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Abstract

We present W-cycle multigrid algorithms for the solution of the linear system of
equations arising from a wide class of hp-version discontinuous Galerkin discretiza-
tions of elliptic problems. Starting from a classical framework in multigrid analysis,
we define a smoothing and an approximation property, which are used to prove
the uniform convergence of the W-cycle scheme with respect to the granularity of
the grid and the number of levels. The dependence of the convergence rate on the
polynomial approximation degree p is also tracked, showing that the contraction
factor of the scheme deteriorates with increasing p. A discussion on the effects of
employing inherited or non-inherited sublevel solvers is also presented. Numerical
experiments confirm the theoretical results.

1 Introduction

Discontinuous Galerkin (DG) methods have undergone a huge development in the last
three decades mainly because of their flexibility in dealing with a wide range of equa-
tions within the same unified framework, in handling non-conforming grids and variable
polynomial approximation orders, and in imposing weakly boundary conditions. There-
fore, the construction of effective solvers such as domain decomposition and multigrid
methods has become an active research field. Domain decomposition methods are based
on the definition of subproblems on single subdomains, followed by a coarse correction,
which ensures the scalability of the method. In the framework of domain decomposi-
tion algorithms for DG methods, in [33] a Schwarz preconditioner based on overlapping
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and non-overlapping partitions of the domain is analyzed. The case of non-overlapping
Schwarz methods with inezact local solvers is addressed in a unified framework in [2, 3].
This topic has been further analyzed in [43, 34, 26, 4, 25, 32, 12, 6]. For substructuring-
type preconditioners for DG methods, we mention [31, 30], where Neumann-Neumann
and Balancing Domain Decomposition with Constraints (BDDC) for Nitsche-type meth-
ods are studied. A unified approach for BDDC is recently proposed in [29], while in [20]
a preconditioner for an over-penalized DG method is studied. All these contributions
focus on the h-version of DG methods; only recently some attention has been devoted
to the development of efficient solvers for hp-DG methods. The first contribution in this
direction is in [8], where a non-overlapping Schwarz preconditioner for the hp-version
of DG methods is analyzed, cf. also [7] for the extension to domains with complicated
geometrical details. In [27, 24] BDDC and multilevel preconditioners for the hp-version
of a DG scheme are analyzed, in parallel with conforming methods. Substructuring-type
preconditioners for hp-Nitsche type methods have been studied recently in [5]. The issue
of preconditioning hybrid DG methods is investigated in [49]. Here we are interested in
multigrid algorithms for hp-version DG methods, that exploit the solution of suitable
subproblems defined on different levels of discretization. The levels can differ for the
mesh-size (h-multigrid), the polynomial approximation degree (p-multigrid) or both (hp-
multigrid). In the framework of h-multigrid algorithms for DG methods, in [37] a uniform
(with respect to the mesh size) multigrid preconditioner is studied. In [40, 41] a Fourier
analysis of a multigrid solver for a class of DG discretizations is performed, focusing
on the performance of several relaxation methods, while in [53] the analysis concerns
convection-diffusion equations in the convection-dominated regime. Other contributions
can be found for low-order DG approximations: in [22] it is shown that V-cycle, F-cycle
and W-cycle multigrid algorithms converge uniformly with respect to all grid levels, with
further extensions to an over-penalized method in [19] and graded meshes in [18, 17].
At the best of our knowledge, no theoretical results in the framework of p- and hp-DG
methods are available, even though p-multigrid solvers are widely used in practical ap-
plications, cf. [35, 44, 46, 45, 51, 13], for example.

In this paper, we present W-cycle hp-multigrid schemes for high-order DG discretizations
of a second order elliptic problem. We consider a wide class of symmetric DG schemes,
and, following the framework presented in [21, 22, 18], we prove that the W-cycle algo-
rithms converge uniformly with respect to the granularity of the underlying mesh and the
number of levels, but the contraction factor of the scheme deteriorates with increasing
p. The key point of our analysis is suitable smoothing and approximation properties
of the hp-multigrid method. The smoothing scheme is a Richardson iteration, and we
exploit the spectral properties of the stiffness operator to obtain the desired estimates.
The approximation property is based on the error estimates for hp-DG methods shown in
[47, 42, 52]. We also discuss in details the effects of employing inherited or non-inherited
sublevel solvers. More precisely, we show that the W-cycle algorithm converges uniformly
with respect to the number of levels if non-inherited sublevel solvers are employed (i.e.,
the coarse solvers are built rediscretizing our original problem on each level), whereas
convergence cannot be independent of the number of levels if inherited bilinear forms are
considered (i.e., the coarse solvers are the restriction of the stiffness matrix constructed
on the finest grid). Those findings are confirmed by numerical experiments.



Multigrid for hp-Discontinuous Galerkin discretizations 3

The rest of the paper is organized as follows. In Section 2 we introduce the model
problem and its DG discretization, and recall some results needed in the forthcoming
analysis. In Section 3 we introduce W-cycle schemes based on non-inherited bilinear
forms. The convergence analysis is performed in Section 4, and further extended to
a wider class of symmetric DG symmetric schemes in Section 5. Multigrid algorithms
based on employing inherited bilinear forms are discussed in Section 6. The theoretical
estimates are then verified through numerical experiments in Section 7. In Section 8 we
draw some conclusions. Finally, in Appendix A we report some technical results.

2 Model problem and DG discretization

In this section, we introduce the model problem and its discretization by hp-version DG
methods.

Throughout the paper we will use standard notation for Sobolev spaces [1]. We write
x < yin lieu of x < Cy for a positive constant C' independent of the discretization
parameters. When needed, the constants will be written explicitly.

Let Q € RY d = 2,3, be a polygonal/polyhedral domain and f a given function in
H*71(Q), s > 1. We consider the weak formulation of the Poisson problem, with homo-
geneous Dirichlet boundary conditions: find u € V = H*t1(Q) N HE (), such that

/Vu-Vvdx:/fvdx Yv eV, (1)
Q Q
We will make the following elliptic regularity assumption on the solution to (1):

Hu||Hs+1(Q) S Hf“HS*l(Q) : (2)

Such a hypothesis can be relaxed, cf. [16, 18, 17] for multigrid methods that do not
assume regularity on the solution.

We introduce a quasi-uniform partition 7z of 2 into shape-regular elements T of diameter
hr, and set hx = maxpeT, hr. We suppose that each element T' € Tk is an affine image
of a reference element f, e, T = FT(IA“), which is either the open unit simplex or the
unit hypercube in R¢, d = 2,3. We denote by Fk, resp. FZ, the set of interior, resp.
boundary, faces (if d = 2 “face” means “edge”) of the partition Tx and set Fx = FLUFE,
with the convention that an interior face is the non-empty intersection of the closure of
two neighboring elements. Given s > 1, the broken Sobolev space H*(Tk) is made of
the functions that are in H® elementwise. The DG scheme provides a discontinuous
approximation of the solution of (1), which in general belongs to a finite dimensional
subspace of H*(Tk) defined as

Vi ={v e L*(Q) :voFp e MPX(T) VT € Tk}, (3)

-~

where MP%(T') is either the space of polynomials of total degree less than or equal to
pk > 1 on the simplex T, or the space of all tensor-product polynomials on 7' of degree
px in each coordinate direction, if T is the reference hypercube in R?.
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For regular enough vector-valued and scalar functions 7 and v, respectively, we define
the jumps and weighted averages (with § € [0,1]) across the face F' € Fk as follows

Tongr +77 -ng-, {r)s =0T+ (1 -6 FE.FII{,
[[’Uﬂ = U+I'IT+ + vianv {{U}(S = §U|T+ + (1 - 5)IU|T*7F S ‘FII('a

[r] =T

with np+ denoting the outward normal vector to dT*, and 7% and v* are the traces
of 7 and v taken within the interior of 7%, respectively. In the case § = 1/2 (standard
average) we will simply write {-}. On a boundary face F € FEZ, we set [v] = vnr,
{7}s = 7T|r. We observe that the following relations hold on each F € F

fuls = {ub +6-[ul,  {ubris=fu} —0-[ul,

with § = (§ — 1/2)np, being np the outward unit normal vector to the face F' to which
0 is associated.

Next, we introduce the local lifting operators rp : [L*(F)]¢ — [Vk]? and Ip : L' (F) — [Vk]¢
/Qrp(‘r)-ndx:—/FT-{{n}} ds Vne[Vg]? VFeFL
/QZF(U) n dr = —/Fv[[n]] ds vn e [Vk]? VF e Fk,

and set

Ri(T) = Z rr(T), Lk (v) = Z lp(v).

FeFk FeFk

The DG finite element formulation reads as follows: find ux € Vi such that
AK(uK,vK) = f’UK dz VUK c VK, (4)
Q

with Ak (-,-) : Vk x Vk — R defined as

Ay (w,v) = Z /TVw-Vv dx + Z /TVw~(RK([[v]])+EK(B~[v]])) dx

TeTxk TeTK
LY / (Ric([w]) + Lx (B [w])) - Vo da + S (w,v) (5)
TeTK T

+9/Q(RK([[w]])+£K(ﬁ' [w]) - (Re([v]) + L& (B - [v])) dz,

where 6 = 0 for the SIPG [9] and SIPG(4) [39] methods and 6 = 1 for the LDG method
[28]. For the LDG method, B € R? is a uniformly bounded (and possibly null) vector,
whereas for the SIPG(J) and SIPG methods 3 = §, and 3 = 0, respectively. The
stabilization term S3(-,-) is defined as

S (w,v) = Z /FUK[[U)]] “[v] ds Yw,v € Vi (6)

FeFk
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where the penalization term ox € L (F) is chosen such that

OéKp%(
hr

2
OKPEK

_ ThRPK F B
min(hp, hy—)’ € FK; (7)

FE]:[I{, O'K‘F:

UK|F=

with oy € RT and hp+ diameters of the neighboring elements 7% € Tx.
We endow the space Vi with the DG norm || - [|pg,x defined as

olpex = D IVoliey + D lod[1l3em) (®)
TeTk FeFk
The following result ensures the well posedness of problem (4), cf. e.g., [42, 47, 8, 52].
Lemma 1. Let V(hg) = Vi + V. It holds
Axk (u,v) S llullpe.x [vlpe.x Vu,v € V(hk), (9)
Ar (u,u) 2 ullbe Vu € Vi (10)

For the SIPG and SIPG(3) methods, coercivity holds provided the stabilization parameter
ag 1s chosen large enough.

Since the bilinear form (5) contains the lifting operators, continuity in V (hg) and coer-
civity in Vi can be proved with respect to the same DG norm (8). This is different from
the approach proposed in [10], where continuity holds in V(hg) in an augmented norm.

We have the following error estimates, cf. [47, 42, 52].

Theorem 2. Let u be the exact solution of problem (1) such that u € H**1(Tx), s > 1,
and let ug € Vi be the DG solution of problem (4). Then,

h;ﬂ(in(nys)
v —ukllpe,x S = =75 lullge+ (730 (11)
Pk
hr}r;in(p;<,s)+1
lu —ukllr2) S P lwll s+ (75)- (12)
K

The proof of Theorem 2 follows the lines given in [47]; for the sake of completeness we
sketch it in Appendix A.

Remark 3. Optimal error estimates with respect to pg can be shown using the projec-
tor of [36] provided the solution belongs to a suitable augmented space, or whenever a
continuous interpolant can be built, cf. [52]. Therefore, in the following we will write
hmin(pK,s)

ZS_WHU”HSH(TK),

K
1
hmin(pK,s)+1 ( 3)

e = urclliz ) S = lul e o)
Pk

lu —uklpax S

with p = 0,1 for optimal and suboptimal py estimates, respectively.



Multigrid for hp-Discontinuous Galerkin discretizations 6

3 Multigrid W-cycle methods with non-inherited sub-
level solvers

Before introducing our W-cycle algorithms, we make some further assumptions and in-
troduce some notation. We suppose that the grid Tx has been obtained by K — 1
successive uniform refinements using the red-green algorithm of an initial (coarse) quasi-
uniform partition 7;. More precisely, for d = 2, given the initial mesh 77 of size hq, the
grid Tg, k = 2,..., K, is built by splitting each triangle/parallelogram of Tj_; into four
congruent triangles/parallelograms connecting the midpoints of opposite edges, thus ob-
taining a mesh with size hy = h12'7%. If d = 3 each element is splitted into eight
tetrahedra/parallelepipeds. The associated discontinuous spaces V3 C Vo C -+ C Vi are
defined according to (3)

Vii={veL?’(Q):voFp e MP*(T) VT €Ty}, k=1,...,K.
Analogously V(hi) = Vi + V. We will assume that
Pr—1 Spk ,Spk—l Vk:27"'7Ka (14)

that is when varying from one mesh level to another the polynomial approximation
degrees vary moderately. Let n; be the dimension of Vi, and let {¢¥}7"*, be a set of basis
functions of Vi. Any v € Vi can then be written as

ng
k .
v = E Ui¢i7 v, €R, 1=1,...,n.
i=1

We will suppose that {¢f ok, is a set of basis functions which are orthonormal with re-

spect to the LQ(ZA“)—inner product, being T the reference element. A detailed construction
of such a basis can be found in [8]. On V}, we then introduce the mesh-dependent inner
product

nk
(u,v), = h{ Zuﬂh‘ Yu,v,€ Vi, uv; €R, 4,5=1,...,np. (15)

i=1
The next result establishes the connection between (15) and the L? norm.

Lemma 4. For anyv e Vi, k=1,..., K, it holds
(0,0)k < [0llZ2) S (00 (16)
Proof. Let v € Vi, we write v = > 1% v;¢F and
Nk Nk Nk ng
Iolar) = | (Z wf) > wof | dr= 3 vy [ otef e =3 1okl
i= J= i,j= i=

where in the last step we have used a scaling argument and the fact that the basis func-
tions {¢¥}1"*, are L?-orthogonal on the reference element. Using that h{ < [|¢¥ || 12¢r) < Ay
(cf. [48, Proposition 3.4.1]) the thesis follows. O
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Once the basis of Vi is chosen, equation (4) can be written as the following linear system
of equations
Agur = [k,

where the operators Ax : Vi — V), and fx € V}, are defined as

(Agu,v)g = A (u,v), (fr,v)x = / fvdx Yu,v € Vg,
Q
being V/ the dual of V;. In order to define the subproblems on the coarse levels

k=1,...,K — 1, we consider the corresponding bilinear forms Ag(:,-) : Vi X V} — R,
cf. (5)

A (u,v) = Z /TVu-Vv dx + Z /TVu- (Ri([v]) + Lr(B - [v])) dx

TETk TETk
+ 3 [ Rulul) + (8- [l - Vo d + S](0,0) (17)
TeT * T
+030 [ (Rullul) + L8+ [u])) - (Rullel) + £4(8- 1) do
TeT, 7T

where

Si(w,v)z Z /Fo*k[[w}]-[[v}] ds Yw,v eV,

FeFy

cf. (6), and where o}, € L (F}) is defined according to (7), but on the level k. We then
set
(Agu,v)p = Ag(u,v) Yu,v € V. (18)

Recalling Lemma 1, continuity and coercivity of the bilinear forms Ag(-,-), k=1,..., K—1,
with respect to the DG norms defined on the level k

1/2
lolder =3 Vol + Y. lloy o113 ().

TeTk FeFy

easily follow, i.e.,

Ak (u,v) S [ullpckllvliper  Yu,v € V(hg),
Ar(u,w) 2 lullda i Vu € V. (19)

Moreover, since it holds that
hiy <hg_1She Vk=2,... K, (20)

and thanks to hypothesis (14), it also follows that

k
lve—1llpae—1 < |ve—1llpare S pf lvk—1llpar—1 S lvk-1llpG k-1, (21)
1
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forany v € Vi1, k= 2,..., K. The hidden constant in the above inequality depends on
the ratio pg/pr—1, which means that in absence of the assumption (14), such a depen-
dence should be taken into account.

To introduce our multigrid algorithm, we need two ingredients: intergrid transfer opera-
tors (restriction and prolongation) and a smoothing iteration. The prolongation operator
connecting the space Vi_1 to Vj is denoted by R’,j_l : Vi1 — Vi, while the restriction
operator is the adjoint with respect to the discrete inner product (15) and is denoted by
Ry iV = Vi, dee.,

(RE_ v, w)y, = (v, RF )1 Vv € Vi1, w € V.
We next define the operator P,f*l Ve — Vi_q as
Aj_1(PF o, w) = Ag (v, Rf_ w) Yo e Vi, w € Vi_q. (22)
For the smoothing scheme, we choose a Richardson iteration, given by:
Bi, = Ay, (23)
where I}, is the identity operator and Ay € R represents a bound for the spectral radius of

Ap. According to [8, Lemma 2.6] and using the equivalence (16), the following estimate
for the maximum eigenvalue of Ay can be shown

)\max(Ak) ,S

e

: (24)

hence,

A< 2 (25)
th2~
k

Let us now consider the linear system of equations on level k&
Az =g,

with a given g € V/. We denote by MGy (k, g, 20, m1, m2) the approximate solution
obtained by applying the k-th level iteration to the above linear system, with initial
guess zg and using my, ms number of pre- and post-smoothing steps, respectively. For
k =1, (coarsest level) the solution is computed with a direct method, that is

MGW(]-vgv ZOvmlva) = Aflgv

while for & > 1 we adopt the recursive procedure described in Algorithm 1.
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Algorithm 1 Multigrid W-cycle scheme
Pre-smoothing:

fori=1,...,m do
Z(l) e Z(l—l) + Bk_l(g — Akz(z_l));
end for

Coarse grid correction:

The1 = Ry g — Apz(m));
er—1=MGw(k —1,75_1,0,m1,m2);
ex—1 = MGy (k — 1,75 _1,8—1,m1,M2);
Zmitl) = z(m) 4 RE_er_y;

Post-smoothing:
fori=mi+2,....,m; +mo+1do

20 = Hi=1) ¢ Bk—l(g — Apz0D);
end for

MGW(ka 9,20, M1, mg) = z("7'1+m2+1).

We now introduce the error propagation operator
Ek,m17m2 (Z - ZO) =z MGV(k;ga ZOvmlva)v

and recall that, according to [38, 15], the following relation holds

Eimim =0
— .

Ekmymov = G2 (I — RE_ (I, — B

k*l,ml,mg)P]f_l)Glev k> 17
where Gj, = I, — B ' Ay, satisfies
Ak(GkU,IU) - Ak(U, ka) V’U7w c Vk

Indeed, using the definition of Gy, and that B = Agly, cf.(23),

1 A
Ak (Gro,w) = A (v, w) — A—k(Akv, Apw) = Ag(v,w) — Ag(v w) = Ag (v, Ggw).

2k
7Ak
4 Convergence analysis of the W-cycle multigrid method

To prove convergence, we need to obtain an estimate for Ej ,,, m, in a proper norm. We
then define

Iolls,x = 1/ (Ajv, ) VseR, veV,, k=1,...,K,

and observe that

1% = vV (Arv,v)e = Ax(v,0) - [lollg s = (v,0)r Yo € Vi, (27)
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and, by virtue of (16), it holds that
ollo.x < 10l 220y S lollo.- (28)
In the following we will often make use of the eigenvalue problem associated to Ay

Al = Nk, (29)

ng

where 0 < A; < Ay < .-+ < A, represent the eigenvalues of A; and {g/}f}izl are the
associated eigenvectors which form a basis for Vj,. We can then write any v € V}, as

ng

V= V; {2 v; € R. 30
> vigh
i=1

Next, we introduce the following generalized Cauchy-Schwarz inequality.
Lemma 5. For any v,w € Vi, and s € R, it holds
Ai (v, w) < flollitskllwli—s k- (31)
Proof. Considering the eigenvalue problem (29) and the relation (30), it follows that
ng ny
Ao =) o df =D vidipf Vo e Vi
i=1 i=1
From the definition (17) of Ay and of the inner product (15), it follows
14

Nk Nk 1—s
A (v, w) = (Agv,w)y, = hz ZUﬂUMi = hz Zvi)\Twi)\iT.
i=1 i—1

The thesis follows applying the Cauchy-Schwarz inequality

ny 14e I ny ‘ ng -

(Ao, w)e = S o T wid, T < S 02 T hd S WA = Jollag il
i=1 i=1 j=1

O

To establish an estimate for the error propagation operator, we follow a standard ap-
proach by separating two contributions: the smoothing property and the approximation
property. The smoothing property pertains only the smoothing scheme chosen for the
multigrid algorithm.

Lemma 6 (Smoothing property). For any v € Vi, it holds

G ollsr S PRCTIRES (L4 m) O 2 ok, 0<t<s<2. (32)
k N g3 k )
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Proof. We refer again to the eigenvalue problem (29) and write v according to (30):

k”:(k*Akak) U:Z(lffk) vy

=1

The thesis follows using the above identity and estimate (25)

2 dnk A’L am 2 —t d Qm)\StZt
|||Gkv||s,khkz(1Ak> 2= A hZ( 2y N

s— m s—t); 2(t—s —s
< A3t max {25741 - 2)?Hol2, < o0 BT (1 m) 0 oll2 e

z€[0,1]
O
Following [22, Lemma 4.2}, we now prove the approzimation property.
Lemma 7 (Approximation property). Let p be defined as in Remark 3. Then,
k k—1 hi_y
Ik = Ri_ Py )vllok S = Ivll2e Vo € Vi (33)

k—1
Proof. For any v € Vj, applying (28) and the duality formula for the L? norm, we obtain

fQ oL, — RZ—lplfil)U dz

(T = RE_y PEollow S NIk = RE_y Py Dvllzee) = sup
$eL(Q) 9l L2(0)
»7#0
(34)
Next, for ¢ € L2(2), let n € H2(Q) N HL(Q) be the solution to
/ Vn-Vu de = / v dx Yo € Hi(Q),
Q Q
and let 0, € Vi, and ni_1 € Vi_1 be its DG approximations in Vj, and Vj_
Ak (i, v /gfw dr Yv e Vg,
(35)
Ak—1(Nk—1,v) = / ovdx Vv e Vi_q.
Q
By (13), assumption (2), the hypotheses (20) and (14) we have
= hi
7= nellez) S 5= ¢z, 1 —ne-1llr2) < T ¢l L2(0)- (36)
k—1 k—1

Moreover, if we consider the definion (22) of PF~! and (35), it holds that

Aj—1 (P gy w) = Ag (i, RE_jw) = A (g, ) = d(w) = A1 (qp—1,w)  Vw € Vi1,
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which implies
M1 = P . (37)

Now applying (35), the definition (22) of P,f ~1,(37), the Cauchy-Schwarz inequality (31),
the L? norm equivalence (28) and the error estimates (36) we obtain

¢)(Ik — Rz_lplf_l)v dx Z.Ak(T]k,’U) — Ak(nk,Rﬁ_IP,f_lv)
Q

=Ak (M v) — Ap—1 (PY i, PE10)
=Ag, (M, v) — Ap—1 (-1, PF ) = A (e — RF_1np—1,v)
<lme = me—1llo.kllvllz.e S l1me — me—1llz2@)llvl

<(lmk = nllz2(@) + k-1 = nll2@)llv
2

hje_q
S 10l llv
Pr_1

2.k

2,k

2,k

The above estimate together with (34) gives the desired inequality. O

Lemma 6 and Lemma 7 allow the convergence anaylsis of the two-level method, whose
error propagation operator is given by

B2, e = O (1 — RE PE)GR

kym1,m2

Theorem 8. There exists a positive constant Cayyy independent of the mesh size, the
polynomial approximation degree and the level k, such that

IR, sVl < ComZillo]

k,m1,m2

|1,k
for any v € Vi, with
2+p

Py
(1 +mq)/2(1 + mg)t/2’

DIPRES
and u defined as in Remark 3. Therefore, the two-level method converges provided the
number of pre-smoothing and post-smoothing steps is chosen large enough.

Proof. Exploiting the smoothing property (32), approximation property (33) and as-
sumptions (20) and (14), we obtain

|HE§}17"ICI’17,1 s M2 v

I = G (I — RE_, PE1G™ ol
< h PR (L4 ma) V2 (I — RE L PEHGT o
< happpl Y (1 + ma) V2GR v)o
S+ ma) T2 (1 4 ma) T2 o]

|1,k7

and the proof is complete. O
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Remark 9. From Theorem 8 we have that the number of smoothing steps needed for
convergence of the two level method increases with the polynomial approxzimation degree.
Indeed, let Moy, < my + mso to be chosen, it follows

Corp2 (1 +m1) " 2(1 + ma) % < Copp g, 2.

The value of Moy is then chosen in such a way that
2tp~—1/2
Clelkaerglvl/ <1,

that is,

~1/2 2

My > Covapy
The next result regards the stability of the intergrid transfer operator R,’j_l and the
operator P,f_l.

Lemma 10. There exists a positive constant Cgiay, independent of the mesh size, the
polynomial approximation degree and the level k, such that

IR%_1vllik < Csabllvlli k-1 Yo € Vi1, (38)
IPE ol 6-1 < Cstanllvll g Vv € V. (39)

Proof. We apply (27), the continuity bound (9), the relation (21) between the DG norms
on different levels and the coercivity bound (19)

IRE10llf ko = Aw(RE_yv, R _yv) S |RE 1ol ke S Tollbe s

< Aw—1(v,0) = Ch vl -1

Inequality (39) is obtained by the definition (22) of Pf™!, (27) and (38)

A (P! Ap(v, RF_u
Pt = max  AemiBiew) o A B
ueVie\{0}  JJulflir—1 weven{oy  Jullte
Hollsrllull -

< Cstab

< Cstalvfl1 -

]

1,k—1
O

We are now ready to prove the main result of the paper concerning the convergence of
the W-cycle multigrid method.

Theorem 11. Let ¥y, be defined as in Theorem 8. Then, there exist a constant C> Corv
and an integer My independent of the mesh size, but dependent on the polynomial ap-
proximation degree, such that

1Bk s mo vl < CEx o]

1k Yo € Vi, (40)

provided my + mgy > my,.
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Proof. We follow the guidelines given in [18, Theorem 4.6] and proceed by induction. For
k =1, (40) is trivially true. For k > 1 we assume that (40) holds for £ — 1. By definition
(26) we write Eg yn, m,v as

By mv = G2 (I — RYF_ PFHGP v + G2 RY_ B3 PG,

k—1,m1,m2

hence
vl k k—
IEkmma vl < NER o0l + NG RE_AER 1 iy o Pr G 0l ke
The first term can be bounded by Theorem 8
I ms 0l < CoraZicllolle,

while the second term is estimated by applying the smoothing property (32), the stability
estimates (38) and (39) and the induction hypothesis

”|G212Rz—l]Ei—l,ml,mgplf_lG;cnlU‘”Lk SMRﬁ—lEi—Lml,mzpif_lG;cnIUHl,k
<Cotab IBE 1y s P~ G 0l
<CotanC*ER 1 1P G vl
SCSQtab@Eiq|||kalv|||1,k

<CianCZi vl k-

We then obtain
s mtllie < (CoaSe + CRaC5 ) ol
By considering the definition of X, given in Theorem 8 and (14), we obtain

442 2 2+
y2 g _ (Pr-1 s iy N
k—1 (1+m1)1/2(1+m2)1/2

(14 mq)(1+mg2) Dh
24
< pkfl{ Ek
T (14 m)V2(1 4 mg)l/?
Therefore,
2+
Cora Sk + C2,,C°52 | < | Cora + C2,,.C2 Pr—1 o
sta -1 = sta (1+m1)1/2(1+m2)1/2
We now introduce mj; < m; + mg, to be chosen later; then it holds
PHH p2+#
2 2 k—1 2 p2Pr—1
v sta 1/2 1/2 = v sta 12
Comi G (1+m1)/2(1 4 m2) <Cat + Ctan € ~
Choosing
2 2
m/? > pijlffjstaibC’
C—Can
we obtain

CorviZy, + Cftab@Ei_l < C%y,
and inequality (40) follows. O
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5 Extension to other symmetric DG schemes

If we restrict to the case of meshes of d-parallelepipeds, our analysis can be extended to
the methods introduced by Bassi et al. [14] and Brezzi et al. [23] whose bilinear forms
can be written as

Ag(w,v) = Z /TVw-VU dx+ Z /TVw~RK([U]]) dx+ Z /TRK([[UJ]])-VU dx

TeTK TeTk TeTk

+9/QRK([[w]])-RK([[v]])dx+ 3 aK/Terwﬂ)rF(uvu) dz,

TeTk

where 6 = 0,1 for Bassi et al. [14] and Brezzi et al. methods [23], repectively. Indeed,
we can prove continuity and coercivity with respect to the DG norm (8) using standard
techniques and the following result, cf. [50] for the proof.

Lemma 12. For any v € Vk and for any F € Fk it holds

axllrr([vDIZ2 ) S Vol ey S axllrr (WDI7zg)-

6 W-cycle algorithms with inherited bilinear forms

In Section 4 we have followed the classical approach in the framework of multigrid algo-
rithms for DG methods [37, 22, 18, 17], where the bilinear forms are assembled on each
sublevel. We now consider inherited bilinear forms, that is, the sublevel solvers A5(~, )
are obtained as the restriction of the original bilinear form Ag (-, ):

ARl (v,w) = A (REv, REw) Yo,w eV, Vk=1,2,...,K — 1. (41)

Fork =1,..., K—1, the prolongation operators are defined as RX = Rﬁfﬁ%g:% e R,’§+17
where RZ‘H is defined as before. The associated operator A?, given by (18), can be com-

puted as
AR = RV A RE.

Using the new definition of the sublevel solvers, it is easy to see that coercivity estimate
remains unchanged, i.e., AR(u,u) > ullg x for all u € Vi, whereas the continuity
bound (9) modifies as follows

2
Pk D
Aji (u,0) S llullpe,xllvlpe,x < p%(ih;( lullpe kllvlper  Vu,v € V(hg). (42)
k

The major effect of the above bound regards the estimate (24), which now becomes

2 2
PP
o (A1) 5 ZETE (13)
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Indeed, using the continuity bound (42) and estimating separately the contributions of
the DG norm | - || pg,x we have

< P
D IVulieiry = Y lulingy £ 55 D lullfam = ||u||L2

TETh TET: kTeTk
p
1/2 p
> oy, [ulllZ2py S 35 Z IedlIZ2 ) S %IIUI|L2<Q)7
FEFs, b peF, hi;

where we have also used an inverse inequality and a trace inequality. We then consider
the Richardson smoothing scheme with

B} = AR1,,

where, by (43), AR € R is such that

R < PkPh
AP S Ty
We then follow the lines of Section 3 and Section 4 to define the W-cycle algorithm and
analyze its convergence, replacing Ay with A}:‘. We will show that in this case convergence
cannot be uniform since it depends on the number of levels. The approximation property
of Lemma 7 remains trivially true whereas the smoothing operator Gy has to be defined
considering B,I:‘ instead of By. As a consequence, the following new smoothing property
can be proved reasoning as in the proof of Lemma 6.

Lemma 13. For 0 <t < s <2, it holds
IGT ol S (Prpr) ™ (hichi) 2 (1 +m) D2 o]l Vo € Vi (44)

Regarding the convergence of the two-level method, estimate (44) introduces a depen-
dence on the number of levels, as shown in the next result.

Theorem 14. There exists a positive constant CQF}VI independent of the mesh size, the
polynomial approximation degree and the level k, such that

vl
IER s ms vl < CouZi ol e
for any v € Vi, with
2
SR = 9Kk PrcPy (45)

(1 + m1)1/2(1 + m2)1/2 ’
and p defined as in Remark 3.

We observe that the term 25=% in (45) is due to the refinement process described in
Section 3, which implies hj, = 25X~ h . We finally observe that from the definition (41),
the stability estimates (38) and (39) reduce to

VoeVier,  IB ol < ol Yo € Vi,

IRE s vlliw = lv

thus resulting in the following convergence estimate for the W-cycle algorithm.
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Theorem 15. Let Z? be defined as in Theorem 14. Then, there exist a constant
CR > CR | and an integer mY independent of the mesh size, but dependent on the poly-
nomaal approximation degree and the level k, such that

Ik s ma vl < CESE 0l Yo € Vi,

provided my + mo > mlk{ and

(miy1/2 > oKz (CUT
= —1 )
CR — C%Vl

with v defined as in Remark 3.

7 Numerical results

In this section we show some numerical results to highlight the practical performance of
our W-cycle algorithms. We first verify numerically the smoothing (Lemma 6) and ap-
proximation (Lemma 7) properties of h-multigrid for both the SIPG and LDG methods
with a fixed penalization parameter a, = o =10, k = 1,..., K. We consider a sequence
of Cartesian meshes on the unit square 2 = [0,1]2. Since the dependence on the mesh-
size is well known, we restrict ourselves to test the dependence of the smoothing property
(with s = 2 and ¢ = 0 in (32)) on the polynomial approximation degree, and the number of
smoothing steps. In the first set of experiments reported in Figure 1(a), we fix hx = 0.25
and m = 2 and let vary the polynomial approximation order px =p =1,2,...,10. Fig-
ure 1(b) shows the analogous results obtained by fixing hx = 0.0625 and p = 2 and
varying m. We have also estimated numerically the approximation property constant
(33) as a function of the polynomial approximation degree, see Figure 1(c). We observe
that our numerical tests confirm the theoretical estimates given in Section 3.
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107 T B —— 10° £ _— _— e
-0- SIPG ]
2 106 -.0- LDG 398 g, N i
z 100 __8'—‘8; f 104 E E
E g8 = ]
= 10t g = |
S o % 10% £ E
= 108¢..-" = ]
2 | | | | | | 2 Lol Lol Lo
10 1 2 3 4 5 6 78910 10100 10! 102 103
p m
(a) (b)
= 10! —— — — |
= - 0- SIPG |]
= -0+ LDG ||
2 \\O.,. 1
& ~o... 1
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I |E: >°?‘
=5
‘:4/ 10—4 | | | | | | 1
= 1 2 3 4 5 6 78910

Figure 1: Estimates of the smoothing property constant as a function of p (a) and m
(b) and of the approximation property constant as a function of p (c) for the SIPG and
LDG methods (o = 10). Cartesian grid with hx = 0.25.

Next, we analyze the convergence factor of the h-multigrid iteration of Algorithm 1,

computing the quantity
p— exp (1 I ||rN||2>
N rol2 /)7

being N the iteration counts needed to achieve convergence up to a (relative) tolerance
of 1078 and ry and rg being the final and initial residuals, respectively. For all the
test cases, we fix the coarsest level (hy = 0.25) and compute a sequence of nested grids
according to the refinement algorithm described in Section 3. Table 1 shows the computed
convergence factors obtained with the SIPG and LDG methods (o« = 10, p = 1) as a
function of m and the number of levels, with Cartesian and triangular structured grids,
respectively. Here the symbol “-” means that the convergence has not been reached
within a maximum number of 10000 iterations. As predicted in Theorem 11, we observe
that the convergence factor is independent of the number of levels k. For the sake of
completeness, in Table 2 we also verify the estimate given in Theorem 15 obtained by
considering A} instead of Ay for the SIPG method on structured triangular grids. As
predicted theoretically, the convergence rate increases with the number of levels.

In Table 3, we show the iteration counts and convergence factor (between parenthesis)
of h-multigrid as a function of the polynomial approximation degree p and for different
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Table 1: Convergence factor p of h-multigrid as a function of m and the number of levels
(=10, p=1).

SIPG. Cartesian grids. LDG. Triangular grids.
k=2 k=3 k=4 k=5 k=2 k=3 k=4 k=5
0.8911 | 0.9014 | 0.8955 | 0.8980 - - - -
0.7958 | 0.8098 | 0.8026 | 0.8050 - - - -
0.7141 | 0.7311 | 0.7233 | 0.7238 - - - -
0.6493 | 0.6662 | 0.6587 | 0.6589 - - -
0.6043 | 0.6195 | 0.6146 | 0.6129 | 0.9041 | 0.9102 | 0.9097 | 0.9103
0.5713 | 0.5896 | 0.5873 | 0.5807 | 0.8869 | 0.8927 | 0.8933 | 0.8940
0.5236 | 0.5442 | 0.5436 | 0.5341 | 0.8542 | 0.8609 | 0.8622 | 0.8628
0.4847 | 0.4998 | 0.5009 | 0.4906 | 0.8236 | 0.8314 | 0.8330 | 0.8335
0.4514 | 0.4575 | 0.4605 | 0.4537 | 0.7952 | 0.8042 | 0.8059 | 0.8063
0.4206 | 0.4159 | 0.4238 | 0.4137 | 0.7689 | 0.7802 | 0.7812 | 0.7814
0.3916 | 0.3849 | 0.3885 | 0.3790 | 0.7451 | 0.7607 | 0.7596 | 0.7595
0.3667 | 0.3565 | 0.3560 | 0.3514 | 0.7250 | 0.7453 | 0.7422 | 0.7413
0.3432 | 0.3348 | 0.3312 | 0.3267 | 0.7087 | 0.7328 | 0.7291 | 0.7266

3333333333338
Il
D) == 00 O O W N

S 00O NO

Table 2: SIPG method. Convergence factor p of h-multigrid as a function of m and the
number of levels with A} (o = 10, p = 1). Triangular grids.

k=2 k=3 k=4 k=5 k=6 k=17
0.8766 | 0.8978 | 0.9190 | 0.9299 | 0.9352 | 0.9387
0.7820 | 0.8296 | 0.8586 | 0.8754 | 0.8840 | 0.8895
0.7169 | 0.7793 | 0.8123 | 0.8314 | 0.8418 | 0.8486
0.6734 | 0.7422 | 0.7754 | 0.7948 | 0.8060 | 0.8135
0.6405 | 0.7132 | 0.7448 | 0.7633 | 0.7749 | 0.7827
0.6128 | 0.6882 | 0.7184 | 0.7359 | 0.7473 | 0.7552
0.5672 0.6437 | 0.6733 0.6894 | 0.7005 0.7089
0.5277 | 0.6046 | 0.6337 | 0.6497 | 0.6611 | 0.6697
0.4922 | 0.5687 | 0.5974 | 0.6139 | 0.6257 | 0.6347
0.4604 | 0.5358 | 0.5645 | 0.5807 | 0.5930 | 0.6023
0.4302 | 0.5046 | 0.5334 | 0.5497 | 0.5620 | 0.5717
0.4034 | 0.4763 | 0.5040 | 0.5210 | 0.5333 | 0.5432
0.3759 | 0.4508 | 0.4770 | 0.4938 | 0.5062 | 0.5160

3333333333338
Il
DN === 00O U W N

S 0o NO

levels k, for both SIPG and LDG methods. Here m = 6 so that convergence is guar-
anteed in all the cases. We also compare our results with the iteration counts of the
Conjugate Gradient (CG) algorithm. It is clear that the multigrid algorithm converges
much faster than CG and, as expected from estimate (40), the iteration counts needed to
get convergence increases with p. However, estimate (40) seems to be rather pessimistic
with respect to numerical simulations.

We next present some numerical results obtained with p-multigrid algorithm. We fix the
mesh size hy = 0.0625, for any k, while we set px_1 = px — 1, with the convention that
pr = p. In Table 4 we report the iteration counts and the convergence factor (between
parenthesis) as a function of the number of smoothing steps m and the number of levels
k for p = 5. Since, with px_1 = pr — 1, the ratio py/pr—1 is not constant among the
levels, the uniformity with respect to the number of levels is reached asymptotically and
is not fully appreciated in Table 4. As before we also report CG iteration counts: we
observe that, even with a relatively small number of pre- and post-smoothing steps, the
W-cycle algorithm outperforms CG method. In Table 5,we fix the number of levels and



Multigrid for hp-Discontinuous Galerkin discretizations 20

Table 3: Iteration counts and convergence factor (between parenthesis) of h-multigrid as
a function of p and the number of levels k& (« = 10, m = 6).

SIPG. Cartesian grids. LDG. Triangular grids.

k=2 k=3 k=4 k=2 k=3 k=4
p=1 33 (0.57) 35 (0.59) 35 (0.59) 154 (0.89) | 163 (0.89) | 164 (0.89)
p=2| 125 (0.86) | 123 (0.86) | 120 (0.86) | 286 (0.94) | 311 (0.94) | 304 (0.94)
p= 182 (0.90) | 175 (0.90) | 150 (0.88) | 487 (0.96) | 516 (0.96) | 465 (0.96)
p=4 | 296 (0.94) | 246 (0.93) | 243 (0.93) | 761 (0.98) | 682 (0.97) | 555 (0.97)
p=>5 | 407 (0.96) | 354 (0.95) | 362 (0.95) | 838 (0.98) | 644 (0.97) | 576 (0.97)
p=6 | 553 (0.97) | 483 (0.96) | 489 (0.96) | 856 (0.98) | 659 (0.97) | 741 (0.98)

CG iteration counts

p=1 65 130 256 286 607 1218
p= 142 281 567 575 1150 2343
p=3 244 499 1021 914 1640 3322
p=4 400 828 1687 1197 2483 5053
p= 646 1342 2721 1686 3487 7090
p==6 1130 2369 4818 2286 4746 9676

Table 4: Convergence factor p of p-multigrid as a function of m and the number of levels
(=10, p=15).

SIPG. Cartesian grids. LDG. Triangular grids.
k=2 k=3 k=14 k=2 k=3 k=14

m=1 444 (0.96) | 498 (0.96) | 676 (0.97) - -
m=2 256 (0.93) | 271 (0.93) | 369 (0.95) | 383 (0 95) | 414 (0.96) | 639 (0.97)
m=4 140 (0.88) | 147 (0.88) | 217 (0.92) | 219 (0.92) | 223 (0.92) | 355 (0.95)
m=6 | 115 (0.85) | 117 (0.85) | 161 (0.89) | 162 (0.89) | 156 (0.89) | 254 (0.93)
m=38 104 (0.84) | 103 (0.84) | 128 (0.87) | 136 (0.87) | 131 (0.87) | 200 (0.91)
m =10 92 (0.82) 92 (0.82) 107 (0.84) | 120 (0.86) | 117 (0.85) | 166 (0.89)
m =12 82 (0.80) 82 (0.80) 2 (0.82) 108 (0.84) | 106 (0.84) | 142 (0.88)
m=14 | T4 (0.78) 74 (0.78) 1 (0.80) 8 (0.83) 97 (0.83) 125 (0.86)
m =16 68 (0.76) 68 (0.76) 72 (0.77) 91 (0.82) 90 (0.81) 112 (0.85)
m =18 62 (0.74) 62 (0.74) 65 (0.75) 4 (0.80) 83 (0.80) 101 (0.83)
m =20 58 (0.73) 58 (0.73) 60 (0.73) 9 (0.79) 78 (0.79) 92 (0.82)

CG iteration counts: 1347 CG iteration counts: 3495

vary the polynomial approximation degree p = 2,3,...,6, and report the p-multigrid
iteration counts and the convergence factor (between parenthesis). As before we address
the performance of both the SIPG and of the LDG methods on Cartesian and triangular
grids, respectively. Comparing the iteration counts with the analogous one computed
with CG algorithm (last column) we can conclude that even if the iteration counts grows
as p increases, the W-cycle algorithm always outperforms CG iterative scheme.

8 Conclusions

We have analyzed a W-cycle hp-multigrid scheme for high order DG discretizations of
elliptic problems. We have shown uniform convergence with respect to h, provided the
number of pre- and post-smoothing steps is sufficiently large, and we have tracked the
dependence of the convergence factor of the method on the polynomial approximation
degree p. Besides the traditional approach, where the coarse matrices are built on each
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Table 5: Iteration counts and convergence factor (between parenthesis) of p-multigrid as

a function of p and the number of levels (o = 10, m = 10).
SIPG. Cartesian grids. LDG. Triangular grids.

k=2 k=3 k=4 CcG k=2 k=3 k=4 CG
p=2| 34(0.58) - - 281 | 86 (0.81) - - 1157
p=3| 78 (0.79) | 76 (0.78) - 499 | 104 (0.84) | 107 (0.84) - 1639
p=4| 71(0.77) | 74 (0.78) | 75 (0.78) | 828 | 115 (0.85) | 119 (0.86) | 143 (0.88) | 2491
p=>5]| 92 (0.82) | 92 (0.82) | 107 (0.84) | 1347 | 120 (0.86) | 117 (0.85) | 166 (0.89) | 3495
p=6| 113 (0.85) | 113 (0.85) | 109 (0.84) | 2370 | 145 (0.88) | 143 (0.88) | 158 (0.89) | 4737

level [37, 22, 18, 17], we have also considered the case of inherited bilinear forms, showing
that the rate of convergence cannot be uniform with respect to the number of levels. Fi-
nally, the theoretical results obtained in this paper pave the way for future developments
in obtaining uniform p-multigrid methods by introducing more sophisticated smoothing
schemes. Such an issue will be object of future research.

A  Proof of Theorem 2

Before proving Theorem 2, we recall the following hp-approximation result and report
its proof for the sake of completeness.

Lemma 16. For any v € HTY(Tx), there exists Hff;v € Vi, pxk = 1,2,..., such that
hmin (pK,s)
o =% vlpa,x < }Wﬂvllmﬂ(ny (46)
K

Proof. For any v € H*"'(Tx), let I} v € Vi be defined as I} v|p = 7 (v|7), for any
T € Tk, myx(-) being the Babuska-Suri interpolant [11]. From [11, Lemma 4.5] we have

that
hmin(pT+1,s+1)fq
T

||U_Hfzf<u”Hq(T) g s+1—q
Pr
for any T' € Tx. Moreover, as suggested in [42], by a multiplicative trace inequality and

(47), we also have

lullgresriry, 0<q<t (47)

K

lu =% ullF2ory S llu =I5 ull L2y |V (w = TE w) || 200y + il — T ul| 72

K K
h;min(pT,s)-‘,-l )
~ THUHHS+1(T)’ (48)
br
for any T € Tx. The thesis follows applying (47) and (48) to the definition (8) of the
DG norm. O

We are now ready to prove Theorem 2.

Proof. [Proof of Theorem 2.] The proof follows the lines given in [47]; for the sake of
completeness we sketch it. It can be shown that formulation (4) is not strongly consistent,
i.e.,

Ar(u—ug,v) = R(u,v) Vv e V(hg), (49)
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where the residual R(+,) : V(hg) X V(hg) — R is defined as
Ru,o)= 3 / Vu- Ric(o]) + Lx(8 - D) do+ 3 [ {Vu} - [v] ds.
TeTw /7T Ferx ' F
As shown in [47], the residual R(:,-) can be bounded by

min(px+1,s)

|R(’U4,’U)‘ 5 KTHVUHHS(TK)HUHDG,K Yov € V(hK) (50)
K

From the continuity and coercivity bounds (9) and (10), and Strang’s lemma, we have

. R(u,w
lu— uxclpes S inf flu—ovllpgx+ sup Lol (51)
veVk

wevie lwllpa,x

Inequality (11) follows by choosing v = TI}"u € Vi, and substituting (46) and the
residual estimate (50) in (51). With regards to estimate (12), we proceed by a standard
duality argument: let w € H?(Q) N H}(Q) be the solution of the problem

Vw - Vv dx:/(u—uK)v dx Vv € HY(Q).

Q Q

We recall that, thanks to the regularity assumption (2), it holds that
Wl g2y S llu = ukll L2 (o) -
According to (49), it is immediate to obtain
lu = uk||Z20) = Ax (w,u —uk) — R(w, u — uk),

and
Ag(wr,u —ug) = R(u,wy) = —R(u,w — wy),

with w; € V. Hence,
lu— UKH%Z(Q) = Ag(w—wr,u —ug) — R(w,u — ug) — R(u,w — wy).

Applying continuity (9) and the residual estimate (50), we obtain

hx
lu — uk 720y < lw —wilpe kllv — uklpa,x + p?||Vw||H1(Q)||U —uk|pc,x

hmin(pK—i-l,s)

+ LVl s (130) [0 = wr||pG k-
Pk
If we choose w; = I} w, it holds that
hk hk
lw —wilpe.x S 7z llwlaz@ S 575 1u = ukllez @)
Pr Pg

which together with (11) and ||[Vw||g1(q) S llu — uk|[z2(q) gives the thesis. O
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