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Abstract

In this work we tackle the reconstruction of discontinuous coefficients in a semilinear
elliptic equation from the knowledge of the solution on the boundary of the domain, an
inverse problem motivated by biological application in cardiac electrophysiology.

We formulate a constraint minimization problem involving a quadratic mismatch func-
tional enhanced with a regularization term which penalizes the perimeter of the inclusion to
be identified. We introduce a phase-field relaxation of the problem, replacing the perimeter
term with a Ginzburg-Landau-type energy. We prove the I'-convergence of the relaxed func-
tional to the original one (which implies the convergence of the minimizers), we compute
the optimality conditions of the phase-field problem and define a reconstruction algorithm
based on the use of the Fréchet derivative of the functional. After introducing a discrete
version of the problem we implement an iterative algorithm and prove convergence proper-
ties. Several numerical results are reported, assessing the effectiveness and the robustness
of the algorithm in identifying arbitrarily-shaped inclusions.

Finally, we compare our approach to a shape derivative based technique, both from a
theoretical point of view (computing the sharp interface limit of the optimality conditions)

and from a numerical one.

1 Introduction

We consider the following Neumann problem, defined over 2 C R?:

~div(k(z)Vy) + xowy* = f inQ
d,y=20 on 01,

where xq\., is the indicator function of Q\ w and

I%() kifxew ki 4 K
xr) = i 0t s
lifx € O\ w, ot



being 0 < k < 1 and f € L*(Q).

The boundary value problem (1.1) consists of a semilinear diffusion-reaction equation with
discontinuous coefficients across the interface of an inclusion w C €2, in which the conducting
properties are different from the background medium. Our goal is the determination of the
inclusion from the knowledge of the value of y on the boundary 0f2, i.e., given the measured
data Ymeas on the boundary 99, to find w C € such that the corresponding solution y of (1.1)
satisfies

y|BQ = Ymeas- (12)

Since at the state of the art very few works tackle similar inverse problems in a nonlinear context,
the reconstruction problem to which this work is devoted is particularly interesting from both
an analytic and a numerical standpoint.

The direct problem can be related to a meaningful application arising in cardiac electrophys-
iology, up to several simplifications. In that context (see [56], [33]), the solution y represents the
electric transmembrane potential in the heart tissue, the coefficient k is the tissue conductivity
and the nonlinear reaction term encodes a ionic transmembrane current. An inclusion w models
the presence of an ischemia, which causes a substantial alteration in the conductivity properties
of the tissue.

The objective of our work, in the long run, is the identification of ischemic regions through a
set of measurements of the electric potential acquired on the surface of the myocardium. Indeed,
a map of the potential on the boundary of internal heart cavities can be acquired by means of
non-contact electrodes carried by a catheter inside a heart cavity; this is the procedure of the so-
called intracardiac electrogram technique, which has become a possible (but invasive) inspection
technique for patients showing symptoms of heart failure. We remark that our model is a
simplified version of the more complex monodomain model (see e.g. [57], [56]). The monodomain
is a continuum model which describes the evolution of the transmembrane potential on the heart
tissue according to the conservation law for currents and to a satisfying description of the ionic
current, which entails the coupling with a system of ordinary differential equations for the
concentration of chemical species. In this preliminary setting, we remove the coupling with the
ionic model, adopt instead a phenomenological description of the ionic current, through the
introduction of a cubic reaction term. Moreover, we consider the stationary case in presence of
a source term which plays the role of the electrical stimulus.

Despite the simplifications, the problem we consider in this paper is a mathematical challenge
itself. Indeed, here the difficulties include the nonlinearity of both the direct and the inverse
problem, as well as the lack of measurements at disposal.

In fact, already the linear counterpart of the problem, obtained when the nonlinear reaction
term is removed, is strictly related to the inverse conductivity problem, also called Calderén prob-
lem, which has been object of several studies in the last decades. Without additional hypotheses
on the geometry of the inclusion, but only assuming a sufficient degree of regularity of the in-
terface, uniqueness from knowledge of infinitely many measurements has been proved in [45]
and logarithmic-type stability estimates have been derived in [2]. Finitely many measurements
are sufficient to determine uniquenely and in a stable (Lipschitz) way the inclusion introducing
additional information either on the shape of the inclusion or on its size, e.g. when the inclusion
belongs to a specific class of domains with prescribed shape, such as discs, polygons, spheres,
cylinders, polyhedra (see [44], [6], [12]) or when the volume of the inclusion is small compared
to the volume of the domain (see [38], [27]).



Several reconstruction algorithms has been developed for the solution of the inverse con-
ductivity problem, and it is beyond the purposes of this introduction to provide an exhaustive
overview on the topic. Under the assumption that the inclusion to be reconstructed is of small
size, we mention the constant current projection algorithm in [7], the least-squares algorithm
proposed in [27], and the linear sampling method in [24] for similar problems. Although these
algorithms have proved to be effective, they heavily rely on the linearity of the problem. On
the contrary, it is possible to overcome the strict dependence on the linearity of the problems
by aims of a variational approach, based on the constraint minimization of a quadratic misfit
functional, as in [47], [9] and [5]. When dealing with the reconstruction of extended inclusions
in the linear case, both direct and variational algorithms are available. Among the first ones,
we mention [24] and [43]; instead, from a variational standpoint, a shape-optimization approach
to the minimization of the mismatch functional, with suitable regularization, is explored in [48]
[41], [1] and [4]. In [42] and [28], this approach is coupled with topology optimization; whereas
the level set technique coupled with shape optimization technique has been applied in [54] and
in [46], [25], [29], also including a Total Variation regularization of the functional. Recently,
total-variation-based schemes have been employed to solve inverse problems: along this line we
mention, among the others, the Levenberg-Marquardt and Landweber algorithms in [10] and
the augmented Lagrangian approach in [31], [14, Chapter 10] and [13]. Finally, the phase field
approach has been explored for the linear inverse conductivity problem e.g in [53] and recently
in [34], but consists in a novelty for the non-linear problem considered in this paper.

Concerning the reconstruction algorithm for inverse problems dealing with non-linear PDEs,
we recall some works related to sensitivity analysis for semilinear elliptic problems as [55], [§],
although in different contexts with respect to our application. We remark that the level-set
method has been implemented for the reconstruction of extended inclusion in the nonlinear
problem of cardiac electrophysiology (see [50] and [30]), by evaluating the sensitivity of the
cost functional with respect to a selected set of parameters involved in the full discretization of
the shape of the inclusion. In [17] the authors, taking advantage from the results obtained in
[15], proposed a reconstruction algorithm for the nonlinear problem (1.1) based on topological
optimization, where a suitable quadratic functional is minimized to detect the position of small
inclusions separated from the boundary. In [18] the results obtained in [17] and [15] have been
extended to the time-dependent monodomain equation under the same assumptions. Clearly,
this type of assumptions on the unknown inclusions are quite restrictive particulary for the
application we have in mind. In this paper we propose a reconstruction algorithm of conductivity
inclusions of arbitrary shape and position by relying on the minimization of a suitable boundary
misfit functional, enhanced with a perimeter penalization term, and, following the approach in
[34], by introducing a relaxed functional obtained by using a suitable phase field approximation,
where the discontinuity interface of the inclusion is replaced by a diffuse interface with small
thickness expressed in terms of a positive relaxation parameter € and the perimeter functional
is replaced by the Ginzburg-Landau energy.

The outline of the paper is as follows: in Section 2 we introduce and motivate the Total
Variation regularization for the optimization problem. In Section 3, after introducing the phase-
field regularization of the problem and discussing its well-posedness, we show ['-convergence
of the relaxed functional to the original one as the relaxation parameter approaches zero. We
furthermore derive necessary optimality conditions associated to the relaxed problem, exploiting
the Fréchet derivative of the functional. The computational approach proposed in Section 4 is

based on a finite element approximation similarly to the one introduced in [34]. Despite the



presence of the nonlinear term in the PDE it is possible to show that the the discretized solution
converges to the solution of the phase field problem. We derive an iterative method which is
shown to yield an energy decreasing sequence converging to a discrete critical point. The power
of this approach is twofold: on one hand it allows to consider conductivity inclusions of arbitrary
shape and position which is the case of interest for our application and on the other it leads
to remarkable reconstructions as shown in the numerical experiments in Section 5. Finally, in
Section 6 we compare our technique to the shape optimization approach: after showing the
optimality conditions derived for the relaxed problem converge to the ones corresponding to the
sharp interface one, we show numerical results obtained by applying both the algorithms on the

same benchmark cases.

2 Minimization problem and its regularization

In this section, we give a rigorous formulation both of the direct and of the inverse problem
in study. The analysis of the well-posedness of the direct problem is reported in details in the
Appendix, and consists in an extension of the results previously obtained in [15]. The well-
posedness of the inverse problem is analysed in this section: in particular, we formulate an
associated constraint minimization problem and investigate the stability of its solution under
perturbation of the data, following an approach analogous to [37, Chapter 10], but setting the
entire analysis in a non-reflexive Banach space, which entails further complications. The strategy
adopted to overcome the instability is the introduction of a Tikhonov regularization, and the
properties of the regularized problem are reported and proved in details.

We formulate the problems (1.1) and (1.2) in terms of the indicator function of the inclusion,
u = X,. We assume an a priori hypothesis on the inclusion, namely that it is a subset of €2 of
finite perimeter: hence, u belongs to BV (£2), i.e. the space of the L'(£2) functions for which the

Total Variation is finite, being

7v(w) =swp{ [ udive) 6 € YO, lol, <1,
Q
endowed with the norm ||-|| 5, = ||-[|;» + TV (:). In particular,
u€ Xo1={veBV(Q):v(z) €{0,1} ae. in Q }.

The weak formulation of the direct problem (1.1) in terms of u reads: find y in H'(Q) s.t.,

Vo € HY(Q),
/Qa(U)Vsto+/Qb(U)y3so:/Qfs0, (2.1)

being a(u) = 1 — (1 — k)u and b(u) = 1 — u. Define S : Xo1 — H'(Q) the solution map: for
all u € Xo1, S(u) = y is the solution to problem (2.1) with indicator function w; the inverse
problem consists in:

find u € Xo1 s.t. S(u)|oq = Ymeas- (2.2)

As it is proved in the Appendix, in Proposition 6.5, the solution map S is well defined between
the spaces BV (Q;[0,1]) and H(Q), thus for each u € Xy there exists a unique solution
S(u) € HY(Q).

We introduce the following constraint optimization problem:

: 1 2
argmin J(u); J(u) = §|\S(u) — Ymeas||72(a0)- (2.3)
u€Xo,1



It is well known that this problem is ill-posed, and in particular instability under the perturbation
of the boundary data occurs.

A possible way to recover well-posedness for the minimization problem in BV () is to intro-
duce a Tikhonov regularization term in the functional to minimize, e.g. a penalization term for

the perimeter of the inclusion. The regularized problem reads:

. 1
arg min reg(w);  Jreg(u) = 5 [S(u) = Ymeas| 12 (o0 + TV (), (2.4)
u 0,1

Then, we can prove the following properties:
o for every o > 0 there exists at least one solution to (2.4);

e the solutions of (2.4) are stable w.r.t. perturbation of the data ymeas;

e if {a}} is a sequence of penalization parameters suitably chosen, then the sequence of the
corresponding minimizers {uy} has a subsequence converging to a minimum-norm solution
of (2.3).

Before proving the listed statements, it is necessary to formulate and prove a continuity result
for the solution map with respect to the L' norm, which consists in an essential property for
the following analysis and requires an accurate treatment due to the non-linearity of the direct

problem.

Proposition 2.1. Let f € L*(Q) satisfy the hypotheses in Proposition 6.6 or 6.7. If {u,} C Xo1

2
L09). ¢

1
8.t Up Lue Xo,1, then S(un)|aq (u)]og-

Proof. Define w,, = S(u,) — S(u); then, subtracting the (2.1) evaluated in u,, and the same one
evaluated in u, w, is the solution of:

= — Uy, — U u — Uy, — U U3 .
/Q () Vi Vip + / Bt 0P = / (1= k) (i — ) VS(u) Vg / (un — wS(u)’p, (25)

Q

where ¢, = S(u,)? + S(un)S(u) + S(u)?. Considering ¢ = w,, and taking advantage of the
fact that a(u,) > k and (by simple computation) ¢, > 2S(u)?, we can show that, via Cauchy-
Schwarz inequality,

3
kHanHiz(Q) + 1 /Q b(un)S(u)zwi <(1 = k) (un — U)VS(U)||L2(Q)||vwn||L2(Q)
+ ||(un - U)S(u)?)HLz(Q)||wn||L2(Q)'

We remark that (u,, —u)S(u)® € L?(Q) since S(u) € H(2) cC L°(Q). Moreover,

3
IV )+ 5 [ B0)S(@PE <(0=B)ln = 070520 T 20
3
= S0y ey + 7 [ (10 = ) (002

Thanks to Proposition 6.6, 3Q > 0, Q* C Q s.t. |Q*| # 0 s.t.
2 3 2
k[ Vwnl| 72 ) + iQHwnHLz(Q*) < (a1 + a2+ a3)wnll g (q),

where q; = ||(un — U)VS(U)HLZ(Q)7 g2 = H(un — u)S(u)3||L2(Q) and q; = %H(un — u)S(u)2||L2(Q),
which implies, thanks to the Poincare inequality in Lemma 6.1,

lwall 1) < Clar + g2 + g3).



Consider

(NI

o= ( [ —u>2|vs<u>|2) ;

1
since u, L, u, then (up to a subsequence) w,, — u pointwise almost everywhere, then also the
integrand (u, —u)?|V.S(u)|? converges to 0. Moreover, |u, —u| < 1, hence Vn (u, —u)?|VS(u)|* <
|VS(u)|?> € LY(Q), and thanks to Lebesgue convergence theorem, we conclude that ¢; — 0.

Analogously, g2 = 0, g3 — 0 and eventually [[wn | 1) — 0, i.e. S(un) LN S(u). Thanks to

L* (09
the trace inequality, we can assess that also S(un)|an (09) S(u)|aq- O

It is now possible to verify the expected properties of the regularized optimization problem.
Proposition 2.2. For every o > 0 there exists a solution of (2.4)

Proof. Let {u,} be a minimizing sequence: then {S(u,)|aq} is bounded in L%(02) and {u,}
is bounded in BV/(Q) (since {TV(u,)} is bounded and [lun|;1q) < 9] for all u, € Xoa).
Thanks to the result of compactness for the BV space (see [3], Theorem 3.23), there exists a
subsequence u,, weakly converging to an element @ € BV (). Moreover, being D(S) weakly
closed, 4 € D(S). Since the weak BV —convergence implies the L!'—convergence, thanks to
Proposition 2.1 we can assess that S(u,,) — S() in H'(Q) and in L?(952). Eventually, this
proves that [[S(un,) — Ymeasllr290) = [1S(4) = Ymeas |l 12(aq)- Anologously, by semi-continuity
of the total variation with respect to the weak convergence in BV, TV (@) < liminf; TV (uy, ),
and it is possible to conclude that

1 2 o] 2
5”5(”) - ymeas||L2(aQ) +aTV(u) < hmklnf(§||5(unk) - ymeasHL2(BQ) + TV (un, ),

thus « is a minimum of the functional. O

Even if the existence of the solution is ensured by the previous result, uniqueness cannot be
guaranteed since the functional is neither linear nor convex (in general). We now investigate the
stability of the minimizer of the regularized cost functional with respect to small perturbations
of the boundary data. We point out that, due to the non-reflexivity of the Banach space BV,
it is not possible to formulate a stability result with respect to the strong BV convergence;
nevertheless, we can perform the analysis with respect to the intermediate convergence of BV
functions. A sequence {u,} C BV(Q) tends to u € BV (Q) in the sense of the intermediate

1
convergence iff u, ~— @ and TV (up) = TV (@).

Proposition 2.3. Fiz a > 0 and consider a sequence {yi} C L?*(9S) such that yr — Ymeas in
L2(09). Consider the sequence {uy}, where uy, is a solution of (2.4) with datum yy.. Then there
exists a subsequence {ug, } which converges to a minimizer @ of (2.4) with datum Ymeaqs in the

sense of the intermediate convergence.
Proof. For every ug, we have that
1 2 1 2
§|\S(U1«) — Ukllz2 00y + TV (ug) < §HS(U) — YkllL2(90) + TV (u) Vu € D(S).

Hence, {[|S(ur)llz290)} and {TV(ux)} (and therefore {|luy|/py ()}) are bounded, and there
exists a subsequence {uy, } such that both ug, — @ in BV(Q) and S(ug,) — S(@) in L?(99Q).



Thanks to the continuity of the map S with respect to the convergence (in L!) of uy, and to

the weak lower semi-continuity of the BV (£2) norm,
1 . 1
150) ~ Dl + 9TV () < i ( 31(00,) — . [Faom) + 0TV (s,
. 1
<t 518(6) = 1. [ ooy +TVIW)) Vi€ DS)

= L15(0) = cas L omy +TV(w) v € D(S).
(2.6)
Hence, @ is a solution of problem (2.4). In order to prove that also TV (uy,) — TV (a), first
consider that, according to (2.6),

.. 1
reg(@) < timint (5118(0.,) = i oo, + 0TV () )

. 1 _
<t (518000, = o + 0TV () ) = T,

hence
. 1 2 1 _ 2 _
lim { 5115 (ur, ) = yni[200) + TV (ur,) | = 515(@) = Ymeasll12(90) + TV (@).
In addition, thanks to the continuity of S, the first term in the sum admits a limit, i.e.:

.1 2 L 2
111rln §||S(Ukn) - Z/anLz(aQ) = §||5(U) - ymeaS”L2(8Q)v
which eventually implies that also TV (uy, ) — TV (a). O

We finally state and prove the following result regarding asymptotic behaviour of the mini-

mum of Jp.., when a — 0.

Proposition 2.4. Consider a sequence {ay} s.t. ar — 0, and define the sequence {uy} of the
solutions of (2.4) with the same datum Ypmeqs but different weights ay,. Suppose there exists (at
least) one solution of the inverse problem (2.2). Then, {uy} admits a convergent subsequence
with respect to the L*(Q)) norm and the limit u is a minimum-variation solution of the inverse
problem, i.e. S(u)|oq = Ymeas and TV (u) < TV (1) Vu s.t. S(@)|sa = Ymeas-

Proof. Let u' be a solution of the inverse problem. By definition of uy,
1 2 Lot 2 f f
§HS(U]€) - ymeasHLZ(aQ) + akTV(uk) S 5 ||S(U ) - ymeasHLz(aQ) + akTV(u ) = akTV(u )

Hence, {T'V/(uy)} is bounded, and since [uk||1q) < |, ux is also bounded in BV(£) and

there exists a subsequence (still denoted as ux) and uw € Xo1 s.t. wug BV Moreover,

1S (ur)loe = Ymeasll 12(a0) — 0, which implies that w is a solution of the inverse problem (2.2),
and

TV(up) <TV(u') = limsupTV(uy) < TV (ul)
k

The lower semicontinuity of the BV norm with respect to the weak convergence, together with

the continuity of the L' norm, implies that

TV (u) < limkinf TV (uy,) < limsup TV (ug) < TV (ul)
k

for each solution u! of the inverse problem, which eventually implies that u is a minimum-
variation solution. O



Notice that, if the minimum-variation solution of problem (2.3) is unique, then the sequence
{ug} converges to it.
The latter result can be improved by considering small perturbation of the data. By similar

arguments as in proof of Proposition 2.4, one can prove the following

Proposition 2.5. Let 3° € L?(0Q) s.t. Hy5 fymeaé;”m(aﬂ) < § and let «(d) be such that
a(d) = 0 and % — 0 as § — 0. Suppose there exists at least one solution of the inverse
problem (2.2). Then, every sequence {ulk }, with 6, — 0, cy, = a(8x) and udk solution of (2.4)
corresponding to ay and y°*, has a converging subsequence with respect to the L*(Q) norm. The

limit u of every convergent subsequence is a minimum-variation solution of the inverse problem.

Ok

Proof. Consider a solution u! of the inverse problem. By definition of u! S

1 1 2
iHS(ui’;‘c) - + akTV(uéa’;) < §HS(UT) — g0 HL2(aQ) + o TV (u') < 62 + TV (ul)

2.7)

2
Y H L2(80)

In particular,

&7

2
TV (ulr) < % + TV (ul), (2.8)
Qg

hence {ud: } is bounded in BV (£2) and admits a subsequence (denoted by the same index k)
such that Ju € X 1: u‘sa’;c BV . Passing to the limit in (2.7) as k — +oo,

Hs(ugkk) - yékHi?(aQ) — 0,
hence also

||S(“ikk) - ymeasniz(ag) < ||S(uii) —y’* ||2L2(ag) + Hyék - ymeaSH;(aQ) —0

and by continuity of the solution map, we have that S(u)|oq = Ymeas, Which implies that wu is
a solution of the inverse problem. By lower semi continuity of the BV norm (hence of the total

variation) with respect the weak convergence and from inequality (2.8),

TV (u) < lim inf TV (ulk) < limksup TV (ult) < TV (uh),

which allows to conclude that u is also a minimum-variation solution of the inverse problem. [J

Thanks to the results outlined in this section, it is possible to assess the stability of the

regularized inverse problem:

argmin Jeg(u);  Jreg(u) = %HS(U) - ymeas||iz(aﬂ) + a1V (u),
u€Xo,1

In principle, one can obtain successive approximations of the solution of the inverse problem

(2.2) by solving the minimization problem (2.4) with fixed a > 0. However, this approach would

require to deal with several technical difficulties, namely the non-differentiability of the cost

functional J,., and the non-convexity of the space X ;. This will be object of future research

by adapting, e.g., the technique in [13] to the present context. However, in the sequel we follow

a different strategy, namely introducing a phase-field relaxation of problem (2.4).



3 Relaxation

In this section, we formulate the phase-field relaxation of the optimization problem (2.4).
Fixed a relaxation parameter ¢ > 0, the Total Variation term in the expression of J,..4 is
replaced with a smooth approximation, known as Ginzburg-Landau energy or Modica-Mortola
functional; moreover, the minimization is set in a space of more regular functions. We follow a
similar strategy as in [34], with the additional difficulty of the non-linearity of the direct problem.
In particular, we prove the main properties of the relaxed problem: existence of a solution is
assessed in Proposition 3.1 and convergence to the (sharp) initial problem (2.4) as ¢ — 0 is
proved in Proposition 3.3. Moreover, in Proposition 3.4, we describe the optimality conditions
associated to the minimization problem, and compute the Frechét derivative of the relaxed cost
functional, which is useful for the reconstruction purposes.

Consider uw € K = HY(Q;[0,1]) = {v € H}(Q) : 0 < v < 1 a.e.} and, for every € > 0,
introduce the optimization problem:

. 1 2 2 1
argmin J.(u);  Jo(u) = §\|S(u) — Ymeas || 22(00) + a/ <€|Vu| + —u(l— u)) . (3.1)
uek Q €
The first theoretical result that is possible to prove guarantees the existence of a solution of

the relaxed problem, employing classical techniques of Calculus of Variations.

Proposition 3.1. For every fized € > 0, the minimization problem (3.1) has a solution u. € K.

Proof. Fix € > 0 and consider a minimizing sequence {uy} C K (we omit the dependence of
ug on ¢). By definition of the minimizing sequence, J.(u;) < M indepentently of k, which
directly implies that also HVu;CHiz(Q) is bounded. Moreover, being u; € K, 0 < ug < 1 a.e.,
thus ||uk||2L2(Q) < |Q| and it is possible to conclude that {uy} is bounded in H'(£2). Thanks
1
to weak compactness of H!, there exist u. € H'(Q) and a subsequence {u, } s.t. wug, RN

2
Uue, hence g, L, ue. The strong L? convergence implies (up to a subsequence) pointwise
convergence a.e., which allows to conclude (together with the dominated convergence theorem,
since ug, (1 — uy, ) < 1/2) that

/ukn(l—ukn)—> ue (1 — ug).
Q Q

Moreover, by the lower semicontinuity of the H! norm with respect to the weak convergence,

and by the compact embedding in L?,
e 31 < liminf [uy, |17
ellmi(o) = M knllH1(Q)
2 2 . 2 o 2
[uellz2) + IVUuellz20) < hTILn [k, I T2(0) + hH}lmf [Vuk, 220
2 . 2
[Vte|[L2 () < T inf [V, [[120)-
Moreover, using the continuity of the solution map S with respect to the L' convergence, we

can conclude that
Je(ue) < liminf J.(ug,, ).

Finally, by pointwise convergence, 0 < u. < 1 a.e., hence u. is a minimum of J. in K. O

The asymptotic behaviour of the phase-field problem when € — 0 is investigated in the next

two propositions. First, we prove that the relaxed cost functional J. converges to Jy.q in the



sense of the I'-convergence, which will naturally entail the convergence of the corresponding
minimizers. Before stating the next result, we have to introduce the space X of the Lebesgue-
measurable functions over ) endowed with the L!(2) norm and consider the following extension
of the cost funtionals: problem (2.4) is replaced by

- - Jreg() ifu € Xo1 =BV (Q;{0,1
argmin J(u);  J(u) = o) i ot (@:40.11) (3.2)
ueX oo otherwise
whereas (3.1) is replaced by
- - Je(u) ifuek
argmin J. (u);  Jo(u) = (3.3)
ueX oo otherwise

It is now possible to formulate the convergence result, whose proof can be easily obtained by
adapting the one of [34, Theorem 6.1].

Proposition 3.2. Consider a sequence {e} s.t. e, — 0. Then, the functionals jgk converge to

J in X in the sense of the I'—convergence.

Finally, from the compactness result in [11, Proposition 4.1] and applying the definition of

I-convergence, it is easy to prove the following convergence result for the solutions of (3.1).

Proposition 3.3. Consider a sequence {er} s.t. € — 0 and let {u., } be the sequence of the
respective minimizers of the functionals {jsk}. Then, there exists a subsequence, still denoted as
{er} and a function u € Xo1 such that ue, — u in L' and u is a solution of (2.4).

3.1 Optimality conditions

We can now provide an expression for the optimality condition associated with the mini-
mization problem (3.1), which is formulated as a variational inequality involving the Fréchet
derivative of J..

Proposition 3.4. Consider the solution map S : K — HY(Q) and let f € L*(Q) satisfy the
hypotheses in Proposition 6.6 or 6.7: for every € > 0, the operators S and J. are Fréchet-
differentiable on I C L (Q)NH(Q) and a minimizer u. of J. satisfies the variational inequality:

J(ue)lv—u) >0  VYveKk, (3.4)

being
JL(u)[9] = /Q(l —k)9VvVS(u) - Vp + /Q 9IS (u)p + 2045/9Vu -V + %/Q(l —2u)d;  (3.5)

where 9 € K—K = {v s.t. v = uy —ug, ui,us € K} and p is the solution of the adjoint problem:

/ a(u)Vp- Vi + / (W)W = | (S() = ymeas) Vo € HYQ).  (36)
Q Q

o2

Proof. First of all we need to prove that S is Fréchet differentiable in L°(2): in particular, we
claim that for ¥ € L>(Q) N (K — K) it holds that S’"(u)[9] = S, being S, the solution in H(Q)
of
/ a(u)V S,V + / b(u)3S(u)%S,.p = /
Q Q

(1 —E)IVSVy +/ 9S(u)dp Yo e HY(Q), (3.7)
Q Q

10



namely, that
15(u+ ) = S(u) = Sull g1y = o9 oo ())- (3.8)

First we show that if J € L>(Q)N(K—K), then [[S(u+ ) — S(u)|l 10y < Cll9|| < (q)- Indeed,
the difference w = S(u + 9) — S(u) satisfies

/a(u+19)Vng0+/ b(u+19)qw<p:—/(a(u+19)—a(u))VS(u)Vap
- [ttus ) —b@isw?e  voe (@),

with ¢ = S(u+19)2+S(u)S(u+9)+S(u)?. Since a(u+v9)—a(u) = —(1—k)9 and b(u+1) —b(u) =
—19, and arguing as in the proof of Proposition 2.1, take ¢ = w in (3.9): we obtain

IVl +3 [ bt 0)Seiet < 0= Bl 19S5 1Vwls + 15607 ol 191,
and again by Proposition 6.6
kw7 + ZQHwniz(m) <(1 = B) 9] L IV S @) 2 1Vl 2+ 19 oo [ S @) o ] .
4 100 e 152 ol o
By (6.16) and by Sobolev inequality, eventually
1wl ) < CIS@) 1.0 [l 1.0y 191l e

hence [|S(u+9) = S()ll g1 () = OVl oo (q))-
Take now (3.9) and subtract (3.7). Define r = S(u + 9) — S(u) — S,: it holds that

/Qa(u)VrVgo + /Q b(u)3S(u)ry = /Q(a(u +9) —a(u))Vw - Vo
+ /Q(b(u +9)q — 3b(u)S(u)Hwy Vo € HY(Q).

The second integral in the latter sum can be split as follows:

U —3b(u)S(u)*wp =
/Q<b< T 0)q — 3b(w)S (u)?)we /

(b + 9) — bu))quip + / (¢ - 38 (w))b(u)we,
Q Q

and in particular ¢ — 3S(u)? = S(u+9)? + S(u +9)S(u) — 25(u)? = hw, where h = S(u + 1) +
2S(u) € H'(Q2). Hence, chosen ¢ = r and exploiting again the Poincaré inequality in Lemma
6.1 and the Holder inequality:

1 2 2
il <klIVrlze +Qlirlipa ey < (= M)l g [Vl 2 V7l .
2
19l e llall pallwll 2 ll7ll Lo + (121 LallwlZall7ll Lo

2
< ((1 = B9l oo llwll o+ llall o 191] e 0l o+ ”h”Hl”w”Hl) 7l -

It follows eventually that [[r|| ;1 o) < CH19||%oo = o(||Y|| = ), which guarantees that S, = S’ (u)[¥].
The last step is to provide an expression of the Fréchet derivative of J.. Exploiting the fact
that S is differentiable, we can compute the expression of J!(u) through the chain rule:

T (w)[9] = /8 (S() = 30)S' ()] + o /Q (25VuV19 + 2(1 - Qu)ﬁ) . (3.10)

11



Finally, thanks to the expression of the adjoint problem,
| 8w -ws @ = [ ($w-ws. = [ aw9p-vS.+ [ 3502s. -
a0 a0 Q Q
(by definition of S.) :/ (1 —=Kk)9VS(u)-Vp —l—/ 95 (u)>p,
Q Q
and hence:
JL(w)[9] = / (1 —-Kk)9VS(u)-Vp +/ 9IS (u)3p + a/ (QsVu -V + é(l - 2u)19> .
Q Q Q

It is eventually a standard argument that, being J. a continuous and Frechét differentiable
functional on a convex subset K of the Banach space H'(f2), the optimality conditions for the

optimization problem (3.1) are expressed by the variational inequality (3.4). O

4 Discretization and reconstruction algorithm

For a fixed £ > 0, we now introduce a discrete formulation of problem (3.1) in order to define
a numerical reconstruction algorithm and compute an approximated solution of the inverse
problem.

In what follows, we consider 2 to be polygonal, in order to avoid a discretization error
involving the geometry of the domain. Let 7, be a shape regular triangulation of 2 and define
Vi C Hl(Q):

Vh:{thC(Q),’l}h|K€P1(K) VKQITh}, Kn=VanK.

It is well known, from the Clément interpolation theory (see e.g. [22]), that for every w € H(€2)

there exists a sequence {wy,} such that
Hl
wp, € Vp, wp — W as h — 0. (4.1)

For every fixed h > 0, we define the solution map Sy, : K — V},, where Sj,(u) solves

/ a(u)V Sh(u) Vo, + / b(w)Sh (u)* v, = / favn v € Va,
Q Q Q

being f;, the Clément interpolator of f in the space V},, hence || fr, — f||H1(Q) — 0.

4.1 Convergence analysis as h — 0

The present section is devoted to the numerical analysis of the discretized problem: the
convergence of the approximated solution of the direct problem is studied, taking into account
the difficulties implied by the non linear term. Moreover, the existence and convergence of
minimizers of the discrete cost functional is analysed. The following result, which is preliminary
for the proof of the convergence of the approximated solutions to the exact one, can be proved
by resorting at the techniques of [32, Theorem 2.1]. For completeness we briefly report the proof.

Lemma 4.1. Let f € L?(Q) satisfy the hypotheses in Proposition 6.6 or 6.7; then, for every
u €K, Sp(u) — S(u) strongly in H* ().

12



Proof. As in the proof of Proposition 6.5, for a fixed u € K we define the operator T : H(2) —
(H'(Q))* such that

Tw.0) = [ awVsTe+ [ buls’e
then yp, = Sp(u) and y = S(u) are respectively the solutions of the equations
(T(yn), ) =/th<p Vip € Vi; (T(y), #) =/Qf<p Vo € H'(Q).

It is easy to prove that

(T(un) = T(W)wn —v) = Ck.)llyn — vl (4.2)
indeed, thanks to Lemma 6.1 and Proposition 6.6,
(T =T =) = [ al)Vn =P+ [ b)on =02 6F + 0y +5%) = Clun — ol
Thanks to (4.2), consider a generic wy, € Vj,

lyn =yl < (T(m) = T(W).yn = v) = (Tyn) = T().wn = )+ (T(um) = T(v).yn — wn)
< (T) =T =) + [ (= Do —wn)

< Klwn =yl gllyn = yllgn + 10 = g llyn = whll g,
where K is the (local) Lipschitz constant of T' (see Proposition 6.5). Hence:

1 2 2 2
lon =l < K llwn =yl + 5/ K20 — gl + o — wnll3 5o = 713

< Cillwn = yllgs + Collyn — wnll gl fn = fll g
< (Cr+ Collfn = fllg)llwn = Yl + Collyn = yll g 1 fn = fll -

1
Since fj 7, f, we can choose h sufficiently small s.t. Co||fn — fll g1 < %, hence:

1
o = wls <2 (oot 3 ) o = vl
and since the latter inequality holds for each wy;, € H(f), it holds:
- oy < Cinf - Lo
lyn — vl @ = wirévh, lwn =yl Q)
Finally, exploiting (4.1), we conclude the thesis. O

The convergence of the solution of the discrete direct problem to the continuous one is an
immediate consequence of Lemma 4.1 and of the continuity of the map S}, in the space V}, which

can be assessed analogously to the proof of Proposition 2.1.

1
Proposition 4.1. Let {h;}, {ur} be two sequences such that hy, — 0, u, € Kp, and uy Lo

1
and u is not identically equal to 1. Then Sp, (ur) ELEN S(u).

Define the discrete cost functional, J; ; : K, = R

1 1
Jen(un) = 5| (un) — Ymeash |72 (00) T a/ (SVUHQ +Zun(l - Uh)) ; (4.3)
Q

being Ymeas,» the best approximation of the boundary datum ¥,eqs in the space of the traces
of V}, functions. The existence of minimizers of the discrete functionals J, j is stated in the
following proposition, together with an asymptotic analysis as h — 0. Taking advantage of
Proposition 4.1, the proof is analogous to the one of [34, Theorem 3.2].

13



Proposition 4.2. For each h > 0, there exists up, € Ky, such that Jg p(up) = ming, exc, Je,n(vn).
Every sequence {up, } s.t. limg_o0o hi; = 0 admits a subsequence that converges in H*(Q) to a

minimum of the cost functional J..

The strategy we adopt in order to minimize the discrete cost functional J, j is to search for
a function wj, satisfying discrete optimality conditions, which can be obtained as in section 3.1:

JLp(un)on —up] >0 Vo, € Ky, (4.4)

where for each 0y, € K, — Ky, := {0, = wp, — vp; wp,vp € Kp} it holds

Tepun)lon) = [

(1—k)19hVSh(uh)~Vph+/ ﬁhSh(uh)sph—i—Qas/ V’uh-Vﬁh—‘rg/(l—Quh)ﬂh,
Q Q Q Q

(4.5)

where py, is the solution in V3, of the adjoint problem (3.6) associated to up.
It is finally possible to demonstrate the convergence of critical points of the discrete func-
tionals J. p, (i.e., functions in K satisfying (4.4)) to a critical point of the continuous on, J..

The proof can be adapted from the one of [34, Theorem 3.2].

Proposition 4.3. Consider a sequence {hy} s.t. hi — 0 and for every k denote as uj a
solution of the discrete variational inequality (4.4). Then there exists a subsequence of {ux} that

converges a.e and in H(Q) to a solution u of the continuous variational inequality (3.5)

4.2 Reconstruction algorithm: a Parabolic Obstacle Problem approach

The necessary optimality conditions that have been stated in Proposition 3.4, together with
the expression of the Fréchet derivative of the cost functional reported in (3.5) allow to define a
Parabolic Obstacle problem, which consists in a very common strategy in order to search for a
solution of optimization problems in a phase-field approach. In this section we give a continuous
formulation of the problem, and provide a formal proof of its desired properties. We then
introduce a numerical discretization of the problem and rigorously prove the main convergence
results.

The core of the proposed approach is to rely on a parabolic problem whose solution w(-,t)
converges, as the fictitious time variable tends to +o00, to an asymptotic state u, satisfying the
continuous optimality conidtions (3.5). The problem can be formulated as follows, for a fixed
€ > 0: let u be the solution of

/8tu(v—u)+J;(u)[v—u] >0 Yoe K, te(0,4+00)
Q (4.6)

u(+,0) =ug € K

The theoretical analysis of the latter problem is beyond the purposes of this work, and would
require to deal with the severe non-linearity of the expression of J.(u). We reduce ourselves
to formally report the expected properties of the Parabolic Obstacle Problem and then analyse
in detail its discretised version. The motivation for the introduction of the Parabolic Obstacle

Problem is twofold:

e the evaluation of the cost functional along the solution of problem (4.6) is a decreasing

function of time. Indeed,

d 2
ﬁJE(u(-,t)) < _||atu('7t)||L2(Q) < 0.
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o Ast— +oo, the solution u(-,t) converges to us, € H (), which satisfies the optimality
conditions (3.4).

We now provide a complete discretization of the Parabolic Obstacle Problem by setting (4.6)
in the discrete spaces Kp and V},, and by considering a semi-implicit one-step scheme for the
time updating, as in [34]: i.e., by treating explicitly the nonlinear terms and implicitly the linear

ones. We obtain that the approximate solution {u} }nen C Vi, ufl = u(-,t") is computed as:

uy = ug € Kp, (a prescribed initial datum)

W e K [ (@ ai)on — ) 4 [ (L= DTSR - Ve, - )
Q Q

47
+Tn/sh(UZ)3PZ(Uh "+1)+27"0‘5/VUZ+1 V(vn = up ) o
Q

1
—i—Tnag/(l —2uf)(vp, —up ) >0 Vo, € Ky, n=0,1,...
Q

For the fully-discretized problem (4.7), it is possible to prove rigorously the properties that
we have formally stated for the continuous one; in particular, the convergence of the sequence
{u}} to a critical point of the discrete cost functional J. j,. The following preliminary result is

necessary for the proof of the main property:

Lemma 4.2. For eachn > 0, there exists a positive constant B, = Bn (2, h, k, ||ph || 1705 lyi |l 15 ||yh+1HH1
such that, provided that T, < B, it holds that:

™ —up|[2s + Jon(up™) < Jop(up) n>0. (4.8)

Proof. In the expression of the discrete parabolic obstacle problem (4.7), consider vy = u}: via

simple computation, we can point out that
*HU”“ upl[7a + i) = I(i) + o | V(i — )[4+ it - i
< / (ofu ) = a(u)) VoV + [ (o03") = b)) (1)
||yn+1 yg”i%ag) +/8 (y}?—H - yﬁ)(y}?+1 - ymeas,h)a

where y? = Sj,(u}) and y'*" = Sj,(ul ). Moreover, by the expression of the adjoint problem,

RHS = *”ynJrl yZHQLz(aQ) +®+@’

where

@ = [ (™) - a(u)) Voi - Tof+ [ alu)VeR - V1~ o)

- / (a(u]) — ™)) V(™ — ) - Vo + / (Y VY - v — / a(ul)Vyp -Vl
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(WD)~ [ (™) = b)) )57 +3 | b )R = o) =
= [ bt (0 = @) B+ 3 [ BT )+ [ b
Q Q Q
= [ bR = (b the capansion (Y = (57 + Y o))

:3/ (bupy) = b(up ™) (i) *ph (v ™ = ui) —3/b ke = y)?

/b n+1 n+1 n /b n+1 n+1 /buh yh ph

Collecting the terms and taking advantage of the expression of the direct problem, we conclude
that

n 2 n n e
RHS = HZ/”Jrl h||L2(aQ) 4’/Q (a(up) — a(up ™)) V(y ™ = i) - Vo,
43 [ ol = ™) GRBRGE o)

*3/Qb( up ) (i (g *yﬁ)zf/ﬂb( up TRt = ui)®.

We now employ the Cauchy-Schwarz inequality and the regularity of the solutions of the discrete
direct and adjoint problems (in particular the equivalence of the W% and H! norm in V},:
[unllwree < Crllunllyr, Cr = C1(Q, h)):

RHS < Calu™ =t ™ = il o + Csllui™ = oh

with Cz = (1=k)C1 [Py | s+ Cullyh g 195 | 2 and Cs = 3CE i | g7, 11057, +CF I3 N g, i g, +
Hyh+1 H o, )+ = Ctr, being Cy, the constant of the trace inequality in H'(Q). Eventually, similarly
to the computation included in the proof of Proposition 3.4, one can assess that

n+1 n+1

g™ = witll g < Callui™ = it s

with Cy = Cy(k, C1, ||lyj]l y1,€2). Hence, we can conclude that there exists a positive constant
Cn = CoCy + C30% such that

*||U”“*uh|}m+<7< i) = J) < Callup ™ = g

1

= 17c. We can conclude the thesis. O

and choosing 7,, < B,

We are finally able to prove the following convergence result for the fully discretized Parabolic
Obstacle Problem:

Proposition 4.4. Consider a starting point u$), € Ky. Then, there exists a collection of timesteps
{tn} s.t. 0 < v <7, < B, ¥n > 0. Corresponding to {1}, the sequence {uh} genemted by

(4.7) has a converging subsequence (which we still denote with u} ) such that u} we, up € Vi,
which satisfies the discrete optimality conditions (4.4).

Proof. Consider a generic collection of timesteps 7, satisfying 7,, < B,, ¥n > 0. Hence, by

Lemma 4.2,
n n 2 n
E [|up i uh”m < Jep(u)) and  sup Jop(upt) < Jop(uf)
n

which implies that ||u"+1 up||,» — 0 and hence u}! is bounded in H'(£2), and this implies

that also {y'} and {p}} are bounded in H'(9). According to the definition of the constants C,,
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and B, reported in the proof of Lemma 4.2, this entails that there exists a constant M > 0 such
that C,, < M Vn > 0, and equivalently there exists a positive constant v s.t. v < B,,. Hence, it
is possible to choose, for each n > 0, v < 7, < B,,.

Eventually, we conclude that there exists u, € Kj, such that, up to a subsequence, uj — uy a.e.
and in W1>°(Q) (and y! — y := Sp(u}), py — pp in H' and in W1 as well). We exploit the
expression of the discrete Parabolic Obstacle Problem (4.7) to show that

/ (1 —k)Vyp - Vpp(on —up™) + / ()PP (on — up ™) + 2%/ Vuptt - V(v —up ™)
Q Q Q

1 1
+a— / (1 —2u)(vp — uf ™)y > —— / (uptt — ) (op, — up ™) Yoy, € K,
g Ja ™ JQ

n

and since % > % Vn, when taking the limit as n — oo, the right-hand side converges to 0, which
entails that wuy, satisfies the discrete optimality conditions (4.4). O

The most remarkable outcome of the analyzed discretization of the Parabolic Obstacle Prob-
lem is the implementation of an iterative reconstruction algorithm which requires, at each iter-
ation, the solution of two boundary value problem and of a quadratic constraint minimization
problem. Indeed, introducing a basis {¢; 7];\211 in the discrete space V},, the variational inequality
in (4.7) can be written in algebraic form. The resulting system of inequalities can be interpreted
as the optimality condition of a minimization problem involving a quadratic cost functional in
the compact set [0, 1]V», and is efficiently solved by means of the Primal-Dual Active Set method,
introduced in [19] and applied in [21] on a nonlocal Allen-Cahn equation. The final formulation

of the reconstruction algorithm is the following:

1: Set n =0 and uf = uo, the initial guess for the inclusion ;

2: while ||uﬁ — u271||LOC(Q) > tolpop do

solve the direct problem (2.1) with u = uj};

solve the adjoint problem (3.6) with u = u};
compute u" ! solving (4.7) via PDAS algorithm ;
update n =n + 1;

end while

return ujy
Algorithm 1: Solution of the discrete Parabolic Obstacle Problem

Remark 4.1. It is a common practice to increase the performance of a reconstruction algo-
rithm taking advantage of multiple measurements. In this context, it is possible to suppose
the knowledge of Ny different measurements of the electric potential on the boundary, ¥meas,;
j=1,---, Ny, associated to different source terms f;. Therefore, instead of tackling the opti-
mization of the mismatch functional J as in (2.3), it is possible to introduce the averaged cost
functional JTOT (u) = NLfZ;V:fl Ji(u), where Ji(u) = 1||S;(u) —ymeas,jHQLQ(aQ), being S;(u)
the solution of the direct problem (2.1) with source term f = f;. The process of regularization,
relaxation and computation of the optimality conditions is exactly the same as for J, and yields
the same reconstruction algorithm as in Algorithm 1, where at each timestep the solution of N

direct and adjoint problem must be computed.

5 Numerical results

In this section we report various results obtained applying Algorithm 1. In all the numerical

experiments, we consider Q = (—1,1)? and we introduce a shape regular tessellation 7;, of
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triangles. Due to the lack of experimental measures of the boundary datum ¥,,eqs, we make
use of synthetic data, i.e., we simulate the direct problem via the Finite Element method,
considering the presence of an ischemic region of prescribed geometry, and extract the value on
the boundary of the domain. In order to avoid to incurr an inverse crime (i.e. the performance
of the reconstruction algorithm are improved by the fact that the exact data are synthetically
generated with the same numerical scheme adopted in the algorithm) we introduce a more refined
mesh 7,°* on which the exact problem is solved, and interpolate the resulting datum ymeqs o0
the mesh 7;,.

The section is organised as follows: in Section 5.1, we describe the performance of Algorithm
1 for the minimization of the phase-field relaxed functional (3.1), showing that different and
rather complicated geometry of inclusion can be satisfactorily reconstructed. In Section 5.2 we
test the robustness of the reconstruction when some of the main parameters involved in the
algorithm are modified. Moreover, particular attention is given to the use of a mesh-adaptative

strategy.

5.1 Parabolic Obstacle Problem: main results

In the following test cases, we applied Algorithm 1 in order to reconstruct inclusions of
different geometries, in order to investigate the effectiveness of the introduced strategy. We
used the same computational mesh 7;, (mesh size hyq, = 0.04, nearly 6000 elements) for the
numerical solution of the boundary value problems involved in the procedure, whereas the mesh
T,e* for the generation of each different synthetic datum associated to the different inclusions is
specifically refined along the boundary of the respective ischemic region. According to Remark
4.1, we make use of Ny = 2 different measurements, associated to the source terms fi(z,y) =«
and fa(x,y) = y. The main parameters for all the simulations lie in the ranges reported in Table

1. We make use of the same relationship between ¢ and 7 as in [34]. The initial guess for each

@ ‘ € ‘ T ‘ tolpop
1074+ 1073 | 1/(87) | (0.01+0.1)/e | 1077

Table 1: Range of the main parameters

simulation is ug = 0.

In Figure 1 we report some of the iterations of Algorithm 1 for the reconstruction of a
circular inclusion (o = 0.0001, 7 = 0.01/¢). The boundary dw is marked with a black line,
which is superimposed to the contour plot of the approximation of the indicator function u} at
different timesteps n. The algorithm converged after N;,; = 568 iterations, corresponding to a
final (fictitious) time Ty, = 1427.54. In Figure 2 we investigate the ability of the algorithm to
reconstruct inclusions of rather complicated geometry. For each test case, we show the contour
plot of the final iteration of the reconstruction (the total number of iterations N and the final time
T are reported in the caption), and the boundary of the exact inclusion is overlaid in black line.
Moreover, each result is equipped with the graphic (in semilogarithmic scale) of the evolution
of the cost functional J., split into the components Jppp(u) = 1[|S(u) — ymea5||2L2(aQ) and
Jregularization (W) = a5||Vu||ig(Q) +2 fQ u(1—wu). The reported results consist in approximations
of minimizers of J. in K: they are smooth function and range between 0 and 1. They show large
regions in which they attain the limit values 0 and 1, and a region of diffuse interface between

them, whose thickness is about £/2. As Figures 1 and 2 show, the algorithm is capable of
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Figure 2: Reconstruction of various inclusions

reconstructing inclusion of rather complicated geometry. The identification of smooth inclusion
is performed with higher precision, whereas it seems that the accuracy is low in presence of sharp
corners. We point out that we don’t need to have any a priori knowledge on the topology of the
inclusion w, i.e., the number of connected components is correctly identified.

5.2 Parabolic Obstacle Problem: setting of the parameters

This section is devoted to the description of the performance of Algorithm 1 when some of
the main parameters and settings are perturbed.

In particular, we start assessing that the final result of the reconstruction is independent of
the initial guess imposed as a starting point of the Parabolic Obstacle problem. In Figure 3 we
compare the behaviour of the algorithm applied to the reconstruction of a circular inclusion (the

same as in Figure 1), where we impose a different initial datum with respect to the constant zero
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function. In the first experiment, we start from an initial datum which is the indicator function
of an arbitrarily chosen region. In the second one, we impose as a starting point the indicator
function of a sublevel of the topological gradient of the cost functional J. As investigated in
[17], the topological gradient is a powerful tool for the detection of small-size inclusions, which
yield a small perturbation in the cost functional with respect to the background (unperturbed)
case. The position of a small inclusion is easily identified by searching for the point where
the topological gradient of J attains its (negative) minimum. As the information given by the
topological gradient G has shown to be remarkable even in the case of large-size inclusions (see,
e.g., [18], [26]), we take advantage of it by computing G (see Theorem 3.1 in [17]), setting a
threshold Gy, and defining uo = x(g<ga,,,}- The results reported in Figure 3 show the starting
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(d) Initial guess: topological (e) Intermediate: n = 50 (f) Final: Niot = 489, Tior = 1228.99

Figure 3: Reconstruction of a circular inclusion with different initial conditions

point of the algorithm, an intermediate iteration and the final reconstruction. In both cases we
set @ = 0.001, ¢ = 1/(87) and 7 = 0.1/e.We underline that the result in each case is similar
to the one depicted in Figure 1, but through the second strategy it was possible to perform a
smaller number of iterations.

Another interesting investigation is the comparison of the results obtained when perturbing

the relaxation parameter €. In Figure 4 we report the final reconstruction of an ellipse-shaped
11 1

47 87 87°
the diffuse interface region decreases as € decreases. Nevertheless, one must take into account the

inclusion when setting ¢ = As expected, it is possible to remark that the thickness of

size of the computational mesh 7j: in the last test, the thickness of the region in which the final

tt increases from 0 to 1 is of the same order of magnitude as Aynq.. This is rather

iteration uflv
likely the reason why the edge of the reconstructed inclusion appears to be irregular and jagged.
A natural strategy to avoid the problem would be to make use of a finer mesh, e.g., ensuring
that huae < €/10; however, that could result in an extremely high computational effort. It is
possible to overcome this drawback by introducing an adaptive mesh refinement strategy, i.e.,

by locally refining the mesh close to the region of the detected edges. In Figure 5 we compare
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Figure 4: Reconstruction of a circular inclusion with different e

the result obtained when approximating a rectangular and a circular inclusion with ¢ =

1
167

on the reference mesh or through a process of mesh adaptation. We invoked a goal-oriented

mesh adaptation algorithm each Ngqqpt = 50 iterations, requiring for a higher refinement of the

grid in proximity of higher values of |Vuj| and for a lower refinement in the regions where u}

is approximatively constant. This allows to have more precise reconstruction even for small €,

almost without increasing the global number of elements of the mesh. In Figure 5, we also report

the final configuration of the refined computational mesh.

(a) No adaptation, Nt = 2442,(b) Adaptation, Niot = 2189, Tior =
Tiot = 2454.97 2200.62

0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0

-1 -0.5 0 0.5 1

(d) No adaptation, Nt = 2210,(e) Adaptation, Niot = 2306, Tior =
Tiot = 2221.73 2318.24
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Figure 5: Mesh adaptation: result comparison
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6 Comparison with the Shape Derivative approach

In the previous sections, we have analyzed in detail the phase-field relaxation of the mini-
mization problem expressed in (2.4). We now aim at describing the relationship between this
method and the Shape Derivative approach, which has become a very common strategy to tackle
the reconstruction of discontinuous coefficients. The algorithm based on the shape derivative
consists in updating the shape of the inclusion to be reconstructed by perturbing its boundary
along the directions of the vector field which causes the greatest descent of the cost functional,
that can be deduced by computing the shape derivative of the functional itself. In this section,
we first theoretically investigate the relationship between the shape derivative of the cost func-
tional Jy¢4 and the Fréchet derivative of J. and then report a comparison between the numerical
results of the two algorithms in a set of benchmark cases.

6.1 Sharp interface limit of the Optimality Conditions

In order to study the relationship between the optimality conditions in the phase-field ap-
proach and the ones derived in the sharp case, we follow an analogous approach as in [20]. First
of all, in Proposition 6.1 we introduce the necessary optimality condition for the sharp problem
(2.4), taking advantage of the computation of the material derivative of the cost functional. We
then define in Proposition 6.3 similar optimality conditions for the relaxed problem (3.1), which
are related but not equivalent to the one stated in (3.4)-(3.5) through the Fréchet derivative. In
Proposition 6.4 we finally assess the convergence of the phase-field optimality condition to the
sharp one when ¢ — 0.

For the sake of simplicity, in this section we will refer to J,..4 as J. Consider the minimization
problem (as in (2.4)):

. 1
argmin J(u); J(u) = §||S(u) - ymeaslliz(ag) + aTV (u). (6.1)
u€Xo,1

Since u € Xy implies that u = x,,, being w a finite-perimeter subset of €2, we can perturb u by
means of a vector field ¢ : Q — R?, ¢;(z) = x + tV(z), being

Vell) st V(z)=0in Q% = {z € Q s.t. dist(x,00) < do}. (6.2)

Consider the family of functions {u;}: us = wo ¢, 1. we can compute the shape derivative of the
functional J in w along the direction V (see [35]) as

DJ()[V] = lim 2 = I ()

lim ; , (6.3)

where J(u;) is the cost functional evaluated in the deformed domain Q; = ¢;(2) but, according
to (6.2), Q; and 2 are the same set, thus we do not adopt a different notation. We prove the

following result:

Proposition 6.1. If u is a solution of (6.1) and f € L?(2) satisfies the hypotheses in Proposi-
tion 6.6 or 6.7, then

DJ(u)[V]=0 for all the smooth vector fields V| (6.4)

The shape derivative is given by:

DJIW)[V] = /a (5(0) = Y )SV] + /Q (divV — DV - v)d|Dul, (6.5)
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where d|Du| = dp,dz, v is the generalized unit normal vector (see [40]) and S(u)[V] =: S, the

material derivative of the solution map, solves

a(u)VSs - Vo u u)?Sv = — alu u) - Vo — 1) S (u)2vdiv
/Q()VSVJr/Qb()BS()S /Q()AVS()V /Qb()S()dV+ 66

/div(fV)v Yo € HY(Q),
Q

being A = divV — (DV + DV'T).

Proof. We start by deriving the formula of the material derivative of the solution map. Define
So = S(u) and S; : Q = R, Sy = S(ug) o ¢;:. Then, applying the change of variables induced by
the map ¢, it holds that

/ (W) A(R)VS, - Vo + / b(u)Sv|detDeby] = / (F-6)vldetDey| Yo HY(Q),  (6.7)
Q Q Q

where A(t) = D¢; T D¢y t|detDey|. By computation,
d d
%A(t) = A= (divV)I — (DV*+DV)  and a|detD¢)t\ = divV.

Subtract (2.1) from (6.7) and divide by ¢: then w; = #50 is the solution of

. v u wv|ae = — alu M . v
/Qa(u)A(t)m v +/Qb( Vgl det(Day)| /Q w2 =Tvs,. v

det(D -1 1 1
- / Mb(u)&‘;’v +/ —(f o ¢y)v|det(Dey)| — / “fv  Yve HYQ),
Q t ot ot
(6.8)
where the norm of the right-hand side in the dual space of H'(2) is bounded by
‘ A-1T H |det(Dey)| — 1
t

being C'r independent of t. Moreover, the matrix A(t) is symmetric positive definite: (A(t)y)-y >
%HyH2 Vy € R% Vt. Together with the property that ¢ = u? + wsu + u? > %uQ, and thanks to
Proposition 6.6 and to the Poincaré inequality in Lemma 6.1,

101 e
L= ()

1501l 771 () +
Q)

N H |det(th)| -1

Les(

1120y + CUV @) f |10y < CF,
L>(Q)

3
il < ORIV 2 + 2Qlwil3a ey < Crllul.
Thus, |welz: is bounded independently of ¢, from which it follows that [|Sy — Soll 1) < Ct
1
and that every sequence {wy,} = {w;., t, — 0} is bounded in H'(Q), thus w, ~— w € H'(Q).

We aim at proving that w is also the limit of w; in the strong convergence, which entails that

First of all, we show that w is the solution of problem (6.6). It follows from (6.8), since g w; =
1(SF — 58) = 1((So + twy)® — S§) = 353w, + 3tSow} + t*w}, that

/ a(u)A(t)Vw, - Vo +/ b(u)3S3wv|det Doy | = —/ a(u)MVSO -V
Q Q

t
Q
Doy —1
- Mb(u)%”v—/b(u)3tSowt2v|detD¢t| —/b(u)t2w5v|detD¢t|
Q o Q

|detD¢y| — 1 (fodt)— f
+ [ ooty [ T2ty e na).

(6.9)

23



Taking the limit as ¢ — 0 and by the weak convergence of w; in H!, we recover the same

1
expression as in (6.6). One may eventually show that w; L, w. In order to do this we start
proving that

/Q a(u) A(E) [ Va2 + /Q b(u)|det Dby 352w? — / ()| V] + / b(u)3S2w (6.10)

Indeed, take (6.9) and substitute v = w;: using the weak convergence of w; in the right-hand
side, we obtain that

/Qa(u)A(t)|th\2 / b(u)|det Dy |3S2w? — / u)AV.S, - Vw—/ divV b(u)Siw

Q

fwdivV — | Vv D [ )| Vw2 + [ bu)352w?
+, /, /, /,

/a(u)A(t)|V(wt—w)|2+/ b(u)3S2 (w; — w)2|det Deby] =

Q Q
/a(u)A(t)\th|2+/ a(u)A(t)|Vw|2—2/ a(u) AtV - Vo (6.11)
Q Q Q

—|—/ b(u)3S§wt2\detD¢t|—|—/ b(u)3Saw?|det D —2/ b(u)3S3wsw|det Doy |.
Q Q Q

We then compute:

Using (6.10), the convergence of A to I and of |detD¢;| to 1, and the fact that w; 2w, we
derive that

/ a(u)|V(w, — w)|? Jr/ b(u)3S2 (w; —w)* =0
Q Q

A combination of the Proposition 6.6 and of the Poincare inequality in Lemma 6.1 allows to
conclude that also ||wy — w|| ;1 — 0.

We now prove the necessary optimality conditions for the optimization problem (6.1). The
derivative of the quadratic part of the cost functional J can be easily computed by means of the
material derivative of the solution map:

1 (S(ut) - ymeas)2|det(D¢t)| - (SO - ymeas)2

lim 2/, 7 (since S(uz) = S on 0N)
_ _ 2 _ _ 2
= lim — / ymeas 2M + lim 1 / (St ymeas) (SU ymeas)
=02 aQ t 150 2 t
= 5 / (SO ymeas) divV + S(U)[V](SO — ymeas)7
o9 o0

(6.12)
and the first integral in the latter expression vanishes since V' = 0 on 4,. On the other hand,
using Lemma 10.1 of [40] and the remark 10.2, we recover the expression for the derivative of
the Total Variation of u, which is the same reported in (6.5). O

The optimality conditions reported in (6.4) are, at the best of our knowledge, the most
general result which can be obtained in this case, i.e. by simply assuming that u = x,, and w
is a set of finite perimeter. We point out that, assuming more a priori knowledge on the w, it
is possible to recover from (6.5) the expression of the shape derivative of the cost functional J.
The following proposition can be rigorously proved by means of an analogous argument as in
[4], except for the derivative of the perimeter penalization, which can be found in Section 9.4.3
in [35].
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Proposition 6.2. Suppose that w C ) is open, connected, well separated from the boundary 02
and reqular (at least of class C?), and u = x,,. Then, the expression of the shape derivative of

the cost functional J along a smooth vector field V is:

1
DJW)[V] = / [(1 — k) (VTS(u) Vowt 19,5 vywe> + S + h] Veou o wy,
Ow
(6.13)
where w is the solution of the adjoint problem (see (3.6)). The gradients VS(u) and Vw are
decomposed in the normal and tangential component with respect to the boundary Ow, and due
to the transmission condition of the direct problem their normal components are discontinuos

€

across Ow: the valued assumed in 2\ w is marked as V,S(u)¢. The term h is instead the mean

curvature of the boundary.

For the sake of completeness, we point out that the latter result can be easily generalized
to the case in which w is the union of N, disjoint, well separated, components, each of them
satisfying the expressed hypotheses. Thanks to the results recently obtained in [16], we expect
formula (6.13) to be valid also under milder assumption, in particular for polygons.

We aim at demonstrating that the expression of the shape derivative reported in (6.4) is the
limit, as € — 0, of a suitable derivative of the relaxed cost functional J.. In order to accomplish
this result, we need to introduce necessary optimality conditions for the relaxed problem (3.1)
which are different from the ones reported in Proposition 3.4 and can be derived by the same

technique as in Proposition 6.1 as shown in the following result.
Proposition 6.3. If u. is a solution of (3.1), then

DJ.(us)[V] =0 for all the smooth vector fields V, (6.14)

The expression of the derivative is given by:

D (u)[V] = / (S(t2) = Yrmews) S()[V] + a / Ve [2divV

o0 N @ (6.15)

— 2a5/ DVVu, - Vue + 7/ ue (1 — ue)divV
Q € Ja

where S(ue)[V] solves the same problem as in (6.6), replacing u with u..

Proof. The same strategy as in the proof of Proposition 6.1 can be adapted to compute S(u.)[V]
and the derivative of the first term of the cost functional. We now derive with the same compu-

tational rules the relaxed penalization term. Recall

Fs(us):as/Q|Vus|2+g/Q¢(uE),

being 1 : R = R, ¥(z) = 2(1 — z). After the deformation from u. to u. o ¢; * and applying the
change of variables induced by ¢y,

Fe(ue qut_l) = oza/

A(t)VuE-Vug—&—g/z/}oquqﬁt_l.
Q € Ja

Hence,

-1
Fg(ug)[V] = }% Fe(uc o ¢y t) — F.(u

) = aa/ AVu, - Vu, + asg/ Y(ue)divV =
Q € Ja
= ae/ |V 2divV — aa/ (DV + DV1)Vu, - Vu. + g/ ue (1 — ue)divV,
Q Q Q
which is the same expression as in (6.15), since DVTVv - Vv = DV Vv - Vu. O
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We point out that the optimality conditions deduced in the latter proposition are not equiva-
lent to the ones expressed in Proposition 3.4 via the Fréchet derivative of J.. Nevertheless, if u.
satisfies (3.4)-(3.5), then it also satisfies (6.14) (it is sufficient to consider in (3.4) v = u. o ¢; ',
which belongs to K thanks to the regularity of V), whereas the contrary is not valid in general.
In particular, due to the regularity of the perturbation fields V', the optimality conditions (6.14)
do not take into account possible topological changes of the inclusion: for example, the number
of connected components of w cannot change. We remark that this holds also for the optimality
conditions (6.4) for the sharp problem, and consists in a limitation for the effectiveness of the
reconstruction via a shape derivative approach: the initial guess of the reconstruction algorithm
and the exact inclusion must be diffeomorphic.

We are now able to show the sharp interface limit of the expression of the shape derivative
of the relaxed cost functional J. as € — 0, which is done in the following proposition.

1
Proposition 6.4. Consider a family u. s.t. 4. € K Ve > 0 and . Lhac BV(Q) ase — 0.
Then,
DJ.(a.)[V] = DJ(a)[V] for every smooth vector field V.

Proof. We follow a similar argument as in the proof of [20, Theorem 21]. Thanks to Proposition
2.1, a. LAY N S (ue) ", S(@). Also S(i)[V] ", S(@)[V]: the proof is done by subtracting
the equations of which S(i.)[V] and S(@)[V] and verifying that the norm of their difference is
controlled by the norm of S(u.) — S(#) in H'(Q). Thanks to these results, surely

[ (5600 = hnea) SV = [ (S60) = pea) 3@V
Eventually, the convergence
ae/ |V, |2 divV — 2045/ DVVu, - Vu, + g / (1 — u)divV — / (divV — DVv - v)d|Da|
Q Q Q Q

is proved in [39], Theorem 4.2 (see also annotations in [20], proof of Theorem 21). O

In particular, we point out that this implies, together with Proposition 3.3, that the expression
of the optimality condition for the phase field problem converges, as € — 0, to the one in the

sharp case.

6.2 Comparison with the shape derivative algorithm

In this section, we report some results of the application of the algorithm based on the shape
derivative. In the implementation, we take advantage of the Finite Element method to solve
the direct and adjoint problems and compute the shape gradient as in (6.13). We consider an
initial guess for the inclusion (in all the simulations reported, the initial guess is a disc centered
in the origin with radius 0.02) and discretize its boundary with a finite number of points, which
always coincide with vertices of the numerical mesh. We iteratively perturb the inclusion by
moving the boundary with a vector field V' which is the projection in the finite element space
Vi X V3, of the shape gradient reported in (6.13) and v, the external normal vector of dw (see
e.g. [36] for more details). After the descent direction is determined, a backtracking scheme
is implemented (see [52]), in order to guarantee the decrease of the cost functional J at each

iteration. As in the case of Algorithm 1, we start from the initial guess u° = 0 and take advantage
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« ‘maxstep‘ tol
102 10 |[10°

Table 2: Values of the main parameters

of Ny = 2 measurements, associated to the same source terms. The main parameters of this set
of simulations are reported in Table 2.

In Figure 6 we report the results of the reconstruction with the shape gradient algorithm

compared to the ones of the Parabolic Obstacle problem (with ¢ = 16% and with mesh adapta-

tion). Each result is endowed with a plot of the evolution of the cost functional throughout time

(in particular, of Jppg(u) = 3[S(u) — Ymeas || £2(pn) The reconstruction achieved by the shape

Cost Functional

0 500 1000 1500

! ) 05 o 05 1 ) 05 0 05 1
lterations

(a) Shape gradient, evolution of the (b) Shape gradient, Nyt = 1494
cost functional

Cost Functional

0 100 200 300 400
lterations

) 05 0 05 1

(d) Shape gradient, evolution of the (e) Shape gradient, Nio: = 301 (f) Phase field, e = ﬁ7 Niot = 1503

cost functional

Figure 6: Shape gradient algorithm: result comparison

gradient algorithm seems to be as accurate as the phase-field one. The sharp method seems to
be less expensive in term of computational cost, and it involves a smaller number of iterations.
Nevertheless, it requires the knowledge of remarkable a priori information, i.e. the topology of
the inclusion.

Appendix

In the proof of various proposition we have used the following generalized Poincare inequality:

Lemma 6.1. Let Q* C Q be s.t. || #0. Then 3C > 0,C = C(Q) s.t., Vu € H(Q),

2 2 2
el < € (1981320 + o)) - (6.16)
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The proof of the Lemma is given in the Appendix of [15] and easily follows by Theorem 8.11
in [49)].

Thanks to Lemma 6.1, we can prove the following well-posedness result for the direct problem.
We remark that a similar analysis was performed in [15], but here we extend the result for the

case of inclusions which have the property of being finite-perimeter sets.

Proposition 6.5. Consider f € (Hl(Q))* and a function v € BV (£;[0,1]) s.t. u is not (a.e.)
equal to 1. Then there exists an unique solution S(u) € HY () of

/Q a(u)VS(u) - Vo + /Q b(w)S(u)s = /Q fo o Wee HYQ),

where a(u) =1— (1 — k)u and b(u) =1 — u.

Proof. We use the Minty-Browder theorem (see, e.g., Theorem 5.16 in [23]), introducing (for a

*

fixed u) the operator T : H'(Q) — (H*())" s.t.

(T(S),v), = /

al\u - VU ’LL3U.
Q()vsv+/b()s

Q

We can easily verify that the nonlinear operator 7" is continuous, coercive and monotone.

e Continuity: we indeed prove that T is locally Lipschitz continuous with respect to S.

[{T(S) = T(S0), v)«| =

/ (W) V(S — So) - Vv + / b(u)(S — So)q‘ (being g = S% + SSo + S2)
Q Q
< |IV(S = So)ll =Vl 2 + 1S = Soll e llall s 1]l 2

If S and Sy belong to a bounded subset of H!(£2), then (thanks to the Sobolev Embedding
of H'(Q2) in L5(Q)) we can assess that ||¢||;s < M and moreover 3K > 0 s.t.

(T(S) = T(So).v)s| < K|S = Sollpllvllgn Vo€ HI(Q).

o Coercivity: we show that (T'(S), S)« — 400 as ||S|[ ;1 (q) — +0o0. Since u is not identically
equal to 1, 3Q > 0 and Q* : |Q*| # 0 s.t. b(u) =1 —u > Q a.e. in Q*. Then,

Q
(T(5),5). > k /Q V512 +Q /Q §* 2 KI9SIao) + gyl
=k (||VSH2L2(Q) + HS||2L2(Q*)> + R,

where R = %HSH;(Q*) - k||5||22(9*) can be bounded by below independently of S by
considering that

2
4
(AHSHQLQ(Q*) - B) > 0= A%)|S| 420y — 24BIIS| 22y = ~ B,
/192

2vQ
Poincare inequality in Lemma 6.1, we conclude that

which implies (chosen A = ,/% and B = ) that R > —Elal Together with the

4Q

19
a0
e (Strict) monotonicity: we claim that (T'(S)—T(R),S—R). > 0and (T'(S)—T(R),S—R). =
0 < S = R. Indeed,

k
(T(9),8)x > Fl5 1) —

(T(S)—T(R),S — R). 2/Qk|V(S—R)|2+Q Q*(S2+SR+R2)(S—R)QZO.
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Moreover, since S + SR+ R? > 1(5 — R)?,
(T(S) = T(R), S — R). = 0= V(S — R)|| 2 = 0 and / (S—R)* =0,
Q*

and from the latter equality it follows that S = R a.e. in Q*, hence also [|S — R|[;2(q«) =0,
and thanks to the Poincaré inequality in Lemma 6.1, ||S — R ;1 ) = 0.

O
Finally, we prove an estimate which occurs many times in the proof of various results.

Proposition 6.6. Suppose that f € L*(Q) s.t. [, f # 0. Consider S(u) the solution of problem
(2.1) associated to u € BV (€;]0,1]), u not identically equal to 1. Then, there exists ¥* and
Q >0 s.t. |Q*] #0 and

b(u)S(u)? > Q a.e. in *

Proof. By contraddiction, suppose the opposite of the thesis: b(u)S(u)? = 0 a.e. in Q. Then,
this would imply that [, b(u)S(u)? = 0, and then it would hold that

/Qa(u)VS(u)-szfgfv Yo € HY(Q).

Taking v = const. we obtain that fQ f =0, which contraddicts the hypothesis. O

We remark that the previous result can be extended to class of functions f satisfying more
general hypotheses. If, for example, we restrict to the case of inclusions well separated from
the boundary (u = 0 a.e. in Q% being Q% = {z € Q : dist(z,00) < do}, do > 0), then
it is sufficient to require f # 0 a.e in Q% to guarantee an estimate equivalent to the one of
Proposition 6.6.

Proposition 6.7. Suppose that u € BV (Q;]0,1]) satisfies u = 0 a.e. in Q%. If f € L*(Q) does
not vanish in Q4 then there exists Q > 0 s.t. the solution S(u) of (2.1) satisfies

b(u)S(u)* > Q a.e. in Q%

Proof. By contraddiction of the thesis, suppose S(u) = 0 in Q% and recall Q" = Q\ Q9% then
it holds

- Vv u)S(u)dv = v Yo 1 .
/Qma(u)VS(u) \% Jr/Qm b(u)S(u) /Qf Yo e H (Q) (6.17)

The space H}(Q%), obtained by closing the space of all the smooth function whose support is
compactly contained in Q% with respect to the H! norm, is well defined; moreover H}(Q%) C
H'(9Q). Hence, equation (6.17) holds for all v € H(Q2%), and this implies that

fo=0 Yo € Hi (Qd),
Q

which eventually entails that f = 0 a.e. in Q% that is a contraddiction with hypotheses. O
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