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An overlapping waveform-relaxation
preconditioner for economic optimal
control problems with state constraints

Gabriele Ciaramella and Luca Mechelli

1 Introduction

This work is concerned with the numerical solution of so-called economic
optimal control problems of the parabolic type. Let 2 = (—=1,1), T > 0 and
U = L*(0,T; L*(£2)) endowed with its norm || - [|zy. We want to solve

. 1 1
min 7 (u,w) = 5l + 5wl (12)
subject to the PDE-constraint

ye(t,x) — Ay(t,z) = f(t,z) + u(t,z), in (0,T) x £2,
y(t,—1) =y(t,1) =0, in (0,7, (1b)
y(0,2) = yo (), in £2,

with yo € L%(£2) and f € U, and to mixed control-state constraints
u(t, 2)] < cus [y(t,2) +ew(t, x)] < ¢y(t), i (0,T)x 2, (lc)

where ¢, > 0 and ¢, € L?(0,T) with ¢, (t) > 0 for t € (0,7). Problem (1) is
related to the virtual control approach [6, 8, 9], which is a regularization tech-
nique for pointwise state-constrained problems. Under further assumptions on
w, in fact, one can show that, as & — 0, the solution to (1) converges to the one
of the same optimal control problem with (1c¢) replaced by |u(t, z)| < ¢, and
ly(t, z)| < cy(t) in (0,T) x £2; see, e.g., [8]. Note that there are no weights in
front of the control norms in (1a). This is because of the regularization param-
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eter €, which is also used to tune the magnitude of the controls v and w. For
example, the smaller is ¢, the larger is |w||;. In contrast to classical optimal
control problems, where the goal is to reach a precise target configuration, the
focus of (1) is to find minimum-energy feasible controls such that the state so-
lution to (1b) satisfies the bounds (1c¢). This difference is particularly evident
in the cost functional J in (1a), where only the norm squared of the controls
are considered, instead of typical tracking-type terms. For these reasons, prob-
lems of the type (1) are called economic optimal control problems. A typical
example is the optimal heating and cooling of residual buildings [8]. Note that,
for any given u € U, the state equation (1b) admits a unique (weak) solution
y = ylu) € W(O0,T) == {p € L2(0,T; H'(2)|g; € L*(0,Ts H1(2))}; see,
e.g., [10, 9]. We assume that the admissible set I/, has non-empty interior,
where US, := {(u,w) €U x U|u and y(u) + ew satisﬁes (lc)} CU x U. This
guarantees that (1) admits a unique solution (@, w) € UZ, [10]. The first-order
necessary and sufficient optimality system [9, 10] of problem (1) is

yi(t,x) — Ay(t,z) = P(q(t,z)) + f(t,z), in (0,T) x £2,
y(t,—1) =y(t,1) =0, in (0,7),
(0,2) = o (2), o, o
q(t, x) + Aq(t, x) = Q°(y(t, z)), in (0,T) x £2,
q(t,—1) =¢q(t,1) =0, in (0,7),
q(T,z) =0, in £2,

where Q°(y(t,z)) := % (max{y(t,z) — ¢, (t),0} + min{y(t, z) + ¢, (t),0}) and
P(q(t,z)) := max{—c,, min{c,, q(t,z)}}, for all (¢,z) € (0,T) x 2, with q
the so-called adjoint variable. The pair (g, ¢) is the solution to (2) if and only
if (a(t,x),w(t,x)) = (P(q(t,z)), —eQ°(y(t, x))), for (¢t,x) € (0,T) x §2, is the

optimal solution to (1). System (2) can be rewritten in the form

Fly,q) =0 (3)

and thus solved by using a semismooth Newton method; see, e.g., [9, 5].

As shown in [8], the semismooth Newton method lacks of convergence if
the parameter € is not sufficiently large. This is, however, in contrast with
typical applications, where a sufficiently small ¢ is required [8, 6]. The goal
of this paper is to tackle this problem by using a nonlinear preconditioning
technique based on an overlapping optimized waveform-relaxation method
(WRM) characterized by Robin transmission conditions [2, 3]. To the best
of our knowledge, nonlinear preconditioning techniques have never been used
for economic control problems. Therefore, this work aims to provide a first
concrete study in order to show the applicability of WRM-based nonlinear
preconditioners for this class of optimization problems. In particular, our goal
is to assess the convergence behavior of the WRM nonlinear preconditioned
Newton and its robustness against the regularization parameter . Our studies
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show that appropriate choices of the overlap L and of the Robin parameter
p lead to a preconditioned Newton method with a robust convergence with
respect to €. Let us also mention that for elliptic optimal control problems,
it is possible to consider different transmission conditions; see, e.g., [1, 4].
The paper is organized as follows. In Section 2, we introduce the WRM and
present the algorithm for the proposed preconditioned generalized Newton.
In Section 3, we report two numerical experiments that show the conver-
gence behavior of the proposed computational framework in relation of the
parameters characterizing problem (1) and the optimized WRM.

2 The waveform-relation and the preconditioned
generalized Newton methods

Let {2 be decomposed into two overlapping subdomains 2, = (—1,L) and
25 = (—L,1), where 2L € (0, 1) is the size of the overlap. Moreover, let p > 0
and consider the operator R; defined as R;(y) := y, +(—1)3Ipy for j = 1,2.
The WRM consists in iteratively solving, for n € N, n > 1, the system

yi"(t,@) — Ay (t,x) = P(¢" (8, @) + f(t, ), in (0,T) x £2;, (4a)
¥ (t, (1)) = 0, in (0,7), (4b)
Ri(y"™)(t, (=1)* L) = R(y* """ 1)(¢t, (=1)°7L), in (0,T), (4c)
(0, ) = yo (), in £2;, (4d)

" (t, @) + A" () = Q°(y " (8, 7)), in (0,T) x £2;, (4e)
" (t, (1)) =0, in (0,7), (4f)
Ri(¢"™)(t, (1)’ L) = R (> 1)(t,(=1)* L), in (0, T), (4g)
¢@"™(T,z) =0, in 2;, (4h)

for j = 1,2. We show first the well-posedness of the method.

Theorem 1 Let g;,gi,g;,gg < H1/4(Q,T) be initial?‘zation functiions for _the
WRM, i.e., R;(7 )L, (-1 I L) = gi(t) and Ry(g)(t, (~1)*IL) = gi (1)
fqrt € (0,T), with compatibility conditions g (0) = R;(yo)(t, (=1)*"/L) and
93(0) =0 for j =1,2. Then the WRM (4) is well-posed.

Proof For j = 1,2, we define H;'' := L(0,T; H*(£2;)) x H'(0,T; L*(£2;))
and U; = L*(0,T; L?(£2;)). For given gi,gg € HY4(0,T), system (4) is the
optimality system of an optimal control problem, which seeks to minimize
Tuw? w07) = Al |2, + S 3, + f 46097 (. (~1)*7 L)dt, subject to
the state equation (4a)-(4d). These auxiliary optimal control problems admit



4 G. Ciaramella and L. Mechelli

a unique optimal solution (@, w’) € U; x U; for j = 1,2 and their optimality
systems are uniquely solvable by (7,¢’) € Hf’l X Hf’l such that

(ﬂj(t,w),wj(t,x)) = (P(‘jj(t’ .’L’))7 _EQS(gj(t7x)))7 in (O’T) X ‘Qj'

For more details see [10, 7, 3]. This proves well-posedness of the WRM
for n = 1 and j = 1,2. By iteratively applying the previous arguments
is then easy to show that the WRM is well-posed for n > 1, because
Y (=1)7L),y2 (1) L), ¢” ((=1)L), ¢ ((=1)’L) € L*(0, T). O
Theorem 1 implies that (4) admits a unique solution (y/", p¥"") € Hf’l X H;’l
for j = 1,2 and n > 1. Note that, at each iteration of the WRM, the solution

at iteration n depends on the one at iteration n — 1. Therefore, we can define
the solution mappings S; : Hg’_lj X Hg’_lj — H?’l X H?’l for j =1,2 as

(', q") = S1(y?,¢°) solves (4) for j =1, y*" " =4? and ¢*" ' = ¢,

(yz,q2) = Sg(yl,ql) solves (4) for j = 2, yt =yt and ¢P L = ¢t

()

and the preconditioned form of (3) as
Frly' d'v*.d*) = (R 0% ), Fa(y' a2 ¢*) =0, (6)

where F;(y',q', v, ¢%) = (v, ¢7) — S;(y377,¢377), for j = 1,2. To solve
(6), we apply a generalized Newton method. To do so, we assume that the
maps S, j = 1,2, admit derivative! DS;. This allows us to characterize
the derivative DFp and its application to a direction d3~7 = (dg’j7 dg’j) €
H gfj x H §fj, which is needed for the generalized Newton method. Let 27 :=
(v,q’) € H;’l X H;’l for j = 1,2. Thus, we have that 29 = §;(2%77),
according to the definition of the mapping S; in (5). Moreover, we have that
Fi(8;(2379),2379) = 0. From this we formally obtain

Dl]:j (Sj(ZSij), Zgij)DSj(Zsij)(dgij) + DQ.F:](SJ (237‘7)7 Zgij)(dgij) = 0,

which leads to DS;(y>~7,¢*>77)(d*>77) = (3, ¢”) where (y7,¢) solves

B (t2) = AP (62) = P () (o), in (0.7) x
S PEE) =0 - mD), -
Ryt (<1 L) = Ry(di ) (¢, (<)1), in (0.7),
77 (0,2) =0, in £2;,

! Since the functions S; are implicit functions of semismooth functions, one cannot
directly invoke the implicit function theorem to obtain the desired regularity. Hence,
investigating the existence and regularity of DS; requires a detailed theoretical anal-
ysis, which is beyond the scope of this short manuscript.
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Fig. 1 Testl: Optimal state with bound ¢, (left) and control (right) for e = 5x 10~4.

(A]?(t,w) + A@j(t,:zr) = v (;2’ z) XA(yj)(t,I), in (0,7T) x .Qj7
7 (t,(-1)7) =0, in (0,7), (7b)
Ry(@)(t, (-1)* L) = R;(dy™)(t. (-1)*7/L), in (0,T),
aj’n(Ta z) =0, in Qj’

for j = 1,2, with Xz(¢5) and X 4(ys) the characteristic functions of the sets

Z(¢7) == {(t,z) € (0,T) x _Qj| |qj(t,9[:)| < ey},

A(y’) = {(t,z) € (0,T) x ] [y (t, 2)| > ¢, (1)}

Note that (7) is a linearization of the WRM subproblems (4). Now, we can
resume our preconditioned generalized Newton method in Algorithm 1.

{
{

Algorithm 1 WRM-preconditioned generalized Newton method

1: Data: Initial guess y7°° and ¢7:© for j = 1,2, tolerance .

2: Perform one WRM step to compute S;(y3~7:0,¢377:0);

3: Assemble Fp(yh0, ¢t0 y20, ¢%°) and set k = 0;

4: while ||Fp(y"*, ¢ %, y2F, ¢% %) > 7 do

5:  Compute d',d? solving DFp(y',q¢',y? ¢?)(d",d?) = —Fp(y',q¢" 9% ¢%)
by using a matrix-free Krylov method, e.g., GMRES, and considering that
D]:P(ylvqlay27 q2)(d17d2) = (dl - (?717(71)’ dz - (@976‘2))7 with @77&7) solu-
tion to the linearized subproblems (7) for j = 1,2;

6:  Update (y7-*+1 ¢3*+1) = (y7F ¢7-*) + d7 and set k = k + 1;

7:  Perform one WRM step to compute S;(y3~7%, ¢g3=3:F);

8:  Assemble Fp(yl*, gtk y2k g2 k),

9: end while

3 Numerical experiments

In this section, we study the behavior of the preconditioned generalized New-
ton method (Algorithm 1) and its robustness against the Robin parameter p,
the regularization € and the overlap L. It is well known that the convergence of
the semismooth Newton method applied to (3) deteriorates fast for decreas-
ing values of ¢, since the solution approaches the one of a pure pointwise
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L 101 |5 x10~2| 10~2 |5 x 10~3 10—3 5x 10~%

Az | 10-° [4(5-2)
Az | 102 [4(5-2)
Az | 102 [4(6-2)
Az | 100 |5(4-2)
Az | 102 [6(4-2)
Az | 107 [6(5-2)
Az | 10° [6(52)

62) [5(122)] 6(13-2) | 7(35-2) 8(45-2)
62) [5(13-2)| 6(132) | 7(342) | 8(452)
62) [5(11-2)| 6(132) | 7(30-2) | 8(432)
52) | 5(9-2) | 6(12-2) [max(112 2)| max(123 3)
52) [8(82)| 992 | 6(222) | 9(372)
52) |9(7-2) | 9(10-2) | 8(23-2) | max(65-4)
5-2) | 9(7-2) | 9(10-2) | max(33-2) | max(92-3)
7
7
7
6
5
5

2Az[ 10-° [4(5-2)
2Ax| 10~ [4(52)
2Axz| 10-2 |4(6-2)

1
1
1
5
6
6
6
4(7-2) [5(11-2)] 6(13—2
1
1

2Az| 100 |5(42)] 5
6
6
6
1
1
1
1
6
6
6

7(30-2) | 6(51-2)
7(A1-2) | 6(482)
7(232) | 6(542)
7(27-2) | max(107-3)
2) [8(32) | 8(10-2) | 8(262) | 9(372)
—2) | 8(8-2) | 9(10-2) | 8(19-2) | 9(d1-2)
—2) | 8(8-2) | 9(92) | 8(19-2) | 9(4l-2)

6(

6(

6(

6(

)
)
)
—2) |5(11-2)[ 6(13-2)
—2) |5(12-2)| 5(13-2)
)
)
)

—2) | 5(9-2) | 6(11-2

2Az| 107 [6(4-2)
2Az| 107 [6(5-2)
2Az| 10° [6(5-2)

5

7-2) [5(11-2)] 6(13-2 302) | max(126-6)
30-2) max(98-4)
30-2) | 11(124-2)
27-2) |max(152 — 5)

10(23-2) | 15(40 — 2)

9(262) | max(183-3)

9(26-2) | max(45-2)

IAz] 10-° [4(5-2)
1Az 10~ % [4(5-2)
1Az 10-2 |4(5-2)
1Az| 10° [4(5-2)
1Az 102 |6(4-2)

—2) [5(11-2)] 6(13-2

)
)
—2) [5(12-2)| 6(13-2)
6-2) | 5(9-2) | 6(11-2)
52) [8(8-2) [ 8(10-2)
5 )
5 )

1Az 107 [6(42)] 6(5-2) | 8(8-2) | 8(10-2
4Az| 10° |6(4-2) —2) | 8(8-2) | 8(10-2
[Sem New. | 4 | 5 [ 10 | 13 [ 30 | 44 |

Table 1 Testl: Number of outer iterations (maximum number - minimum number
of inner iterations) for preconditioned generalized Newton varying L, p and € and
number of iterations for the semismooth Newton applied to (3) (last row).

x 19 02 to‘s 0.75

Fig. 2 Test2: Optimal state with bound ¢, (left) and control (right) for e = 5 x 1074,

state-constrained problem, whose adjoint variable ¢ lacks of L?-regularity;
cf. [10, 8]. The focus is on understanding if the WRM can be a valid (non-
linear) preconditioner and in which cases. We will perform two numerical
experiments. In both tests we discretize the domain {2 with n, = 161 points
and we apply a centered finite-difference scheme. Furthermore, we consider
ny = 21 time discretization points and apply the implicit Euler method. The
initial guesses 3’0 and ¢*° are chosen randomly but feasible, i.e. such that
(P(g7°(t,z)), —e Q% (y7°(t, x))) € USy, since we noticed that choosing feasible
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L 101 |5 x10~2| 1072 |5x103 10—3 5x10~4

Az | 105 [5(5-2)
Az | 10-% [5(5-2)
Az | 102 [5(5-2)
Az | 100 [5(5-2)
Az | 102 [6(4-2)
Az | 107 [6(4-2)
Az | 10° [6(4-2)

T
O

10(10-2)[max(61-2)| max(102-2) | max(297—4)
10(10-2) [max(32-2) | max(246-2) | max(145-2)
8(10-2) |max(25-2)| max(max—2) | max(max—4)
6(10-2) [ 9(11-2) | max(122—4) | max(193-2)
9(8-2) | 9(10-2) | 9(20-2) 10(25-2)

9(82) | 9(11- 2) T1(20-2) | max(32-2)
9(82) | 9(11-2) | 11(20-2) | max(67-4)

12(11-2)[max(29-2)| max(123-2) | max(206-3)
12(11-2){max(28-2)| max(91-2) | max(196-3)
11(11-2) |max(25—2) | max(max—4) | max(max—4)
6(9-2) | 7(10-2) | max(166-5) | max(183-2)

T
)

== =|=]=| Aﬁma/—\/\/\ ~| ===
|
NN DN N N N| N NN DN N N N| N DD DN DN N N| N

T

T

{

T

— | === —

T

2Az] 10-° [5(6-2)
2Az| 10~ [5(6-2)
2Az| 10-2 [5(6-2)
2Az| 10° [5(5-2)

T

T

T

— | — = ===~

N[O DO [N J[D D DD || DD

2Az| 102 [6(42)] 7(52) | 8(3-2) | 9(11-2) | 9(20-2) 10(20-2)
2Az| 107 [6(42)] 7(5-2) | 9(7-2) | 9(11-2) | 10(20-2) 9(26-2)
2Az| 10° [6(4-2)| 7(5-2) | 9(7-2) | 9(11-2) | 10(19-2) 10(26-2)
4Az] 10~ [5(5-2) 7-2) [10(11-2)|max(32—2)| max(313—4) | max(187—4)
IAz| 107 [5(5-2)| 6(7-2) |10(11-2)|max(27-2)| max(145-4) | max(148—4)
4Az| 1072 [6(5-2) 7-2) | 9(11-2) [max(35-3) [max(296 — 4) |max(max — 4)
IAz| 10° [5(5-2)| 5(6-2) | 6(82) | 8(11-2) |max(136 — 3)|max(max — 3)
IAz| 102 [6(42) 7(5-2) | 6(52) | 8(11-2) | 11(20-2) 14(44-2)
1Az 107 [6(42)| 7(52) | 8(82) | 8(11-2) | 10(20-2) 12(26-2)
IAz| 10° |6(42)| 7(52) | 8(82) | 8(11-2) | 10(20-2) 13(25-2)
[Sem. New. | 4 | 6 | 10 | 12 | 23 | 30 ]

Table 2 Test2: Number of outer iterations (maximum number - minimum number
of inner iterations) for preconditioned generalized Newton varying L, p and € and
number of iterations for the semismooth Newton applied to (3) (last row).

initial guesses improves the convergence of the method. We set the stopping
tolerance 7 = 10710 for the norm of the Newton residual (see Algorithm 1)
and the maximum number of outer (inner) iterations to 200 (500). For the
first test we choose T' = 1, yo(z) = 5sin(nz), f(¢t,z) = 20, ¢, = 30 and
cy(t) =10(1 —t) + 3 for all (¢,2) € (0,1) x 2. As one can see from Table 1,
for a decreasing ¢ the number of iterations of the semismooth Newton method
applied to (3) increases and its convergence deteriorates fast. On the contrary,
the number of iterations of Algorithm 1 is almost constant as ¢ varies (when
it converges). Choosing p = 10% guarantees that the method is convergent for
any choice of € and L. In particular, for small €, such as 1073 and 5 x 1074,
the speed-up in terms of number of iterations is also significant. According
to Table 1, there are some combinations for which Algorithm 1 reaches a
maximum number of iterations (indicated in the tables with max). This issue
can be related to the fact that 37"* and ¢7"* might become unfeasible during
Algorithm 1 and when traced to the interface of the other subdomain might
cause oscillations. For the second test we choose T = 1, yo(z) = 5sin(mx),
f(t,z) = 18, ¢, = 15 and ¢y(t) = 2(1 —t) + 3 for (t,z) € (0,1) x £2. In
this case, there are more points in the space-time domain for which both
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bounds become active (cf. Figures 1-2). This makes the problem even more
difficult to be solved by the WRM, since its nonlinearities are more strongly
activated. In Table 2, in fact, the number of cases for which Algorithm 1 does
not converge increases with respect to the first numerical experiment, partic-
ularly for € small. We observe that transmission conditions of Dirichlet type
and large-enough overlap L guarantee that the number of unfeasible points
at the interface is significantly reduced, so that Algorithm 1 converges. This
confirms the previous remark on the importance of having feasible iterations.
As a rule of thumb, if the regularization ¢ is small, we suggest to choose
a sufficienly large parameter p (e.g., p > 10?) so that the Dirichlet part of
the transmission conditions of the WRM dominates the Neumann part. Note
that, also in the second test, there always exists a combination of p and L
for which Algorithm 1 is faster than the semismooth Newton method, in
particular for a small .

In conclusion, the WRM is a valid preconditioner for solving (3), although
there are combinations of p and L for which the method may not converge. As
observed, a crucial point for the convergence is to keep the iteration feasible.
Preserving such a feasibility, together with other important aspects (e.g.,
multiple subdomains decomposition and the study of an optimal parameter
p) will be the focus of a future work.
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