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Abstract

Mesh adaptation on surfaces demands particular care due to the important
role played by the fitting of the surface. We propose an adaptive procedure
based on a new error analysis which combines a rigorous anisotropic estima-
tor for the L'-norm of the interpolation error with an anisotropic and more
heuristic control of the geometric error. We resort to a metric-based adaptive
algorithm which employs local operations to modify the initial mesh accord-
ing to the information provided by the error analysis. An extensive numerical
validation corroborates the robustness of the error analysis as well as of the
adaptive procedure.

1 Introduction and motivations

Mesh adaptation on surfaces is a topic of great interest in the scientific panorama
due to its potential strong impact with a view to practical applications (see, e.g., [41,
45] among the most recent papers) and, more in general, to the approximation of
partial differential equations on manifolds. Despite the relevance of this research
field, there exists still a limited number of works dealing with surface mesh adap-
tive techniques based on a rigorous error analysis, and it turns out to be essentially
confined to an isotropic context [2, 14, 17, 33, 39].
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In this paper we focus on implicitly defined surfaces I' C R? and we derive an
anisotropic a-priori error estimator to control the error associated with the approx-
imation of a generic function f € H'(T') via a piecewise linear quasi-interpolant
operator. The triangular surface grid used to define the interpolant is also employed
to approximate surface I'. This choice leads us to include in the error analysis a
contribution due to the geometric approximation in addition to the interpolation er-
ror term. In this respect, we are consistent with the decomposition of the error pro-
vided in [14] in terms of a contribution related to the finite element approximation
of f, a term associated with the geometric approximation of I" and a contribution
taking into account data approximation. In particular, since we deal with an inter-
polation error analysis, we are allowed to neglect the data error while we identify
the discretization with the interpolation error.

The interest for an anisotropic setting is mainly justified by the several possible
applicative fields of interest in Scientific Computing (e.g., in a biomedical, geolog-
ical or aerodynamic context), where phenomena may exhibit large variations along
a certain direction with less significant changes along the other ones. In such cases,
a standard isotropic adaptive algorithm may generate a very large number of ele-
ments to ensure a certain accuracy or, vice versa, may provide a limited accuracy
for a fixed number of elements. This is a well-established issue in the standard
planar case (see, e.g., [6, 7, 37, 42, 47]) and it is expected to work analogously
on surfaces, where the directionalities of the domain may be taken into account as
well, via a proper sizing, shaping and orientation of the mesh elements.

The idea pursued in this work is to properly merge the interpolation analysis

developed in [14] with the anisotropic setting proposed in [22] for a 2D planar
setting, and then successfully extended to a 3D volumetric framework in [19, 20].
In particular, the derivation of an anisotropic counterpart for the Poincaré inequal-
ity represents the crucial result with a view to the desired anisotropic control of
the interpolation error. Concerning the anisotropic bound for the geometric error,
we move essentially from heuristic considerations, numerically checked in the last
section of the paper.
The information provided by the global (interpolation plus geometric) error estima-
tor is successively converted into a practical procedure to adapt the mesh. For this
purpose, we resort to a metric-based approach with the aim of reducing the number
of mesh elements to guarantee a certain accuracy on the solution while equidis-
tributing the error. To combine the interpolation with the geometric information,
we propose different strategies and we compare them in the last section of the pa-
per to identify, possibly, the most suited approach with a view to an anisotropic
mesh adaptivity. We use standard local mesh operations (edge swapping, splitting
and collapsing, and node smoothing) to change the initial (isotropic) mesh into the
final adapted mesh matching the directional features of the function and of the sur-
face at hand. The employment of local operations is a novelty in the context of the
anisotropic approach proposed in [22, 23], where a metric-based remeshing of the
initial grid is essentially performed.

Finally, we remark that the proposed approach based on an implicit representa-



tion of the surface relieves us from too specific requirements on possible surfaces
of interest as done, for instance, in [2, 39].

The paper is organized as follows. In § 2 we settle the reference geometric
setting and we introduce the basic ideas of the anisotropic framework. Section 3
represents the theoretical core of the paper since it collects the derivation of the
anisotropic estimator for the interpolation error and the proposal of the anisotropic
control for the geometric error. In § 4 we tackle the crucial issue of merging the
interpolation analysis with the geometric information by exploring different possi-
bilites. Section 5 provides an exhaustive numerical investigation, first by setting the
adaptive procedure and then by validating it on both a closed and an open surface.
The last section is meant to draw some conclusions starting from the numerical
assessment.

2 The geometric setting

Let us consider a connected C'?-compact and orientable two-dimensional surface
I' embedded in R3. In particular, we adopt an implicit representation for I', i.e.,
we assume that I" coincides with the zero level set of a signed distance function
d: Up C R? — R, such that d(x) = dist(x,I") for any x = (21, 22, 23)" € Up,
and with Uy an open subset of R3. In particular, if I" is a closed surface, we assume
d < 0 inside the volume enclosed by I whereas d > 0 outside, while, if I" is an
open surface, we assume JI' to be piecewise curvilinear in a sense that will be
specified below.
Now, following [14], we assume that there exists a shell of width § > 0 around
I given by Us = {x € R? : |dist(x)| < 6} C Up (see Figure 1). In particular, the
thickness ¢ of the shell is sufficiently small to guarantee the global uniqueness of
the decomposition
x = a(x) +d(x)n(x) Vx € Us, (1)

with a : Us — T the orthogonal projection operator onto I" and n(x) = Vd(x) the
outward unit normal to I" at x. More details about the choice of § can be found,
e.g., in [14, 29]. The projection a is instrumental in extending the definition of a
function f assigned on I' to the whole shell Us, thanks to the following relation

fP(x) = flax)) Vx e Us. 2)

Essentially, the extended function f¥ can be identified with the extension along
wires of the function f (see Figure 1). Via ¥, we may define the tangential gradi-
ent Vr f on I of the function f : I' — R as

Vrf=Vff—(n-Vfn, A3)

with V the standard gradient operator in R3. Notice that, thanks to (2), the tan-
gential gradient V f depends only on the values of f on I' despite definition (3)
involves the whole shell Us.



Figure 1: Schematic representation of the shell Us and of the extended function f¥
in (2).

Now, in view of practical computations, we replace surface I" with a polyhedral
surface I', C Uy consisting of a set 7, = {T'} of triangular faces T of diameter
hr, such that 'y, = Upeg;, T. We denote by V the set of the vertices of I';, and
we demand V C T'. Let ny be the piecewise constant unit outer normal to I',. We
assume n - ny > 0 everywhere on I';,. Moreover, since 'y, C Us, we can employ
the orthogonal projection defined in (1) to relate I'j, with I" as well, by demanding
a : I'y, — T to be bijective. The Jacobian associated with such a bijection is
denoted by pp, i.e., we have that

pr(x)dlp(x) = dl'(a(x)) Vx € Iy “4)

Finally, if I" is an open surface, we require OI' = a(0T'y,). This implies to assume
JI' piecewise linear, i.e., we are completely relieved from any error due to the
approximation of the boundary of I.

Analogously, any function f is replaced by a discrete counterpart f5. For this
purpose, we introduce the space X}, of the continuous functions which are affine
on each face T of I'}, [17] and we approximate f with a function f, € X}, to be
properly defined. We denote by ¢,, € X, the standard basis function associated
with the vertex z; € V, such that o, (z;) = J;;, for any z;,z; € V, with d;; the
Kronecker symbol.

An anisotropic estimate for the difference between f and f; will drive the
adaptive procedure presented in the next sections. In particular, f; will be identi-
fied with an interpolant of f.

2.1 Source of the anisotropic information

To deal with anisotropic grids, we need more information about the mesh elements
with respect to the isotropic case. Indeed, the goal is to uniquely define not only
the size, according to an isotropic approach, but also the shape and the orientation
of each face T' of the mesh. For this purpose, we extend the approach proposed
in [22] for a 2D planar setting to a non-planar framework.
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Figure 2: Geometric interpretation of the map Fr and of the main anisotropic
quantities.

We choose as source for the anisotropic information the invertible affine map
Fr from a reference planar triangle T C R2 to the general (non degenerate) tri-
angle T' € T, embedded in R? (see Figure 2). The map Fr : T — T is defined
by
x = (21, 22,23) = Fr(X) = MyX +br €T, (5)
with X = (Z1,72) € ’f, Mr € R3*? and by € R3. In particular, we select
as reference element 7' the triangle with vertices (0,0), (1,0), (0, 1), i.e., the unit
right triangle. For this choice, we have

vi—vp v vi

— 2 1 3 1 _ 1
MT — U2 - U2 U2 - /U2 3 bT — U2 5

vi— vy vi— g v3

where v/ = (v{, v}, vg)’ ,for j = 1,2, 3, denotes the j-th vertex of the triangle 7.

The anisotropic information of each triangle 7' is derived moving from the
spectral properties of the matrix M. In particular, we resort to the singular value
decomposition (SVD) of My given by M = UTETVT’, where Up € R3*3 and
Vi € R?*? are unitary matrices, while X7 = diag(s; T, s2,7) € R3*? is a rect-
angular diagonal matrix with non-negative real entries representing the singular
values of My [31]. The columns of the matrices Ur = [ryp,r2 7,0y and Vp
collect the left- and right-singular vectors of My, respectively. The SVD of Mp
allows us to completely characterize the triangle 7" € 7j,. In particular, the singular
values of M7 measure the lengths of the semi-axes of the ellipse circumscribing
T and lying on the plane identified by 7', while the singular vectors r1 7 and ro 1
provide the directions of these semi-axes (see Figure 2). Without loss of general-
ity, henceforth we assume s 7 > s 7. Moreover, we introduce the definition of
aspect ratio op = s1.1/s2.7, which quantifies the deformation of the element 7.
In particular, the aspect ratio is always greater than or equal to one, with o = 1



when T coincides with an equilateral triangular face. Notice that the vector by in
(5) is simply associated with a shift and does not play any role in identifying the
shape of 7.

Now, in view of a mesh adaptation procedure, we define a suitable interpolation
operator. Here and throughout the paper, we adopt a standard notation for both the
Lebesgue and Sobolev spaces of functions defined on surfaces as well as for the
associated norms (see, e.g., [16, 17]). Following [14], given a function f : ' — R
such that f € L'(T"), we first introduce the averaged nodal values

1
I = T / pufP dwy V2 EV, (6)
fwz SOZ Wz, Wz

where w,, is the patch of the faces in I';, sharing vertex z, f¥ is the extension of
the function f to Us according to (2) and ¢, is the basis function associated with
vertex z. Thus, the interpolant we are interested in is given by

IfP(x) =Y tFea(x) VfeL'(D). (7)

zeV

Actually, I}, is a quasi-interpolant operator, similarly to the well-known Clément or
Scott-Zhang interpolants ([9, 46]; see, e.g., also [2, 21, 22]). Moreover, we remark
that, since functions {(;},cy constitute a partition of unity, the L (I',)-norm of
the interpolation error is identically equal to zero, i.e., we have

/Fh(f ~ ) drh—z/ — 1E)pudu, =0,

zcV

being supp(p,) = w,. In the sequel, we identify the approximation f, € X, for
the generic function f defined on I" with the interpolant in (7). In particular, an
anisotropic control for the L!(I')-norm of the error f — f;, (i.e., f — I f¥) will
drive the mesh adaptive procedure presented in this paper.

3 Anisotropic error estimates

The results in this section provide the theoretical tool at the basis of the proposed
adaptive procedure. We exploit the standard decomposition of the error into a con-
tribution related to the finite element approximation and a contribution associated
with the geometric approximation of the surface I via I'y, [14]. In particular, since
we deal with an interpolation error analysis, we neglect any error associated with
the data approximation, as well as we identify the discretization with the interpo-
lation error. The idea pursued in the following is to provide an anisotropic control
for both the interpolation and the geometric errors.



3.1 The interpolation error

To derive an anisotropic bound for the interpolation error f — I f¥ associated
with the operator (7), we preliminarly prove the following result which generalizes
Lemma 2.2 in [14] to an anisotropic context.

Lemma 1 (anisotropic Poincaré inequality) Let f € H'(T'). Then, for each
node z € V, there exists a constant C such that

2
1~ e <€ 3 (X strrlaGn(Pr)] . ®
TEWz =1

with f¥ : Us — R the extension of f to Us according to (2), fF defined as in (6),
and where G is the symmetric positive semi-definite matrix given by

/T(91)2dT /Tgng ar /T9193 ar
Gr(fF) = / G192 dT / (g2) dT / G2gadT |, ©)
T T T

/ g dT / 425 dT / (95)2dT
L T T T _

where g; = (Vph fE)Z ,fori =1,2,3, denotes the i-th component of the tangential
gradient Vv, f¥ = VfE — (ny, - VfE)ny, with respect to the standard Cartesian
coordinate system in R3.

Proof The first part of this proof exactly follows proof of Lemma 2.2 in [14].
Thanks to definition (6) and the Cauchy-Schwarz inequality, we first get

[0zl 22 (wp)

W E N L2y = |wal V2 FE| < g V2202
LA () 102121 (wa)

1FE 2y, (10)

with |oo| the measure of a generic set w C RY, for d = 1,2, 3. Now, by exploiting
the map Fr in (5), for each T € w,, we consider the piecewise affine map F; :
W, — wy, Where &, coincides with the union of the inverse image F;, 1(T ) of
all the triangles T' constituting the patch w,. Analogoulsly, we denote by u the
inverse image of a generic function u € H'(T'},) via the map Fr. The L?(w,)- and
the L!(w,)-norms in (10) can be easily computed coming back to the reference
framework as

A T A G

el ) = / (eo)’ar = S~ T [ (5,7 af = |, 22122
bries) Z T Z 7] J7 e 7]

(11)

where H@Z”Ll(f) = 1/6, H‘EZHL?(T) = 1/1/12, and |T| = 1/2. By substituting

(11) in (10), we get
3
AP E2 () < \/;HfE|L2(wz)'
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In a similar way, for a constant K € R and thanks to definition (6) and to the
Cauchy-Schwarz inequality, we have

; — K = |w,|V2|fF - K| = o |2 E_K)o,d
152 = Kllr2,) = lwal 21f7 — K| = ‘f d (f )pa dw,
wgz Pz Wy wa
’wz‘l/z E 3 E
allt on) 1% = Kl 2 () leall 2 (w,) < 3 1% = Kl L2

The triangle inequality immediately yields

3
1£7 = £ llr2on) < (Hﬁ)lle—KHLz(wZ)- (12)

Now, the idea is to properly select the constant K and to exploit the spectral de-
composition introduced for Mr to obtain an anisotropic bound for the right-hand

side in (12). We choose K = |T|~! /A n(X) dT', where 7 is a function defined
T

on T such that n(X) = f#(Fp(X)), for any X € 7. Thus, thanks to the standard
Poincaré inequality, we have

T T _
177 = ey <€ S [ nprar <o 3 B [ (@n)tar,

TEw, |T| TEw, |T‘

with V the gradient operator associated with the coordinate system (Z1,Z2) in the
reference setting, and where C' does include the constant value in (12) and the
Poincaré constant as well. We remark that %77 = M}V, f £ This yields, coming
back to I';,, that

If5 =t HLsz)fC Z/‘MTVFth| dT.

TeEwy,

To introduce the anisotropic information, we resort to the SVD of M7 = UrXr Vr},
to have

HfE fz ”LQ(wz < C Z / vl_‘h ) UTETETUT(thfE)} dT (13)
TEw,

where matrix V7 does not provide any contribution since V.V = I. Now, the
product UrXpX/.Ul in (13) can be easily expressed in terms of the anisotropic
lengths s; 7 and directions r; 7 as

UrSr¥; UT—ZslTrzTe@rzT,
=1



® denoting the standard outer product between vectors. This leads to rewrite (13)
as

2
||fE - ff”%?(wz) <C Z [ngTL (vrth)/ri,T®ri,T(thfE) dT}.

Tew, i=1

Straightforward algebraic manipulations show that
(Ve f5) rir @ vir (Vo £7) = ¥ oV, £ @ Vi, fPriz = vj o Go(fF)rir,
with G defined as in (9). This completes the proof.
O

Remark 3.1 The quantity C' in (8) actually coincides with a constant value since
it does not depend on any geometric feature nor on the regularity of the function f.
Moreover, the introduction of the shell Us containing the surface of interest allows
us to manage the tangential gradient as a standard three-dimensional entity. This
device justifies that the matrix in (9) has a rank at most equal to two.

As expected, the anisotropic estimate (8) provides as a particular case the cor-
responding isotropic estimate, i.e., inequality (2.2.29) in [14]. Estimate (8) exhibits
a more complex structure with respect to the isotropic result but it provides more
information about the element 7. In particular, the diameter h, of the patch char-
acterizing the isotropic estimate is replaced in (8) by the anisotropic lengths s; T,
with i = 1,2. Likewise, the first order derivatives involved in the L?(w,)-norm
of Vr, f £ in the isotropic case are now projected along the anisotropic directions
r; 7, with ¢ = 1, 2, via the products rngGT( e )r; 7. This richness of information
will allow us to fix, in a predictive way, the size (usually tuned by the diameter) to-
gether with the shape and the orientation of the generic element T € 7}, by setting
the quantities s; 7 and r; 7, respectively. The intrinsic potentiality of estimate (8)
becomes more evident by rewriting it in terms of the aspect ratio o as

1 1/2

175~ iz < O | 31T (0r¥ 2 Cr (P st ey Gr (PP )|
TG(JJz

(14)

where we have exploited the relation |T| = |T' |s1,7s2,7 by including the constant

area |T| = 1/2 into C. Thus, |T| provides the information associated with the size
of T', the shape of 7' is identified by the aspect ratio o, whereas the orientation of
T is fixed by the directions ry 7 and ra 7.

Next result represents the main theoretical statement of this paper and it will
play a crucial role in setting the anisotropic mesh adaptive procedure.

Proposition 2 Let f € H (') and let f¥ : Us — R be the extension of f to Us
according to (2). Then, there exists a constant C such that

1f = InfEll ey < C > 1T 2agvr(or,rir, £7), (15)
TET,

9



where ap = Z l@ztinll L2(w,) With pp defined as in (4) and ¢, the basis function

zeT
associated with vertex z, while

1 1/2
vr(or, 17, f7) = (CTTP/LTGT(fE)FLT + EIJQ,TGT(]CE)I'Q,T) ,
with G the matrix in (9).

Proof By employing the Jacobian py, in (4), the definition (7) of the interpolant
operator and the partition of unity property characterizing the set {¢,},cy, we get

If = InfZl / |f(x) = Inf¥(x)| d
r
- /F FP(x) — T f ()| ()] dT

S TS SN

zey

- /F Z(fE(X)_ff)SOz(X)",u,h(x)‘dph
h ' zeVy
< Z/ ‘fE(X) - fZE{ |0a(x)pn (x)| dws,
zey v Wz

where the localization of the integral on I';, to w, is due to the local support of p,
coinciding with w,. Via Cauchy-Schwarz inequality and thanks to estimate (14),
we derive

1 = Inf Py < DO IFE = £ 2 (on) loatinll 2(wn)
zcY

/
< O leamlizen | 3 1N (orthaGr(rBimg + s 2Gr(rFrar)]

zey TEwsy

A reordering of the terms leads to the final result.

O

Remark 3.2 The dependence of v on ro 1 is implicit, due to the orthonormality
of the singular vectors v 1 and ro 7. Moreover, the constant involved in (15) is an
actual number which does not imply any peculiar dependence, exactly as for the
constant C'in (8).

Remark 3.3 The choice of the L' (T')-norm to estimate the interpolation error is
likely not the most standard one in the literature, where the L*(T)- and the H'(T')-
norms are usually employed, both in an isotropic and in an anisotropic context
(see, e.g., [8, 48, 1, 22, 28, 13, 17]). Nevertheless, as it is evident from the proof
of estimate (15), the L'(T)-norm allows us to exploit the anisotropic Poincaré
inequality in a straightforward way to bound the interpolation error.
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3.2 The geometric error

After deriving a theoretical tool to control the interpolation error in an anisotropic
framework, we are now interested in controlling the error due to the fitting of the
surface I' via the polyhedral approximation I'y,. Nevertheless, while estimate (15)
is the result of a rigorous analysis, the estimate we propose for the geometric con-
tribution is essentially heuristic. In more details, to quantify the mismatch between
I" and T'},, we resort to the signed distance function d whose zero level set coin-
cides with I". In particular, the employment of the orthogonal projection a(-) in
(1) to relate " and I';, via a bijection suggests us to identify the geometric error
with the quantity ||d — Id|| 1 (r), after assuming sufficient regularity on function
d. In some sense, we are supposing that the discrete surface I';, coincides with the
zero level set of the function I,d. In § 5.2.1, we provide a numerical justification
to support this ansatz. Such an identification immediately leads us to provide an
anisotropic estimate for the geometric error, simply by particularizing Proposition
2 to the distance function d.

Proposition 3 Let d : Uy — R be the signed distance function associated with
the implicit representation of the surface I and let us assume d € H'(Uy). Then,
there exists a constant C' such that

ld = Indll oy < C > |T1M2agvr(or, vy, d), (16)
TeT),

with oop and vr(or,r1 7, d) defined according to Proposition 2.
O

By comparing estimates (15) and (16), we remark that the distance function
d does not require any extension via the projection operator a(-), since d is de-
fined directly on the whole shell Us. Moreover, the regularity demanded on d is
automatically guaranteed for smooth surfaces as the ones considered in § 5.2.

Other examples of geometric error control are available in the literature (see,
e.g., [14, 12, 13, 25]). For instance, in [14] this control is a byproduct of the a
posteriori residual-based error analysis developed for the problem of interest. In
this case, an asymptotic analysis shows that the geometric error is a higher order
term with respect to the discretization contribution.

Moving from Propositions 2 and 3, we define the a priori anisotropic error
estimators

nr = Z nr with npr = TV 2azvr(or, vir, f7)
TeET,

and

ne= Y ner with ner=|T|"?arvr(orrir,d),
TeT),

11



to control the interpolation and the geometric error, respectively. The two estima-
tors share the same structure and both depend on the anisotropic geometric quan-
tities. In § 5.2, we will numerically investigate the convergence rate of the two
estimators 77 and 7.

The next effort consists in conveniently combining the information associated
with the function f and the surface I to drive the mesh adaptive procedure.

4 Merging the interpolation with the geometric error

The goal of this section is twofold. First, we propose a method suited to com-
mute, separately, estimators 77; and 7 into an operative procedure to anisotropi-
cally adapt the mesh 7j,. Successively, we consider different techniques to merge
the information provided by the two estimators. Actually, the global estimator
nig = M1 + ng will be employed only to estimate the global error. To generate the
adapted mesh, we will resort to a more intrinsic way via the concept of metric [27].

4.1 From the estimator to the metric

A metric associated with the surface I' C R? is a simmetric positive semi-definite
tensor Mrp : I' — R3*3 identified, for each point x € T, by two strictly positive
scalar functions p; = pi(x) and p2 = pa(x) and by three vector functions u; =
u;(x), uz = uz(x), uz = uz(x) € R3 of unitary norm, such that u;(x)-u;(x) = 0
for any x € I' and for i # j, with 4, j = 1,2, 3. Thus, for each point x € I,

Mr(x) =Ux)R2(x)U(x)

YA 0 07 [ wx
= [wi(x) uz(x) us(x)] 0 1/p3(x) 0 | | uj(x)
0 0 0 uj(x)

(17)
We remark that, since the diagonal matrix has rank at most equal to two, we can
identify us with any vector function, for instance with the outward unit normal n
to I at x, coherently with the fact that the metric Mp(x) is defined on the plane
tangent to I" at x.

Definition (17) may be particularized to a polyhedral surface I';, C R3, thus
identifying the metric Mr, . In this context, it is rather standard to approximate
M, via a piecewise fuction, constant on each element 7" of I'},.

The actual goal now is, in some respect, the opposite one, i.e., the surface mesh
I'j, becomes the unknown. In particular, evaluating the estimators 17, g on a back-
ground mesh, 7,2, we predict a metric M, piecewise constant on Y}LB, to generate
a new adapted mesh, TA, which follows the directionalities of the function f and
of the actual surface I with a desired accuracy. In more details, we define M such
that M‘T = U{FREQUT where, for any T € T.B, Up = [uT’T u; O]/ € R3*3
and Ry = diag(pj 1, p51,0) € R**3. Then, starting from the predicted metric
M, we employ a metric-based adaptive procedure to build the mesh %A- Notice

12



that we have exploited the arbitrariness in the choice of uj ., by identifying it with
the vector identically equal to zero. 7

In the following, we detail the approach followed to derive the piecewise con-
stant tensor M, by extending the strategy proposed in [23] for the planar case to the
context of a surface. In more details, we aim at minimizing the number of elements
to be employed for guaranteeing a given solution accuracy by properly selecting
the size, the shape and the orientation of each element. In addition, we demand
that each element provides the same error by invoking a standard equidistribution
criterion. To define M, we refer to the generic anisotropic error estimator

n= Y ur with nr=|TP*arvr(or,rir.9), (18)
TeT,

where
— I A I, = 1/2
vr(or,riT,9) = (UTFLTGT(Q)I"LT + EI‘ZTGT(Q)TZ,T) )

with g a generic H'(I')-function, @ = ar/|T|"/? and Gz = G7/|T| the dimen-
sionless counterpart of a7 and of the matrix G, respectively. In view of practical
computations, estimator 7 will coincide with n; (¢ = f¥) or ng (g = d) or with a
combination of them as detailed in the next section. Notice that, since both @7 and
@7 are dimensionless, the information related to the area of 7" in (18) is essentially
lumped in the factor |T'[/2 (at least asymptotically).

Let TOL be the accuracy to be guaranteed via the generation of the adapted
mesh ’Z;lA. We demand that the local estimator 77 in (18) is such that

TOL

— 75 (19)
h

\T1*2 @ vr(or, v11, )

where #ThB denotes the cardinality of the background grid. According to a predic-
tive approach, we compute the quantities @y, |T| = |T |s1.782.7, Gr(g) and #7T,2
on the background grid, while o7 and r1 7 become the actual unknowns. Thus,
since on the right-hand side of (19) we have a constant value, the minimization of
the number of mesh elements coincides with the maximization of the element area,
i.e., with the minimization of the function 77 (o7, 11 7, g) With respect to o7 and
ri,7. As a consequence, for each element 1" € ’Z;ZB, we solve the local constrained
minimization problem:

{ find o, r} ; s.t. Up(o),r] r,¢g) be minimized,
7 ) (20)

with o7 > 1 and r;iT . r;T = 0;; for i,5 =1,2.

The optimal value r3 ,» for ro 7 is implicitly identified by the orthonormality re-
lation between rq1 7 and ro 7. The minimization problem (20) can be explicitly
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solved with straightforward computations, without demanding an extra computa-
tional burden. Indeed, following [38], we obtain

()12
(p2,r)'/?’

where (Hi,Ta wi,T), with ¢ = 1, 2, are the eigenvalue-eigenvector pairs of the ma-

* * *
ro=wr, Ty =WiT, O = 2D

trix Gr(g), with pug 7 > po 7. This provides the optimal value 21/2 (ILLLTMZT) 1/4
for 7(o7., r} 1, g) which does not depend anymore on the aspect ratio. The equidis-
tribution constraint in (19) leads us to find separately the two optimal anisotropic
lengths s7 - and s - whose ratio coincides with o7 in (21). In more details, solv-
ing the eq{lations 7

. 1/2
=13/2 (ox ok \3/2— o1/2 1/4 _ TOL S0 HMar
(TP (510 s5.0)" " 22 (i r o) - = 7 R PV

; Ho 1

we get
" ( 1 (,ULT> 1/2 TOL > 1/3 22)
s1p = ~ ,
1,7 21/2 H%,T #%B ar \T|3/2
. 1 (o 1/2 TOL 1/3
50 = 5173 ( 5 ] (23)
2 5% #TPap T

Thus, the optimal metric M turns out to be defined via the elemental matrices
M|, = UpR: Uy, with

/!
?

Ur = [uir up 0], Ry =diag(pi 1, p51,0), (24)

where uZT = r;T, p;T = S;T’ for ¢ = 1, 2, according to definition (21) and (22)-
(23), respectively. Finally, the metric M is employed to generate the new adapted
mesh ThA via the procedure detailed in § 5.1.

Remark 4.1 As an alternative to the minimization of the number of mesh elements
for a fixed solution accuracy, we might fix the cardinality of the mesh while max-
imizing the accuracy of the approximation. Similar computations lead to identify
the optimal metric M also in this case. Essentially, the tolerance TOL involved in
the computation of the optimal values u;T, pzT has to be modified.

4.2 Combination of metrics

Before detailing the adaptation procedure, we consider the issue of dealing, a pri-
ori, with two different metrics M and Mg associated with estimator n; and 7g,
respectively. Both these metrics are computed starting from the same background
grid 7,2, i.e., for each element T' € 7,2, we have two predictions for the opti-

. . . . . !/
mal size, shape and orientation provided by the matrices Z/{% = [u{; ué} 0] ,
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R = diag(p)r, p577,0) and U = [uf’y w7 0], RE = diag(pT'r, px. 0)
yielded by the minimization problem (20) for ¢ = f¥ and g = d, respectively
when combined with the equidistribution of the error.

The role played by M and M is completely different: M is instrumental to
control the error related to the function f, while M is meant to limit the error due
to the approximation of I' via I'y,. Ideally, we aim at controlling both these error
sources. The idea is to combine metrics M and M to get both benefits. For this
purpose, we investigate three different techniques, according to which the metric
M ¢ driving the adaptive procedure coincides with:

a) the metric intersection M7, = M N Mg, based on the simultaneous re-
duction of the metrics M and M (we refer to Chapt. 10 in [27] for the
technical details). This approach represents the most straightforward way
to merge the discretization with the geometric error control even though, in
some circumstances, the results tend to be overly conservative since the inter-
section of two anisotropic metrics does not necessarily yield an anisotropic
metric M, (see Figure 3 for an example);

b) the maximum metric M7E, such that M7E* T is the metric associated with
the maximum local estimator between 77 7 and ng 1, forany 7' € 7713 ;

¢) aconvex combination of the two metrics M and M. In particular, we start
from the convex combination ynrr + (1 — v)ng,r of the local estimators
with v € [0, 1]. Then, following Proposition 5.4 in [37], we advantageously
exploit the common structure shared by n; v and 7¢, 7 to combine them into
the single estimator

n’IYG,T = ‘T|3/2 aTv%(aTvrl,T’vad)a (25)

where
= E ! AV pE 1 ! A7 pE 1/2
VT(UTarl,Taf 7d):(UTr1,TGT(f 7d)1"1,T+EI‘2,TGT(f >d)r2,T)

with GA(fP,d) = v> Gr(fF) + (1 — v)2 Gr(d). At this point, by mim-
icking the procedure employed to convert estimator (18) into the optimal
metric identified by (24), we get the metric M?G’ automatically blending
the interpolation with the geometric information.

We remark that approach c) allows us to skip the computation of the two distinct
optimal metrics M and M. A single optimal metric is derived after defining the
new error estimator 7/, = Z Nig.r With njg p asin (25).

TeT?

Independently of the approach followed to get metric M g, we eventually deal
with an elemental predicted metric M 1G|T’ for each element of the background
grid ’]}LB . This elementwise anisotropic information will drive the adaptive proce-
dure.
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Figure 3: Examples of mesh intersection M; N M.

In § 5.2 we numerically investigate the different approaches a)-c) by comparing the
corresponding performances.

5 Numerical assessment

This section illustrates the algorithmic and computational kernel of the paper. After
setting the adaptive procedure to commute M ;¢ into practical operations yielding
the adapted mesh 7, we consider two test cases to investigate the robusteness of
the proposed adaptive tool.

5.1 The adaptive procedure

To generate the mesh 7,4, we adopt a metric-based adaptive procedure, a standard
approach in an anisotropic framework (see, e.g., [25, 23, 10, 43, 4]), since, as
detailed in the previous section, a metric exactly collects all the information needed
to uniquely identify size, shape and orientation of a generic triangle 7'. The optimal
goal is to obtain a mesh ThA such that each element 7' € 7}1‘4 coincides with a
unitary equilateral triangle with respect to the metric Mg, i.e, ||e||m,, = 1, for
any e € T and for any T' € T,2, with |le[|p,, = V€ Mg e. Clearly, this target
is not exactly reachable in a general case. We devise an optimization procedure
to minimize the distance of the adapted grid to the optimal one, in a sense that is
described in the following.

We resort to the following multi-choice criterion: for any edge e of the skeleton
Ep of the background grid 7,7,

i) if [[e||m, = 1, the edge e already has the optimal length with respect to the
predicted metric and can be directly identified with an edge of the adapted
mesh 7,4;

ii) if ||e||pm, > 1, the edge e is too long according to the predicted metric;

iii) if |le[| s, < 1, the edge e is too short according to the predicted metric.
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Figure 4: Swapping of the edge ab (left); instance of unswappable edge ab (right).

In both the cases ii) and iii), the edge e cannot be assumed as definitive but it has
to be properly modified before being included in ThA. For this purpose, we employ
an iterative procedure based on local operations. The meshes playing the role of
background and adapted grid clearly update during the iterative process.

To compute the length [|e]| o, starting from the elemental metrics Mg |,
we first assign a metric M7, to each node z of the current mesh, by computing
the mean of the metrics associated with the triangles of the patch w,. Then, let a
and b be the endpoints of the edge e and let M7, and M'IDG be the corresponding
metrics. We compute

lellatre = max (llellage - llell e, )-

where [le[| ez, = (/€ Mige forz = a,b.

The section is organized as follows. Section 5.1.1 itemizes the local operations
used to ensure criterion i) for each edge of the final adapted mesh, while in § 5.1.2
we fix a precise sequence of local operations to set the adaptive procedure. This
represents a first attempt to combine the anisotropic error analysis based on the the-
ory in [22, 23] with an adaptive procedure exploiting local operations. Moreover,
we remark that, since we have a unique metric merging the information related
to function f and to the surface fitting, we are relieved from distinguishing in the
adaptive algorithm two distinct phases to control the different errors.

5.1.1 Local operations

We use four different operations.

A. Edge swapping Edge swapping turns out to be among the most efficient and
effective local operations to anisotropically modify a generic triangular mesh [24,
5]. Edge swapping works on pairs of adjacent triangles sharing a common edge,
e.g., triangles Agpe, Apad in Figure 4, left which share the edge ab. The effect
of such an operation is to replace these two triangles with the new ones A,cq and
Acdb, simply by considering the edge cd instead of the original one ab. In the 2D
planar case this ensures that the area portion occupied by the original elements is
preserved after the swapping.

17



It is not always possible to apply an edge swapping even in a planar framework.
With reference to Figure 4, we can swap the edge ab if the following conditions
are verified:

R1) the edge cd does exist in the mesh (the meaning of this condition is clarified
in the next section);

R2) there does not exist an obtuse angle adjacent to the edge ab. Figure 4, right
furnishes an example of unswappable edge. The new edge cd leads to oc-
cupy a portion of the domain area before not included in Aape U Apag.
Moreover, the conformity of the mesh is compromised.

The edge swapping becomes a more complex operation when dealing with a trian-
gular surface mesh, due to the intrinsic curvature of the surface. This is particularly
troublesome where the mesh exhibits ridges. As exemplified in Figure 5, left an
edge swapping may lead to an incorrect approximation of the surface, by violating
the corresponding curvature. To overcome this issue, an additional condition is
checked besides the two previous ones:

R3) the angle 6 between the normals to the faces Agpe and Apaq is smaller
than a minimum threshold 6,,,;,, (in the numerical validation below, we set
Hmin = 150)-

After stating the geometric and topological consistency of the edge swapping
operation, we fix the following criterion in view of the mesh adaptation: we swap
the edge ab if

ledlLvtse = 1| < | llabllvese — 1. 6)

i.e., if the length predicted by the metric M for the edge cd is closer to one
compared with the length of ab.

Due to the important role played by the edge swapping in view of an anisotropic

mesh adaptation, we have settled a new edge swapping routine starting from the
well-known Lawson flip algorithm for the construction of a two-dimensional planar

b b ¢ c
a a d
a a
b b
d d

Figure 5: Example of a not allowed edge swapping, yielding a distorted approxi-
mation of the original ridge (left); splitting of the edge ab (right).
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Delaunay triangulation [36]. In particular, we modify the original algorithm to deal
with surface meshes and to include the metric-based check (26).

To start the edge swapping algorithm we need two stacks, S and S;. At the
beginning, the stack .S contains all the edges to be checked, while .S7 is an empty
stack which gradually collects the currently non swappable edges. The algorithm
may be applied globally, i.e., to all the edges of the current grid, or just locally,
namely to a subset of elements. For the sake of simplicity, we refer to the config-
uration in Figure 4, left by assuming that, at the beginning, .S cointains only the
edge ab.

Thus, the variant we proposed for the Lawson flip algorithm reads as:

Edge swapping algorithm

EdgeSwap(S, S1)

1: while (S is non—-empty) do

2: count = 0;

3 while (S is non-empty) do

4 pop ab from S;

5 if (cd does meet conditions R1) and (26)) then
6: if (ab does meet conditions R2) and R3)) then
7 flip ab into cd;

8 for (xy € {ac,cb,bd,da}) do

9: push xy into S;

10 end for

11: count = count + 1;
12: else

13: push ab into Si;
14: end if

15: end if

16:  end while

17:  if (S1 is non-empty and count > 0) then
18: swap S and Si;

19:  end if

20: end while

Essentially, we may distinguish an inner (lines 3-16) and and external (lines 17-
19) loop. In the inner loop, as it is standard according to the Lawson procedure, the
check for the swapping propagates from the edges contained from the beginning
in S and which are recognized as swappable to the corresponding neighbouring
edges. The three topological criteria R1)-R3) and the metric check (26) have to
be satisfied to consider an edge as swappable. In particular, if the edge ab does
not meet criteria R2) and R3) even though the edge cd satisfies conditions R1) and
(26), the edge ab is automatically moved to stack S;. The Edge Swap algorithm
is such that, once an edge has been swapped, it will never be re-generated. Nev-
ertheless, before closing the procedure, the external loop performs an additional
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Figure 6: Splitting of the edge ab via the addition of the point v and projection of
v on the surface I' via point d.

check on the edges previously discarded since identifying a non valid topological
configuration even though leading to an improvement in terms of metric.

Numerical experiments show that algorithm EdgeSwap is very efficient. As
detailed in the next section, we employ this algorithm in a combined way, i.e., each
time we locally modify the mesh, we push the edges involved by this operation into
the stack S and we employ function Edge Swap. Successively, the edge swapping
is applied to the whole mesh to make the Mg-lenght of each edge as close as
possible to the unitary value.

B. Edge splitting This operation plays an important role in view of a local refine-
ment of the mesh. The idea is to increase the mesh resolution where the solution
exhibits strong variations, by locally reducing the size of the mesh and by stretch-
ing the elements according to the directional features of the solution.

First, we identify the edges to be split, i.e., the edges whose length predicted via the
metric M ¢ is greater than one. Then, we halve each of these edges by inserting a
new vertex at the corresponding midpoint. With reference to Figure 5, right, if the
edge ab is classified as a too long edge, we replace the two faces Aape and Apag
with the four faces Aave, Avebs Avbd, Avda by adding the new vertex v at the
midpoint of ab.

An extra care has to be taken since we are dealing with a polyhedral surface. As
depicted in Figure 6, center the addition of the new vertex v does not necessarily
lead to an improvement in fitting I' via the discrete surface I';,. As a consequence,
after the addition of the new vertex, we project v on the surface I" by resorting to
the algorithm proposed in [32]. This simple device necessarily yields an effective
improvement in the approximation of I" as shown in Figure 6, right.

C. Edge collapsing Mesh coarsening pursues the opposite goal with respect to
mesh refinement, namely the mesh elements are properly enlarged where the so-
lution exhibits a smooth behaviour. The most significative operation in view of a
mesh coarsening is the edge collapsing which represents, in some sense, the inverse
operation to the edge splitting. In more details, to perform the edge collapsing, we
resort to an edge contraction technique ([34, 35, 44]), after identifying a too short
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Figure 7: Contraction of the edge e into the vertex v (left); example of invalid
topological configuration yielded by the contraction of the edge e (right).

edge, namely an edge e with ||e||rr,, < 1. With reference to Figure 7, left we
contract the edge e by progressively moving vertex a towards vertex b until they
both coincide with vertex v. The faces Apax and Ayy, are removed by the con-
traction, thus reducing the cardinality of the patch A, while preserving the covered
area and the conformity of the mesh.

Different choices are possibile to fix the position of the vertex v. We usu-
ally select the midpoint of the edge to be contracted unless this choice does lead
to invalid topological configurations, e.g., to inverted triangles characterized by a
negative area. Figure 7, right exemplifies such a possibility. Following [18], to
overcome this issue we make an additional check on the vertices connected to the
endpoints of the edge e, i.e., on the sets of vertices connected to a and b, respec-
tively. In particular, if the intersection between these two sets includes any point
different from the vertices of the faces Apax and Apyy, the contraction of the edge
ab into the vertex v leads to an inverted triangle. In the specific case of Figure 7,
right, the presence of the point c justifies the failure of the contraction algorithm.

Of course, other techniques may be exploited to avoid these incorrect configu-
rations as well as to select the vertex v (see, e.g., [26, 15, 11]). Exactly as for the
edge splitting, after any edge contraction we have to project the new position of the
vertex v on the surface I' to actually guarantee the fitting of the surface at hand.

D. Node smoothing Node smoothing is a standard method to improve the qual-
ity of a mesh. In contrast to the previous ones, this operation simply moves the
nodes of the mesh in new positions without modifying the mesh topology. We may
provide a physical interpretation of this operation, by identifying the patch A, of
elements associated with the vertex v with a system of springs (see Figure 8, left).
In particular, the smoothing procedure aims at locating the vertex v in the position
that minimizes the elastic energy of the whole system. In an isotropic context, the
smoothing moves v to the barycenter of A,,. On the contrary, when dealing with an
anisotropic mesh adaptation, we have to properly include the effect of the metric,
for instance by varying the stiffness coefficient of the different springs.

Exactly as for the edge collapsing, the new position for the point v may lead
to invalid configurations as dipicted in Figure 8, right where inverted elements
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Figure 8: Node smoothing: example of valid (left) and of not valid (right) config-
uration.

are generated by the smoothing of v. As a consequence, a careful check on the
predicted new configuration is performed before applying any smoothing.

5.1.2 The adaptation sequence

The iterative procedure that leads to the generation of the optimal mesh with ||e|| r(,, &
1, might be strongly affected by the selected sequence of local operations to be ap-
plied to the initial mesh.

We resort to the following strategy. Essentially, the edge splitting and the edge

collapsing operations, in combination with a local edge swapping and followed by
a global edge swapping, are iteratively repeated together with a cycle of runs of
node smoothing.
The iterative procedure is controlled by three different checks, involving the toler-
ance TOL assigned by the user on the approximation accuracy, a maximum allowed
number maxIter of adaptive iterations, and a check on the cardinality of the
mesh. In practice, these controls are carried out by introducing three flag variables,
ie.,

FL1) errCheck : if the global error evaluated on the new adapted mesh via
the quantity nrg = 15 + 7 is greater than TOL, errCheck is set true,
otherwise it is false;

FL2) iterCheck : the value of this flag is t rue until the number of iterations
is lower than maxIter;

FL3) meshCheck : we compute the value

’#%ld - #Zlew|
T =
# T gite g

where #7519 and # 7w denotes the cardinality of the mesh before and after
the adaptation, respectively. Then, if #7gr > 0.05, meshCheck is set
true, otherwise it is false.

The check based on the last flag is essentially meant to stop the adaptive procedure
when the number of elements involved by the local operations becomes too small
(less than 5% of the cardinality of the current mesh) to significantly improve the

22



quality of the approximate solution f, = I, f¥ as well as of the surface fitting
provided by Id.
Thus, the whole adaptive algorithm reads as follows:

Mesh adaptation algorithm

MeshAdaptation(TOL, maxIter)

l: set errCheck=true, iterCheck=true, meshCheck=true;

2: count=1;

3: while (errCheck && iterCheck && meshCheck) do

4: compute the metric Mjg associated with tolerance
TOL;

5:  split the edges s.t. |le||m,q > 1.5;local edge
swapping;

:  global edge swapping;

7.  collapse the edges s.t. |le|]|m;q <0.5; local edge
swapping;
global edge swapping;
for k € {1,....,5} do

10: smooth all the vertices;local edge swapping;

11: global edge swapping;

12:  end for

13: count=count+1;

14: update errCheck, iterCheck, meshCheck;

15: end while

The adaptive procedure stops when one of the three flags FL1)-FL3) assumes
the value false. We highlight the intensive employment of the function Edge Swap,
both at a local (lines 5, 7, 10) and at a global (lines 6, 8, 11) level, in accor-
dance with the aim of generating an anisotropic mesh. Finally, the number of node
smoothing iterations is heuristically set via a simple trial-and-error procedure.

The meaning of request R1) should be clear in the light of the whole adaptive
procedure. Since the swapping quickly propagates to the edges of the mesh, an
edge marked as swappable might be previously involved by other operations before
swappig actually takes place.

5.2 Test cases

In this section we investigate the robustness of the error analysis as well as of
the adaptive procedure set in the previous sections on both an open and a closed
surface. Starting from the same initial grid, we compare the adapted meshes gen-
erated via four different choices of the metric, namely, the three metrics M,

18, M, defined in § 4.2 together with the metric M taking into account
the interpolation error only. A more quantitative investigation of the anisotropic
analysis is also provided.
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5.2.1 Test case 1: an open surface

We consider the sinusoidal surface I'; defined by the signed distance function d; :
[0,1] x [0,1] x [-0.2,0.2] — R such that

di(x) = dq(z1, 2, 3) = 0.2 cos (mx1) cos (mxa) — w3,
and the function f7 : I'y — R with
fl(X) = fl(SI?l,CL'Q,l'g) = 4$2(1 — .Cbl)(l — xg)(l — 6—1000x1)'

Figure 9 depicts the colorplot of function f; on I'y. The solution exhibits a bound-
ary layer along the edge {(0,z2), 0 < x9 < 1}, where it reaches its maximum
value (see the highlighted area in the figure).

We run the adaptive procedure by making different choices for the metric
Mig. In particular, in algorithm MeshAdaptation, we set TOL = 6.e-05,
maxIter= 10 while we choose the value 2/3 for the parameter v combining
the interpolation and the geometric metrics.

Comparison among metrics Figure 10 compares a detail of the adapted grids
associated with the metric M, M7, M] and M, respectively which are
constitued by a similar number (about 8700) of elements. In particular, we fo-
cus on the boundary layer, i.e., on a critical region to be described. The layer is
correctly detected by all the metrics and the elements are properly stretched. Nev-
ertheless, the anisotropic features of the mesh are significantly less evident when
the metric intersection drives the adaptive procedure (compare, e.g., Figure 10 (a)

with Figure 10 (b)). This is confirmed by the maximum value o = max o of
TeT;

I 1,0000
0,75000
0,50000
0,25000
0,0000

Figure 9: Test case 1: function f; on the surface I'; (highlighted the boundary
layer).
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(a) (b)

©) (d)

Figure 10: Test case 1: detail in correspondence with the boundary layer of the
adapted mesh ThA generated via the metric (a) M7, (b) MTE, (c) M}G and (d)
M;.

the corresponding aspect ratios, which is collected in the second column of Table 1.
Notice that also the mesh in Figure 10 (d) obtained by exploiting the information
associated only with the interpolation error exhibits elements correctly stretched,
with a maximum aspect ratio comparable with the one associated with MTE*.
The benifits led by the inclusion of the geometric information in the adaptive pro-
cedure become evident if we drastically diminish the number of the elements in
the adapted mesh (i.e., if we increase the value of TOL). As Figure 11 (d) shows,
the quality of the approximation provided by M may become very poor in such a
case. The four adapted meshes are generated after fixing a tolerance TOL = 8e-04
and are characterized by a number of elements about equal to 2600. Metric M
is not able to correctly describe surface I';y with an evident loss of accuracy, for
instance, in detecting the peak of I'; located at the corner (1, 1). On the contrary,
despite the limited number of elements, the geometric information integrated in the
metrics MY\, ME*, M], are enough to meet the main geometric characteristics
of the exact surface. The best approximation in terms of geometry fitting turns out
to be the one associated with M7&*, as confirmed by the values in the third col-
umn of Table 1, where the quantity dy,x = max KeTA lpx — bk ||2, measuring the
mismatch between I'; and ThA is gathered for the four meshes in Figure 11, with
by the barycenter of the triangle K and px the corresponding projection on the
surface I'1, || - ||2 denoting the standard Euclidean norm. As expected the largest
value of dpax is associated with the mesh predicted via M.
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(@) (b)

(c) (d

Figure 11: Test case 1: adapted mesh 7;{4 generated via the metric (a) M, (b)
MEEX, (¢) M) and (d) M.

Anisotropy versus isotropy We check the computational advantages led by an
anisotropic mesh adaptation with respect to an isotropic procedure. This represents
a statement well-established in the literature (see, e.g., [6, 7, 37, 42, 47]). To make
this analysis quantitative, we introduce the following definitions

_ B E _ Cot _ _ Eq*
eor = ||f = Inf ||L1(F)a €mean = |7;1A|’ €max = :,{Ié%_ij I1f = Inf ||L1(T)'
(27)
In particular, to compute e, we employ the equality
I = 1f Py = [ 11760 = BrPeol ol ar, @8)
h

stated in the proof of Proposition 2, whereas

17 =1 ¥y = [ 17560 = 10760 )] aT
T

deriving by a localization of (28) to the mesh face T'. First, we verify that anisotropy
provides an improvement in terms of accuracy when we fix the cardinality of the
adapted mesh. Table 2 exemplifies such a trend. We have excluded from this com-
parison the adaptive procedure based on the intersection of metrics due to the poor
performances of this approach in terms of anisotropy. While a not so striking dif-
ference on the maximum error is obtained, we appreciate a reduction of at least one
third or more on the total error as well as a gain of one order on the mean error.
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metric  Omax dmax
MG 493 7.923¢-03
max 28.05 7.785e-03
M, 3697 8.537¢-03
M;  22.68 8.90le-02

Table 1: Test case 1: maximum aspect ratio and surface mismatch for different

metrics.
M irell Mg
isotropy  anisotropy | isotropy  anisotropy | isotropy  anisotropy
elements 2664 2618 3483 3434 2952 2925
Etot 3.654e-03  1.195e-03 | 3.648e-03 9.160e-04 | 4.334e-03  1.392e-03
€mean 1.371e-06  4.568e-07 | 1.047e-06 2.667e-07 | 1.468e-06 4.762e-07
€max 6.431e-05 3.135e-05 | 6.566e-05 1.669¢-05 | 1.027e-04 5.424e-05

Table 2: Test case 1: anisotropy versus isotropy for a fixed cardinality of the mesh.

Then, we perform in some sense the dual check, i.e., we fix the accuracy (TOL
in MeshAdaptation) and we assess the gain in terms of computational cost.
The results are collected in Table 3. The dimension of the linear system we are
led to solve in the anisotropic framework is remarkably lower. The maximum gain
is yielded by the approach based on the maximum metric (one ninth of elements!)
and, also in the worst case identified by metric M, we reduce of one fifth the
number of degrees of freedom.

A cross comparison between Tables 2 and 3 seems to suggest that the most

strategical choice to exploit the computational advantages provided by an anisotropic
mesh adaptation is represented by metric M75*.
Convergence analysis We perform a twofold check in terms of convergence.
First, we perform an asymptotic analysis of both the interpolation and the geo-
metric error estimators. As shown in Figure 12, left the estimator n; exhibits the
theoretical expected trend as a function of the mesh cardinality #7, namely the
rate of convergence turns out to be of the first order with respect to 1/#7 . Con-
cerning the geometric error estimator, accordingly to [14], we expect a higher order
of convergence. This statement is confirmed by the trend of ng characterized by
an order of about 1.5 with respect to 1/#7. The different order of convergence
of 7 and n¢ justifies also in some respect the good performances of the adapta-
tion procedure driven solely by the interpolation information, for a sufficiently fine
mesh.

As a second check, we have verified how the selection of a specific metric to
drive the adaptive algorithm may influence the order of convergence of the global
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M & Mig
isotropy  anisotropy | isotropy  anisotropy | isotropy  anisotropy
elements 11479 2009 18201 2024 16548 2031

Etot 3.168e-03  3.529e-03

3.159e-03  3.373e-03
1.735e-07  1.666e-06

3.049e-03  3.441e-03
1.842e-07  1.694e-06

€mean 2.759e-07  1.756e-06

€max 6.557e-05 1.814e-04 | 6.619e-05 2.089e-04 | 7.004e-05 1.651e-04

Table 3: Test case 1: anisotropy versus isotropy for a fixed accuracy of the mesh.
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Figure 12: Test case 1: convergence history for the estimators n; (solid line) and ng
(dashed line) in a loglog plot (left); convergence trend of the global error estimator
when the adaptive procedure is driven by diverse metrics in a loglog plot (right).

error estimator 17g. The numerical validation shows that no significant difference
is detected by selecting a different metric and, for all the choices of M, the order
of convergence of the global error estimator is one. In Figure 12, right we provide
an enlarged view of such a comparison, which shows the slight difference among

the procedures associated with M7,

Robustness of the error estimators

El; = i

If = InfE L

max il
7 and M.

We investigate the robustness of the error
estimators 77 and 7g, by computing the associated effectivity index

Elg

o
ld — Indl| Ly

(29)

respectively. Of course, the optimal value is 1 but, as usual, at least a stagnation
of the value of the effectivity index is desirable, when the number of the mesh
elements increases. Such a stagnation is mirrored by Table 4 for both the error
estimators 7y and 71, whose effectivity index settles around the value 1.4 and 0.8,
respectively. Thus, while the interpolation error estimator slighly overestimates the
actual error, an underestimation of the geometric error is provided by 7¢.
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elements E.IL; Elqa
2920 1.6083 0.927002
6635 1.4692 0.888572
10573 1.4105 0.851926
14240 1.4798 0.874772

Table 4: Test case 1: effectivity index for the interpolation and the geometric errors.

Figure 13: Test case 1: particular of the function f; on the surface I'; for v = 0.1
(left), 0.5 (middle), 0.7 (right).

Sensitivity with respect to v We analyze the sensitivity of the adapted mesh
yielded by the metric M, with respect to the value of the parameter . To this
aim, we fix the tolerance TOL to 2.e-05 and we choose v = 0.1, 0.5 and 0.7. This
choice leads to gradually increase the contribution of interpolation information in
the metric M?G. Notice that the selected TOL is sufficiently small to ensure a rather
accurate description of the surface independently of the value « and in accordance
with what stated in the first paragraph of this section. We focus on the peak at
(1,1) since, at a glance, the difference among the whole adapted meshes is not so
striking.

Figure 13 depicts the enlarged view of the adapted mesh for the three values of
v, together with the contour lines of the solution. We appreciate that the gradual in-
clusion of the interpolation information provides smoother contour lines, together
with a slight increase of the mesh cardinality and of the aspect ratio of the elements
which are correctly stretched to follow the directionalities of the surface.

Mismatch between I';, and [,d As last check we furnish a numerical support
to the assumption made in the statement of Proposition 3. To verify that the zero
level set of function I,d may be assumed as a surrogate of the discrete surface I'y,
we compute the value of I;,d on the adapted mesh I', and we check if such a value
approaches zero when the surface mesh is gradually adapted.

Figure 14 certifies the expected trend. We plot the interpolated distance func-
tion I d on three adapted meshes consisting of 1643, 3792 and 6051 triangular
faces (top-bottom), respectively. The values assumed by [;,d exhibit a more uni-
form distribution and are closer to zero as the mesh is progressively adapted. More-
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over, the maximum value reached by I;,d also on the coarsest grid is not so large
(about 8.e-03). This confirms that I;,d may be reasonably employed to represent
the discrete surface I'y,.

5.2.2 Test case 2: a closed surface

Let I'y be the toroidal surface coinciding with the zero level set of the signed dis-
tance function ds : [—1.5,1.5] x [—1.5,1.5] x [—0.5,0.5] — R such that

2
day(x) = da(z1, 22, 23) = <0.5 — /22 + x%) + 22— 1.

On this surface we assign the function f : I's — R given by
fo(x) = fa(x1, 2, 23) = 100 tanh (40z;)

which essentially assumes the two constant values —100 and 100 separated by a
steep gradient located in correspondence with the two unitary circumferences in
the plane z2Ox3 and centered at (0, -1,0) and (0,1,0), respectively (see Figure 15
for the colorplot of the function).

On this new configuration we repeat some of the numerical controls performed
in the first test case.
For this purpose, we run the adaptive algorithm MeshAdaptation by setting
TOL = 5.e-03, maxIter= 10. Moreover, we fix v = 2/3 for the parameter
mixing the interpolation with the geometric information in the definition of M.

Comparison among metrics We collect in Figure 16 the adapted meshes gener-
ated by exploiting the four metrics M7\, MPE*, M], and M, respectively. The
layer is sharply captured by the four metrics via thin elements correctly oriented
(see Figure 19). The coarsest grids are the ones predicted via M}, (about 7600
triangles) and M (about 5100 triangles), whereas the other two meshes are con-
stituted by a similar number of triangular faces, about equal to 9200.
Unlike test case 1, the limits of the adaptive procedure associated with the metric
M are evident despite the many elements (i.e., the reduced tolerance). Indeed,
the shape of I's is badly captured as highlighted by the very irregular areas on the
surface in Figure 16 (d) and by the largest value of d,,x in Table 5.
The intersection metric locates the anisotropic elements essentially in correspon-
dence with the layer and correctly stretches them (see Figure 19 (a)). Nevertheless,
analogously to the previous test case, the anisotropic features of the corresponding
adapted mesh are less meaningful compared with the ones yielded by the other
metrics. This is confirmed by the details in Figure 19 (b)-(c) as well as by the
values of oy« in Table 5, which, in general, highligth that the problem at hand
is characterized by a more strongly anisotropic trend with respect to the case in
§ 5.2.1 (one order of magnitude distinguishes the values in Tables 5 and 1).

The details in Figure 17 and 18 on regions where f, is constant, corroborate
on the one hand the fact that the absence of geometric information in M leads to

30



008604
0,008

0,006
0.004
10,002

1,839e-19

,008604
0,008

0,006
0,004
-0,002

1,839e-19

,008604
0,008

0006
0.004
-0,002

1,839e-19

Figure 14: Test case 1: evaluation of the distance I d on the adapted mesh I', for
an increasing number of mesh elements (top-bottom).

a very inaccurate approximation of I's (in such areas the interpolation information
are not so meaningful while the geometric information is fully absent; see Fig-
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Figure 15: Function f5 on the surface I's.

metric Omax dmax
MGy 9.967e+00  2.174e-02
max  3.105e+01  2.359e-02
M), 2.60le+01  2.259e-02
M;  6.176e+01  1.168e-01

Table 5: Test case 2: maximum aspect ratio and surface mismatch for different
metrics.

ure 17 (d) and 18 (d) and also the detail in Figure 19 (d)); on the other hand, the
more isotropic nature of the mesh predicted by the metric M, is confirmed (see
Figure 17 (a) and 18 (a)).

Anisotropy versus isotropy We verify the benefits led by an anisotropic mesh
adaptation on an isotropic standard one via the values collected in Tables 6 and 7.
As for the first test case, we exclude from this check the adaptive procedure driven
by M?G, while computing the errors eiot, €means €max i (27) for the other three
metrics.

In Table 6, the comparison between anisotropy and isotropy is performed after
fixing the number of elements. Both the total and the mean error reduce of a factor
about equal to one half and the accuracy of the approximation improves also in
terms of maximum error (this trend is not ensured in Table 2).

If viceversa, we fix the accuracy and we compare the two strategies in terms of
number of elements as in Table 7, we get the expected reduction in the anisotropic
case, with a factor of one third for M; and M7Z* and of one half for M}G.

A comparison across Tables 6 and 7 identifies M; and MYE* as the best

choices from a computational viewpoint. Nevertheless, the remarks in the previous

paragraph suggest the metric M75* as the one to be chosen.
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() (b)
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Figure 16: Test case 2: adapted mesh T;LA generated via the metric (a) M?G, (b)
MPEX, (¢) M}G and (d) M.

Convergence analysis We analyze the asymptotic trend of both the estimators
nr and n¢ as a function of #7},. Figure 20 (left) shows the associated loglog plot.
The interpolation error estimator is characterized by an order of convergence equal
to one with respect to 1/(#7},), exactly as in Figure 12 (left). The geometric error
estimator converges faster than 0y, with an order very close to two (instead of the
order 1.5 in Figure 12 (left)).

Figure 20 (right) confirms the slight sensitivity of the rate of convergence of
the global estimator with respect to the metric driving the adaptive procedure, by
providing a zoom in, on the convergence history of n;5. Indipendently of the
selected metric, we confirm a convergence of the first order.

Robustness of the error estimators We compute the effectivity indices in (29)
on four adapted meshes to check the robustness of the interpolation and the geo-
metric error estimators. The corresponding values are gathered in Table 8. A sort
of stagnation is detected for both the indices, we say around the values 1.7 and 0.6,
respectively. This means that an overestimation of 7; and an underestimation of
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Figure 17: Test case 2: detail on the constant part associated with the minimum
value of f, for the mesh generated via the metric (a) M7, (b) MYEX, (c) M}G
and (d) M.

M; S Mg
isotropy  anisotropy | isotropy  anisotropy | isotropy  anisotropy
elements 3376 3640 3672 3652 1548 1660
Etot 1.901e-01 8.884e-02 | 1.864e-01 8.887e-02 | 5.820e-01 3.463e-01
€mean 5.633e-05 2.440e-05 | 5.078e-05 2.429e-05 | 3.759e-04  2.086e-04
€max 2.237e-03  1.646e-03 | 1.848e-02 1.641e-03 | 1.648e-02 8.074e-03

Table 6: Test case 2: anisotropy versus isotropy for a fixed cardinality of the mesh.

n¢ take place, with a more accentuated trend in both the directions with respect to
the first test case.

6 Conclusions and future developments

In this work we have proposed a new approach for an anisotropic control of the er-
ror related to the approximation of an H!(I")-function via a piecewise linear quasi-
interpolant operator on a surface I' C R? defined implicitly. The proposed analysis
automatically takes into account the approximation of the function and the fitting
of the surface, thus leading to a unique adaptive procedure able to contemporary
match the directionalities of f and I

The numerical validation in § 5.2 confirms the robustness of the adaptive tool.
Both the numerical tests seem to identify the maximum metric M7Z* as the best
performing one with a view to an anisotropic mesh adaptation. The expected ad-
vantages with respect to a standard isotropic mesh adaptation are verified on both
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Figure 18: Test case 2: detail on the constant part associated with the maximum
value of f5 for the mesh generated via the metric (a) M7, (b) MY, (c) M),
and (d) M.

max o

isotropy  anisotropy | isotropy  anisotropy | isotropy  anisotropy

elements 11030 4732 11030 4746 8162 4084
Etot 6.327e-02  6.490e-02 | 6.327e-02 6.420e-02 | 8.656e-02 8.733e-02
€mean 5.736e-06 1.371e-05 | 5.736e-06 1.352e-05 | 1.060e-05 2.138e-05
€max 4.212e-04 1.019e-03 | 4.212e-04 1.019e-03 | 7.884e-04 1.775e-03

Table 7: Test case 2: anisotropy versus isotropy for a fixed accuracy of the mesh.

open and closed surfaces.
The convergence analysis corroborates the results expected from the theory, i.e., an
order of convergence equal to one for the interpolation error and a higher order for
the geometric contribution, indipendently of the selected global metric.
Concerning the robustness of the separate error estimators, the values of the cor-
responding effectivity index highlight a slight overestimation trend characterizing
the interpolaton estimator whereas the geometric estimator underestimates the ac-
tual error.
Finally, a cross comparison between the two test cases shows that the anisotropic
features predicted by the mesh adaptation procedure become more evident in the
second and more challenging setting, while all the conclusions drawn above still
hold.

The promising results of this work suggest us as a next step the development of
a corresponding a-posteriori error analysis, possibly in a goal-oriented setting [3,
30, 40].
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(d

Figure 19: Test case 2: detail in correspondence with the layer for the adapted
mesh ThA generated via the metric (a) Mf, (b) MTEX, (c) M}YG and (d) M.

— U(=T)
- LTV
v#T)*
B — 271
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Figure 20: Test case 2: convergence history for the estimators 77 (solid line) and 1
(dashed line) in a loglog plot (left); convergence trend of the global error estimator
when the adaptive procedure is driven by diverse metrics in a loglog plot (right).
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elements E.L; Elqa
4152 1.7695 0.6102
11818 1.8502 0.6348
15506 1.6897 0.6854
22144 1.694 0.6401

Table 8: Test case 2: effectivity index for the interpolation and the geometric errors.
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