Similarly, we can eliminate U; and after doing some reformulation, we have

1.1
ﬁhY = F — 7(@131), Ya = 0;
(5.3) ) .
L‘h(ﬁP) =YYy, Po=0.

5.2. The Schwarz alternating method for the discrete problem. As in
the continuous case, we can define the Schwarz alternating algorithms analogous to
Algorithm 2.1 and Algorithm 2.2 in this discrete setting. We give the counterpart
of Algorithm 2.2 and prove the uniform convergence of the algorithm. The conver-
gence properties of the equivalent algorithm in the discrete case, which corresponds
to Algorithm 2.1, follow directly.

For ¢ = 1,2, we denote by Z;, Zs, Z;, Z; 1, Zip the vector components of Z
corresponding to the grid points related to ©, 99, Q;, Q;, 09, respectively, and EEZ)
the restriction of L} to the grid points related to €2;.

Algorithm 5.1 : The Schwarz alternating method for the discrete problem

1. Initialization: choose Y, PO ¢ R+’ with Ya(o) =0 and Péo) =0.
2. For £k =0,1,---, solve the following problem alternately

. , 1 , . .
‘ng))/i(%ﬁ%) _ Fi,] o 0[71(7P(2}’~C~H))7 Y(;kJrz) _ Y(2k+z 1)

h2 ! i, ,0 )
iy, 1 § § i i
CPCL P By, R - pleh

Y(2k+i) — Y(2k+i71) on ﬁ\ﬁ“
P(2k+i) _ P(Qk-‘ri—l) on ﬁ\ﬁz

5.3. Convergence analysis. In the following, we prove the convergence results
of Algorithm 5.1. We first write down the error system of the algorithm and then
prove a discrete counterpart of Lemma 3.1 for £ for a proper error merit vector. The
remaining analysis can be carried out identically in parallel with the continuous case
by recalling the maximum principle of L.

5.3.1. The error equations. We denote E) =Y — Y0 EY) = p— pt)
(j=2k+i, i=1,2, k=0,1,2,...) with Y, P the solutions of (5.3) and Y0, P()
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generated by Algorithm 5.1. Then the errors E?Sj ) and El(,j ) satisfy

) . 1 ) . o
EEZ)E?52Z(€+1) —— (2k+z))’ p@kti) _ p(2h+ic1)

B2 I v,4,0 T Ty,4,0 ’
@), L L@k+i)y | (2k) (2k+i) _ (2k+i=1)
(5.4) Ly el ) =EByar Epio =Epio

Eézkﬂ') = Eé%”*l) on ﬁ\ﬁz,

ERHD = gD o 0\ 1

5.3.2. A property of L;. For Z = (Zy)mx1 € R™, we define Z? € R™ in a
componentwise sense, i.e., (Z2);, = (Z;)%.

LEMMA 5.1. Let 8> 0 and ®, U € RVHD® sqtisfy
Eh\If = 7ﬂ(1>] and £h© == \IJI,

then L, (V2 + B®%) < 0, which is understood componentwisely.
Proof. Let {¢;;: 0<4i,j < N} be the set corresponding to ®. Since

2 2 2 2 2
i1 T O — 40 01+ 00

72
_ Qi1 Qi1 —4di i+ i1+ din
- _2¢Z,j ]’L2
C(Pim1y = i)+ (Birry — 0ig)° (i1 — $iy)? + (Dijr1 — i)
h? h? ’

it gives
Lyn(®%) < —20TL,®.

Analogously, we have
Ln(0?) < 2072, 0.

Combing with the assumption, it implies that
Ly (V2 + 30?) < 20T L, ¥ — 2807 £,0 =0,
which completes the proof. 0

Remark 5.2. The above lemma also applies to ES) (i = 1,2) for vectors related
to Q;.

5.3.3. The maximum principle of £;. The maximum principle is a key in-
gredient in the proof of uniform convergence of the Schwarz alternating method in
the continuous case. An analogous discrete maximum principle is valid for the finite
difference operator L, which we state in the theorem below; we refer to [16, Theorem
3] for a detailed treatment.

THEOREM 5.3. The finite di[fgrence operator Ly satisfies the discrete maximum
principle, i.e., for any Z € RNTD™ with £,7 <0 (> 0), we have

max{Z} < max{0,Zs} (min{Z} > min{0, Zs}),
where max and min are understood in a componentwise sense.

Remark 5.4. Note that this theorem also applies to L';f) (1 = 1,2) for vectors
related to €;.
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5.3.4. The uniform convergence results. We define the error merit vectors
as
-1
2k+i) _ (m(2k+i)\2 | X 2k+i)\2 . _
ECRHD = (BR+D) +F(EZ§ N2 =12, k=0,1,2,....
Applying Lemma 5.1 to ng) and EZ»(%H), we have

(5.5) LB <0, i=1,2, k=0,1,2,....

Using (5.4), (5.5), and Theorem 5.3, the uniform convergence of Algorithm 5.1
can be established by following the same line of argument as in the proof of Theorem
3.3. We therefore state the convergence results below and omit the details of the
proof.

THEOREM 5.5. For a given overlapping domain decomposition with two subdo-
mains, if the Schwarz alternating method for

(5.6) LW =0 and Wy=0

is convergent, then the Schwarz alternating method (see Algorithm 5.1) for the system
(5.3) is uniformly convergent. Moreover, if the contraction factor of the Schwarz
alternating method for (5.6) is peq € (0,1) under the mazimum norm, then for k =
1,2,..., we have

max{E®} < p, gmax{ EE*-1y,
Remark 5.6. As in the continuous case, the uniform upper bound p, 4 here is not
optimal, which has been observed in the numerical tests.

Parallel to Corollary 3.4, we have the following corollary.

COROLLARY 5.7. Suppose that the assumptions in Theorem 5.5 hold, then it holds

h? ||E(2k) ||]12£<N+1>2 < Cp];,d maX{E(O)},

where C > 0 is a constant independent of h, pe 4 and o.

Remark 5.8. Similar to the continuous case, we can also give the one-level alter-
nating Schwarz method and the parallel Schwarz method in the discrete case and we
will obtain similar convergence results as those in Theorem 4.1.

6. Numerical experiments. In this section, we present numerical experiments
to assess the performance of the proposed methods: the Schwarz alternating method,
the alternating Schwarz method, and the parallel Schwarz method. We consider the
optimal control problem

. 1 «
Lo J(y,u) = gHy — Yall72q) + 5““”%2(9)

subject to

—Ay=f+4+u inQ and y=0 on 99,
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where Q = (0,1)%, yq = sin(mz1)sin(nz), f = 2n%sin(rzy)sin(ras). The exact
solution is y = sin(mz) sin(rzz), p = 0 and u = 0 for any « > 0.

The problem is discretized on a uniform grid of size h using the five-point finite
difference scheme, leading to the discrete problem

h? ah?
in J(Y,U) = —||Ys = Yar|2e + —|Us]2n
Juin (Y,U) > Y7 — Yo rllgn + 5 U1l

subject to

LY =Fr+U; and Yy =0,

with Yy and F' denoting the grid values of y4 and f respectively, and the notation
follows that introduced in the previous section. Although we present results only for
this particular discrete problem, we have also tested random choices of Yy, F', which
yielded similar performance.

To construct the overlapping domain decomposition, we first partition the do-
main into non-overlapping subdomains and then add several layers of grid points to
each subdomain. For instance, in Figure 2, the domain is first partitioned into non-
overlapping subdomains (delineated by the black lines). Overlapping subdomains are
then obtained by adding two layers of grid points to each subdomain, as indicated
by the blue and red lines. The left panel illustrates a two-subdomain decomposition,
while the right panel shows a multi-subdomain decomposition.

| | |
! ! !
! | !
! ! !
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
! ! !
! ! !
I | |
| | |
| | |
1 1 -l

F1c. 2. Grid and decompositions of ).

In our numerical experiments, we set the mesh size to h = 1/64 and consider the
values & = 1072, 10~*, 1076 for the regularization parameter. The overlapping size is
controlled by the parameter §, which denotes the number of mesh layers added to each
subdomain; we choose § = 1, 2, 3, 4, corresponding to overlapping sizes of h, 2h, 3h
and 4h, respectively. We investigate the influence of both the overlapping size § and
the regularization parameter « on the convergence behavior of the algorithm, and we
compare its performance between the elliptic equation case and the optimal control
problem case. The exact solution of the discrete problem is obtained by solving
the first-order optimality system. We define ||E||» as the maximum norm of the
error between the iterative solution of the Schwarz alternating method and the exact
discrete solution. For the optimal control problem, ||E|lo := [|Ef + o™ ' E2||, where
E, and E, denote the error vectors for the state and adjoint variables, respectively.
The contraction factors for the elliptic equation and the optimal control problem are
denoted by pe.q and pc q, respectively. The numerical results are reported in Table 1.

Table 1 reports the maximum-norm errors of the first five iterations of the Schwarz
alternating method for both the elliptic equation and the optimal control problem,
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TABLE 1
The errors and contraction factors of the Schwarz alternating method versus «, & and the
iteration number k.

Elliptic PDE a=10"2 a=10"1 a=10"6
g k ”EHOO Pe,d HEHOO Pec,d HEHOO Pc,d ”EHOO Pec,d
1 | 9.2738e-1 - 8.6604el - 7.2285e3 - 2.5279e5 -
2 | 7.9016e-1 | 8.5204e-1 6.1720el 7.1267e-1 2.7918e3 3.8623e-1 1.6005e4 6.3314e-2
1 | 3 | 6.6541e-1 | 8.4212e-1 4.2779el 6.9311e-1 1.1760e3 4.2122e-1 9.8908e2 6.1797e-2
4 | 5.5466e-1 | 8.3357e-1 2.9006el 6.7803e-1 5.1234e2 4.3566e-1 5.9773el 6.0434e-2
5 | 4.5850e-1 | 8.2663e-1 1.9388el 6.6842e-1 2.1107e2 4.1198e-1 3.4274e0 5.7340e-2
1 | 8.5724e-1 - 7.3447el - 4.5124e3 - 6.3505e4 -
2 | 6.0803e-1 | 7.0929e-1 3.5317el 4.8085e-1 7.6078¢e2 1.6860e-1 2.3274e2 3.6649¢-3
2 | 3 | 4.1559%-1 | 6.835le-1 1.5790el 4.4708e-1 1.2923e2 1.6986e-1 8.1402e-1 3.4975e-3
4 | 2.7760e-1 | 6.6795e-1 6.7994e0 4.3063e-1 2.2636el 1.7516e-1 3.0695e-3 3.7709e-3
5 | 1.8311e-1 | 6.5963e-1 2.8540e0 4.1974e-1 3.5541e0 1.5701e-1 1.0338e-5 3.3680e-3
1 | 7.8980e-1 - 6.1795el - 2.7926e3 - 1.6005e4 -
2 | 4.5793e-1 | 5.7981e-1 1.9350el 3.1314e-1 2.1125e2 7.5645e-2 3.4274€0 2.1414e-4
3 | 3 | 2.5008e-1 | 5.4609e-1 5.4692e0 2.8264e-1 1.5174el 7.1830e-2 7.2018e-4 2.1012e-4
4 | 1.3321e-1 | 5.3268e-1 1.4701e0 2.6879e-1 | 9.0707e-1 | 5.9778e-2 1.5694e-7 2.1792e-4
5 | 7.0335e-2 | 5.2800e-1 | 3.8813e-1 | 2.6402e-1 | 5.7030e-2 | 6.2872e-2 | 3.1882e-11 | 2.0315e-4
1 | 7.2530e-1 - 5.1592el - 1.8031e3 - 3.8839e3 -
2 | 3.3954e-1 | 4.6814e-1 1.0356el 2.0074e-1 5.3161el 2.9483e-2 5.0780e-2 1.3074e-5
4 | 3 | 1.4774e-1 | 4.3511e-1 1.8249e0 1.7621e-1 1.4308e0 2.6915e-2 6.2383e-7 1.2285e-5
4 | 6.3005e-2 | 4.2647e-1 | 3.0868e-1 1.6915e-1 | 3.5916e-2 | 2.5101e-2 | 7.9164e-12 | 1.2690e-5
5 | 2.6743e-2 | 4.2446e-1 | 5.1728e-2 | 1.6758e-1 | 8.7228e-4 | 2.4287e-2 | 1.0084e-16 | 1.2739e-5

for various overlapping sizes and values of . The corresponding contraction factors
are also provided for each test setting. The results show that, for a fixed domain
decomposition, the contraction factor for the elliptic equation uniformly dominates
that for the optimal control problem with respect to a. In both cases, increasing
the overlap reduces the contraction factor, while decreasing « also leads to faster
convergence for the optimal control problem. For further theoretical discussion, we
refer to [13]. To facilitate comparison, the convergence curves for the different test
configurations are plotted in Figure 3. These results are fully consistent with our
theoretical analysis.

The numerical results for the multiple-subdomain case are reported in Table 2,
which are in full agreement with our theoretical predictions. In this experiment, we
use a decomposition consisting of 9 subdomains (cf. Figure 2) and set o = 10~%. The
convergence of both the alternating and parallel Schwarz methods is clearly observed
as the iteration count increases. As in the two-subdomain case, we present the results
for the first five iterations only.

7. Conclusion. In this paper, we have established the uniform convergence of
the Schwarz alternating method for unconstrained elliptic optimal control problems
using the maximum principle for elliptic operators. We proved convergence in the
maximum norm with a contraction factor that is uniformly bounded by a constant
strictly less than one, independent of the regularization parameter a. These results
were extended to multiple subdomains for both one-level alternating and parallel
Schwarz methods.

As noted in Remark 3.5, the uniform upper bound obtained here is not sharp.
Improving this estimate to the optimal contraction factor is an interesting problem.
The proposed framework may also be extended to local optimal control problems,
where the control acts only on a subset of the domain, as well as to problems with
additional constraints. Furthermore, proving the geometric convergence of the method
in the finite element discretization setting, which has been observed numerically (cf.
[44]), remains an important direction for future research.
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