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Abstract

We consider a two-dimensional piecewise C2 domain that cuts through a quasi-uniform fixed
polygonal background mesh, for instance made of quadrilaterals. A simple procedure based
on convex hulls gives rise to a rather small number of polygonal boundary elements of various
shapes, including elements with small edges and large aspect ratios; this is the computational
mesh for a virtual element method (VEM), a trimmed background mesh. We classify all possible
geometric configurations and study their stability and approximability properties. This entails
deriving robust stabilization mechanisms and interpolation estimates for anisotropic elements and
elements with small cuts, as well as a weak maximum principle for enhanced virtual elements;
these contributions have intrinsic interest for VEM theory on geometric flexibility. We prove
that the resulting VEM is uniformly stable in H1, and also show optimal order-regularity error
estimates in H1 and L2. Insightful numerical experiments corroborate and complement our
theory. The proposed method is suitable for treating ALE formulations of problems in moving
domains.
2020 Mathematics Subject Classification: 65N30, 65N50

1 Introduction

Accurately discretizing partial differential equations (PDEs) in domains with complex geometries
or interfaces is crucial for many applications. One important example is fluid-structure interaction
problems, which are ubiquitous in engineering. They are typically governed by (nonlinear) PDEs
posed on domains that evolve in time and exhibit large deformations. The Arbitrary Lagrangian
Eulerian (ALE) formulation is a popular computational technique that approximates the PDEs on
a domain-fitted shape-regular mesh (Eulerian approach) but allows the mesh to deform together
with the domain (Lagrangian approach), see for instance [30]. This marriage of conceptually dis-
tinct approaches requires extending the velocity of the domain boundary inside the domain so as to
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avoid mesh distortion. This is a delicate matter because none of the existing techniques can guar-
antee robust mesh regularity and often require remeshing, especially in dealing with large domain
defomations.

The Virtual Element Method (VEM) is a relatively new discretization paradigm for PDEs
which, in contrast to popular Finite Element Methods (FEMs), allows for general polytopal meshes
[12, 13, 10, 3, 36]. Ever since its inception, the VEM has been recognized in both the mathematics
and engineering communities for its flexibility and robustness with respect to mesh design and
handling [45, 43, 28, 49, 17, 7, 48, 4].

Our overall goal is to exploit this geometric flexibility of VEMs for ALE formulations in 2d. We
assume that we have a fixed polygonal background mesh, for instance made of rectangular cells, that
is sufficiently fine to resolve features of the domain boundary; we do not include possible adaptive
mesh refinement in our study. We further assume that the domain boundary is composed by C2 arcs
connected via break points, thereby forming corners, and that their evolution is given a priori by a
smooth geometric law; we do not consider topological changes. At each time instant, the domain
boundary cuts the background mesh into elements of various shapes, including anisotropic and
relatively small objects. Such elements give rise to boundary polygons, by a simple procedure based
on convex hulls; a finite, rather small, number of distinct configurations may arise, as illustrated in
Fig. 1 below. These polygons together with the elements of the background mesh fully contained
in Ω̄ form our computational mesh, which we call a trimmed background mesh. The mesh nodes fit
the C2 parts of the boundary, not necessarily the break points.

The advantage of this VEM-ALE approach, relative to traditional FEM-ALE approaches, is
that the only elements undergoing geometric distortions produce boundary elements, which can
be classified and handled separately in terms of stability and approximability. This avoids the
two bottlenecks of FEM-ALE approaches, namely suitably extending the boundary velocity to
maintain mesh regularity and dealing with remeshing. However, the success of our approach hinges
crucially on quantitative understanding of the asymptotic behavior of VEM under extreme geometric
situations such as anisotropy, small elements and small edges. While nowadays there is a strong
theoretical background on dealing with small edges [15, 20, 16, 42], rigorous results for anisotropic
polygons are still limited [24, 25], in particular not sufficient for our purposes of studying stability
and accuracy of VEM-ALE.

Therefore, in this paper we fill in this gap and examine simpler stationary problems that exhibit
the main geometric difficulties of time-dependent ALE formulations, and develop tools applicable
to VEM-ALE, which we will be the focus of our paper [11]. To this end, we consider the elliptic
coercive boundary value problem

−∇ · (µ∇u) + b · ∇u+ σu = f in Ω, (1.1a)

u = 0 on ∂Ω, (1.1b)

whose domain boundary ∂Ω is made of N C2-arcs γj connected by break points zj . The low
regularity of u near corners suggests a discretization of the problem by virtual elements of order
one. Our main contributions are as follows:

• Cutting rule: We propose a simple recipe based on convex hulls to cut elements of the struc-
tured background mesh traversed by ∂Ω. This rule allows for a sistematic classification of
shapes and extends to 3d.

• Anisotropic elements: Mesh cuts can give rise to polygonal elements with very large aspect
ratios. Exploiting that at least one node belongs to ∂Ω we develop novel sharp H1 and L2

interpolation error estimates.
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• Stabilization: We develop a new stabilization technique for quadrilaterals which is robust with
respect to anisotropies.

• Weak maximum principle: We show that the elementwise L∞-norm of functions in an ‘en-
hanced’ VEM space is controlled up to a multiplicative constant C by the L∞-norm on the
element boundary, where C may depend on the element shape. We provide examples of classes
of polygons for which this constant is shape-independent. L∞ estimates are instrumental for
the developments in this paper, but are also of intrinsic general interest for VEM theory.

• Realistic regularity: The L2-based regularity of the solution u of (1.1) on a 2d domain Ω
with corners zj is known. We exploit asymptotic expressions for u near zj to derive sharp
local interpolation estimates in H1 and L2. It is worth stressing that the VEM mesh is not
conforming with respect to the break points zj , due to the cutting strategy, thereby leading
to errors rarely quantified in the literature.

• Stability and approximation: We develop an analysis based on abstract assumptions, which are
subsequently verified for our VEM. This leads to L2 and H1 error estimates for the Galerkin
solutions which turn out to be sharp relative to the underlying regularity of the solution u
and boundary ∂Ω.

• Numerical experiments: We present computational results that not only corroborate theory
but also extend it. We discuss quantitative estimates of the effect of anisotropy on the error
estimates and condition number of the resulting linear systems.

Dealing with structured (e.g. cartesian) grids cut by ∂Ω is not a new idea. It is central to unfitted
discretization methods which allow the boundary or interface to be represented independently of the
computational mesh. A brief literature overview of unfitted methods follows: immersed boundary
method (IBM) [40, 47] and [19, 18]; fictitious domain method [34, 33]; boundary penalty method:
[8]; volume penalty method [39]; extended finite element method (XFEM) [41, 32]; immersed finite
element method (IFEM) [50]; Cut-FEM [9, 21, 27] and the overviews [22, 23]; transfer path method
[29]; shifted boundary method [38, 6] ϕ-FEM [31]; finite cell method [44]. All these methods deal
with a background grid, and simplify mesh generation, but bring additional challenges such as
accurate imposition of boundary and interface conditions, integration over elements intersected by
the boundary, and ensuring stability and well-conditioned linear systems.

Our VEM method for (1.1) is not formally an unfitted discretization because boundary nodes
belong to ∂Ω, except for break points zj which generically are not nodes. Our cut elements are
admissible within the VEM framework and do not require special treatment regarding integration.
Moreover, essential boundary conditions can be imposed on the VEM space thereby bypassing
weak imposition of Dirichlet conditions via Nitsche’s method, penalty method, or the method of
multipliers. However, the robustness of VEM with respect to extreme geometric conditions, such
as large anisotropies and small cuts, is essential for its competitiveness and range of applicability.
Studying these issues is the principal objective of this paper.

The paper is organized as follows. Section 2 presents the boundary-value problem of interest,
describes the structure of the solution in the presence of corners, and discusses its extension outside
the domain where the problem is set, needed to handle the discrepancy between the exact and
computational domains. In Sect. 3 we describe how the virtual element mesh is derived from
a given background mesh, next we introduce the virtual element spaces and forms, and finally
present our discretization method. Sect. 4 is devoted to the study of the stability and convergence
of the method, under abstract assumptions on the robustness with respect to the element shapes
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of the VEM stabilization form and the interpolation and projection errors. Optimal and robust
error estimates are established in both H1 and L2 norms; a key ingredient in the analysis is the
study of the domain error. The three subsequent sections lead to the verification of the abstract
assumptions in the important case of a Cartesian background mesh. Precisely, Sect. 5 proves a
generalized maximum principle for ‘enhanced’ virtual element functions, a result instrumental to
the subsequent analysis but of intrinsic interest in the theory of Virtual Element Methods. Sect. 6
suggests the choice of shape-robust stabilization forms for all the possible types of elements in
our meshes, whereas in Sect. 7 we prove robust approximation results, in both cases of regular
and non-regular solutions. Sect. 8 presents various numerical results, which enrich our theoretical
analysis with a quantitative insight, and add further information on other features of the method.
Conclusions and perspectives are contained in Sect. 9.

2 The Elliptic Problem

Let Ω ⊂ R2 be a bounded domain whose Lipschitz boundary satisfies the following conditions:

• ∂Ω is a piecewise-C2 manifold: precisely, it is the union of N ≥ 1 C2 arcs of curve γj , 1 ≤
j ≤ N , such that

B := max
j

max
s

∥γ ′′
j (s)∥ <∞, (2.1)

where differentiation is taken with respect to the arclength s ∈ [0, ℓj ] of γj . It is convenient
to set γN+1 := γ1. If N > 1 then arcs γj and γj+1 meet at a break point zj , forming an angle
ωj ∈ (0, 2π) containing a portion of Ω. If N = 1 then γ1 is a closed arc describing the whole
boundary ∂Ω, which may be globally C2 or may contain one break point z1 corresponding to
the endpoints of γ1. The break points zj are the only allowed intersections between arcs.

We are interested in solving the following model boundary value problem:

−∇ · (µ∇u) + b · ∇u+ σu = f in Ω, (2.2a)

u = 0 on ∂Ω, (2.2b)

with coefficients µ ∈ L∞(Ω), b ∈ (L∞(Ω))2 satisfying ∇ · b ∈ L∞(Ω), σ ∈ L∞(Ω), and forcing
f ∈ L2(Ω). We make the standard assumptions

µ ≥ µ0, σ − 1
2∇ · b ≥ 0 a.e. in Ω (2.3)

for some constant µ0 > 0. These assumptions guarantee the well-posedness of the problem inH1
0 (Ω),

since the bilinear form

B(u, v) :=
∫
Ω
µ∇u · ∇v +

∫
Ω
(b · ∇u)v +

∫
Ω
σuv (2.4)

turns out to be continuous and coercive in this norm; precisely, the unique solution u satisfies the
bound

C−1
P ∥u∥0,Ω + |u|1,Ω ≤ CP

µ0
∥f∥0,Ω, (2.5)

where CP > 0 denotes the Poincaré constant in H1
0 (Ω).

In view of the numerical discretization, we write the convective term in skew-symmetric form,
obtaining

B(u, v) = a(u, v) + b(u, v) + c(u, v) (2.6)
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with

a(u, v) :=

∫
Ω
µ∇u · ∇v, b(u, v) := 1

2

∫
Ω
(b · ∇u)v − 1

2

∫
Ω
(b · ∇v)u, c(u, v) :=

∫
Ω
(σ − 1

2∇ · b)u v.

Furthermore, we assume µ ∈ W 1
∞(Ω), by which we derive from (2.2) that u is the solution of

the homogeneous Dirichlet problem for the Poisson equation

−∆u = g in Ω, (2.7a)

u = 0 on ∂Ω, (2.7b)

with forcing

g :=
1

µ
(f + (∇µ− b) · ∇u− σu) (2.8)

satisfying

∥g∥0,Ω ≤ 1

µ0

(
1 +

CP
µ0

(∥∇µ∥(L∞(Ω))d + ∥b∥(L∞(Ω))2) +
C2
P

µ0
∥σ∥L∞(Ω))

)
∥f∥0,Ω. (2.9)

2.1 Structure of the solution

Grisvard’s regularity theory ([35]) applied to (2.7) yields u ∈ H2(Ω) if ∂Ω contains no reentrant
corner. On the other hand, if at the break point zj a reentrant corner with π < ωj < 2π exists,
then in a neighborhood Nj ∩Ω of zj which is far away from the other break points, u is the sum of
a regular function and a singular function:

u = ψj + λjζj (2.10)

where ψj ∈ H2(Nj ∩ Ω) and vanishes in a neighborhhod of zj , λj ∈ R is the intensity factor of the
singularity, and

ζj(x) := ζ0j (Tj(x)), (2.11)

where Tj is a C2-diffeomorphism that maps Nj ∩ Ω onto a straight sector pointed at the origin

Sj := {y = reiθ : 0 < r < r0, 0 < θ < ωj},

and the singular function ζ0j is given by

ζ0j (y) := rγj sin(γjθ)ϕj(r), γj =
π
ωj

∈
(
1
2 , 1

)
. (2.12)

Here, ϕj is a smooth cut-off function satisfying ϕj = 1 in a neighborhood of the origin, and ϕj = 0
for r ≥ r0. The following result describes the smoothness of the singular part.

Lemma 2.1. The function ζj satisfies

ζj ∈ H1
0 (Nj ∩ Ω) ∩W 2

p (Nj ∩ Ω) for all p <
2

2− γj
< 2.

Proof. If Dk denotes any partial derivative of order k ∈ {1, 2} with respect to the variables y, it is
easily seen that

D1ζ0j = rγj−1ξ(r, θ), D2ζ0j = rγj−2η(r, θ),
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where ξ, η are smooth functions in Sj . Since∫ r0

0
r2(γj−1)rdr <∞,

∫ r0

0
rp(γj−2)rdr <∞ iff p <

2

2− γj
,

we obtain ζ0j ∈ H1(Sj) ∩W 2
p (Sj). The thesis follows from the smoothness of the mapping Tj .

Going from local to global, the solution u can be represented in Ω as

u = ψ + ζ, (2.13)

where ψ ∈ H2(Ω) ∩H1
0 (Ω), whereas ζ is zero if there are no reentrant corners, or

ζ =

J∑
j=1

λjζj (2.14)

if there are J ≥ 1 reentrant corners (that we assume to be numbered first). For convenience, we will
set J = 0, whence u = ψ, to include in the notation the case of no reentrant corners. Furthermore,
introducing the norm

|||u|||2,Ω := ∥ψ∥2,Ω +
J∑
j=1

|λj |, (2.15)

one can prove [35, 37] the regularity bound

|||u|||2,Ω ≤ CR∥g∥0,Ω, (2.16)

for some constant CR > 0 depending only on the domain Ω.
The global regularity result for u follows from Lemma 2.1 and (2.13)-(2.16).

Proposition 2.1. The solution u satisfies u ∈ H1
0 (Ω)∩W 2

p (Ω), where p = 2 if ∂Ω does not contain
reentrant corners, or p is any number satisfying

1 ≤ p <
2

2− γ̄
, γ̄ := min

j
γj , (2.17)

if ∂Ω contains J ≥ 1 reentrant corners with exponents γj. Furthermore, there exists C̄ > 0 depending
only on the domain Ω such that

∥u∥W 2
p (Ω) ≤ C̄ |||u|||2,Ω ≲ ∥g∥0,Ω.

2.2 Extensions

Since we wish to numerically solve our problem in a domain not entirely contained in Ω, we need
to extend data to a (slightly) larger domain, say Ω̃, containing Ω; let δ0 > 0 be a lower bound for
the Hausdorff distance between ∂Ω and ∂Ω̃.

Suppose that the equation data µ,b, σ, f are restrictions to Ω of functions µ̃, b̃, σ̃, f̃ defined in
Ω̃, and satisfying therein the same hypotheses we have made in Ω. To define an extension ũ of the
solution u to Ω̃, we use the representation (2.13)-(2.14) of u, and extend each function appearing
therein:

ũ := ψ̃ + ζ̃ = ψ̃ +
J∑
j=1

λj ζ̃j . (2.18)
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Precisely, ψ̃ is a Calderón extension of ψ, satisfying ∥ψ̃∥
2,Ω̃

≲ ∥ψ∥2,Ω ([1]), whereas ζ̃j is defined,

according to (2.11), as
ζ̃j(x) = ζ̃0j (T̃j(x)); (2.19)

here, T̃j is an extension of Tj , which mapsNj onto the disk S̃j := {y = reiθ : 0 ≤ r < r0, 0 ≤ θ < 2π}
diffeomorphically, while ζ̃0j is defined, according to (2.12), as

ζ̃0j (y) = rγjsj(θ)ϕj(r), (2.20)

where sj(θ) is a smooth 2π-periodic function that extends sin(γjθ) outside the interval [0, ωj ].

Since the radial singularity in ζ̃0j is the same as the one in ζ0j , the function ũ has the same

regularity as u, i.e., ũ ∈ H1(Ω̃) ∩W 2
p (Ω̃), with

∥ũ∥
W 2

p (Ω̃)
≲ ∥ψ̃∥

2,Ω̃
+

J∑
j=1

|λj | ≲ |||u|||2,Ω ≲ ∥g∥0,Ω. (2.21)

We do not expect ũ to satisfy the extended equation in Ω̃, so we introduce the function

f̂ := −∇ · (µ̃∇ũ) + b̃ · ∇ũ+ σ̃ũ ∈ Lp(Ω̃), (2.22)

which satisfies f̂ = f in Ω. Equivalently, the extension ũ satisfies in Ω̃ the equation

−∇ · (µ̃∇ũ) + b̃ · ∇ũ+ σ̃ũ = f̃ + F, (2.23)

with F := f̂ − f̃ ∈ Lp(Ω̃). Note that F vanishes in Ω, or equivalently

suppF ⊂ δΩ := Ω̃ \ Ω.

3 The discrete problem

In this section, we introduce a background mesh of size h > 0 and we define the elements of an
associated polygonal mesh obtained by intersecting the background mesh with the domain Ω. The
union of such elements gives rise to the computational domain Ωh, which may differ from the true
domain Ω by at most a region of width O(h). A space of virtual functions is built on the polygonal
mesh in Ωh, by which we define discrete bilinear and linear forms that are used to set up a Galerkin
discretization of Problem (2.2).

3.1 Meshes

Given a parameter h > 0, we consider a conforming tessellation T B
h of R2 made of convex polygons,

and a universal constant λ ∈ (0, 1), with the following properties: for any polygon K ∈ T B
h

• its diameter hK satisfies λh ≤ hK ≤ λ−1h;

• K is star-shaped with respect to a ball of diameter ≥ λhK ;

• each edge eK of K has length ≥ λhK ;

We denote by VK the set of vertices of K, and we note that its cardinality is bounded by a constant
independent of h. We call T B

h a background mesh of size h.
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Example 3.1 (Cartesian background mesh). For any j ∈ Z2, we define the Cartesian polytope
Kj := hj+ [0, h]2. The collection T B

h := {Kj : j ∈ Z2} of such elements will be called the Cartesian
background mesh of size h. □

Next, we restrict ourselves to the finite background mesh formed by those elements having at
least one vertex inside Ω:

T B
h (Ω) := {K ∈ T B

h | VK ∩ Ω ̸= ∅};

furthermore, from now on we assume h to satisfy h ≤ λ δ0 (δ0 being defined in Sect. 2.2), which
implies K ⊂ Ω̃ for all K ∈ T B

h (Ω).
A further restriction on the mesh size guarantees local separation of break points, which have

finite cardinality.

Property 3.1 (mesh resolution). There exists h0 ≤ λ δ0 and R > 1 such that for all h ≤ h0 there
is at most one break point of ∂Ω in the neighborhood of radius Rh of each K ∈ T B

h (Ω).

We are going to define the corresponding mesh Th that will be used for the VEM discretization
of problem (2.2). Given any h ≤ h0 and any K ∈ T B

h (Ω), we generate a convex polytope EK ⊆ K
as follows.

Definition 3.1 (definition of EK). The set EK is the convex hull of the collection of points in
VK ∩Ω and in ∂K# ∩ ∂Ω, where ∂K# denotes the union of the edges of K which have at least one
endpoint in Ω.

Note that EK ⊆ K because K is convex. Furthermore, since VK ∩Ω is not empty, EK contains
the intersection of K with a d-dimensional ball centered at an internal vertex of K, hence it is truly
2-dimensional.

If we consider an edge e of K, three situations may occur: i) both endpoints are in Ω, in which
case by convexity e is also an edge of EK ; ii) exactly one endpoint is in Ω, in which case e has
non-empty intersection with ∂Ω, thus it contains a closed segment which is an edge of EK ; iii) no
endpoint is in Ω, in which case no edge of EK is contained in e (regardless of whether e ∩ ∂Ω is
empty or not).

Remark 3.1 (degrees of freedom in EK). In view of the subsequent definition of virtual functions
in EK , it is worth stressing that only the geometric vertices of EK (i.e., the extremal points of the
convex hull) will carry a degree of freedom. Points in ∂K ∩∂Ω sitting inside an edge of EK will not
be considered vertices in the sense of VEMs.

Example 3.2 (shapes on Cartesian mesh). Consider the Cartesian background mesh T B
h introduced

in Example 3.1, and fix a square element K ∈ T B
h (Ω). Let us investigate which are the possible

shapes of the element EK . Five cases may occur, which are illustrated in Fig. 1.

• One vertex of K is in Ω. Then, each of the two edges of K meeting at such vertex contains
an edge of EK , whereas the two other edges of K do not intersect EK . By convexity, EK is a
triangle (see Fig. 1, plot A).

• Two consecutive vertices of K are in Ω. Then, the edge of K containing these vertices is
also an edge of EK ; each of the two edges of K having a single internal vertex contains an
edge of EK , whereas the remaining edge of K does not intersect EK . By convexity, EK is a
quadrilateral (see Fig. 1, plots B, C, and D: denoting by ê the edge of K opposite to the edge
with two internal endpoints, then ê ∩ ∂Ω = ∅ in B and ê ∩ ∂Ω ̸= ∅ in C and D).
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(A) (B) (C) (D)

(E) (F) (G) (H) (I)

Figure 1: Examples of geometries of elements EK based on a Cartesian background mesh. We
represent an element K of the background mesh in black, the associated element EK in red, the
boundary ∂Ω in blue; empty circles denote internal nodes, full circles denote boundary nodes. The
grey region identifies Ω ∩K.
Plots are ordered by increasing number of internal vertices of K. Plot A: one internal vertex,
triangular EK ; plots B-C-D: two consecutive internal vertices, quadrilateral EK ; plots E-F: two
opposite internal vertices, hexagonal EK ; plots G-H: three internal vertices, pentagonal EK ; plot I:
four internal vertices, EK = K

• Two non-consecutive (i.e., opposite) vertices of K are in Ω. Then, each edge of K contains
an edge of EK , which shares with it one of the two internal vertices of K. By convexity,
EK is a hexagon (see Fig. 1, plots E (∂Ω oriented NE-SW) and F (∂Ω oriented NW-SE)).
In situations like F, where K ∩ Ω is not connected, we allow the possibility of replacing the
hexagon by the two disjoint triangles which have a vertex in Ω and two vertices on ∂K ∩ ∂Ω.

• Three vertices of K are in Ω. Then, two contiguous edges of K are also edges of EK , whereas
each of the remaining edges of K carry another edge of EK . By convexity, EK is a pentagon
(see Fig. 1, plot G (smooth boundary) and H (corner boundary)).

• All the vertices of K are in Ω. Then, by convexity EK = K (see Fig. 1, plot I).

We refer to Sect. 7 for a thorough discussion of the properties of the different types of elements
from the point of view of stability and approximation. □

At this point, we are able to introduce the mesh Th and the domain Ωh. Let h0 be defined in
Property 3.1 (mesh resolution).

Definition 3.2 (definition of the mesh Th and the domain Ωh). For any h ≤ h0, we set

Th := {E : E = EK for some K ∈ T B
h (Ω)}

and
Ωh := interior

(⋃
{E : E ∈ Th}

)
.
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It is easily seen that Th is a conforming polygonal partition of Ωh, which is a proper subset of the
extended domain Ω̃ but need not be contained in Ω (except for specific geometric situations, such as,
e.g., Ω convex). Moreover, no element E ∈ Th contains a break point zj in its interior, in particular
not a re-entrant corner of ∂Ω because E is convex.

Given E ∈ Th, let KE denote the unique element of the background mesh T B
h containing E.

Furthermore, let VE be the set of nodes ν sitting on ∂E. The set of all edges e of E is denoted by
EE .

3.2 VEM spaces

In order to define a space of discrete functions in Ωh associated with Th, for each element E ∈ Th
let us first introduce the space of continuous, piecewise affine functions on ∂E

B∂E := {v ∈ C0(∂E) : v|e ∈ P1(e) ∀e ∈ EE}. (3.1)

For the purpose of this paper we introduce the following well-known VEM spaces: the basic
VEM space of [12]

WE :=
{
w ∈ H1(E) : w|∂E ∈ B∂E , ∆w = 0

}
(3.2)

and the more advanced “enhanced” space from [2, 14]

VE :=
{
v ∈ H1(E) : v|∂E ∈ B∂E , ∆v ∈ P1(E) ,

∫
E
(v −Π∇

Ev)q1 = 0 ∀q1 ∈ P1(E)
}
, (3.3)

where the projector Π∇
E : H1(E) → P1(E) is defined by the conditions

(∇(v −Π∇
Ev),∇q)E = 0 ∀q ∈ P1(E),

∫
∂E

(v −Π∇
Ev) = 0 . (3.4)

An important observation is that, due to the peculiar definition of the enhanced space [2], the
operator Π∇

E coincides with the L2(E)-projection operator Π0
E from VE onto P1(E).

It is easy to check that VE ,WE ⊂ C0(E) and the following properties hold:

dimVE = dimWE = |VE | , P1(E) ⊆ VE ,WE , τ∂E(VE) = τ∂E(WE) = B∂E , (3.5)

where τ∂E is the trace operator on the boundary of E. Note that functions in VE ,WE are uniquely
identified by their trace on ∂E (and hence by the values at the vertices of E), but their values in
the interior of E must be defined.

For any function v ∈ VE (or WE), dofsE(v) stands for the vector of degrees of freedom of v, i.e.,
the vector collecting the values of v at the vertices of E.

Once the local spaces VE ,WE are defined, we introduce the global discrete spaces

Vh := {v ∈ H1
0 (Ωh) : v|E ∈ VE ∀E ∈ Th} , (3.6)

Wh := {w ∈ H1
0 (Ωh) : w|E ∈WE ∀E ∈ Th} . (3.7)

Note that functions in Vh (and Wh) are piecewise affine on the skeleton Eh of Th, and indeed they
are uniquely determined by their values therein and are globally continuous.

Finally, given a continuous function w defined in E, we denote by IEw the VEM interpolant of w
in VE , i.e., the function IEw ∈ VE such that dofsE(IEw) = dofsE(w). Coherently, for a continuous
function w defined in Ωh, Ihw denotes the continuous piecewise VEM interpolant of w, i.e., the
function satisfying

(Ihw)|E = IE(w|E), for all E ∈ Th. (3.8)

Such a function vanishes on ∂Ωh, hence, Ihw ∈ Vh. Indeed, by construction any vertex of Th sitting
on ∂Ωh belongs to ∂Ω, hence Ihw vanishes therein; furthermore, Ihw is linear on each edge of Th.
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3.3 The discrete method

To define a Galerkin approximation of Problem (2.2), let us introduce suitable discrete counterparts
of the bilinear and linear forms introduced in Sect. 2. We start by posing a crucial assumption on
the stabilization form, a typical ingredient of VEM discretizations. In order to keep the generality
required to deal with anisotropic elements near the boundary, in the following we will denote by

Π̃E : VE → S1(E) , E ∈ Th , (3.9)

a suitable linear projection operator, with S1(E) ⊆ P1(E) a linear subspace. We require that Π̃E is
computable from the DoF values and continuous in H1(E), uniformly with respect to E ∈ {Th}h.
Note that, for the large majority of the elements E, such operator will be taken as the standard Π∇

E

projection.

Assumption 3.1 (stabilization form). For any E ∈ Th, there exists a symmetric bilinear form
sE : VE × VE → R, depending only upon the values of its arguments on the boundary ∂E, which
satisfies the conditions

cs|v|21,E ≤ sE(v, v) ≤ Cs|v|21,E ∀v ∈ VE with Π̃Ev = 0. (3.10)

where Cs ≥ cs > 0 are constants independent of E.

In Sect. 6 we will discuss how to construct such a form in the case of a 2D Cartesian background
mesh.

To continue, let µE ≥ µ0 denote the integral average of the diffusion coefficient µ over E, and
let us introduce the following local discrete bilinear and linear forms: for all u, v ∈ Vh(E), set

aE(u, v) :=

∫
E
µ (∇Π∇

Eu) · (∇Π∇
Ev) + µE sE(u− Π̃Eu, v − Π̃Ev) ,

bE(u, v) :=
1
2

∫
E
[b · (∇Π∇

Eu)] Π
∇
Ev − 1

2

∫
E
[b · (∇Π∇

Ev)] Π
∇
Eu

cE(u, v) :=

∫
E
(σ − 1

2∇ · b)(Π∇
Eu)(Π

∇
Ev)

FE(v) :=
∫
E
f Π∇

Ev .

(3.11)

Remark 3.2 (extended data). Since by construction the element E may contain a portion outside Ω,
the extensions µ̃, b̃, σ̃, f̃ of data µ, β, σ, f introduced in Sec. 2.2 are implicitly used therein. Here and
in the sequel, we avoid adding the superscript ˜ in order to keep notation simpler. □

The corresponding global discrete forms read as follows: for all u, v ∈ Vh, set

ah(u, v) :=
∑
E∈Th

aE(u|E , v|E) , bh(u, v) :=
∑
E∈Th

bE(u|E , v|E) ,

ch(u, v) :=
∑
E∈Th

cE(u|E , v|E) , Fh(v) :=
∑
E∈Th

FE(v|E) .

We recall that the assumptions on µ and (3.10) imply the bilinear form ah(u, v) to be uniformly
coercive and continuous in the H1-norm (see e.g. [14]): there exist constants 0 < µ⋆ ≤ µ0 and
Aµ > 0 independent of h such that for any u, v ∈ Vh

µ⋆|v|21,Ωh
≤ ah(v, v), |ah(u, v)| ≤ Aµ|u|1,Ωh

|v|1,Ωh
. (3.12)
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Indeed, it is easy to check that the presence of the more general operator Π̃E can be handled by
trivial modifications of the classical proof (also exploiting that, from the definition of Π∇

E , it holds

|v −Π∇
Ev|H1(E) ≤ |v − Π̃Ev|H1(E) for all E ∈ Th and v ∈ H1(E)).

Finally, we approximate the cumulative bilinear form B defined in (2.6) by setting for all u, v ∈ Vh

Bh(u, v) := ah(u, v) + bh(u, v) + ch(u, v) .

Using the skew-symmetry of the form bh together with inequalities (2.3), which by assumption holds
on the extended domain Ω̃ as well, we get the coercivity of the form Bh in Vh, namely

Bh(vh, vh) ≥ ah(vh, vh) ≥ µ⋆|vh|21,Ωh
, ∀vh ∈ Vh. (3.13)

Then, Problem (2.2) is approximated as follows.

Definition 3.3 (Galerkin discretization). Let uh ∈ Vh be the solution of the variational problem

Bh(uh, vh) = Fh(vh) ∀vh ∈ Vh. (3.14)

4 Stability and convergence analysis under abstract assumptions

Numerical stability is granted by the following result.

Proposition 4.1 (stability). Let uh ∈ Vh be the solution of (3.14). Then

|uh|1,Ωh
≤ C̃P

µ⋆
∥f∥

0,Ω̃
, (4.1)

where µ⋆ is given in (3.12), whereas C̃P > 0 is the Poincaré constant of the extended domain Ω̃.

Proof. We use inequality (3.13) with vh = uh in the right-hand side of (3.14). On the other hand,
recalling that Π∇

E = Π0
E in each VE , we have

Fh(uh) =
∑
E∈Th

∫
E
f Π0

Euh =
∑
E∈Th

∫
E
Π0
Ef uh

≤ ∥f∥0,Ωh
∥uh∥0,Ωh

≤ ∥f∥
0,Ω̃

∥uh∥0,Ω̃ ≤ C̃P ∥f∥0,Ω̃ |uh|1,Ω̃ = C̃P ∥f∥0,Ω̃ |uh|1,Ωh
,

whence the result.

From now on, we will focus on the convergence analysis. To this end, we make a second crucial
assumption on the VEM interpolation operator Ih defined above. Let us introduce the notation

γ :=

{
1 if there are no reentrant corners in ∂Ω,

γ̄ = min1≤j≤J γj < 1 if z1, . . . , zJ are the reentrant corners of ∂Ω.
(4.2)

Assumption 4.1 (interpolation error). Let u be the solution of the Poisson problem (2.7) for some
forcing g ∈ L2(Ω). The interpolation operator Ih satisfies the following error estimate: there exists
a constant Cγ > 0 independent of u and Th such that

h−1∥u− Ihu∥0,Ωh
+ |u− Ihu|1,Ωh

≤ Cγh
γ |||u|||2,Ω , (4.3)

where the norm |||u|||2,Ω is defined in (2.15) and satisfies (2.16).
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In Sect. 7 we will establish this result for the case of a 2D Cartesian background mesh.
We also require the following polynomial approximation result.

Assumption 4.2 (polynomial approximation). Let u be as in Assumption 4.1. There exists a
constant C ′

γ > 0 independent of u and Th, and a piecewise linear (discontinuous) polynomial function
P1
hu on Th such that

h−1∥u− P1
hu∥0,Ωh

+ |u− P1
hu|1,Ωh

≤ C ′
γh

γ |||u|||2,Ω . (4.4)

On the elements E where Π̃E ̸= Π∇
E we require that the restriction P1

hu|E falls in the subspace S1(E)
introduced in (3.9).

Differently from Assumptions 3.1 and 4.1, the verification of Assumption 4.2 is much simpler
and will be addressed in Remarks 7.2 and 7.10.

4.1 Convergence in H1(Ωh)

Let u be the solution of our original problem (2.2), extended to Ω̃ as described in Sect. 2.2. To
proceed, we consider the extended equation (2.23) (where for simplicity we keep neglecting the
superscript ˜), we multiply it by v ∈ H1

0 (Ωh), integrate over Ωh and integrate by parts the diffusion
term. Denoting by BΩh

(u, v) the bilinear form defined as in (2.4) but with Ω replaced by Ωh, the
(extended) exact solution u satisfies

BΩh
(u, v) = (f, v)Ωh

+ (F, v)δΩh
∀v ∈ H1

0 (Ωh), (4.5)

where
δΩh := Ωh \ Ω ⊂ δΩ. (4.6)

Note that we have used the property F ≡ 0 in Ω. Then, Ihu ∈ Vh satisfies

Bh(Ihu, vh) = (f, vh)Ωh
+ (F, vh)δΩh

+ Bh(Ihu, vh)− BΩh
(u, vh) ∀vh ∈ Vh. (4.7)

On the other hand, the Galerkin solution satisfies

Bh(uh, vh) = (f, vh)Ωh
+ Fh(vh)− (f, vh)Ωh

∀vh ∈ Vh.

By subtracting this equation from (4.7), we see that the discrete error eh := Ihu−uh ∈ Vh satisfies
the equations

Bh(eh, vh) = Eh(vh) ∀vh ∈ Vh, (4.8)

where the consistency error on the right-hand side is made up of three contributions

Eh(vh) = (F, vh)δΩh︸ ︷︷ ︸
:=Eh,1(vh)

−(BΩh
(u, vh)− Bh(Ihu, vh)︸ ︷︷ ︸

:=Eh,2(vh)

) + (f, vh)Ωh
−Fh(vh)︸ ︷︷ ︸

:=Eh,3(vh)
(4.9)

corresponding to the approximation of the domain, the bilinear form, and the forcing term.
We now provide bounds on the three addends Eh,i.

Proposition 4.2 (domain error). There exists a constant CD > 0 independent of u and Th such
that

|Eh,1(vh)| ≤ CDh
γND(µ,b, σ, f)|vh|1,Ωh

∀vh ∈ Vh, (4.10)

where
ND(µ,b, σ, f) :=

(
∥µ∥

W 1
∞(Ω̃)

+ ∥b∥
(L∞(Ω̃))d

+ ∥σ∥
L∞(Ω̃)

)
∥g∥0,Ω + ∥f∥

0,Ω̃
. (4.11)
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Proof. Preliminarly, it is worth investigating the structure of the set δΩh. To this end, let us
introduce the set T b

h ⊂ Th of elements whose interior intersects δΩh. If E ∈ T b
h does not contain a

break point in its interior, then E ∩ ∂Ω is a C2 arc (or a union of arcs), hence E ∩ δΩh is a region of
width O(h2) (see, e.g., elements (A)-(D) in Fig. 1). Conversely, if E ∈ T b

h contains a break point
in its interior, then E ∩ δΩh may have width O(h) (see, e.g., element (E) in Fig. 1; note that the
break point in this figure has a re-entrant corner). It may exists an element E ∈ T b

h containing in
its interior a break point with acute corner, but this is a non-asymptotic situation, namely after
enough mesh refinements that break point will sit on ∂Ωh. For this reason, in the sequel we will
only consider the case of break points with re-entrant corners.

It is also important to identify the regions in δΩh where u (and consequently F ) is smooth or
not. At first, we define a region RA ⊆ δΩh whose distance from any break point is ≥ A, where
A > 0 is a fixed constant independent of h. Next, we fix a constant a close to 1 satisfying ah0 < A,
and we consider the region Ra,j ⊆ δΩh of the points with distance from zj smaller than A but larger
than ah. Finally, we let Rh,j be the intersection of δΩh with the neighborhood of zj of radius ah.

In this proof, for better clarity we prefer to keep the notation ˜ to denote quantities living in
the extended domain Ω̃. At first, recalling (2.18), we observe that

F = −µ̃∆ũ+ (b̃−∇µ̃) · ∇ũ+ σ̃ũ− f̃

= −µ̃∆ζ̃ +
(
− µ̃∆ψ̃ + (b̃−∇µ̃) · ∇ũ+ σ̃ũ− f̃

)
=: −µ̃∆ζ̃ + ϕ,

with ϕ ∈ L2(Ω̃) and µ̃∆ζ̃ ∈ Lp(Ω̃), p being defined in Proposition 2.1.
Let E ∈ T b

h . In bounding the quantity, we distinguish three cases.

Case 1: E ∩ δΩh is contained in RA. Then, ũ ∈ H2(E) and F ∈ L2(E), with uniformly bounded
norms. Using the Poincaré inequality for vh, and the fact that E ∩ δΩh has width O(h2), we have

|(F, vh)E∩δΩh
| ≲ h2E∥F∥0,E |vh|1,E . (4.12)

Case 2: E ∩ δΩh is contained in Ra,j for some reentrant corner zj . Again, (4.12) is valid since
F ∈ L2(E), however this norm may blow-up while E gets closer and closer to zj , due to the

presence of the term µ̃∆ζ̃. Recalling the structure of the singular part of ũ, this norm can be
controlled as follows

∥F∥0,E ≲ ∥ϕ∥0,E + |λj |
(∫ A

ah
r2(γj−2)rdr

)1/2

≲ ∥ϕ∥0,E + |λj |h
γj−1
E ,

whence
|(F, vh)E∩δΩh

| ≲ h
γj+1
E (∥ϕ∥0,E + |λj |)|vh|1,E . (4.13)

Case 3: E ∩ δΩh intersects Rh,j for some reentrant corner zj . In this case, we just exploit the
Lp-smoothness of F in E, so we use the bound

|(F, vh)E∩δΩh
| ≤ ∥F∥Lp(E)∥vh∥Lq(E),

1
p +

1
q = 1,

with

∥F∥Lp(E) ≲ ∥ϕ∥Lp(E) + |λj |
(∫ ah

0
rp(γj−2)rdr

)1/p

≲ h
2
p
−1

E ∥ϕ∥0,E + |λj |h
γj−2+ 2

p

E ≲ (∥ϕ∥0,E + |λj |)h
γj−2+ 2

p

E .

(4.14)
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and the scaled Poincaré inequality for vh

∥vh∥Lq(E) ≲ h
1
2
+ 1

q

E |vh|1,E .

Since γj − 2 + 2
p +

1
2 + 1

q > γj , we get

|(F, vh)E∩δΩh
| ≲ h

γj
E (∥ϕ∥0,E + |λj |)|vh|1,E . (4.15)

Putting together the bounds for the three cases yields the thesis.

Proposition 4.3 (error on bilinear and linear forms). Assume that b ∈ (W 1
∞(Ω̃))d. There exist

constants CB > 0 and CF > 0 independent of u and Th such that for all vh ∈ Vh

|Eh,2(vh)| ≤ CBh
γNB(µ,b, σ)) |||u|||2,Ω |vh|1,Ωh

, (4.16)

|Eh,3(vh)| ≤ CFh ∥f∥0,Ωh
|vh|1,Ωh

, (4.17)

with NB(µ,b, σ) :=
(
∥µ∥

W 1
∞(Ω̃)

+ ∥b∥
(W 1

∞(Ω̃))d
+ ∥σ∥

L∞(Ω̃)

)
.

Proof. The bound for term Eh,2(vh) is derived easily by suitable manipulations, orthogonality plus
approximation properties of the projection operators and the triangle inequality. The interested
reader can check, for example, the derivations in [14], taking into account that the polynomial
consistency of the method is now restricted to the piecewise polynomials {q ∈ L2(Ω) : q|E ∈
S1(E) ∀E ∈ Th}.

Concerning Eh,3(vh), the estimate follows immediately from

Eh,3(vh) =
∑
E∈Th

∫
E
f(vh −Π∇

Evh)

and the bound ∥vh −Π∇
Evh∥0,E ≲ hE |vh|1,E .

We are ready to estimate the error between u and uh in the energy norm. We recall that u
denotes the solution of Problem (2.2), possibly extended from Ω to Ω̃ as detailed in Sect. 2.2.

Theorem 4.1 (Galerkin error in energy). Let Assumptions 3.1, 4.1 and 4.2 be valid. Suppose that
data satisfy µ ∈ W 1

∞(Ω̃), b ∈ (W 1
∞(Ω̃))d, σ ∈ L∞(Ω̃), and f ∈ L2(Ω̃). There exists a constant

CG > 0, depending upon µ0, µ⋆ and the norms of µ, b, σ in these spaces but independent of u and
Th, such that the Galerkin solution uh defined in (3.14) satisfies

|u− uh|1,Ωh
≤ CGh

γ∥f∥
0,Ω̃

. (4.18)

Proof. Apply the triangle inequality to u − uh = (u − Ihu) + eh, invoking the interpolation error
estimate (4.3) for the first addend. Next, choose vh = eh in (4.8), use the coercivity of the form Bh
(see (3.13)) to get the inequality

µ⋆|eh|21,Ωh
≤ |Eh(vh)|,

and apply Propositions 4.2 and 4.3 to bound the right-hand side. Finally, bound the norm |||u|||2,Ω
by inequality (2.16), and the norm ∥g∥0,Ω by inequality (2.9).
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4.2 Convergence in L2(Ωh)

Hereafter, we derive an estimate of the error ∥u − uh∥0,Ωh
, by applying a classical Aubin-Nitsche

duality argument. To this end, we define

e :=

{
u− uh in Ωh,

0 in Ω \ Ωh,
(4.19)

which satisfies ∥e∥0,Ω ≤ ∥e∥0,Ωh
. Then, we solve the adjoint variational problem

z ∈ H1
0 (Ω) : B(v, z) = (e, v)0,Ω ∀v ∈ H1

0 (Ω). (4.20)

It is easily seen that z is the solution of the Dirichlet problem

−∇ · (µ∇z)− b · ∇z + (σ −∇ · b)z = e in Ω, (4.21a)

z = 0 on ∂Ω, (4.21b)

hence, in particular, z solves in Ω the Poisson equation −∆z = η with η := µ−1(e+(∇µ+b) ·∇z−
(σ −∇ · b)z) ∈ L2(Ω). It follows that z (and its extension to Ω̃) share with u the same features in
terms of structure and smoothness, as detailed in Sects. 2.1 and 2.2. In particular, it holds

|||z|||2,Ω ≲ ∥η∥0,Ω ≲ ∥e∥0,Ω ≤ ∥e∥0,Ωh
. (4.22)

A few words about extensions to the computational domain Ωh are in order. Let z̃ be an
extension of z which preserves regularity, in analogy with the extension of u in (2.18); thus, z̃ ∈
W 2
p (Ωh) with p given in Proposition 2.1, and ∥z̃∥W 2

p (Ωh) ≲ ∥z∥W 2
p (Ω). Setting

ϑ̂ := −∇ · (µ̃∇z̃)− b̃ · ∇z̃ + (σ̃ −∇ · b̃)z̃ ∈ Lp(Ωh),

the extension z̃ satisfies in Ωh the equation

−∇ · (µ̃∇z̃)− b̃ · ∇z̃ + (σ̃ −∇ · b̃)z̃ = e+D,

with D := ϑ̂− e ∈ Lp(Ωh), identically vanishing in Ω.
For simplicity, from now on let us drop the symbol ˜ from all functions. If we multiply this

equation by any v ∈ H1(Ωh), integrate over Ωh and integrate by parts, we obtain∫
Ωh

µ∇z ·∇v − 1

2

∫
Ωh

(b ·∇z)v + 1

2

∫
Ωh

(b ·∇v)z +
∫
Ωh

(σ − 1
2∇ · b)z v

+

∫
∂Ωh

(12b · n z − µ∇z · n)v =

∫
Ωh

e v +

∫
δΩh

Dv .

Setting S := (12bz − µ∇z) · n and choosing v = e (note that e need not vanish on ∂Ωh, explaining
our choice of test functions in H1(Ωh)), we get the following expression for the L2-norm of e:

∥e∥20,Ωh
= BΩh

(e, z)− (D, e)0,δΩh
+ (S, e)0,∂Ωh

, (4.23)

where as usual BΩh
denotes the bilinear form defined as in (2.6) but with Ω replaced by Ωh.
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To proceed, we express BΩh
(e, z) as done in [14, Theorem 5.2], using the equations satisfied by

u (see (4.5)) and by uh (see (3.14)). We get

BΩh
(e, z) = BΩh

(u− uh, z − Ihz)︸ ︷︷ ︸
T1

+Bh(uh, Ihz)− BΩh
(uh, Ihz)︸ ︷︷ ︸

T2

+ (f, Ihz)0,Ωh
−Fh(Ihz)︸ ︷︷ ︸

T3

+(F, Ihz)0,δΩh︸ ︷︷ ︸
T4

(4.24)

Setting T5 := −(D, e)0,δΩh
and T6 := (S, e)0,∂Ωh

, identity (4.23) implies

∥e∥20,Ωh
≤

6∑
i=1

|Ti| , (4.25)

and we are left with the task of bounding each addend. To this end, we observe that Assumption
4.1 (interpolation error) applies to z as well, yielding the error bound

h−1∥z − Ihz∥0,Ωh
+ |z − Ihz|1,Ωh

≤ Cγh
γ |||z|||2,Ω ≲ hγ∥e∥0,Ωh

. (4.26)

Bound on |T1|. Continuity of BΩh
and estimates (4.18) and (4.26) together with (4.22) yield

|T1| ≲ h2γ∥f∥
0,Ω̃

∥e∥0,Ωh
. (4.27)

Bound on |T2|. Denote by Π0
k,hu the L2-orthogonal projection of u upon the piecewise-Pk functions

on Th, and observe that BΩh
(Π0

k,hu, vh) is meaningful since BΩh
is defined elementwise on Th. Then,

using the identity

T2 = [BΩh
(uh −Π0

1,hu, Ihz)− Bh(uh −Π0
1,hu, Ihz)] + [BΩh

(Π0
1,hu, Ihz)− Bh(Π0

1,hu, Ihz)]

and proceeding as in the proof of [14, Theorem 5.2], one gets again

|T2| ≲ h2γ∥f∥
0,Ω̃

∥e∥0,Ωh
. (4.28)

Bound on |T3|. Let Π∇
h v be defined by (Π∇

h v)|E = Π∇
Ez|E for all E ∈ Th. Then, recalling that the

enhanced Π∇
h operator is L2-stable as it locally coincides with the L2-projection operator, one has

|T3| = |(f, Ihz −Π∇
h Ihz)0,Ωh

| ≲ ∥f∥0,Ωh
∥Ihz −Π0

0,hz∥0,Ωh
,

from which (recalling Assumption 4.2) the bound

|T3| ≲ h1+γ |f |
0,Ω̃

∥e∥0,Ωh
(4.29)

easily follows.

Bound on |T4|. We go back to the proof of Proposition 4.2 (domain error), in which we set vh = Ihz,
and observe that in the regions RA or Ra,j ⊆ δΩh therein defined, inequalities (4.12) or (4.13) imply
an error decay of order at least 2γ, provided Ihz has bounded energy norm. Such boundedness
follows from the triangle inequality and (4.26), which yield |Ihz|1,Ωh

≲ |||z|||2,Ω ≲ ∥e∥0,Ωh
.
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It remains to consider the regions Rh,j near a re-entrant break point. Let E ∈ T b
h have non-

empty intersection with some Rh,j . By (4.13) we know that ∥F∥Lp(E) ≲ (∥ϕ∥0,E + |λj |)h
γj−2+2/p
E

provided p satisfies (2.17). To bound the Lq-norm of Ihz (with 1/q+1/p = 1), we use the inequality
∥Ihz∥Lq(E) ≤ |E|1/q∥Ihz∥L∞(E), together with a generalized maximum principle for virtual element
functions, presented in Sect. 5, which gives

∥Ihz∥L∞(E) ≲ ∥Ihz∥L∞(∂E) ≤ max
ν vertex of E

|z(ν)| ≤ ∥z∥L∞(E).

If z = ψ⋆ + λ⋆jζj is the decomposition of z into regular and singular part, for h small enough we

have z = λ⋆jζj in E, whence ∥z∥L∞(E) ≲ |λ⋆j |h
γj
E ≲ h

γj
E |||z|||2,Ω. This gives

∥Ihz∥Lq(E) ≲ h
γj+2/q
E |||z|||2,Ω = h

γj+2−2/p
E |||z|||2,Ω ,

from which we get |(F, Ihz)0,Rh,j
| ≲ h2γj |||u|||2,Ω |||z|||2,Ω. In conclusion, we obtain

|T4| ≲ h2γ∥f∥
0,Ω̃

∥e∥0,Ωh
.

Bound on |T5|. At first note that structure and properties of D are similar to those of F ; hence,
we can apply Proposition 4.2 (domain error) to it, after replacing u with z and f with e. Splitting
e = Ihe+ (e− Ihe) = (Ihu− uh) + (u− Ihu), and using (4.3) and (4.18), we get

|(D, Ihe)0,δΩh
| ≲ hγ∥e∥0,Ωh

|Ihu− uh|1,Ωh
≲ h2γ∥f∥

0,Ω̃
∥e∥0,Ωh

.

To deal with |(D, e − Ihe)0,δΩh
| = |(D,u − Ihu)0,δΩh

|, we follow again the lines of the proof of
Proposition 4.2. In the region RA ⊆ δΩh, D is in L2 and u is in H2, whence, using again (4.3), we
get

|(D,u− Ihu)0,RA
| ≲ ∥D∥0,RA

∥u− Ihu∥0,RA
≲ h2∥D∥0,RA

|u|2,ω(RA) ≲ h2∥f∥
0,Ω̃

∥e∥0,Ωh
,

where ω(RA) is a neighborhood of RA of thickness O(h). In a region Ra,j close to a re-entrant
corner zj , the L

2-norm of D and the H2-norm of u are finite, but they blow up as hγj−1. Thus,

|(D,u− Ihu)0,Ra,j | ≲ h2γj∥f∥
0,Ω̃

∥e∥0,Ωh
.

Finally, in a region Rh,j , we write |(D,u−Ihu)0,Rh,j
| ≤ |(D,u)0,Rh,j

|+ |(D, Ihu)0,Rh,j
| and proceed

as in the bound of |T4| above, getting |(D,u− Ihu)0,Rh,j
| ≲ h2γj |||u|||2,Ω |||z|||2,Ω.

Collecting all these results, we arrive again at the bound

|T5| ≲ h2γ∥f∥
0,Ω̃

∥e∥0,Ωh
.

Bound on |T6|. At first, note that T6 = (S, u)0,∂Ωh
since uh vanishes on ∂Ωh. In analogy with

the partition of δΩh introduced in the proof of Proposition 4.2 (domain error), we can split ∂Ωh
into subsets R∂A, R

∂
a,j and R∂h,j , depending upon the distance from a break point with re-entrant

corner (the notation is self-explanatory). Points in R∂A∪R∂a,j have distance O(h2) from ∂Ω, where u

vanishes. Hence, by Poincaré inequality we have ∥u∥0,R∂
A∪R∂

a,j
≲ h2|u|1,Ωh

. On the other hand, there

exists a neighborhood NA of R∂A in Ω̃, such that z ∈ H2(NA) and consequently ∥S∥0,R∂
A
≲ ∥z∥2,NA

with implied constant independent of h. Thus, |(S, u)0,R∂
A
| ≲ h2|u|1,Ωh

|||z|||2,Ω.
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Similarly, one can find a neighborhood Na,h of R∂a,j in Ω̃, which extends up to a O(1)-distance

in the direction perpendicular to R∂a,j , such that z ∈ H2(Na,j) and ∥S∥0,R∂
a,j

≲ ∥z∥2,Na,j , again with

implied constant independent of h. However in this region the H2-norm of z blows up as hγj−1,
which yields |(S, u)0,R∂

a,j
| ≲ h1+γj |u|1,Ωh

|||z|||2,Ω.
At last, consider the set R∂h,j , which is at distance O(h) from the break point zj . Then, for any

x ∈ R∂h,j we have

u(x) = λj dist(x, zj)
γj , |S(x)| ≲ |λ⋆j | dist(x, zj)γj−1,

whence |(S, u)0,R∂
h,j

| ≲ h2γj−1|R∂h,j | |λj | |λ⋆j | ≲ h2γj |||u|||2,Ω |||z|||2,Ω. In conclusion, we have proven the

bound
|T6| ≲ h2γ∥f∥

0,Ω̃
∥e∥0,Ωh

.

Building on the splitting (4.25) and the bounds on the addends |Ti| obtained above, we have
proven the following optimal error bound for the Galerkin error in L2.

Theorem 4.2 (Galerkin error in L2). Let all the hypotheses stated in Theorem 4.1 (error in energy)
be valid. There exists a constant C̄G > 0, depending upon µ0, µ⋆ and the norms of µ, b, σ in these
spaces but independent of u and Th, such that the Galerkin solution uh defined in (3.14) satisfies

∥u− uh∥0,Ωh
≤ C̄Gh

2γ∥f∥
0,Ω̃

. (4.30)

5 A generalized maximum principle for virtual functions

Each function w in the ‘plain’ virtual space WE defined in (3.2) is harmonic in E, hence by the
maximum principle it satisfies the inequality

∥w∥L∞(E) ≤ ∥w∥L∞(∂E).

In this section, we prove that functions v in the ‘enhanced’ space VE defined in (3.3) satisfy a similar
property, namely, their L∞-norm in E can be bounded by the L∞-norm in ∂E up to a multiplicative
constant, which may depend on the shape of the polygon E. Moreover, we provide examples of
classes of polygons for which this constant can be bounded independently of E.

We believe that the formulation of the generalized maximum principle that we present hereafter
has an interest per se in the theory of Virtual Elements, beyond the specific application given in
the present paper.

Lemma 5.1. Let C1,C2,C3,C4 be the positive constants (possibly depending on the polygon E)
defined as follows:

(A1) C1 = ∥v̂∥L∞(E), where v̂ ∈ H1
0 (E) satisfies −∆v̂ = 1 in E;

(A2) C2 is the smallest positive real number such that

∥Π∇w∥L∞(E) ≤ C2∥w∥L∞(∂E) ∀w ∈WE ; (5.1)

(A3) C3 is the smallest positive real number such that

∥∆w∥2L2(E) ≤ C3∥∇w∥2L2(E) (5.2)

for all w ∈ H1
0 (E) such that ∆w ∈ P1(E).
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(A4) C4 is the smallest positive real such that

∥q1∥L∞(E) ≤ C4|E|−1/2∥q1∥L2(E) ∀q1 ∈ P1(E) . (5.3)

Then, there holds

∥v∥L∞(E) ≲ [1 + C1C4(1 + C2)C3] ∥v∥L∞(∂E) ∀v ∈ VE . (5.4)

Proof. Let us split v = vH + v0 where

vH |∂E = v|∂E , ∆vH = 0 in E,

v0|∂E = 0, ∆v0 = ∆v in E.

For vH the maximum principle holds, hence

∥vH∥L∞(E) ≤ ∥v∥L∞(∂E). (5.5)

Therefore we concentrate on v0. Setting d = ∥∆v∥L∞(E), we have −d ≤ −∆v ≤ d in E. Let
v ∈ H1

0 (E) be such that −∆v = d in E. Then, −∆(−v) ≤ −∆v0 ≤ −∆v in E, which gives
−v ≤ v0 ≤ v in E, i.e., ∥v0∥L∞(E) ≤ ∥v∥L∞(E). Write v = d v̂, with v̂ defined in (A1). Then, there
holds

∥v0∥L∞(E) ≤ d∥v̂∥L∞(E) = ∥∆v∥L∞(E)∥v̂∥L∞(E) = C1∥∆v∥L∞(E). (5.6)

We now estimate ∥∆v∥L∞(E). Let {pj}1≤j≤3 be a basis in P1(E), orthonormal in L2(E). Then,

there exist αj ∈ R such that ∆v = ∆v0 =
∑3

j=1 αjpj . For any i ∈ {1, 2, 3} let vj ∈ H1
0 (E) solve

∆vj = pj in E,

hence v0 =
∑3

j=1 αjvj . The coefficients αj are such that∫
E
vpi =

∫
E
Π∇vpi i = 1, 2, 3,

that is ∫
E
v0pi =

∫
E
Π∇vpi −

∫
E
vHpi =: −ri i = 1, 2, 3,

i.e.
3∑
j=1

αj

∫
E
vjpi = −ri i = 1, 2, 3.

But ∫
E
vjpi =

∫
E
vj∆vi = −

∫
E
∇vj · ∇vi.

Introducing

S =

(∫
E
∇vj · ∇vi

)
1≤i,j≤3

, α = (αj)1≤j≤3, r = (ri)1≤i≤3,

we obtain the linear system Sα = r. The matrix S is symmetric and positive definite, since

βTSβ = ∥∇w∥2L2(E) with w =
3∑
j=1

βjvj .
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In particular, if β is an eigenvector with eigenvalue λ > 0

∥∇w∥2L2(E) = βTSβ = λ∥β∥2ℓ2 = λ∥∆w∥2L2(E)

since {pj} is an orthonormal system in L2(E). Thus

∥S−1∥2 = max
λ

λ−1 ≤ max
w∈span{v1,v2,v3}

∥∆w∥2L2(E)

∥∇w∥2
L2(E)

≤ C3,

where we employed (A3), whence
∥α∥ℓ2 ≤ C3∥r∥ℓ2 .

To estimate ∥r∥ℓ2 we recall the definition of ri and we observe that∣∣∣∣∫
E
Π∇vpi

∣∣∣∣ ≤ ∥Π∇v∥L2(E) ≤ |E|1/2∥Π∇v∥L∞(E) ≤ |E|1/2C2∥v∥L∞(∂E) (5.7)

where we used (A2). On the other hand, using (5.5) we have∣∣∣∣∫
E
vHpi

∣∣∣∣ ≤ ∥vH∥L2(E) ≤ |E|1/2∥vH∥L∞(E) ≤ |E|1/2∥v∥L∞(∂E). (5.8)

Summarizing, we have

∥∆v∥L2(E) = ∥
3∑
j=1

αjpj∥L2(E) = ∥α∥ℓ2 ≤ C3∥r∥ℓ2 ≲ C3|E|1/2(1 + C2)∥v∥L∞(∂E). (5.9)

As ∆v ∈ P1(E), by inverse inequality we get

∥∆v∥L∞(E) ≤ C4|E|−1/2∥∆v∥L2(E) ≲ C4C3(1 + C2)∥v∥L∞(∂E).

Employing (5.6) we obtain

∥v0∥L∞(E) ≲ C1C4C3(1 + C2)∥v∥L∞(∂E)

which yields the thesis after using the splitting v = vH + v0 and (5.5).

Proposition 5.1. Let E be a polygon that is star shaped with respect to a ball B1 of radius ρ1 and
contained in a ball B2 of radius ρ2. Then it exists a constant C, only depending on the ratio ρ2/ρ1,
such that

∥v∥L∞(E) ≤ C∥v∥L∞(∂E) ∀v ∈ VE .

Proof. We prove the result by estimating the four constants C1,C2,C3,C4 of Lemma 5.1. In the
present proof we will denote by cp a generic positive constant, possibly changing at different occur-
rences, which depends only on the ratio ρ2/ρ1.

Let v̂ as in assumption (A1) of Lemma 5.1. Let the function ṽ ∈ H1
0 (B2) defined by −∆ṽ = 1.

This nonnegative function can be explicitly computed (it is a quadratic polynomial), and it is trivial
to check that its maximum value is equal to (ρ2)

2/2. Since ṽ ≥ 0 on the whole B2, it is clearly
nonnegative on ∂E. Therefore, noting that ∆(ṽ− v̂) = 0, standard properties of harmonic functions
entail ṽ ≥ v̂ ≥ 0 on E. Combining the above bounds immediately yields C1 ≤ (ρ2)

2/2.
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Let now v ∈ H1(E) as in assumption (A2) of Lemma 5.1. We recall that, by definition and
some simple manipulations,∫

∂E
Π∇v =

∫
∂E
v , ∇Π∇v = |E|−1

∫
E
∇v = |E|−1

∫
∂E
v nE , (5.10)

with nE denoting the unit outward normal to the element boundary. It can be checked that the
assumptions of the current lemma yield |∂E| ≤ cp|∂B1|, we here omit the simple but tedious proof.
Therefore, from the second identity in (5.10) we obtain

∥∇Π∇v∥L∞(E) ≤
|∂E|
|E|

∥v∥L∞(∂E) ≤ cp
|∂B1|
|B1|

∥v∥L∞(∂E) = 2cp(ρ1)
−1∥v∥L∞(∂E) . (5.11)

From the first identity in (5.10) it follows that it exists (at least) a point ξ ∈ ∂E such that |Π∇v(ξ)| ≤
∥v∥L∞(∂E). For any point η ∈ E it clearly holds (recall that Π∇ is an affine functions and, as such,
can be extended on the whole B2)

|Π∇v(η)| ≤ |Π∇v(ξ)|+ ∥η − ξ∥ℓ2 ∥∇Π∇v∥L∞(E) ≤ ∥v∥L∞(∂E) + 2ρ2∥∇Π∇v∥L∞(E) ,

which combined with (5.11) immediately yields C2 ≤ 1 + 4cp (ρ2/ρ1).
Let finally w ∈ H1

0 (E) as in assumption (A3) of Lemma 5.1. Let φ represent the unique quadratic
function which vanishes on ∂B1 and satisfies ∥φ∥L∞(B1) = 1; such function is clearly nonnegative in
B1. Recalling that ∆w ∈ P1 and employing classical results for polynomials and standard scaling
arguments combined with an integration by parts yield

∥∆w∥2L2(E) ≤ cp∥∆w∥2L2(B1)
≤ cp

∫
B1

φ(∆w)2 = cp

∫
B1

∇w·∇(φ∆w) ≤ cp∥∇w∥L2(B1)∥∇(φ∆w)∥L2(B1) .

We now apply again a standard scaling argument for polynomials on balls and recall ∥φ∥L∞(B1) = 1,
obtaining

∥∆w∥2L2(E) ≤ cp∥∇w∥L2(B1)ρ
−1
1 ∥∆w∥L2(B1) .

Since B1 ⊂ E, the above bound grants immediately ∥∆w∥L2(E) ≤ cp ρ
−1
1 ∥∇w∥L2(B1), so that C3 ≤

cp ρ
−2
1 .
Finally, the bound for C4 is a standard inverse estimate for polynomials on shape-regular do-

mains. The proof of the lemma now follows from the four bounds above for C1,C2,C3,C4 combined
with Lemma 5.1.

Proposition 5.2. Let E be a trapezoidal element with height h, and bases lengths ε1, ε2, respectively.
Let h ≥ max{ε1, ε2}. Then it exists a constant C independent of h, ε1, ε2 such that

∥v∥L∞(E) ≤ C∥v∥L∞(∂E) ∀v ∈ VE .

Proof. We again prove the result by estimating the three constants C1,C2,C3,C4 of Lemma 5.1. It
is clearly not restrictive to assume ε2 ≥ ε1, as in the trapezoid with black edges shown in Figure 2.
We denote by Q the minimal rectangle containing E (the gray rectangle in the same figure), thus
of height h and base length ε2. In the following (x, y) will denote classical cartesian coordinates
centered at the bottom left corner of Q. Given v̂ as in assumption (A1) of Lemma 5.1, let ṽ ∈ H1(Q)
defined as ṽ(x, y) = x(ε2 − x)/2 for all (x, y) in Q. It is immediate to check that −∆ṽ = 1 and
ṽ ≥ 0 on ∂E, which in turn implies ṽ ≥ v̂ ≥ 0 in E by well known properties of harmonic functions.
Therefore we immediately obtain C1 ≤ ∥ṽ∥L∞(E) = (ε2)

2/8.
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Figure 2: Quadrilateral element with 0 < ε1 ≤ ε2 ≤ h.

In order to obtain a bound for C2, we follow a similar argument as in the proof of Proposition
5.1. Let thus v ∈ H1(E) as in assumption (A2) of Lemma 5.1 and let (nx, ny) represent the two
components of the outward unit normal to ∂E. Recalling (5.10) we easily obtain

∂xΠ
∇v = |E|−1

( ∫
ê
v nx +

∫
ẽ
v nx

)
where ê denotes the left vertical edge and ẽ the right oblique edge of E (see again Figure 2). Now
since |E| = h(ε1 + ε2)/2 some trivial calculation yields (recall that Π∇v is a constant vector field)

|∂xΠ∇v| ≤ |ê|+ |ẽ|
|E|

∥v∥L∞(∂E) ≤
3

2
(ε1 + ε2)

−1∥v∥L∞(∂E) ≤
3

2
(ε2)

−1∥v∥L∞(∂E) . (5.12)

Let now e1 represent the top horizontal edge and e2 the bottom horizontal edge of E (see Figure
2). Furthermore, we denote by ny,2 the ny component of the outward unit normal to ẽ. Again from
(5.10) and some simple manipulation we can write

|∂yΠ∇v| ≤ |E|−1
( ∫

e1

|v|+
∫
e2

|v|+
∫
ẽ
v ny

)
≤ ε1 + ε2 +

√
2h|ny,2|

h(ε1 + ε2)/2
∥v∥L∞(∂E)

≤
(
h−1 + (ε1 + ε2)

−1|ny,2|
)
∥v∥L∞(∂E) .

(5.13)

Some simple algebra shows that

ny,2 = (ε2 − ε1)/
√
h2 + (ε2 − ε1)2 ≤ (ε2 − ε1)/h

so that substitution into (5.13) trivially yields

|∂yΠ∇v| ≤ 2h−1∥v∥L∞(∂E) . (5.14)

From the first identity in (5.10) it follows that it exists (at least) a point ξ ∈ ∂E such that |Π∇v(ξ)| ≤
∥v∥L∞(∂E). Any other point η ∈ E can be reached from ξ by following an horizontal path of length
equal or less than ε2 plus a vertical path of length equal or less than h. Therefore, also using (5.12)
and (5.14), we obtain

∥Π∇v∥L∞(E) ≤ ∥Π∇v(ξ)∥+ |∂xΠ∇v| ε2 + |∂yΠ∇v|h ≤ ∥v∥L∞(∂E) + 3/2∥v∥L∞(∂E) + 2∥v∥L∞(∂E) .
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Thus we obtain C2 ≤ 9/2.
Let finally w ∈ H1

0 (E) as in assumption (A3) of Lemma 5.1. We consider the triangle T contained
in E and defined by the three vertexes of coordinates (0, 0), (0, ε1) and (ε2, 0). Let b denote the
cubic bubble on T with ∥b∥L∞(T ) = 1. Since ∆w is a first order polynomial (which we now imagine
to be defined on the whole Q), it is easy to check that it exists a universal constant c such that∫

E
(∆w)2 ≤

∫
Q
(∆w)2 ≤ c

∫
T
(∆w)2 .

First by standard scaling arguments for polynomials on triangles, then by integration by parts we
now obtain

c

∫
T
(∆w)2 ≤ c′

∫
T
b(∆w)2 = c′

∫
T
∇w · ∇(b∆w)

with c′ a positive universal constant. We now combine the two inequalities here above and apply
first a Cauchy-Schwarz inequality to the right hand side, then again a standard scaling argument
for polynomials on triangles, yielding∫

E
(∆w)2 ≤ c′∥∇w∥L2(T )∥∇(b∆w)∥L2(T ) ≤ c′′ (ε2)

−1∥∇w∥L2(T )∥b∆w∥L2(T )

≤ c′′ (ε2)
−1∥∇w∥L2(E)∥∆w∥L2(E) ,

where we also used ∥b∥L∞(T ) = 1 in the last step. We thus obtain C3 ≤ (c′′)2 (ε2)
−2.

Finally, in order to show that the constant C4 is independent of the involved geometric param-
eters, we consider the mapping that maps each (x, y) into (x(h/ε2), y). The image of E through
such affine mapping is a shape regular polygon Ẽ in the sense of Proposition 5.1, with ratio ρ2/ρ1
independent of h, ε1, ε2. Therefore, on such mapped polygon Ẽ bound (5.3) holds independently of
the aforementioned geometric parameters. By a change of variables, it is therefore easy to check
that bound (5.3) holds also on E with constant C4 uniform in h, ε1, ε2.

6 Stability in background Cartesian meshes

In the present section we verify the validity of the Assumption 3.1 (stability) for the mesh shapes
generated by the proposed trimming algorithm, when the background mesh is the Cartesian mesh
defined in Example 3.1. Unless otherwise noted, we will assume the classical dofi-dofi choice and the
standard Π∇

E projection on the space S1(E) = P1(E) as the operator Π̃E in (3.11). It is well known
that condition (3.10) implies the stability of the discrete form aE(u, v) on VE , see for instance [12].

Based on the discussion in Example 3.2, one can identify four types of polygons than can be
generated by the proposed trimming procedure (see Fig. 1). Furthermore, each polygon can exhibit
different behaviors, depending on its aspect ratio and relative size of edges, as detailed below.

Triangular elements. On triangles condition (3.10) is automatically satisfied as the involved
space is void.

Well behaved elements. These are the majority of elements E (all those not intersecting
the boundary, for example) and are characterized by i) being shape-regular (uniformly in the mesh
family) and ii) having all edges of length uniformly comparable to hE . Under those conditions, it is
well known in the VEM literature that (3.10) is satisfied e.g. by the so-called dofi-dofi stabilization,
see [15, 20, 26].

Almost well behaved elements (see Fig. 1, pentagons G or H). There are boundary elements
which are shape-regular but exhibit (one or more) small edges, each having one or both extrema on
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∂Ωh. By “small edge” we mean an edge with length ε that may be arbitrarily smaller than hE . In
such case property (3.10) is more involved. If the small edge has both extrema on ∂Ωh (meaning
that all functions in VE vanish on the edge) then the small edge can be essentially ignored, leading
again to (3.10). But if only one extrema lays on ∂Ωh, then the best stability result one expects
using the dofi-dofi stabilization is

C1 sE(vh, vh) ≤ |vh|2H1(E) ≤ C2 log (1 + hE/ε)sE(vh, vh) ∀vh ∈ VE with Π∇
Evh = 0 , (6.1)

see again [15, 20, 26]). On the other hand, such logarithmic factor is in practice negligible and
equivalent to having a bigger constant C2 in (3.10), as verified by our numerical tests in Sect. 8.

However, there is an alternative definition of the stabilization form that avoids the logarithmic
factor for elements of this kind. Let us briefly hint to it, assuming (only in order to simplify the
exposition, the generalization being trivial) that there is only one “small” edge. In [15, 20, 26] it is
shown that, on any shape-regular polygonal element E, the H1(E) seminorm of any vh ∈ VE with
Π∇
Evh = 0 is uniformly equivalent to the H1/2 seminorm of v|∂E . We now recall that i) such traces

are piecewise linear on the boundary, ii) the considered element has all edges but one with length
comparable to hE , and iii) one edge e has length ε and the functions in VE must vanish at one of its
extrema. By a direct calculation (denoting by VE ⊂ ∂E the set of vertexes of E), it can therefore
be shown that

|vh|2H1(E) ≃ |vh|2H1/2(∂E)
≃ log (1 + hE/ε)|vh(ν̂)|2 +

∑
ν∈VE , ν ̸=ν̂

|vh(ν)|2 ∀vh ∈ VE with Π∇
Evh = 0 ,

(6.2)
where ν̂ denotes the other extrema of e, where the functions do not vanish. The above argument
suggests that a more precise choice for sE(·, ·) for this class of elements is

sE(vh, wh) := log (1 + hE/ε)vh(ν̂)wh(ν̂) +
∑

ν∈VE , ν ̸=ν̂
vh(ν)wh(ν) ,

that allows to get rid of the logarithmic factor in (6.1).

Remark 6.1 (hexagonal elements). These elements may occur when the cell K has exactly two
opposite vertices in Ω (see Example 3.2 and Fig. 1, plots E or F). If at least one edge contained in ∂Ω
has length c h, where the constant c may be small but only depends on the local geometry of Ω, the
element is well-behaved or almost well-behaved. Otherwise, K ∩Ω is not connected, each connected
component being contained in a neighborhood of radius arbitrarily small of one of the vertices of
K contained in Ω; in such a case, the hexagon can be replaced by two triangles, as mentioned in
Example 3.2. We conclude that, in all cases, these elements can be treated as discussed above.

Anisotropic quadrilaterals (see Fig. 2). These are the most complex elements, since they lack
shape regularity. Therefore in Section 6.1 we will focus on the novel case of (boundary) anisotropic
quadrilateral elements, where the lack of shape-regularity rules out the results mentioned above.
More specifically, in the following part of this section E will represent a (possibly anisotropic)
quadrilateral defined by the lengths ε1 ≤ ε2 ≤ h, as depicted in Figure 2. Most importantly, the
edge ẽ lays on ∂Ωh. Note that the interesting results in [24], also dealing with anisotropic quads,
are not useful in our present context.

This is the only kind of elements for which we use a projection Π̃E different from Π∇
E , see (3.11).

For each vh ∈ VE , we denote by Π̃E vh the unique element of P1(E) such that

(Π̃E vh)|ẽ = 0 and

∫
E
∇Π̃E vh · nẽ =

∫
E
∇vh · nẽ, (6.3)
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where nẽ is the normal to ẽ. Correspondingly, we set S1(E) := {q ∈ P1(E) : q|E = 0 on ẽ}. It is

immediate to verify the computability of Π̃Evh based on the sole knowledge of the vertex values
(DOFs) of vh. Indeed, integration by parts immediately yields

∫
E ∇vh · nẽ =

∫
∂E nẽ · n vh with n

normal to ∂E and the latter integral is computable. For what concerns the H1-continuity of Π̃E , it is
easy to verify that as ∇Π̃Evh is constant on E and vh|ẽ = 0 there holds ∇Π̃E vh ·nẽ = 1

|E|
∫
E ∇vh ·nẽ

and ∇Π̃E vh = (∇Π̃ vh · nẽ)nẽ. These results yield ∥∇Π̃E vh∥2L2(E) ≤ ∥ 1
|E|

∫
E ∇vh · nẽ∥2L2(E) ≤

∥∇vh∥2L2(E).

6.1 Stability for anisotropic quads

With reference to Figure 2, let κ = κ(y) be the length of the horizontal segment in E whose left
and right endpoints sit on ê and ẽ, respectively. It holds

κ(y) = (h− y)
ε2 − ε1
h

+ ε1. (6.4)

We also recall that the virtual functions are zero on the edge ẽ. In the following the symbol ≲ will
denote a bound up to a constant independent of ε1, ε2, h. On the polygon E, instead of the classical
dofi-dofi, in order to attain uniform stability we must make use of the following novel stabilization
form on the enhanced virtual space VE .

Definition 6.1 (stabilization). Let us set, for any vh, wh ∈ VE ,

sE(vh, wh) :=

∫ h

0

vh(0, y)wh(0, y)

κ(y)
dy. (6.5)

The following results show that on VE the quantity sE(vh, vh) is equivalent to the square of the
H1-seminorm of vh.

Lemma 6.2 (continuity). For any vh ∈ VE there holds

sE(vh, vh) ≤ |vh|2H1(E). (6.6)

Proof. Use that vh|ẽ = 0 to write

vh(0, y) = −
∫ κ(y)

0
∂xvh(x, y)dx. (6.7)

Then there holds

|vh(0, y)|2 ≤ κ(y)

∫ κ(y)

0
|∂xvh(x, y)|2dx (6.8)

which implies ∫ h

0

|vh(0, y)|2

κ(y)
dy ≤

∫ h

0

∫ κ(h)

0
|∂xvh(x, y)|2dxdy = |vh|2H1(E) . (6.9)

To prove coercivity, we need a technical result. Let

WE,0 := {ψ ∈WE : ψ|ẽ = 0}, (6.10)

where WE is the space, defined in (3.2), of classical VEM functions on E.
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Lemma 6.3. For any ψ ∈WE,0 there holds

|ψ|H1(E) ≲ ∥ψ∥κ(ê). (6.11)

Proof. We start observing that the definition of WE,0 immediately implies that

ψ(x, y) = ψ(0, y)(1− x

κ(y)
). (6.12)

First, we have ∂xψ(x, y) = −ψ(0, y)κ(y)−1 which implies∫ h

0

∫ κ(y)

0
|∂xψ(x, y)|2dxdy =

∫ h

0

|ψ(0, y)|2

κ(y)
dy = ∥ψ∥2κ(ê). (6.13)

On the other hand, we have

∂yψ(x, y) = ∂yψ(0, y)(1−
x

κ(y)
) + ψ(0, y)

x

κ(y)2
κ′(y) =: A(x, y) +B(x, y)

which yields ∫
E
|∂yψ|2 ≲

∫
E
A2(x, y) +

∫
E
B2(x, y). (6.14)

Let us consider the first term∫
E
A2(x, y) ≤

∫ h

0

∫ κ(y)

0
|∂yψ(0, y)|2dxdy =

∫ h

0
κ(y)|∂yψ(0, y)|2dxdy

≤ ε2

∫ h

0
|∂yψ(0, y)|2dxdy ≤ ε2

h
max

ν vertices of ê
|ψ(ν)|2

≤
∫ h

0

|ψ(0, y)|2

κ(y)
dy = ∥ψ∥2κ(ê) , (6.15)

where in the last inequality we applied (6.22) recalling ε2 ≤ h.
We now consider the second term

∫
E
B(x, y)2 =

∫ h

0

∫ κ(y)

0

(
ψ(0, y)

x

κ(y)2
κ′(y)

)2

dxdy. (6.16)

Let us note that κ(y) = ε2 − ∆ε
h y with ∆ε := ε2 − ε1, which implies κ′(y) = −∆ε

h .
Moreover, we observe that as x ∈ [0, κ(y)] there holds∣∣∣∣ x

κ2(y)
κ′(y)

∣∣∣∣ ≤ ∣∣∣∣ x

κ(y)

∣∣∣∣ ∣∣∣∣κ′(y)κ(y)

∣∣∣∣ ≤ 1

∣∣∣∣κ′(y)κ(y)

∣∣∣∣ . (6.17)

Thus, we have ∫
E
B(x, y)2 ≤

∫ h

0

∫ κ(y)

0
|ψ(0, y)|2

∣∣∣∣κ′(y)κ(y)

∣∣∣∣2 dxdy
≤

∫ h

0
|ψ(0, y)|2 |κ

′(y)|2

κ(y)
dy

≤
(
∆ε

h

)2 ∫ h

0

|ψ(0, y)|2

κ(y)
dy ≤ 1∥ψ∥2κ(ê). (6.18)

Putting all together we obtain the thesis.
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Lemma 6.4. (coercivity) For any vh ∈ VE it holds

|vh|2H1(E) ≲ sE(vh, vh). (6.19)

Proof. We first observe that integration by parts yields

|vh|2H1(E) =

∫
E
∇vh · ∇vh = −

∫
E
vh∆vh +

∫
∂E
vh∂nvh =: T1 + T2. (6.20)

By employing Proposition 5.1 together with (5.2) and the estimate of C3, we have

T1 ≤ ∥vh∥L∞(E)|E|1/2∥∆vh∥2L(E)

≲ ∥vh∥L∞(E)(ε2h)
1/2ε−1

2 |vh|2H1(E)

≲ (h/ε2)
1/2|vh|H1(E) max

ν∈∂E
|vh(ν)|. (6.21)

Since it holds κ(y)−1 ≥ ε−1
2 we obtain

h

ε2
max
ν∈∂E

|vh(ν)|2 ≲
∫ h

0

|vh(0, y)|2

κ(y)
dy (6.22)

where we employed a standard inverse estimate along the edge ê. Thus we get

T1 ≲ |vh|H1(E) (sE(vh, vh))
1/2 . (6.23)

Let us now focus on the term T2. First, we define the following quantity for all sufficiently regular
functions

∥φ∥2κ(ê) :=
∫ h

0

|φ(0, y)|2

κ(y)
dy. (6.24)

We have

T2 =

∫
∂E
vh∂nvh ≤ ∥vh∥κ(ê) sup

ψ∈WE,0

∫
∂E ∂nvhψ

∥ψ∥κ(ê)
. (6.25)

Thus, we have

T2 ≤ ∥vh∥κ(ê) sup
ψ∈WE,0

∫
E ∇vh · ∇ψ +

∫
E ∆vhψ

∥ψ∥κ(ê)
. (6.26)

Obviously, there hold ∫
E
∇vh∇ψ ≤ |vh|H1(E)|ψ|H1(E) (6.27)

and ∫
E
∆vhψ ≤ ∥∆vh∥L2(E)∥ψ∥L2(E) ≲ ε−1

2 |vh|H1(E)ε2|ψ|H1(E) (6.28)

where we employed (5.2) and an anisotropic Poincaré inequality. Applying Lemma 6.3, we have

T2 ≲ |vh|H1(E)∥vh∥κ(ê). (6.29)

Hence, we conclude
|vh|2H1(E) ≲ ∥vh∥2κ(ê) = sE(vh, vh).

Remark 6.5. We note that Lemmas 6.2 and 6.4 clearly imply (3.10). The reason why on these
elements we adopted Π̃E instead of Π∇

E is that Π̃E respects the boundary condition on ẽ, which was
a critical ingredient in the above proofs.
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7 Interpolation in background Cartesian meshes

In the present section we verify the validity of Assumption 4.1 (interpolation) for the mesh types
generated by the proposed trimming algorithm in two cases: regular and non-regular, according to
the smoothness of the exact solution (and its extension). In the regular case, the boundary ∂Ω does
not contain break points with reentrant corners, hence, the solution is in H2(Ω); on the contrary,
in the non-regular case, the solution contains a singular part, as indicated in (2.13)-(2.14).

7.1 Regular case

Hereafter, we will prove the following local interpolation error estimate, which clearly implies the
global estimate (4.3) whenever u ∈ H2(Ω̃).

Theorem 7.1 (interpolation error bound in the regular case). Let E ∈ Th and let u be any function
in H2(E) vanishing at each vertex of E sitting on ∂Ω. Then, there exists a constant Cr > 0
independent of u and E such that

h−1∥u− Ihu∥0,E + |u− Ihu|1,E ≤ Crh|u|2,E . (7.1)

To prove the theorem, let us recall that polygons generated by the proposed trimming procedure
may exhibit different behaviors, as discussed in Sect. 6 to which we refer for the classification. The
following results hold.

Triangular elements. These are triangles, possibly not shape-regular but always with a π/2
internal angle. Due to this angle condition, (7.1) holds (see for instance Theorem 2.1 in [5]).

Well behaved elements. For such elements, it is well known in the VEM literature that (7.1)
holds, see [15, 20, 26].

Almost well behaved elements. Property (7.1) is valid for these elements, too (see again
the above references or also [16]).

Anisotropic quadrilaterals. These are the most complex elements, since they lack shape
regularity, which rules out the application of the results mentioned above. Also note that the
interesting results in [24], dealing with anisotropic quads as well, are not useful in our present
context. Therefore, we devote the whole Section 7.1.1 to deal with these boundary anisotropic
quadrilateral elements.

We briefly discuss the validity of Assumption 4.2 (simpler polynomial approximation).

Remark 7.2. Let a generic element E ∈ Th with u ∈ H2(E); we distinguish two cases.
(1) Whenever E is not an anisotropic quadrilateral (in accordance with our classification) we define
P1
Eu := p1 to be the unique first order polynomial such that

∫
E(p1 − u) = 0 and

∫
E ∇(p1 − u) = 0.

Then, noting that all the elements generated by our procedure are convex, and applying the Poincaré-
Wirtinger inequality [46], we obtain

∥u− P1
Eu∥L2(E) ≤ π−1hE |u− P1

Eu|H1(E) ≤ π−2h2E |u|H2(E) ,

yielding (4.4) for all elements on which u is regular.

(2) Whenever E is an anisotropic quadrilateral, the definition of Π̃E given in (6.3) implies that the
affine polynomial P1

Eu cannot be chosen freely as it must vanish on ẽ. In this case it is convenient

to introduce Ẽ, the patch given by the union of E and its neighbor square element of the background
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mesh on the opposite side with respect to ẽ. Since u vanishes at the endpoints of ẽ and Ẽ is shape
regular, it is easy to check that (choosing for instance P1

Eu = Π̃
Ẽ
u, see (6.3))

∥u− P1
Eu∥L2(E) ≤ ∥ũ− P1

Eu∥L2(Ẽ)
≤ hE |ũ− P1

Eu|H1(Ẽ)
≤ h2E |ũ|H2(Ẽ)

,

where ũ is the extension introduced in Section 2.2. This result is satisfactory recalling (2.21).

7.1.1 Anisotropic quads

Hereafter, E will represent a (possibly anisotropic) quadrilateral defined by the lengths ε1 ≤ ε2 ≤ h,
as depicted in Figure 2. It is important to notice that the endpoints of the edge ẽ lay on ∂Ωh; in
particular, virtual functions vanish on this edge. The symbol ≲ here denotes a bound up to a
constant independent of ε1, ε2, h.

We start by the following lemma, concerning interpolation in the classical virtual element space
WE defined in (3.2).

Lemma 7.3. Let u ∈ H2(E) and let wI denote its nodal (vertex) interpolant in WE. Then it holds

|u− wI |H1(E) ≲ h|u|H2(E) .

Proof. We consider a partition obtained subdividing E into the two triangles obtained by drawing
a diagonal to E. We denote by q1 the piecewise (first order) polynomial function on such sub-
triangulation obtained by nodal interpolation of u at the vertexes. It holds (see for instance [5]):

|u− q1|H1(E) ≲ h|u|H2(E) . (7.2)

Let us now write u = u∂ + ub, defined by

∆u∂ = 0 , u∂ |∂E = u|∂E and ∆ub = ∆u , ub|∂E = 0 .

Then
|u− wI |H1(E) ≤ |u∂ − wI |H1(E) + |ub|H1(E) . (7.3)

Since q1|∂E = wI |∂E and ∆(u∂ − wI) = 0 in E, properties of harmonic functions immediately yield
(also recalling (7.2))

|u∂ − wI |H1(E) ≤ |u∂ − q1|H1(E) ≤ |u− q1|H1(E) + |ub|H1(E) ≲ h|u|H2(E) + |ub|H1(E) . (7.4)

It is immediate to check, integrating by parts, that ∇u∂ and ∇ub are orthogonal with respect to
the L2(E) scalar product. Furthermore, let ∇u denote the integral average of ∇u on E. Then, by
an obvious orthogonality and Poincaré estimates for zero average functions

|ub|2H1(E) =

∫
E
∇ub · ∇u =

∫
E
∇ub · (∇u−∇u) ≤ |ub|H1(E)∥∇u−∇u∥L2(E)

≲ |ub|H1(E)h|∇u|H1(E) = |ub|H1(E)h|u|H2(E) .

The proof is concluded combining the above bound with (7.3) and (7.4).

We now need to tackle the more complex interpolation into the enhanced VEM space VE , defined
in (3.3). We start by the following result.
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Lemma 7.4. Let u and wI as in Lemma 7.3. Let uI = IEu denote the nodal (vertex) interpolant
of u in VE. Then it holds

|uI − wI |H1(E) ≲ ε−1
2 ∥wI −Π∇wI∥L2(E) .

Proof. First noting that (uI − wI) vanishes on ∂E and integrating by parts, then observing that
∆(uI − wI) ∈ P1(E) and by definition of VE , we get

|uI−wI |2H1(E) =

∫
E
∇(uI−wI)·∇(uI−wI) = −

∫
E
(uI−wI)∆(uI−wI) = −

∫
E
(Π∇uI−wI)∆(uI−wI) .

(7.5)
We now recall that the Π∇ operator only depends on the boundary values of the function, and that
uI = wI on ∂E. Therefore, starting from identity (7.5) and recalling the bound for C3 obtained in
Proposition 5.2, we derive

|uI − wI |2H1(E) = −
∫
E
(Π∇wI − wI)∆(uI − wI) ≤ ∥wI −Π∇wI∥L2(E)∥∆(uI − wI)∥L2(E)

≲ ε−1
2 ∥wI −Π∇wI∥L2(E)|uI − wI |H1(E) .

The proof is concluded.

We now need a result stating the boundedness of the Π∇ operator on anisotropic quads.

Lemma 7.5. It holds

∥Π∇v∥L2(E) ≲ ε
1/2
2 ∥v∥L2(ê) + h1/2ε2∥∂xv∥L2(e1∪e2)

for all v ∈ H2(E) with v|ẽ = 0.

Proof. We note that ∇Π∇v is constant; therefore, by definition and integration by parts,

∇Π∇v = |E|−1

∫
E
∇Π∇v = |E|−1

∫
E
∇v = |E|−1

∫
∂E
v n , (7.6)

with n denoting the unit outward normal to the boundary.
By a Hölder inequality, from (7.6) we easily obtain (also since (1/2)hε2 ≤ |E| ≤ hε2)

|∂xΠ∇v| ≤ |E|−1|
∫
ê
v | ≲ h−1/2ε−1

2 ∥v∥L2(ê) . (7.7)

By an analogous argument, also using a standard Poincaré in one dimension along each edge (recall
that v|ẽ = 0),

|∂yΠ∇v| ≲ |E|−1ε
1/2
2 ∥v∥L2(e1∪e2) ≲ h−1ε

1/2
2 ∥∂xv∥L2(e1∪e2) . (7.8)

From the first identity in (5.10) it easily follows that it exists (at least) a point ξ ∈ ∂E such that
Π∇v(ξ) = |∂E|−1

∫
∂E v. Any other point in E can be reached from ξ by following an horizontal

path of length equal or less than ε2 plus a vertical path of length equal or less than h. Therefore,
also using (7.7) and (7.8), by some standard calculation we obtain

∥Π∇v∥L∞(E) ≤ |∂E|−1|
∫
∂E
v|+ ε2|∂xΠ∇v|+ h|∂yΠ∇v|

≲ h−1/2∥v∥L2(∂E) + h−1/2∥v∥L2(ê) + ε
1/2
2 ∥∂xv∥L2(e1∪e2)

≲ h−1/2∥v∥L2(ê) + ε
1/2
2 ∥∂xv∥L2(e1∪e2) ,

where the last step follows recalling v|ẽ = 0 and again a one dimensional Poincaré inequality on the
horizontal edges. The result now follows immediately by a Hölder inequality.
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We can finally state the following approximation result, which is precisely the error bound in
energy contained in (7.1) for the considered quadrilaterals.

Theorem 7.6 (H1 interpolation error bound in the regular case). Let u ∈ H2(E) vanish at each
vertex of E sitting on ∂Ω. Then it holds

|u− IEu|H1(E) ≲ h|u|H2(E) .

Proof. Hereafter, we refer again to Figure 2 for the notation, and we set uI := IEu for short. As
a preliminary observation we note that, for any function ψ ∈ H1(E) vanishing on ẽ, a standard
integration and density argument, in the spirit of the Poincaré inequality, shows that

∥ψ∥L2(E) ≲ ε2∥∂xψ∥L2(E) and ∥ψ∥L2(ê) ≲ ε
1/2
2 ∥∂xψ∥L2(E) . (7.9)

Furthermore, let us define p1 ∈ P1(E) by

p1|ẽ = 0 ,

∫
E
∂x(u− p1) = 0 .

A classical Poincaré inequality for functions with zero integral (which can be proved by a standard
mapping argument) yields

∥∂x(u− p1)∥L2(E) ≲ h|u|H2(E) . (7.10)

We now start by combining a triangle inequality with Lemmas 7.3 and 7.4, leading to

|u− uI |H1(E) ≤ |u− wI |H1(E) + |uI − wI |H1(E) ≲ h|u|H2(E) + ε−1
2 ∥wI −Π∇wI∥L2(E) . (7.11)

The second term in the right hand side here above is bounded by the triangle inequality and recalling
that Π∇ preserves first order polynomials:

ε−1
2 ∥wI −Π∇wI∥L2(E) ≤ ε−1

2 ∥wI − p1∥L2(E) + ε−1
2 ∥Π∇(wI − p1)∥L2(E) =: T1 + T2 . (7.12)

We now note that, by definition, both wI and p1 vanish on ẽ. Therefore we can apply (7.9), followed
by a triangle inequality and (7.10), yielding

T1 ≲ ∥∂x(wI − p1)∥L2(E) ≤ ∥∂x(wI − u)∥L2(E) + ∥∂x(u− p1)∥L2(E)

≤ |u− wI |H1(E) + h|u|H2(E) ≲ h|u|H2(E) ,
(7.13)

where in the last step we used Lemma 7.3. Regarding term T2, we make use of Lemma 7.5 (note
again that both wI and p1 vanish on ẽ)

T2 ≲ ε
−1/2
2 ∥(wI − p1)∥L2(ê) + h1/2∥∂x(wI − p1)∥L2(e1∪e2) =: T3 + T4 . (7.14)

Term T3 is bounded immediately first applying (7.9) and then the same steps as in (7.13), obtaining

T3 ≲ ∥∂x(wI − p1)∥L2(E) ≲ h|u|H2(E) . (7.15)

In order to handle term T4, we start by a triangle inequality

T4 ≤ h1/2∥∂x(wI − u)∥L2(e1∪e2) + h1/2∥∂x(u− p1)∥L2(e1∪e2) . (7.16)
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We observe that, since wI is affine on each edge ei, i = 1, 2, and interpolatory at the endpoints,
the function ∂xwI |ei corresponds to the L2(ei) projection of ∂xu|ei on constant functions. As a
consequence it is trivial to check that

∥∂x(wI − u)∥L2(e1∪e2) ≤ ∥∂x(u− p1)∥L2(e1∪e2) .

First using the above observation in (7.16), then by a scaled trace inequality

T4 ≤ h1/2∥∂x(u− p1)∥L2(e1∪e2) ≲ ∥∂x(u− p1)∥L2(E) + h|(u− p1)|H1(E) ≲ h|u|H2(E) , (7.17)

where we also used (7.10) in the last inequality. The proof is concluded combining the bounds
(7.11), (7.12), (7.13), (7.14), (7.15), and (7.17).

We now extend the above result to estimating the interpolation error in the L2-norm.

Corollary 7.1 (L2 interpolation error bound in the regular case). Let u ∈ H2(E) vanish at each
vertex of E sitting on ∂Ω. Then it holds

∥u− IEu∥L2(E) ≲ h2|u|H2(E) .

Proof. Also in this proof we follow the notation depicted in Figure 2, and we use the notation
uI := IEu. By exploiting the density C1(E) ⊆ H1(E) and by a standard integration argument in
the x−direction, it is easy to check that, for any w ∈ H1(E), it holds

∥w∥L2(E) ≲ ε2∥∂xw∥L2(E) + ε
1/2
2 ∥w∥L2(ẽ) . (7.18)

Since interpolation preserves P1(E), we can write

u− uI = ũ− ũI where ũ = u− p1 ,

with p1 ∈ P1(E) any polynomial such that
∫
E ∇ũ = 0. We now first combine the two observations

above (with the choice w = u− uI = ũ− ũI), then apply Theorem 7.6, yielding

∥ũ− ũI∥L2(E) ≲ ε2∥∂x(u− uI)∥L2(E) + ε
1/2
2 ∥ũ− ũI∥L2(ẽ) ≲ hε2|u|H2(E) + ε

1/2
2 ∥ũ− ũI∥L2(ẽ) .

Note that, by definition, the trace of ũI on ẽ corresponds to the first order polynomial interpolant
of the trace of ũ on ẽ. Therefore we can bound the second term in the right-hand side using classical
interpolation results for P1 polynomials in one dimension, followed by a standard anisotropic scaled
trace inequality applied to ∇ũ:

ε
1/2
2 ∥ũ− ũI∥L2(ẽ) ≲ ε

1/2
2 h|ũ|H1(ẽ) ≲ ε

1/2
2 h

(
ε
−1/2
2 |ũ|H1(E) + ε

1/2
2 |ũ|H2(E)

)
.

The first term on the right-hand side is bounded by a classical Poincaré inequality for functions
with vanishing integral on convex domains (recall the definition of ũ above). We finally obtain

ε
1/2
2 ∥ũ− ũI∥L2(ẽ) ≲ h2|ũ|H2(E) = h2|u|H2(E) .

The proof now follows trivially combining all the above bounds and recalling ε2 ≤ h.
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7.2 Non-regular case

We now discuss the validity of the error bound (4.3) when the domain exhibits reentrant corners,
so that the solution (and its extension in Ω̃) is the sum of a regular part and a singular part,
according to (2.13)-(2.14) (and its extension (2.18)). For simplicity, let us ignore the notation for
the extensions, so let us write u = ψ+

∑J
j=1 λjζj , with ψ ∈ H2(Ω̃) and each ζj having a singularity

of index γj ∈ (12 , 1) at a break point zj ∈ ∂Ω. Let us set again γ̄ := min1≤j≤J γj . At first, we are
going to establish the following result.

Theorem 7.7 (H1 interpolation error bound in the non-regular case). There exists a constant
C > 0 independent of u and Th such that

|u− Ihu|1,Ωh
≤ C hγ̄ |||u|||2,Ω . (7.19)

To prove the estimate, we first observe that the linearity of the interpolation operator implies

|u− Ihu|1,Ωh
≤ |ψ − Ihψ|1,Ωh

+

J∑
j=1

|λj ||ζj − Ihζj |1,Ωh
.

By applying Theorem 7.1 to the function ψ (note that each ζj vanishes on ∂Ω, hence ψ vanishes
therein as well), we have

|ψ − Ihψ|1,Ωh
≲ h |ψ|2,Ωh

,

hence, if we prove that
|ζj − Ihζj |1,Ωh

≲ hγj , 1 ≤ j ≤ J, (7.20)

we immediately arrive at (7.19) after recalling the bound (2.21).

From now on, we focus on bound (7.20) for some j ∈ [1, J ]. Since ζj is locally supported around
zj , there exists a neighborhood Nj(zj , Rj) of zj of radius Rj = O(1) such that ζj − Ihζj vanishes
outside this neighborhood. Let Nj(z, rj) be a neighborhood of zj of radius rj = ch, c ≃ 1. In the
annulus Aj = Nj(zj , Rj) \ Nj(zj , rj), the function ζj is smooth; hence, we can apply Theorem 7.1
again, this time to the function ζj , and get the error bound

|ζj − Ihζj |1,Ωh∩Aj ≲ h |ζj |2,Aj .

An explicit computation yields

|ζj |22,Aj
≲

∫ Rj

rj

r2(γj−2)+1dr ≲ h2(γj−1),

whence
|ζj − Ihζj |1,Ωh∩Aj ≲ hγj . (7.21)

It remains to bound the interpolation error in Nj(zj , rj), or - more precisely - in each element
E ∈ Th that intersects Nj(zj , rj). The number of such elements is bounded by the number of
elements K ∈ T B

h of the background mesh that intersect Nj(zj , rj) (recall that by construction
each K ∈ T B

h contains at most one E ∈ Th), and the latter number is upper bounded independently
of h, since each K is shape-regular with diameter O(h). Considering any such E, we use the triangle
inequality

|ζj − Ihζj |1,E ≤ |ζj |1,E + |Ihζj |1,E (7.22)
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Figure 3: Mapped region around the break point Z = zj

and estimate independently the two addends on the right-hand side. The first one is easily bounded:

|ζj |21,E ≲
∫ ch

0
r2(γj−1)+1dr ≲ h2γj . (7.23)

Thus, we are left with the problem of estimating the quantity |Ihζj |1,E when E ∈ Th has distance
O(h) from zj . This will be the object of the forthcoming analysis.

We first establish a technical result that will be useful in the sequel.

Lemma 7.8 (values of the singular functions). Let Z = zj ∈ ∂Ω be a break point with singularity
index γj ∈ (12 , 1), and let ζj be the associated singular function defined in (2.11). Let Nj(zj) be a
neighborhood of zj of radius O(h). Let P, V ∈ Nj(zj) ∩ Ωh, with ζj(P ) = 0. Then, there exists an
absolute positive constant Λ = O(1) such that

|ζj(V )| ≲

{
|V − Z|γj if |V − Z| < Λ |V − P |,

|V − Z|γj−1|V − P | if |V − Z| ≥ Λ |V − P |.
(7.24)

Proof. By applying the C2-diffeomorphism T̃j : Nj → S̃j , one is lead to consider the geometry of

Figure 3, where Z0 = T̃j(Z), P0 = T̃j(P ), V0 = T̃j(V ), and θV is the angle formed by the segments
Z0P0 and Z0V0. In this reference system, we have

ζj(V ) = ζ0j (V0) = |V0 − Z0|γj sin(γjθV ).

This shows that, in any case,

|ζj(V )| ≤ |V0 − Z0|γj ≲ |V − Z|γj .

Thus, from now on let us assume |V − Z| ≥ Λ |V − P |, which is equivalent to

|V0 − Z0| ≥ Λ0 |V0 − P0|

for a constant Λ0 ≃ Λ. If we choose K0 = 1, then necessarily 0 < θV < π
2 , hence

sin(γjθV ) < sin θV =
|V0 − PV0 |
|V0 − Z0|

≤ |V0 − P0|
|V0 − Z0|

,

where PV0 is the orthogonal projection of V0 upon the segment Z0P0. This implies

|ζj(V )| ≤ |V0 − Z0|γj−1|V0 − P0| ≲ |V − Z|γj−1|V − P |

as desired.
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Corollary 7.2. Under the assumptions of the previous Lemma, one has

|ζj(V )| ≲ |V − Z|γj−1|V − P | ≲ hγj−1|V − P |. (7.25)

As already declared, we can now proceed in bounding the quantity |Ihζj |1,E for a generic element
E ∈ Th within distance O(h) from zj . We follow the same element classification introduced in
Section 6.

Triangular elements. It is not restrictive to focus on the triangle E of Figure 4. Since ζj
vanishes at P1 and P3, we can write Ihζj = ζj(P2)ϕ2, where ϕ2 ∈ P1(E) is the Lagrange basis
function satisfying ϕ2(Pi) = δi,2 for 1 ≤ i ≤ 3. Corollary 7.25 applied with V = P2 and P = P1, P3

yields
|ζj(P2)| ≲ hγj−1min(ε1, ε2),

whereas

|ϕ2|21,E =

(
1

ε21
+

1

ε22

)
ε1ϵ2 ≲

max(ε1, ε2)

min(ε1, ε2)
, ∥ϕ2∥20,E ≃ ε1ε2.

Since ε1, ε2 ≤ h, we arrive at the desired bounds

|Ihζj |21,E ≲ h2γj−2max(ε1, ε2)min(ε1, ε2) ≤ h2γj , ∥Ihζj∥20,E ≲ h2γj−2min(ε1, ε2)ε1ε2 ≤ h2γj+2.

Well behaved elements. Under the current assumptions, all vertexes of the element E are
within ch from the singularity corner point, c ∈ R+. Known results from the literature of VEM
stabilization [15, 20, 26] yield

|v|21,E ≲ CsE(v, v) ∀v ∈ VE .

Since the number of edges are uniformly bounded, using the above result applied to uI yields (the
symbol VE denoting again the set of vertices of E)

|Ihζj |21,E ≲ max
ν∈VE

|Ihζj(ν)|2 = max
ν∈VE

|ζj(ν)|2 ≲ h2γj , (7.26)
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where the last bound follows from (7.25) with V = ν and the simple choice P = Z.

Almost well behaved elements. We recall, from the analysis of elements given in Sect. 6,
that this kind of element can have edges e with length not comparable to hE , and that (at least)
one extrema ν of each of such edges e lays on ∂Ωh. As done before, uniquely in order to simplify
the exposition, we here assume the presence of only one of such “small” edges. We denote by ν̂ the
other extrema of the “small” edge e and by ε the length of e. Applying Lemma 3.9 in [20] to Ihζj
yields, after some trivial manipulation and recalling that in the present analysis the polynomial
degree k = 1, leads to

|Ihζj |H1(E) ≲ ∥Ihζj∥L∞(E) + |Ihζj |H1/2(E) .

Such bound, recalling that on ∂E the function Ihζj is a continuous piecewise linear polynomial,
yields after a direct calculation (as for the second equivalence in (6.2))

|Ihζj |2H1(E) ≲ log (1 + h/ε)|Ihζj(ν̂)|2 +
∑

ν∈VE , ν ̸=ν̂
|Ihζj(ν)|2

= log (1 + h/ε)|ζj(ν̂)|2 +
∑

ν∈VE , ν ̸=ν̂
|ζj(ν)|2 .

While the second term in the right hand side is bounded identically as in (7.26), for the first term
we apply (7.25) with V = ν̂ and P = ν ∈ ∂Ωh. We obtain

|Ihζj |2H1(E) ≲ h2γj + log (1 + h/ε)h2γj−2ε2 ≲ h2γj .

Anisotropic quadrilaterals. In the present proof we follow the geometric notation for anisotropic
quads previously introduced, see also Figure 2. Furthermore we denote by P1 and P2 the extrema of
edge ê, as shown in Figure 2 (note that Pi is adjacent to the horizontal edge of length εi, i = 1, 2).
We recall that both ε1 and ε2 are smaller than h. By applying (7.25) with V = Pi, i ∈ {1, 2}, and
P ∈ ∂Ωh as the other extrema of the associated horizontal edge, we easily obtain

u(P1) ≤ hγj−1ε1 , u(P2) ≤ hγj−1ε2 . (7.27)

By Lemma 6.4 and Definition 6.1 we have (with the usual coordinate notation)

|Ihζj |H1(E) ≲ sE(Ihζj , Ihζj) =
∫ h

0

|Ihζj(0, y)|2

κ(y)
dy .

Recalling that Ihζj is affine on the edge ê and interpolates ζj at the extrema, together with the
definition of κ (see (6.4)), we can write

|Ihζj |2H1(E) ≲
∫ h

0

(
ζj(P1)y/h+ ζj(P2)(h− y)/h

)2
(h− y)(ε2 − ε1)/h+ ε1

dy = h

∫ 1

0

(
ŷ ζj(P1) + (1− ŷ)ζj(P2)

)2
(1− ŷ)(ε2 − ε1) + ε1

dŷ ,

where we applied a trivial change of variables in the last identity. The above bound yields immedi-
ately

|Ihζj |2H1(E) ≲ h

∫ 1

0

(ŷ ζj(P1))
2

(1− ŷ)(ε2 − ε1) + ε1
dŷ + h

∫ 1

0

((1− ŷ)ζj(P2))
2

(1− ŷ)(ε2 − ε1) + ε1
dŷ =: T1 + T2 . (7.28)

Term T1 is easy to bound noting that (1− ŷ)(ε2 − ε1) + ε1 ≥ ŷ ε1 and recalling (7.27)

T1 ≤ ζj(P1)
2h

∫ 1

0

ŷ2

ŷε1
dŷ ≤ (hγ−1ε1)

2h (ε1)
−1 ≤ h2γ

(ε1
h

)
≤ h2γ .
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Regarding term T2 we note that (1− ŷ)(ε2 − ε1) + ε1 ≥ (1− ŷ)ε2 and again recall (7.27), leading to

T2 ≤ ζj(P2)
2h

∫ 1

0

(1− ŷ)2

(1− ŷ)ε2
dŷ ≤ (hγ−1ε2)

2h(ε2)
−1 ≤ h2γ

(ε2
h

)
≤ h2γ .

The estimate on |Ihζj |1,E follows by combining (7.28) with the above bounds for T1 and T2.
Since all possible geometries have been taken into consideration, the proof of Theorem 7.7 is

complete.
Next, we state the L2-interpolation error bound in the non-regular case, and sketch its proof.

Theorem 7.9 (L2-interpolation error bound in the non-regular case). There exists a constant C > 0
independent of u and Th such that

∥u− Ihu∥0,Ωh
≤ C hγ̄+1 |||u|||2,Ω . (7.29)

Proof. Following the same path of the proof of Theorem 7.7, one is left with the problem of bounding
the norms ∥ζj∥0,E and ∥Ihζj∥0,E in each element E ∈ Th that intersects the neighborhood Nj(zj , rj)
of zj . The first norm is easily bounded since

∥ζj∥20,E ≲
∫ ch

0
r2γj+1dr ≲ h2γj+2.

We already proved that the second norm satisfies

∥Ihζj∥0,E ≲ hγj+1

when E ia a triangular element. On the other hand, when E is an (almost) well-behaved element
or an anisotropic quadrilateral element, we employ Propositions 5.1 and 5.2 to obtain

∥Ihζj∥20,E ≤ |E|∥Ihζj∥2L∞(E) ≲ |E|∥Ihζj∥2L∞(∂E) = |E|max
ν∈VE

|ζj(ν)|2.

As for any point P ∈ Nj(zj , rj) we have ζj(P ) ≲ hγj we get

∥Ihζj∥20,E ≤ h2+2γj ,

and the thesis is proven.

Remark 7.10. Checking Assumption 4.2 (polynomial approximation) for the parts of the domain
near the corner singularities follows the same identical steps as for the interpolation operator Ih.
More specifically, in the annulus Aj we make use of the polynomial approximation introduced in
Remark 7.2, yielding by the same identical argument

|ζj − P1
hζj |1,Ωh∩Aj ≲ hγj . (7.30)

For the elements that intersect Nj(zj , rj), we simply choose P1
hζj |E = 0 so that we can immediately

apply (7.23) and conclude.
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8 Numerical results

In this section, we present two numerical tests to validate the theoretical results of Theorems 4.1
and 4.2. To compute the VEM error between the exact solution u and the VEM solution uh, we
consider the computable error quantities

err(uh, H
1) =

∑
E∈Th

(
|u−Π∇uh|21,E

)1/2

|u|1,Ωh

,

err(uh, L
2) =

∥u−Π∇uh∥0,Ωh

∥u∥0,Ωh

.

(8.1)

Given a sequence of N + 1 meshes with mesh diameters h0 > · · · > hN , and denoting by Eh any of
the error quantities listed in (8.1), we define the experimental order of convergence EOC

EOC(n) =
log(Ehn−1/Ehn)

log(hn−1/hn)
for n = 1, . . . , N . (8.2)

The the average experimental order of convergence AEOC is defined as

AEOC =
1

N

N∑
n=1

EOC(n) . (8.3)

For simplicity, in the forthcoming tests we consider the Poisson problem with general Dirichlet
boundary conditions. Specifically, we consider the following elliptic boundary value problem:{

−∆u = f in Ω,

u = g on ∂Ω,
(8.4)

where the domain Ω, the source term f and the boundary value g will be specified in each test. Recall
that the numerical analysis for the non-homogeneous boundary-value problem can be reduced to
the one given in the previous sections for the vanishing boundary condition, by applying the change
of variable u = u0 + ug where ug is a suitable lifting of g to the whole domain Ω.

In order to assess the robustness of the VEM with respect to the elements generated by the
proposed cutting procedure, in the forthcoming tests we systematically adopt the so-called dofi–dofi
stabilization (see [15, 20, 26]) in all cases, including elements with small edges or highly anisotropic
polygons (unless explicitly stated otherwise in Test 8.2).

8.1 Test 1: VEM approximation on a curved domain

The purpose of this numerical experiment is to assess the performance of the VEM when the discrete
computational domain Ωh differs from the exact domain Ω.

To this end, we consider the Poisson problem (8.4), where Ω is a quarter of the unit disk, that
is, 0 ≤ r ≤ 1, 0 ≤ θ ≤ π

2 . Our goal is to construct an explicit solution u that exhibits a boundary
layer near the curved boundary r = 1. To do so, we look for a solution in separated form in polar
coordinates:

u(r, θ) = φ(r)ψ(θ).

We choose ψ(θ) = sin(4θ), since this choice automatically satisfies the homogeneous Dirichlet bound-
ary conditions ψ(0) = ψ

(
π
2

)
= 0. We now turn to the radial part. We look for φ in the form

φ(r) = r2η(r) ,
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where η is chosen to model a boundary layer near r = 1. More precisely, we assume that η solves
the one-dimensional problem

−1

ν
η′′(r) + η′(r) = 0, r ∈ (0, 1), (8.5)

with boundary conditions η(0) = 1, η(1) = 0, where ν > 1 is the Péclet number. This choice ensures
a sharp variation near r = 1. The explicit solution of this problem is

η(r) =
eν − eνr

eν − 1
.

Note that, by construction, φ(0) = 0 and φ(1) = 0, so that the full solution u satisfies the boundary
conditions on ∂Ω. Computing the Laplacian in polar coordinates, we obtain that the term f in
Problem (8.4) is

f = −∆u = −φ′′(r)ψ(θ)− 1

r
φ′(r)ψ(θ)− 1

r2
φ(r)ψ′′(θ) =

[
60η(r)− r(5 + νr)η′(r)

]
sin(4θ).

In order to assess the proposed VEM scheme, we consider a Cartesian partition of the square
domain [0, 1]2 cut by the curved portion of ∂Ω. The configuration is shown in Fig. 5. The
red line represents the curved portion of ∂Ω, whereas black lines define the mesh elements and
the boundary of the discrete domain Ωh. We remark that the trimming procedure automatically
generates polygons with up to six edges, and/or elements with small edges. We also note that, in
the present case, the inclusion Ωh ⊂ Ω is strict. Further, Ωh and Ω differ by at most a region of
width O(h2).

Figure 5: Test 1. Left: configuration of the domain Ω and the tessellation T B
h (Ω), the red curve

represents the curved portion of ∂Ω; Middle: detail of Th with a polygon with five edges; Right:
detail of Th, to highlight that Ωh ⊂ Ω is a strict inclusion.

In Fig. 6, we show the discrete solutions uh obtained on a Cartesian tessellation of [0, 1]2 with
64× 64 elements, for ν = 1, 32, 64, 128 (cf. (8.5)). As expected, the solutions uh exhibit a boundary
layer near the curved boundary when ν becomes larger.

Table 1 reports the computed error quantities in (8.1) and the experimental order of convergence
EOC in (8.2) for a sequence of Cartesian meshes on [0, 1]2 with N× N elements for different values of
ν (the adopted values of N and ν are reported in the table).

We observe that for ν = 1 we recover the rate of convergence predicted in Theorems 4.1 and
4.2. For larger values of ν, as expected, the correct rate is observed only when N is sufficiently large
to resolve the boundary layer of the exact solution u.
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(a) uh with ν = 1 (b) uh with ν = 32

(c) uh with ν = 64 (d) uh with ν = 128

Figure 6: Test 1. Discrete solutions uh obtained on a Cartesian tessellation of [0, 1]2 with 64 × 64
elements.

ν
1 32 64 128

ERROR N err EOC err EOC err EOC err EOC

H1-err

8 2.904e-1 5.897e-1 7.439e-1 8.596e-1

16 1.480e-1 0.97 3.952e-1 0.57 5.642e-1 0.39 7.250e-1 0.24

32 7.490e-2 0.98 2.414e-1 0.71 3.855e-1 0.54 5.600e-1 0.37

64 3.762e-2 0.99 1.353e-1 0.83 2.352e-1 0.71 3.844e-1 0.54

128 1.885e-2 0.99 7.173e-2 0.91 1.311e-1 0.84 2.328e-1 0.72

256 9.434e-3 0.99 3.696e-2 0.95 6.946e-2 0.91 1.296e-1 0.84

L2-err

8 8.342e-2 1.902e-1 2.549e-1 3.078e-1

16 2.133e-2 1.96 6.967e-2 1.44 1.110e-1 1.19 1.563e-1 0.97

32 5.461e-3 1.96 2.365e-2 1.55 4.408e-2 1.33 7.369e-2 1.08

64 1.377e-3 1.98 7.042e-3 1.74 1.493e-2 1.56 2.969e-2 1.31

128 3.454e-4 1.99 1.915e-3 1.87 4.378e-3 1.77 9.864e-3 1.59

256 8.647e-5 1.99 5.006e-4 1.93 1.193e-3 1.87 2.900e-3 1.76

Table 1: Test 1. Computed errors err(uh, H
1) (top) and err(uh, L

2) (bottom) as in (8.1) for the a
Cartesian tessellation of [0, 1]2 into N× N elements and different values of ν (cf. (8.5)).

8.2 Test 2: VEM approximation on anisotropic elements

The aim of the second test is to assess the performance of the proposed method and to validate the
theoretical results in Theorems 4.1 and 4.2 in the case of a parametrized family of domains with a
reentrant corner and in the presence of elements with poor aspect ratio. To this end, we consider
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Figure 7: Test 2. Three configurations of the discrete domain Ωh and the corresponding meshes.
Left: OPT A, where the reentrant corner is approximated by its convex hull; Middle: OPT B, where
the element containing the reentrant corner is split into two elements; Right: OPT C, where the
nonconvex element containing the reentrant corner is retained.

the Poisson problem (8.4) posed on the L-shaped domain

Ω = Ω(t) = (−1 + t, 1 + t)2 \ [t, 1 + t]2 for t ∈ [0, 1]. (8.6)

The loading term is f = 0, and therefore the exact solution u of Problem (8.4), expressed in polar
coordinates, is given by

u(r, θ) = r2/3 sin

(
2

3
θ

)
, 0 ≤ θ <

3π

2
.

Here, r and θ denote the polar coordinates with respect to the vertex of the reentrant corner (t, t)
and the vertical positive semi-axis.

Let us consider the extended domain Ω̃ = (−1, 2)2 and note that Ω(t) ⊂ Ω̃ for all values of the
parameter t ∈ [0, 1]. We further observe that the load f trivially extends to 0 on Ω̃, whereas we
extend with continuity the exact solution u, namely u|

Ω̃\Ω = 0.

To discretize the problem, we consider a sequence of Cartesian meshes centered at the origin
(0, 0), which are in general not aligned with the boundary of Ω, and in particular with the vertex
of the reentrant corner (t, t).

In Fig. 7, we show three possible configurations of the discrete domain Ωh and the corresponding
meshes. The first configuration, labelled as OPT A, coincides with the one proposed in Sect 3.1,
Remark 3.1, i.e. the reentrant corner in Ω is approximated in Ωh by the convex hull containing it.
In the second and third configurations, labelled as OPT B and OPT C, respectively, the computational
domain coincides with the exact domain. However, the adopted meshes differ: in OPT B, the element
containing the reentrant corner is split into two elements by connecting the vertex (t, t) with the
lower-left vertex of the background mesh; in OPT C, the nonconvex element containing the reentrant
corner is retained. We observe that the three approaches coincide whenever (t, t) is a vertex of the
background mesh.

We first consider the domain Ω = Ω( 1
10) (cf. (8.6)). In Fig. 8 we show the plot of the discrete

solution uh obtained on a Cartesian background tessellation having mesh size 1/16 with OPT A.
In Table 2 we report the computed error quantities in (8.1), the experimental order of conver-

gence EOC, and the average experimental order of convergence AEOC for a sequence of Cartesian
meshes with mesh size 1/h (the corresponding values of h are listed in the table), for the three
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Figure 8: Test 2. Discrete solutions uh obtained on a Cartesian tessellation having mesh size 1/16
with OPT A.

options described above. To ensure a fair comparison among the three options, in OPT A-int we
compute the error quantities in (8.1), obtained with OPT A on the physical domain Ω (instead of
Ωh), recalling that for OPT B and OPT C it holds Ωh = Ω.

We observe that the three options yield very similar results overall. Furthermore, the exact solu-
tion u has a singularity of order 2/3 at the reentrant corner (t, t); hence, the theoretical convergence
rates predicted by Theorems 4.1 and 4.2 are 2/3 and 4/3 for the errors in the H1 and L2 norms,
respectively. While the average convergence rates are in good agreement with these predictions,
the individual rates do not consistently reflect this behavior. In particular, a kink can be observed
for the third mesh, corresponding to the mesh size h=1/32. To further investigate this behavior, in

OPTIONS

OPT A-int OPT A OPT B OPT C

ERROR 1/h err EOC err EOC err EOC err EOC

H1-err

8 7.519e-2 7.690e-2 7.537e-2 7.610e-2

16 5.338e-2 0.49 5.856e-2 0.39 4.578e-2 0.72 5.296e-2 0.52

32 4.171e-2 0.35 5.031e-2 0.21 2.944e-2 0.63 3.947e-2 0.42

64 2.413e-2 0.78 2.778e-2 0.85 1.821e-2 0.69 2.266e-2 0.80

128 1.224e-2 0.97 1.250e-2 1.15 1.226e-2 0.57 1.238e-2 0.87

256 8.552e-3 0.51 9.358e-3 0.42 7.375e-3 0.73 8.485e-3 0.54

AEOC 0.62 0.60 0.67 0.63

L2-err

8 1.997e-3 2.054e-3 4.617e-3 2.626e-3

16 1.448e-3 0.46 1.499e-3 0.45 1.577e-3 1.54 7.046e-4 1.90

32 1.891e-3 -0.38 1.924e-3 -0.36 5.656e-4 1.47 8.257e-4 -0.23

64 4.712e-4 2.00 4.761e-4 2.01 2.416e-4 1.22 1.165e-4 2.82

128 2.919e-5 4.01 2.957e-5 4.01 1.111e-4 1.11 5.622e-5 1.05

256 3.172e-5 -0.12 3.195e-5 -0.11 4.027e-5 1.46 9.137e-6 2.62

AEOC 1.19 1.20 1.36 1.63

Table 2: Test 2. Computed errors err(uh, H
1) (top) and err(uh, L

2) (bottom) as defined in (8.1),
together with the corresponding EOC and AEOC (see (8.2) and (8.3)), for a sequence of Cartesian
tessellations and for the three options described above.
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Fig. 9 we show a zoom of the three meshes corresponding to h=1/16, h=1/32, and h=1/64 for the
configuration OPT A. We note that the proposed trimming procedure does not generate a nested
sequence of meshes as the mesh size decreases; therefore, some irregularities in the convergence
behaviour are to be expected. We finally note that very similar results are obtained when using,

Figure 9: Test 2. Zoom to (−1/40, 9/40)2 of the mesh Th with h=1/16 (left), h=1/32 (middle),
h=1/64 (right), for OPT A.

instead of the dofi–dofi stabilization, the stabilization forms described in Section 6 (results not
reported here).

We further assess the performance of the proposed VEM scheme in the presence of elements
with poor aspect ratio. We thus consider the Poisson problem (8.4) posed on the L-shaped domain
Ω(t) in (8.6) with smaller and smaller t and set the mesh size of the background tessellation to
h=1/16. In Fig. 10 we exhibit the details of the meshes Th obtained with t=1/64 and t=1/512.

Figure 10: Test 2. Zoom to (−3/32, 7/32)2 of the mesh Th with h=1/16 for t=1/64 (left) and
t=1/512 (right), for OPT A.

Note that, according to the trimming procedure given in Definition 3.1 (see also Example 3.2),
for small values of t the procedure generates rectangular elements with long side 1/16 and short
side t; thus, the aspect ratio is 1/16t.

Table 3 reports the computed error quantities in (8.1) and the condition numbers of the resulting
linear systems for a sequence of domains Ω(t) for different values of t and a fixed background mesh
with size h = 1/16, (the corresponding values of t are listed in the table). In order to assess the
stability of the method with respect to the choice of the stabilization, we consider both the standard
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dofi-dofi stabilization and the stabilization ad hoc proposed in Section 6 for anisotropic elements
labeled as sdofiE and snewE respectively. We also consider the three possible configurations detailed
above.

OPTIONS

OPT A-int OPT B OPT C

QUANTITY 1/t sdofiE snewE sdofiE snewE sdofiE snewE

H1-err

64 6.469e-2 6.469e-2 4.587e-2 4.587e-2 5.467e-2 5.467e-2

128 6.725e-2 6.716e-2 4.704e-2 4.704e-2 5.747e-2 5.710e-2

256 6.822e-2 6.799e-2 4.813e-2 4.805e-2 5.749e-2 5.850e-2

512 6.878e-2 6.848e-2 4.883e-2 4.869e-2 5.578e-2 5.666e-2

1024 6.888e-2 6.856e-2 4.897e-2 4.883e-2 5.348e-2 5.388e-2

2048 6.881e-2 6.849e-2 4.896e-2 4.885e-2 5.029e-2 5.038e-2

L2-err

64 4.321e-3 4.321e-3 1.441e-3 1.441e-3 1.660e-3 1.660e-3

128 5.405e-3 5.386e-3 1.403e-3 1.432e-3 2.594e-3 2.561e-3

256 5.936e-3 5.885e-3 1.431e-3 1.519e-3 2.595e-3 2.753e-3

512 6.181e-3 6.104e-3 1.494e-3 1.624e-3 2.275e-3 2.444e-3

1024 6.281e-3 6.189e-3 1.565e-3 1.713e-3 2.021e-3 2.173e-3

2048 6.313e-3 6.220e-3 1.631e-3 1.774e-3 1.881e-3 2.016e-3

cond

64 2.323e+2 2.323e+2 2.484e+2 2.484e+2 2.647e+2 2.647e+2

128 3.877e+2 3.877e+2 4.007e+2 4.007e+2 6.440e+2 7.632e+2

256 6.982e+2 6.982e+2 7.051e+2 7.050e+2 2.158e+3 4.138e+3

512 1.319e+3 1.319e+3 1.314e+3 1.313e+3 7.956e+3 3.001e+4

1024 2.560e+3 2.560e+3 2.532e+3 2.530e+3 3.051e+4 2.347e+5

2048 5.043e+3 5.041e+3 4.967e+3 4.964e+3 1.194e+5 1.869e+6

RATE 0.89 0.88 0.86 0.86 1.76 2.56

Table 3: Test 2. Computed error quantities in (8.1) and condition numbers of the resulting linear
systems for a sequence of domains Ω(t) with varying t, using a fixed background mesh with h=1/16

and the three options described above. The values of t are listed in the table. Standard dofi-dofi
stabilization and stabilization proposed in Section 6 are labeled as sdofiE and snewE respectively

The results show that the method is robust with respect to both the aspect ratio of the elements
and the choice of stabilization. Furthermore they indicate that the condition number of the resulting
linear systems grows approximately linearly with the aspect ratio for configurations OPT A and OPT

B. In contrast, for OPT C the growth appears to be quadratic when using the dofi-dofi stabilization,
and cubic when employing the stabilization proposed in Section 6. We stress, however, that the
latter stabilization was specifically designed for quadrilateral elements with poor aspect ratio, and
its performance in more general settings (e.g., for concave polygons) is not guaranteed.

9 Conclusions and perspectives

The contributions of this paper are twofold. First, we classify and study the geometric config-
urations that arise when a two-dimensional stationary piecewise smooth domain cuts through a
quasi-uniform fixed polygonal background mesh made of rectangles. This study is rather technical,
but is instrumental for robust stability of the ensuing VEM and for its optimal accuracy. Second,
we provide novel and crucial tools for investigating VEMs for time-dependent PDEs posed on de-
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formable domains, which is our next objective [11]. In such a case, VEMs must deal with dynamic
mesh changes along the domain boundary which may give rise to extreme geometric configurations
even under the assumption of background mesh resolution.

This motivates our systematic classification of all possible polygonal shapes of boundary ele-
ments, along with their stability and approximation properties. Results of this type exist in the
current VEM literature, but they are insufficient for our overall purposes including the analysis of
evolving domains. Therefore, we embark on the design of stabilization mechanisms that are robust
with respect to large aspect ratios and small cuts. We also develop a weak maximum principle for
enhanced virtual elements that controls the max-norm of a virtual function on star-shaped poly-
gons in terms of its max-norm on the element boundary; we examine the dependence of the stability
constant on anisotropy. Moreover, we derive interpolation error estimates for virtual functions that,
within the classes of elements here investigated, are insensitive to element shape and apply both
to regular solutions and corner singularities. These results are crucial for this paper but are also
essential building blocks for [11]. Moreover, we believe that they possess an intrinsic interest in that
they extend the existing basic VEM theory about geometric flexibility.

Our stability and convergence analyses hinge on abstract Assumptions 3.1 (stabilization form),
4.1 (interpolation error) and 4.2 (polynomial approximation). We verify these assumptions in Sec-
tions 5, 6, and 7, which is where we deal directly with geometry, as explained above. In contrast,
Section 4 presents a geometry-free approach to robust H1-stability of the VEM and optimal order-
regularity error estimates in H1 and L2. We believe this style of presentation improves readability
because we postpone the technical discussion of geometry in favor of a direct discussion of stability
and convergence. Yet, the latter must account for the discrepancy between computational and
actual domains (geometric error), especially near the break points which are not generally nodes of
the computational mesh - the so-called trimmed background mesh.

This paper provides the basic ingredients for developing a VEM-ALE approach in [11]. Our
goal is to circumvent the usual bottleneck of FEM-ALE regarding mesh distortion and remeshing.
Our approach would avoid extending the velocity of the domain boundary inside the domain, a
delicate procedure without theoretical guarantees. It would also eliminate the need of remeshing to
maintain mesh quality. However, the ensuing VEM-ALE must be robust with respect to extreme
geometric situations such as anisotropy, small elements and small edges to be competitive. This
justifies our current in-depth study of robust stabilization and approximation properties relative to
element shape in a simpler stationary setting.

The abstract analysis of Section 4 as well as the construction of boundary elements via the
convex hull procedure of Section 3 extend to 3D. However, the classification of element shapes and
their stability and approximation properties require further study. It is possible to resort to glueing
of a small boundary element with an adjacent larger one, an interesting idea we have not pursued
in this paper.
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