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Abstract

We propose and analyze a polytopal discontinuous Galerkin method for the numerical approx-
imation of a coupled non-Newtonian Stokes—Darcy system modeling the interaction between a
non-Newtonian free-flow fluid and a non-Newtonian flow through a porous medium. Due to its
geometric flexibility and arbitrary-order accuracy, the proposed discretization scheme is well-suited
to configurations with complex geometries. We provide a complete a-priori analysis that consid-
ers shear-dependent and velocity-dependent non-Newtonian viscosity models for the free-flow and
porous media regions, respectively. The well-posedness, stability, and error bounds of the method
are established in the framework of generalized inf-sup theory. Error estimates are confirmed by
numerical results.

1 Introduction

Coupled non-Newtonian Stokes—Darcy systems model fluid flow in interconnected free-flow and porous-
medium regions. More precisely, the motion of a viscous fluid in an open region unobstructed by any
porous solid matrix is modeled by the nonlinear Stokes equations in the incompressible creeping
laminar regime whereas the flow within the porous medium is governed by a nonlinear Darcy-type
constitutive relation that links the seepage velocity to the pressure gradient via the permeability ten-
sor. At the interface, the two flow regimes are coupled through physically consistent transmission
conditions, consisting of the Beavers—Joseph—Saffman condition [11, 47, 38], along with continuity
of the normal flux and equilibrium of normal stresses across the interface. Coupled non-Newtonian
Stokes—Darcy models appear in a wide range of applied science and industrial applications. Among the
most relevant natural settings are subsurface flows in karst aquifers, where water circulating through
underground conduits and fractures continuously interacts with the surrounding porous matrix, a
system whose accurate modeling is essential for sustainable groundwater resource management and
for assessing vulnerability to contamination [19, 28, 20]. In addition, biological flows, such as plasma
filtration through capillary walls and fluid transport in biological tissues, provide further examples of
such coupled flow phenomena. A wide range of industrial applications also falls within this model-
ing framework. For example, cross-flow and dead-end filtration processes are widely employed in the
pharmaceutical, chemical, food processing, and aeronautical industries [36, 34, 35, 9, 43]|. In these
applications, the fluid typically exhibits non-Newtonian behavior, meaning that its constitutive re-
sponse is governed by nonlinear laws. Unlike Newtonian fluids, the viscosity of these fluids depends
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on the strain rate, resulting in a nonlinear relationship between shear stress and the rate of deforma-
tion. They are typically classified into two categories: shear-thinning fluids, such as blood and melted
polymers, whose viscosity decreases with increasing shear rate, and shear-thickening fluids, such as
cornstarch-water mixtures, whose viscosity increases with increasing shear rate. We refer, for example,
to [21, 29] for a comprehensive overview of non-Newtonian fluids.

Given the applicative importance of coupled non-Newtonian Stokes and Darcy systems, many nu-
merical methods have been proposed and analyzed in the literature for their approximate solution. In
[13], the authors consider a two-phase Darcy flow in a fractured porous medium solved with a gradi-
ent discretization method. In [26], the coupling between the Navier—Stokes and a Darcy equation is
discussed along with suitable interface conditions, and then it is solved using a Finite Element (FEM)
approximation, while in [31], Ervin, Jenkins, and Sun developed and analyzed a Finite Element Method
for a coupled nonlinear Stokes—Darcy system with generalized constitutive laws in both the free-flow
and porous-medium regions, establishing rigorous error estimates for the proposed approximation. In
[30], a mortar Finite Element formulation for the coupled problem is presented; the key idea is to
reformulate the coupling as an interface matching problem, where an interface pressure (or Lagrange
multiplier) is introduced on the Stokes—Darcy interface and approximated using a mortar finite ele-
ment space. In [46], a locally conservative coupling has been studied using a mixed FEM for the Darcy
flow and a Discontinuous Galerkin (DG) method for the Stokes flow, while in [39], the authors propose
a new numerical method employing divergence-conforming velocity spaces. DG approximations have
also been analyzed in [44, 32] for Newtonian constitutive laws, both adopting a primal formulation
of the Darcy equation and mixed-order elements. In [40], Congreve and Houston propose a two-grid
hp-version DG method for quasi-Newtonian fluid flows. A non-Newtonian Stokes—Darcy—Forchheimer
model discretized via a DG method on triangular grids has been presented in [37], employing P!*! /P!
discontinuous elements. The corresponding error analysis is carried out within a Lagrange multiplier
framework, using P'*! discontinuous elements for the multiplier. In [27] an overview of some results on
the coupling of Navier—Stokes and Darcy’s equations is presented. Polytopal Discontinuous Galerkin
(PolyDG) methods on general polygonal and polyhedral meshes have attracted considerable attention
in recent years due to their flexibility in handling complex geometries and support mesh agglomeration
techniques. Such methods have been successfully developed and analyzed for (linear) Darcy flows in
fractured porous media, see, e.g., [4, 5] and for (linear) Stokes flow problems, with also applications to
fluid-structure interaction, see, e.g., [49, 7]. In [42], Lipnikov, Vassilev and Yotov present a PolyDG
formulation for coupled, linear, Stokes—Darcy flows, while Li, Gao, Zhang and Chen, present a PolyDg
method for the solution of a linear Stokes-Darcy—Darcy (bulk-fracture) model in [41]. For earlier
developments of PolyDG methods for elliptic problems, we refer, e.g., to [6, 10, 17, 17]; see also the
monograph [18], the review paper [3] and the references therein.

The aim of this work is to propose and analyze a PolyDG method for discretizing a coupled non-
Newtonian Stokes—Darcy system, supplemented by the (physically consistent) Beaver—Joseph—Saffman
interface condition, along with continuity of the normal flux and equilibrium of normal stresses across
the interface. In the context of coupled Stokes-Darcy problems, it is convenient that the numerical
method treats both the free flow and the porous flow equations within a unified and consistent frame-
work, avoiding the need for different discretization strategies in the two subdomains. In particular,
it is desirable that the method yields the same order of convergence in both regions, so that the
accuracy of the overall coupled solution is not limited by a discrepancy in the approximation quality
between the two sides of the interface [16]. In the context of the model under consideration, a PolyDG
approach offers a particularly appealing numerical framework. Indeed, the discontinuous nature of
the approximation space allows for local tuning of approximation parameters, such as the polynomial
degree p and the mesh size h, which proves especially beneficial when dealing with non-conforming
(possibly agglomerated) meshes. Furthermore, the use of polytopal meshes provides remarkable geo-
metric flexibility, making PolyDG particularly advantageous in coupled porous-fluid problems, where
the physical domain typically comprises (highly) heterogeneous subregions with irregular (or curved)
interfaces. Moreover, the weak enforcement of inter-element continuity via numerical fluxes guaran-
tees a natural embedding of the interface conditions directly in the formulation and built-in stability



in advection-dominated and heterogeneous regimes [25, 45, 1]. In this paper, we first analyze the
well-posedness of the continuous model, and then propose and analyze an equal-order mixed PolyDG
method for its numerical approximation. On the one hand, the equal-order choice for the discon-
tinuous discretization spaces is appealing for the practical implementation of the method, but on
the other hand, it introduces two additional challenges from the analysis viewpoint: establishing the
well-posedness of the discrete problem and deriving a suitable inf-sup condition for the coupled sys-
tem that accounts for the pressure stabilization terms required to ensure stability when equal-order
polynomials are used. To address the first challenge, we extend the results of [12] to our discrete
framework. The inf-sup condition is then established by extending a generalized inf-sup condition
with pressure stabilization for the Stokes equation [7] to the Darcy setting, via an approach based
on space inclusions and norm ordering. A further consequence of the mixed formulation framework
is that the penalty terms associated with the Darcy vector and scalar variables mirror their Stokes
counterparts: the penalty for the vector variable scales as O(h~!), while that for the scalar variable
scales as O(h), cf. [7]. Finally, we consider an Incomplete Interior Penalty (IIP) formulation and a
simple fixed-point iteration scheme to solve the nonlinear system. For the proposed discretization, we
prove its well-posedness, stability bounds, and we show that the approximation error measured in a
suitable energy norm (defined as the sum of the DG norm of the Stokes’ and Darcy’s variables) of the
error scales as O(h'), being [ the polynomial order chosen for all the discrete variables.

The remainder of the manuscript is organized as follows. Section 2 presents the model problem,
introduces the assumptions on the physical parameters, derives the weak formulation of the continuous
problem, and establishes its well-posedness. Section 3 introduces the PolyDG discrete framework and
presents the derivation of the numerical scheme. Sections 4 and 5 are devoted to the analysis of well-
posedness and convergence analysis, respectively. Finally, Section 6 presents numerical convergence
results for both Newtonian and non-Newtonian test cases, and in Section 7 we draw the conclusions
of our work, and discuss some possible future developments.

2 Model problem and its well-posedness

In this section, we introduce the mathematical model governing the coupled shear-thinning, non-
Newtonian fluid-flow system. The free-flow region, where a non-Newtonian viscous fluid moves unob-
structed in an open channel, is described by the Stokes equations for incompressible creeping laminar
flow, which balance viscous stresses with pressure forces while neglecting inertial effects. The flow
within the adjacent porous medium is instead governed by Darcy’s law, which relates the seepage
velocity linearly to the pressure gradient through the permeability tensor of the medium. The two
flow regimes occupy distinct but adjacent subdomains, separated by an interface, and are coupled
by conditions that enforce continuity of physical quantities across the interface. Specifically, the con-
servation of mass across the interface is ensured by the continuity of the normal component of the
velocity, while the balance of normal forces is imposed through the continuity of the normal stress.
The tangential behavior at the interface is described by the Beavers—Joseph—Saffman condition, which
relates the tangential component of the viscous stress in the free flow region to the tangential velocity
of the free fluid at the interface, neglecting the contribution of the seepage velocity in the porous
medium. On the Stokes’ boundary, we consider homogeneous Dirichlet boundary conditions (no-slip
condition), assuming that the velocity of the fluid is equal to the velocity of the wall. Instead, on the
Darcy’s boundary, we assume the normal component of the seepage velocity to be zero, meaning that
there is no fluid flow across that boundary [37].

We assume that the computational domain Q C R?, d = 2, 3, is divided by a planar interface I into
two polygonal /polyhedral open subdomains g and Qp, such that QsUQp = Q and Qs NQp = 0, cf.
Figure 1. Here, Qg is the free-flow region modeled by Stokes equations, and €2p is the porous region
modeled by Darcy’s law. We split the boundary of the domain in I'g = 0Q2¢N I and I'p = 9Qp NN
Moreover, we define ng, np the unit normal vectors to I's and I'p, respectively. We define ng the
normal unit vector to the interface I' directed towards 2p, and n? = —n1§ the unit normal vector to



the interface I' directed towards €2g. Finally, we define an orthogonal system of unit tangent vectors
tr;, 1<j<d-1onl.

Q2

np’ np
———>
Qg Qp
r

Figure 1: The computational domain.

The non-Newtonian Stokes—Darcy coupled system reads: given fg, fp, find (ug,ps) and (up,pp)
such that:

~V - (95(ID(u®))D(u?) - p°I) = fs in Qg,

V-u® =0 in Qg,

u® =0 on I'g,

K gp(JuP)u”? + Vp? = fp in Qp,

V-ul =0 in Qp, (2.1)
u? np=0 on I'p,

uS-n§+uD-nf):0 on T,

p° = (95(ID(u®))D(u”)ng) - nf = p” onT,

uS -t + plgs(IDWS))DWS)nE) tr,; =0 onT, forall 1 <j<d—1

where D(u) = (Vu + V7u)/2 is the symmetric gradient of the velocity u, gs(|D(u®)|) and gp(Ju”])
are the velocity-dependent viscosities, K is a symmetric, positive definite tensor representing the
permeability of the porous medium, and p > 0 is a frictional parameter. We state the following
assumptions on the velocity-dependent viscosities gg and gp.

Assumption 1. We assume that gg(-) and gp(-) are positive and bounded, and that gs(]A|)A and
gp(|al)a are Lipschitz continuous and strongly monotone, i.e., there exist positive constants vg, Vg, ”

LS, Vp,VD, iy and [ip such that, for any symmetric A, B € R?¢ and for all a,b € R%:

Ko < gs(|A]) < s,

l9s(|A[)A — gs(|B|)B| < vs|A — B,
(9s(|A)A - gs(|B|)B, A — B) > v4|A — BJ*.
b, < gn(lal) < @p,

lgp(|al)a — gp([b[)b| < Vpla — b,

(9p(la))a — gp(|b|)b,a —b) > vpla - b|*.

~~ ~~ ~~ ~~ —~

N O U = W N
—_ D D — O &



We consider the following non-Newtonian models for the viscosity [22, 31]. We denote by gg(|D(u)|)
the dynamic viscosity of the fluid defined as:

gs(D()]) = pg + (Bs — pg)G(V2ID(w)[)  where fig > pg >0,
while the effective viscosity gp(-) for the non-Newtonian porous media flow is defined as:
gp(lul) =y + (ip — pp)G(V2Iu))  where Tip > i, > 0.
The choices of G(s) are listed in Table 1.

Table 1: Non-Newtonian models [37].

Model G(s)

Power s 2 1<r<?

Carreau (6 +s2)" T | 1<r<2,6>0
Carreau—Yasuda | (& + s%) o 1a>0,1<r<2,6>0
Generalized cross (6+sm)® r>0,a<0,ar+1>0,6>0
Powell-Eyring sinh (s) /s

Remark 1. If both the viscosities from gs(-) and gp(-) obey a Carreau—Yasuda model, i.e.:

_ r—2 _ r—2
9s(ID(u)]) = pg + (s — pg) (6 + D))= and gp(|lu]) = pg+ (s — p )0+ [uf*) =
then Assumption 1 is satisfied provided that § > 0 and r > 1, cf. [37].

Finally, we assume that kpin|&|? < E€TKE < kmax|€]? for all £ € RY,

Throughout the paper, we make use of the following notation: a < b meaning that a < Cb,
with C a constant independent of the discretization parameter h but that might depend on the
Bs:thg Bps By VS5V VD, Y, the domain geometry and the polynomial degree.

We conclude this section by introducing the weak formulation of (2.1). We also extend the con-
tinuous inf-sup condition for the Stokes problem to the coupled problem, using arguments based on
space inclusions. First, we define the function spaces:

X9 = {v° e [H'(Q9)]?: v’ =0on g} = [H&FS(QS)]CZ, M?® = L*(Qg),
={vP e [L*(Qp)¢: V- vD € L*(Qp), vP-nR =0onT'p},  MP =L*Qp),
X:{(V vP) e X9 % XP :vS . nf = —vP .0l on T},
M = {(¢°. ") € M x MP : (¢°, D)oy = —(¢”, D)o, },

and their norms:
S S S S
IvZllxs = IV llar sy, 1127 lars = 197 1204

”VDHXD = HVDHL2(QD)7 ||pDHMD = ||pDHL2(QD),

S s
IVix = Ivlixs + [IV7lxe. ol = 19712 @) + 1971l 22(02)5

The weak form of (2.1) reads: find u = (u®,u”) € X and p = (p°, p”) € M such that

(2.8)

a(u,v) +b(v,p) = (f,v) Vv e X,
b(u,g) = 0 Vg € M,



where

d—1
os(u,v%) = [ gs(D() D) : D) do+ 3 [ 570 b (65 -t s,
s j=1"T
ap(u?,vP) = K lgp(ju’hu? - vP dz,
Qp
S S

a(u,v):as(u Vv )+aD(uD7VD)7

bg(vs,ps) = —/ qSV-vS dx,
Qg
bD(VD,pD):/ qDV-vD dx,

Qp

b(vvp) = bS(VS7pS) + bD(VD7pD)a

(f,v):/ fs-VSdl‘+/ fp - vPdz.
Qs Qp

2.1 Well-posedness and stability

To prove the well-posedness of problem (2.8), we first prove an inf-sup condition in the continuous
setting by considering the inf-sup condition of the Stokes problem, and extending it to the coupled
system.

Theorem 1 (Inf-sup condition). For all p = (p°,pP) € M it holds

b(v,p)
sup
veX,v#£0 [vilx

2 Il (2.9)

Proof. First, we observe that [H&FD(QD)]CI C XP | therefore, for all v € [H&aQ(Q)]d, one has
(vS,vP) = (Vi Viop) is such that vy .n? = vP . nl. As a result, we have [Hé’aQ(Q)]d c X
which also implies that

1 1lx S e o) (2.10)

Thus, considering the standard Stokes inf-sup condition due to the fact that p € M has zero average
over {2, it is inferred that

b(v,p b(v,p
1Plzey S sup HVp) gy, BB
veX,v#0 ”V||H1(Q)

Vp € M. (2.11)
velH? o) VIl @

since we are taking the superior on a larger space. Additionally, from (2.10) we get

b b
qup VP o MRy (2.12)
vexv20 IVIa @) ~ vexvzo IVIx

Hence, putting together (2.12) and (2.11) we obtain (2.9). O

The well-posedness of (2.8) is a consequence of (2.12) and of the boundedness and coercivity of
the nonlinear form a(-,-). We denote the kernel of the bilinear form b in (2.8) by

X:{VEX:V-VS:()&.G. on Qg,V-vP =0 ae. on Qp}l,
and its dual by X*. We define the operator A : X — X* as
(A(n),v) = a(u,v) Vu,veX. (2.13)

We next show the following result for the problem A(u) = f in }o(*, which corresponds to the restriction
of (2.8) to the kernel X.



Proposition 1. Let Assumption 1 be satisfied. Then, the operator A : X — X* is uniformly bounded,
i.e.

1AW 1% < u¥llxs + [u”ll22,), (2.14)
where the hidden constants depend on g, ip and p.

Proof. Owing to the definition of dual norm and (2.13), we obtain

u),v a uS VS a uD VD
lA@W)|lx. = sup Ay o asv®) +ap?, v?)

VEX,V#O ||v||X ve)g(,v7é0 HVHX

(2.15)

By applying (2.2), (2.5), the Cauchy—Schwarz inequality, and the trace inequality, we obtain

S S S S S S S S
as(u”,v7) S (D) 206 D)2 @g) + 07 2y V7 20y S n”llxs (V7 [1xs,
ap(u”,v?) < [uPll20,p) V7 Il 220p) < 1072200 V7 %0,
with constants depending on fig, ip and p. Plugging these inequalities into (2.15), we have (2.14). [

Proposition 2. Let Assumption 1 be satisfied; then, the operator A is coercive, i.e.,

d—1
(AW) V) 2 V5% + S IV -t Baey + V2 22y ¥V € X, (2.16)
j=1

where the hidden constant depend on K lopy Ps and kpmaz -

Proof. Applying Korn’s first inequality, the Poincaré inequality, and the fact that V - vP = 0, since
v = (v5,vP) € X, we get

d—1
S — S D
(A(v),v) = a(v,v) Z DV 72000 + X o7 IV - trlliz ) + V717200
j=1
d—1
) —1)|,8 2 D2
2 Iv7lxs +ZP vty + V7720,
=1
and the proof is complete. O

We next show that the operator A defined as in (2.13) is strongly monotone.

Proposition 3. Under Assumption 1 the operator A is strongly monotone, i.e., for all u,v € )o(,
d—1
S S S S
(A(w) = A(v),u=v) 2 0¥ = vI[xs + Y 1(w® = v) - trll72 ) + 0”7 = VP T2, (2:17)
j=1

where the hidden constants depend on vg, vp, p, and kpyaz.

Proof. Let u= (u®,uP),v = (v5,vP) € V. We write:

(A(n) — A(v),u —v) = ag(u”,u’ = v°) —ag(v®,u® = v®) +ap(ul,ul —vP) —ap(vP,ul - vP).
I Iy
By (2.4), the Korn’s inequality and the Poincaré inequality, we have:
d—1 d—1
12 D0 ) B+ 0 )t gy 2 100 =)t 3 o710 =) b
j=1 J=1
Additionally, (2.7) implies:
I 2 [u? = vP |2,
Hence, we can conclude (2.17). O



Combining the previous results, we obtain the existence and uniqueness of the solution to A(u) = f
in X*. Thanks to the inf-sup condition (2.9), we can conclude the well-posedness of problem (2.8).

We conclude the section by deriving a stability estimate. We consider problem (2.8), and we take
v =u and ¢ = p. Summing up the two equations we obtain:

a(u,u) = (f,u) S ”fSH%Q(QS) + HUS”%Q(QS) + HfD||%2(QD) + HUDH%%QD)-
Due to the coercivity of the form a(-,-), see (2.16), we obtain the following:

d—1

S — S
a®l%s + > o M a0l 720y + 0P lko S NEsl172c0g) + [E]172(0,)-
j=1

In order to prove a stability estimate for the pressure we consider the inf-sup condition (2.9)

b(V,p) (f,V) B a(u,v)
Ipllz2) S sup = I ——
vermi . VX veny vl
d—1
s 1.8 D
Slxs + ) p 7t llray + Ifsllzzis) + 10”20 + 1Dl 2p)-
j=1

Therefore, from the last two inequalities we derive [|p[|r2(0) S [Ifsll2(0q) + IfDll2(0))-

3 Discrete problem

In this section, we introduce the discrete framework of the PolyDG method, some functional analysis
tools [23, 24, 25], and we introduce the discrete formulation of the problem.

We introduce a polytopal mesh partition J¢, = %}, s U ), p, of the domain €2, with the set of the
internal and boundary faces .7y, where 7 = {K € J, 1 : K C Qz}, for T = S,D. We further
assume that ., 7, for Z = S, D, are aligned with the subdomains 7. We denote by |K| the measure
of the element K € %, and by hg its diameter. Additionally, we set h = maxgecy, hx < 1. We
define the interface as the intersection of the (d — 1)-dimensional facets of two neighboring elements,
and we distinguish two cases. When d = 2, the faces are always line segments, and we denote their
set as fhg, with Z = §,D. When d = 3, the faces are generic polygons; we further assume that
we can decompose any such face into planar triangles. We denote the set of such triangles as ﬁhg,
with Z = §,D. We decompose %), 7 into the set of the internal faces, 35,’;71, the boundary faces,
ﬁ}z 7, lying on the boundary 0§27 \ I', and of the internal faces I'j, lying on the interface I'" between
the subdomains Qs and Qp. Moreover, we can split the boundary faces accordingly to the type of
boundary condition imposed: ffﬁI = ﬁ}‘fz U Z#';, where ﬂffI and %}, are the boundary faces
where we impose Dirichlet and Neumann Boundargf conditions fespectivelj;/.

Assumption 2. [24] We denote by H C (0, +00) a countable set of meshsizes having 0 as its unique
accumulation point. A family of meshes (#),)nen = (Fh, Fn)nepn is said to be regular if there exists
a real number v € (0, 1) independent of h such that, for all h € H, there exists a matching simplicial
submesh, in the sense of [24], //7h = (J?h/ , %Z) of .}, that satisfies the following conditions:

1. Shape Regularity: for any simplex 7 € J’{; , denoting by h. its diameter and by 7 its inradius,
it holds vh, < r;;

2. Contact Regularity: for any mesh element K € %, and any simplex 7 € J?;: where Jif;g =
{T € A, : 7 C K} is the set of the simplices contained in K, it holds vhg < h-.



From now on, we will omit the subscript h to simplify the notation. Given a polynomial degree
I > 0 and a polytopal mesh .# = (J#,.7), we denote by P'(K) the space of polynomials of degree
[ on the element K € %, by P'(#) the set of piecewise polynomials of order I over .#. Under
Assumption 2, the following trace-inverse inequality holds

1
lonllz2or) S hie lonllzzey VK € 2 Vu, € PHK), (3.1)

where the hidden constant depends on the polynomial degree [, the space dimension d, and the mesh
regularity parameter v. We define the following broken functional spaces:

Xj, = {vi € [L2(Q)] : vi |k € [PU(K))? (VK € A7)},

X, = X5 x XD,

Mj = {q} € M*: g5 |k € P/(K) (VK € J#7)},

My, = {(ap,a,) € Mi x My - (¢, Vg + (a3, Doy = 0},

with Z = S, D. Now we introduce the average operator {-}} and the jump operators [-] and [-], [8],for
the scalar and vector quantities 1) and ¢, on each internal facet F' € 0K, U 0Ko:

{{1/1}} = %(¢|K1 +1/}’K2)7 {‘P}} = (‘10|K1 + ‘P‘Kz)

[W)]] = ¢‘K1 - ¢|Kz’ [[90]] = ‘P|K1 - SD‘sz
[[w]]n = w|K1n|K1 + w‘K2n|K27 [[SO]]H = ‘19|K1 ) n’Kl + 90|K2 : n’KQ'

If F' € K, with F' a face on the Dirichlet boundary, we set {¢} = ¢|k,, {¥} = olk,- Additionally,
we define the trace operators for the trial functions on the faces F' € .Z° as [¢] = v, [¢] =

[¢/]n = ¢m and [¢]n = ¢ -n.

We define the following penalty functions: o7 : % — R and &7 : F¢ — R as:
2 i
V%KIE,&}?* {E} Fert hi ;
O-I’F l2 é-I‘F - ,YZ mln T F e ‘FI’ (32)
V13, FeFburl, K
K

with Z = S, D,T" and ~7 and ’yg are user-dependent penalty parameters.
Now, we define the following discrete forms:

ofwiv) = 3 [ as(D(uf)ID(u) : Do) do ~ 3 [ fas(Duf) DD - [v5] ds
FeZs

KeXs

+ZZ/ (ug) - tr;)(vy -tr,) ds + Z /US [wi] - [vi] ds

j=1 Fel FeZs

aP(uP vP) = /K gp(JuPDuP - vP dx + Z /apﬂuh [vP]a
KeJp F’GQ’Z

Since in the analysis we need to impose the continuity of the normal jump of the velocities on I', we

add a stabilization term:
B (up, vi) Z / or[up]nvila ds,
Fel

where uy, = (uy,u?). Hence, we set

an(up, vp) = ap (up, vi)) + af (uf), viy)) + aj, (up, vi).



We also define the following bilinear forms

b (vE. o) = 2/ SVovide + Y /{{ph}}uvh

Kexs FeZs
bP(vP pPy = Z / PV -vP dx + Z /{{ph MvPIa ds,
Ketp FeZp
h (Vi pn) Z/ph [Vi]nds.
Fel’

and set by (vp,pp) as
br(Vh, pr) = by (Via, D) + b (VE D1 ) + b, (Vhs pi),

where pp, = (pf, pf). Furthermore, we add the following stabilization term on the pressure:

sn(Phy q s[pplnlanInds + {plpy Inlar Inds + rlpn]nlan]nds.
the(]é/Shh Z/th Z/th

FeF} Fer
Finally, we define the following forcing term:
Fp(vh) = (fSavﬁ)Qs + (fD?VhD)QD'
The discrete problem reads: find u, = (uy,u?) € X;, and p;, = (p3,pl) € M, such that:
an(up, vi) +bp(Vh,pn) = F(vn)  Vvp € Xp,
br(an; qn) = sn(ph, an) =0 Van € M.
4 Well-posedness of the discrete problem

In this section, we analyze the well-posedness of the discrete problem (3.3). First, we define some
useful notation, prove some properties of the bilinear forms ay(+,-) and by(+,-), and we show how we
can extend the inf-sup condition for the Stokes problem to the coupled problem. Then we prove the
existence and uniqueness of the solution, showing that the form associated with the complete problem
is weakly continuous and maps linearly into a coercive space. Finally, we show a continuous depen-
dence of the problem on the data.

Now, we introduce the discrete norms that are used in the a-priori analysis of the PolyDG scheme.

Definition 1 (Discrete norms). For all uj, € X;, and py, € M}, we define

ICar, o)l = lanlix, + lpalla,

1
2
S
lusllx, = l[uylxs + v lxp + (Z UFH[[‘”L]]HH%%F)) :

Fer

N|=

s D
Ipnllan, = NPk |ags + 1okl P + <Z €r\|[[phﬂnH%2(F>> )

Fel

10



where

S

d—1
S S S
Huthg = HuthG + 1Huh 'tF,jH%;(F) )
j=1Fel

N|=

IuPlxp = 1P llz@p) + | Y onllluflalizm |
FeZl

N

z z z
[urllae = Vrag |22,y + Z JI||[[uh]]||%2(F) ,
Fe71

NG

1E s = 1Pl 2 + | S0 &lllpflalae | . withZ={S,D},
Fe7l

having denoted with V), the piecewise broken gradient operator. Additionally, we define:

N|=

S
lurllac = 103 llac + [uf lac + (Z JFH[[uh]]H%z(m) :

Ferl’

lurllai = lunllx, + V5 uR lr2@p)-

4.1 Properties of the coupling bilinear form

Here, we prove that by(-,-) is inf-sup stable and continuous. In particular, we extend the inf-sup
condition for the Stokes problem on polygonal grids [7] to the non-Newtonian Stokes—Darcy coupled
system (3.3).

We now prove the following generalized inf-sup condition:

Theorem 2. For all pp, € My, it holds

bn(Vh, ph)
sup  ——— + [puls 2 [IpnllLe), (4.1)
v €Xp, vy 70 H\Vh|||dw

where |prl% = sn(ph, pr)-

Proof. This proof is divided into two parts. First, we first establish the discrete inf-sup condition for
the coupled problem with respect to the | - |la¢ norm of the velocity v, [7] under a weighted norm on
the facets comprising the interface I'. To this end, we consider the limiting case in which the entire
fluid domain is governed by the Stokes equations, and demonstrate that the inf-sup condition holds
for a general weighted norm. Then we show how the inf-sup condition for the Stokes problem can be
extended to the coupled case, using arguments involving inequalities among norms. We now proceed
by exposing the first part of the proof, introducing the following weighted average operator:

{ohe = w1 + (1 —w)go,

and we take

With this definition of average, we can still apply the following equality, c.f. [8]:

[ov] = [¢1§ v} + [¥I{ o} e

11



where @ = 1 — w. Indeed,

[el{v}e + [WI{ode = (91 — d2)(win + (1 — w)tha) + (Y1 — ¥2)((1 — w)d1 + we2)
= P11 — P22 = [oY].
Reasoning as in [7], we recall that at the continuous level for any g, € M, C L3(f) there exists
v ¢ X such that:
Vvt =g, [[v*x < llanllzz)-

Applying an element-wise integration by part, using [v?] = 0 for any F' € .%;, observing that
Vqn € X, and considering the global polynomial interpolation operator IT! : X — X, of [7] we get

gl 720 Z/QCJhV'VQh Z—/QVQh'Vq“r > /F[[Qh]]{{vqh}

FeZy,
= _/ th.Hlvqh+/ th,(nlvqh —vi) 4 Z /[[qh]]quh}w
{ & Fegy, F
- / GV TV — 3 / [TV, — 3 / fanYolImve]
& Fez, ¥ Feg, ' F

= Y [Tl pa+ [ Vo @ive vy

FeF,

= —bM(IIlv®, qp) +/ Vg - (I — vin) 4 Z / [an]{ (v — IIlv)},,.
Q FeF, F
Now the proof follows exactly the steps reported on [7] to obtain
b
sup n(Vh, Pn)

ot lnls 2 el ) (4.2)
viR€Xp,Vi7#0 Ivillac

Now, we proceed with the second part of the proof starting from (4.2), and recall that
IVE 2y = I1VE Tnll 22y and  [[Vavalrz) 2 [[Vh - vallr2@)-
Additionally, by a discrete Poincare inequality (cf. [25, Corollary 5.4] and [14, Theorem 1.8]), we have
HVhD”dG 2 ”VEHLQ(QD)a

and, as a result, we infer
D D D
Vi llac Z (Vi lxp + IVa - vill2op)- (4.3)

Next, we apply the global discrete trace inequality ||v$|| [2(005) S |[v$]lac:, which is a consequence of
[24, Theorem 6.7], to write

d—1
1S 1S 1S 1S
Z Z P 1||Vh 'tF,jH%Z(F) Sp IHVhH%Z(F) Sp 1||Vh||%2(695) Sp 1||Vh||¢21G-
j=1 Fer
As a result, owing to the definition of the || - || xs-norm, we have

Ivillag 2 IvElxs- (4.4
Hence, applying (4.3) and (4.4) we obtain:
1 1
= = .
Ivallai ~ lIvellac

Ivillac Z Ivallaio

Finally, from (4.2), we can conclude that:

bn(Vh, Ph bn(Vh, Dh
sup b (vh, Pn) +1Ipuls 2 sup bnlvn, pn)

+ Ipnls 2 Ipnllr2 (@)
vheXpvi20  IVhlldiv vineXpvnz0  IVallaa ~ (@)

12



We next state the following results.

Corollary 1. For all pp, € M}, it holds

by (Vh, ph)
sup e

+ lpnls 2 llpnllz2 () (4.5)
v EXp,vp#0 th ”’Xh

where |py|% = sn(ph, pr)-

Proof. Starting from Theorem 2, we observe that, by definition: ||vp|4iv 2 [|[Vallx,, which implies
that:

1 > 1 '
Ivallx, ™ lIvallai
Therefore,
bn(Vh, Ph br(Vh, Ph
sup D) s DR L oy
vrEX}, VR #0 |HVh ”’Xh v EXp, v #0 |”Vh ”’div
and the proof is complete. O

The next lemma establishes the existence of a generalized right-inverse of the discrete divergence
operator.

Lemma 1. For each pp, € My, there exists &, € Xy, such that

Ipnll 20y S ba(&nspn) + sn(pnspn)  and  |l€nllx, < lIpnllzz@)- (4.6)

Proof. The discrete inf-sup inequality of Corollary 1 implies, for all py, € Mp, the existence of v, € X,

such that b (¥ )
w(Vh, D
——=— + |pals Z lpnll 2 - (4.7)
I¥nllx,
Then, we take &, = 7‘%%@”

To prove the first inequality in (4.6), we observe that

and observe that, by the definition of &5, we have [|& [lx, < pallr2(q)-

b (Vh, Ph)

+pmﬁmwy9—mmmwmg+mﬁ-
EES ) )

bn(&n,pn) + |pnl7 = (

Therefore, applying (4.7) and the Young inequality we obtain

bn(€n>pn) + [pnl5 2 thH%Q(Q) — [pnlsllpnll 2 ) + lpal3

thH%Q(Q) + ‘ph‘QJ
2 5 2 pnlZ2q)-

O]

The continuity of the bilinear form by, (-, -) is established in the following lemma; its proof is reported
in Appendix A.

Lemma 2. The bilinear form by (vp,pp) = bf(vfb,pf) + bf(v,?,pf) + bg(vh,ph) 18 continuous, i.e.

1br (Vi pR)| S Vel divllpell v, Vv, € Xy, Vpr, € M.

13



4.2 'Well-posedness of the discrete problem

We start by proving the continuity and monotonicity of a(-,-) in the following lemmas, whose proofs
can be found in Appendix B.

Lemma 3. Let Assumption 1 and Assumption 2 be satisfied. Then,
|an(up, wi) = an(va, wi)| < lun = vallx, [Wallx, — Yag, v, wh € X, (4.8)

Lemma 4. Let Assumption 1 and Assumption 2 be satisfied. Then for sufficiently large og, ap(-,-)
18 monotone, i.e.,

(an(ap, up = vi) — an(va, up — vi)) 2 lup — valk, Vup, vy, € Xp.

We rewrite problem (3.3) in the form

An((r,pn)s (Vas an)) = F((Vas an)), (4.9)

where
An((an, pn), (Visan)) = an(apn, vi) + bp(Vi, pr) — bn(Un, qn) + sp(Phs qn)- (4.10)

To prove the well-posedness of (4.9), we refer to [12] (Theorem 4), and we need to prove that the form
Ay, is linearly mapped coercive, in the sense of [12].

Lemma 5. Let Assumption 1 and Assumption 2 be satisfied. The form Ap(-,-) defined as (4.10) is
linearly mapped coercive.

Proof. We need to prove that for any (up,pp) € Xp x My

An((an, p1), @ (wp, pr)) 2 1(wp, pr) 2%,

with @ a bijection. We recall that the inf-sup condition (4.5) implies Lemma 1. Now, we define ¢ as:

®(up, pp) = (auy + BE, app),

with o and 3 to be appropriately chosen. By definition ®(uy, pp,) is linear. To prove that is a bijection
we simply need to prove that is an injection, i.e. ®(up,pp) = (0,0) < (up,pr) = (0,0). On the one
hand if ®(up,py) = (0,0) this implies,

aup, + ﬁgh = Oa
app, =0,

From this we derive that apyp = 0 = p, = 0. Condition (4.6) implies that also &, = 0. From this we
have auy, + €, = 0 = uy, = 0. The inverse implication is trivial. Now, we write:

An((up, pr), ®(an, pr)) = An((un, pr), (quy + B&n, apr))
= ap(up, owy + BE€L) + bp(auy, + BEx, pr) — br(un, apn) + s (ph, apn)
= aap(up, up) + Ban(ap, &) + abp(an, pr) (4.11)
+ Bbn(&ns pr) — abn(un, pr) + asp(ph, pn)
= aap(up,up) + Bap(un, &) + Bon(&n, pr) + asn(pn, pr)-

We study the different terms separately. From Lemma 4 we recover:
aap(up, up) 2 aflunfx,”.

From Lemma 3 and Young’s inequality we recover:

2 2
Blantun, ) 2 ~Bllunl, 6, 2 - (120 4 Jefs),

14



with Young’s constant € > 0 to be properly chosen. Furthermore, using the inf-sup condition (4.6) we
get:

B (&nspn) = Blpnll7zq) — Bloal3-
B

Considering the last inequalities, choosing € ~ ¢,

and considering (4.6), equation (4.11) becomes:

(8)?

(6%
A ) @) 2 Gl + |~

+ ] InlEa) + (0 = Blonl.
Choosing o« > 8 we obtain:

Ap((ap,pr), @(an, pn)) 2 Bl (an, o)l %

and the proof is complete. O

4.3 A-priori stability estimate

In this section, we derive an a-priori stability estimate for the discrete solution (up,pp) € X, X M}, of
problem (3.3).

Proposition 4. Let Assumption 1 and Assumption 2 be satisfied. Moreover, assume that that the
penalty parameters og,op and or are large enough. Let (up,pn) € Xp X My be the unique discrete
solution of (3.3). Then,

lunlik, + 1V - uR 172 ,) + I2allis, S 1Esl7200q) + E172(qp)-
Proof. We consider the discrete problem (3.3) and we sum the two equations:
an(Un; Vi) + b (Vi pr) — br(n, ) + su(ph, an) = F(vp).
Taking v, = uy, and ¢, = p;, we obtain:
an(un, wp) + s1(ps an) = F(up) < ||£s] 2 0g) 105 [ 20s) + 10122000 [0F | 22(00p)
S 51172 ) + 193 172¢00) + £ Z2(0p) + 107 172 (p)-

Finally, we get:

lunli%, + pal7 S I€sl1720g) + 1007200, (4.12)
Now we study the bound of ||V}, - u? || 12(q,)- To do so we consider the second equation of (3.3) and
test it against g, = (0,V - uf), to obtain

—bn(an, Gn) + sn(ph, @n) = 0.

From the previous identity we can derive the following:

IVl S D onlllufallzzie + D orlfundali

FeZp Fer (4 13)
+ Z fDH[[PE]]nH%Z(F) + Z &“H[[ph]]nH%Q(F)-
FeZ} Fer

The complete derivation of the estimate can be found in Appendix C. Now, we consider the discrete
inf-sup condition (4.5) and we observe that:

br(Vi,pn) = F(vp) — ap(ug, vi) S HfSHL2(QS)HV‘}?Hx§ + HfDHm(QD)HV}L)ng + llunlix, Ivalx, -
Then, we recover:

5]l 206 IVi x5 + Il 2(0,) IVE xp + sl Ivalx,

Iprllz2) S sup + |pnlJ- (4.14)

vhEX) |”Vh |||Xh

Now we observe that summing up Equations (4.12), (4.14) and (4.13), we obtain the following estimate:

D
lanll, + 14 - w2 22y + Ipal3n < 1651 22000) + 10120,

and the proof is complete. O
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5 Error estimates

In this section we prove a bound for ||u—uy||x, and ||p —pp||a,- By applying the triangular inequal-
ity, we only need to find a bound for |[uy — uy||x, and ||pn — pr||m, where uy and py are suitable
interpolation of the continuous solution.

First, we introduce the following definition for the element-wise L?-orthogonal projection: 7r2’l :
LY(Q) — PY(#) defined such that: for all v € L'(Q) and all K € ¢

(ry'o)|, = 7y, with / () wy, = / vwy, Y, € PYK).
K K

We also recall the following result from [24]:

Theorem 3 (Approximation properties of the L2-orthogonal projector). Let Assumption 2 be satisfied.
Let a polynomial degree | > 0, an integer s € {0, ...,1+1} and a real number p € [1,00] be given. Then,
for any K element or face of A, all v € WP(K), and all m € {0, ..., s},

[0 = 7R Vlgmate S B ™ olwes (i)

Moreover, if s > 1, for all K € ', allv € W3P(K), all F € Fk, and all m € {0,...,s — 1}, it holds
that

1
> 0, _
h;(|’U — 7TK ’U’Wm,p(F) 5 h;( m|’U|Ws,p(K).

To simplify the notation, we define the interpolation errors and the discrete errors: e} = u;—u and
eII) = pr — p are the velocity and pressure interpolation errors, and e} = uj, —uy and eﬁ = pp — pr are
the discrete errors, where (u,p) is the solution of the continuous problem and (uy, pp,) is the solution
of the discrete problem. Additionally, we define: e* = up — u and e = py — p, and we observe that
e" =ef + e} and e =€) + €l

Now, we state the following error estimate theorem.

Theorem 4. Let Assumption 1 and Assumption 2 be satisfied. Let the mesh size be such that h < p
and assume that the penalty parameters (3.2) are large enough. Additionally, we assume that the
solutions to (2.8) satisfy

us € [H's(Qs))7, up € [H'PT(Qp)), ps € H™5(Qs) and pp € H™? T (Qp).
Then, it holds:
ll(el, enT Sh?s [u® g4

+ B2 |58 | s gy + R DP | i1 )

D
(5) T PP 10 1y + B Tl )

where tg and tp are the polynomial degrees for the Stokes’ and Darcy’s velocity fields, mg and mp
are the polynomial degrees of the Stokes and Darcy’s pressures, resepctively, and t = min{ts,tp}.

Remark 2. We observe that the error bounds are consistent with the error convergence theory for the
Discontinuous Galerkin method applied to the Stokes equation [45].

Proof. We observe that the following consistency property holds

{ ap(u,vy) +bp (v, p) = (f,vi) Vv € X,

(5.1)
—bp(u,qn) + sn(p,qn) =0 Van € Mp,.

assuming that the continuous solutions (u,p) are smooth enough. Now, we subtract (5.1) from (3.3)
and we obtain the following error equations

{ah(uh, Vh) — ah(u,vh) + bh(Vh, 6p) =0 Vv, € Xp, (5 2)

_bh(eu7 qh) + Sh(ep; Qh) =0 VQ}L € Mh-
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Using the interpolation and discrete error definitions, system (5.2) becomes:

ap(up, vy) — ap(ur, vy) + ap(ur, vy) — ap(u, vp)
+ bh(Vh, 62) + bh(Vh, 61})) =0 Vv, € Xp, (5.3)
—br(e}, qn) — bu(eY, qn) + sn(eh, qn) + snlef,an) =0 Va, € My,

Then, we test against v, = e} and ¢, = ei, to obtain
ah(uh7 GZ) - ah(uD eZ) + bh(e’lft7 ezfi) = ah(ua eift) - ah(ufa GZ) - bh(eq}tv 6?)
_bh(e%a 62) + Sh(eia ez) = bh(elﬁ 62) - Sh(ez;a 62)

Summing up the two equations above, we obtain

an(up, ep)—ap(ur, ep)+sp(e, e) = ap(u, ey) — ap(ur, ey) —bp (e, ef) +bp(ef, eh) —sn(el, er). (5.4)
~~ —
Ri R2 Rs R4

Now, for the monotonicity of ax(-,-), see Lemma 4, we have:
leili%, + leh|7 < R+ Rz + Ra + Ra.

From the discrete inf-sup condition (4.1) and the first equation in (5.3) it is inferred that

br(Vh, €))
lep 2y S sup  ———1 + |}

VR EXp, vy 70 Ivallai
— ap(u,vy) — ap(ur, vy) — by (v, €)) — ap(up, vi) + ap(ag, vi)
Vi €Xp, v 70 Ivall gio

S letlix, + lekllaiw + llefll 2 + leyls-

(5.5)

+ lepls

Putting together (5.4), (5.5), and proceeding as in the stability estimates, taking into account that we
can bound the norm of the divergence of e} as in (4.13), we obtain that:

ekl + lehllis, < Ra+Ra+ R+ Ra+ llefllx, + lleflr2)- (5.6)
Now, we study the bound of ||ef} H@Ch and ||e}|| 2(q). Referring to Theorem 3, we conclude that:
ek, A1 g )+ H2P 0D s ) + W20l

and
2 +1 S|2 2 +1 D2
lefllza S B V10 Bms gy + e 1P B 1 -

Now we analyze the terms Rj, Ra, Rg and R4 separately. For Ry, we set

Ri= 3 [ (9s(D®))Dw®) - gs(ID(u))D(u)) : Die} s
Kexs K
I
-2 / {95(ID(u®))D(u)n — g5(|D(uf))D(uf)n} - [e}Jds
Fegs ' ¥
Iz
d—1 s . )
*;%/F”_“e% oo tr)dst J K an (e = g (af Duaf ) - (e
I3 }Z
+F;]S/FJS[[GQIL 1-ley ]]ds+F§D/F0D[[e}L Inleh ]]ndS—FF%—‘/FO'F[[e}L]]n[[e%]]ndS,.

I
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First, we consider I; and we apply the Lipschitz continuity of gg(] - |)-, (2.3), Young’s inequality and
the approximation property of the L?-interpolation, see (3), to obtain

s
I 5 h2t5]u5!%{t5+1(gs) + the% H%Q(Qs)'

For the bound of Is, we proceed as before and we use also the trace inverse inequality to recover the
norm of the interpolant on Qg, i.e.

B s
Iy < ths‘uS@ts“(Qs) + Z hKlHﬂeZ ]]HL2(F)-
FeZg

Now, we consider the interface terms and employ Young’s inequality, the trace inequality, and the
approximation properties of the L?-interpolation to obtain

2t S|2 -1 S 2 .
I3 Z R 0 s o1 gy + Z pllen - trllzcm Vi=1,...,d—1.
K:0KNT#0 FeTl

For the terms relative to Q2p, as before, we apply the trace-inverse inequality, Young’s inequality and
the approximation properties of the interpolation. Additionally, we apply the Lipschitz continuity of
gp(| - |)-, see (2.6), to obtain

D
T TP T Pt

Finally, considering the last term contributing to R, we have
Is S h2t$ ‘uS’HtsH + h2tD|uD’HtD+1(QD) + hi ‘u|Hf+1(Q)

+ Z oslle ||L2(F)+ Z oplle n||L2(F)+ZOTH[[e;ﬂ]nH%P(F)

FeZs FeJp Fell

Now, we proceed to study the other terms of (5.6). For Ra, Rg and R4 we apply the Cauchy-Schwarz
and Young’s inequalities for the volume integrals to obtain

RZ S h2m8+2|ps|§{m5+1( ) + h2mD+2

+ ) B Fem + D PRI [es”] nll3ay + Y bR erlalZocm,
FeZs FeJp Fel
2 S|2 2tp..D)|2 Si2 D2
R3 5 h ts’u ’Ht5+1(95) + hKD‘u |Ht'D+1(QD) + 2(”62 ||L2(QS) =+ ||ez HL2(QD)>’

S
R4 5 h2(m5+1)’ps‘§{ms+l(§zs) +h2(mD+1)‘pD|iImD+1(QD) + Z 55”[[61}2 HH2L2(F)
FeZ}

D S D
| |§{’"D+1(QD Vel 7200 + IV €l 220,

+ Z épllle, HL2 +Zf1“||[[eh HLQ

FeZh Fer
Finally, putting together all the previous bounds we obtain:

S D
lehllGi + lehlls, Sh*'s 1 [Fes g + BP0 Fipa g, + h* [ulfe )

+ h2m8+2|pS|H’"8+1(Qs) + h2mp+2‘pD|Hmp+1(QD)7
which implies

et e SH2 10 R gy + D220 s ) + W20l g

h2mD+2 |p

2 2. S D
+ RS s o) + o+ ()

with ¢ = min{ts, tp}, and the proof is completed. O
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6 Numerical results

In this section, we present numerical experiments to verify the error bounds established in the pre-
vious section and to assess the practical performance of the proposed discretization. The numerical
implementations are carried out in the open-source Lymph MATLAB library [2], implementing the
PolyDG method for multi-physics in 2D domains.

6.1 Test case 1: linear constitutive law (Newtonian fluids)

We consider a numerical convergence test for a Newtonian fluid, on a square domain = (—1,1) x
(—1,1) with an interface I' = {z = 0}. On the left part of the domain, Qg = (—1,0) x (—1,1), we
solve the Stokes equation, while on the right part of the domain, Qp = (0,1) x (=1, 1), we solve the
Darcy equation. We consider the manufactured solution:

3 .
. | a’mcos(my) sin(7y) - oy
g = | T | g ) = e costn,

2 .
up (x) = [ o Wiomsézly&sylgg(ﬂy) ] . P (x) = €Y cos(mx) — 6ma? cos(my) sin(my).
The problem is solved with polynomial degree | = 2,3,4 and on a sequence of successively finer
polygonal meshes with diameter h = 0.2485,0.1811,0.1301, 0.0902, 0.0640, 0.0457, 0.0325,0.0228. In
Figure 2a we report the computed error estimates in the energy norm ||(+, )|z and visually highlight
the square root of the numerical order of convergence. The results are in agreement with Theorem 4
as the error goes to zero with the predicted algebraic rate h!, as h goes to zero.

6.2 Test case 2: Carreau constitutive law

We next present a numerical convergence test for a non-Newtonian fluid, with viscosity modeled
following the Carreau constitutive law. We consider a domain defined as in Section 6.1. We took a
similar manufactured solution:

3

oy [ Sreosrysinry) |,
g = | T | g ) = e costna),

2

() = | ©T I |0 = e cos(na) ~ (g5(ID(u) D,

assuming the following constitutive equations

(D)) = s + 75— vs) (14 DD

I

1
an(fuf) = vo -+ @5 - vo) (14 SEE)

N

with vs = vp = 0.001 and 75 = Up = 0.5 [37]. The forcing terms and the boundary conditions
are then set accordingly. The problem is solved with | = 2,3,4 on the same sequence of meshes of
Section 6.1. For the solution of the non-Newtonian system, we adopt a fixed-point iteration scheme
with tolerance 10719, In Figure 2b we report the computed error estimates of the energy norm ||(-, -)||
and visually highlight the root mean square of the numerical order of convergence. Again, the results
are in agreement with the theory defined in Section 5 as the error goes to zero with the predicted
algebraic rate h', as h goes to zero.
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(a) Test case 1: Computed errors ||(e*,eP)| g and the (b) Test case 2: Computed errors ||(e*,eP)| g and the
root mean square of their numerical order of conver- root mean square of their numerical order of conver-
gence. gence.

7 Conclusions

We have developed and analyzed a polytopal discontinuous Galerkin method for the numerical ap-
proximation of a coupled non-Newtonian Stokes-Darcy system describing the interaction between a
non-Newtonian free-flow fluid and a non-Newtonian porous-medium flow. A complete well-posedness
analysis has been established for the continuous problem. Within the framework of generalized inf-
sup theory, we also prove the well-posedness, stability, and convergence of the proposed numerical
method, and derived corresponding error estimates. The theoretical estimates were validated through
two numerical convergence tests using manufactured solutions: the first assuming a linear (Newto-
nian) viscosity, and the second assuming a nonlinear (non-Newtonian) viscosity following the Carreau
model, which is commonly used for shear-thinning non-Newtonian fluids. A natural extension of this
work would be to incorporate more general nonlinear viscosity laws, such as a Forchheimer term in
the porous medium model, as considered in [37], used to predict high velocity flow in porous media
[33], or a Carreau—Yasuda model [48], employed in hemodynamic applications [15]. Further directions
include the analysis of the non-Newtonian coupled problem under more general mesh assumptions,
allowing an hp analysis that also accounts for the dependence on the polynomial degree.
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Appendix

In this section, we provide a complete proof of the continuity of by(-, ), i.e.,

1bh (Vi p0)| S IVellaiwllprllan, — Yvi € Xi, Yoy € My,
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Proof. From the definitions of the norms given in Definition (1) we immediately have

Bl = X [ R Evalalds < 32 1P o | valaloace

Fer rer

hk
= 3 6P L2y v D ||L2(F( ) < Y CvilxlePlla

FeT Kex :9KNT#£0

< Ivallx, 125 [l 220

b (Vi o3| = / PRV - Vi |ds +
Kexs

3 / {5 HvSTalds

FeZs

hi
< MRl IV - VElzas) + 32 12 Mz IS Tal e (hK>
FeZs

S S S S S S
S ekl Vi llxs + 1Pk g lvillxs < 12k lvslvillxs,

R D= X [ RV -Plas+ Y [ HoRHvPlalds
KeJp Fe%p
e\
< IR0 IV VEliotan + 3 IR Mo vETaloer (1)

FeZp

A

<R o (Pl + 1939E lLz2(0)) + 19 g (VP llxo

D D D
<P aep (Il + 1959F llz2(20):

Collecting the above bounds, we obtain

1br (Vi pr) | S Vil aiollpsll s, -

B Appendix
In this section, we prove the continuity and the monotonicity of ay(-,-), i.e.,
lan(un, wi) — an(va, wi)| S lun — vallx, Iwallx, — Yap, vi, wi € Xy,

and
(an(up,up = vi) — ap(va, up —vi)) 2 lup — valk,  Vun, va € X

First, we prove the continuity.

Proof. We use the Cauchy-Schwarz inequality, the discrete trace inequality (3.1), the inverse inequal-
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ities, eq. (2.3) and eq. (2.6):
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where the hidden constants depend on 7g,7p, kmax, and the inverse inequality constant. Putting
together all this estimates we obtain (4.8). O

Now, we prove the monotonicity.

Proof. Let uy, vy € X}, by the discrete Korn’s inequality, we can write:

3 / gs(ID(u))D(u$) — gs(D(v))D(VE)) : D(us — v)de
Kexs

1
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Now we apply the Lipschitz continuity of gs(-) and Young’s inequality, (2.3), to obtain:
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Additionally, using the monotonicity of gp(-), (cf. (2.7)) we can obtain:
> [ (an(uRhup = ap(VEDVE) - (uf = vP)da 2 [0f Vs,
Kexp

We can conclude that, for large enough og, it holds
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and the proof is complete. O

C Appendix

In this section, we prove a bound for the L? norm of the divergence of uh We start by considering
the second equation of (3.3) and test it against g, = (0, V - u?), to obtain
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From this we derive:
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Finally, we obtain the following estimate.
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