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Abstract

We study a class of IMplicit-EXplicit Runge-Kutta (IMEX-RK) schemes for the numeri-
cal approximation of reaction and diffusion-reaction problems arising in a variety of biological
and physical applications. Such models may admit travelling wave solutions, with the Fisher—
Kolmogorov equation representing a prototypical example. Motivated by this feature, the pro-
posed time integration schemes are designed to accurately capture sharp propagating fronts.
We also investigate a less standard use of IMEX-RK methods that circumvents a splitting of
reaction terms into linear and nonlinear components, while still requiring the solution of linear
systems at each stage. This semi-implicit formulation, referred to as SI-[IMEX-RK, enables a
targeted treatment of stiffness by isolating its relevant contributions. The time discretization
is coupled with a high-order polygonal discontinuous Galerkin method for space discretization,
resulting in a flexible and robust framework for the treatment of multiscale dynamics in com-
plex geometries. A comprehensive validation strategy is presented to assess the accuracy and
stability properties of the proposed schemes across a hierarchy of increasingly challenging test
problems.

1 Introduction

Diffusion-reaction systems constitute a standard mathematical framework for modelling a wide
range of phenomena arising, for instance, in ecology, combustion, and biology [31], [32] 36| 38, [64], 69].
A common numerical approach for approximating such systems is based on the method of lines.
Within this framework, the spatial discretization of the governing equations is performed first,
typically leading to a system of ordinary differential equations (ODEs) of the form

d
o = Fo) + Fr(y.1),
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where Fp and Fgr denote the discrete diffusion and reaction operators, respectively. Several ap-
proaches have been proposed in the literature for the numerical solution of this problem, including
exponential integrators [24], fully implicit schemes [65], operator splitting techniques [32, [36], and
IMplicit-EXplicit (IMEX) Runge-Kutta (RK) methods [3, B1]. In this work, we focus on the latter
class of methods. IMEX-RK methods have proven to be particularly effective for a wide range of
multiscale problems, see, e.g., [17), 19, 20} 21} 85 [61], 62]. Our interest is specifically directed toward
regimes in which the reaction term becomes dominant and therefore potentially stiff, making a fully
explicit treatment prohibitively restrictive. In the singular limit, the differential system degener-
ates into an algebraic constraint, and IMEX-RK methods must satisfy additional order conditions
[13, 14] to preserve the designed order of accuracy for the algebraic variable. At the same time,
reaction operators are often (highly) nonlinear, so that a fully implicit discretization would require
the solution of nonlinear systems at each time step or stage. Despite the absence of spatial coupling
that allows decomposing the reaction term into independent local systems, such an approach may
still be computationally inefficient. As far as the diffusion operator Fp is concerned, we employ
an implicit discretization. Nevertheless, we mention that stabilized explicit RK schemes based on
Orthogonal Runge-Kutta—Chebyshev (ROCK) methods [I}, 2] may represent an attractive alterna-
tive for the explicit treatment of diffusion-dominated problems. However, despite being formally
explicit RK methods, ROCK schemes typically involve a very large number of stages, although
they are designed to be low-storage and have a very low cost per stage. Moreover, ROCK methods
are not naturally expressed in terms of classical Butcher tableaux, which makes their integration
into standard RK frameworks less straightforward.

A commonly adopted strategy for problems involving nonlinear reaction terms consists in treating
the linear part implicitly while discretizing the nonlinear contribution explicitly [25] 28]. This ap-
proach represents the first class of methods considered in this work. However, in order to avoid a
rigid splitting between linear and nonlinear components of the reaction operator, we further develop
a class of semi-implicit time discretizations based on IMEX Runge-Kutta schemes. Following the
partitioned formulation proposed in [15], these methods — hereafter referred to as Semi-Implicit
IMEX Runge-Kutta (SI-IMEX-RK) methods — allow one to identify and isolate the (possibly
linear) source of stiffness within the system. As will be shown, this framework significantly en-
larges the applicability of IMEX-RK methods and leads to efficient and flexible schemes that can
be naturally extended to more complex nonlinear dependencies. Finally, we recall that diffusion-
reaction systems may admit travelling wave solutions [6l, 28, [40} 55]. Accurate numerical schemes
for such problems should therefore provide a good approximation of the propagation speed and
shape of these waves, while minimising artificial numerical dissipation and dispersion. This work
tries to construct high—order IMEX-RK schemes that provide an improved numerical description
of wave propagation properties. In this context, the main novelty of the proposed work lies in the
development of schemes aimed at improving the numerical approximation of wave propagation and
the algebraic accuracy. In addition, the SI-IMEX-RK framework is exploited to provide a more
flexible treatment of stiff reaction mechanisms within the overall formulation.

The remainder of the paper is organized as follows. In Section [2| we introduce the mathemat-
ical model of interest together with the abstract system of ODEs considered throughout the paper.
Section [3]is devoted to the time discretization strategy based on IMEX-RK methods. After recalling
the properties of interest for the model under consideration, we first discuss a classical IMEX-RK
approach based on an implicit treatment of the linear reaction term and an explicit discretization

of the nonlinear contribution. We then introduce the novel SI-IMEX-RK methodology inspired
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by [15]. In Section 4l we derive new high-order IMEX-RK schemes optimized with respect to the
properties discussed in Section [3] In Section 5, we describe the chosen space discretization, which
is based on a polytopal discontinuous Galerkin (polydG) method [26, 27]. Sections[6] and [7] present
a collection of numerical experiments that validate the proposed methods on various ODEs and
PDEs, respectively. Finally, conclusions and perspectives for future work are outlined in Section

2 Mathematical model

In this section, we briefly outline the mathematical model. Let Q € R%, d = 2,3, be a connected
open bounded set with a sufficiently smooth boundary 0f) and denote by « the spatial coordinates
and by t the temporal coordinate. The boundary can be divided into two subsets I'p and I'y, where
we impose Dirichlet and Neumann boundary conditions, respectively, and such that I'p UT'y = 992
and I'p NI'y = 0. We consider as model problem a possibly degenerate diffusion-reaction system
with nonlinear reaction term: find u = u(x,t) € RY, with N denoting the number of components,
such that

881; =V-(2Vu)+F(u,t), inQx(0,7T], (2.1a)

U = up, onI'p x (0,77, (2.1b)

YVu-nqg=gn, onT'y x (0,7, (2.1c)

u(-,0) = uy, inQ, (2.1d)

where ¥ = diag(o1,...,0n) is the diagonal matrix containing the diffusion coefficients (o; > 0
for 5 =1,...,N) and F : RN — RY is the nonlinear reaction term. Moreover, up € H'/?(T'p)

and gy € H™1/2 (T'y) are the Dirichlet and Neumann boundary conditions, respectively, while ng
is the outward unit normal from the domain . Finally, ug € L*(Q) is the initial condition. We
denote by u; the j-th component of the vectorial variable uw. As mentioned in the Introduction, a
notable example of this class of problems is the Fisher-Kolmogorov (FK) equation [38], which will
be introduced in Section[7.1]and will serve as relevant numerical testbed for validating our approach.

In the limit of dominant reaction, Equation could be interpreted as a differential-algebraic
equation (DAE), see, e.g., [13,[19]. Within the notation of , this corresponds to the presence of
rapidly relaxing reaction dynamics that drive the solution toward a low-dimensional invariant man-
ifold defined by F(u,t) = 0. More precisely, we assume that the system exhibits an indez-1 DAE
structure, in the sense that the algebraic constraint F(u,t) = 0 defines locally a smooth manifold.
In particular, we assume that the Jacobian matrix 9, F(u,t) is nonsingular when evaluated at the
corresponding equilibrium solution, which guarantees that the constraint can be locally resolved
with respect to w by the implicit function theorem. This intrinsic stiffness and multiscale nature
poses severe challenges for standard time integration methods, often leading to order reduction
and loss of accuracy unless specifically designed strategies are employed. In particular, the coex-
istence of diffusive and (highly) stiff reactive dynamics calls for time discretizations that combine
robustness, accuracy, and stability in a non-standard and non-trivial way, motivating the use of the
time discretization strategies that will be depicted in Section [3] An additional structural feature
of systems of the form is that they may admit travelling wave solutions [6} 28], 29, [40], which
play a fundamental role in the qualitative behaviour of the underlying dynamics. This observa-
tion motivates the development and investigation of novel time discretization schemes designed to

improve the description of key wave propagation properties, as discussed in Sections [3] and [4
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3 Time discretization: IMEX-RK methods

In this work, we first focus on the time discretization of the governing problem (2.1)). Regardless
of the particular space discretization employed, the resulting semi-discrete problem can be written
in the abstract form

MU (t) + KU(t) = G(U(t),t), te(0,T], (3.1a)
U(0) = Up. (3.1b)

The specific form of the matrices, vectors, and discrete operators appearing in depends on the
chosen space discretization, and their expressions and interpretation will be detailed in Section
Since the time-integration procedure can be described independently of these space discretization
details, we now discuss the temporal discretization of by means of IMEX-RK methods [17, [49].
In particular, we recall some concepts related to IMEX-RK methods that will be particularly
relevant in Section |4l IMEX-RK methods are represented compactly by the following two Butcher
tableaux [22]

E‘K c‘A
T T

with A = {aim }) et S,B = {i)l}l , and ¢ = {¢},_;  denoting the explicit companion
m=L,..., s

method of the IMEX-RK method, and A = {amti—y s b= b))y s,¢c={a},_; ¢ denoting
the implicit one. Here s denotes the number of stages of both explicit and implicit methods. Hence,
an IMEX-RK method can be interpreted as the combination of two RK methods for which the
coefficients dlm,alm,él,cl,i)l, and b; are determined so that the method is consistent of a given
order. A detailed discussion on the coupling conditions for high-order IMEX-RK methods can be
found in [62]. In particular, the following relation has to be satisfied [49]

Sh=Yh=1
=1 =1

Moreover, the classical relations of RK methods for the quadrature nodes ¢ and ¢ [22}, [50], i.e.

s s
Zalmzch Z&lm:élv I=1,...,s, (32)
m=1 m=1

are assumed.

Definition 3.1 (IMEX-RK methods of type I/II/ARS [17]). An IMEX-RK method is said to be
of type I [62] if the matriz A is invertible. It is said to be of type II [[9] if the matriz A can be

written in the form
0 0
A =
(o %)
with a = (a9, . .. ,asl)T e R*! and the matriz A € R~ s invertible. In the special case

a =0, by =0, the method is said of type ARS (see [11]) and it is reducible to a method using
s — 1 stages.



The formal accuracy imposed by the order conditions is typically not preserved in the case of
very stiff problems [16], [45], 62] and one can incur in the so-called order reduction phenomenon [12,
45]. Hence, other properties have to be imposed to IMEX-RK methods so as to preserve full
accuracy in a very stiff regime.

Definition 3.2 (Implicitly and global stiffly accurate methods [16]). An IMEX-RK method is said
to be Implicitly Stiffly Accurate or simply Stiffly Accurate (SA) if the implicit companion
method is stiffly accurate, i.e. ag; =b;, i =1,...,8. An IMEX-RK method is said Globally Stiffly
Accurate if it is Implicitly Stiffly Accurate and, in addition, the explicit companion method is First
Same As Last, i.e. ag =bj,i=1,...,s.

Next, we recall some relevant properties that a time discretization method should obey for the
problem of interest and their extension to IMEX-RK methods. The minimal requirement for the
implicit method is to be A-stable. A RK method with a Butcher tableau given by (A, b, c) is called
A-stable if |R(z)| <1 for Re(z) < 0 [50], where R(z) is the stability function

R(z)=1+zb" (I—2zA) e,

with e = (1,1,...,1) € R®. The asymptotic properties of IMEX-RK methods are strongly related
to the L-stability of the implicit part of the scheme. An implicit Runge-Kutta scheme is said to
be L-stable [45] if it is A-stable and R(z) — 0 as z — oo. Since the seminal work of [62], the use of
L-stable methods in stiff nonlinear regimes has been widely regarded as the appropriate choice, as
it endows the resulting scheme with intrinsic robustness against high-frequency disturbances that
may arise. An L-stable method typically results from the combination of an A-stable method with
a SA method [45]. However, for methods of type II where A is not invertible, this combination
does not necessarily lead to an L-stable method [19]. Then, the following supplementary condition
is required to obtain the L-stability [19], i.e.

S
e;rA_la = Z Wem@m1 = 0, (3.3)
m=2
where e] = (0,...,0, 1)T and wy,, denotes the elements of the inverse of A. In addition, L-stability

alone is not sufficient to guarantee the desired order of accuracy when the method is applied to
algebraic systems. In this case, supplementary conditions must be satisfied. Specifically, for type
IT schemes, one has to impose [19, [51]

> bwgmwme =0,  1=2,...,5, (3.4)

m=2

S0 as to ensure at least second-order accuracy for algebraic systems. For SA schemes, this condition
reduces to wgy = 0.

Another relevant property is related to the so-called stage order, i.e., the order of accuracy of
each internal stage. As discussed in [52], the stage order is the minimum order of accuracy when
a scheme is applied to stiff problems. It is defined as the maximum p for which the following
condition holds [13]

® 1
Y amey, = Ec;f, 1 <k < p and for all /. (3.5)
m=1



Numerical dissipation and dispersion

In this section, we recall several concepts related to dissipation and dispersion in the context
of IMEX-RK methods. When dealing with wave phenomena, especially highly oscillatory and
travelling waves, it is crucial to ensure low numerical dissipation in order to accurately capture wave
amplitudes and low numerical dispersion to correctly reproduce phase speed and front propagation.
A phase-lag analysis of RK methods is typically based on linear ODEs with oscillatory solutions
(pure imaginary eigenvalues). More specifically, one considers the following test equation [39, [68]
4y = iwY + 0 exp (iwpt),
dt
where i denotes the imaginary unit, whereas the natural frequency w, the forcing frequency w, # w,
and the forcing amplitude § are real numbers. To characterize dissipation properties, let R(z) =
P(2)/Q(z) and define the E-polynomial [59]

E(y) =1QGy)|> — [P(iy)?,  yeR. (3.6)

Definition 3.3. A Runge-Kutta method is said to be dispersive of order q (q even) if p(wWAt) =
wAt — arg [R(iwAt)] = O ((wAt)q+1>, with At > 0 denoting the time step, or if, equivalently,

j .
_1 27" )
Z((j_)1)l|_0’ i=1,3,...,q—1,
i=0 )

0 .
where 1; are the coefficients of the Taylor expansion of R(z), i.e. R(z) = > 1;2". A Runge-Kutta
i=0

method is said to be dissipative of order r (r odd) if d(wAt) = 1 — |R(iwAt)| = O ((wAt)TH) ,
or if, equivalently, Eoj = 0 for 0 < j < %(7‘ — 1), where Eyj denotes the coefficients of the E-

polynomial (3.6)).

3.1 IMEX-RK time discretization for diffusion-reaction PDEs

We are now in a position to introduce the semi-discrete IMEX-RK time discretization for prob-
lem . IMEX-RK methods are widely employed for time-dependent problems that can be
decomposed into the sum of a stiff and a non-stiff component. Alternatively, they are commonly
formulated by splitting the right-hand side of the resulting ODE into a linear term, treated im-
plicitly, and a nonlinear term, discretized explicitly [25, 28]. In either formulation, such IMEX-RK
methods are constructed in an additive fashion and therefore fall within the broader class of additive
RK schemes [49].

Consider therefore the time-dependent problem % = fi(y,t) + fe(y,t), where I and E sub-
scripts denote the components of the system discretized implicitly and explicitly, respectively. If
v" = y(t"), the generic [—stage IMEX-RK method reads as

o = A0S [ i (60, eAt) + i (05,14 0]

m=1

+ ALY aun i ('v(”’m),t + cmAt> . n>0, (3.7)
m=l
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where | = 1,...,s. After the computation of the intermediate stages, the final update v"*! is

computed as
ntl _ ,n s (n,l) A (n,l) ] )
v v" + At ;_1 [ble ('v Jt+ clAt) + b fi ('v Jt+ clAt)] (3.8)

We now apply (3.7)-(3.8) to (2.1a)), then assuming therefore that F(u,t) = Fg(u,t) + Fi(u, 1),
it yields the following expression for the generic I-stage

w™) = " 4 A Z am V- (2 v u("’m)> AL Z aimF1 (u<"»m>, t cmAt>
m=1 m=l

AL li [&lmFE (u(”’m),t + émAt) + aynFy (u“%m), t+ cmAt)} . (3.9)

m=1

whereas the final update reads
W't =W 4+ At y LV (EVu) 4 Fg (w™) t 4+ ¢At) + bF; (w™ ¢+ gAt)] . (3.10)
D[ (29ut) b AL+ 0F )|

We observe that the diffusion term is treated implicitly. Throughout this work, we assume that
the diffusion coefficients o; are constant or, at least, independent of w. We will briefly further
comment on this later in the manuscript.

Remark 3.1 (Application of IMEX-RK to Equation (3.1a))). By applying the relations (3.9))-(3.10)
to Equation (3.1a)), the fully discrete generic l-stage reads

U — g — M At Z a KU ™™ £ MAt Z aimG1 (U(”’m),t n cmAt)
Tln_zll m=l
+MAar Y [&lmGE <U(”’m),t + émAt> + a3 Gy (U(”’mh ¢+ cmAt)} . (3.11)

m=1

whereas the final update reads

Ut =Un - MAEY pKU™Y
=1

+ M A Z [ZBZGE (UW),t n élAt) +0,Gy (UW),t n clAt)] . (3.12)
=1

Here U denotes the vector of the degrees of freedom, whereas G and Gi denote the spatial ap-
proximation of Fg and ¥, respectively.

3.2 SI-IMEX-RK time discretization for diffusion-reaction PDEs

Additive RK methods are commonly adopted for systems admitting a decomposition into the sum
of stiff and non-stiff terms. However, the stiff dependence can be (highly) nonlinear, thus requiring
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the solution of a nonlinear system at each stage. In other cases, the stiffness may be associated
only to some variables [I5]. Let us consider a partitioned time-dependent system

d

Y = Folye, 1. 1), (3.13)
dyI 1

— =- t .13b
dt 6.fI(y]'_T‘nyL )7 (3 3 )

where yg and y; may be vectors of different dimensions and yg(0) = ygr,0,y1(0) = yi0 are the
initial conditions. The stiffness of the system is associated to the variables y; under the assumption
0<ex .

We now introduce a class of Semi-Implicit IMEX-RK (SI-IMEX-RK) methods for problem ,
in a sense that will be made precise below. Following the approach proposed in [15], we rewrite
as the following partitioned system

GuE

el V- (2Vu)+ F (ug,up,t), (3.14a)
0
% — V- (S V) + F (up, ur,t), (3.14b)

with initial conditions ug = wug,u;r = ug and supplied with compatible boundary conditions.
Subscripts E and I in indicate the explicit and (semi-)implicit treatment of the first and the
second term of F, respectively. In this setting, the solution of satisfies ug = ug for any ¢ > 0
and is also a solution of .

The SI-IMEX-RK framework is obtained by applying a partitioned IMEX Runge-Kutta method
to system . For simplicity, and following [I5], we assume that the system is autonomous, i.e.
F (up,uy, t) = F (ug, ur). Extensions to non-autonomous problems, as well as to the case ¢ # ¢,
would unnecessarily complicate the presentation of the core ideas; we refer to [I5] for a detailed
discussion. A crucial assumption is instead that the weights of the implicit and explicit tableaux
coincide, i.e. b" = b'. The relevance of this condition will become clear shortly. However, we
emphasize that this requirement is important independently of the SI-IMEX-RK construction, as
it is necessary to ensure the preservation of linear invariants [43]. Under these assumptions, the
generic [-stage of the SI-IMEX-RK method applied to reads as in Algorithm .

Owing to the condition b = b', we obtain u%“ = u’}“ = u"*! for all n, showing that the
duplication of variables is purely formal.

The main advantage of this approach lies in the identification of a suitable (possibly linear)
implicit dependence, which avoids the solution of (highly) nonlinear systems or the need for stage-
by-stage linearization. Moreover, in the presence of nonlinear diffusion, e.g., ¥ = 3(u), the same
framework can be naturally extended by evaluating the diffusion coefficient explicitly as ¥ (ug),
thereby retaining a fully linear implicit solve at each stage.

Remark 3.2 (Application of IMEX-RK to Equation (3.1al)). The l-stage of the SI-IMEX-RK
method in Algorithm 1| for problem (3.1a)) reads

-1 -1

U U - MAL Y KU+ MUAL Y G (U U™) (3.189)
m=1 m=1

U U - MTAL Y KU+ MUAL Y @G (U U™) (3.8b)
m=1 m=1

8



Algorithm 1 SI-IMEX-RK scheme for (2.1)

Input: u’ = uyg, final time 7', time step At, Butcher tableaux (am,, Gim, br)
forl=1,...,sdo
Step 1 (explicit stage). Compute

-1 -1

ul = w4 ALY g V- (DY) £ A g F(uf ). (3.15)
m=1 m=1

Step 2 (implicit stage). Solve for u%n’l):

w™ — Atay V- (EVU?’”) —u"

-1 l (3.16)
+ ALY @ V- <2vfu§”””)) + At @, F (ugm> u%"m)) .
m=1 =
end for
Step 3 (update). Set
Howr b ALY BV (ZVu(nl>+Athl ( (nd), (””). (3.17)
=1
whereas the final update reads
Ut Ut - M Ay KUY Mot Ary G (o, ot (3.19)
=1 =1

Here Ug and U denote the vectors of the degrees of freedom for the explicit and (semi)-implicit
components, respectively.

4 Optimized IMEX-RK for degenerate diffusion-reaction PDEs

In this section, we propose third and fourth-order IMEX-RK schemes that optimize the proper-
ties discussed in Section [3| and are therefore particularly well suited for model . The sym-
bolic computations have been carried out using both MATLAB and sympy [57] in combination with
ponio [33] 56] for the symbolic derivation of the stability functions. For the novel schemes derived
in this work, we adopt the notation IMEX(p, s)-X, where p denotes the order of the method, and s
represents the number of stages of both the implicit and explicit schemes. The symbol X denotes a
key distinguishing property of the method. As will become clear in the following, all the proposed
methods achieve stage order 2, and their implicit part is always L-stable. Since these two features
constitute essential requirements in the derivation, we do not include them in the nomenclature in
order to keep it concise.

First, we assume that the implicit scheme is a Explicit Singly Diagonally Implicit Runge—
Kutta (ESDIRK) method, namely A is lower triangular, a; = v > 0 with [ = 2,...,s, and the
first row is zero. Hence, the first stage is only formal, unless necessary to achieve stage order 2

9



(see relation ) Finally, to guarantee full accuracy in the stiff regime, we consider a L-stable
method, as discussed in Section [3} A similar analysis for ESDIRK schemes has been conducted
in [54]. Then, starting from the implicit method, an explicit companion method is obtained in
order to satisfy the order and coupling conditions [62].

Several alternative IMEX strategies have been proposed in the literature for diffusion-reaction
problems, (i.e., [3,[47,148]). In particular, we mention the PIROCK method [3], where second-order
SDIRK schemes are coupled with explicit second-order ROCK integrators [Il, 2], facilitating the
inclusion of non-trivial, possibly nonlinear operators. However, extending PIROCK to higher order
is not straightforward. The semi-implicit approach in Section provides an alternative strategy.

4.1 Third-order IMEX-RK schemes

In this section, we derive some third-order time discretization schemes that satisfy the largest
possible number of the properties described in Section [3| All the derived schemes are assumed to
be L-stable and of stage order 2 in their implicit part. Moreover, we impose the supplementary
condition , together with high-order dissipation or dispersion requirements and additional order
conditions for improved accuracy when solving algebraic systems. We recall that the considered
IMEX-RK schemes satisfy condition (3.2). The conditions to achieve third-order accuracy for a
RK method (A, b, c) read as follows

s s 1
lZ;bl = 1, lz;blcl = 5, (4.1&)

> 1 > 1
2 _
l_g 1 bic; = 3 E biapmcm = 5 (4.1b)

I,m=1

The coupling conditions to obtain a third order IMEX-RK method are
S S S S
.1 - 1 -y 1 ~ 1
lz;bzcl =3 lz;blcl =5 ;blcz =3 lzlblclcl =3

. 1 . 1 . 1 . 1
;bzéf =3 ;blélcl =3 > bidimem = 5’ > biumém = 5

I,m=1 I,m=1
S S S S
. 1 ~ 1 “ R 1 ~ 1
> biumlm = 6 > bibmem = 6 > biaimém = 3 > biamem = 6
I,m=1 Il,m=1 I,m=1 I,m=1

One can easily notice that 12 coupling conditions are necessary in the general case b" # BT, c#¢C
which reduce to 3 coupling conditions if b’ = b' or to 2 coupling condition if ¢ = €. If both
b’ =b" and ¢ = ¢, zero coupling conditions are necessary. Finally, the additional order conditions
up to third order that guarantee better accuracy for an algebraic system are [19]

S S S
1
A A2 A oA
E biwim Cm = 1, § biwimc,, =1, E bW AmiCr, = 5 (4.2)
Il,m=2 l,m=2 l,m,k=2

where wy,,, are the elements of the inverse of the matrix A (see Definition .
Following the analysis in [14], we focus on five-stage (s = 5) IMEX-RK schemes, which repre-

sent the minimum number of stages required to simultaneously achieve L-stability and satisfy the
10



supplementary condition (3.4) [14]. Five-stage stiffly-accurate ESDIRK methods have 10 degrees
of freedom (see Table [1]).

0 0 0 0 0 0
Co co — 7y ol 0 0 O
3 €3 —az — 7y azz v 0 0
c4 C4— Q42 — 43 — 7Y agp as3 v 0
1 | 1—as2—as3 —asa — asy as3 asg 7y

1 —asy—as3s—asa —y as2 as3 asy 7

Table 1: Butcher tableau of the implicit five-stage stiffly-accurate ESDIRK method.

The coefficients ¢, as2, a42, 443, as2, as3, and asq, together with the associated determining condi-
tions, are reported in Table [2 For later use, we recall the E-polynomial (3.6)), which, as reported

Coefficient Condition used
1
5 — 7 — a53C3 — As4C
asy = 2 T G836 T Goacd Order conditions (4.1a))-(4.1b)
C2
co—1) —asscq (ca —cq) + 2 — 1
as3 = (e = 1) 54( 1(e2 ) )33 Order conditions (4.1a))-(4.1Db))
C3(C2 — C3
2 1
— Y — a32053C2 — A430A54C3 + &
ago = T T 93205502 T QU3GBS T Order conditions (4.1a))-(4.1Db))
a54C2
co =27 Stage order 2 (3.5))
—2
asy = 03(617) Stage order 2 ({3.5])
2
7(673—1872—1—97—1) .
a43 = L-stability .3.3
3asacs (27 — c3) 53
2v—1 1-—
a5y = v (2 +es( =) Supplementary algebraic condition (3.4))
¢4 (c3 — ca)

Table 2: Expressions of the coefficients for the five-stage third-order implicit scheme obtained from order conditions,
stage order 2, L-stability and supplementary algebraic condition (3.4)).

in [19, [50], reduces to

1 2 76
E(y) =%y + <36 + 37— 67+ 5y =52y 4487 - 1276> y°

1 4
+ (12 — 3V 6 =8+ 274> y' (4.3)

Then, the region of A-stability (hence L-stability) is given by the following interval [19} [45] 50]
0.2236478009341764510696898 < v < 0.5728160624821348554080014. (4.4)

Moreover, one can easily verify that the first two index-1 DAE accuracy conditions (4.2]) are

identically satisfied. We are left with 3 free parameters, i.e. cs,cq, and . Several choices can be
11



considered to determine c3 and c4. For instance, one may impose stage order 3 for the intermediate
stages, or alternatively analyze the stability region of the internal stages, the so-called internal
stability [50]. The investigation performed suggests that better results are obtained when stage
order 3 is imposed on the third and fourth intermediate stages. Moreover, this choice preserves the
high-order accuracy as much as possible, thereby avoiding degradation of the high-order accuracy
of the spatial discretization (see Section . Finally, an alternative closure for c3 will be discussed
below when deriving the explicit method. Hence, imposing stage order 3 for the third intermediate
stage leads to two admissible values for c3

cg = cgli) =7 (3 + \/§) , (4.5)

whereas imposing stage order 3 for the fourth (penultimate) intermediate stage yields two admis-
sible values for ¢4

4= Cgli) :*6"/3+6“/2(C3+1)*3’Y(2‘33+1)i\/(672*2‘33(32’3(*6;):21))(’(‘/6_"/;:63)3(63+2)+3'y2(68371)+2'~/(37763)+2c371)+1. (4.6)

Finally, we are left with one free parameter ~. In this work, we consider v = 0.435866521508482
used also for the ARS(3,4,3) scheme in [11], the ARK3(2)4L[2]SA scheme in [49], and the MARS(3,4,3)
and MARK3(2)4L[2]SA schemes in [13], as well as the BHR(5,5,3) in [I4]. Whenever schemes are
taken or adapted from the literature, we adopt the notation of the related reference where available.
As an alternative, since as already mentioned ([2.1a)) may be characterized by a travelling-wave so-
lution, we maximize the order of dissipation and dispersion. Regarding the order of dissipation,
owing to Definition , we solve By = 0 in to obtain dissipation order 5. This gives
~v = 0.572816062482135, which is the limit of the I-stability, hence L-stability . A slightly
different value, namely v = 0.57281606248208 has been considered in [19]. Regarding the order of
dispersion, one can easily verify that

D(j) ZJ: CU7 o =13
j = . = ) or .7 = ) )

— (-1
where we recall that r; are the coefficients of the Taylor expansion of R(z) (see Definition (3.3))).
Imposing D(j) = 0 for j = 5 so as to obtain an implicit RK-method with dispersion order equal
to 6 leads to the following equation

475—16744—1473—1—3472+§7—%:O
The only solution that guarantees L-stability is v = 0.525721461435005. Hence, if v = 0.525721461435005
the implicit method has a dispersion order of 6, otherwise its dispersion order is 4.
Next, we consider an explicit companion method for the IMEX scheme. We consider b=>b
and ¢ = ¢, which results in 6 degrees of freedom. The corresponding Butcher tableau then reads

as follows (Table

0 0 0 0 0 0
(&) C9 0 0 0 0
C3 c3 — d32 d32 0 0 0
(o cq — Qg2 — 43 asgg as3 0 0
1 1 —aso — as3 — asq asy as3  asy 0

1 —asy—as3 —asa —y as2 as3 asy 7y

Table 3: Butcher tableau of the explicit five-stage method.
12



Since b = b and ¢ = ¢, no coupling condition with the implicit companion method is required
to obtain a third order IMEX scheme (see the discussion in Section . However, we are left with
the last condition in (4.1b]) to ensure that the explicit method is of the third order, from which we
get

. — 18 — oy (aspass + Ga2a54) — —63(7%3—5%3%4) +%
asy = ) .
v
Next, we impose the condition (4.2)) that guarantees third order accuracy for the algebraic variable,

from which we obtain

ire = 137 (4832053 + 4442054 + 1)
w Gasycs '

Moreover, one can easily verify that this condition is equivalent to imposing stage order 2 for the
fifth (last) intermediate stage. Imposing stage order 2 for the third stage yields

2
N N C
a3z = aglz) = 2732, (4.7)

while imposing stage order 2 for the fourth intermediate stage reduces to

(2 1—=3y— 3b4c?1

&32 = Q39 = 1271?3 (48)

The only admissible solution which guarantees that both and are satisfied is asy =
0 [19L 511, i.e.
c3 :c;(32) = 2(672_67+1).
3(2v2 —4v+1)

If such condition is not imposed, then it is possible to fix the stage order 2 only for one of the two
intermediate stages, and in such case, we consider &élz).

We are now left with three free parameters, i.e. aq2,ds3, and asq. Following [19], we fix ass3
such that

(4.9)

1

biaymGmpCr = —
Z [ ImAmECk 24’
l,m,k

so as to obtain the stability region of a fourth order explicit method. Hence, we get

_ Yas4 (’)’ + bgcg - %) + %0@4 (24’)/&42615463 + 2c3 (3’}/ + 3a53C§ — 1) + 1)
Va54C§

~

as53

The coefficient ds4 is determined by analyzing the E-polynomial associated to the Butcher tableau
so as to enhance the order of dissipation. After some tedious calculations, one can show that Fy = 0
and that
_ Ya54C3 (1447&42a54 + 36y + 36&530% — 12) + by

72by

so that, imposing Eg = 0 in order to achieve dissipation order 7 (see Definition [3.3), we obtain

Es

. (1) by
a = Q = — .
o O 12yc3 (12yaszass + 37y + 3azzc — 1)

(4.10)
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If one instead desires dispersion order 6, which is the maximum attainable [6§], calculations anal-
ogous to those described for the implicit scheme show that
54 = a5 = — b
o 107ves (12vaa2ass + 3y + 3aszcd — 1)

(4.11)

Finally, the remaining parameter a4o may be determined by imposing stage order 3 for the fourth
(penultimate) intermediate stage. However, following [19], we consider the choice a4o = 0, which
our investigation shows to yield better results and will therefore be adopted in the following.
In conclusion, following the nomenclature introduced at the beginning of Section [4] the third-
order schemes derived in this work will be denoted by IMEX(3,5)-LDs when &&) is employed,
highlighting the Low Dissipation (LDs) of the explicit part, and by IMEX(3,5)-LDp when a”
is used, highlighting the Low Dispersion (LDp) of the explicit part. A subscript will be used to
distinguish between the (sub-)variants. We emphasize that all the schemes are characterized by
low dispersion in the implicit part. The coefficients can be found in Appendix |A| (Tables .

4.2 Fourth-order IMEX-RK schemes

In this section, we consider fourth-order time discretization schemes. The conditions to achieve
fourth-order accuracy for a Runge-Kutta method (A, b, c) read as follows

S S S S
1 1 1
b =1 b = b} = ~ b =—, (412
E 1 =1, ; =5, E e =3, > biaimem 5 (412a)

I,m=1
s 1 s 1 s 1 s )
Z blC? = 1’ Z blClClecm = g’ Z blalmczn = Ea Z blalmamkck = ﬂ
=1 l,m=1 l,m=1 l,m,k=1
(4.12b)

In the general case b’ # BT,C # ¢, 56 coupling conditions are necessary to obtain a fourth
order accurate IMEX-RK method [62]. The coupling conditions reduce to 21 if b" =b" orto 12 if
c =¢ [62]. We consider bT =b' and ¢ = €, so that only 2 coupling conditions are necessary [37],
i.e.

- ) 1 S 1

17721;:1 blalmamkck = 24, Mgk::l blalmamkck = 24. (4.13)
Finally, the additional order conditions up to fourth order that guarantee better accuracy for an
index-1 DAE can be obtained by imposing that the numerical solution and the exact solution agree
up to a certain order in the Hilbert expansion with respect to the small parameter € of
[19]. Such order conditions can be also obtained with the help of the so-called bicolour rooted
trees |14}, [45]. Tedious calculations (see Appendix show that the supplementary order conditions
for a fourth-order method are

s s s
. . .. 1
Z blwlmcm = 1, Z blwlmcgl = 1, Z blwlmamkck = 5, (4.148,)
Il,m=2 I,m=2 I,m, k=2
s s s
~3 ~ ~2 1 ~ ~ ~ ].
Z blwlmcm = 1, Z blwlmamkck = g, Z blwlmamkakjcj = 6, (4.14b)
l’m:2 l,m,k:2 l7m7k7j:2
- 1
Z b1t ekl = 5- (4.14c)
l,m,k=2
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We immediately consider six-stage (s = 6) fourth-order time discretization schemes. Indeed,
as discussed, e.g., in [50], when considering a five-stage fourth-order time discretization scheme,
L-stability is guaranteed only for a discrete set of values of . Hence, it is not possible to mimic the
analysis performed in Section 4.1] in terms of optimizing the dispersion properties of the scheme.
Six-stage stiffly-accurate ESDIRK methods have 16 degrees of freedom (Table

0 0 0 0 0 0 O
c2 coy — 7 v 0 0 0 O
3 €3 — agz — 7y az v 0 0 O
c4 €4 — Q42 — 43 — 7Y agzg ag3 v 0 0
C5 | €5 —as1 —asy —as3 —asg —7y  as1 as2 asg Y 0
1 | 1—agx—ae3 —ass —aes —7y a2 Q63 Q64 a5 7Y

1 —ag2 — a3 — ags — ags — Y G2 A3 Ae4 G65 Y

Table 4: Butcher tableau of the implicit six-stage stiffly-accurate ESDIRK method.

Considering the order conditions , stage order equal to 2, results in 7 remaining degrees
of freedom which we identify in ass, asq, b5, c3,cq,c5, and . Unfortunately, the expressions of
the remaining coefficients with respect to these free parameters are too complex to be obtained
symbolically. Requiring the scheme is L-stable results allows to compute, e.g., as3, and the following
restriction on -y

0.247005962517487 < v < 0.676042393226281. (4.15)

Notice that, while the upper bound is identical to that reported in [50), [51], the lower bound is
slightly different. Following, the analysis in Section [4.1], the value of v is determined imposing
order of dispersion equal to 6, and results in v = 0.2780538841136452. Finally, another free
parameter, e.g., as3 is determined imposing the algebraic condition . One can also verify that
the supplementary conditions that do not depend on the explicit companion method are
satisfied. Hence, we are left with 4 free parameters, e.g., bs,cs,cq,c5. Following [14], 51], b5 is
determined setting b2 = 0. Several choices are possible for the remaining coefficients. We have
analyzed both stage order and internal stability, and identified three schemes that exhibit superior
overall accuracy (see Tables [18}20). We refer to the end of the section for a description of the
properties of such schemes.

Now, we need to build an explicit companion method on top of it. Obviously, we consider
b=band c = C, so that, by imposing the classical row-simplifying conditions , we are left
with 10 degrees of freedom (Table [5).

0 0 0 0 0 0 O
C2 C2 0 0 0 0 0
C3 C3 — €L32 d32 0 0 0 0
4 cq — Qg2 — 443 as2  asz 0 0 0
Cs C5 — Q52 — 53 — Q54 asy asz asg 0 0
1 1 — ag2 — 63 — Gea — G5 ae2 (g3 Ges  aes 0

1 —ag2 —ags —aps —ags —y G2 Qg3 apa a5 Y

Table 5: Butcher tableau of the explicit six-stage method.

The (remaining) order conditions (4.12), the coupling conditions (4.13]), and the (remaining)
supplementary order conditions (4.14) yield 10 conditions. However, one can verify that impos-
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ing the order conditions and the supplementary order conditions —, and taking into
account the implicit companion method, the condition is automatically satisfied. Hence,
following [51], and similarly to what we have done in Section the remaining parameter is fixed
by enlarging the stability region of the explicit method and imposing

Z 'bldlm&mkdkjcj = %35
l,m,k,j

Following the notation introduced in Section [ the fourth-order schemes derived in this work
are denoted by IMEX(4, 6)-LDp, where LDp refers to the low-dispersion property of the implicit
method. Specifically, we consider IMEX (4, 6)-LDp, (Table, which, for the implicit companinion
method, is characterized by stage order 3 at the third intermediate stage and internal stability at
the fourth and fifth (penultimate) stages. Next, we have IMEX(4,6)-LDp, (Table [L9), which
achieves stage order 3 at the third and fourth intermediate stages and internal stability at the fifth
stage. Finally, IMEX(4, 6)-LDp5 (Table is characterized by stage order 3 at the third, fourth,
and fifth intermediate stages.

The difficulty of pursuing a general analytical treatment, together with the need to rely on
numerical solvers to determine all coefficients, suggests that for higher-order schemes (¢ > 4)
alternative approaches to time integration may be preferable. In particular, one may consider
space—time variational discretizations [8], ADER methods, or deferred correction techniques [34
46, [58,, 60}, 67]. However, these approaches are beyond the scope of the present work.

5 Polytopal discontinuous Galerkin method for space discretiza-
tion

In this section, we introduce the space discretization using the polydG method [7, 27, 26]. First, let
us introduce a polytopic mesh partition .7, of the domain €2 made of disjoint polytopal elements K.
For each element K € .7}, we denote by |K]| its d-dimensional measure. Concerning the space mesh
regularity, we refer to the assumptions in [26, 27]. We define interface as the intersection of the
(d — 1)-dimensional facets of two neighbouring elements. Namely, the facets are line segments and
(planar) triangles decomposition of the polygons, for d = 2 and d = 3, respectively. We denote the
set of facets as F), = E}IL U.ZBn where fé is the set of internal facets and .# B the set of exterior
ones. Finally, we split ZBr» = ZP U .ZN| where #P and Z}¥ are the boundary faces contained
in I'p and T'y, respectively. We recall that we assume that I'n N I'y = (). Using the standard
notation of Lebesgue and Sobolev spaces for scalar and vector-valued functions, we introduce the
discontinuous finite element spaces

VPG = (v e L3(Q) : v|g € P(K)VK € 5, and VDPC =[P4

where Py(K) is the space of polynomials of total degree less than or equal to . Then, we introduce
the trace operators [10] for a facet F' € .Z shared by the elements K. Let ny+ by the unit normal
vector on face F pointing exterior to K+, respectively. Then, for sufficiently regular scalar-valued
functions w we define the average operator {-} such that {w} = 3 (w|g+ + w|g-) and the jump
operator [-] such that [w] = w|g+ng+ + w|g-ng-. Analogously for a vector-valued function v
the definitions are v} = 3 (v|g+ + vi-) and [v] = v|g+ - Ng+ + V|- - nE—. In the same way,
on the face F' € .ZD the average operators are defined as {w} = w|x and {v} = v|k, while the
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jump operators as [w] = (w — gp) |[knk and [v] = (v —gp) |k - Nk, where gp and gp are the
corresponding Dirichlet boundary conditions. We introduce the following dG-norm

N
lullic =D ( oy Vauiliae + > WG Twllieg | Yue VRS,

J=1 FeZluFpD

where V}, is the elementwise gradient and n; : Z} U.ZP — R is the penalization function defined
as:

02| F
ol e g,
o {IK= [} 5.1
nj ="1o 0'€2|F\ (5.1)
J onFeﬁ,?.

K|

: : : : + _ 2ata” gl
In Equation (j5.1), we are considering the harmonic average operator {a™}y = aFTe= on Fe 7,
where a™ and a~ are short notations for a|x+ and a|g -, respectively. Moreover, 7 is a parameter

to be chosen large enough to have stability [9]. Finally, we can define the following bilinear form

N
o VPG x VPG 5 R as o (u,v) = 3 j(uj,v;), where
j=1

%(Ujavj)Z/QUthuj'thjdwﬂL > /ﬁj [w;] - [vs] do
F

71, D
FeyhU/h

- Y [ i bl o) Tl do, uo e VRO

FeZluFpD

The semi-discrete PolyDG symmetric interior penalty formulation reads: for each ¢ € (0,7 find
up(t) € VPG such that

/ up(t)v, de + o (up(t), vy) = / F(up(t),t) - vpde +/ gn - vpdo, Yo, € VPG (5.2a)
Q Q I'n

up(0) = up, in(Q, (5.2b)

where upg € VEG is a suitable approximation of the initial condition ug and we denote the time
derivative with e = O;e. For more details about the derivation of the SIP-dG method for the
laplacian term, we refer to [10]. Moreover, we refer to [5] 30], for the derivation of the method for
two particular cases with N =1, 2.

To derive the algebraic formulation of the system we introduce a suitable basis for each scalar
equation (¢;x) | of the space VP such that M = dim(V;°%). Then, we construct a vectorial
basis (@)™ such that ®j, = [py,0,...,0]" for k = 1,..., M, &2 = [0,¢%,0,...,0]" for k =
M+1,...,2M, and so on. Then we rewrite the solution

NM
up(z,t) = Y U(t)®Bp(x),
k=0

where U € RYM ig the corresponding vector of the expansion coefficients written in terms of the
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chosen basis. Moreover, we define the matrices and the vectors for ¢,5 =1,..., NM

[M];; :/ ®; P, dx, (Mass matrix),
Q
Klij = (®;,®;), (Stiffness matrix),
GU(t))]; = /Q F (up(t),t) - ®;de, (Nonlinear reaction vector),

Ge1(U(t))]; :/ Fg1(up(t),t) - ®;de, (Nonlinear reaction vectors for SI-IMEX).
Q

6 Numerical results: application to ODEs

The numerical methods and the IMEX-RK schemes presented in the previous sections are now
validated through a series of test cases. While the ultimate goal of this work is the simulation of
diffusion-reaction systems , the development of novel IMEX-RK schemes warrants a prelimi-
nary investigation on benchmark ODE problems. The tests of this section allow us to isolate and
assess the fundamental properties of the proposed methods, including their accuracy and stability
behaviour, and to compare them with existing approaches. More challenging diffusion-reaction ap-
plications are reported in Section [7} First, we consider a logistic ODE (or Verhulst model), which
can be interpreted as a Fisher-Kolmogorov equation with vanishing diffusion. In the test case 2,
we investigate the classical van der Pol oscillator [19, [45], a well-known stiff ODE problem.

For the reader’s convenience, Tables [6] and [7] summarize the third- and fourth-order IMEX-RK
schemes employed in the numerical experiments, including both schemes available in the liter-
ature and those developed in the present work. The corresponding coefficients are reported in
Appendix[A] For each scheme, we indicate the number of stages and its main structural properties.

Scheme Reference Stages Main features

IMEX-SSP(4,3,3) [15] 4 Type 1, L-stable, Strong stability preserving
IMEX-RK(4,3,3)  [18§] 4 Type I, SA
BHR(5, 5, 3) [14) 5 Type 11, SA, condition (3.4]), improved algebraic accuracy
3
5

ARK3(2)4L[2]SA [49]
IMEX(3,5)-LDsy present work

Type II, L-stable
Type II, L-stable, condition (3.4), improved algebraic accuracy,

triplet [cglf) , cili) R déi)]

IMEX(3,5)-LDs2 present work 5 Type II, L-stable, condition (3.4), improved algebraic accuracy,
triplet [cg2), 04(117) s dé?]

IMEX(3,5)-LDp present work 5 Type 1I, L-stable, condition (3.4), improved algebraic accuracy,
triplet [0(31_), cfll_) R &gi)]

Table 6: Third-order IMEX-RK schemes employed in the numerical simulations.

6.1 Test case 1: Verhulst model

As a first test case, we consider the Verhulst model. This is a single ODE, with a nonlinear

quadratic term of the form
du

— =au(l—u),

dt
supplemented with a suitable initial condition u(0) = ug. As we will see in Section this equation

represents the limiting model of the Fisher—-Kolmogorov equation in the absence of diffusion. The
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Scheme Reference Stages Main features

ARS(5,5,4) [25] 5 Type ARS, SA

ARK4(3)6L[2]SA [49] 6 Type II, L-stable

ARK4(3)7L[2]SA1  [51] 6 Type II, L-stable, condition

IMEX(4, 6)-LDp, present work 6 Type II, L-stable, condition , improved algebraic accuracy,

low dispersion implicit method, stage order 3 3rd stage, internal
stability 4th-5th stage

IMEX(4, 6)-LDpy present work 6 Type II, L-stable, condition , improved algebraic accuracy,
low dispersion implicit method, stage order 3 3rd-4th stage, inter-
nal stability 5th stage

IMEX(4,6)-LDpg present work 6 Type II, L-stable, condition , improved algebraic accuracy,
low dispersion implicit method, stage order 3 3rd-4th-5th stage

Table 7: Fourth-order IMEX-RK schemes employed in the numerical simulations.

analytical solution is

quat

T T+ (et — 1)

u(t)

In the numerical experiments, we set « = 1, T' = 1, and ug = 0.2. According to the notation
set in Section the explicit and implicit components are given by fg = —awu? and fi = au,
respectively.

In Figure [Ta] we show that the proposed third-order IMEX-RK schemes yield the smallest
errors among all the tested methods. In particular, the combination A in and cz(ll_) ,
which ensures stage order 3 at the third and fourth internal stages of the implicit companion
method, yields lower errors. Overall, we identify three schemes that provide superior accuracy:
IMEX (3, 5)-LDs; (Table[12), characterized by the triplet [c{' ™, {'™, a{})], IMEX (3, 5)-LDs, (Ta-
ble , characterized by the triplet [ch), cfll_), d&)], and IMEX(3, 5)-LDp (Table , characterized
by the triplet [cgl_) , cfll_), déi)]. We recall that céQ) guarantees stage order 2 for both the third
and fourth explicit stage, while d&) maximizes the order of dissipation of the explicit scheme,
and &gi) (4.11]) maximizes the order of dispersion of the explicit scheme. Among these, IMEX(3, 5)-
LDp produces the lowest error values.

Regarding the fourth-order schemes, Figure [1b| shows that the proposed methods also perform
very well. In particular, IMEX(4,6)-LDp, (Table attains the smallest errors, which are of
the same order as those of the method by Kennedy and Carpenter [51], while requiring one stage
fewer. This scheme is associated with stage order 3 for the third and fourth intermediate stage,
while internal stability is enforced for the fifth (penultimate) internal stage, i.e. R%l(c0) = 0, where
R denotes the stability function of the I-th stage.
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—e— IMEX-SSP(4,3,3)
—o— IMEX-RK(4, 3, 3)
—o- BHR(5,5,3)

—o— ARK3(2)4L[2]SA

=~ IMEX (3, 5)-LDs;

== ARS(5,5,4)
== ARK4(3)6L[2]SA
ARKA(3)7L[2]SA,
== IMEX (4, 6)-LDp,
== IMEX (4, 6)-LDp,
== IMEX(4,6)-LDp,

3
-8~ IMEX(3,5)-LDp
(3,5)-LDs2

== IMEX

0.010 0.100

At [ At []
(a) Third-order methods (b) Fourth-order methods

Figure 1: Test case 1, Verhulst model: convergence of different IMEX-RK schemes. The error is computed at final
time for third-order (a) and fourth-order methods (b).

1071 1071 10!
—8— = 0.525721461435005 & 7 = 0.525721461435005 - 7 = 0.525721461435005
o | | w7 =0.435866521508482 | | | -m- 9 =0.435866521508452 | || = v =0.435866521508482 emeer
1077 1| e v = 0.572816062482135 1077 1| e y = 0.572816062482135 1072 1. 816062482135 ==+ LN

(a) IMEX(3, 5)-LDs; (b) IMEX(3, 5)-LDp (c) IMEX(3, 5)-LDsg

Figure 2: Test case 1, Verhulst model: comparison of three different versions of our method with « ~ 0.5257, derived
in this work, v ~ 0.4358, classical literature choice, and v ~ 0.5728, obtained by maximizing the order of dissipation
of the implicit method.

Additionally, we compare three versions of our method using three values of ~: v ~ 0.5257,
derived here, the classical v ~ 0.4358 [14] [49], and v ~ 0.5728, obtained by maximizing the order
of dissipation (see Section . Figure [2| shows that v ~ 0.5257 reduces errors by one order of
magnitude for IMEX(3,5)-LDs; and IMEX(3,5)-LDp. For the IMEX(3,5)-LDs2 scheme, however,
v ~ 0.4358 yields smaller errors at larger At, though they rise after 10719; this issue does not occur
with v ~ 0.5257. These findings indicate that the choice of v may strongly affect the accuracy of
the method, and that the selected value of v improves the performance of the proposed third-order
methods.
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6.2 Van der Pol oscillator

The van der Pol’s equation [14, 45] is one of the most widely studied nonlinear equations in the
stiff ODE literature. It can be recast as the following first-order ODE system

du1
dt
d 1

=D m—w),

with 0 < € <« 1. The IMEX-RK methods considered here treat the first equation explicitly and the
second implicitly. This test problem is chosen to compare the accuracy of several types of IMEX-
RK schemes and the new schemes in the presence of severe stiffness. In particular, the numerical
experiments are performed with e = 107%. Finally, following [14], we consider T = 0.55139s and

: I e _ _ 2 10 292 2 1814 _3 4
prescribe the initial conditions u;(0) = 2,u2(0) = —5 + 1€ — 5757~ — Togs3c. + O(7).
107! 107! T T — T
—e— IMEX-SSP(4, 3, 3) —e— ARS(5,5,4)
10-3 | | ~*~ IMEX-RK(4,3,3) 10-3 | | ~&= ARKA()6L[2JSA
—e— BHR(5,5,3) ARKA4(3)7L[2]SA,
_| | =e= ARK3(2)4L[2j5A _| | =m=IMEX(4,6)-LDp,
=107" || —m= IMEX(3,5)-LDs, 1077 ["| —m= IMEX (4, 6)-LDp,
S —m- IMEX(3,5)-LDp 1 —B~ IMEX (4, 6)-LDp,
1077 |~ IMEX(3,5)-LDs» I I 1

(b) Fourth-order methods: differential variable

(¢) Third-order methods: algebraic variable (d) Fourth-order methods: algebraic variable

Figure 3: Test case 2, van der Pol oscillator: convergence of different IMEX-RK schemes. The error is computed at
final time on the differential variable for third-order methods (a) and fourth-order methods (b), and on the algebraic
variable for third-order methods (c) and fourth-order methods (d).

First, we compare the third-order IMEX-RK schemes on both the differential variable u; and
the algebraic variable us (see Figures . Some of the existing schemes from the literature
exhibit noticeably larger global errors over the tested time-step range and show a more pronounced
pre-asymptotic regime. In contrast, the Kennedy—Carpenter method from [49] and our new schemes
display clean third-order convergence on both components. Moreover, on the algebraic variable our
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schemes systematically deliver smaller errors than the Kennedy—Carpenter method at comparable
time steps, so that they not only retain their nominal order but also provide a more accurate
resolution of the stiff dynamics of the van der Pol system.

A similar behaviour is observed in the fourth-order comparison. The widely used ARS(5,5,4)
method from [25] shows a loss of order and relatively large errors on the algebraic variable (see
Figure [3d), whereas the ARK4(3)6LSA method from [49] suffers from a longer pre-asymptotic
phase on the differential variable (see Figure . In contrast, the three newly constructed fourth-
order IMEX-RK schemes yield more robust error curves: they follow the expected fourth-order
trend and only exhibit a loss of order in the algebraic component once the error in the differential
variable falls below 10~'2, which is likely due to residual inaccuracies of the nonlinear solver that
are difficult to reduce further in this stiff regime. Overall, the performance of the proposed methods
is comparable to that of the ARK4(3)7L[2]SA; scheme in [51], while requiring one stage fewer.

7 Numerical results: application to PDEs

In this section, we present two applications of the IMEX methods to diffusion-reaction PDEs. First,
we address the Fisher-Kolmogorov equation, a fundamental model in biological applications [28],
69], which admits travelling wave solutions [6], 28, 29]. Finally, we consider a two-species diffusion-
reaction system, the so-called Gray—Scott model [44] [63], which exhibits complex patterns. The
implementation of the polydG method described in Section [5]is carried out within the 1ymph library
framework [4].

7.1 Travelling-wave solution of FK equation

In this section, we analyse the accuracy in simulating a travelling-wave solution of the Fisher—
Kolmogorov (FK) problem. FK is a scalar problem (n = 1) that can be rewritten as in Equa-
tion ([2.1)), provided Fi(u1) = aui(1 — u1). Namely, considering u = u; and o = o1, the FK model
reads

%:V' (cVu)+au(l—u) inQx(0,T), (7.1a)
oVu-ng=0 on 0N x (0,7), (7.1b)
u(+,0) = ug in Q. (7.1c)

Model represents a simplified formulation of the so-called heterodimer model [69], which
governs the dynamics of two different protein concentrations and is the classical mathematical
description for neurodegenerative diseases. We refer, e.g., to [6, 28] for a more detailed discussion.
In this section, we fix constant diffusion and reaction coefficients o and «, and we consider travelling-
wave solution of the form
u(x, Y, t) = ¢($ - Ut)v

where v is wave speed depending on o and « defined by v := 5y/ac /6. Substituting v in the FK
equation, we obtain an equivalent system of ODEs whose analytical solution is given by [70, §7.2]

W@ — vt) = % <1+tanh <8— @@-m))f.

This solution satisfies a homogeneous Neumann boundary condition at the limits £ — 400, which
is equivalent to x — oo for each fixed value of ¢ € (0,7]. The homogeneous Neumann boundary

condition is also respected in the y-direction, as the exact solution c is independent of y.
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In this simulation, we consider a rectangular space domain 2 = (0, 3) x (0, 1), and the final time
T = 4. Homogeneous Neumann boundary conditions are imposed not only at y = 0 and y = 1,
but also at # = 0 and = = 3. Concerning the physical parameters, we fix 0 = 1073 and a = 1. The
resulting velocity associated with these values is v ~ 6.45 x 1072.

The computational domain is discretized with a fixed polygonal mesh consisting of 800 elements
generated by PolyMesher [66]. The polynomial degree is set to £ = 8 to emphasize the temporal
errors associated with the IMEX time-integration scheme. We investigate temporal convergence
by considering time steps At = 0.8,0.4,0.2,0.1.

We also consider, for the first time in this test case, the SI-IMEX-RK approach presented in
Section To this end, we rewrite in the form of a partitioned system as follows

aautE =V -(cVu)+au (1l —ug) inQx(0,7), (7.2)
oug .
e =V -(cVu)+au (1 —ug) inQx(0,7), (7.3)

coupled with appropriate initial and boundary conditions as in ([7.1]). Following the discretization
in Algorithm [1, ug denotes the component treated explicitly, whereas uj represents the component
treated implicitly.

100 10° - 5 10°, =
== IMEX: [[u(T) = up ™ || 120 == IMEX: [[u(T) = up ™ || 12 () 1 IMEX: [[u(T) = up™ || 20
1071 == IMEX: [[u(T) - uN” |lac 1071 =W IMEX: [[u(T) — u)" [lac 4107 W IMEX: [[u(T) = up T flac
== SLIMEX: [[u(T) — u™ || ,2(0) Lot == SLIMEX: |[u(T) — up" || 2 (0 __.—!’ == SLIMEX: [[u(T) — u" || 120
1072 = @= SLIMEX: [[u(T) — u}ac  |——a==™" 1072 = @= SLIMEX: [[u(T) — u}™ ac |~ —as=™" 2» 1077~ @ SLIMEX: [[u(T) — )7 |lac
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(a) IMEX(3,5)-LDs;y (b) IMEX(3,5)-LDp (c) IMEX(3,5)-LDs2

Figure 4: Test case 3, travelling-wave solution of FK equation: comparison of three different versions of our third-
order method in the linearly implicit (IMEX) and semi-implicit (SI-IMEX) versions. The error is computed at final
time both in L*(Q) and dG norms.

Figure [4] shows the error at the final time 7" as a function of the time-step size At for the
three third-order IMEX-RK schemes proposed in this work. In each panel, we report the errors
measured in the L2(Q) norm and in the dG norm, and we compare the standard linearly implicit
IMEX formulation with its semi-implicit variant introduced in Section [3.2 The dashed reference
line with slope three highlights the expected third-order convergence, which is clearly recovered by
all schemes in the asymptotic regime.

The curves also show that the SI-IMEX methods tend to exhibit slightly larger error constants
than their IMEX counterparts, while preserving the same temporal convergence rate. Moreover,
we observe that the IMEX(3, 5)-LDss scheme, which attains stage order 2 for both third and fourth
order stage of the explicit part, yields the smallest errors in magnitude, in particular for the linearly
implicit formulation.
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Figure 5: Test case 3, travelling-wave solution of FK equation: comparison of three different versions of our fourth-
order method in the linearly implicit (IMEX) and semi-implicit (SI-IMEX) versions. The error is computed at final
time both in L?(Q2) and dG norms.

Figure [5| shows the error at the final time 7" as a function of the time-step size At for the three
fourth-order IMEX-RK schemes presented in this work. The expected fourth-order convergence is
clearly observed in the asymptotic regime for all schemes. The results indicate that all schemes
yield errors of comparable magnitude. In addition, the plots show that, in this case, the SI-IMEX
variants produce slightly smaller errors than their IMEX counterparts.

The observed behaviour may depend on the specific structure of the nonlinearity of the FK
equation. The reaction term awu (1 —wu) is globally bounded and exhibits moderate nonlinear
character, so that the discrepancy between the duplicated variables ugl’l) and u%n’l) at intermediate
stages remains well-controlled. At fourth order, the increased accuracy of the stage approximations
results in error constants that are comparable to, or even smaller than, those of the linearly implicit
IMEX counterpart. At third order, however, the coarser stage representation seems to yield a more
pronounced disagreement between ul(an’l) and u%n’l), ultimately resulting in systematically larger
error magnitudes despite the two formulations sharing the same asymptotic convergence rate.

7.2 Gray—Scott model

As a final test, we consider the Gray—Scott model [44, [63], which is widely used to study the
formation of complex patterns arising from simple chemical reactions. The resulting reaction-
diffusion system [63] can be cast in the form (2.1)), by setting u = (w1, u2)",01 = 0y, 02 = Ou,,
and

Flut) = (~urud + f(1— 1), urud — (f +K)uz)

where f and k are characteristic (dimensionless) constant parameters of the the chemical reactions
(see [63] for further details). Hence, we obtain

85? =V (00, Vur) —ur i+ f(1 —u1) inQx (0,77, (7.4a)
Oua 9 )
5 = V- (ou, Vug) +uius — (f + k)ug inQ x (0,77, (7.4Db)
ou, VUur -ng =0y, Vug -ng =0 on 2 x (0,77, (7.4c)
(ur,u2)(+,0) = (u1,0,u2,0) in Q. (7.4d)
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The numerical simulation of the Gray—Scott model requires particular attention in the design
of the time integration scheme. The diffusion forces fully explicit methods to adopt time steps
At = O(h?). Since the accurate resolution of localised patterns such as spots and travelling waves
typically demands fine spatial meshes, this restriction renders long-time simulations computation-
ally very expensive. High-order IMEX Runge-Kutta methods overcome this limitation by treating
the diffusion operator implicitly and the nonlinear reaction term explicitly, allowing time steps
substantially larger than the explicit stability bound, while preserving both the qualitative and
quantitative structure of the Gray—Scott patterns. These patterns thus provide a particularly
demanding benchmark for the schemes proposed in this work.

Due to the non-linearity, the term wuj u3 is treated explicitly, whereas the remaining terms
are discretized implicitly. However, thanks to the linearity with respect to uy, the SI-IMEX-RK
approach presented in Section [3.2] allows for an implicit discretization of u, i.e. of the linear
factor in the nonlinear term uq, u% In order to recast the system in the form , we introduce
(ul,E,uZE)T and (ULI,UQ’I)T, and define

-
F(ug,ur) = (—u; u%E + f(1—ury),uix U%E —(f + k)ugy)

Hence, the resulting partitioned system writes

0

glt’E = V- (0w, Vurg) —uruig+ f (1 —uig) inQx (0,7, (7.5a)
8U171 9 )

ot =V: (Ju1 VULI) T ULIU R + f (1 — Ul,I) inQ x (0, T], (75b)
a .

gi,E = V- (ou, Vua1) + uix U%,E —(f+k)ugr inQx (0,77, (7.5¢)
8u2,1 B 9 )

% Ve(ouy, Vug) +urgusg — (f +k)uzr in€x (0,77, (7.5d)

where Equation ((7.5a) can be neglected in practical computations due to the absence of u; g in the
others.

For the numerical test we consider a two—dimensional square domain = (0,2.5)? with diffusion
coefficients o,,, = 2 x 107° and o, = 107°. For the spatial discretisation we consider a polynomial
degree £ = 3 on a cartesian mesh of 6400 elements. The code is implemented in lymph [4]. As
initial data we consider a steady state for the first variable uq; = 1 and a localized square seeding for
the second one uy = 0.5 in Qgeeq = {(7,7) € R? : 1.1562 < 2 < 1.3438 A 1.1562 < y < 1.3438}. To
illustrate the ability of the scheme to reproduce qualitatively different dynamics until the maximum
time 7' = 5000, we consider three choices of the reaction parameters [63]:

e (f,k)=(0.030,0.062), which produces a pattern of localised spots;
e (f,k) =(0.037,0.060), which generates labyrinthine structures;
e (f,k)=(0.018,0.051), which gives rise to the small-amplitude wave patterns.

In Figure [, we report the results obtained using a time integration by means of the third-order
IMEX(3, 5)-LDs3 scheme with a time step At = 1. As visible from the results, the method provides
an accurate resolution of the rich pattern—formation dynamics observed in the Gray—Scott system.
In the first row (spots), a single initial bump destabilises into a ring of spots and then undergoes

successive replications. In the second row (labyrinths), the initial annulus progressively folds and
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Figure 6: Test case 4, Gray—Scott model: numerical solutions at different times for three different values of the
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reaction parameters and with different patterns.
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Figure 7: Test case 4, Gray—Scott model: profile of us along the diagonal of the computational domain at 7" = 200
with At = 0.5. Comparison between the IMEX and SI-IMEX schemes for the third-order (a) and fourth-order (b).

branches into a connected labyrinthine network; the interfaces stay thin and smooth while the pat-
tern coarsens, without spurious breakup or numerical artefacts. In the third row (small waves), the
solution generates outward—propagating concentric waves that rapidly lose coherence and fragment
into a disordered field of small-amplitude wavelets. The method is able to resolve the propagating
fronts and their interactions without excessive smearing, so that individual crests remain clearly
distinguishable throughout the simulation.

Moreover, to compare the accuracy and stability of the different strategies, we perform the
same simulation up to 7" = 200 with parameters (f,k) = (0.030,0.062). In Figure [7, we report
the profile of vy, along the diagonal connecting (1,1) to (1.5,1.5) in the computational domain,
for both the third-order scheme IMEX(3,5)-LDsy and the fourth-order scheme IMEX(4, 6)-LDp;
for At = 0.5. We can see that for the third order, the IMEX and the SI-IMEX methods provide
equivalent results. A small difference can be detected comparing the fourth-order methods.

In Figure we report the profile of v, for several values of the time step, namely At €
{0.5,1.0,2.0,4.0,8.0,16.0}. For the standard IMEX formulations, the curves corresponding to
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Figure 8: Test case 4, Gray—Scott model: profile of uz along the diagonal of the computational domain at 7" = 200
for several values of the time step A¢, computed with the third-order schemes IMEX (a) and SI-IMEX (b), and the
fourth-order schemes IMEX (c) and SI-IMEX (d).

At = 0.5 and At = 1.0 are virtually indistinguishable, confirming that both the propagation speed
and the shape of the travelling fronts are accurately captured at small time steps; however, the
method becomes unstable for larger values of At and fails to produce a solution. In contrast, the
SI-IMEX variants remain stable across the entire range of time steps considered, at the cost of a
progressive deterioration of the wave profile: as At increases, phase shifts and shape distortions
become visible, and are particularly pronounced for the fourth-order scheme.

8 Conclusions

In this work, we have presented IMplicit—EXplicit (IMEX) Runge-Kutta schemes coupled with a
polytopal discontinuous Galerkin discretization for possibly degenerate diffusion—reaction problems.
Since such models may admit travelling wave solutions, as in the Fisher-Kolmogorov equation, we
have designed new third- and fourth-order IMEX-RK schemes tailored to improve the numerical
description of wave propagation, with reduced artificial dissipation and dispersion. In addition,
inspired by the partitioned formulation introduced in [15], we have proposed a new class of semi-
implicit IMEX Runge-Kutta (SI-IMEX-RK) methods. This approach avoids a rigid separation
between linear and nonlinear reaction components, while enabling the selective treatment of the
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dominant (possibly linear) sources of stiffness. This strategy yields efficient and flexible schemes
that can be naturally extended to more complex nonlinear dependencies, including those arising in
the diffusion operator. The capabilities of the proposed methods have been assessed through a hier-
archy of test cases of increasing complexity, targeting regimes characterized by strong stiffness and
nonlinear dynamics. The experiments demonstrate that the considered schemes deliver accurate
and stable solutions across a wide range of scenarios, including biologically relevant models.

Possible future directions of this work are the rigorous theoretical analysis of the SI-IMEX-
RK framework, establishing entropy stability properties at the discrete level. A further promising
direction is to couple the proposed time integration strategies with entropy-stable spatial discreti-
sations based on summation-by-parts (SBP) operators [41],42]. Extending these SBP constructions
to general polygonal meshes and combining them with IMEX time stepping is a challenging but
natural step towards fully structure-preserving numerical methods.

A Coefficients of employed IMEX-RK schemes

We report here, for the reader’s convenience, all the details on the IMEX-RK schemes employed
in the numerical simulations, whose coefficients are approximated to the eighth decimal place. The
interested reader may contact the authors to obtain the full-precision values.

A.1 Third-order schemes

Regarding the third-order schemes, we list here the schemes considered.

0 0 0 0 0
0.43586652 0.43586652 0 0 0
0.71793326 0.43586652  0.28206673 0 0

1 —0.73353408  2.15052738 —0.41699329 0

0 1.20849664 —0.64436317 0.43586652
0.43586652 | 0.43586652 0 0 0
0.43586652 0 0.43586652 0 0
0.71793326 0 0.28206673 0.43586652 0
1 0 1.20849664 —0.64436317 0.43586652
0 1.20849664 —0.64436317 0.43586652

Table 8: Butcher tableaux of IMEX-RK(4,3,3) scheme employed in [18]. Explicit method (top) and implicit
method (bottom).
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0 0 0 0 0
0.87173304 | 0.87173304 0 0 0
0.60000000 | 0.52758901  0.07241098 0 0

1 0.39909600 —0.43755765 1.03846164 0

0.18764102 —0.59529747 0.97178992  0.43586652

0 0 0 0 0
0.87173304 | 0.43586652 0.43586652 0 0
0.60000000 | 0.25764824 —0.09351476 0.43586652 0

1 0.18764102 —0.59529747 0.97178992  0.43586652

0.18764102 —0.59529747 0.97178992  0.43586652

Table 9: Butcher tableaux of ARK3(2)4L[2]SA scheme employed in [49]. Explicit method (top) and implicit
method (bottom).

0 0 0 0 0 @ 0 0 0 0
0 0 0 0 0 0 -« o 0 0
1 0 1 0 0 1 0 1-« o 0
Flo 4 4 o bls v 4-tan o

ok 43 o % §

Table 10: Butcher tableaux of IMEX-SSP(4,3,3) scheme employed in [15]. Method with o = 0.24169426
and n = 0.12915286. Explicit method (left) and implicit method (right).

0 0 0 0 0 0
0.87173304 0.87173304 0 0 0 0
0.87173304 0.43586652 0.43586652 0 0 0
0.65905793 | —0.80099845 0 3.14121102 0 0

1 0.35675320 —0.19733989 0.88194884 —0.04136215 0

0.41289804 0 0.19733989 —0.04610445 0.43586652

0 0 0 0 0 0
0.87173304 0.43586652  0.43586652 0 0 0
0.87173304 0.43586652 0 0.43586652 0 0
0.65905793 | —0.06675868 0 1.97110474 0.43586652 0

1 0.41289804 0 0.19733989 —0.04610445 0.43586652

0.41289804 0 0.19733989 —0.04610445 0.43586652

Table 11: Butcher tableaux of BHR(5,5,3) scheme employed in [14]. Explicit method (top) and implicit
method (bottom).
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0 0 0 0 0 0
1.05144292 | 1.05144292 0 0 0 0
0.66658810 | 0.45528814  0.21129996 0 0 0
1.47683871 | 0.06936473 0 1.40747398 0 0

1 0.31801663  0.02902514 0.61071506  0.04224315 0

0.34225438  0.04450272  0.24901994 —0.16149852 0.52572146

0 0 0 0 0 0
1.05144292 | 0.52572146  0.52572146 0 0 0
0.66658810 | 0.26286073 —0.12199408 0.52572146 0 0
1.47683871 | 0.07706201 —0.69770293 1.57175818  0.52572146 0

1 0.34225438  0.04450272  0.24901994 —0.16149852 0.52572146

0.34225438  0.04450272  0.24901994 —0.16149852 0.52572146

Table 12: Butcher tableaux of IMEX(3, 5)-LDs; scheme. Explicit method (top) and implicit method (bottom).

0 0 0 0 0 0
1.05144292 | 1.05144292 0 0 0 0
0.66658810 | 0.45528814  0.21129996 0 0 0
1.47683871 | 0.06936473 0 1.40747398 0 0

1 0.33449382  0.03977721  0.57503718 0.05069178 0

0.34225438  0.04450272  0.24901994 —0.16149852 0.52572146

0 0 0 0 0 0
1.05144292 | 0.52572146 0.52572146 0 0 0
0.66658810 | 0.26286073 —0.12199408 0.52572146 0 0
1.47683871 | 0.07706201 —0.69770293 1.57175818 0.52572146 0

1 0.34225438 0.04450272  0.24901994 —0.16149852 0.52572146

0.34225438 0.04450272 0.24901994 —0.16149852 0.52572146

Table 13: Butcher tableaux of IMEX(3,5)-LDp scheme. Explicit method (top) and implicit method (bottom).
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0 0 0 0 0 0
1.05144292 1.05144292 0 0 0 0
0.60111815 0.42928617 0.17183197 0 0 0
1.26219537 | —0.06294940 0 1.32514477 0 0

1 0.22291660 —0.00797809 0.72988821 0.05517327 0

0.28387977 0 0.40243695 —0.21203818 0.52572146

0 0 0 0 0 0
1.05144292 | 0.52572146 0.52572146 0 0 0
0.60111815 | 0.20412379 —0.12872709 0.52572146 0 0
1.26219537 | 0.12407344 —0.52211130 1.13451177 0.52572146 0

1 0.28387977 0 0.40243695 —0.21203818 0.52572146

0.28387977 0 0.40243695 —0.21203818 0.52572146

Table 14: Butcher tableaux of IMEX(3, 5)-LDs; scheme. Explicit method (top) and implicit method (bottom).

A.2 Fourth-order schemes

Regarding the fourth-order schemes, we list here the schemes considered.

0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1
Ll 9 0o 0o 0 0 Ll o L 0o 0o 0 o0
3 1 3 1 1
s -1 1 0 0o 0 0 s 10 L L o 0 0
11 13 43 8 11 17 1 1
2 | "0 7w w0 0 0 0 | 0 s —» 1 0 0
1ol _s 42 w15 0 1 0 S 17 15 1 0
2 85 85 1360 272 2 1360 2720 544 4
79 5 25 85 25 49 125 85 1
Lo g -5 7 -5 0 Lp 0o 3% -® 16 12 1
0 2 _49 125 _8 1 0 2 _49 125 _s 1
24 48 16 12 4 24 48 1 12 4

Table 15: Butcher tableaux of IMEX-ARS(5,5,4) scheme employed in [15]. Explicit method (left) and
implicit method (right).
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0 0 0 0 0 0 0
0.50000000 0.50000000 0 0 0 0 0
0.33200000 0.22177600 0.11022400 0 0 0 0
0.62000000 | —0.04884659 —0.17772065 0.84656724 0 0 0
0.85000000 | —0.15541685 —0.35670501 1.05872588 0.30339599 0 0

1 0.20142435 0.00874206  0.15993996  0.40382906 0.22606457 0

0.15791629 0 0.18675894  0.68056529 —0.27524053  0.25000000

0 0 0 0 0 0 0
0.50000000 | 0.25000000 0.25000000 0 0 0 0
0.33200000 | 0.13777600  —0.05577600 0.25000000 0 0 0
0.62000000 | 0.14463687  —0.22393190 0.44929504  0.25000000 0 0
0.85000000 | 0.09825878  —0.59154424 0.81012105 0.28316440 0.25000000 0

1 0.15791629 0 0.18675894  0.68056529 —0.27524053  0.25000000

0.15791629 0 0.18675894  0.68056529 —0.27524053  0.25000000

Table 16: Butcher tableaux of ARK4(3)6L[2]SA scheme employed in [49]. Explicit method (top) and
implicit method (bottom).

0 0 0 0 0 0 0 0

2y 2y 0 0 0 0 0 0
0.42165537 | 0.06175000 0.35990537 0 0 0 0 0
0.33500000 | 0.05301658 0.35949264 —0.07750923 0 0 0 0
0.07500000 | 0.05841715 —0.16313824 —0.19732090 0.37704199 0 0 0
0.70000000 | 0.53853032 —0.45497746 1.25629056 —0.47828452 —0.16155888 0 0
1 0.23221715 0.23221715  —6.80999437 7.36185855 —1.37487908 1.35858058 0

0 0 0.51611072 —0.14606356 0.23473048 0.27172234 ~

0 0 0 0 0 0 0 0

2y ¥ ¥ 0 0 0 0 0
0.42165537 0.14907768 0.14907768 vy 0 0 0 0
0.33500000 0.12483442 0.12483442  —0.03816885 ¥ 0 0 0
0.07500000 | —0.07303194 —0.07303194 —0.24343569 0.34099956 vy 0 0
0.70000000 | —0.15296500 —0.15296500 0.07220562 0.40430630 0.40591807 v 0
0 0 0.51611072 —0.14606356 0.23473048 0.27172234

0 0 0.51611072 —0.14606356 0.23473048 0.27172234

Table 17: Butcher tableaux of ARK4(3)7L[2]SA; scheme employed in [51I]. Method with v = 0.1235.
Explicit method (top) and implicit method (bottom).

32



0 0 0 0 0 0 0
0.55610768 0.55610768 0 0 0 0 0
1.31576490 | —0.33180581 1.64757071 0 0 0 0
0.08673938 0.13811029 —0.00270761 —0.04866330 0 0 0
0.43558989 1.03496518 0.54237034 —0.07939527 —1.06235036 0 0

1 —1.25469717  —0.59939455 0.17680815 1.62106030 1.05622327 0

—1.25469717  —0.59939455 0.17680815 1.62106030 1.05622327 0

0 0 0 0 0 0 0
0.55610768 0.27805384 0.27805384 0 0 0 0
1.31576490 0.13902692 0.89868414 0.27805384 0 0 0
0.08673938 | —0.12975100 —0.07983424 0.01827080  0.27805384 0 0
0.43558989 | —0.14018717 —0.12525399 0.00546592  0.41751129 0.27805384 0

1 0.09317511 0 —0.03410445 0.06284142 0.60003407 0.27805384

0.09317511 0 —0.03410445 0.06284142 0.60003407 0.27805384

Table 18: Butcher tableaux of IMEX(4, 6)-LDp, scheme. Explicit method (top) and implicit method (bottom).

0 0 0 0 0 0 0
0.55610768 | 0.55610768 0 0 0 0 0
0.35255814 | 0.04247560 0.31008254 0 0 0 0
0.66303019 | 0.40040468 —0.03002200 0.29268752 0 0 0
0.89332539 | 0.52440469 —0.72698360 0.23689320 0.85901111 0 0
1 0.23510769 —1.18401116 0.30313013 1.81785990 —0.17208657 0
0.23510769 —1.18401116 0.30313013 1.81785990 —0.17208657 0
0 0 0 0 0 0 0
0.55610768 0.27805384 0.27805384 0 0 0 0
0.35255814 0.13902692 —0.06452261 0.27805384 0 0 0
0.66303019 0.09279114 —0.33193809 0.62412330 0.27805384 0 0
0.89332539 | —0.06208062 —0.96963964 1.29531364 0.35167818 0.27805384 0
1 0.14889680 0 0.29346325 0.57004255 —0.29045645 0.27805384
0.14889680 0 0.29346325 0.57004255 —0.29045645 0.27805384

Table 19: Butcher tableaux of IMEX(4, 6)-LDp, scheme
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0 0 0 0 0 0 0
0.55610768 0.55610768 0 0 0 0 0
0.35255814 0.31554253 0.03701561 0 0 0 0
0.66303019 0.04611287  —0.49427752 1.11119485 0 0 0
0.03422808 0.10180581 0.05442689 —0.14018574 0.01818112 0 0
1 —2.05008320 —1.19976062 0.13177740 1.55817443 2.55989198 0
—2.05008320 —1.19976062 0.13177740 1.55817443 2.55989198 0
0 0 0 0 0 0 0
0.55610768 0.27805384 0.27805384 0 0 0 0
0.35255814 0.13902692 —0.06452261 0.27805384 0 0 0
0.66303019 0.0927911  —0.33193809 0.62412330 0.27805384 0 0
0.03422808 | —0.20769213 —0.01432779 —0.04346364 0.02165781 0.27805384 0
1 4.03283234 0 1.76674922 —0.36122323 —4.71641218 0.27805384
1 4.03283234 0 1.76674922  —0.36122323 —4.71641218 0.27805384

Table 20: Butcher tableaux of IMEX(4, 6)-LDp, scheme. Explicit method (top) and implicit method (bottom).

B Derivation of index-1 DAE supplementary conditions up to or-
der 4

We consider the singularly perturbed system

y'(t) = f(y(t), 2(1)),
e2!(t) = g(y(t), 2(t)),

with 0 < £ < 1 and ¢.(y, z) invertible on the region of interest (indez-1 DAE case). We focus on
schemes of type I and we assume A invertible, so that w = A~!'. The derived relations will be
valid for schemes of type II by considering w = A~! [I4], that is assumed to be invertible. An
IMEX-RK scheme of type I applied to the reduced DAE reads [13]

(B.1)

y " =yt ALY a f (y, 2), (B.2a)
m=1

0= g(y™m, zmm)y, (B.2b)

Yt — g 4 AtZl;gf(y(”’l), (b (B.2¢)
=1

+1 _ pzn + At Z blwlmz(n’m)a (B.Qd)

I,m=1

where p = R(00) < 1. We need to compute the local truncation error Az"*!. We drop the explicit

dependence on time, all the quantities are evaluated at time ¢" (subscript n). First, we recall the
Taylor expansion of the exact solution

At? At3
Zngl = 2n + Atzl 4+ =2+ =2 + O(AY).

%"

(B.3)



We introduce for the sake of convenience

Zin = —9inGyn (B.4a)
Z3,n = _gz_JlL (gyyy,n + 3gyyz,nzl,n + 3gyzz,nz12,n + gzzz,nzin + 3gyz,n22,n + 3gzz,nzl,nz2,n) 5
(B.4c)
so that

Z;L = Zlmy; = Zl,nfna
2y = Zialn + Z20(Yn)? = Zuayn + 220
=024 ( 9o Gy + Fons)

first-order derivatives block

+ gyy,nfr% + 29yz,nfnz;z + gzz,n(Z;JQ )

second-order derivatives block

Z;:/ = Zl,ny;’,/ + 322,ny;yx + Z3 (y;L)B = Zl,ny;/,/ + 3Z2mfny;;l, + ZB,nfs
= _gz_,rlz (gy,n (fyyn(fy,nfn + femzp) + fonzn + fyy,nfs +2fyznfnzn + fzz,nzf)

first-order derivatives block
+3 (gyy,nfn (fy,nfn + fz,nZ;L) + Gyz.n (Z;L (fy,nfn + fz,nzjl) + fnzx) + gzz,nZ;LZ;Z)
second-order derivatives block
+ gyyy,nfs + 3gyyz,nfq%z; + 39yzz,nfn(zq/1)2 + gzzzvn(zji)3 )
third-order derivatives block
= _gz_,ylz <9y,n (fyn(fynfn + fonzn) + fonzn + fyynfa% + nyznfnziz + fzznzq?)
first-order derivatives block
+3 (gyymfn (fy,nfn + fsz;L) + Gyzn (2'2’:1 (fy,nfn + fzmz;z) + ZQ,nfS) + gzz,nzizzx)
second-order derivatives block
+ gyyymfs + 39yyz7nfv%2;z + 39yzszn(2;)2 + gzzz,n(Z;L)g ) .

third-order derivatives block

Notice in particular that

Gyz,n (27/1 (fy,nfn + fz,nz;) + fnzg) = Gyz,n (27/13/;{ + fnZZ)
= gyz,n (Zl,nfny;: + fn (Zl,nyx + ZZ,nf;z)))
= Gyzn (2zl,nfnyq/1/ + Z2,nf1§)
and that
Z’;Lz’;’i = z’;l, (Zl,nyg + 22,nf721) = anfnyﬁ + Zl,nZQ,nfr?{-

In order to compute the Taylor expansion of the numerical method at time " we need to

compute the Taylor expansion of the intermediate stages z(™"). These are defined implicitly,
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through the relation g(y(™"™, (")) = 0, so that

0= g(y(nvm)’ Z(n7m)) = g(yn + Ay(nvm)7 Zn + Az(n’m))

= 9n +gy,nAy(n’m) + gz,nAZ(mm)

~~
=9(yn,2n)=g(y(t"),2(t"))=0

1 (n,m) 2 (n,m) (n,m) 1 (n,m) 2
=+ igyy,n (Ay ’ ) + gyz,nAy AT igzz,n (AZ ’ ) (B'5)
1 31 2 1 2
- (n,m) z (n,m) (n,m) 4 = (n,m) (n,m)
+ 6gyyy,n (Ay ) + 29yyz7n (Ay ) Az + 2gyzz,nAy (AZ )

+ %gzzz,n (Az("’m)>3 +0 (Ay(”’m)>4 +0 (Az(”’m)>4 ,

so that, by defining
Az(n,m) _ Az(n,m),l + Az(n,m),2 + Az(n,m),Zi + O(At4)

one obtains

AL = g Byfr, )
_ n.m 1 n,m 2 n,m n,m 1 n,m 2

A2 = _gz;z <gy,nAy( 2y igyy,n (Ay( ’ )’1) + gyz,nAy( M AL igzz,n (AZ( ’ )71) > )

(B.6b)

Az(n,m),?) _ _gz—7ll (gy nAy(n,m),?) + Gyy nAy(n,m),lAy(n,m),Q + Gas nAz(n,m),lAz(n,m),Q

+ Gyen Ay TIIAZ M2 g Ay ()2 A (m),
1 n,m 1 n,m
ggyyym(Ay( , /)71)3 T égzzz,n(AZ( ’ )71)3

1 1
4 7gyyz7n(Ay(n,m),l)ZAZ(n,m),l + gyzz,nAy(n,m),l(Az(n,m),1)2> ) (B6C)

+

2 2
Now we need to compute the expansions of Ay(™™) so that
Ay = Agymm)l 4 Ay (m)2 4 Ay ()3 L O(AY).
In order to achieve this goal, we need to consider the expansion of f
Fly™m™, 20 = fo e fyn Ay 4 f Az
2 T (DY fue Ay AL 1L f (A2

+ éfyyy,n(Ay(””“))3 + % Fypsm (Ay(m)2 A (0m) (B.7)
b g By AT S (A3
More specifically, we obtain
Order 1 (At)
Ay = ALY o = At o s,
k
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Order 2 (At?)
Ay(n,m),2 = At Z &mk <fy,nAy(n7k)’1 + fz,nAZ(n’k)’l) ’ (Bg)

k

Order 3 (A#?)

Ay"TE = ALY <fy,nAy(””“>’2 + fen Dz
k

(B.10)
1 . 1
+ 5fyyﬂ(Ay(n,lv),l)Z + fyz,nAy<n’k>’1AZ(n7k>’1 + Zfzz,n(AZ(n'k)’l)Q) )
By successive substitution, we obtain
Order 1 (At)
Ag(m)l _ Z1,nAy(”’m)’1 - _Atg;}Lgy,némfn = Atéy, 2. (B.11)
Order 2 (At?)
Ay(n,m),Z _ Atzdmk (fy,nAy("’k)’l + fz,nZLnAy("’k)’l) — A2 dekék(fy,nfn + fz,nZ:’L) (B.12a)
k k
1
A = 2y Ay 4 2 2 (A (B.12b)
— n,m 1 n,m
=g {gy,nAy( T4 S (Guvn +20us 0 Bn + geen Zin) (Ay )’1)2}
2 —1 A ~ / é%n 2 / /\2
=—-At"g. Z amkCkGy.n(fymfn + fonzn) + 5 (gyyynfn + 29yzn frzn + gzzn(2n) )
k
second-order derivatives block
first-order derivatives block
Order 3 (A#?)
Ay(n,m),B _ Atzdmk (fy,nAyW’k)’Q + fz,n (Zl,nAy(”’k)’Q + %Zg’n(Ay(n’k)’l)2>
k
1
+ 5 Ay (fryn + 2fyznZin + frznZE ) ) (B.13a)

N . ) 1
=AY amp <fy,nAy<"”‘>’2 + fam (zl,nAyW‘%? + 5zg,n(Ay("*’““F)
k

62
+ AR (Fyyn 2+ 2y mfnzhy + ezl

22
C
= Atg dek [Z&kjéj (fy,n + fz,nzl,n) (fy,nfn + fz,nzil) + écfz,nzlnfi
k J

first-order derivatives block

~2
C
+ ?k (fyy,nf?l + 2fyz,nfnz'¢7, + fzz,nzg) ] .

second-order derivatives block

(n,m),3

Before deriving Az , we notice that

1 1 1 1

6gyyym(Ay(n,m),l)l’, + 6gzzz!n(AZ('n,m),l)3 + §gyyz’n(Ay(n,m),l)2Az(n,m),l + 5‘gyzzmA:y('rL,Trl),l(Az(n,m),l)2 _
1 n,m

7(Ay( ’ >Y1)3 (gyyy,n + gzzz,nzl:g,n + 3gyyz,nzl,n + 3gyyz,nzl2,n) .
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Moreover,

Az(n,m),lAZ(n,m),2 _ ZLnAy(n,m),l <Z1,nAy("’m)’2 + ;ZQ7n(Ay(n,m),1)2>

1
Ay(n,m)JAZ(n,m),Q _ Ay(n,m),l <Zl,nAy(n’m)72 + Zz,n(Ay("’m)’l)z)

2
Ay(n,m),QAZ(n,m),l _ ZlmAy(n,m),lAy(n,m),27

so that
gyy,nAy(n’m)’lAy(n’m)’Q + gzz’nAz(n’m)’lAz(n’m)’Q + gyz,nAy(n’m>’1Az(n’m)’2 +g

Ay(n,m),lAy(n,m),Q (gyy,n + gzz,nZIQ,n =+ ngz,nzl,n) B

Hence 1
Az(n,m),?) — ZLnAy(n,m),?y + ZQ,nAy(n,m),lAy(n,m),Q + 723771

6
in - We obtain

Azm)8 =z Ay ()8 Lz, Ay ()il Ay (nem),2

We progressively expand Az

~3
C
— 9z, ; AtB%fS (gyyy,n + gzzz,nzin + 3gyyz,'n21,n + 3gyyz,n212,n +3 (gyz,n + gzz,nzl,n) Z2,n)

— Zl,nAy("’m>‘3 +Z2,nAt25mfndek (fy,nAy<”’k>‘1 ¥ fz,nAz<"’k)’1)
k

53
_ C
- gz,'}z Atg?mfs (gyyy,n + gzzz,nzfn + 3gyyz,n21,n + 3gyyz,n212,n + 3 (gyz,n + gzz,nzl,n) ZQ,n)

1 n,m
+ - (gyz,n + gzz,nzl,n) Z2,n(Ay( ’ >’1)3-

yz,nAy(n’m)’QAZ(n’m)’l _

(Ay(n,m),l)iS'

= ZlmAy(n’m)’S + ZQ,nAtsémfn Z&mkék (fy,nfn + fz,nZ;L)
k

/\3 b
_ é
- gz,'}'L At3?mf;?i (gyyy,n + gzzz,nzin +39yyz,nZ1,n + 39yyz,n212,n +3 (gyz,n + gzz,nzl,n) ZQ,n)

= —AtSQ;,}L[Z&mk Z&kjéjgy,n (fy,n +fz,n21,n) (fy,nfn +fz,nz +Zamk gy,nfz nZ2 nfn

+ Zamk gy (Fyyn S+ 2fyznfnzn + foznzy)

+ (gyy,n + 2gyz,nzl,n + gzz,nzin) émfn Z &mkék (fy,nfn + fz,nzi«,,)
k

53
C
+ ?mfs (gyyy,n + gzzz,nzin + 3gyyz,nzl,n + 3gyyz,n212,n + 3 (gyz,n + gzz,nzl,n) ZQ,n) ]

2
é
= *At?)gz n[ E Gmk g G158 9y,n (fyyn(fyynfn + fznzh) + fznZ1nyn JF E Gmk Ekgy,an,nZQ,nfr%
k

first-order derivatives block

Zamk 9y,n fyy,nfgl + 2fyz,nfnzil + fzz,nzf)

first-order derivatives block

+Em Z AmkCk (gyy,nfn (fy,nfn + fz,nz’ln) + 29yz,nzr¢1 (fy,nfn + fz,nZ;L) + gzz,nzinfn (fy,nfn + fz,nZ;l))

k
second-order derivatives block
&3, 3 & 3
+ 7gyz,n32,nfn + 79zz,n21,n22,nfn
é3 3 21 1\2 7\3
m
+ ? (nyy,nfn + 39yyz,nfnzn + 39yzz,nfn(zn) + gzzz,n(zn) ) ]

third-order derivatives block
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Recall indeed that 2, = Z1 ,y; + Zonf7 and that 2),2) = 21 fuyn + Z1,nZ2nfi. Comparing the

numerical and exact expansions, we obtain the supplementary order conditions specific to order
4 reported in . An alternative, more elegant way to derive such conditions is by means of
bicolour rooted trees [14] [45]. As discussed in [I4], in order to distinguish derivatives with respect
to y (the differential variable) and z (the algebraic variable), we need two kinds of vertices: meagre
(o) and fat (e). We associate the expression (—g;’,llg) with a fat vertex and f with a meagre one.
Hence, the trees associated to the supplementary fourth-order conditions are

> biwmél, = 1, g
lym

s = - WI
> i iy = >

lm,k
1 .\f
.
E blwlmamkckzga
l,m,k
. 1
E bW Amk Gk jC; = 5’
lm,k,j

The coefficients appearing in the previous relations are related to the so-called density of a tree
7 [23, 53]. We recall that the density 4(7) is defined recursively by

m

o) =1, ) = ]]3(m), (B.15)

i=1
where |7| is the order of the tree, i.e. the number of nodes. Here the tree 7 is expressed in terms

of its children, i.e. 7 = [r,...,Ty], where 71,..., 7, are the subtrees obtained by removing the

root of 7. As an example, consider the tree g which has density 4(7) = 4. The coefficients
appearing in the order conditions required to formally match the Taylor expansion of the exact
solution are given by 1/7(7) [53]. In the present context, however, one node plays a special role,
namely the meagre node. Consequently, the coefficients reported above have to be computed by
considering the tree obtained after removing the meagre root.
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