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Abstract

Preconditioning is essential for accelerating Krylov methods for large symmet-
ric positive definite (SPD) linear systems, especially when a small number of
extremal eigenvalues deteriorate the convergence of preconditioned conjugate
gradient (PCG) method. In this work, we propose a Chebyshev-filtered random-
ized low-rank preconditioning framework for SPD systems that targets spectral
outliers at both ends of the spectrum of the coefficient matrices. The main idea is
to use Chebyshev polynomial filtering to make the near-null eigenspace accessible
to randomized subspace extraction. The filter amplifies the lower-tail eigencom-
ponents that often govern PCG convergence, while randomized sketching recovers
the amplified subspace using only a small number of matrix-matrix products. The
resulting low-rank correction therefore targets small-eigenvalue components that



are usually missed by standard randomized subspace extraction methods. The
resulting preconditioner is algebraic and admits an efficient low-rank represen-
tation. We provide subspace error bounds for the filtered randomized extraction
and derive condition-number estimates for the proposed preconditioning tech-
niques. Numerical experiments demonstrate that the proposed method improves
PCG convergence, especially when small eigenvalues are the main obstruction.

Keywords: Chebyshev polynomial filtering; randomized low-rank preconditioner;
extremal eigenvalues; preconditioned conjugate gradient

1 Introduction

Large sparse linear systems of the form
(A+pulz=0b (1)

with A € R™ ™ symmetric positive semidefinite, ¢ > 0, and z,b € R™, where
A, = A+ pl is symmetric positive definite (SPD), arise throughout scientific com-
puting, including finite element discretizations [1, 2], optimization subproblems [3],
inverse problems [4], uncertainty quantification [5], and data-driven applications [6, 7].
The conjugate gradient (CG) method, introduced by Hestenes and Stiefel [8], is the
canonical Krylov solver for (1). Its classical convergence estimate states that, after j

iterations, '
K(A,) — 1)3
)

—— (2)
VE(AL) +1

where z, is the exact solution and x(A4,) = Amax(A,)/Amin(A,) is the spectral con-
dition number [8, 9]. Although the practical behavior of CG depends on the full
eigenvalue distribution, not only on x(A4,), (2) already highlights a central difficulty:
eigenvalues close to the origin, especially a small cluster of near-null modes, can
substantially slow convergence [10-12]. Therefore, improving the lower end of the
spectrum remains one of the main objectives of preconditioning.

A large body of work has been devoted to one-level algebraic preconditioners,
including diagonal scaling [13], incomplete factorizations [14-16], and sparse approxi-
mate inverses [17, 18]. These methods are often very effective at compressing the bulk
of the spectrum and at controlling large eigenvalues, but they may still leave a small
number of eigenvalues close to zero, which then dominate the Krylov convergence rate
[10-12, 19, 20]. This observation has motivated two-level, coarse-space, and deflation-
based strategies, whose purpose is to treat the difficult spectral components separately
from the benign bulk [1, 11, 21-28]. In the ideal case, one deflates the invariant sub-
space associated with the smallest eigenvalues, so that the convergence is governed by
an effective condition number formed from the remaining spectrum [1, 11, 12, 24].

For PDE-based problems, successful coarse spaces have been developed in multi-
grid, domain decomposition, and Schwarz-type frameworks [2, 29-35]. These methods
are extremely powerful when geometric or analytic structure is available. However,
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from the point of view of a general SPD matrix, the construction of an effective coarse
space is often problem dependent. Likewise, low-rank Schur-complement corrections
can be effective, but many such methods rely on graph partitioning, nested dissection,
or explicit block structure, and therefore are not purely black-box algebraic procedures
[12, 36-38]. Thus, despite major advances, there remains a need for preconditioners
that can target the harmful low end of the spectrum while requiring only matrix-vector
products or other lightweight algebraic operations.

Beyond these developments, randomized numerical linear algebra (RNLA) has
emerged as a major tool for large-scale matrix computation [7, 39-41]. Randomized
sketches can often approximate dominant spectral subspaces with high probability
using only a small number of matrix-block products [40-43]. For symmetric positive
semidefinite matrices, the Nystrom approximation provides a natural randomized low-
rank model [6, 41, 44], and recent work has shown that it can be used to construct
practical and theoretically justified preconditioners [45]. Such methods are especially
effective when the relevant spectral information is concentrated in a dominant sub-
space, for example at the upper end of the spectrum or when the effective dimension
is modest. When CG convergence is limited by a near-null eigenspace, however, the
target subspace is not dominant and is therefore much harder to capture by standard
randomized low-rank approximation [40, 41].

A complementary line of work exploits polynomial filtering. Because Chebyshev
polynomials are bounded on a prescribed interval and grow rapidly outside it, they pro-
vide an inexpensive mechanism for amplifying targeted spectral components through
short recurrences [13, 46-49]. This idea has been used in deflation-type and spectral
correction methods, where Chebyshev filters are employed to approximate invariant
subspaces associated with small eigenvalues and to build partial spectral factorizations
[50-54].

These observations motivate the framework developed in this paper. We propose a
Chebyshev-filtered randomized low-rank preconditioner for SPD systems that targets
extremal spectral components at both ends of the spectrum, with particular empha-
sis on near-null modes. The main idea is to use Chebyshev filtering to amplify the
lower-tail eigencomponents relative to the spectral bulk, so that randomized subspace
extraction can recover the corresponding invariant subspace from a small randomized
sketch. This makes it possible to construct a low-rank correction for near-null modes
that are typically missed by standard randomized subspace extraction methods.

To make this idea effective in practice, we further adopt a two-stage strategy. The
first stage uses a cheap base preconditioner to reshape the spectrum so that most
eigenvalues are compressed into a moderately clustered bulk. This spectral shaping
step improves the robustness of the subsequent Chebyshev filtering, since the upper
and lower tails are not numerically symmetric. The lower tail lies near the origin,
whereas the upper tail may be separated from the bulk on a much larger scale; this
asymmetry makes interval selection for Chebyshev filtering considerably more deli-
cate. If the resulting polynomial amplification is too aggressive, finite-precision effects
can significantly reduce the numerical robustness of the filtering process. The second
stage then applies the low-rank correction to the two spectral tails in a nonuniform
way. For the lower tail, we use a Chebyshev-filtered randomized sketch together with a



Rayleigh—Ritz compression to approximate the invariant subspace associated with the
troublesome small eigenvalues. For the upper tail, after the spectral compression pro-
duced by the first stage, a standard randomized extraction of the dominant eigenspace
is typically more stable and economical.

We derive subspace error bounds for the Chebyshev-filtered randomized extraction,
showing how the recovered extremal eigenspaces depend on the separation induced by
the polynomial filter and on the randomized sketch. We further show that accurate
recovery of these eigenspaces leads to a reduced condition number for the practical
preconditioned operator. Numerical experiments demonstrate that the proposed pre-
conditioner is effective in practice, especially in regimes where small eigenvalues are
the dominant obstacle to rapid convergence.

The remainder of the paper is organized as follows. In Section 2, we introduce
notation and recall the basic properties of the Chebyshev filter. Section 3 presents
the Chebyshev-filtered subspace extraction procedure together with the corresponding
subspace error bounds. Section 4 introduces the oracle and practical forms of the pro-
posed preconditioner and develops the associated condition-number analysis. Section 5
discusses implementation issues, including spectrum shaping and practical interval
selection. Section 6 reports numerical experiments. Finally, Section 7 concludes the

paper.

2 Preliminaries and notation

In this section, we introduce the notation used throughout the paper and recall
the basic properties of Chebyshev polynomials needed later.

2.1 Spectral notation and subspace distances

Since A is symmetric positive semidefinite, it admits an eigendecomposition
A=UAUT, A = diag(Ai, ..., \n), M>A>-> N, >0, (3)

where U = [uq, ..., uy] is orthogonal. For an index set J C {1,...,n}, we write Uy
for the matrix whose columns are {u;};ecy, and Ay for the corresponding diagonal
block of eigenvalues.

When both ends of the spectrum are of interest, we use the index set

j:{1,...,61}U{n762+1,...,n},

and denote by Uy = [U1, ..., Uy, Un—ty41,- -, Up] € RPE with £ = £1 + £, the exact
invariant subspace associated with the ¢, largest and /5 smallest eigenvalues.

For any matrix @ € R™*" with orthonormal columns, let Il := QQT denote the
orthogonal projector onto range(Q). In particular, II := U,U, ZT denotes the projector
onto the exact extremal eigenspace. If Uy is an approximate basis, we write II:=U,U, KT
for the associated projector. Throughout the paper, symbols carrying a hat denote
approximate quantities, while the corresponding unhatted symbols refer to the exact
spectral objects.



To measure the discrepancy between subspaces, we use principal angles. For two
subspaces S and T of the same dimension, ©(S,T) denotes the diagonal matrix of
principal angles. When sin©(S,7) or tan©(S,T) appears as a scalar quantity, it
denotes the largest sine or tangent of the principal angles. With this convention, we
repeatedly use the identity

Mg, — Mg, |2 = sin ©(range(Q1), range(Q2)),

which allows one to pass between projector perturbation and subspace error. We also
use tan O(S, T) to measure the largest tangent-angle between subspaces.

We conclude this subsection with two standard facts on Gaussian test matrices
that will be used later in the expectation bound for the filtered randomized subspace
error; see Section 10 of Halko, Martinsson, and Tropp [40]. The first gives a bound
for the expected norm of a scaled Gaussian matrix, and the second provides standard
estimates for the pseudoinverse under oversampling.

Lemma 1 Let S and T be fized matrices of compatible dimensions, and let G be a standard
Gaussian matrixz. Then

E[SGTl2 < IS[l2 ITlF + ISl 1T ll2- (4)

Lemma 2 Let G € RFXE4D) pe o standard Gaussian matriz with k >2andp>2. Then

- 1/27 k
(BICTE) =/ 2 (5)
evk +
BIGTly < 2, (6)

2.2 Chebyshev polynomial filter
Let T, be the Chebyshev polynomial of the first kind of degree m, defined by
To(z) =1, T (z) =z, Tn1(x) = 22T, (x) — Th—1 (), m > 1.

Given an interval [a,b] with a < b, define the affine map

)\ — atb

(b()‘) = TGQ’ pm<)‘) = Tm<¢<)‘)> (7)
2

By construction, ¢ maps [a, b] onto [—1,1]. Hence

PN <1, A€la,b],

whereas |p, (A)| grows rapidly when |¢(A)| > 1. This separation property is the basis
of Chebyshev filtering. When [a, b] contains the non-target part of the spectrum, the
polynomial remains bounded on the bulk spectrum and amplifies the components
associated with the target eigenvalues outside the interval.



3 Chebyshev-filtered randomized subspace extraction

Before presenting the extraction procedure, we first explain the role of the Cheby-
shev filter. In principle, the subspace extraction argument below applies to any
polynomial filter. What matters for the approximation is the separation between the
filter gain on the target spectral region and that on the non-target region. A useful fil-
ter should therefore remain small on the non-target interval while strongly amplifying
the desired eigencomponents outside that interval.

Chebyshev polynomials provide a natural choice for this purpose. After an affine
map sends the non-target interval to [—1, 1], the Chebyshev polynomial is uniformly
bounded on this interval and grows rapidly outside it. This property has the classical
minimax interpretation that, for a prescribed exterior point || > 1, the normalized
polynomial T,,(z)/T,,(n) minimizes

panax lq(2)]

among all polynomials ¢ of degree at most m satisfying ¢(n) = 1. Equivalently, under a
boundedness constraint on the non-target interval, the Chebyshev filter gives extremal
amplification at an exterior target point.

The same choice is also computationally attractive. Chebyshev polynomials satisfy
a three-term recurrence, so the action of p,,, (A) on a block of vectors can be evaluated
without forming either the polynomial or powers of A explicitly. The filtering step
therefore requires only matrix-block products and short recurrences, making it well
suited for large sparse matrices and matrix-free implementations.

3.1 Construction of the filtered randomized subspace
extraction

In this section, we introduce the basic randomized filtering procedure that under-
lies the proposed preconditioner. The purpose of this step is to construct, from a
random sketch and a Chebyshev polynomial filter, a low-dimensional subspace that
approximates an invariant subspace associated with a prescribed spectral region.
This construction will later be applied to the large- and small-eigenvalue tails of the
spectrum.

Let [a,b] be an interval containing the non-target spectrum, and let p,, be the
Chebyshev polynomial filter associated with this interval. Since the filter remains
bounded on [a,b] and grows outside it, applying p,,(A4) to a random test matrix
enhances the components associated with the target eigenvalues while suppressing the
bulk contribution. The resulting procedure is summarized in Algorithm 1.



Algorithm 1 Chebyshev-filtered randomized subspace extraction

Require: Symmetric positive semidefinite matrix A € R™*" extraction dimension ¢,
polynomial degree m > 0, interval [a,b] containing the non-target spectrum.
Ensure: Ritz vectors Uz e R"*¢ and Ritz values [\g.
1: Draw a random matrix Q € R"*¢

2: Define
/\ __ a+b

¢(>‘) = Tf’ pm()\) =Ty (¢()\))7

where T, is the Chebyshev polynomial of the first kind

Form the filtered sketch Y = p,,(A)Q by the three-term Chebyshev recurrence
Compute a thin QR factorization Y = Q,R

Form T = Q;AQZ and compute its eigendecomposition T' = Wg/AXgWET

Set Ug = QW

@ TR

3.2 Subspace error bounds

We now quantify this approximation property. The following bound is stated for a
general polynomial filter p,,. The Chebyshev choice will be used afterward to estimate
the gain ratio 1/fs.

Theorem 3 Let A € R™*" be symmetric positive semidefinite with eigendecomposition A =
UAUT, where U = [U1,Usz] and A = blkdiag(A1,Ag). Here Ay € REXE contains the target
eigenvalues and Ao contains the remaining eigenvalues. Let ) € R™¢ with ¢ > k, set Q1 =
UL Q and Qa2 = UYL Q, and define Y = pm(A)Q and Q = orth(Y). Assume that Q1 has full
row rank, and define

B = UrnaX(pm(A2))a B2 = Umin( m(Al))~
If B2 > 0, then the k principal angles between range(U;) and range(Q) satisfy

tan © (range(U1), range(@)) < 5L [2292] 2
2

Consequently, the same bound holds with range(Q) replaced by range(Ug).

Proof Since py, is a polynomial, one has

pm(A) = U [ng“ pm?AQ)} s

Therefore, it holds that
Y = pm(A)Q = Urpm (A1) + Uzpm (A2)Q2,
and introducing the shorthand notation
G :=pm(A1),  H:=pm(A2)Q,

one gets
Y =U,G+ UsH.



Because B2 > 0, the matrix pm, (A1) is invertible. Since Q1 has full row rank by assumption,
it follows that GG also has full row rank k. Hence its Moore—Penrose pseudoinverse Gt is well
defined and satisfies

GG = 1.
Now, define
F:=HG e Rk 7. —yat,
Using Y = U1G + Us H and GGT = I}, we obtain
Z=YG' =U1GG" + U,HG' = Uy + U, F.
One has that,
range(Z) C range(Y) = range(Q).
We next show that range(Z) is a k-dimensional graph subspace over range(U7). Indeed,
Ul Z =U\ (Ui + UsF) = I,
and thus Z has full column rank k. Let
Q = orth(2) = 2(Z' 2)"'/2,

so that range(Q) = range(Z). Since U;' Uy = I, Uy Us = I, and Uy Uz = 0, we have

Z'Z = (U, +UsF) (U + UsF) =1, + F' F.
Consequently,

0WQ=02(z"2)2 = (1 + FTF), (8)
and A

Uy Q=04 2(Z"2)"Y? = F(I,, + F ' F)~ /2, (9)
Since U 1T Q is invertible, the tangent-angle representation for two k-dimensional subspaces
gives . A a4

tan © (range(U1), range(Q)) = [|Uz Q (U1 Q) ™',
Using (8) and (9) yields
U QUIQ) " =Fly+ FTF) (1 + FTF)/2 = F,

and hence

tan © (range(U1), range(Q)) = || Flla.
Now range(Q) = range(Z) is a k-dimensional subspace contained in range(Q). Therefore,

the k principal angles between range(U;) and range(Q) cannot exceed the corresponding
principal angles between range(U7) and range(Q). Thus

tan ©(range(U7 ), range(Q)) < tan O(range(U1), range(Q)) = || F||2.

It remains to bound ||F'||2. Since pm (A1) is invertible and €1 has full row rank, the standard
pseudoinverse identity gives

Gt = (Pm(A1)Q1)T =l pm(A) 7L
By construction F' = H G', it holds that
1Pl = P (22)228] (A1) 2 < £ 2
Together with the previous inequality, this proves
tan © (range(U1), range(Q)) < % HQQQ]IHQ

The proof is complete. O



Theorem 3 shows that the approximation error is controlled by the ratio between
the filter gain on the non-target block and the minimum gain on the target block. The
Chebyshev filter is well suited for reducing this ratio because, in the classical minimax
sense, it provides optimal polynomial separation between the non-target interval and
exterior target eigenvalues.

Theorem 4 Assume the hypotheses of Theorem 3. For the Chebyshev filter pm(\) =
Tm(d(N)) used in Algorithm 1, assume that the non-target eigenvalues lie in [a,b] and
(recall (7)) that |p(X)] >n > 1 for all X € A(A1), then

1
Ba > 5 (n+vn? - )™,
and hence

tan@(]range(Ul)7 range(Q)) < 2(77 +/n? = 1)7mHQQQ1]:H2.

Proof For |z| >n > 1,

|Ton (x)| = cosh(m arcosh(|z|)) > %exp(m arcosh(n)) = %(77 +/n2 — 1)m.

Taking the minimum over A € A(A1) gives the lower bound for B2. Since the non-target
eigenvalues lie in [a,b], we also have 81 = omax(pm(A2)) < 1. The result follows from
Theorem 3. ]

Theorem 4 shows that, for a fixed realization of the sketch, the subspace error
decays exponentially with the polynomial degree once the target spectrum lies outside
the Chebyshev interval. For the randomized algorithm, however, the remaining quan-
tity to control is the random factor ||QQQJ{||2 We therefore turn to its expectation
under a Gaussian test matrix.

Lemma 5 Let Q = {g;] Q1 € RFXEHP) ) ¢ ROTRIXKEAD) - yhere Q s a standard

Gaussian matriz and p > 2. Then

B0 2 < | 27 + V= kR,

Proof By rotational invariance of the Gaussian distribution, 2; and o are independent
standard Gaussian matrices of sizes k x (k+p) and (n—k) x (k+p), respectively. Conditioning
on Q7 and applying (4) with S =1, j, G=Q2 and T = Q]{, we obtain
Eq, [19290lz | 4] < Ikl 1901r + 1 slle 190112 = 1] 17 + Vi = E Q] 2.
Taking expectation with respect to 2 yields
E[220][l2 < E|Q]]|r + Va = REQ]]-.

Since 2; € RF*(K+P) ig standard Gaussian with p > 2, Lemma 2 gives

_1’

1/2 k evk +
2 p
(E1QlIz) = Eljalle < 21,



By Jensen’s inequality,

1/2
T < T 2 = _
E|Q1|F < (]E||Ql||p) —

Combining the above bounds proves the result. O

Theorem 6 Assume the hypotheses of Theorem 3. Let £ = k+p withp > 2, and let ) € R™*¢
be a standard Gaussian matriz. Then

E [tan © (range(U1 ), range(Q))] < g; (\/74_\/7 \[>

If, in addition, pm () = Tm($(N)) is the Chebyshev filter used in Algorithm 1, |p(A)| >n > 1
for all X € M(A1), and B1 < 1, then

E[tan@(range(Ul),range(Q))] <2 (17 +vVn? - 1) - (\ [ ——— + vVn—k ef)

Proof By Theorem 3,
tan O(range(U1), range(Q)) < % ||QQQ§||2

Taking expectation and applying Lemma 5 yields

E [tan O (range(U1), range(Q))] < %EHQ2QJ{H2 < % <\/Z+ mef> .

For the Chebyshev filter, Theorem 4 gives
b SZ(nJr\/nz—l)i
B2

Substituting this estimate into the first bound proves the second claim. O

Theorem 6 controls the subspace error in expectation. Since the practical pre-
conditioner is constructed from a single realized sketch, we also record the following
high-probability counterpart.

Theorem 7 Assume the hypotheses of Theorem 3, and let £ = k + p. Let Q € R™* pe q
standard Gaussian matriz. For any t1 > 0 and any 0 < to < V€ — 'k, with probability at
least 1 — exp(—t3/2) — exp(—t3/2), one has

BLVn—k+Vi+t

Bo Nl—Vk—ty

If, in addition, pm () = Tim(d(N)) is the Chebyshev filter used in Algorithm 1, |p(A)] >n > 1
for all X € M(A1) and 1 < 1, then, with the same probability,

-m\n—k+Vl+1
\/Z—\/%—m .

tan © (range(U1), range(Q)) <

tan © (range(U1), range(Q)) < 2 (77 + \/ﬁ)

10



Proof By Theorem 3,
tan © (range(U1), range(@)) < 5L [2292] 2

It remains to derive a high-probability bound for HQQQJ{HQ By rotational invariance of the
Gaussian distribution, €21 and €29 are independent standard Gaussian matrices of sizes k x ¢
and (n — k) x £, respectively. We first condition on 1. For fixed €1, define

(@) = |G-
Then f is ||QJ{ ||2-Lipschitz with respect to the Frobenius norm, since
IF(@) = FED] < (G~ H)Q[l2 < |G ~ H|[ |2 2.
By the Gaussian concentration inequality for Lipschitz functions [55, Theorem 5.6], if f is
L-Lipschitz, then
P{f(G) <Ef(G)+ Lt} > 1 — exp(—t>/2).
Applying this bound with G = Q9, L = HQJ{HQ, and t = t1, for every t; > 0, conditioning on
Q1, we obtain
Po, {19201 12 < Bo, [1920] 2 | 1] + t10] )2 [ 1} > 1 —exp(~/2). (1)
Applying (4) with S =1,,_, G=Q9 and T = QJ{, we obtain
Eq, 1929012 | 1] < 19]1lr + va=F 9]z (11)
Therefore, combining (10) and (11), we obtain, with conditional probability at least 1 —
exp(—t7/2),
12200 ll2 < 12]ll7 + (VA =&+ t)]0] 2.
Since Q]; S IRZX’“, we have
190l < VEIQ] 2.
Thus,
12200 ll2 < (VA =& + VE+ t)[|Q] .
It remains to control ||QJ{ |l2. The standard lower-tail bound for the smallest singular value
of a rectangular Gaussian matrix [56] gives
P {amin(Ql) >Vi— V- t2} > 1— exp(—t3/2).
On this event,
1 < 1
Umin(Ql) B \/Z— \/E— to ’
Combining the two estimates and applying the union bound yields
Vi—k+Vi+t
VE—Vk —ts
with probability at least 1 — exp(—t3/2) — exp(—t3/2). Substituting this bound into the
deterministic estimate proves

19712 =

1920712 <

<ﬁ\/n—k+\/z+t1

tan © (range(U1 ), range(Q)) < Ba Ni—VE -ty

For the Chebyshev filter, Theorem 4 gives

%52(n+m)_m.

Substituting this estimate into the first bound proves the second claim. O

11



We next relate the subspace-angle bounds above to the associated projector error.

Remark 8 For two subspaces of equal dimension,
HU[U; — UgUgTHQ = sin ©(range(Uy), range(Uy)).
Since sin § = tan#/+/1 + tan? f for every principal angle @, one has sin © < tan ©. Therefore,

any bound on tan @(range(f]gl7 range(Uy)) immediately yields a bound of the same order for
the projector error |UU, — UU, ||

4 Low-rank preconditioning for extremal spectral
components

We now turn from subspace extraction to the construction of the preconditioner
itself. The analysis in Section 3 shows that a Chebyshev-filtered randomized sketch
can recover, to good accuracy, the invariant subspaces associated with the extreme
eigenvalues. Once such subspaces have been identified, a natural strategy is to treat
them explicitly and approximate the remaining spectral components by a scalar term.

This point of view leads to a subspace-complement construction. On the extracted
extremal subspace, the preconditioner matches A, on the corresponding invariant
directions, since these modes are precisely the ones that are most harmful for iterative
convergence. On the orthogonal complement, where the spectrum is expected to be
more benign, a scalar approximation is used to keep the representation inexpensive. We
first analyze this idea in an oracle setting with the exact extremal invariant subspace,
and then replace it by the subspace obtained from the filtered randomized procedure.

4.1 Oracle preconditioners

To make the subspace-complement structure precise, we begin with the ideal
situation in which the exact extremal invariant subspace is available. This oracle
construction serves as a benchmark for the practical preconditioner introduced later.

Definition 9 Let A € R"*™ be symmetric. Let A = UAU | be an eigendecomposition, where
A =diag(A1,..., ) and Ay > - > Ap. Let T ={1,..., 61} U{n—Lla+1,...,n} be the set
of captured extreme indices, and let U, € R"XZ, with ¢ = £ + {3, collect the corresponding
eigenvectors. Let Ay = diag({\;};c 7). For a > 0, define the oracle preconditioner for A, as

P = Uy(Ag + pI)U) + a(I - UUL). (12)
By construction, P*EA“) agrees with A, on range(U,) and replaces the action of

A, on range(Uy)* by the scalar a. This gives the following explicit description of the
preconditioned spectrum.

Proposition 10 Under the setting of Definition 9,
_ — A ,
Spec((P*(Au)> 1/2A#(P,EA“)) 1/2) _ {1,,,.,1}u{ﬂ i j}_
—_—— o

£ times

12



Proof For each i € J, the vector u; belongs to range(Uy), so
A
P*( “)ui = ()\Z + /J/)UZ‘.
Hence (A)N—1/2 (A )y —1/2
(P* # ) A#(P* # ) U; = Uj.
For each @ ¢ 7, the vector u; lies in range(Ug)J‘, and therefore
P,,EA“)

up = o,
It follows that

(P2, (P M2y, = Nt
Since the eigenvectors of A form an orthonormal basis, the claim follows. g

Uj -

Proposition 10 shows the spectral effect of the oracle preconditioner. The captured
extremal eigenvalues are mapped exactly to one, whereas the remaining eigenvalues
are scaled by the single scalar . Consequently, the condition number is determined
by the spread of (A\; + p)/a over the uncaptured indices. This observation immediately
yields a condition number formula and an interval-based bound.

Corollary 11 Assume Ay > 0 and o > 0. Then

max < 1, max; )‘i(j”
K2((PiA“))71/2AM(P4EA“))71/2) _ { €T } (13)

min {l,minigéj ’\%“}

Moreover, if X\j + p € [au,by] for alli ¢ J, then

(Ay=1/2 4 (p(An)y=1/2) o max{l,bu/a}
HQ((P* ) Ap (P* ) ) < min{l,a,/a}’ (14)

The remaining question is how to choose the scalar «. In principle, the best choice
depends on the uncaptured middle spectrum. In practice, however, the inner endpoints
of this spectral block are typically unknown, whereas the outer endpoints adjacent
to the extracted extremal blocks are available from Ritz information. It is therefore
preferable to base the choice of a on quantities that can actually be computed. Let
Imia = {1 +1,...,n — £3}. Then for every ¢ € Tpmid, Aoy > Ni > Ap—got1, SO the
middle spectrum is contained in the computable interval [A,—¢, 11, A, ]. Setting a,, =
An—to+1 + pand by, = Ag, + p, with 0 < a, < b, we obtain

1 1

Ait+p  «

1 1

max .
€T (]

1€ZLmia

< max
x€[ay,,by]

(15)

Thus the choice of a can be reduced to a one-dimensional approximation problem on
the interval [a,,b,].
Two choices are particularly natural. The first is the harmonic-mean choice

2a,b,

, 16
a, + by (16)

Qharm =
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which minimizes the maximum absolute deviation of 1/« from 1/z over [a,,b,]. The
second is the geometric-mean choice

Qgeo = \/Apby, (17)

which balances the ratio z/a over the same interval. Both choices lie in [a,,b,], and
therefore both lead to the same condition-number upper bound

bu

ap

o (PLA) 2, (PE) 712 <

(18)

4.2 Practical preconditioner

In the practical method, the exact basis U, is unavailable and is replaced by the
Ritz basis produced by the Chebyshev-filtered randomized extraction. In the notation
of Algorithm 1, after the upper and lower spectral components have been extracted
and combined, we write the resulting extremal Ritz pair as Ug € R™*¢, UETU@ = Iy,
and UA'ZTAT]} = Ag, where ¢ = 01 + 5 and Ay, € R ig diagonal. We then define the
computable Chebyshev-based preconditioner by

P = Uy(Ay + pI)U) + oI - TU)). (19)

The interpretation of (19) is the same as in the oracle case. On the approximate
extremal subspace mnge(w)7 the preconditioner uses the Ritz approximation of the
regularized operator, while on the orthogonal complement it is represented by the
scalar «. A useful consequence of this subspace-complement form (19) is that the
inverse of the preconditioner admits a closed-form expression

(PYANT = Uy(Rg + pule) 'O + a1 = U,0,)). (20)

che

4.3 Approximation and condition-number analysis

We now compare the practical preconditioner with the oracle model and quantify
how well it approximates the action of A;l. The following result quantifies the error in

approximating A, L by ( “)) . The bound contains two contributions: a determin-
istic mid- spectrum term, Wthh reflects the scalar approximation on the uncaptured
part of the spectrum, and a projector perturbation term, which accounts for replacing
the exact extremal eigenspace by its Ritz approximation.

Before stating the next result, we define the exact and approximate projectors
I1 = U,U, and I = U,U,", respectively. We also introduce the auxiliary matrices

Ache = Udh U, + (o0 — p)(I —10), Ay =UAU + (o — p)(I —TI).

These matrices are used in the proof of Theorem 12 to compare the practical
preconditioner with the corresponding oracle model.
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Theorem 12 Let A € R™ "™ be symmetric positive semidefinite, and let n > 0. Let
A = UAUT, where A = diag(A1,...,A\n) and Ay > -+ > Ay > 0. Fiz integers {1
and o, set ¢ = {1 + {2, define Up = [u1,..., U, Un—pyt1s---5Un] € R Let Ay =
diag(A1, ..o, Mgy s Ap—tpt1s- -+ An). Let (Ug,f\g) be the extremal Ritz pair obtained from the
filtered randomized extraction, where Ug € R™*¢ has orthonormal columns and Ag = U;AUZ.
Assume that o > p and A

tan ©(range(Uy), range(Uy)) < 0.
Let Topjg = {01+ 1,...,n— La}. Then

1A+ D)™t = (PE) 71y < max

21
1€ Lmid ( )

1) 2[All2 + Jo — pf
B e
X+ oz’+ 2

Proof By the triangle inequality, it holds that

-1 Ap)y—1 -1 -1 -1 Ap)y—1
l(A+uD) ™ = (P Mz < A+ D) ™ = (A + D) Mz + 11 (Ae+ D)~ = (BGe)
We estimate the two terms on the right-hand side separately. We first estimate the second
term. By the definition (19), one has Pc(li,"’) = Ape + pl. Since Ay = UZ—AUg, it holds that

UAU) = U(U) AU)U,) = T1AIL

Therefore

Agpe = TIAIT + (o — p)(I - T0).
Subtracting the definitions of A, and flche gives
Ay — Agpe = (ITATI — TTATI) + (o — p) (IT — I1).

Using o . A A

ITAII — ITAII = (IT — II) AII + ITA(IT — II)
together with ||II]|o = ||II]|2 = 1, we obtain

4 = Achell2 < (2l All2 + |o = p) ITT = Tl
Now set X = Ay + pul and Y = Pc(]fc“). Since Ay = 0 and Agye = 0, both X and Y are
bounded below by ul. By the resolvent identity,
X1y l=x'v-x)yy 1

and noting that X — Y = (Ay + ul) — Pc(li”) = Ay — Agpe, we have

2[|All2 + |o —
12

1 1 1 . .
X7 =Y < 4~ Aale < M ). (22)

Since ||TT — IT||z = sin O (range(Uy), range(Uy)) < § by Remark 8, we obtain

2 Alls + o — gl
112

1(Ag + pD) ™ = (P 7Y < (23)

We next estimate the first term. In the eigenbasis of A, the operator (A + ul)~! is diagonal
with eigenvalues (A; + ) ~!. On the other hand,
(Ag+pD) ™" =Ue(Ag +plg) " 'Uf +a” (I =UUL).

Thus (Ay + uI)71 agrees with (A + ;LI)71 on the captured upper and lower spectral blocks,
while on the orthogonal complement it acts as the scalar a~ L. Therefore

_ _ 1
A+pD) ™ — (A4g+pI) Y2 = ma - =. 24
A+ D)™ = (A D)o = x| (21)
Finally, combining (23) and (24) with the initial triangle inequality, the estimate (21) follows.
O
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Theorem 12 says that, relative to the oracle model, the practical preconditioner
incurs only the projector perturbation term. When the filtered randomized extraction
captures the extremal eigenspaces accurately and thus tan O (range(Uy), range(Ug)) can
be bounded by a small §, this term is small, so the practical preconditioner preserves
the spectral improvement predicted by the oracle model.

We also point out that the above argument extends without difficulty to the
unshifted case when the original matrix is strictly positive definite. The assumption
i >0 is used in (22) only to provide a uniform lower bound for the two resolvents.

Remark 13 If A > 0, then the assumption p > 0 in Theorem 12 can be relaxed to p > 0, since
the positive definiteness of A provides the required uniform lower bound. More precisely, set

Yo = min{Amin (A) + p, o}.
Since A = Anin(A)I, the Ritz matrix UJAU@ is also bounded below by Apin(A)I. Hence

X=A+upul =yl andY = PC({:‘C’*) > vul. Consequently, the resolvent identity yields the
refined estimate

-1 1 1 S 2||All2 + |a — .
X =Y o < S — Aaelle < DAL=y gy, (25)
T am
In particular, when A > 0 and g = 0, this gives
_ _ 2||Alle + a A
Jx—t -y < Al 11— 1], (26)

= min{Apin (4), a}?
Thus, in the strictly positive definite case, the regularization parameter p may be set to zero;

the denominator in the perturbation bound is then controlled by the smaller of the smallest
eigenvalue A\pin(A) and the scalar parameter a.

The following result gives the main condition-number estimate for the practical
preconditioner. The factor b, /a,, is inherited from the oracle model and reflects the
quality of the scalar approximation on the uncaptured middle spectrum, while the
factor (1+7)/(1—7) quantifies the perturbation caused by replacing the exact extremal
eigenspace by its Ritz approximation.

Theorem 14 Let A, = A+ pul = 0, P = Uy(Ag + pl)U/ + a(I = T1), and P2 =
Us(Ay +,u]g)f]; + a(I — 1) where IT = UgUeT, = ﬁgf]e—r Assume that \; + p € [ay, by] for

alli ¢ J, where T ={1,...,01}U{n—Lla+1,...,n} and o € [au, by]. Define s = ||[II—1I||2,

dmin = minje 7(A\; + p), and v = min{a, din}. Let 7= % s. If T < 1, then
(A )\ —1/2 (A —1/2 1+7 b
52((Pcheu ) A'u (Pcheu ) ) < 1—7 : al (27)
“w

Proof We first compare the practical preconditioner with the oracle one. Set
M = (P(AM))_l/QAM (P(AM))_l/Q M* — (PEAH))_1/2AM(P>EA;L))_1/2

che che

§ = (Phe)) TP,
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Since A, = (PEA“))1/2M* (1—7*('4“))1/27 we have M = SM,S . Therefore,
Ko (M) < ka(S)ra(Mi)ra(ST) = 2(8) ko (Me). (28)
Moreover,
sTs— (piAu))l/Q (Pc(lfleu))—l (P,SA“))UQ.
This matrix is similar to (Pc(}i“)) P*(A“)7 whose condition number is the same as that of
plAu )( *(A“'))fl. Therefore, it holds that k2(S)? = ko (P(A“) (PxEA“))fl). Hence, it follows

che che

from (28) that
ro((Phe) P Au(Phe) ™) < ma (PR (P) )

che
'KZ((PiAM))71/2AN (P)EAM))*l/2> )
(Ap)

We next bound the two factors on the right-hand side. Since Py
complement preconditioner and « € [ay, by], it follows from (18) that

ra((P)) 72 4, (L) 712 < B (30)

au

(29)

is the oracle subspace-

To estimate the perturbation factor ko (Pc(}i“)(PiA“))_l , we first note that
P(A“)( (4 “)) is similar to the symmetric matrix (PfA“)) 1/2P(A“)( (4 “)) 172 Define
(A —1/2 (p(A (Aw) -1/2
E:(P* u) (Pchcu) P, u)( ( u))

Then
(PEAM))*l/ZPC(}iM)(P*(AM))*l/z _ [+E

It remains to estimate the two factors (PgEA"'))f H and HP Aw) PxEA“)

. First, since
2

the spectrum of P(A“) consists of a on range(Ug)J‘ and {\; + p :j € J} on range(Up), we
have )\mm(P( “)) = and H (A ))

)2 = % Next, using

pA u):a(I,H)JrHA#H, pA “)_a(] 1) + TA,I,

che
we obtain A A R o
Pl = PO = a(m— 1) + (TLA, 0T - T14,1T) .
Moreover, L N R N
ITA,IT — TTA,IL = (I1 — ) AL IT 4 T1A, (IT — 1I).

Together with ||TI||2 = ||TI||2 = 1, this gives
‘P(Au) PxEAM)

2

che
1Bl < || (P47

< (a+2[Aull2) s

Therefore,

Lot 2Aul

2 ) 2 o4
By assumption, 7 < 1. Since F is symmetric, this implies

A=) <T+E=<(1+7)

plAn) _

che

Hence
HQ((PiA“))_1/2P( ) P(A ) 1/2)
Consequently,
(Aw) [ p(Au)y—1 147
ro (Phe) (PE)TH) < 172 (31)
Finally, combining (29), (30), and (31) yields (27). O
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Remark 15 The requirement 7 < 1 is mild in the regime relevant to our construction. To see
this, recall that

a+2||ALll2 -

= 72 ol S, s = ||II — II]|2.

By Remark 8,

s = || — II|| = sin ©(range(Uy), range(Uy)) < 4,
where ¢ is controlled by the subspace approximation error of the Chebyshev-filtered sketch. In
particular, when the target spectrum is well separated from the bulk spectrum, the estimate in
Theorem 4 shows that this error decreases rapidly with the polynomial degree. Consequently,
the subspace mismatch s can be made sufficiently small, and hence the condition 7 < 1 is
typically attainable in practice.

To illustrate this point more clearly, we consider a synthetic example based on
the construction in Section 6.1, with Apu C [0.8,1.2], Agman C [107%,1072], and
Alarge C [2,10]. We vary the Chebyshev polynomial degree over

m € {0,2,4,6,8,10, 15,20, 25,30, 35, 40, 50, 60, 70, 80, 90, 100}.

Figure 1 reports the corresponding values of 7 and s. As the degree m increases, the
subspace mismatch s decreases rapidly, and consequently 7 drops below the threshold
7 = 1 around m = 30. This supports the claim that the condition 7 < 1 is attain-
able in the regime where the Chebyshev-filtered sketch accurately captures the target
invariant subspace.

106 _e‘_ . I 100
10° ----threshold 7 =1 ° 107"}
10* = |
, ; = 1072
_— ey
10% | 5 10
o 107
[ “ i
100 F-mmmm e N 1075 ;
107! ‘ ‘ 1076 ‘ : ‘
0 20 40 60 80 100 0 20 40 60 80 100
Chebyshev polynomial degree m Chebyshev polynomial degree m

Fig. 1: Dependence on the Chebyshev polynomial degree m. Panel (a) shows the
parameter 7; panel (b) shows the subspace mismatch s.

5 Implementation

The preceding sections describe the structure of the proposed low-rank precon-
ditioner once suitable extremal spectral information is available. In practice, an
important issue is the selection of a suitable spectral interval for the Chebyshev filter.
When the spectrum is wide or asymmetric, applying the Chebyshev filter directly to
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A, can be sensitive to the prescribed spectral interval. To make the filtering step more
robust in practice, we adopt a two-stage strategy. We first apply an inexpensive base
preconditioner to reshape the spectrum, and then construct the low-rank correction
by randomized subspace extraction and Chebyshev filtering.

5.1 Spectrum shaping by a base preconditioner

The base preconditioner is used mainly to reshape the spectrum. It reduces the
main spectral spread and makes the subsequent Chebyshev interval selection more
predictable. Let My € R™"*™ be a symmetric positive definite base preconditioner for
A,. We write

My =R'R,
where R is nonsingular, and define the spectrally shaped operator

B:=RTA,R

For the implementation considered in this work, we use Jacobi scaling as the base
preconditioner. Let D = diag(A,). Then My =D, R = D'/2 and

B=D"124,D712

For instance, when A, is symmetric diagonally dominant with positive diagonal, Jacobi
scaling places the shaped spectrum in [0, 2] by the Gershgorin theorem.

5.2 Practical interval selection

After the spectrum-shaping step, the remaining practical issue is the choice of the
interval for the Chebyshev filter. A high-degree Chebyshev filter can be numerically
unsafe when it is applied to an upper outlier on a wide spectral scale. For example,
if the non-target interval is [0,1.2] and an upper outlier is located at A = 100, then
¢(100) ~ 165.7, and hence |T,,(¢(100))| ~ 1(331.3)™, which reaches the double-
precision overflow scale at about m = 122. Thus, increasing the Chebyshev degree on
the upper tail is not a robust strategy when the spectral scale is wide.

For this reason, we treat the two spectral tails differently in the practical imple-
mentation. The upper tail is first captured by a standard randomized extraction and
is used to determine the spectral scale of the shaped operator. This scale estimate is
essential for choosing a safe right endpoint of the Chebyshev filtering interval. The
lower tail is then extracted by Chebyshev-filtered randomized sketching.

Let ¢; be the dimension of the upper-tail pilot space. We draw ,, € R"*4,
form Yy, = By, compute Qp = orth(Yy,), and set Ty, = QZBle. After the
eigendecomposition Ty, = Wy, (:)ngZT17 we set Uy, = Qg, Wy, . The largest Ritz value
Amax 1= Amax(Te,) is then used as the spectral scale of B for choosing the right
endpoint of the Chebyshev interval.
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With this upper spectral scale in hand, we now choose the Chebyshev interval for
the subsequent lower-tail extraction. Specifically, we set its right endpoint by

b= fyj\max, (32)

where v > 1 is a safety factor. The purpose of this choice is to make the subsequent
lower-tail extraction more robust. By setting the right endpoint slightly above the
estimated spectral scale, the bulk and large eigenvalues are kept inside the bounded
region of the Chebyshev polynomial, while the small eigenvalues below the left end-
point are amplified. In our experiments we use v = 2. The choice of the left endpoint
a is discussed in Section 6.1.4. Once [a,b] has been fixed, we apply Algorithm 1 to B
in order to extract the lower spectral block.
The two-stage Chebyshev preconditioner is summarized in Algorithm 2.

Algorithm 2 Two-stage Chebyshev preconditioner

Require: SPD matrix A, = A 4+ ul, base preconditioner My = RT R, extraction
dimensions /1, {5, Chebyshev degree m, left endpoint a > 0, safety factor v > 1.
Ensure: Preconditioner model M := (R, Us, Oy, Q).
1: Form the shaped operator B = R_TAHR_l
2: Draw €y, € R"™** and form Yy, = BQy,, Q, = orth(Yy,), and Ty, = QZ BQy,
3: Compute Ty, = ngéngg, set Ugl = Q¢ Wy, and let Amax = Amax(T7,)
4: Set the right endpoint b = 75\max
5. Apply the Chebyshev-filtered randomized extraction to B on [a,b] with target
rank /5, and degree m to obtain (Uy,, ©y,), where Uy, € R"*¢
Set Gmiqa = )\max(ég2) and byiq = )\min(égl), and choose & = V/Gmidbmid
Form Q, = orth([f]gl, ng]) and Ty = QZ—BQz
Compute Ty = WgégWe—r and set U, = QeWy
Return M := (R, Ug,ég,a)

© ® 3

Given the output M = (R, Ug, Oy, a) of Algorithm 2, we construct the subspace-
complement preconditioner on the shaped operator:

pP= ﬁgégﬁg —I-Oé(l— UgUJ) (33)

For the Jacobi base preconditioner, let D = diag(A4,), so that R = D'/2. Returning
to the original variables, the final preconditioner is

P =D'Y2ppl/2, (34)
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Algorithm 3 Chebyshev-filtered PCG
Require: SPD matrix A4, = A + pl, right-hand side b, initial guess o, and
preconditioner model M = (D, Us, Oy, «) constructed by Algorithm 2.

Ensure: Approximate solution = to A,z = b.

1: Define the preconditioner action F(r) = P~1r by (35).

2: g = b— A#I'O

3: 29 = F(To)

4: Po = 2o

5 po =10 %0

6: for j =0,1,2... do

7: v; = A#pj

8wy =pi/(pf ;)

9: l’j+1 = l’j —+ wjpj

10: Tji+1 =T — W;v;

11: Zj41 = F(errl)

12: Pi+1 = 7’;+1Zj+1

13: Bi = pj+1/p;

14: Pi+1 = Zj+1 + Bp;

15: if a stopping criterion is satisfied, stop and return ;4

16: end for

5.3 Use within PCG

In the iterative phase, the preconditioner is used only through the action of its
inverse. Given the Jacobi-scaled model

M = (D,Uq, 0y, ),
we define the preconditioner handle
F(r)=D"1/? [ﬁgéglﬁg(p—l/%) +a (I - UZUJ)(D—U%)] . (35)

Thus F(r) = P7!r, and this handle can be supplied directly to a standard PCG
routine. The solve phase is summarized in Algorithm 3.

6 Numerical experiments

In this section, we evaluate the effectiveness of the proposed preconditioner and
its impact on PCG convergence on synthetic and real data. All numerical experiments
were implemented in MATLAB R2025b on a machine equipped with an Apple M5 Pro
chip and 48 GB of unified memory. The code to reproduce our results can be found
at https://github.com/dongzeyu67/chebyshev-randomized-preconditioner.

In Section 6.1, we first use diagnostic experiments to examine the effect of Cheby-
shev filtering on the two spectral tails. In these experiments, both the upper and
lower tails are treated by Chebyshev-filtered randomized extraction, demonstrating
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that polynomial filtering can recover the relevant extreme eigenspaces and improve
the quality of the resulting low-rank correction. As shown in Section 6.1.3, applying
Chebyshev filtering to the upper tail over a wide spectral range can lead to severe
finite-precision instability caused by excessive polynomial amplification. Therefore,
in the PCG experiments in Sections 6.2 and 6.3, we use the two-stage construction
described in Algorithm 2. The upper spectral tail is captured by a standard random-
ized range finder, whereas the lower spectral tail is extracted by a Chebyshev-filtered
randomized sketch.

6.1 Preconditioner quality on synthetic spectra

We first assess the quality of the proposed preconditioner on synthetic SPD
matrices with prescribed spectra. Throughout this subsection, we construct A =
U diag(A1, ..., \y)UT, where U € R™*" is a random orthogonal matrix and n = 1000.
The spectrum consists of three parts: a bulk cluster in [0.8,1.2], ngman = 30 small
eigenvalues distributed logarithmically in [10712,107°], and Nlarge = O large eigen-
values distributed logarithmically in a prescribed interval. Thus, the matrix has a
well-conditioned middle spectrum near one together with a small number of iso-
lated outliers at both spectral ends. This construction matches the intended use of
the method: the preconditioner corrects the difficult extremal modes explicitly, while
representing the remaining bulk spectrum by a scalar approximation.

The intervals used in the two Chebyshev filters are chosen directly from the pre-
scribed spectral blocks. For the upper-tail extraction, we take [arz,br] = [0, Abuik,max],
so that the lower tail and the bulk lie inside the bounded region of the polynomial
while the large eigenvalues lie outside and are amplified. For the lower-tail extrac-
tion, we take [ag,bs] = [Abulk,min, Alarge,max), SO that the bulk and the upper tail are
included in the non-target interval, while the small eigenvalues remain outside on the
left and are amplified by the filter.

To study the efficiency of a preconditioner P, we use three quantities: n4-1(P) =
[P =AY2/|IA7 2, Dspec(P) = |P~Y2AP~Y2 —]||5 and kp = s(P~Y/2AP~Y/2).
The first quantity measures the relative error in approximating A~!, and is therefore
particularly sensitive to the treatment of the smallest eigenvalues. The second measures
the deviation of the preconditioned spectrum from the ideal value 1 and the third is
the condition number directly relevant to PCG convergence.

6.1.1 Feasibility

We first consider a synthetic example with a moderately separated upper spectral
block, taking Apuix C [0.8,1.2], Asman C [1071%,107°], and Ajarge C [2, 10]. The purpose
of this test is to examine whether the proposed Chebyshev preconditioner can capture
both spectral tails and produce a meaningful spectral correction when the upper range
is of moderate width. The Chebyshev degrees for the large- and small-eigenvalue tails
are denoted by m and mg, respectively, and are set to my = 10 and mg = 40. The
target ranks are chosen as {1 = Njarge + 10 and fo = ngman + 10.

Figure 2 shows the spectral behavior of the proposed preconditioner. In panel (a),
the computed Ritz values track the extremal eigenvalues of A closely, indicating that
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the extracted subspaces capture the relevant upper and lower spectral components
with reasonable accuracy. In panel (b), the spectrum of P~1/24P~1/2 is concentrated
near 1; the eigenvalues lie roughly in the interval [0.86,1.33], which is substantially
narrower than the original spectral range. These observations show that the proposed
preconditioner is effective and produces a clear clustering effect on the preconditioned
spectrum.
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(a) Spectrum of A and captured Ritz values. (b) Spectrum of P~1/24p~1/2,

Fig. 2: Panel (a) compares the eigenvalues of A with the captured Ritz values;
panel (b) shows the spectrum of P~/24AP~1/2,

6.1.2 Effects of rank and degree

We next consider a more demanding synthetic setting in which the upper spectral
block is widened from [2, 10] to [10, 100], while all other aspects of the construction are
kept unchanged. In particular, the bulk eigenvalues remain in [0.8,1.2], the small eigen-
values remain in [10712,107°], and the same interval-selection rules are used for the
two Chebyshev filters. Thus, the upper-tail filter is built on [ar,br] = [0,1.2], whereas
the lower-tail filter is built on [ag,bs] = [0.8,100]. Since the right endpoint of the
lower-tail interval now scales with the enlarged upper spectral range, the correspond-
ing Chebyshev filter becomes substantially less selective at low degrees. This regime
therefore provides a useful test of how the method depends on the rank parameter
and on the polynomial degree.

To isolate the effect of the rank, we first fix the polynomial degrees at my = 10
and mg = 100, and vary the target rank from 10 to 100 in steps of 10. The results
are shown in Figure 3(a). As the rank increases, the inverse error 1n4-1(P) decreases
steadily, with the most substantial improvement occurring once the rank reaches 30.
This behavior is consistent with the construction of the test matrix: the lower spectral
block contains 30 small eigenvalues, so the low-rank correction cannot be expected to
resolve the near-null subspace before the assigned rank reaches this intrinsic dimen-
sion. Once the rank is large enough to represent this block, the approximation improves
markedly. Beyond this point, the gain becomes much smaller and the curve essen-
tially levels off. The spectral error nspec(P) and the condition number kp show the

23



same transition, indicating that the preconditioner becomes effective after the relevant
extremal subspace is sufficiently captured.

We then fix the rank at 50 and study the influence of the lower-tail Chebyshev
degree mg. The upper-tail degree my, is kept fixed because the numerical instability
caused by taking my excessively large is a separate issue and will be discussed in
Section 6.1.3. Specifically, we keep mp = 10 fixed and vary mg from 30 to 120 in
steps of 10. The results are shown in Figure 3(b). For moderate values of mg, both
error measures remain nearly unchanged, indicating that the lower-tail filter is still
too weak to separate the near-null components from the wide bulk interval. Once mg
is large enough, the inverse error drops by several orders of magnitude. This reflects
the wider lower-tail filtering interval, which requires a substantially larger polynomial
degree before the near-null components can be effectively separated.

Taken together, Figure 3 shows that widening the upper spectral block does not
invalidate the Chebyshev-based extremal correction strategy, but it makes the lower-
tail extraction significantly more demanding. In this regime, both a sufficiently large
rank and a sufficiently high lower-tail polynomial degree are necessary before the pre-
conditioner begins to approximate A~! accurately and to compress the preconditioned
spectrum.
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(a) Influence of the rank parameter. (b) Influence of the Chebyshev degree mg.

Fig. 3: Widened upper spectral block Ajarge C [10,100]. Panel (a) shows the effect of
the target rank; panel (b) shows the effect of the lower-tail Chebyshev degree mg.

6.1.3 High-degree instability of upper-tail filtering

We next examine the effect of the Chebyshev degree on the upper spectral block. In
this experiment, we keep the target rank fixed at 50, retain the same spectral intervals
and all other parameters as above, and fix the lower-tail degree at mg = 100. We then
vary the upper-tail degree my, over the values 10,20, 50, and 100. The corresponding
results are shown in Figure 4.

Figure 4 shows that increasing the upper-tail degree does not improve the extrac-
tion of the large-eigenvalue subspace; in fact, the results become progressively worse
as my, increases. When my = 10, the dominant eigenvalues are still captured rea-
sonably well. As mj, increases to 20, 50, and 100, however, the extracted Ritz values

24



deteriorate and drift away from the true dominant eigenvalues. In the most extreme
case my = 100, the upper-tail extraction is no longer reliable. This behavior indi-
cates that, when the upper spectral range is wide, a high-degree Chebyshev filter on
the large-eigenvalue side may suffer from severe floating-point amplification. Since the
polynomial grows very rapidly outside the reference interval, the three-term recurrence
becomes increasingly sensitive to roundoff errors, and the intended spectral selectivity
can be degraded.

This observation is important for the practical design of the method. It shows
that, for a wide upper spectral range, increasing the upper-tail Chebyshev degree is
not a robust strategy. In our implementation, this motivates a two-stage design with
different treatments of the upper and lower spectral tails: a cheap base preconditioner
is first used to compress the spectral range, the upper spectral block is then extracted
by a standard randomized subspace procedure, and the lower spectral block is treated
by Chebyshev-filtered randomized extraction.

+ true eigenvalues + true eigenvalues
o captured Ritz values o captured Ritz values
= =
© ©
Qo Qo
e e
G O cosscosseeseesnesnsscssscsaces o ccces G O cosscosseeseesnsnsscssacsaces o oces
g g
© ©
E E
0'056 Q © & & A ;: ;a ‘bx"b ;1/ N Q 9 0'056 5 © 5 o 4 ;: ;a ‘bx"b ;1/ N Q 9
N & & 2 £ R % % 2 % N N & & z £ R % % i <z N
RIS ,\Q'\ ARSI I NN RIS ,\Q'\ NN
Real part Real part
(a) mg = 10. (b) mp = 20.
0.05 e — 0.05 S —
+ true eigenvalues + true eigenvalues
o captured Ritz values o captured Ritz values
T T
© (]
[} o
2 f
g 0 OP0LIEeENeEE0eeEeeeEeeeseeee - e..00 g 0 PPOOOOEEEEEEEEEE000OO0000EO0E ®0 ceeep
g g
© ©
E E
N $ g : £ g g bt b > N N $ g Z £ g g bt b > N
,\0’\ ,\Q’\ K ,\0’\ NSRS ,\0’\ ,\Q’\ N ,\0’\ NN SIS
Real part Real part
(C) myp, = 50. (d) my, = 100.

Fig. 4: Effect of the upper-tail Chebyshev degree for the widened upper spectral block
Alarge C [10,100]. Panels (a)—(d) correspond to m, = 10,20, 50, 100, respectively.
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6.1.4 Choice of the left endpoint

In this subsection, we comment on the choice of the left endpoint in the lower-tail
Chebyshev interval. The right endpoint is relatively easy to choose in the two-stage
implementation, since the pilot upper-tail computation gives the scale estimate used in
(32), namely b = 2Amax. The left endpoint a controls how much of the lower spectrum
is placed outside the filtering interval and therefore treated as the target region. A
smaller a gives a narrower target region and may miss some near-null modes, whereas
a larger a requires a larger retained lower-tail rank.

This point can be illustrated with a simple example based on the one-dimensional
Dirichlet Laplacian. Let A = h=2 tridiag(—1,2,—1), with h = 1/(n + 1), and let B =
D=Y2AD~1/2 where D = diag(A). Then B has eigenvalues 6;(B) = 2sin”(jr/(2(n+
1))), for j = 1,...,n. For a prescribed lower-tail rank /5, a natural rank-consistent
choice of the left endpoint is

_ 942 (B) + 942+1(B)
5 .

ag2

With this choice, exactly ¢2 eigenvalues lie below the left endpoint and are therefore
placed in the amplified part of the Chebyshev filter. Consequently, moving a to the
right is equivalent to asking the preconditioner to capture more low-end modes.

Figure 5 illustrates this behavior for the Jacobi-scaled Laplacian. Small values of
{5, and hence small left endpoints, leave some important low-frequency components
untreated and lead to slow PCG convergence. Increasing fo improves the effective
smallest eigenvalue and reduces the iteration count. For a single linear solve, beyond
a moderate rank, the additional reduction in solve time may be offset by the increas-
ing setup cost. In applications involving multiple right-hand sides or time-dependent
problems, however, the setup cost may be amortized over many related solves, and
therefore larger ranks can still be advantageous. This behavior illustrates the practi-
cal coupling between the left endpoint and the prescribed lower-tail rank: moving the
cutoff to the right can improve the correction of low-end modes, but it also requires a
larger extracted subspace. In the subsequent experiments, where the detailed spectral
distributions are not prescribed, the retained ranks and the left endpoint are treated as
practical algorithmic choices; we use the simple value a = 0.1 as the lower-tail cutoff.

The preceding discussion is specific to the Jacobi-scaled operator. Since Jacobi
scaling does not remove the mesh dependence of the lower spectrum, the appropriate
left endpoint and retained lower-tail rank may still vary with the discretization. With
a stronger base preconditioner, the shaped spectrum may contain a more stable bulk
and fewer persistent outliers, leading to different endpoint choices. Adaptive, problem-
dependent endpoint selection is left for future work.

6.2 Experiments on synthetic data

We now turn to the actual linear solver and study the effect of the proposed precon-
ditioner on PCG convergence. Throughout this subsection, we compare four methods
for solving SPD systems: plain conjugate gradients (CG), Jacobi-preconditioned
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Fig. 5: Effect of the left endpoint for a Jacobi-scaled one-dimensional Dirichlet Lapla-
cian. Panels (a)—(d) show the cutoff, CPU time, condition number, and residual history,
respectively.

conjugate gradients (Jac-PCG), randomized Nystrom-preconditioned conjugate gradi-
ents (Nys-PCQG) [45], and the proposed Jacobi+Chebyshev-preconditioned conjugate
gradients (Jac+Che-PCG). These experiments test whether the improvement in pre-
conditioner quality observed in the previous subsection translates into a corresponding
acceleration of the iterative solver. Unless otherwise stated, in the Jac+Che precon-
ditioner we use polynomial degree m = 100, the stopping tolerance for the relative
residual ||b — Azy|[2/]|b]]2 is set to 107!* in all CG and PCG runs, and the maxi-
mum iteration count is set to n, the natural finite-termination bound for CG in exact
arithmetic.

6.2.1 Synthetic matrix with exponential spectral tails

We first consider a synthetic SPD matrix whose spectrum has exponential tails at
both ends. Specifically, we take n = 2000 and define A = SAS T, where S is a random
orthogonal matrix. The smallest 30 eigenvalues are distributed exponentially from
107'2 to 1, the middle eigenvalues are all equal to 1, and the largest 10 eigenvalues are
distributed exponentially from 1 to 102. The right-hand side is constructed as b = Azx*,
where z* is a random vector. For Nys-PCG, the rank is chosen as Inys = £1 + {2, so
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that it uses the same total rank budget as the proposed method. In this experiment,
we take /1 = 20 and /5 = 100.

10°
1072
1074 4
1076 |
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Relative residual

10—10
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10—14 I I | I ]

0 500 1000 1500 2000 2500
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Fig. 6: Relative residual versus iteration for the synthetic matrix with exponential

spectral tails.

Figure 6 shows that plain CG, Jac-PCG, and Nys-PCG all reduce the residual
rapidly during the first few iterations, but then stagnate and oscillate above the
prescribed tolerance. In particular, none of these three methods reaches the target
tolerance within the iteration cap. By contrast, Jac+Che-PCG continues to reduce
the residual and reaches the prescribed tolerance in roughly 160 iterations. This clear
separation suggests that the near-null spectral block is the main difficulty in this test
problem. Standard dominant-subspace correction and diagonal scaling alone do not
sufficiently reduce the effect of the smallest eigenvalues on PCG convergence. By com-
bining Jacobi scaling with a Chebyshev-filtered low-rank correction for the lower tail,
the proposed method directly addresses this obstruction and therefore substantially
reduces iterations.

6.2.2 A Jacobi-scaled matrix with persistent spectral outliers

The previous synthetic example was constructed directly at the level of the spec-
trum of A. We now consider a more implementation-oriented test in which a cheap
diagonal scaling is applied first but pronounced spectral outliers remain.

To this end, we construct an SPD matrix A so that its Jacobi-scaled form

B=D"'Y2AD7Y2 D = diag(A),

still contains both very small and comparatively large eigenvalues. More precisely, B is
designed to have 30 eigenvalues near 1075, 15 eigenvalues near 10~'°, 4 comparatively
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large eigenvalues in the range [5,20], and all remaining eigenvalues equal to 1. Thus,
even after diagonal scaling, the spectrum is far from being well clustered.

The matrix size is n = 2000. For the low-rank methods, we use the same total
rank budget, with ¢; = 5 and 5 = 50, so that the Nystrém preconditioner has rank
fnys = 55.

1099 : ,
1072 |, ~o-CG ]
BT ----Jac-PCG
1074 pig Nys-PCG :
N\ —=—Jac+Che-PCG |:

Relative residual

0 500 1000 1500 2000 2500

Iteration
Fig. 7: Relative residual versus iteration for a synthetic matrix whose Jacobi-scaled
form still contains pronounced lower-tail and upper-tail outliers.

Figure 7 shows that plain CG and Nys-PCG do not achieve satisfactory conver-
gence within the iteration cap. Jac-PCG eventually converges, indicating that diagonal
scaling is beneficial but insufficient for this example: it still requires 1689 iterations
and 0.368 seconds in total. By contrast, Jac+Che-PCG reaches the prescribed toler-
ance in only 23 iterations, with 0.087 seconds for setup and 0.006 seconds for the PCG
iteration, giving a total cost of 0.093 seconds.

This example highlights the main point of the two-stage strategy. Jacobi scaling
provides a cheap first step, but it may not remove the extreme spectral components
that dominate convergence. In the present test, the scaled operator still contains a
pronounced lower tail together with a few upper outliers, so a low-rank approximation
aimed mainly at the dominant subspace is not sufficient. The proposed method remains
effective because its Chebyshev-filtered low-rank correction targets the remaining
difficult modes, especially the near-null part of the spectrum.

6.3 Experiments on real-world data

We finally test the proposed preconditioner on matrices arising from a range of
application areas. The test set is selected from the SuiteSparse Matrix Collection
and includes symmetric positive definite matrices with challenging small-eigenvalue
behavior. Their basic properties, including the dimension, number of nonzero entries,
condition number, and application area, are listed in Table 1. For each matrix, we
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compare CG, Jac-PCG, Nys-PCG, and the proposed Jac+Che-PCG under the same
stopping criterion as in the synthetic experiments.

Table 1: Test matrices used in the real-data experiments.

Name Size nnz Kk(A) Application field
1138_bus 1138 4054  8.572e+06  Power network
slrmqg4ml 5849 262411 1.810e+06  Structural
bcsstk11 1473 34241  2.212e+08  Structural
bloweybq 10001 49999  3.090e+18  Materials
msc23052 23052 1142686  7.433e+11 Structural

Pres_Poisson 14822 715804  2.037e4+06 Computational Fluid Dynamics
LFAT5000 19994 79966  5.133e+17  Model reduction
LF10000 19998 99982  2.059e¢+18  Model reduction

Table 2 reports the numerical performance of the tested methods, including iter-
ation counts, setup and solve times, and the spectral range of the preconditioned
operator. The parameter column gives {xys for Nys-PCG and the pair (¢1,¢3) for
Jac+Che-PCG. All timings are reported in seconds. The setup time includes the con-
struction of the corresponding low-rank preconditioner, the solve time refers to the
subsequent PCG iteration, and the total time is the sum of the two.

The results in Table 2 show a consistent improvement at the lower end of the
preconditioned spectrum. Jacobi scaling reduces the upper spectral scale for several
matrices, but it often leaves very small eigenvalues near the origin. The Nystrém
preconditioner, which mainly captures a dominant subspace, shows a similar limitation
on these examples. In contrast, the Jac+Che preconditioner substantially increases
the smallest eigenvalue and produces much smaller condition numbers in the reported
tests. For instance, on 1138_bus, the condition number decreases from 4.903 x 10°
with Jac-PCG to 20.941 with Jac+Che-PCG; on bcsstki11, it decreases to 73.318.
Similar improvements are observed for the more ill-conditioned matrices bloweybq,
LFAT5000, and LF10000. This behavior is consistent with the design of the method:
the Chebyshev-filtered low-rank correction targets near-null spectral components that
are not removed by diagonal scaling or by a dominant-subspace approximation.

The spectral improvement translates directly into iteration reduction. In all cases,
Jac+Che-PCG converges within the prescribed iteration limit and requires substan-
tially fewer iterations than the convergent baseline methods. On several ill-conditioned
matrices, including besstkll, bloweybq, msc23052, LFAT5000, and LF10000, it is the
only method among the four that reaches the prescribed tolerance within the iter-
ation limit. Figure 8 displays the corresponding residual histories. The curves show
that Jac+Che-PCG maintains a clear convergence advantage on the ill-conditioned
test matrices.
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Table 2: Spectral and runtime comparison on test matrices. Spectral quantities are
computed from A for CG and from the corresponding preconditioned matrix for
PCG methods. A dash “~” indicates nonconvergence. The parameter column reports
Inys for Nys-PCG and (41,43) for Jac+Che-PCG. Values Ayin =~ 0 are treated as
numerically singular, with condition number reported as oc.

Matrix Method Param. Spectrum #lter. Time (s)
Amin Amax K Setup Solve Total
CG - 3.517x107% 3.015x10* 8.573x10°  — - - -
1138 bus Jac-PCG - 4.079x10~¢ 2.000 4.903x10° 1127 0  0.023 0.023
Nys-PCG 160 2.454x107° 7.132 2.907x10° 1000 0.009 0.029 0.038
Jac+Che-PCG (10, 150) 0.142 2.970 20.941 63 0.033 0.006 0.039
CG - 0.380 6.874x10° 1.811x10%  — - — -
strmqémt Jac-PCG - 9.995%x10~° 4.315 4.317x10° 898 0 0.081 0.081
Nys-PCG 140 2.045%x10~° 3.492 1.708x10% - B - -

Jac+Che-PCG (20,120) 9.516x103 12.885 1.354x10% 185 0.129 0.028 0.157

CG - 2.964 6.556x10% 2.212x10% - - B -
-7 6
besstkil Jac-PCG - 6.380% 10 i 3.769 54907><107 - - — -
Nys-PCG 400 2.250%x 10~ 3.579 1.591x 10 - - - -
Jac+Che-PCG (10, 390) 0.104 7.607 73.318 104  0.261 0.009 0.270
CG - 1.618x107 % 5.000x10% 3.090x10® - - B -
. o —16 15 o o o o
bloweybq Jac-PCG 3‘563><10_16 2.667 7.486><101r
Nys-PCG 2350  4.695x 10 2.916  6.210x10'°  — - - -
Jac+Che-PCG (50,2300) 1.120x10~7  8.721  7.789x107 2025 9.140 5.210 14.349
CG - 9.554x10"% 7.102x10% 7.433x10'! - B B B
—9 9
nSC23052 Jac-PCG - 6.226%x 10 . 8.017 1.288><1010 - - - -
Nys-PCG 4050  1.394x10~ 5.306  3.808x10 - - - -
Jac4+Che-PCG (50,4000) 9.137x10~%  3.117  3.411x10% 564 37.622 5.854 43.476
CG - 1.278x107°  26.029  2.037x10° 3592 0  0.728 0.728
P . Jac-PCG - 2.939%x107° 4.629 1.575x10° 883 0 0.218 0.218
res_Poisson _g 6
Nys-PCG 110 7.542%10 10.164  1.348x10° 3008 0.050 1.139 1.189
Jac+Che-PCG (10, 100) 0.011 21.084 1.849x10% 320 0.252 0.135 0.386
CG - 1.147x107% 5.888x10'% 5.133x10'7 - - B -
Jac-PCG — ~0 2.000 o] - - — -
LFAT5000
Nys-PCG 2850  1.551x107%7  4.884  3.149x10'7
Jac+Che-PCG (50,2800) 4.599x10"%  6.810  1.481x10%* 220 15.890 1.387 17.277
CG - 2.288x107% 4.711x10' 2.059x10*® - B B B
Jac-PCG - ~0 2.000 00 — - - -
LF10000 Nys-PCG 3750 ~0 3.068 oo - - - -

Jac4+Che-PCG (50,3700) 1.457x10”%  6.424  4.407x10% 301 24.161 2.525 26.685

7 Conclusion

We have developed a Chebyshev-filtered randomized low-rank preconditioner for
sparse SPD linear systems. The method is designed for problems in which a small
number of extremal eigenvalues, especially near-null modes at the lower end of the
spectrum, dominate the convergence of PCG. The practical construction combines
an inexpensive base preconditioner with a low-rank correction for the extremal spec-
tral components of the shaped operator. The upper tail is captured by a randomized
dominant-subspace extraction, while the lower tail is treated by a Chebyshev-filtered
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randomized sketch followed by a Rayleigh—Ritz compression. We establish subspace
error bounds for the Chebyshev-filtered randomized extraction and relate the accuracy
of the recovered extremal subspaces to the spectrum of the preconditioned operator.
The resulting condition-number estimates show that, when the relevant spectral tails
are captured with sufficient accuracy, the practical preconditioner yields a significantly
improved preconditioned spectrum. Numerical experiments on synthetic and real-
world matrices support these conclusions. Future work will consider adaptive selection
of the ranks and problem-dependent choices of the lower-tail Chebyshev interval.
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