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Abstract

Hierarchical Model Reduction is an effective Reduced Order Modelling

technique for problems defined on elongated, pipe-like domains. It is par-
ticularly suitable when a dominant dynamics is aligned with the longitu-
dinal direction, while transverse effects are locally significant but spatially
limited.
When applied to two-field problems such as the Stokes equations, a main
challenge is to ensure the stability of the reduced formulation, particularly
the inf-sup condition for pressure discretization. In this work, we provide
a rigorous analysis showing that the inf-sup condition holds whenever
the number of velocity modes is at least equal to the number of pres-
sure modes, thereby extending previous heuristic approaches. The proof
exploits the separation of variables in HiMod and is valid for pipe-like
domains under some geometric assumptions. Numerical assessment con-
firms the theoretical findings, providing a solid foundation for stable and
efficient HiMod reduction in incompressible flow problems.

Keywords Stokes equations; hierarchical model reduction; inf-sup condition;
educated modal expansion; finite elements.



1 Introduction

Reduced Order Modelling (ROM) has become an essential tool in computa-
tional science, offering a practical alternative to high-fidelity models. These of-
ten involve millions of variables, particularly for large-scale problems governed
by partial differential equations, making traditional numerical approaches com-
putationally prohibitive. This is the case, for instance, of contexts requiring
repeated evaluations of the governing equations such as in optimization, con-
trol, inverse analysis, uncertainty quantification, and real-time or multi-query
scenarios.

ROM techniques aim to replace the full-order model with a surrogate that cap-
tures the dominant features of the problem at hand, while drastically reduc-
ing the associated number of variables. This approach leads, on average, to a
significant reduction in computational cost and time. The resulting trade-off
between efficiency and accuracy has proven crucial across a broad spectrum of
application domains, including fluid and structural mechanics, electromagnet-
ics, thermal sciences, biomedical simulations, energy systems, geophysics, and
acoustics. In these fields, ROM enables virtual prototyping of scenarios that
would otherwise be numerically intractable.

Among the most widely adopted ROM techniques are Proper Orthogonal De-
composition (POD), Proper Generalized Decomposition (PGD), Reduced Basis
(RB) Methods, Galerkin projection-based approaches, and Hierarchical Model
(HiMod) reduction. A comprehensive introduction to the theoretical founda-
tions and applications of ROM can be found in [11, 2, [3, [4 [5] [6] [7].

This work is devoted to HiMod reduction, a ROM technique developed to ef-
ficiently tackle problems exhibiting a dominant direction of propagation, while
still accounting for secondary transverse dynamics. Such configurations fre-
quently occur in elongated, pipe-like domains, where one dimension governs the
main behavior of the system.

The core idea behind HiMod is to exploit a separation of variables approach,
using distinct approximation strategies along the dominant and transverse di-
rections. In the early development of HiMod reduction, a classical finite element
(FE) discretization was adopted along the dominant direction, while a standard
sinusoidal modal expansion was employed to account for transverse dynam-
ics [8,[9]. This results in a dimensionality reduction that reformulates the full
model as a system of coupled one-dimensional equations, regardless of the di-
mensionality of the original problem. As a consequence, HiMod reduction has
been successfully applied to several real-life problems, such as linear acoustics
[10], advection-diffusion reaction phenomena [I1 [8 [12] 13}, @, [14], blood flow
modeling [I5, [16] also in patient-specific artery segments [I7] and electromag-
netic framework [I8].

In recent advancements, the FE approximation has been replaced by isogeomet-
ric analysis, which offers great flexibility in representing geometrically complex
domains and challenging dynamics [T9, [I7]. As for the choice of the modal basis,
the most effective and versatile strategy so far relies on the so-called educated
modal basis, built from the eigenfunctions of a Sturm-Liouville problem [11].
This choice allows for an explicit incorporation of the boundary conditions pre-
scribed along the transverse boundaries, thereby improving the accuracy and
adaptability of the reduced model. It is also possible to vary the number of
modes used to describe the transverse dynamics. This leads to the concepts of



model hierarchy and adaptivity, where the number of modal functions is ad-
justed locally (i.e., more modes are used in regions with rich dynamics while
fewer where the behavior is smoother), coherently with the local complexity of
the solution. In particular, the number of modal functions can be tuned ei-
ther a priori, based on preliminary insights into the expected behavior of the
system [8 [9, 20, 21], or automatically, by relying on an a posteriori modeling
error analysis [22] 23] [24]. While selecting the number of modes is certainly an
important aspect, it can be considered somewhat optional in certain contexts
(e.g., for elliptic problems) where, in the worst case, the simulation remains
feasible albeit less efficient. However, in the case of two-field problems, such
as the Stokes equations studied in this work, this choice becomes essential to
ensure both accuracy and stability of the reduced model. So far, an empirical
strategy has been adopted, based on a heuristic criterion that assumes a specific
scaling between the number of modal functions used to approximate the trans-
verse dynamics of velocity and pressure, respectively [25] [I5] [T7] 26]. In all these
references, a stable pressure field is computed, although pressure approximation
remains the most challenging component.

The goal of this work is to provide a rigorous theoretical analysis to guar-
antee the stability of the HiMod pressure discretization in terms of the inf-sup
condition. We prove that this condition is satisfied whenever the number of
velocity modes is equal to or greater than the number of pressure modes. This
result extends the current state-of-the-art by allowing a broader range of ad-
missible combinations for the two modal indices.

The proof is based on constructing a velocity field whose divergence reproduces
a given pressure profile. This is achieved by solving a Cauchy problem for a
system of ordinary differential equations governing the velocity modal coeffi-
cients, which admits a unique solution. Thanks to the separation of variables
underlying the HiMod formulation, the problem is restricted to the dominant
(longitudinal) direction only.

The analysis is carried out on a general class of pipe-like domains that can
be mapped smoothly to a reference configuration. To ensure the validity of
the theoretical results, we assume some geometric constraints on this mapping,
allowing only small deformations from a rectangular configuration.

The paper is structured as follows. Section [2| details the HiMod discretiza-
tion for the Stokes problem. In Sec. |3] we present a set of preliminary results
that are instrumental for proving the well-posedness of the HiMod discretiza-
tion for the Stokes problem, which is the focus of the subsequent section. In
Sec. [p] we validate the theoretical findings through numerical tests across differ-
ent geometries. In particular, we examine the optimality of the condition on the
number of modal functions required to satisfy the inf-sup stability, comparing
it against the heuristic strategy currently adopted in the literature. Moreover,
we verify the key geometric assumptions underlying the proposed inf-sup anal-
ysis, particularly those related to the admissible shapes of the computational
domain. Finally, concluding remarks are provided in the last section.



2 HiMod semidiscrete formulation of the Stokes
problem

In this work, we focus on the steady Stokes equations, modeling an incompress-
ible viscous flow in a domain Q C R?, with boundary 99, namely

fyAu( )+ Vp(z) = £(2) in Q

u(z) =0 in Q
( ) ( ) on aQin (1)
u(z) =0 on 0ar
[((vVu-—pDn|(z) =0 on 0Qout,

completed with a prescribed velocity at the inlet section, 9€2;,, no slip conditions
on the wall boundary, 9,4, and do nothing boundary conditions on the outflow
section, OQut, with 0y, 0Mat, OQout such that O, N Oay N Oowy = 0
and Qi U 0Qat U 00ue = 0. Here, v is the kinematic viscosity, u(z) =
[u1(z),u2(z)]" is the velocity field, p = p(z) denotes the pressure field, f(z) =
[f1(z), f2(z)]T is the force per unit mass, h = h(z) is a given inflow profile, I is
the identity tensor, n = n(z) is the unit outward normal vector to the domain
boundary, and z = (z1, 22) is the generic point in . Without loss of generality,
in the sequel, we assume h(z) = 0.

The weak formulation of problem () is: given v € RT and f € L?(;R?),
find u € V and p € @ such that

{a(u,v) +b(v,p) = F(v) YveV

2

b(u,q) =0 Vg € Q, @
withV = Hjo pq,., (G R?) = {ve H'(%R?) : v(z) =0 ae. on 00, U a }
and Q = L3(Q), a(-,") : VxV =R, b(,-): VxQ —Rand F(-): V — R the
bilinear and the linear forms defined by

a(u,v) =v | Vu(z): Vv(z)dz, b(v,p) = — /ﬂp(z) V - v(z)dz,

Q

standard notation being adopted for the involved function spaces [27].

Problem represents the so-called full problem to be discretized with the
Hierarchical Model reduction. We observe that the regularity assumptions on
the problem data guarantee the well-posedness of form (see, e.g., [28, 271]).

2.1 HiMod reduction basics

Hierarchical Model (HiMod) reduction hinges on two main assumptions, namely
the domain €2 exhibits a fiber bundle structure and trial and test functions are
expanded through a separation of variables paradigm. In more detail, the com-
putational domain is given by Q@ =, cq,, {71} X Ya;, where Q1p = (0,L) C R
is the leading fiber aligned with the mainstream, while {v., }.,ec0,, denotes
a set of transverse fibers parallel to the secondary dynamics. For computa-
tional convenience, the physical domain 2 is mapped into the reference domain



(0,1), through the map ¥ : Q — Q, such that

O =Qip x4, with Oy Ay =
#9) = 2. The Jacobian associated with map ¥ is

() = (V1(2), Us(2)) = (&1,

denoted by Uiz OUs(2)
J(z) = 0¥ (z) _ Oxq Oxo . 3)
Jz OVy(z)  DVy(z)
0x1 0xo

We assume that map W is invertible, with inverse @ : Q — Q such that ®(z) =
(®1(2), P2(2)) = (21, 22) = z. Regularity assumptions are made on both ¥ and
®, by requiring that ¥ € C1(Q; R?) N C° (Y R?).
Maps ¥ and ® are used to relate corresponding boundary portions of 2 and Q,
so that we define O, = W(8Q,), with b € {in, lat, out}. We assume that the
inflow (outflow) boundary of the physical domain is entirely mapped onto the
left (right) side of the reference domain, namely, for any z € 9Qin (0Q0ut), ¥(2)
is such that £; = 0 (21 = 1) while &2 € 4. As a result, the lateral walls of 2
are mapped onto the top and bottom sides of (). We remark that the regularity
hypotheses on ¥ and ® allow to extend the map continuity up to 02, allowing
for sufficiently smooth boundary transformations.

In accordance with a separation of variables criterion, we introduce the func-
tion spaces

‘71[) = HEO}(QID;R2) = {\Af € Hl(le;R2) : \7(0) = 0} s QlD = L2<le>
associated with Ql p and the modal bases
B, _{T}z 15 Bq:{Rj}?:l (4)

defined on 4, that we use to approximate the velocity and the pressure along
the mainstream and the transverse direction, respectively with m, n € N* the
modal indices. In particular, we add the following assumptions on the modal
functions T; and R;:

T, € Cl(§) and /E(@Q)Tk(.i'g) dZo = 0 Lk=1,...,m (Al)
;Y

with ;5 the Kronecker symbol;

R GCO( and /R Rl(xg)d.’lig— 51 5Hl=1,...,n. (AQ)

The Dirichlet boundary conditions for u on 9, (i.e., on 3()1,1) are enforced in
the definition of Vl D, whereas the boundary data on 9, (i.e., on 8Q1at) are
properly taken into account by the modal functions in B, through the educated
basis approach (see [II] for all the details). For instance, the assignment of a
homogeneous Dirichlet condition on 02, in often leads to identifying modes
T; and R; in () with standard trigonometric functions.

Thus, the HiMod function spaces to surrogate the velocity and the pressure



in can be defined by

Vi = {vn(2) = V(w1 22) = > V(W1 (2) Ti(¥2(2)), ¥i € Vip
n (5)
Qn = {4(2) = gu(w1,22) = 3 4, (11 (@) R, (¥2(2)), 4, € Qin ),

Jj=1

respectively, where the HiMod coefficients {v;}{*; and {g;}7_; are collected
into the vectors V,, € Ve = [Vw]m, Q, € Qne = [Qw]", with

Vm = Vm(i‘l) = [\71,\72, . ,\A/'m]T, Qn = Qn(iil) == [él;qQa RS én]Ta (6)

being \A’i = {’1(@1) = [’0@1(@1), ﬁi)g(.fl)]T and Qj = (jj (.’2‘1) Definitions and @
allow us to introduce a bijection between V,, , and V,,, as well as between Q,,
and Q,, since, for each vector G, = G (1) = [81,82,....8m]T € Vi, and
H, = fln(ﬁjl) = [lAzl, ha, ..., ﬁn]T € Qy, 2, we can define the HiMod functions

NE

gm(z) = gm(z1,22) = Y 8i(V1(2))T;(V2(2)) € Vin,

1

ha(2) = ha(21,22) = Y hj(U1(2))R;(V2(2)) € Qn,

M- -

Il
-

J

and vice versa. Following the seminal work [9], we enforce a conformity condition
on the HiMod spaces in 7 requiring that V,,, C V and Q,, C Q.

Spaces V,,, and @,, identify a hierarchy of reduced models according to the values
of the modal indices m and n. In principle, we can employ a different number,
m1 and me, of modal basis functions for the two velocity components, although,
for our purposes, we select m; = mo = m, following [11], [I7]. The specific values
of m and n can be chosen a priori (e.g., based on physical considerations) or
determined automatically through an a posteriori modeling error analysis (see,
e.g., [221 23]). However, to ensure that the HiMod discretization preserves the
stability properties of the full-order model (see, e.g., [28]), it is crucial to adjust
indices m and n appropriately with respect to one another. This critical issue,
which represents the key focus of the paper, will be thoroughly analyzed in the
upcoming sections.

2.2 The HiMod formulation

The introduction of the reduced spaces in allows us to provide the semi-
discreteEl HiMod formulation for the Stokes problem in a straightforward
way: for m, n € N*, find u,, € V,,, and p,, € @, such that

{a(um,w) +b(w,p,) = F(w) Yw eV, )

b(uy,,z) =0 Vz € Q.

1The term semi-discrete refers to the fact that, at this stage, the leading direction remains
continuous. This contrasts with the fully discrete HiMod formulation, where discretization is
applied in both directions.



By exploiting the separation of variables characterizing the reduced spaces ,
it is well-known that a HiMod approximation leads to solve a system of coupled
one-dimensional (1D) problems in Qip, independently of the dimensionality of
the full model [8 [@]. This reduced representation ensures a significant compu-
tational saving without compromising the accuracy of the HiMod solution (see,
e.g., [17, 10, 18] for different application contexts).

In order to take advantage of a HiMod reduction for the Stokes problem as
well, in @ we exploit the HiMod expansion for the velocity and the pressure,
i.e., we select

= (U1 (2))Tu(Va(2),  pulz) = Zﬁj(‘l’l(Z))Rj(‘Ifz(Z)% (®)

k=1

and we choose the associated test functions as

wi(z) = wi(V1(2))Ti(V2(2),  z(z) = 2(Vi(2) Ri(Va(2)),

with w; = WZ<§71> [IZ]Z 1(3?1) (ny 2(3?1)] € VlD and %; € Q1D7 for i = 1,...,m,
and [ = 1,...,n. We observe that modal coefficients {0}, and {pj} _, are
the unknowns of the HiMod formulation in @

Now, the bilinear forms involved in @ can be written by leveraging the ex-
pression for the gradient and the divergence operators of a generic function
Vi € Vi, given by

e ) 2Ta(=) N , OV (z)
VVm - g |: i, 5 1 Z 83:,5 E(\IIQ(Z))'FUZ,S(\Pl(Z))Ti (\I/Q(Z)) 8qjt :|,

with s, = 1,2, and

respectively. In addition, we introduce the quantities

DB, w5 (420

, —Z OV (B (2)) 9V (2(2))
M12( Z o —1 ( 833,5 8%} )’
(9)

associated with the components of the Jacobian in , together with the func-




tions
A2 (3y) = / T, (20) a0 My (8(2)) () dit,
AL (@) = AN @) = [ TU(#2)Ta(@2) Mo (®(2))j(2) dis,

AV (@) = AL (@1) = | Tu(@2)Th(E2) Mi2(®(2))j(2) dis,

S5— 55—

AL @) = [ T T2 Mal@(3)5(2) di,
Bl (1) = [ Taloa)Ry(52) 1n(B(2)i(2) i

ByP (#1) = / T (#2) Ry () Jos (B(2))](2) dia,

which compress the information associated with the bilinear forms a(-,-), b(:, )
along the transverse fiber 4, respectively for ¢, d = 1 ,m, f =1,.
Wlth Jgn the components of the Jacobian matrix in for g, h =1,
= |det(J 1 (@ (2)))]-
Thus by exploiting the definitions in @[) and (10 and the separation of vari-
ables intrinsic to the HiMod reduction, we can expand the viscous contribution

2 and

o) = vy [ {(ia;,s@zl)was(@))Tmz)Ti@zwl@(z))

2
(X thalo0)es(20) ) Tulaa) T2 Mua((2)

_l’_
7N
[~
<
ol
W
&
-
£
W
=
-
~~_
el
—
>
N
S~—
e
—
>
N
N—
<
S
o
—
N
N—
SN~—

(11)



for i = 1,...,m, while the terms associated with the divergence operator are
equivalent to

b(Wi,pn) = _z":/g { Z [wé,s(fl)ﬁj(fl)Ti(@)Rj(@)Jls(q’(i))

=1

=3 [ [0 @B @) + s ()i 0B )| di
j=1781D s—1
(12)
fori=1 ,m and
(0, 20) Z / { S [ 60) 2 ) Tel2) B2) 1 (91(2)
2 L=
n am<:%1>zl(oz=1)Tg<@2>Rl<@2>J25(@<Z>>} bita) dz
=- Z/ o(@1)21(81) By (#1) + ko (81) 2 (561)311@2?5@1)} diy,
QD g=1
(13)
for I =1,...,n, respectively. Finally, the forcing term in @ is commuted into

F(w;) = /Q[fl('“}(i))wi,l(jl)T(xQ)+f2( ())wzz(lfl)T(Iz)}j(i)di

(14)
for i = 1,...,m. The expansions in f can alternatively be expressed
in a more compact form, by introducing suitable arrays, consistent with the
definitions in (6). Indeed, we consider: vectors

Um = IAjm(i'l) = [ﬁ17ﬁ27 .. -aﬁm]T S Vm,wa

Pn = Pn(i'l) = [ﬁlvﬁ% cee 7ﬁn]T € Q"-ﬁ“

gathering the (unknown) modal coefficients for the HiMod velocity and pressure
in , with ﬁk = ﬁk(fil) = [ﬁkﬁl(fl),ﬁhg(il)]’r for k = 1,...,m, and ﬁj =
pj(21) for j =1,...,n, together with vectors

VAVW@ = Wm(jl) = [VAVhW% s 7VAVm}T € Vm,zv

Zn = Zn(jl) = [2177323 .- "én]T € Qn,m,

associated with the test functions for the momentum and continuity equation,
respectively with VAVZ = Wz(jl) = [12}1‘,1(:&1),’(@1‘,2(551)]71 for i = 1,...,m, and
% = 2(21) for I = 1,...,n; the 2m x 2m block matrices of functions A%0 =
A%O(%y), A%t = A%L(%y), A0 = ALO(%y), Abt = AL1(#). In particular,



matrix A?" consists of m x m blocks of order 2, such that the block in position
ik, [A‘”}B_k_ = [Aq’T(:h)]ka, is given by

[A®"],, = diag(AL, AR)

for i,k = 1,...,m, and ¢g,7 = 0,1; the 2m x n block matrices of functions
B%0 = B%9(z), BL0 = BY9(44) which collect, by rows, the m blocks

q,0 q,0 q,0

BeO] BLL By oo B g2 1)
[ }Bi - q,0 q,0 q,0
BYiy By, oo Bl

fori =1,...,m and ¢ = 0,1. Thus, the HiMod formulation can be equiv-
alently reformulated as: for m, n € N*, find U,, € V,,, , and P,, € Q,, , such
that

&(ﬁm, Wm) + B(Wma pn) = F(Wm) VWm € Vm,ﬂ? (16)
E(ﬂm, Zn) == 0 vzn S Qn,zv
where
(U W) = v / [[W,]7 AT, + [W,]" AT,
Qip
+[W,) T A% O, + (W] T AN O, | diny
HW, B = = [ (W) BB+ (W] TBOR, iy
Qip
WU Z,) = — / {[2.]" B, + [2,]" (B U, } di
Qip
FW,,) = / W, J7 B, diy
Qip
(17)

where f‘m = f‘m(il) denotes the function vector with components

/ Ty(io) f1(®(2))j(2) s ife=2i—1
[Fm(il)]e = !
/AT,-(:i"z)fg(@(A))j(i) iy ife—2i

with e = 1,...,2m, for ¢ = 1,...,m. Problem constitutes the reference
formulation to carry out the well-posedness analysis in Sec. [

3 Preliminaries

This section lays the groundwork for establishing the well-posedness of , by
collecting partial results needed to analyze the bilinear forms a(-,-) and b(, -).
To this end, we denote by jo and j; the two strictly positive constants such
that A
0<jo<ij(@)<j <400 VzeQ, (18)

10



whose existence is guaranteed by the regularity assumptions made on the map
W¥. In practice, the boundedness of j; ensures that an element of infinitesimal
area, ¢, in () is transformed into an element in © with area bounded above by
j1€, while inequality jo > 0 guarantees that two distinct points in Q) cannot
collapse into the same point in 2.

In addition, we can properly bound some of the quantities strictly related
to the map W, specifically M7, My, Mis in @D, when multiplied by j. In
particular, we have

(19)

for 0 <9 <P < 400, 0< & <& < 4oo and 0 < 1 < 4+o00. In particular, it
is the invertibility of the Jacobian in that guarantees the strict positivity of
the two lower bounds ¥y and &g.

With similar arguments, we can bound the Jacobian components J;, and
Jos involved in , when multiplied by j, as

|15(®(2))5(2)| <7, |J2s(B(2))5(2)

for certain positive constants v and o, and s = 1, 2.
We also introduce the 2m x 2m block matrix of functions A%’l consisting of
m x m blocks of order 2, whose block in position ki is given by

<o, Vzel (20)

(A5, = diag(AT ks ALy) (21)

with
AL = [ Tila T 52) i
5
Notice that, for k, ¢ = 1,...,m, quantity A}y}ﬂ pushes back the stiffness matrix

in 4 to the reference fiber 4. Matrix A}Ay’l is assumed to satisfy the two-sided
inequality

EO S )\min(A}‘y’l) S )\max(A}y’l) S é_-l m2 (A'?))

for certain positive constants &y, &, with /\min(A;’l) and /\maX(AA}/’l) the mini-
mum and the maximum eigenvalue of the matrix A;’l.

Moreover, to prove the inf-sup property for the bilinear form 5(, -), we will
resort to a condensed counterpart, B%Y = B%0(2;), of matrix B%C in (I5),
coinciding with a n X n array of functions whose i-th row is defined by

(B2, = [Bii%, Bisy. - By ] € R, (22)
for i =1,...,n. Matrix B%? is assumed to satisfy the lower bound
Amin ([B2Y]TB2O) > 42014 Viy € Oy, (A4)

with v > 0.

11



Finally, we will exploit the spaces associated with 4 spanned by the velocity
and the pressure modal basis functions, i.e.,

Vm Y Span{Ti}glv Qn R Span{R '}?:17

respectively. This allows us to establish a bijection between R?™ and [V,, y]

as well as between R™ and Q,, . Indeed, for each vector t = [t1,te,...,t,]" €
R?™ with t; = [t;1,t2]7 fori=1,...,m, and r = [r1,72,...,7,]7 € R", we
can define the modal functions

5%2) = thTz(i?) € [Vm7y}27 ZT_] $2 € Qn Yo (23)

i=1
and vice versa, with, thanks to assumptions (A1) and (A2),
[Tmllzz) =t llonllzzg) = lxll, (24)

respectively, || - || denoting the standard Euclidean norm.

The remaining part of the section is devoted to establishing auxiliary results
relevant to the well-posedness analysis of formulation @

Lemma 1. Under assumptions (A1) and (A3), we can prove the Poincaré-type
inequality o

[Tmllz25) < (o)™ 2 I llz25) (25)
and the inverse-type inequality

PRt

ITmllz2s) < (€)2 m [Tl L2gs), (26)
for any function T, € [Vy,]2, and with & and & defined as in (A3).
Proof. The bijection between R?™ and [V, ,]? in when combined with the
definition of A%’l according to justifies the equality

1,1
170l 72(5) = tT AL S,

By exploiting the Rayleigh quotient definition and assumption (A3), we have
: 1,1 1,1 1,1 :
Eo 1112 < Amin( AL 678 < 70,25y = 67 AL < A AL < Em? 6]

Now, thanks to assumption (A1), we use relation in (24); to replace [[t| with
|7l 22(5)- This concludes the proof. O

Remark 3.1. The deterioration of the upper bound in as m increases is
coherent with the spectral theory (see, e.g., [29]). This justifies the discrepancy
(i.e., the dependence on m) between the lower and upper bounds in (A3).

As a straightforward consequence of the above Lemma, we can state the
following

Corollary 2. Under assumptions (A1) and (A3), it can be proved that the
deriwatives of the modal functions T; in B, satisfy the following inequality

DI (@) 72s) < &1’ (27)

i=1

with &, defined as in (A3).

12



Proof. We exploit the modal definition for 7, in 1 to verify that
N 2 .. N
Iy = [ [11(82))" iz = 7206
el
when vector t in 1 is chosen such that

[tj]:{ [10]" if j =

0 overwhise,

with 0 € R? the null vector. The norm equality in 1, in combination with
the inverse-type inequality in , guarantees that

17012 ) = 1T (@2) 122 () < &am? [[8]* = &1 m?
since [[t]|? = 1. By summing over i, we have the desired result. O

The coercivity and the continuity properties of the bilinear form af(-,-) will
involve the result below.

Lemma 3. Under assumptions (A1) and (A3), we can prove that

1. block matrices of functions A%° and A% are symmetric positive definite
for any &1 € Q1p, and the following two-sided inequalities hold:

D0 < Amin(A%0) < Amax (A%0) <9y Viy € Qup,
) . ) (28)
50 50 S )\min(ALl) S )\max(Al’l) S 51 51 m2 Vfi‘l S Q1D7

with ¥, Y1, &, &1 are defined as in , while &, & are the same as in
(A3);

2. the spectral norm of the block matrices of functions A° and A% can be
bounded from above as

AN = Anax (AT ALY) < wiféym® - Wiy € up, (29)

[AOY 2 = Apax ([ASTASY) <72&m® Vi € Qup, (30)
with 71 defined as in (19)s.

Proof. We start by considering the two-sided inequality in 1. We take an
arbitrary vector t € R?™ together with the associated function T, according to
(23)1. Then, thanks to (Al), it holds

tTA0OE — Zi/t{tiTk(@)Ti(ig)Ml(‘P(i))j(i)dﬂ?2

Now, thanks to the boundedness of M1 (®(2));(2) in (19)1, we have

DollTmlZ2(5) < 6T A < 1|l Tmll725).

13



This leads to the inequality in (28)); after using the Rayleigh quotient definition
and the norm equivalence in (24]); which is guaranteed by assumption (A1).
As far as 2 is concerned, in a similar way we obtain

ollTrall7205) < tTANE < EillT 01725

By applying the Poincaré inequality and the inverse inequality on the
left- and on the right-hand side, respectively, combined with the Rayleigh quo-
tient definition, we immediately obtain the desired control on the eigenvalues of

_Al’1 in 2.

To prove result in , we first introduce vector y = A'0t, where y =
[y17y2, Ce. ,ym]T Wlth yi = [y@l,yl',Q]T fOI‘ 7= 1, e,y to write

m

Vi zzltka(iQ) T} (Z2) M12(®(2))j(2) dis.
k=177

As a consequence, using the explicit definition of matrix A'? as a block matrix
with diagonal blocks, it turns out that

m m 2
yTy = Z lZ/tka(ig) Ti/(£2) M12((I’(2)).7(i) di‘2‘|
i=1 Lk=1""7

m 2
_ Z[ / T on(2) T (#2) M12<<1><z>>j<z>d@2}
< n s ST sy < 72 mPrmlZage

where representation 1 for 7,,, the bound in (19)3, the Cauchy-Schwarz
inequality and the upper bound in have been employed. The Rayleigh
quotient definition and the norm equivalence in (24); conclude the proof of

£9).
By exploiting the difference in the definitions of A"? and A%!, we can derive
result . Thus, after defining vector y = A%t with

yi= Y | i) Tii) Mia(®(2))i(2) di,
k=1""7

we obtain

[ /ka T,(#») Mm(@(z))j(@d@]

k=1

NERNNGE

[L Z2) Mi2(2(2))j(2) da:vzr

=1
m

< w2 20y ST ) < 72 & m¥lITml3aga):
i=1

where we have used the representation for 7/, according to 1, the bound in
3, the Cauchy—Schwarz inequality, the inverse-type relation in to bound

14



|l 771l 22(5) and the orthonormality assumption on modal functions T; in (Al).
Finally, result (30) follows from the Rayleigh quotient definition and the norm
equivalence in (24]);. O

The continuity and the inf-sup properties of the bilinear form B(, -) rely on
the following result.

Lemma 4. Under assumptions (A1), (A2) and (A3), we can prove the following
inequalities

1. the spectral norm of the block matrices of functions B%9 and B™° can be
upper-bounded as

||BO’0||3 = Arnax([]30’0],11]30’0) S fYTQTlaXm vjl € QlD’ (31)

IBYV)3 = Ao (B 7B) < 02, &m® Vi € Qup, (32)

max

where Ymax = maX(’YM 1/2); Omax = max(al, 02) with Y1, Y2, 01, 02 deﬁnEd
as in [20), and where & is defined as in (A3);

2. the spectral norm of the block matrices of functions [BO’O]T and [Bl’O]T
can be bounded from above as

IBOT 3 = A (B [B)) <92 Vi€ up. (39

max gl an Vz; € QID- (34)

B2 = A (B20[B2)7) < 02

Proof. The bound in can be proved by defining vector y = [y1,y2,.--,¥m]? =
B%r, with r = [r1,...,7,]7 a generic vector in R", being

yi= aal” =3 [ i) Ti(52) S, (#(8)5(2) di
=177

fori=1,...,m, and Jy . = [J11, Ji2]T the vector collecting the entries of the
first row of the Jacobian in . Thus, we have

yly = ili/

Ry (22)Ti(Z2) J(1,.)(®(2))7(2) di%z}
i=1 L1=17%

namely, thanks to the representation in (23))s,
m 2
vy = Z [/ pr(22)Ti(Z2) J(1,,)(®(2))](2) d@}
i=1 v

Vona 1onl1 225y D ITillE2 5y < Vonae 7 [0l T2y = Va0 [l
i=1

IN

where the upper bounds in the last row are due to 1, for s = 1, 2, the
Cauchy-Schwarz inequality, the assumption in (Al) and the norm equivalence
in 2. By resorting to the Rayleigh quotient definition, we get the desired

15



estimate. .
To prove (33) wesety = [y1,v2,...,yn]’ = [BO’O] t, witht = [t1,t2,...,t,]T €
RQm and ti = [ti,l,ti)Q}T7 so that

m

Y= Z[Rl@?)ﬂ(@) [T (@@)]" ti(2) dés

=17
forl=1,...,n. It follows
2

yty = ; [LTm(i2)Rl(§72) [J(L;)(‘I)(i))}Tj(i) dZo

n
Vo [Tl 23y D IRZ25) < Vi 7 1Tl T2(5) = Vina 7 16117
=1

IN

where we have employed the definition of 7, in 1 in combination with the
Cauchy-Schwarz inequality, the estimates for the Jacobian components in 1,
the orthonormality assumption (A2), and the equality in 1. The definition
of the Rayleigh quotient provides the desired result.

The bound in can be proved by defining vector y = [y1,y2,...Ym
B'Or, with r = [ry,...,7,]T a generic vector in R”, being

]T_

vi=lnwalT =Y / PR (22) T (2) o (B(2)) (2) dis
=177

for i =1,...,m, and vector J(y.) = [Ja1, J2o]T which gathers the entries in the
second row of the Jacobian . Thus, we have

m n 2

vy = S| X [T S (#(@)i(@) din
i=1 Li=1"%

namely, using the modal expansion in (23)s,

m

yly > [/7 pn(22) T (22) J (2, (®(2))](2) dfcz] 2

=1

IN

m
Tmax ||PnH%2(a) Z ||T’i/H%2(fy) < opax 1 m’ HPnH%%a)
=1

where we have exploited relations in (20))2, the Cauchy-Schwarz inequality and
the upper bound in (27)), thanks to assumptions (A1) and (A3). By resorting
to the equivalence in (24)2 and to the Rayleigh quotient definition, we have

estimate (32).
To prove (34), we introduce vector y = [y1,¥2,...,yn]" = [Bl’o]Tt, being
t=[t1,t2,...,t,]7 € R* and t; = [t;1,t;2]7. It holds that

m

=3 [ BT ) [ (@) t(2) iz

=177

forl=1,...,n, so that

ty =S ) Run) [ (8
yly ;[[y 1 [T

N>
~—
N

!
<.
—~

N>
S~—"

QU

2>

[N~}
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Thus, we have

n
2 2 2 2 F2 2
yty < Omax ||T;n||L2(’y) Z ||RZHL2(’y) < O—maxnglm ||Tm||L2('§/)7
1=1
thanks to the definition of 7/, according to 1, the upper bounds in (20)2,
the Cauchy-Schwarz inequality, assumption (A2) and the inverse-type estimate

in . O

We now have all the necessary tools to address the well-posedness analysis
of problem @)

4 Well-posedness of the HiMod formulation

This section represents the core of the paper, where we establish the well-
posedness of the HiMod discretization @ for the Stokes problem, by customiz-
ing the standard inf-sup theory for saddle-point problems to the HiMod setting.
The focus will be on the discretization along the transverse direction, to de-
termine whether specific combinations of the modal indices, m and n, for the
reduced velocity and pressure, respectively may influence the stability of the
HiMod formulation. In contrast, along the supporting fiber we do not expect
significant deviations from the standard inf-sup theory which properly relates
the finite element spaces for velocity and pressure. This ansatz will be corrob-
orated by the numerical assessment in Sec.

The results from the previous section, along with the compact notation in-
troduced in , will play a fundamental role in the proof of the main theorem
of this section, namely

Theorem 5. We assume that hypotheses (A1), (A2), (A3), (A4) hold. In
addition, we require that the constant m in 3 is a O(mf?’/Q), while the
constant o1 1n 2 s a O(n*3/2) and that m > n. Then, there exists a unique
HiMod pair (ﬂm,Pn) € Vi o X Qp 5 solution to that satisfies the stability
estimates

) My . 1 M,
Ol < 55 oo <5 (1452 )0t 39)

where: P
Mp = Mp(m) = ji m? [[f|| L2

is the continuity constant of the linear form F() m 4, with j1 the upper
bound in ;

a=a(m) = % {190 + & o+ [(50 & —190)2+47rfél mﬂ%}

the coercivity constant of the bilinear form a(-,-) in (L7)1, with ¥o and & the
constants involved in the regularity assumptions in (19) on map ¥, &y, & the
constants characterizing the lower and the upper bound in hypothesis (A3);

_1
2ni :
KO+72

Y0

ﬁzﬁ(n)=“2n;o%£1n3+1

Yo
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the inf-sup constant for the bilinear form l;(, ) in (17)s, with v defined as in

(A4). | | B
Ko(n) ne {;—ns {01 (El)éng+5}} ,

- devyo

with € an arbitrary positive constant such that inequality € < o/ (2 né) holds;
M, = My(m)=v {191 +e& & m?42m (6)3 m%} )

the continuity constant of the bilinear form a(-,-), with 91 and & the constants
appearing in the reqularity assumptions on the map ¥.

Proof. According to the standard theory in [28], we proceed by establishing the
continuity and coercivity of af(-,-), the continuity and the inf-sup condition of

b(-,-) and the continuity of F'. Each of these properties is analyzed separately
in the following.

Continuity of a(-,-) We aim to prove the existence of a constant M, > 0
such that

|a(fjm7wm)| S Ma HﬂmHVm,I ||Wm||Vm7z V[AJ-WHVAVm € Vm,xa (36)

with V,, , = HEO}(le; R?™). We bound the four terms on the right-hand side
of 1, separately. In particular, we employ the compatibility between the
spectral and the Euclidean norms, Lemma the Cauchy-Schwarz inequality
and the standard relation between the L?(Q;p)- and the H'(2;p)-norms, to

obtain

v / (W ]" AU, diy
silD

<v [ WL A2 T, diy
9395}

= [ A WL O ey < vy [ WO d
hp Qip

IN

v L IWoll 2@, pimem) Ul L2 @, p o momy SV 01 Wy, [Umllv, -

In a similar way, we have

v / (W,,]" AL U, diy
Qip

<v / W | [ AL o [0, diy
Qip

< v&a& m2/§Z W[ 1Ol diy < v & &m? Wl (Ol
1D

18



Concerning the non-symmetric contributions, it follows

u/ [W,,]T AL T, diy
b

<v / W | | A0 67, | iy
[9395)
i .
= v [ (el (AT AL W] 0] i
Qip

< vm(E)Em / W | [ iy
1D

Nl

< v (&)

3 N
m?2 ||Wm||L2(Q1D;R2’”) ‘U/mHL2(Q1D;]R27”)

IA

s .
v (§)2 m? [[Winllv,, . [[Unllv

m,x)

and

IN

,,/ (W ]TA% U, diy
QID

Y foup IWoITA% |2 (U || diy

< vm@dmt [ W [0 dix
Qip
< vm (&) m? [Wall,. [Onllv,...
respectively. This concludes the proof of with M, = v [191 + & & mP+
2y (€)% m}
Coercivity of a(-,-) We look for a constant a > 0 such that

W(Upn, Un) > al[Unl3,, . YU € Vi (37)

We start by considering the contributions in 1 associated with the symmet-
ric positive definite matrices A%% and A!. Thanks to the Rayleigh quotient
definition and Lemma [3] it holds

v / (10,7 A% G, + [0,,]"AM U, } di
Qip

vV

 Amin (A%) /

17 12 diry + 1 Apuin (A / 1|12 diy
Qip e

Qip

Y

1/190 ||U’/rn||i2(Q1D;R2m) + V&) 50 HUmHiz(QlD;Rmn)'

By adding the terms involving matrices A" and A®' after observing that
U, ]TAMU! = [U ]TA% U,,, we have

d(UmaUm) Z 1/190 HU;nHiz(QlD;Rmn) + 1/50 50 ”Um”ZLQ(QlD;Rzm)

o 1T o N = 1 -
+ 2U/QlD [Um] ALO U, diy > v (fo & — 2&‘) ||Um||2LQ(QID;R2m)

+ v (90— 2em & m?) 1012, 0 o

(38)
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where the last inequality follows from Young’s inequality and Lemma [3] with
€ > 0 to be properly selected. In particular, we choose € to ensure that both
the quantities in brackets are strictly positive and, additionally, to arbitrar-
ily enforce that the coefficient multiplying the norm of U,, is greater than
[T}l 120, i g2y - This implies that

. _ 1

0<dy—2emié&rmd <& -5 (39)
The left inequality requires that 0 < ¢ < ¢* with €* = ¥ (2 2 €& m3)71. The
right inequality leads to demand that € < &y as well as ¢ > &; with

Nl=

Do —&o &0+ {(fo &o — 190)2 +4nié mﬂ

477%&7713

€o0,1 =

We observe that &, < &;, regardless of the sign taken by the quantity 9 — &g &.
Now, to simultaneously satisfy the two requirements on e, we have to prescribe
that £€; < €*, namely we have to assume that

< w. (40)

This allows us to arbitrarily choose parameter € in as £ in the interval
(€1,€*), where the optimal choice is £ = £;. This leads us to the inequality

Nl=

N do +&o &0 + {(50 50—?90)24‘477%517713}
a(Up,,Uy,) > v 5

ITwll¥,..

Nl

namely to inequality witha = § {190 +&o o+ [(fg 5_0—190)2—1—4 2 €& m3]
thus proving the coercivity of af(-, )El

3

Continuity of IN)(, ) The objective is to prove the existence of a constant
Mp, > 0 such that

6(Un, Zn)| < My [[Upillv, | Zallg,. YU € Vi oy and VZ, € Qpp, (41)

with Q,, , = L2(§21D; R™). Starting from definition 3, we leverage the com-
patibility between the spectral and the Euclidean norms, Lemma@, the Cauchy-
Schwarz inequality and the standard relation between the L?(Q1p)- and the

2Inequalities alternative to (139) could be used to prove the coercivity of the bilinear form
a(-,-). For instance, we can impose that

_ 1 _
0< & & — s <y —2enw2 & md
or Y9 — 25#% &m3 > 0 and & — (2 5)71 > 0, separately. It is worth noting that these

different requirements lead to the same relationship between 71 and the modal index m as in
(40), although the coercivity constant « in (37) may vary.
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H' (Ql p)-norms. This yields the sequence of inequalities

Qip

/ 1Z,]" B")" U, di
Qi

S/@ 1Z. ] II[BO’O}Tllzllﬁ%llldi1+/ 1Z | 1B 17|z 1O | diy
1D

Qip

14 .

< Ymax N2 ||Zn||L2(le;R”) ”U;RHLZ(QlD;]R?m)
R A -

+0max (§1)2 nZm ”Z”HL2(Q1D;R") ”Um”LQ(le;RQm)

< n% [’Ymax + Omax (51)% m] HZTL”QnT ||ﬂM||Vm,Ia

namely the desired result in with M, = ns ['ymax + Omax (€1)

W=

m).

The inf-sup condition for E(, ) Our goal is to identify a constant 8 =
B(n) > 0 such that

inf sup B(ﬂmyzn) > ||ﬂm|

. Voo 1Znllg,..- (42)
Z,€Qn o ﬁmGVm,.—p

This is equivalent to selecting an arbitrary pressure

Z, =27 (1) =214, 2] € Qua
with 2 = 2/(&1) for [ =1,...,n, and accordingly identifying a velocity
U, = U (31) = [0],45,..., 05T €V, .,
with 4}, = 05 (21) = [af 4 (21), G} 5(21)]" for k = 1,...,m, that satisfies rela-

tions

n

00U, 25) = 1 Z3 13, .
) ' (43)
1T v, < K(0) 1Z5 g,

with k(n) > 0 and where § in depends on this constant. To build IAJ;"n, we
begin by requiring that

up o(#1) =0 k=1,...,m,
up 1(21) =0 k=n+1,...,m,
>

having assumed that m n. These assumptions lead us to introduce the

condensed velocity vector Uz = Uie(d1) = [a7¢,a5°,...,a5¢T € V&, =
[Viep)™ with Vi, = {& € H'(Qup) : 9(0) = 0} and with 4y = (i) for
k =1,...,n. In practice, velocity IAJ;C is a 1D vector which gathers the non-

null components of fJ,*n, so that the bilinear form on the left-hand side of 1
can be equivalently rewritten as

0520 = - [ (] B [0 + 22" (B 05} i
1D
= bn(ﬂ:fc>z:z)’
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where B0 is defined as in (22)), while B1:? = B1.%(#;) is the n x n block matrix
of functions whose i-th row is defined by

[BLY]. = B, B3, By € R™ (44)

% in,l

Thus, to prove equality (43)1, we have to ensure that
_ / {[Z:])" BL°)" [U;] + ()" [BL]) U} diy = / 12:]" 25, diy.
Qip

For this condition to hold, it is enough that

B [0 + [BLY] Uy = — 2

n

for any #; € Qp. Now, since ﬂ;‘ € V¢ ., it holds IAJ;C(O) = 0, so that the

n,r’

velocity vector IAJ:‘LC satisfies the Cauchy problem
03] = (2] (B0 0~ (B0
U*¢(0) =0

for any z; € N D, where assumption (A4) guarantees the invertibility of matrix
B%°. Problem admits a unique solution thanks to the regularity assump-
tions on maps ¥ and ®. This proves equality 1. Concerning result 2,
we first verify the two inequalities

CTk,C
0%

IA

2 112
HL2(Q1D;R") rio(n) ||Z"HL2((21D;]R") (46)
(T3] k1(n) |2

2 2
/HL2(Q1D§R") < ’|L2(QID§R”)’

for some positive quantities ko(n) and k1(n). We start by proving 1. To
this aim, we multiply the differential equation in by [ﬂ:C]T to obtain

1 dH.[AJ;kL’C||2 _ 7%, T ral

- 0] B

BLO) T Ure — [Uxe] T [BL] 7 2z
Thanks to the compatibility between the spectral and the Euclidean norms, it
follows

1 d||Uxe|| _ R _ . .
LS o) T, B 0 + 1 B2 O 1251
= ||[Bg’0]_l||2 |BLO, }ﬂZ’CHQ + ||[B270}_1\|2 105|125
1 1
< o @ ad JOpeP + O 12,
Yo Yo

(47)
where the last inequality is due to assumption (A4) and to the counterpart of
result when applied to the condensed matrix in . By integrating on

22



(0,%1) and using the Young inequality on the second term at the right-hand
side, we have

3 _ . H .
7U*° 2<—{1§1%n%+5}/ UZ’CQdil—i—L/ Z: |2 diy
0z @l < 2 [ &) [ ol an 2 [ 1)
ng

1
ns *,
—l—E} ||U C”LQ(QlD R") + deq |Z nHL2(QlD JR™)

= % [01 (gl)% n

3
2

being ﬂ;C(O) = 0 and with £ > 0 to be properly selected. As a result of a
further integration on £ p, we find

1
ns

1 ns s\ 1 3 B
{5 [ @ nt e 1020 ey < e 1200 e

namely relation ([46]); after setting

1 1 _1
ns 1 ns — .1 3
— i 2 N2 .
Ko(n) P {2 - [01 1)z n +5}}

To guarantee the positiveness of kg(n), we require that

1
Y —2n%¢€ Yo
0'1<7113, e < T-
2(&)2ns 2ns

We observe that the choice of ¢ is problem-dependent since, from the second
bound above, it follows a request on the quantity 72 n~% involved in assumption
(A4f]

Result 2 follows by exploiting similar computations as in , starting
from the differential equation in 1. Indeed, it holds

o) < |I[B0] ", | [BL]"

= 1B, |

’I”LS — 1
— o1 (&1)2 n?
Yo

Uze|| +11[B20) Iz 112z

U]+ 1[B0] ™12 12

IN

1
A ns 2
so that

. 2 _ N
1[U5<]|? < 26 3 ||Ue|? + —IIZ*HQ

After integrating on O p and leveraging the bound in 1, we obtain

1

-
1[Ee)|I2 < i oren? Uy

E3
L2(@ipRn) = )2 L2(0 piR) L2 HZ 12

L2 QID R")

2ni N
o 1281 e
O

3As an alternative to these steps, one could resort to Young’s inequality with the standard
choice € = 0.5, combined with the classical Gronwall inequality. This approach would avoid
imposing constraints on o1, but it would introduce an exponential dependence of ko(n) on n.

2ni —
< { ) U% 61 n’ K/()(TL)
0]
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which coincides with result 2 where

QT -
k1(n) = —5 {0%{1 n3 ko(n) + 1}.
20
1

This leads to result ([#3), after setting x(n) = (ko(n)+£1(n))?, namely to
with B(n) = k(n)~t.
Continuity of F(-) We seek a constant Mp > 0 such that

|[F(Wo)| < Mp|[Wallv,., YW € Vi (48)

Thanks to the Cauchy-Schwarz inequality and the standard relation between
the L?(Q1p)- and the H'(Q p)-norms, we find

‘—’/ F de‘l
Qip

HFm”LZ(QlD;RZm) ||WmHL2(Q1D;]R2"") S ||Fm||L2(Q1D;R2"") ||Wm||Vm_,;

< [ Wl B iy
Qip
<
which coincides with result after identifying Mpr with HFmH L2(Qp; R2m)*
This constant can be further elaborated to emphasize its dependence on the
original source function f, as introduced in 7 and on the chosen modal dis-

cretization. In particular, by using the upper bound in , the Cauchy-Schwarz
inequality and assumption (A1), we can write

R 2
LA Z L [ / E(iz)fs(‘ﬁ(i))j(i)dﬁsg] i,
S [DTZ-HQLQWHZHJ@ Py | o1 = 61

Sip L=

N\

Thus, the continuity constant in can be expressed as Mp = jlé mz £l 22(0)-

This concludes the proof of the existence and uniqueness of the solution to
problem . The two stability estimates in follow in a straightforward
way from the standard inf-sup analysis [28]. O

Some remarks are in order regarding the main assumptions of Theorem
Assumptions (A1) and (A2), which require the orthonormality of the modal
basis functions for both velocity and pressure, are consistent with the founda-
tional hypotheses of the HiMod reduction theory (see, e.g., [8,[]). Assumption
(A3), which involves the components of the stiffness matrix associated with the
HiMod velocity field, is partially addressed in Remark 1 and can be directly
verified when using certain modal families, such as trigonometric functions. As-
sumption (A4) is constructed so as to prove the inf-sup stability of the bilinear
form b(-,-) and is numerically verified in the following section in the case of a
trigonometric modal basis. The same section also validates the two conditions
on 7 and o1, which essentially impose regularity constraints on the map W,
namely on the geometry of the physical domain 2. In addition, the relation
between the number of velocity and pressure modal functions represents the
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true added value of this theory: not only does it outperform the empirical rule
typically adopted in HiMod simulations for Stokes and Navier—Stokes flows (see,
e.g., [T9 15 [I7]), but it also stems from a rigorous theoretical analysis rather
than from a purely practical choice.

Finally, we observe that Theorem [f] enables us to derive error estimates
for both the HiMod velocity and pressure, by relying on the classical inf-sup
theory [28].

5 Numerical assessment

We aim to support the well-posedness analysis presented in the previous sec-
tion through numerical experiments, from both a qualitative and quantitative
perspectiveﬂ Particular attention is given to the choice of the modal indices
m and n, considering the improvements introduced by Theorem [5| when com-
pared to the selection criteria currently adopted in the state-of-the-art HiMod
literature 19} [15, [17].

The second part of the section focuses on the geometric constraints led by the
assumptions on m; and o1, in order to explore the types of domain geometries
that are admissible under the proposed theoretical setting.

5.1 Accuracy and efficiency analysis

With a view to performing the numerical assessment, we consider the discrete
counterpart of the HiMod formulation introduced in (7) (i.e., in (I6))). To this
end, we approximate the dynamics along the main direction using a finite el-
ement discretization [27]. Clearly, alternative strategies are possible. For in-
stance, in [I7], an isogeometric approach is adopted to accurately capture com-
plex centerline geometries in a biomedical context.

We introduce a uniform partition, 7, of the supporting fiber, with h the con-
stant discretization step, and the associated finite element (FE) space, X}, of
the continuous piecewise polynomials of degree r [27]. In accordance with the
classical inf-sup theory for the FE discretization of the Stokes problem [2§],
we adopt an inf-sup stable pair of approximation spaces for the velocity and
pressure. Specifically, we employ quadratic piecewise polynomials to model the
HiMod velocity and linear piecewise polynomials to define the HiMod pressure.
We emphasize that the primary objective of this work is to define a rigorous
selection criterion for the modal indices m and n in , aimed at properly char-
acterize the spaces V,, and @, involved in the HiMod formulation . This
analysis is carried out independently of the discretization adopted along the
x1-direction.

From an algebraic viewpoint, the discrete counterpart of the HiMod formulation
@) (i.e., ) leads to solve a standard saddle point linear system. In more de-
tail, matrix A consists of 2m x 2m square blocks of dimension NV}, ,,, which share
the pentadiagonal sparsity pattern typical of a 1D quadratic FE discretization;
matrix B is composed by 2m x n rectangular blocks of dimension Ny y X Np, p,
with N and N, the number of the degrees of freedom (DOFs) associated

4The simulations are performed on a desktop computer equipped with a 12t" Gen Intel®
Core™ i7-1260P processor, integrated Mesa Intel® Graphics, and 16 GB of RAM. The com-
putational setup relies on MATLAB and on the package GEOPDEs [30].
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with the finite element spaces [X?]?> and X} involved in the definition of the
HiMod velocity and pressure, respectively. We refer to Fig. [l for some examples
of HiMod matrix sparsity pattern when varying the number of modal functions
and/or the selected FE discretization.

Figure 1: Sparsity pattern of the matrix associated with different HiMod dis-
cretization: m =n = 3, Ny = 20, Ny, = 11 (left); m = n =5, Nj, u = 200,
Npp =101 (middle); m =n =7, N}, , = 2000, N, , = 1001 (right).

In the following, we apply the HiMod discretization to different configura-
tions to investigate the quality and the performance of such a model reduction
technique.

5.1.1 Test 1: the rectangular domain

As a first check, we select a basic configuration where 2 coincides with the
rectangular domain (0,L) x (0,H), with L = 10 and H = 1. Concerning
the problem data in , we choose v = 0.1, f = 0, h the parabolic profile
with maximum equal to 1, 9, = {0} x (0,H), 0Qout = {L} x (0,H) and
0oy = 0N\ (5’Qin U 6ﬂout).

Figure [2] left column displays the colour plot of the reference solution used to
verify the HiMod approximation accuracy. It corresponds to a finite element
discretization computed using quadratic elements for the velocity and linear
elements for the pressure, on a conforming and uniform mesh composed of 45.594
triangles.

The HiMod discretization is carried out by introducing a partition 7 of the
supporting fiber into 100 uniform subintervals, and by employing m = n =5
modal basis functions to represent the transverse dynamics. The middle panel
in Fig. [I] displays the sparsity pattern corresponding to this HiMod approxi-
mation. The accuracy of the selected HiMod solution is verified by the three
panels in Fig. [2] right column that show a highly satisfactory agreement with
the corresponding plots of the reference solution. The agreement between the
HiMod and FE approximations is also quantitatively confirmed by the values of
the relative errors

_ ||PFE - pZHLQ(Q) ||uFE - UZ@”Hl(Q;R?)

E, = - 100, E,=
b ||pFE||L2(Q) "

-1 4
||U-FE||H1(Q;]R2) 00, (49)

where ufF and p® are the reference FE velocity and pressure, while u?, and
pl denote the corresponding discrete HiMod approximations.
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Figure 2: Test 1: reference solution (left) and HiMod approximation (right) with
m=mn =25, Ny = 200, Ny, = 101 for the pressure (top), the z1- (middle)
and zo- (bottom) component of the velocity.

Table [I] presents the values of E, and E,, along with the number of HiMod
DOFs, for several combinations of the modal indices m and n, and different FE
discretization steps. In particular, we focus on the case m = n, as it represents
the most cost-effective configuration in terms of DOFs. As expected, the Hi-
Mod approximation error decreases as the mesh size h is refined, provided that
a sufficiently large number of modes is used. Similarly, increasing the number
of modal functions improves the accuracy, as long as h is small enough. We also
observe that the error reduction with respect to the number of modes m becomes
more pronounced as the mesh is refined, reflecting the high spectral convergence
rate of the modal expansion. In particular, a significant improvement in velocity
accuracy is observed between m = 5 and m = 9 for all values of h, confirming
that a relatively small number of modes is sufficient to accurately capture the
transverse dynamics. Beyond this range, improvements become marginal, sug-
gesting that the remaining error is mainly due to the discretization along the
longitudinal direction.

It is of interest to compare the rule currently adopted in the literature for
selecting the modal indices, namely m = n + 2 [19, [15, [I7], with the choice
m = n considered in Table[l] In particular, focusing on the block corresponding
to h = 0.125, we compute the values in , denoted by Ezf and E%, by setting
m = n + 2 for each selected value of n. Table [2] gathers these results together
with the error differences

AE,=E,—ES,  AE,=E,— E}.

We observe that, for any n, the m = n configuration consistently requires
640 fewer DOF's than the corresponding £ setup, confirming its computational
advantage. At the same time, the discrepancies in both pressure and veloc-
ity errors remain moderate and tend to decrease as n (and consequently m)
increases. This confirms that most of the accuracy is already captured when
m = n, and the additional modes in the £ configuration bring limited improve-
ments. Hence, the choice m = n appears to be an efficient trade-off, reducing
the computational cost while maintaining high accuracy.

As a further verification, we examine the quality of the HiMod approximation
when the condition m > n on the modal indices in Theorem [f] is violated. We
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Table 1: Test 1: quantitative analysis about the accuracy of the HiMod approx-
imation for a different number (m = n) of modes (by columns) and values of h
(by panels, with h = 1, 0.5, 0.25, 0.125, top-bottom).

m=>5 m=9 m=13 m=17 m=21 m=25 m=29
n=>5 n=29 n=13 n=17 n=21 n=25 n=29

£, 0.44868 0.44179 0.44049 0.44005 0.43986 0.43977 0.43972
Ey 4.07944  3.46396  3.34937 3.31687 3.30478 3.29929 3.29661
DOFs 255 459 663 867 1071 1275 1479

B, 0.27633 0.26056 0.25659 0.25499 0.25422 0.25381 0.25357
Ey 3.63625 2.89088 2.74564 2.70410 2.68849 2.68115 2.67730
DOFs 505 909 1313 1717 2121 2525 2929

B, 0.18211 0.14635 0.13463 0.13379 0.12627 0.12444 0.12332
Ey 3.24905 2.22286 1.97278 1.92456 1.85896 1.84093 1.83106
DOFs 1005 1809 2613 3417 4221 4861 5829

B, 0.16396 0.11761 0.09798 0.08717 0.08045 0.07596 0.07283
Ey 3.16239 1.91407 1.51112 1.34059 1.25613 1.20900 1.18011
DOFs 2005 3609 5213 6817 8421 10025 11629

run the HiMod solver with the configurations m =5, n=6 and m =5, n =7,
while setting h = 0.125 as FE discretization step. It can be checked that, on
both cases, the HiMod velocity field still accurately reproduces the reference
advective field. Conversely, the pressure remains consistent with the reference
one when m = 5, n = 6, but exhibits a different behavior throughout the
channel, along with significant instabilities near the outflow boundary, when
m = 5, n = 7. This is highlighted by the contour lines superimposed on the
color plot and by the enlarged views in Fig.[3] This behavior is further supported
by the error values F, and E, in 7 which remain essentially unchanged for
both velocity and pressure when moving from m =n =5 to m =5, n = 6, but
increase from E, = 0.16396, Fy, = 3.16239 for m = n =5, to E, = 1.76783,
E, = 3.71701 for the choice m =5, n=17.

As a final check in this section, we make some considerations on assumption
(A4) underlying Theorem [5} The goal is to provide numerical justification for
the exponent assigned to the modal index n in the lower bound. To this end,

in the left panel of Fig. [l we plot with blue markers the minimum eigenvalue
of the matrix [B2?] TBS’O as a function of the modal index m = n, along with
curves corresponding to the function 72 n# for u = —i, —%, —%. Here, the
constant 79 € R is chosen so that both terms in (A4) match at the smallest
eigenvalue, corresponding to m = n = 1. It is evident that the choice p = —i

is the one that effectively provides the desired lower bound.
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Table 2: Test 1: quantitative analysis about the accuracy of the HiMod approx-
imation for a different number of modes m, n and for h = 0.125 (top panel);
comparison between the choices m = n and £ (bottom panel).
m=7 m=11 m=15 m=19 m=23 m=27T m=31
n=>= n=29 n=13 n=17 n=21 n=25 n=29
Elf 0.13240 0.10135 0.08883 0.08178 0.07716 0.07391 0.07152

EE 246781 1.72381 1.44575 1.31672 1.24623 1.20440 1.17713

AE, 0.03156 0.01627 0.00915 0.00540 0.00329 0.00205 0.00131
AE, 0.69459 0.19025 0.06537 0.02386 0.00991 0.00461 0.00298

-19e-01 2 4 o 8.0e+00

Figure 3: Test 1: HiMod approximation for m = 5, n = 6, (left) and m = 5,
n = 7 (right), when Ny, = 160, N}, , = 81, for the pressure throughout the
whole channel (top) and in correspondence with the outflow boundary (bottom).

5.1.2 Test 2: the wavy domain

In this section, we assess the accuracy of the HiMod approach when used to
discretize the Stokes problem in a domain featuring a more irregular geometry
compared to the simple rectangular case. In particular, the computational do-
main () features a sinusoidal shape with a thickness that decreases from 1 at
the inflow 0, to 0.2 at the outflow 9Q,,t. The supporting fiber Qp is also
sinusoidal, with an oscillation amplitude of 0.5 and a frequency equal to 2 (see
Fig. || for a skecth of the domain). The data in are the same as for Test
1, while we assume as reference solution the Po-P; FE discretization associated
with a mesh consisting of 152.164 elements.

To efficiently handle the curvature of Q1 p within the HiMod discretization,
we adopt the isogeometric variant of this model reduction technique, known
as the HIgaMod reduction (Hierarchical IsoGeometric Approach for Model re-
duction), introduced in [I9]. In this approach, the standard finite element
discretization along the main flow direction is replaced by isogeometric anal-
ysis, which offers a highly flexible and computationally efficient framework for
managing complex geometries. More specifically, we partition €2;p into 1.000
uniform subintervals, employ quadratic and linear splines to approximate the
velocity and pressure trends along the main flow direction, respectively and
adopt m = n = 15 modal functions to capture the transverse dynamics within
the reduced model.

Figure [5| compares the reference solution (the two panels in the left column)
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Figure 4: Numerical assessment of assumption (A4) for the rectangular (left)
and wavy (right) geometry.
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Figure 5: Test 2: reference solution (left) and HiMod approximation (right)
with m = n = 15, Nj, 4 = 2000, N, , = 1001 for the pressure (top) and the
velocity magnitude (bottom).

with the HIgaMod approximation (the two panels in the right column) in terms
of pressure (top) and magnitude of the velocity (bottom). The corresponding
colour plots show a perfect match between the reference and the reduced solu-
tions, as confirmed by the error values E, = 2.77885 and E, = 3.26182, high-
lighting the reliability of the proposed approach. The discrepancy in the number
of DOFs (384.912 for the reference solution versus 75.015 for the HIgaMod ap-
proximation) corroborates the effectiveness of the HIgaMod discretization since
significantly reducing the computational complexity.

Finally, we repeat the numerical assessment of assumption (A4) carried out
in Fig. [ left panel for the the wavy geometry. As in the case of the rectangular

domain, the choice pu = —i remains the most reasonable for approximating the

minimum eigenvalue of the matrix [B(C)’O] TB(C)’O, as highlighted in the right panel
of Fig. [@
5.2 Domain configuration guidelines

The goal of this section is to identify which types of computational domains
satisfy the geometric constraints stated in Theorem [5| expressed in terms of
the constants m; and o involved in 3 and 2, respectively. In general,
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Hin L Hout

Figure 6: Possible geometric configurations: rectangular (blue), tapered (red),
and sinusoidal (grey) domains, along with the associated main defining param-
eters.

the conditions 71 = O(m~2) and 01 = O(n™%) require these constants to be
sufficiently small, which is equivalent to excluding configurations for €2 charac-
terized by abrupt geometric variations either along the horizontal boundaries or
the supporting fiber.

A trivial case is represented by rectangular domains, for which both 3

and (20)2 hold with 71 = oy = 0, as Mjs and Jo; vanish identically. In
particular, we consider a rectangular domain with length L and height Hjy,
where we assume L > H;, consistently with a HiMod setting (see the blue
polygon in Fig. @ We characterize the shape of the rectangle by the quantity
Hin /L, referred to as the aspect ratio.
Table [3| furnishes the components, Jg,, of the Jacobian matrix in for three
different values of this ratio, with g,h = 1,2. Specifically, the table lists the
maximum value of Jg, evaluated at the points in Z = {Zeva1,i; }, Where Zeval ;; =
(xP;F,x%)}, with zf'P the FE nodes of the partition 7, on Qip and x% the
quadrature nodes along the reference transverse fiber 4, for i =1,..., Np ,, and
j=1,...,Nq. Notice that the Jacobian components are directly involved in the
bound 2 and in the definition of the quantity M5, which is upper bounded,
up to j, by m in (19)s. Finally, the last two columns provide an estimate of
w1 and o1, computed as the maximum over Z of the left-hand side in 3 and
27 respectively. The results confirm that the rectangular domain represents
the ideal case, being both m; and o1 equal to zero.

Table 3: Rectangular geometry: values of the components of the Jacobian ma-
trix and of the quantities m and oy for Hj, = 1 and for different values of the
aspect ratio.

Hiy /L ‘ Ji Jig Jar Je2 m oon
0.1 0.10000 O 0 1 0 O
0.01 | 0.01000 0O 0 1 0 0

0.001 | 0.00100 O 0 1 0 O

Now, we explore some geometric perturbations of the rectangular case that
still yield acceptable values for m; and o;. As a first scenario, we modify the
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Table 4: Tapered geometry: values of the components of the Jacobian matrix
and of the quantities m; and oy for Hy, = 1 (top panel), H;, = 0.1 (bottom
panel) and for different values of the aspect ratio.

Hin/L | Jn Ji2 J21 J22 m o1
0.1 0.10000 0  0.10000 0.99999 0.10000 0.99999
0.01 | 0.01000 0  0.01000 0.99999 0.01000 0.99999
0.001 | 0.00100 0  0.00100 0.99999 0.00100 0.99999
0.1 1.00000 0  0.99980 9.99930 0.10000 0.10000
0.01 | 0.10000 0  0.10000 9.99930 0.01000 0.10000
0.001 | 0.01000 0  0.01000 9.99930 0.00100 0.10000

domain height at the outflow, which is now taken equal to Hoyg, with Hoyuy >
Hi,. This variation leads to the definition of a tapered geometry (see the red
polygon in Fig. @, which we still characterize using the aspect ratio H, /L. It is
worth noting that the tapered geometry gradually converges to the rectangular
configuration as H,y; approaches Hiy.

Table @ shows the same values as in Table [}] for two different choices of the
domain inflow height, H;,. For a fixed value of Hj,, as expected, both Jy; and
Ja1 lower with decreasing aspect ratio Hi,/L. Regarding the quantity oy, it is
useful to recall that it depends on the value of J5; and on the determinant in
the definition of j. Thus, keeping Hj, fixed and decreasing the ratio Hj,/L,
we have a reduction in Jo;, while we can verify that the determinant increases
proportionally. As a result, the value of o1 remains essentially unchanged. As
for 71, from the definition of M5 in @D and the left-hand side of 3, it turns
out that 7 essentially coincides with the product of o1 and Ji1, since J12 = 0, as
it is confirmed from the values in the table. Finally, a cross-comparison between
the two panels in the table reveals that, for a fixed aspect ratio, reducing Hj,
(and consequently L) leads to an increase in Ji1, Jo1, and Jao, as expected due to
the geometric variations. At the same time, oy decreases since the corresponding
determinant diminishes when decreasing Hiy,.

The second perturbation of the standard rectangular geometry we consider
corresponds to the sinusoidal-shaped domain shown in gray in Fig.[6] This con-
figuration collapses to the tapered geometry as both the oscillation amplitude,
n, and frequency, ¢ = T, tend to zero, where T denotes the oscillation period.
As a first check, we replicate the same analysis as in Table [4 obtaining the
results shown in Table The values of Ji; and Jss are basically the same,
as these quantities mainly depend on the aspect ratio of the domain, which is
preserved in practice. In contrast, the value of J,; scales with the aspect ratio,
following a trend similar to the tapered domain. However, unlike the tapered
case, where Jo1 remains essentially constant aside from scaling, in the sinusoidal
case, it takes on slightly different values due to the oscillation of the horizontal
boundaries. This explains the small variations observed in the values of o; and,
consequently, in 7y, in relation to the tapered configuration.
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Since the sinusoidal geometry depends on a larger set of parameters (i.e., the
amplitude and the frequency) compared with the tapered case, we investigate
the sensitivity of oy and 71 with respect to n and ¢ in Table [6] and [7] respec-
tively.

The values of Ji; and Jas remain nearly constant across variations in ampli-
tude and frequency, aligning closely with those observed in the tapered and
rectangular domains. Conversely, Jo; decreases with lower values of either 1 or
¢, resulting in a corresponding reduction in both oy and ;. These quantities
progressively converge toward those of the tapered configuration, as shown in
Table @

Table 5: Sinusodial geometry: values of the components of the Jacobian matrix
and of the quantities m; and oy for n = 0.01, ¢ = 1, Hy, = 1 (top panel),
Hin = 0.1 (bottom panel) and for different values of the aspect ratio.

Hw/L |  Jn J12 Jo1 Joo 1 o1
0.1 0.10000 0 0.10593 0.99993 0.10594 1.05940
0.01 0.01000 0 0.01063 0.99993 0.01063 1.06268
0.001 | 0.00100 0 0.00106 0.99993 0.00106 1.06271
0.1 1.00000 0 1.62463 9.99888 0.16248 0.16248
0.01 0.10000 0 0.16279 9.99888 0.01628 0.16281
0.001 | 0.01000 0 0.01628 9.99888 0.00163 0.16281

Table 6: Sinusodial geometry: values of the components of the Jacobian matrix
and of the quantities m; and oy for ¢ = 1, Hy,/L = 0.001 with H;, = 1 (top

panel), Hi, = 0.1 (bottom panel) and for different values of the amplitude.
n ‘ Ji Ji2 Jo1 J22 m o1
0.1 0.00100 0  0.00163 0.99989 0.00163 1.62812
0.01 | 0.00100 0 0.00106 0.99993 0.00106 1.06271
0.001 | 0.00100 O  0.00101 0.99993 0.00101 1.00617
0.01 | 0.01000 0 0.01628 9.99888 0.00163 0.16281
0.001 | 0.01000 0  0.01063 9.99927 0.00106 0.10627
0.0001 | 0.01000 0  0.01006 9.99931 0.00101 0.10062

6 Conclusions

In this work, we have addressed the discretization of the Stokes equations using
the HiMod reduction based on the educated modal basis approach previously
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Table 7: Sinusodial geometry: values of the components of the Jacobian matrix
and of the quantities m and oy for n = 0.001, Hy,/L = 0.001 with H;,, = 1 (top
panel), Hi, = 0.01 (bottom panel) and for different values of the frequency.

o | Jn J12 J21 J22 1 o1

1 0.00100 0 0.00101 0.99993 0.00101 1.00617
0.1 | 0.00100 0  0.00100 0.99993 0.00100 1.00052
0.01 | 0.00100 0 0.00099  0.99993  0.00099 0.99995

1 0.10000 0  0.16279 99.98881 0.00163 0.01628
0.1 | 0.10000 0  0.10626 99.99270 0.00106 0.01063
0.01 | 0.10000 0  0.10061 99.99309 0.00101 0.01006

adopted in [11], 15} [17].

The main contribution of this paper is to provide a theoretically grounded dis-
cretization strategy for the HiMod framework, improving upon the heuristic
criteria currently employed in the literature. In particular, while the use of
an inf-sup stable finite element pair for velocity and pressure is a consolidated
practice, more care has to be taken in selecting the number of modal functions
used to approximate each field. In this regard, existing studies suggest that a
stable pressure approximation can be achieved by choosing the number, m, of
modal functions for the velocity larger than that, n, for the pressure, following
the empirical rule m =n + 2.

Theorem [5| formalizes our theoretical contribution by establishing a well-
posedness result for the HiMod formulation (ED of the Stokes problem. Under
standard hypotheses on the modal bases for velocity and pressure (assumptions
(A1) and (A2)), and mild regularity conditions on the spectral behavior of the
HiMod stiffness matrix and the coupling matrix between velocity and pressure
(assumptions (A3) and (A4)), the inf-sup stability follows. This result is valid
provided that the computational domain does not exhibit excessively abrupt
geometric variations, either along the horizontal boundaries or the supporting
fiber, and that the number of modal functions for the velocity field is chosen
greater than or equal to that used for the pressure, namely m > n. This analysis
not only replaces the purely empirical with a theoretically justified selection
criterion, but also broadens the spectrum of admissible HiMod discretizations
for the Stokes problem @, thereby extending the current state of the art.

The numerical investigation in Sec. [5f first confirms the accuracy and effi-
ciency of the HiMod approximation under the theoretical assumptions of Theo-
rem It then numerically supports assumption (A4) and assesses the geometric
constraints on the domain §2 by evaluating the order of magnitude of the quan-
tities m and o1. A particularly insightful check is the test case in Fig. [5, where,
despite a violation of the bound on o7 (here equal to 6.6891), the HiMod solution
still closely matches the reference shown in the figure.

Future research directions include both theoretical and application-oriented
developments. From a theoretical perspective, a key objective is to extend the
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well-posedness analysis to account also for the discretization along the domain
Q1p. On the practical side, we plan to apply the proposed methodology to
realistic engineering problems, such as the simulation of blood flow in patient-
specific vascular geometries.
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