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Abstract

The simulation of microcirculatory blood flow in realistic vascular architectures poses sig-
nificant challenges due to the multiscale nature of the problem and the topological complexity
of capillary networks. In this work, we propose a novel deep learning-based reduced-order
modeling strategy, leveraging Graph Neural Networks (GNNs) trained on synthetic microvas-
cular graphs to approximate hemodynamic quantities on anatomically realistic domains. Our
method combines algorithms for synthetic vascular generation with a physics-informed train-
ing procedure that integrates graph topological information and local flow dynamics. To en-
sure the physical reliability of the learned surrogates, we incorporate a physics-informed loss
functional derived from the governing equations, allowing enforcement of mass conservation
and rheological constraints. The resulting GNN architecture demonstrates robust general-
ization capabilities across diverse network configurations. The GNN formulation is validated
on benchmark problems with linear and nonlinear rheology, showing accurate pressure and
velocity field reconstruction with substantial computational gains over full-order solvers. The
methodology showcases significant generalization capabilities with respect to vascular com-
plexity, as highlighted by tests on data from the mouse cerebral cortex. This work establishes
a new class of graph-based surrogate models for microvascular flow, grounded in physical laws
and equipped with inductive biases that mirror mass conservation and rheological models,
opening new directions for real-time inference in vascular modeling and biomedical applica-
tions.
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1 Introduction

The simulation of microcirculatory blood flow is an essential component in understanding tissue
perfusion, vascular function, and the development of pathological conditions such as ischemia,
inflammation, and cancer [27, 37, 8], just to give a few examples. On the microscopic scale, the
transport of blood through networks of arterioles, capillaries, and venules is governed by intri-
cate hemodynamic phenomena and highly complex topological structures, which pose significant
computational challenges.

High-fidelity models are able to accurately capture these dynamics. However, their applicability
to large-scale, anatomically realistic microvascular networks is severely hampered by the associated
computational burden and the difficulties in accommodating topological variability [20, 12, 13]. In
the case of fully resolved three-dimensional models (including or not the description of red blood

1



cells) even in relatively small tissue volumes, such as a cortical sample of size 1mm3 [12, 10, 35, 34],
the resolution required to represent individual vessels can easily lead to systems not yet com-
putable using a direct numerical simulation approach. To overcome this limitation, dimensional
model reduction has been adopted with the purpose to reduce the mathematical and computa-
tional complexity of blood flow to one-dimensional models defined along the vessel centerline,
such as in the geometric multiscale methods [31]. This approach can be modulated to a high
level of physiological and anatomical detail [2, 22, 28, 39, 21], despite the intrinsic multiscale
nature of microvascular flow [18, 24, 25, 38]. State of the art simulations reach today the or-
gan scale level [21, 42]. For an accurate description of the pulsatile regime such simulations still
require high performance computing resources, while the computational cost is substantially re-
duced in the case of the steady regime typical of the microcirculation. Despite the great success
of one-dimensional model for the simulation of blood flow, the research on surrogate models for
blood flow in complex networks is still active [26, 40], with the aim to preserve predictive accu-
racy while achieving substantial computational speed-ups. These advancement will extend the
ability to simulate pulsatile blood flow beyond the current limits and also enable the use of the
simpler microcirculation models in the context of computational workflows involving many-query
simulations such as inverse problem formulations, optimization, and uncertainty quantification.
Vascular networks admit a natural representation as graphs, with vessels corresponding to edges
and junctions to nodes. GNNs are designed to operate directly on such graph-structured inputs,
learning approximations of the underlying physics from data [6, 11, 3]. GNNs perform inference
through forward evaluation of a trained neural network, therefore reducing computational costs by
orders of magnitude and enabling real-time prediction [19]. Moreover, GNNs can be trained in a
physics-informed fashion, incorporating domain-specific knowledge (such as mass conservation and
nonlinear rheology) directly into the loss functional. This strategy mitigates the typical limitations
of purely data-driven models and enhances the ability to generalize to unseen network geometries.
In this work, we develop a physics-informed computational learning problem specifically designed
to address flow problems on graphs using GNN architectures. We apply this framework to define
surrogate models for microcirculatory blood flow in the steady regime, although ongoing work
confirms that the approach can be successfully extended to the pulsatile regime [4]. The GNN
surrogate proposed here predicts both nodal- and edge-based flow quantities and combines data-
driven learning with physics-informed constraints. Remarkably, we show that a model trained
exclusively on synthetic capillary networks with generic topological and geometric features is able
to generalize robustly to large-scale, anatomically realistic vascular reconstructions. In particu-
lar, when tested on mouse cerebral cortex networks that exhibit a substantially higher degree of
complexity than training data [36, 20, 12, 13], the GNN maintains high predictive precision and
reproduces full-order simulation results with excellent agreement. This highlights the capability
of the proposed framework to extrapolate beyond the synthetic training distribution and its po-
tential for deployment in biomedical applications that require efficient and reliable vascular flow
predictions. Compared to previous studies on GNNs for blood flow [23, 26, 15], our approach
introduces several differences. Existing work, such as the reduced-order models of [23] and their
recent extensions that integrate recurrent architectures for temporal learning [15], focuses primar-
ily on large-scale cardiovascular flow within arterial trees and exploits data-driven surrogates of
one-dimensional flow dynamics. In contrast, we address the steady microcirculatory regime on
the scale of large vascular networks, where flow is governed by mass conservation, diffusion mech-
anisms, and nonlinear rheology. For extensions to the pulsatile regime, we refer to Section 7. The
remainder of this manuscript is organized as follows. Section 2 introduces the general mathemati-
cal framework for physics-informed learning on graphs, formalizing the parameter-to-solution map
and its approximation via GNNs. Section 3 presents the physical models for microvascular blood
flow, encompassing both linear and nonlinear rheology, while Section 4 details the algorithms used
to generate synthetic and anatomically realistic vascular networks. Section 5 describes the archi-
tecture, loss formulations, and training strategies of the proposed GNN surrogates, highlighting
the integration of physical constraints within the learning process. Finally, Section 6 reports the
numerical experiments that evaluate the predictive accuracy and generalization of the models in
synthetic and image-based microvascular networks, followed by the concluding remarks.
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2 Physics informed learning using graph neural networks

In this section, we introduce the methodological framework underlying the proposed approach. We
formulate parameterized problems on graphs, providing a general setting for network-based physi-
cal systems that couple discrete topological structures with continuous quantities defined on nodes
and edges. The associated parameter-to-solution map thus exhibits a mixed discrete–continuous
nature. Graph Neural Networks (GNNs) are naturally suited to fit this structure, leveraging graph
connectivity to propagate information and learn nonlinear relations between nodal and edge vari-
ables. This formulation yields a unified paradigm for the operator approximation on graphs, ideal
for the representation of microvascular blood flow in complex configurations.

2.1 A learning problem on graphs

Let G := (V,E) be a finite, directed graph encoding the topological connectivity of the network,
where V := {vj}nj=1 denotes the set of n vertices in R3 and E := {ei}mi=1 is the set of m directed

edges that connect pairs of vertices. In particular, each edge e = (vs, vt) ⊂ R3 sets the orientation
from the source node vs to the target node vt. All relevant information on the connectivity of a
directed graph is encoded in the connectivity (or incidence) matrix C ∈ Zm×n with entries:

Cij := {1, if ei enters vj ; −1, if ei leaves vj ; 0, otherwise}.

We then introduce a vector of weights defined on the vertices of G, WV := {wV
j }nj=1, and

on the edges, WE := {wE
i }mi=1, where wV

j ∈ RpV ∀ j = 1, ..., n and wE
i ∈ RpE ∀ i = 1, ...,m.

This leads to the definition of the vector of weights W :=
[
WV ,WE

]⊤ ∈ Rn pV +mpE . A weighted
directed graph is the triple G := (V,E,W ). Each graph (directed or weighted) G can be embedded
in R3, proceeding as follows:

(i) we associate with each node in V a point xi ∈ Rd in a bijective way, with d denoting the number
of spatial dimensions (d = 2, 3). Consequently, we introduce the matrix that encodes the
coordinates of each vertex, X ∈ Rn×3 such that X(i, :) = x⊤

i ;

(ii) we connect two points xv,xw by a three-dimensional simple arc svw if and only if v, w are
adjacent, in such a way that different arcs do not share any internal points;

(iii) we define a length function ρ : E → R+ assigning a metric on each edge e = (vs, vt), such
that its length is L = ρ(e).

We know that for any weighted directed graph G, the resulting embedded object in R3 is a manifold.
In particular, assuming for all edges e the convention of identifying the source node vs with 0 and
the target node vt with ρ(e), it is possible to define a metric over G.

This construction is the root of the notion of a metric graph. Let G = (V,E,W ) be a weighted
directed graph and let us define E :=

∏
e∈E{e}× (0, ρ(e)). Then the triple G := (V, E ,W ) is called

the (weighted) metric graph over G. A point of G is an element of either V or E . The elements of
E are called metric edges.

We now consider steady-state problems governed by differential operators acting on G. Under
these assumptions, the most general problem we can consider is of the form{

LWuW = fW in G,

BWuW = gW on ∂G,
(1)

where LW denotes an operator on the metric graph, and BW represents boundary or vertex
conditions enforcing continuity and conservation properties across the nodes of G. A prototypical
example of LW is a possibly semilinear elliptic partial differential equation in G, where the weights
W represent the parameters of the operator L on the edges [0, Li].
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However, as the physical models used for microvascular blood flow are rooted in Poiseuille’s
law, the problems addressed here will reduce to nonlinear algebraic equations on the weighted
directed graph G = (V,E,W ). Let us consider for example the following linear relations:

uV
s(i) − uV

t(i) = RE
i u

E
i , i = 1, . . . ,m,∑

i∈E(vj)

Ciju
E
i = 0, j = 1, . . . , n.

(2)

where C is the incidence matrix, and RE
i are the edge resistances. Setting uV

j ∈ Rp′
V ∀ j = 1, ..., n

and uE
i ∈ Rp′

E ∀ i = 1, ...,m, this problem can be formulated in terms of unknown vector values
on the vertices and edges of the graph, defined as follows:

UV := {uV
j }nj=1, UE := {uE

i }mi=1, UW :=

[
UV

UE

]
.

As a result, problem (2) becomes the following:

LW UW = FW , LW :=

C −RE

0 C⊤

 , FW :=

FV

FE

 , (3)

where RE
i = r(wi), being r : RpV +pE → R a suitable constitutive function. The right-hand side

FW encodes the boundary conditions that will be addressed later. The system can be reduced
to the vertex unknowns, with the corresponding matrix C⊤(RE)−1C defining a graph Laplacian,
which is a possible finite-dimensional realization of the continuous operator LW . The solution
depends on both the weightsW (representing the physical parameters) and the (simple or directed)
graph G, encoded by the matrix of verticesX ∈ Rn×3 and the discrete incidence matrix C ∈ Zm×n.
We therefore define the parameter-to-solution map

S : Rn×d × Zm×n × Rn pV +mpE −→ Rn p′
V +mp′

E , S(G,W ) = UW .

Given Ĥ a set of candidate functions for this map, Ŝ ∈ Ĥ, given a collection of labeled data
S(Gk,Wk) = UW

k , for k = 1, . . . , N , given a loss function measuring the discrepancy between data

and predictions, l(ÛW ,UW ), and a feature mapping of the weight vector W̃ := Φ(W ), we aim to
solve the following supervised learning problem, that consists of the minimization of the empirical
error L (from now on called empirical total loss or just loss, with little abuse of notation) over the
candidate functions:

L
(
(Ŝ(G, W̃ ),UW ); (Gk,Wk),U

W
k

)
=

1

N

N∑
k=1

l(ÛW
k ,UW

k ),

Ŝ∗ = argmin
Ŝ∈Ĥ

L
(
(Ŝ(G, W̃ ),UW ); (Gk,Wk),U

W
k

)
.

To solve this learning problem, we adopt a Graph Neural Network architecture, which is ideally
suited to approximate a parameter-to-solution map featuring a mixed mathematical structure com-
bining discrete and continuous information. In fact, GNNs [33, 6, 3] process node- and edge-based
continuous features through standard feed-forward neural networks, while a message passing mech-
anism exploits the discrete incidence structure of the underlying graph to propagate information
across connected entities.

2.2 Graph Neural Networks architecture

Building upon the formalism introduced in Section 2.1, we recall that the physical domain is a
weighted directed graph G = (V,E,W ). For computational purposes, we consider its discrete
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Figure 1: GNN complete architecture, consisting of an encoder, a processor, and a decoder.

counterpart G = (V,E), which retains the same topological connectivity, while the physical and
geometric quantities are encoded within the node and edge weights W = [WV ,WE ]⊤.

Within this setting, we adopt a supervised learning approach to approximate the parameter-
to-solution map introduced in Eq. (3), acting on weighted directed graphs. Formally, the goal is

to learn an approximation Ŝ of the exact solution operator S, namely:

ÛW = Ŝ(G, W̃ ) ≈ S(G,W ) = UW .

The adopted GNN architecture follows the standard Encoder–Processor–Decoder paradigm,
schematically illustrated in Figure 1. The encoder (denoted with Ev(w̃V ), Ee(w̃E)) for the vertices
and edges, respectively) maps the physical and geometric input features defined on the nodes
and edges into a latent space of fixed dimension. The processor, composed of multiple message
passing layers (named Pv(G, Ev(w̃V ), Ee(w̃E)) and Pe(G, Ev(w̃V ), Ee(w̃E))), iteratively propagates
and updates information throughout the graph according to its incidence structure. We note
that all the message passing layers share a fixed hidden dimension l, updating node features
v : V → Rl and edge features e : E → Rl without modifying their dimension. Finally, decoders
Dv(Pv(G, Ev(w̃V ), Ee(w̃E))) and De(Pe(G, Ev(w̃V ), Ee(w̃E))) transform the latent representations
of the nodes and edges into the predicted physical quantities. More precisely, the composition of
these maps can be represented as follows:

ûV = Dv

(
Pv

(
G, Ev(w̃V ), Ee(w̃E)

))
, ûE = De

(
Pe

(
G, Ev(w̃V ), Ee(w̃E)

))
.

The resulting outputs are assembled into the vector-valued approximation of the solution, which
provides the learned estimate of the parameter-to-solution map:

Ŝ(G, W̃ ) = ÛW :=

[
ÛV

ÛE

]
, ÛV := {ûV

j }nj=1, ÛE := {ûE
i }mi=1.

This architecture, illustrated in Figure 1, enables simultaneous treatment of nodal and edge quan-
tities in the processor and in the decoder, which is essential for predicting coupled variables such
as pressure and flow.

2.2.1 Feedforward Neural Networks

Feedforward Neural Networks (FFNNs) constitute the fundamental building blocks of most mod-
ern deep learning architectures. They are composed of a sequence of layers that apply affine
transformations followed by nonlinear activation functions, enabling the network to approximate
complex nonlinear mappings between input and output spaces. Given an input vector x ∈ Rdin , a
generic FFNN with K layers can be expressed as the composition:

Ψ(x; θ) = fK ◦ fK−1 ◦ · · · ◦ f1(x), fℓ(z) = σℓ(Wℓz+ bℓ),
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where Wℓ and bℓ denote the weight matrix and bias vector of the ℓ-th layer, respectively, σℓ is a
nonlinear activation function (e.g., ReLU, tanh), and θ = {Wℓ,bℓ}Kℓ=1 ∈ Θ represents the set of
all trainable parameters of the network.

In the present framework, FFNNs are employed throughout the architecture wherever a nonlin-
ear map Ψ appears. For simplicity of notation, we omit the explicit dependence on the parameters
θ in the subsequent sections, writing simply Ψ(·) instead of Ψ(·; θ), with the understanding that
all feedforward mappings implicitly depend on their respective trainable weights and biases.

2.2.2 The Encoder and Decoder modules

Each node v ∈ V and edge e ∈ E is associated with feature vectors that represent local physical
or geometric information. Node input features W̃V := {w̃V

j }nj=1, with w̃V
j ∈ Rp̃V , encode local

physical quantities defined at each vertex (e.g., boundary conditions, nodal parameters). Edge

input features W̃E := {w̃E
i }mi=1, with w̃E

i ∈ Rp̃E , encode the geometric or material properties
associated with each edge (e.g., length, diameter, resistance). The specific form of w̃V and w̃E is

problem-dependent. The collection of these features is W̃ := [W̃V , W̃E ]⊤ := Φ(W ) as a feature
mapping of the weight vector. We stress that the mapping Φ is a hyperparameter specified a
priori based on the problem structure. Its choice determines which weights and aspects of the
physical system are exposed to the learning architecture. Since the dimensions of the input features
generally differ from l, we employ feedforward neural networks to map them to the latent space:

Ev(w̃V ) = Ψv
E(w̃

V ) Ee(w̃E) = Ψe
E(w̃

E)

The GNN output features corresponding to node- and edge-level quantities are the node output
features UV := {uV

j }nj=1, with uV
j ∈ Rp′

V , representing physical states at the nodes (e.g., pressure).

Edge output features UE := {uE
i }mi=1, with uE

i ∈ Rp′
E , correspond to the quantities defined along

the edges (for example, flow rate).
The processor module outputs hidden node and edge features, v′ = Pv(G,v, e) and e′ =

Pe(G,v, e). Since these do not match the output dimensionalities, two separate feedforward
neural networks are employed to recover the physical output features:

Dv(v
′) = Ψv

D(v
′), De(e

′) = Ψe
D(e

′).

While the terms encoder and decoder are traditionally associated with dimensionality reduction
and reconstruction, in our context they are used more broadly. The encoder extracts latent
features from the input, and the decoder maps latent representations to physically meaningful
outputs. Depending on the task, these modules may either increase or decrease the dimension of
the features.

2.2.3 The Processor module

The processor module is composed of mp message passing steps that iteratively update both the
node and the edge features. Let Hj and Fj denote the edge and node update functions. Starting
from encoded features, the recursive update now reads:

v0 = Ev(w̃V ), e0 = Ee(w̃E),

ej = Hj(G,vj−1, ej−1) j = 1, . . . ,mp,

vj = Fj(G,vj−1, ej) j = 1, . . . ,mp,

so that the processor outputs

Pv(G,v, e) = Fmp(G,vmp−1, emp), Pe(G,v, e) = Hmp(G,vmp−1, emp−1).

This formulation makes explicit that the node and edge states evolve in tandem at each message
passing step, by iteratively applying the message passing layers mp. The parameter mp is a
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hyperparameter of the architecture: a processor with mp layers enables communication between
nodes that are mp edges apart, thereby extending the receptive field from local to increasingly
nonlocal interactions.

The key component of this algorithm is the message passing layer, which propagates informa-
tion along graph edges [33, 6, 3]. In its standard form, the update acts only on node features,
while edge features remain unchanged. Specifically, given hidden node features v and hidden edge
features e, the message passing layer F = F (G,v, e) takes as input v, e and G and outputs a new
collection of vertex features v′ : V → Rl.

In order to define nodal update function F , let the mappings v : V → Rl and e : E → Rl

denote hidden node and edge features of dimension l. For a directed edge (vs, vt) ∈ E, we set

vin(vs, vt) = v(vs), vout(vs, vt) = v(vt).

In particular, vin computes the vertex features of the corresponding source node, while vout

computes the vertex features of the corresponding destination node. The aggregation function for
a node v ∈ V is then defined as

e(v) =
∑

e(vs, v), ∀(vs, v) ∈ E, vs ∈ V,

which collects the contributions of all incoming edges. Given two functions with the same domain
f : X → Ra and g : X → Rb, the concatenation operator ⊕ is defined as

(f ⊕ g)(x) = [f1(x), ..., fa(x), g1(x), ..., gb(x)]

where x ∈ X is a generic input. The standard message passing update reads

F (G,v, e) = Ψu (v ⊕ΨM (e⊕ vin ⊕ vout)) ,

which concatenates and aggregates contributions from incoming edges, and Ψu and ΨM are feed-
forward neural networks, such that Ψu : R2l → Rl and ΨM : R3l → Rl. In GNN architectures,
F is considered a transformer that modifies the characteristics of the vertices connected to the
graph nodes. A message passing layer, within these architectures, refers to a specific type of
graph-forwarding routine, which exploits the local structure of the graph G. This routine allows
communication exclusively between neighboring nodes.

In what follows, we will adopt an extended message passing mechanism that updates both
node and edge states through local interactions. Specifically, the update rules are:

H(G,v, e) = Ψe (e⊕ vin ⊕ vout) , F (G,v, e) = Ψu

(
v ⊕ΨM

(
H ⊕ vin ⊕ vout

))
,

where Ψe : R3l → Rl is an additional feedforward neural network. Note that the nonlinearity
of the message passing update arises from the activation functions within the neural networks
Ψe,ΨM ,Ψu. This formulation makes explicit that both edge and node features evolve at each
iteration, a critical property when modeling vascular networks where edges carry hemodynamic
variables (e.g., flow, diameter) and nodes represent pressures or bifurcation states. For a graphical
representation of this new strategy, see Figure 2.

To improve gradient flow and training stability, we include skip (residual) connections be-
tween consecutive message passing layers. This strategy, originally introduced in ResNet architec-
tures [14], has proven effective in GNNs as well [41]. Concretely, the processor module with k > 0
skip connections becomes:

v0 = Ev(w̃V ), e0 = Ee(w̃E),

ej = Hj(G,vj−1, ej−1) + ej−k I(j ≥ k) j = 1, . . . ,mp,

vj = Fj(G,vj−1, ej) + vj−k I(j ≥ k) j = 1, . . . ,mp,

Skip connections are particularly beneficial when stacking a large number of message passing
layers (mp ≫ 1), as they allow information to propagate across the network without degradation,
enabling more expressive but still trainable architectures.
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Figure 2: Message propagation and aggregation with edge features update.

Finally, although the vascular network naturally defines a directed graph, reflecting the physi-
cal orientation of blood flow, we model the input graph provided to the GNN as undirected. This
choice allows the message-passing scheme to propagate information bidirectionally along each ves-
sel segment, enabling both source-to-target and target-to-source interactions at every iteration.
Empirically, we observe that this symmetric exchange of information significantly improves con-
vergence of the training algorithm and predictive accuracy.

2.3 Loss functions and training

To train the GNN surrogate models introduced in Section 2.2, we adopt composite loss functions
that incorporate both data fidelity, as in the supervised learning setting, and problem-specific
physical information within a physics-informed framework. As a consequence, the total loss func-
tion used to train the GNN is defined as:

L(Ŝ,UW ; θ) := δLdata(θ) + (1− δ)Lphysics(θ), (4)

where Ldata ensures data fidelity and Lphysics is the physics-informed component. The symbol θ
denotes the trainable parameters of the network, and δ ∈ [0, 1] is a tunable scalar that weights the
relative importance of the data-driven and physics-informed components.

Unless otherwise specified, from now on we denote the Euclidean norm of the vector v by
∥v∥. This is also called the L2 norm of the vector. The data-fidelity loss quantifies the mismatch
between the GNN predictions and the full-order model (FOM) ground truth on a dataset of N
training graphs:

Ldata(θ) =
1

N

N∑
k=1

 1

nk

p′
V∑

j=1

αj∥uV
j,k − ûV

j,k(θ)∥2 +
1

mk

p′
E∑

i=1

βi∥uE
i,k − ûE

i,k(θ)∥2
 , (5)

where {αj}p
′
V

j=1, {βi}p
′
E

i=1 are tunable hyperparameters, uV
j,k, û

V
j,k are vectors of FOM outputs and

GNN predictions for the output feature of the j-th node and for the k-th graph. Similarly, uE
i,k,

ûE
i,k are vectors of FOM outputs and GNN predictions for the i-th edge output feature and for the

k-th graph. In particular, the GNN predictions ûV
j,k and ûE

i,k are feedforward mappings explicitly
depending on the parameters θ that encode their trainable weights and biases.

The physics-informed component of the loss enforces the governing principles of the graph-
based problem by penalizing the residuals of key equations [32]:

Lphysics(θ) = γ Lconstitutive(θ) + (1− γ)Lmass(θ), (6)

where γ ∈ [0, 1] controls the balance between the constitutive relation and the mass conservation
constraint.
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The constitutive residual enforces the consistency between the predicted solution and the
constitutive law governing the problem on the graph through the term:

Lconstitutive(θ) =
1

N

N∑
k=1

∥∥CkÛ
V
k (θ)−RE

k Û
E
k (θ)− FV

k

∥∥2. (7)

In the context of microvascular flow, this residual enforces, for example, the Poiseuille constitutive
law, ensuring consistency between predicted pressure drops and flow rates along the vessels through
the edge resistances computed from predicted features (e.g., diameter, hematocrit).

The mass balance residual enforces the continuity conditions at the junction nodes of the graph,
penalizing imbalances of the nodal constraints:

Lmass(θ) =
1

N

N∑
k=1

∥∥C⊤
k Û

E
k (θ)− FE

k

∥∥2. (8)

In the specific case of microvascular flow, this residual reduces to a mass conservation condition
that ensures that total inflow and outflow at each bifurcation node are balanced.

3 Microvascular blood flow models

Accurate modeling of blood flow in microvascular networks requires a careful combination of three
key components: biologically meaningful vascular geometries (addressed in Section 4), physically
consistent hemodynamic models, and computational methods capable of resolving flow across
complex networks with high fidelity [27, 37]. In this section, we describe the modeling framework
adopted to simulate blood flow through synthetic and anatomically realistic networks, formulated
within the abstract setting introduced in Section 2.1. These simulations serve as the basis for the
development and evaluation of the surrogate models presented in Section 2. In particular, they
are used both to generate training data for Graph Neural Network (GNN) models and to evaluate
their predictive performance on out-of-distribution vascular topologies.

3.1 Physical models for microvascular blood flow

The cornerstone of microvascular blood flow models is Poiseuille’s law, which describes the relation-
ship between flow rate, pressure gradient, and hydraulic resistance in laminar flow conditions [27].
Given a vessel of length L and diameter D, the axial velocity of blood v is related to the volumetric
flow rate Q by the expression:

v =
Q

πD2

4

=
∆P

πRD2

4

, (9)

where ∆P denotes the pressure drop across the vessel and R is the hydraulic resistance. According
to Poiseuille’s law, resistance depends on the geometry of the vessel and the viscosity of the blood
µ as follows:

R =
128µL

πD4
.

For a given edge e ∈ E, this expression defines the coefficient RE
i and the constitutive function

r(wi) in (2), being wi = {µi, Di, Li}. Blood viscosity plays a central role in determining the
resistance to flow and may be treated as either constant or variable depending on the physical
regime considered. In microvascular domains, where RBC dynamics are non-negligible, the effec-
tive viscosity becomes a nonlinear function of both vessel diameter and local hematocrit (i.e. the
volumetric concentration of RBCs in the blood [37]). Before detailing the main models, we list
the key assumptions underlying our formulation [9, 10, 27, 37]:

(i) Blood flow and hematocrit distribution is stationary;
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(ii) RBC transport is dominated by advection;

(iii) Hematocrit is assumed to be uniform along the length of each vessel (no axial variations due
to RBC production, loss, or plasma leakage);

(iv) Only Y-junctions with straight branches are considered, and angle dependence is neglected;

(v) The Fahraeus–Lindqvist and Zweifach–Fung effects are explicitly included to capture key
features of microvascular blood flow [9, 10], while other aspects such as leukocyte interactions
and diameter irregularities are neglected.

We investigate two distinct modeling frameworks for microvascular blood flow. The first is a
linear rheology model, which assumes a constant blood viscosity and neglects the effects of RBCs.
This simplification leads to a linear system of equations such as (2) that can be solved efficiently
using standard numerical techniques. The second approach is a nonlinear rheology model, which
incorporates the dependence of viscosity on hematocrit and accounts for the redistribution of
RBC in vascular bifurcations. This added complexity results in a nonlinear system that requires
iterative procedures to achieve convergence.

3.1.1 Linear models

The vascular domain is represented as a weighted directed graph G = (V,E,W ) defined before,
where the weights on the edges wE

i = {µi, Di, Li} are the diameter Di and the length Li of each
edge and a uniform blood viscosity µi = µ. The hydraulic state of the network is characterized
by the nodal vector UV representing the pressure, that we name from now on P = {Pj}nj=1 and

an edge vector UE representing the flow rates, named Q = {Qi}mi=1. Assuming laminar flow of
a Newtonian fluid and neglecting red blood cells, the pressure drop along each edge follows a
Poiseuille-like relation, while the nodal balance of flow enforces mass conservation:

Ps(i) − Pt(i) = RE
i Qi, i = 1, . . . ,m,∑

i∈E(vj)

CijQi = 0, j = 1, . . . , n,
(10)

The resistance of each vessel is given by RE
i = 128µLi

πD4
i

, with µ = 3 cP denoting the dynamic

viscosity of plasma at physiological temperature [27]. Equations (10) describe a linear system
reported in (3) that defines the nodal pressures and edge flows on the graph G. The velocities in
the vessels can then be computed using Equation (9). To manage the boundary conditions, we
first label the vertices V as interior, inlet and outlet nodes. We set Vinlet := {vj}j∈Jinlet

as Jinlet is
a multi-index identifying the input nodes. We proceed in a similar way for the set of outlet nodes
Voutlet. As boundary values, we prescribe Dirichlet conditions, assigning the pressures at the inlet
nodes and the outlet nodes named Pin := {P in

j }j∈Jinlet
and Pout := {P out

j }j∈Joutlet
, respectively.

We can now assemble a nodal-valued boundary values vector P, identifying the weights on
the nodes wV

j = P j , and a diagonal matrices Bin, Bout ∈ Zn×n, encoding the inlet and outlet
Dirichlet boundary nodes, respectively, such that:

P j =


P in
j , ∀j ∈ Jinlet

P out
j , ∀j ∈ Joutlet
0, otherwise

Bin
jj :=

{
1, ∀j ∈ J inlet

0 otherwise
Bout

jj :=

{
1, ∀j ∈ Joutlet

0 otherwise

This entails that we can derive the following algebraic formulation for (10):

LW UW = FW , LW :=

 C −RE

Bin +Bout (I −Bin −Bout)C⊤

 , FW :=

0

P

 , (11)
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where the system in (3) is assembled with constant viscosity, leading to a fixed resistance matrix
RE , and is solved using a direct sparse linear solver. Within the linear rheology framework, the
solution operator is denoted by SL, such that SL(G,W ) = UW .

3.1.2 Nonlinear models

Microvascular blood flow exhibits nonlinear rheological behavior due to two main factors: the
dependence of blood viscosity on hematocrit and vessel diameter (known as the F̊ahræus–Lindqvist
effect) and the heterogeneous distribution of RBCs in bifurcations, commonly referred to as plasma
skimming (also called the Zweifach-Fung effect) [9, 10]. To capture these effects, we adopt a
biphasic nonlinear flow model in which blood is treated as a suspension of plasma and RBCs.
Recalling that the hematocrit is the volumetric concentration of RBCs in the blood, we augment
the unknowns at the edges including the hematocrit levels. As a result, in this model the unknowns
are the pressures on the nodes UV := P = {Pj}nj=1, the flow rates, and the hematocrit on the

edges, i.e. Q = {Qi}mi=1, H = {Hi}mi=1, respectively, so that UE := {[Qi, Hi]}mi=1. In the nonlinear
rheology regime, the governing equations define a solution operator SN (G,W ) = UW , which maps
the graph and the physical parameters to pressure, flow rate and hematocrit.

Similarly to the linear setting, we introduce the diagonal selector matrices Bin, Bout ∈ Zn×n

to handle boundary nodes. The corresponding boundary vectors P and H collect the inlet and
outlet pressure and inlet hematocrit values, respectively.

The effective viscosity µ(D,H) varies with the local discharge hematocrit H and the diame-
ter of the vessel D, incorporating the F̊ahræus–Lindqvist effect. Moreover, the hematocrit field
evolves under the influence of a kinematic plasma skimming model, ensuring consistent RBC mass
conservation across bifurcations [9, 10, 13, 16]. The coupled nonlinear system is solved through a
fixed-point iterative scheme alternating between two subproblems: (i) a pressure-flow problem with
hematocrit-dependent viscosity and (ii) a convection-like problem for RBC transport governed by
pseudo-fluxes. This algorithm is illustrated in the following.

Blood flow with hematocrit-dependent viscosity Given an estimate of the hematocrit
values at each edge of the graph H = {Hi}mi=1 and the weights on the vertices wV

j = {P j , Hj}
and on the edges wE

i = {Di, Li}, we assemble the problem (3) with

RE
i = r(wi, Li) =

128µi(Di, Hi)Li

πD4
i

,

where resistances are calculated according to the empirical law of Pries et al. [29],

µi(Di, Hi) = µplasma

[
1 + (µ0.45,i − 1)

(1−Hi)
γi − 1

(1− 0.45)γi − 1

]
, (12)

where µplasma = 1 cP is the plasma viscosity, Li is the length of vessel i, and the parameters µ0.45,i

and γi depend on Di as:

µ0.45,i = 220e−1.3Di + 3.2− 2.44e−0.06D0.645
i ,

γi =
(
0.8 + e−0.075Di

) (
− 1 +

1

1 + 10−11D12
i

)
+

1

1 + 10−11D12
i

.

This problem is solved using the same matrix formulation as in the linear case, namely (3), with
hematocrit-dependent resistances.

Uneven hematocrit and convection formulation In the second stage of this scheme, we
update the hematocrit distribution throughout the network while preserving the mass of RBC.
The conservation of RBCs in a bifurcation involving one parent vessel (0) and two daughter vessels
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(1) and (2) can be expressed as follows (these are local indices, not to be confused with the global
numbering of the graph G):

Q(0)H(0) = Q(1)H(1) +Q(2)H(2). (13)

However, due to the strong nonlinear coupling between Q and H—especially through the
hematocrit-dependent viscosity law introduced in Eq. (12)—direct application of Eq. (13) across
large bifurcating microvascular networks can lead to numerical instability or nonphysical solutions.
To mitigate this, we introduce a virtual node potential H∗ at each bifurcation node [9]. This
reformulation allows plasma skimming to be posed as a linear convection problem over G, which
ensures the uniqueness and stability of the solution [39].

Let us formulate first the model locally, i.e. at the level of one bifurcation, and then extend it
to the graph level. The discharge hematocrit H(i) in each downstream daughter branch i = 1, 2 is
then determined by:

H(i) = λ(i)H
∗, (14)

where λ(i) is a kinematic plasma skimming coefficient. This coefficient captures the tendency of
RBCs to preferentially enter one daughter branch over another, and is defined as a function of

the ratio of daughter-to-parent diameters λ(i) =
(
D(i)/D(0)

)2/Md , where D(i) and D(0) are the
diameters of the daughter and parent vessels, respectively, and Md is the drift parameter. In this
work, we set Md = 5.25 based on physiological evidence.

Substituting Eq. (14) into Eq. (13) yields the following,

Q(0)H(0) = Q(1)λ(1)H
∗ +Q(2)λ(2)H

∗ = Q∗
(1)H

∗ +Q∗
(2)H

∗,

where the geometry-adjusted pseudo-fluxes Q∗
(i) are defined as Q∗

(i) = Q(i)λ(i). Solving for H∗

gives:

H∗ =
Q∗

(0)

Q∗
(1) +Q∗

(2)

H
∗
, (15)

where H
∗
is the hematocrit potential of the upstream node from which the parent vessel originates.

Equation (15) enables a topologically ordered computation of node hematocrit potentials across
the network. At inflow nodes, we prescribe H∗ = Hin and set λi = 1 for all incident edges. Once
all H∗ values are computed, the discharge hematocrits Hi along vessels are recovered via Eq. (14).

Let us now discuss how to formulate the previous algorithm at the global level, namely for
the entire graph G. The discrete convection equation for the vector of hematocrit node potentials
H∗ ∈ Rn can be expressed in matrix form:

N(Q∗)H∗ = N in(Q∗)H. (16)

The matrices N(Q∗), N in(Q∗) ∈ Rn×n are defined as:

N(Q∗) = C⊤ · diag(Q∗)J−CK − diag(BoutC⊤Q∗),

N in(Q∗) = −diag(BinC⊤Q∗),

where C is the incidence matrix of the graph and JXKij = max(Xij , 0) denotes the positive-part
operator.

In vascular confluences (e.g., venular unions), we set λ = 1 by definition. A more detailed
explanation of this discretization can be found in [16] and [39], where it is derived from a finite
volume formulation of convection in graphs. Once node potentials are determined, the hematocrit
values along the vessel segments are obtained by solving the following system,

H = ΛJ−CKH∗, (17)

where H ∈ Rm is the vector of hematocrits defined on edges and Λ ∈ Rm×m is a diagonal matrix
with the λi coefficients for each edge.

The full nonlinear model is then solved via fixed-point iterations, alternating between the
following steps:
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(i) computing the flow field Q based on hematocrit-dependent viscosity;

(ii) updating node potentials H∗ via Eq. (16) and recovering edge values H from Eq. (17).

The iteration is initialized with a uniform hematocrit field (e.g., Hi = 0.4) and repeated
until both flow and hematocrit fields converge. Convergence is typically achieved within 5–7
iterations, even for large networks. A key computational advantage of this approach is that the
convection matrix N(Q∗) is lower triangular when the nodes are ordered topologically with respect
to the flow direction. This guarantees that Eq. (16) has a unique solution, provided that no edge
flows vanish. The graph-based convection framework significantly improves numerical stability
compared to classical models based on recursive split rules [29, 30].

The linear and nonlinear models described above provide a rigorous computational framework
to simulate microvascular blood flow across a wide range of regimes. However, their direct ap-
plication to large ensembles of vascular graphs is computationally demanding, especially in the
nonlinear setting where iterative convergence is required.

4 Mathematical synthesis of vascular networks

The construction of surrogate models for microcirculatory flow requires access to physiologically
meaningful vascular graphs that can be efficiently handled in a digital setting. In this Section,
we focus on the generation of such networks, presenting two complementary approaches that
differ in terms of anatomical fidelity, computational cost, and scalability. Section 4.1 introduces a
fast geometry-based procedure that produces large collections of simplified but topologically rich
capillary networks, suitable for training data-driven surrogates. Section 4.2, instead, describes an
optimization-based strategy for image-based Cerebral Network Synthesis, which produces high-
fidelity cerebrovascular architectures that serve as rigorous benchmarks for validation. These two
approaches synergistically interact with the generation of GNNs-based surrogate models of blood
flow, as we train the GNNs on light vascular graphs obtained through the approach of Section 4.1,
while we test them on the anatomically accurate configurations of Section 4.2.

4.1 Fast generation of general-purpose synthetic capillary networks

The core of this algorithm uses Voronoi 3D tessellations and the Dijkstra algorithm to obtain
a graph Gs ∈ Zm×n that represents a viable vascular network. The procedure for generating
the synthetic networks can be summarized in the following steps: (i) generation of the vascular
network in a cubic domain; (ii) removal of all trifurcations; (iii) assignment of diameters; (iv)
rescaling the cube dimension to have a coherent Surface-to-Volume (S/V) ratio.

Vascular network generation. Synthetic vascular networks are generated within a unit cu-
bic domain, subdivided into three horizontal layers to introduce heterogeneity throughout depth.
In each layer, a point cloud is sampled according to a predefined density function, controlling
the spatial variation in vascular density. The aggregate point set is used as input for a three-
dimensional Voronoi tessellation, whose edges define the centerlines of the candidate vessel. Un-
feasible branches, e.g., isolated or highly tortuous segments, are subsequently removed through
filtering procedures. Inlet and outlet planes are then identified geometrically; points in proxim-
ity to these planes are projected onto them and connected via straight segments, establishing
well-defined boundary inflow and outflow conditions. The resulting vascular graph exhibits struc-
tural complexity and spatial variability, while preserving computational feasibility. The number
of outlets is about twice as many as the number of inlets.

Removal of trifurcations. Capillary networks can commonly be considered isotropic anas-
tomosing networks, whose vertices typically have up to three connections [7, 5]. To enforce a
tree-like topology and eliminate trifurcations, a shortest-path strategy is employed via Dijkstra’s
algorithm. Starting from selected inlet nodes, the algorithm traces minimal paths to designated
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outlet nodes, assembling a spanning structure that avoids cycles and guarantees flow feasibility.
Detected trifurcations are resolved by removing the shortest branch, inserting an auxiliary node
on the adjacent vessel, and reconnecting the remaining segments to preserve graph connectivity.

Assignment of diameters. Vessel diameters are assigned following a multi-stage algorithm.
Initially, diameters are drawn randomly, following a uniform distribution, to enable a prelimi-
nary solution of the linear flow model, which provides reliable orientation for topological sorting.
The maximum diameter is then assigned to the input segments and propagated downstream with
progressive attenuation at the bifurcation points. For Y-shaped bifurcations, a modified version
of Murray’s law is adopted, namely: r4 = 4

√
r41 + r42 as proposed in [1], to better represent mi-

crovascular scaling laws and mitigate overproduction of vessels of minimal diameter. Throughout,
a minimum and maximum diameter threshold is enforced. If r1 and r2 were known, r is found
applying the formula. On the other hand, if only r is known, r1 is randomly generated and then
r2 is calculated. In each computation, a check that the diameter is between a minimum and a
maximum value is performed.

Rescaling the cube dimension. As a final step, the domain size is rescaled to ensure a phys-
iologically realistic surface-to-volume (S/V ) ratio. Specifically, given the total vascular surface
S =

∑
i∈E πDiLi the cube volume V is adjusted such that S/V ≈ 7000,m−1, in alignment with

physiological observations. Figure 3 illustrates a representative output of the synthetic network
generator.

4.2 Anatomically accurate cerebral vascular networks

To evaluate the generalization capability of the proposed GNN surrogate, we test its perfor-
mance on anatomically accurate vascular networks generated through a constrained optimization
framework, named the image-based Cerebral Network Synthesis (iCNS) [20, 12], and encoded
by Ga ∈ Zm×n. These networks are constructed using an image-based extension of the Con-
strained Constructive Optimization (CCO) methodology, originally proposed for coronary arterial
tree synthesis [36, 17].

The CCO paradigm incrementally grows a vascular tree by connecting newly sampled terminal
nodes to existing segments of the network, solving at each iteration a constrained minimization
problem. The objective is to minimize the total volume of the tree as a function of the position of
the bifurcation x 7→ V (x), while enforcing global hemodynamic consistency in terms of continuity
of pressure and flow conservation between bifurcations. Formally, the problem can be cast as a
nonlinear optimization problem involving:

(i) topological decisions: the choice of the parent segment to which a new terminal node is
attached;

(ii) geometric optimization: the placement of the bifurcation point determining local segment
lengths and diameters.

Such a problem is intrinsically NP-hard due to the coupling between discrete (connectivity)
and continuous (geometry) variables. We refer the reader to Figure 3 for a visualization of these
optimization steps. To ensure anatomical fidelity, the iCNS method is constrained within volumet-
ric regions derived from imaging data, such as micro-CT or mouse brain atlases. These provide
anatomical priors that accommodate anatomical realism. Through recursive optimization, the
algorithm produces large-scale vascular networks that incorporate arterial, capillary, and venous
compartments. A final stage of microvascular closure connects the terminal arterial and venous
nodes with tortuous capillary segments, resulting in a fully physiologically connected and sta-
ble structure. The resulting graphs reproduce realistic morphometrics, including vessel density,
length distribution, diameter hierarchy, and topological depth, and are suitable for the validation
of microcirculatory flow models (Figure 3).
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Figure 3: Example of an anatomically guided synthetic arterial tree generated via iCNS, showing
the bifurcation optimization process in the CCO framework for each segment addition, adapted
from [20, 12].

5 Surrogate blood flow models based on GNNs

We introduce here four GNN configurations designed to approximate the parameter-to-solution
map S(G,W ) = UW = [UV ,UE ]⊤, for the blood flow models introduced in Section 3. Each
configuration differs in the complexity of its physical modeling and the composition of its loss
function, but all share the same set of input features defined on the nodes and edges of the graph.
Table 1 summarizes the features of the four GNN models that are described in what follows.

The GNN models are trained on ensembles of N synthetic vascular graphs Gs
k = (Vk, Ek), k =

1, ..., N , generated using the geometry-based procedure described in Section 4.1. Since these
vascular graphs can be created at a low cost and the blood flow models can be efficiently resolved
on these setups, this option simplifies the implementation of the supervised learning problem for
training the surrogate GNN models.

The input feature vector W̃ = [W̃V , W̃E ]⊤ contains geometric and physical quantities. Specif-
ically, the node features vector w̃V

j includes boundary pressures (P in
j , P out

j ) at inlet and outlet

vertices together with their extrema (max(P in), min(P out)). The edge features W̃E include the
vessel length Li and diameter Di. For the nonlinear rheology model, the hematocrit boundary
value H in is also included among the edge inputs. As a result, we have

w̃V
j = {P in

j , P out
j ,max(Pin),min(Pout)}, w̃E

i = {Di, Li, H
in}.

The output feature vector UW = [UV ,UE ] consists of the predicted nodal and edge quantities,
which, depending on the model, include pressure Pj , transformed velocity vi = Tv(Qi), and
hematocrit Hi. More precisely, from the calculated flow rates, we evaluate the corresponding blood
velocities along each segment of the vessel. To mitigate the skewness of the velocity distribution
and improve the numerical stability of the learning process, we introduce a logarithmic velocity
transformation Tv : R → R, defined as:

v := Tv(Q) =
sign(Q)

kv
log

(
1 +

4|Q|
πD2

)
, T −1

v (v) = sign(v)
πD2

4

(
ekv|v| − 1

)
,

where kv is an empirically chosen scaling constant. The inverse mapping T −1
v : R → R is used to

recover the physical flow rate values from the transformed representation. Comprehensively, the
output features of the nonlinear rheology model are the following:

uV
j = {Pj}, uE

i = {vi, Hi},

while in the linear models the hematocrit term Hi is not included among the outputs.
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Input Features

Symbol Description Type Models

Li Vessel length Edge feature 1–4

Di Vessel diameter Edge feature 1–4

P in
j , P out

j Inlet/outlet pressures Node feature 1–4

max(Pin), min(Pout) Maximum/Minimum boundary pressure Node feature 1–4

Hin Hematocrit boundary value Edge feature 4

Output Features

Pj Pressure Node feature 1–4

vi Transformed velocity Edge feature 2–4

Hi Hematocrit Edge feature 4

Table 1: Summary of input and output features for the GNN models.

5.1 GNN model variants

The configuration of the four GNN-based surrogate models is described in the following, with
increasing complexity from the simplest to the most complex and physically accurate model.

Model 1: Vanilla GNN (Linear Rheology, Pressure Only) This model approximates

only the nodal pressure field ÛV (θ∗) = P̂k(θ
∗) = Ŝ1(G

s
k, W̃k; θ

∗) ≈ SL(G
s
k,Wk), with ÛV ∈

Rnk , ÛE = ∅, on each graph Gs
k, using features:

w̃V
j = {P in

j , P out
j ,max(Pin),min(Pout)}, j = 1, . . . , nk, w̃E

i = {Di, Li}, i = 1, . . . ,mk.

Given labeled data Pk = S1(G
s
k,Wk) ∈ Rnk we use a mean-square supervised loss:

L(Ŝ1,U
W ; θ) = Lpressure(θ) =

1

N

N∑
k=1

1

nk

∥∥∥Pk − P̂k(θ)
∥∥∥2 .

The optimal parameters θ that describe the FFNN in every module of the GNN architecture are
determined by solving the following minimization problem (the total number of parameters for
this configuration, as well as for the following cases, is reported in Table 2):

θ∗ = argmin
θ∈Θ

L(Ŝ1,U
W ; θ).

Model 2: Data-Driven GNN (Linear Rheology, Pressure + Velocity) This configura-
tion extends the previous one by jointly predicting nodal pressures and edge velocities

[ÛV (θ), ÛE(θ)]⊤ = [P̂k(θ), v̂k(θ)]
⊤ = Ŝ2(G

s
k, W̃k; θ) ≈ SL(G

s
k,Wk),

using the same input features of Model 1. Given labeled data on nodes and edges [Pk,vk]
⊤ =

S(Gk,Wk) ∈ Rnk+mk , we retrieve the minimizer θ∗ of the loss that combines the two supervised
terms:

L(Ŝ2,U
W ; θ) = γDLpressure(θ) + (1− γD)Lvelocity(θ), γD ∈ [0, 1],

Lpressure(θ) =
1

N

N∑
k=1

1

nk

∥∥∥Pk − P̂k(θ)
∥∥∥2 , Lvelocity(θ) =

1

N

N∑
k=1

1

mk
∥vk − v̂k(θ)∥2 .
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Model 3: Physics-Informed GNN (Linear Rheology) In this model, we incorporate
physics-based regularization to enforce the constitutive and conservation relations of the flow
problem. The GNN predicts both nodal pressures and edge velocities in all nodes and edges of
the vascular graph,

[ÛV (θ), ÛE(θ)]⊤ = [P̂k(θ), v̂k(θ)]
⊤ = Ŝ3(G

s
k, W̃k; θ) ≈ SL(G

s
k,Wk),

and is trained by minimizing a composite loss that combines data fidelity and physical consistency:

L(Ŝ3,U
W ; θ) = δLdata(θ) + (1− δ)Lphysics(θ), δ ∈ [0, 1].

The supervised term Ldata is identical to Model 2, while the physics-informed component is defined
as

Lphysics(θ) = γPLconstitutive(θ) + (1− γP )Lmass(θ), γP ∈ [0, 1].

The two physical residuals read:

Lconstitutive(θ) =
1

CP

1

N

N∑
k=1

1

mk

∥∥∥C P̂k(θ)−RET −1
v (v̂k(θ))

∥∥∥2 ,
Lmass(θ) =

1

CM

1

N

N∑
k=1

1

nk

∥∥(I −Bin −Bout)C⊤T −1
v (v̂k(θ))

∥∥2 ,
where CP = 35mmHg and CM = 106 are normalization constants. This formulation enforces the
Poiseuille constitutive law at the edges of the vascular network and conservation of mass at the
junctions of the network.

Model 4: Physics-Informed GNN (Nonlinear Rheology) This most comprehensive con-
figuration extends the previous model by accounting for nonlinear viscosity and hematocrit-
dependent effects. The network outputs nodal pressures, edge velocities, and hematocrit levels,

[P̂k(θ), v̂k(θ), Ĥk(θ)]
⊤ = Ŝ4(G

s
k, W̃k; θ) ≈ SN (Gs

k,Wk).

The total loss function extends that of Model 3 by including hematocrit-dependent terms in both
data-based and physics-based components. The data-based contribution reads:

Ldata(θ) =
γD1

+ γD2

2
Lpressure(θ) +

1− γD1

2
Lvelocity(θ) +

1− γD2

2
Lhematocrit(θ),

with γD1 , γD2 ∈ [−1, 1], γD1 + γD2 ≥ 0, and where

Lhematocrit(θ) =
1

N

N∑
k=1

1

mk

∥∥∥Hk − Ĥk(θ)
∥∥∥2 .

The physics-informed term includes the nonlinear resistance RE(Ĥ) and the hematocrit-weighted
conservation residuals:

Lphysics =
γP1 + γP2

2
Lconstitutive +

1− γP1

2
L(1)
mass +

1− γP2

2
L(2)
mass,

with γP1
, γP2

∈ [−1, 1], γP1
+ γP2

≥ 0, and where

Lconstitutive(θ) =
1

CP

1

N

N∑
k=1

1

mk

∥∥∥C P̂k(θ)−RE(Ĥk(θ))T −1
v (v̂k(θ))

∥∥∥2 ,
L(1)
mass(θ) =

1

CM

1

N

N∑
k=1

1

nk

∥∥(I −Bin −Bout)C⊤T −1
v (v̂k(θ))

∥∥2 ,
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Model Rheology # Param. Loss hyperparam. L2 pres. error L2 vel. error

Model 1 Linear 31,144 – 2.83% –

Model 2 Linear 73,992 δ = 1, γD = 0.4 5.77% 37.2%

Model 2 Linear 73,992 δ = 1, γD = 0.5 2.46% 17.7%

Model 2 Linear 73,992 δ = 1, γD = 0.6 3.04% 21.5%

Model 3 Linear 73,992 δ = 0.5, γD = 0.85, γP = 0.5 2.54% 21.7%

Model 3 Linear 73,992 δ = 0.5, γD = 0.9, γP = 0.5 2.20% 18.5%

Model 3 Linear 73,992 δ = 0.5, γD = 0.95, γP = 0.5 3.10% 28.9%

Model 4 Nonlinear 74,007 δ = 0.5, γD1
= γD2

= 0.65, γP1
= γP2

= 0.65 3.79% 24.7%

Model 4 Nonlinear 74,007 δ = 0.5, γD1
= γD2

= 0.75, γP1
= γP2

= 0.75 2.26% 14.1%

Model 4 Nonlinear 74,007 δ = 0.5, γD1
= γD2

= 0.85, γP1
= γP2

= 0.85 3.97% 33.5%

Table 2: Architecture size, rheology, loss-weight sensitivity, and test errors for the GNN models.
Highlighted rows indicate the selected hyperparameter configurations used in the numerical ex-
periments.

L(2)
mass(θ) =

1

CM

1

N

N∑
k=1

1

nk

∥∥∥(I −Bin −Bout)C⊤(Ĥk(θ)⊙ T −1
v (v̂k(θ))

)∥∥∥2 .
Here, the term L(2)

mass ensures hematocrit-weighted flow conservation, while the nonlinear depen-
dence RE(Ĥ) captures the F̊ahræus–Lindqvist viscosity effect along each edge.

5.2 Numerical setup

Training and evaluation of GNNmodels are carried out using synthetic vascular networks generated
by the algorithm detailed in Section 3. We generate a dataset of N = 1200 graphs with randomized
topology and geometry, partitioned as follows: (i) Training set: Ntrain = 960 graphs; (ii) Validation
set: Nval = 120 graphs; (iii) Test set: Ntest = 120 graphs.

Each network comprises approximately 300 nodes and 400 edges, with 25 to 40 inlets located
at the top surface of the domain, corresponding to about 50–80 outlets. Boundary pressures are
randomly sampled within physiological ranges, and all internal quantities are normalized to [0, 1]
to ensure numerical stability.

The GNN model employs the Gaussian Error Linear Unit (GELU) as activation function and
is trained using a processor composed of 30 message passing steps. Each message-passing layer
includes 7 hidden layers, with skip connections introduced every 3 layers to enhance gradient
propagation and model stability. Given these choices and considering the number of features, the
number of trainable parameters is shown in Table 2. The hyperparameters appearing in the loss
function have been heuristically chosen to optimize the training process. A sensitivity analysis of
such parameters is also reported in the same Table.

Each GNN model is trained using the Adam optimizer, with an initial learning rate of 10−3,
decreased by a factor of 10 after 10 consecutive validation epochs without improvement. Training
is stopped early if no improvement is observed for 25 epochs. We use a batch size of 1 (graph-level
batching) and train for a maximum of 500 epochs. All experiments were performed on an NVIDIA
GeForce RTX 4090 supported by an Intel Core i9-14900HX CPU with 64 GB RAM.

A GitHub repository is available (github.com/piermariovitullo/GNN-demo/), providing a
plug-and-play demonstration of the GNN surrogate model and offering a minimal yet functional
pipeline to reproduce selected simulations. It includes tools for loading vascular graphs, assembling
the hydraulic system, solving the linear flow model, and evaluating GNN-based predictions of
pressure and velocity.

6 Numerical tests on GNN surrogate models

This section presents a detailed numerical investigation of the GNN-based models to evaluate their
ability to accurately reproduce microvascular blood flow in a variety of four configurations and
modeling complexities that are detailed in the following. The focus is on predicting the pressure,
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Figure 4: Visual comparison of pressure, velocity and hematocrit solutions (left, center, right
panels, respectively) for GNN Model 4 (top), compared with the respective high-fidelity approx-
imations (bottom). In this test case, the L2 pressure, velocity and hematocrit GNN errors are
respectively 2.55%, 16.02% and 4.14%.

velocity and hematocrit distributions under linear and nonlinear rheological laws using the models
of Section 5.

6.1 GNN tests on general-purpose capillary networks

We now assess the generalizability of the four GNN models introduced in Section 5 on a set of
unseen vascular graphs, focusing on their ability to predict pressure, velocity and hematocrit fields
beyond the training distribution. To quantify the accuracy of the model, we compute the mean
relative Lp-error, p = 1, 2, with respect to the high-fidelity (FOM) solutions for the predicted
pressure, velocity and hematocrit fields. The L2-error is consistent with the norm used in the
loss function, and the L1-error is a weaker norm for which lower error levels are expected. For a
generic output UW = [UV ,UE ]⊤ and for each testing graph Gs

k, we define

ε∗k =
∥U∗

k − Û∗
k∥p,∗

∥U∗
k∥p,∗

× 100, and ε∗ =
1

Ntest

Ntest∑
k=1

ε∗k, p = 1, 2, ∗ = V,E,

where ÛW
k denotes the GNN prediction and ε∗ the average error on all the graphs tested.

The corresponding values are summarized in Table 3 showing that the surrogate models com-
prehensively provide a good approximation. For further insight, the visual comparison of the
high-fidelity and surrogate solutions shown in Figure 4 is not particularly informative. A quanti-
tative analysis of the error distribution in the case of Model 4 is reported in Figure 5, where we
show the empirical distributions of pressure, velocity, hematocrit and RBC mass balance errors.
The pressure error is strongly concentrated around small values and remains relatively well con-
trolled across the network. By contrast, the velocity error displays a broader distribution, with a
heavier tail associated with a smaller subset of vessel segments. The systematically larger velocity
error reflects the different mathematical roles of pressure and velocity in the graph hemodynamic
model. Pressure is a nodal potential governed by an elliptic, graph-Laplacian-like balance law;
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Model Quantity Training (L1/L2) Validation (L1/L2) Test (L1/L2)

Model 1
Pressure 2.11 / 2.95 2.19 / 2.94 2.20 / 2.83
Velocity – / – – / – – / –
Hematocrit – / – – / – – / –

Model 2
Pressure 1.93 / 2.46 1.95 / 2.48 1.94 / 2.46
Velocity 12.5 / 17.0 12.7 / 17.3 12.6 / 17.7
Hematocrit – / – – / – – / –

Model 3
Pressure 1.66 / 2.21 1.72 / 2.29 1.65 / 2.20
Velocity 13.8 / 18.0 14.1 / 18.6 13.9 / 18.5
Hematocrit – / – – / – – / –

Model 4
Pressure 1.65 / 2.26 1.68 / 2.31 1.64 / 2.26
Velocity 13.5 / 13.3 13.7 / 13.9 13.7 / 14.1
Hematocrit 2.59 / 3.75 2.60 / 3.76 2.59 / 3.75

Table 3: L1 and L2 relative errors (%) w.r.t. the FOM solution for pressure, velocity, and hemat-
ocrit on training, validation, and test sets.

therefore, local prediction errors tend to be smoothed by the global network coupling and by
the mass-conservation constraint. By contrast, velocity is an edge quantity derived from local
pressure drops, resistances, and vessel diameters. Since resistance scales as D−4 and velocity
scales as Q/D2, small errors in pressure differences, flow rates, or local geometric features may
be amplified at the edge level, especially in small-diameter vessels. This explains why pressure
errors remain concentrated near small values, whereas velocity errors show broader distributions
and heavier tails. The hematocrit error is concentrated at small values, while the bifurcation
residual is sharply peaked near zero, with only a mild tail. This indicates that the surrogate cap-
tures hematocrit partitioning accurately in most vessels and preserves RBC flux conservation at
bifurcations. We have performed additional investigations on the dependence on vessel diameter
and topological distance from the nearest inlet (not shown). Error stratification data show that
pressure error slightly increases in the small-diameter regime, where the solution is more sensitive
to local geometric variations and to the stronger diameter dependence of the effective resistance.
In addition, the pressure error tends to increase with the topological distance from the nearest
inlet. Although the message-passing architecture exchanges information symmetrically across the
graph, the target hemodynamic map remains inherently directional, being primarily organized by
flow orientation from inlet to outlet. Note that this effect only appears in the general-purpose
synthetic capillary networks, characterized by a uniform architecture that does not allow us to
discriminate between arterioles, capillaries and venules.

Figure 6 reports the L2 mean relative pressure and velocity errors across the testing set for
the four models (1–4). The evaluation is carried out in an out-of-sample regime: the models were
trained on vascular networks whose complexity, measured by the number of inlet nodes located
on the upper surface of the domain, ranged between 25 and 40 (as indicated by the gray band in
Figure 6). The tests were then carried out on 17 additional vascular graphs, characterized by a
number of inlets varying from 20 up to 100, with each configuration containing twice as many outlet
nodes as inlets. The results highlight three main aspects. All GNN models exhibit stable accuracy
far beyond the training window, effectively generalizing to vascular networks whose geometric
complexity spans from 20 to 100 inlet nodes. This holds consistently for pressure and velocity
fields, confirming the robustness of the learned parameter-to-solution map S : (G,W ) 7→ UW

to large variations in graph topology. However, we note that, despite the increasing geometric
complexity, the global hemodynamic regime remains coherent across all test graphs. This is
confirmed by the near-constant depth of the networks—measured as the average number of nodes
from inlets to outlets—whose weak dependence on the inlet count suggests that the flow regime
is physically comparable across test configurations (not shown). Finally, the physics-informed
models (Model 3 and 4) maintain low residuals for constitutive and mass-balance laws throughout
the entire testing range. More precisely, these metrics are defined as Lconstitutive and Lmass for
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Figure 5: Distributional error analysis (truncated at the 99th percentile for better visualization)
on the general-purpose vascular networks. Top row: empirical densities of the relative pressure
and velocity errors. Bottom row: empirical density of the relative hematocrit error and of the

RBC mass-balance residual at bifurcations.

Model 3 and Lconstitutive, L(1)
mass, and L(2)

mass for Model 4, in Section 5. These residuals remain small
in all configurations, as shown in Figure 6 (bottom panel). Overall, these results demonstrate that
the proposed GNN architectures not only reproduce local flow quantities with high accuracy but
also preserve the global physical structure of the problem, providing reliable predictions across a
wide spectrum of vascular geometries.

To evaluate the generalization capability of the proposed GNN surrogate model, we test its
performance on a set of anatomically realistic vascular networks generated using the methodology
introduced in Section 4.2. In contrast to the synthetic graphs used for training, these cerebral
networks are significantly more complex, both topologically and morphologically. In particular,
physiological plausibility, hierarchical branching, and image-informed spatial constraints are now
enforced.

We consider four synthetic networks representing the cortical circulation of the mouse brain,
generated using algorithms developed in [12, 13, 20]. We name these graphs with the following
labels: S1.101, S2.102, S3.101, and S4.102, and we refer to Table 4 for a detailed description of
their characteristics. These networks faithfully reproduce the statistical morphometric properties
observed in two-photon laser scanning microscopy (2PLSM) datasets of mouse somatosensory
cortex [5, 12, 20]. Below, we provide a biological overview of their structure and functional roles.

Each vascular network represents an anatomically realistic reconstruction of the murine cortical
microcirculation, encompassing interconnected pial arteries, penetrating arterioles, capillaries, and
venules generated through the image-based Cerebral Network Synthesis (iCNS) framework [13].
The pial arteries distributed across the cortical surface serve as primary inflow routes, giving rise
to 12–14 penetrating arterioles per mm2, consistent with morphometric measurements [5]. These
vessels descend nearly orthogonally into the cortex, feeding a dense capillary plexus generated by
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Figure 6: Pressure (top-left) and velocity (top-right) L2 relative error comparison between the
different models. Physics-based residuals of the constitutive law (bottom-left) and the mass bal-
ance law (bottom-right). The gray band highlights the interval of number of inlet nodes where
the training data are located. These data show the ability of the model to generalize well beyond
the vascular complexity of the training dataset.

a microvascular closure algorithm that guarantees topological continuity between the arterioles
and venules. The capillary segments display diameter-dependent tortuosity (ranging from 1.1 to
1.8 for d < 150µm), reproducing the geometric variability and flow dispersion observed in vivo.
Downstream, post-capillary venules, and ascending veins collect blood and connect to pial veins
that drain into the cortical sinuses, with venular densities between 13 and 39 per mm2, matching
empirical data. Morphometric analysis confirms that segment counts (∼ 11,500 mm−3), as well
as global quantities such as total vascular length, surface area, and volume, fall within the ranges
reported for two-photon laser scanning microscopy (2PLSM) datasets of mouse somatosensory
cortex [13].

Each network includes one inlet and one outlet node, representing the arterial and venous ends,
respectively. To ensure consistency with the training setup, we automatically detect additional
inlet and outlet nodes, assigning as inlets all vertices belonging to vessels with diameters greater
than 12µm starting from the main arterial node and analogously on the outlet side. We then
prescribe the boundary pressures to solve the high-fidelity linear problem (10). These anatomical
networks provide physiologically consistent digital analogs of cerebral microcirculation, suitable for
evaluating the generalization capabilities of the proposed GNN surrogates on realistic geometries.

6.1.1 Tests on linear blood flow models

Without retraining or fine-tuning the model, we apply GNN Model 3 to predict pressure fields
over these domains. The results are summarized in Table 5.

Despite the large complexity gap and the anatomical specificity of the test domains, the sur-
rogate model achieves an L2-relative error of less than 10.5% in all cases. Moreover, it produces
these predictions in under 30 milliseconds, offering a remarkable speed-up compared to the corre-
sponding full-order solver times, which are on the order of 1 second. These findings demonstrate
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Network ID S1.101 S2.102 S3.101 S4.102
Number of nodes 66,090 88,286 151,626 154,466
Number of segments 65,489 87,545 150,812 153,720
Average diameter [µm] 5.72 5.85 5.67 5.59
Mean segment length [µm] 40.1 39.6 41.0 38.8
Capillary density [segments/mm3] 11,300 11,500 11,600 11,400
Total network length [mm] 89.6 113.4 209.8 211.7
Total surface area [mm2] 5.41 7.12 13.21 13.48
Total volume [mm3] 0.215 0.287 0.534 0.549

Table 4: Morphometric properties of the four anatomically accurate mouse cortex networks used
for the GNN generalization tests. These values are derived from the topological and geometric
analysis of the synthesized graphs based on the CCO and microvascular closure algorithms.

Network 1 2 3 4

Pressure error (L1/L2) 5.06 / 6.34 8.31 / 10.49 7.64 / 8.80 6.07 / 7.75
Nodes 66090 88286 151626 154466

Solver time 0.43s 0.56s 1.13s 1.32s
GNN time 23.32ms 27.01ms 28.39ms 26.58ms

Table 5: L1 and L2 relative pressure error estimates (%) for different anatomical vascular geome-
tries, tested on the linear blood flow model compared with GNN model 3.

that the GNN surrogate, although trained solely on abstract capillary graphs with no anatomical
fidelity, is capable of extrapolating to large, biologically realistic domains.

6.1.2 Tests on nonlinear blood flow models

We now assess its ability to generalize to nonlinear microvascular blood flow governed by hematocrit-
dependent rheology. The resulting nonlinear system must be addressed using iterative techniques,
i.e. the fixed-point iteration strategy described in Section 3.1.2, in which the nonlinear terms are
treated using a nested loop approach. Precisely, the hematocrit field is held fixed while solving
the linearized pressure and flow problem, and then updated via flow-dependent phase separation
laws. Convergence is monitored by tracking changes in hematocrit between successive iterations.

In this test, we deploy GNN Model 4, trained exclusively on synthetic capillary networks
with nonlinear rheology, on anatomically realistic cerebral networks. The surrogate is tasked
with predicting nodal pressure, edge velocity, and hematocrit distributions without retraining or
adjusting. We present the results in Figure 7 and summarize them in Table 6.

The surrogate model tested on nonlinear blood flow models achieves a L2-relative error of less
than 9.5% in all cases. We observe comparable computational evaluation costs with respect to the
linear case, consequently offering a significant speed-up compared to the fixed-point method-based
solver, employed for the high-fidelity model.

Figure 7 (bottom row) suggests that the pressure error is not uniformly distributed across the
anatomically realistic mouse networks, as the arteriolar and venular segments of the network sys-
tematically show errors larger than the average. A more detailed analysis is reported in Figure 8
where vascular labels (Capillaries; Arteries/Arterioles; Veins/Venules) are used in the error distri-
bution plot. The left panel shows that errors are smallest in capillaries and larger in arterial and
venous compartments, with the proximal arterial and distal venular sides being the most challeng-
ing regions. Consistently, the right panel of Figure 8 shows that the error directly correlates with
∆P ·Q, which represents the rate of mechanical energy dissipation along each vessel segment. More
precisely, we see that ∆P ·Q sharply increases when it overcomes a threshold (log(∆P ·Q) ≈ 12).
This indicates that the surrogate is less accurate in segments undergoing larger energetic loads,
typically located near the inflow or outflow side of the network. By comparing these results with
those obtained for generic capillary networks, we infer that, in anatomically realistic vascular net-
works, the error is mainly linked to the vessel hierarchy within the vascular tree. This occurs
because the GNN models are attempting to predict microvascular flow under conditions where
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Figure 7: Pressure prediction and spatial distribution of the error for Network S1.101 in the
nonlinear blood flow model. Top row: reference pressure field (left), absolute pressure error
(center), and GNN-predicted pressure field (right). Bottom row: (left) visualization of the ar-
terial/arteriolar (red) and venous/venular compartments (blue), and spatial distribution of the
largest relative pressure errors (right).

this hierarchical information is important, even though they were not trained with it.

6.2 Discussion

The results presented in this section demonstrate the ability of the proposed GNN framework to
accurately approximate hemodynamic quantities on complex vascular networks while maintain-
ing strong generalization properties across unseen topologies. Unlike traditional reduced-order or
regression-based surrogates, which often rely on fixed connectivity or explicit graph parametriza-
tions, the adopted message-passing formulation enables the model to operate directly on variable
graph structures, making it inherently adaptable to different vascular architectures. Incorporating
physics-informed loss terms further enhances the robustness of the surrogate model. By enforc-
ing local mass conservation and constitutive relations linking pressure, velocity, and hematocrit,
the proposed GNNs achieve not only low data-driven error but also strong physical consistency
across a broad range of vascular configurations. This dual data- and physics-driven learning
paradigm effectively regularizes the training process, improves the extrapolation capability, and
reduces unphysical artifacts in the predictions. More precisely, it delivers accurate predictions
for pressure, velocity, and hematocrit in vascular domains with more than 150,000 segments, or-
ders of magnitude more complex than any in the training set, while achieving inference times
below 30 milliseconds. In fact, a major advantage of this approach lies in its efficiency. Once
trained on a representative but computationally inexpensive set of graphs, the GNN provides
near-instantaneous evaluations of the parameter-to-solution map, bypassing the need to repeat-
edly assemble and solve large nonlinear systems that describe flow and transport in microvascular
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Network 1 2 3 4

Pressure error (L1/L2) 6.08 / 8.06 6.56 / 9.36 6.09 / 9.14 5.75 / 7.65
Nodes 66090 88286 151626 154466

Solver time 4.29s 7.82s 13.52s 22.53s
GNN time 23.32ms 22.01ms 28.35ms 29.51ms

Table 6: L1 and L2 relative pressure error estimates (%) for different complex vascular geometries,
tested on the nonlinear blood flow model compared with GNN model 4.
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Figure 8: Spatial and structural error analysis for pressure on the anatomically realistic mouse
cortical networks. Left Panel: pressure error density stratified by vascular compartment. Right
Panel: variation of mean relative pressure error with the logarithm of the local hydraulic power
dissipation.

networks. This represents a significant computational gain compared to conventional high-fidelity
solvers, whose cost scales unfavorably with network size and stiffness induced by nonlinear rheo-
logical effects. Thus, the proposed GNN approach enables the deployment of blood flow models
in anatomically accurate geometries such as whole mouse or human brain cortex models [21].

7 Conclusions

This work introduces a physics-informed GNN framework for efficient simulation of microvas-
cular blood flow. The surrogate model is trained on a large dataset of synthetically generated
vascular graphs that capture generic capillary features, and is rigorously tested on high-fidelity,
anatomically accurate cerebrovascular networks representative of the mouse cortex.

We propose a two-tiered strategy that balances scalability and physiological realism. General-
purpose vascular graphs generated via Voronoi tessellations provide a computationally inexpensive
means of producing large, diverse training data. Anatomically constrained networks offer a chal-
lenging testbed to validate the surrogate’s extrapolation capabilities. These networks include
complex topological features, heterogeneous vessel properties, and biological realism that cannot
be achieved with heuristic generators. The GNN surrogate, trained solely on the former class of
networks, demonstrates strong generalization capabilities when applied to the latter. Our find-
ings emphasize three key strengths of the proposed approach: (i) Topology-aware modeling: the
graph-based architecture enables flexible learning across diverse vascular structures, supporting
application to different organs and pathological conditions; (ii) Physics-informed learning: incor-
porating domain knowledge into the loss function improves prediction accuracy, mass conservation
and rheological fidelity, and mitigates overfitting to synthetic patterns; (iii) Scalable inference: the
trained GNN surrogate enables real-time prediction on large-scale microvascular networks, offering
potential for integration into multiscale simulation pipelines and digital twin frameworks. Despite
these strengths, current limitations include the restriction to steady-state flow and the assumption
of impermeable, non-leaky vessels. Velocity and hematocrit predictions are also more sensitive to
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domain shifts, particularly in the presence of strong nonlinearities or unusual branching patterns.
Future work will focus on extending the learning framework introduced here in the context of

capillary flow (where blood motion is well described by a stationary regime dominated by diffu-
sive mechanisms) to the case of arteriolar flow, where the regime is pulsatile. In this case, the
governing equations, the physical principles, and the resulting mathematical models differ sub-
stantially from those of capillary flow [2, 22]. For example, arterioles are accurately described
by one-dimensional hyperbolic systems for pressure, flow, and cross/sectional area. The ongoing
extension of the present methodology to the pulsatile setting is the subject of a dedicated study,
whose preliminary results developed in [4] are promising. Importantly, it confirms that the tran-
sition from capillaries to arterioles introduces substantial conceptual and numerical differences.
Primarily, in pulsatile flow, the hierarchical organization of the vascular network becomes a key
input feature in the learning architecture. However, despite these differences in the underlying
physics, the formulation of the computational learning problem remains conceptually analogous:
in both cases, the hemodynamic state is represented on a graph, and a GNN can be designed
to approximate the associated parameter-to-solution map. The message-passing mechanism, the
encoder–processor–decoder architecture, and the treatment of nodal and edge variables remain
essentially unchanged, demonstrating the flexibility and robustness of the GNN framework across
different flow regimes.

These observations reinforce the relevance and generality of graph-based surrogate models for
hemodynamics, and show that the framework developed in this paper forms a solid foundation for
future extensions to more complex vascular regimes.
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