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Abstract
Uncertainty quantification in forecasting represents a topic of great importance in
statistics, especially when dealing with complex data characterized by non-trivial
dependence structure. Pushed by novel works concerning distribution-free prediction,
we propose a scalable procedure that outputs closed-form simultaneous prediction
bands for multivariate functional response variables in a time series setting, which
is able to guarantee performance bounds in terms of unconditional coverage and
asymptotic exactness, both under some conditions. After evaluating its performance
on synthetic data, the method is used to build multivariate prediction bands for
daily demand and offer curves in the Italian gas market. The prediction framework
thus obtained allows traders to directly evaluate the impact of their own offers/bids
on the market, providing an intriguing tool for the business practice.
Keywords: Conformal Prediction; Demand and offer curves; Energy forecasting;
Functional data analysis; Prediction band; Time series
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Introduction

Since 2000 we have witnessed a revolution in terms of the availability of computational
power and storage space, which are now ubiquitous and cheap. This new context has
triggered a revolution in paradigm also in statistics and in the professional practice
of modern statisticians and forecasters, who now face way less methodological and
practical limitations with respect to their older collegues.
For instance, when dealing with continuous phenomena over a spatial or a
temporal domain (e.g. a trajectory, a surface or a demand/offer curve) instead of
using standard scalar statistics and working on a statistical summary of these objects,
a practitioner may decide to turn to Functional Data Analysis (FDA)(Ramsay and
Silverman 2005, Ferraty and Vieu 2006, Horváth and Kokoszka 2012, Wang et al.
2016).
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A field of research with very promising applications is Functional Time Series
(FTS), namely the study of methods and the development of applications to deal
with functional data characterised by some kind of temporal dependency. The
interested reader may refer to Hörmann and Kokoszka (2012) for a review of the
theoretical underpinnings and some definitions on the field. The main focus of FTS,
as testified by the very rich outstanding literature, has been the issue of one-step
ahead forecasting. Among the many contributions that may be found in the literature,
Chen et al. (2021) provides a review of some of the work on point prediction for FTS
using autoregressive models, Ferraty et al. (2002), Ferraty and Vieu (2004) present
nonparametric methods and Canale and Vantini (2016) presents an extension for
the forecasting of FTS with constraints. On a slightly different line of reasoning
Hyndman and Shang (2009) proposes a method based on dimensionality reduction
via weighted functional principal component and weighted functional partial least
squares regression while Gao and Shang (2017) proposes a vector error-correcting
model, still based on dimensionality reduction of functional data.
The great majority of the presented work in FTS forecasting focuses on point
predictions: the issue of providing quantification of uncertainty is usually addressed
using extensions of the Bootstrap to non i.i.d cases (see e.g. Paparoditis and Shang
(2021), which also provides a good introduction to the field, as well as Rossini
and Canale (2019) where a remarkable extension to the constrained FTS case is
presented). Bootstrap-based methods, though, are shown to have relatively weak
finite-sample properties, and are of course very computationally intensive.
On a related note, many research efforts have been performed to create forecasting methods that achieve provable theoretical properties even under very minimal
assumptions. One of the most general in this regard is Conformal Prediction (Vovk
et al. 2005), a method invented to provide prediction intervals to Support Vector Machines (Gammerman et al. 1998). The fundamental advantage of Conformal methods
over other ways of generating forecasts is the fact that, to provide valid prediction
sets - i.e. prediction sets ensuring a coverage no less than the nominal confidence
level -, it only requires the data to be exchangeable, thus providing an extremely
flexible method to be used in statistics. Conformal prediction has now been used and
extended to solve many problems in the statistical practice: the interested reader can
find an introduction and an updated state of the art in Zeni et al. (2020). Another
additional methodological advancement of Conformal Prediction is its extension to
the generation of prediction bands for functional data: Diquigiovanni et al. (2021b)
in the case of identically distributed univariate functional data, while Diquigiovanni
et al. (2021a) deals with the multivariate, regressive case. Moving away from the
requirements of data exchangeability, a relatively new contribution by Chernozhukov
et al. (2018) shows an extension of Conformal methods to time dependent data.
The aim of the present work is to reach a synthesis between these two rich and
ebullient fields of literature (namely, set forecasting for (multivariate) FTS and finitesample valid distribution-free prediction) by proposing distribution-free prediction
bands for multivariate functional time series guaranteeing finite-sample performance
bounds in terms of coverage and asymptotic exactness, i.e. coverage asymptotically
equal to the nominal confidence level.
From an applicative point of view, we focus on the issue of forecasting in energy
markets, and specifically in the Italian gas market. The specific regulatory framework
of Italian energy markets has given birth to big and novel challenges to the players
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in the market: producers, brokers and utilities need to be able to forecast with
great accuracy exchanged quantities as well as prices on the markets. This is of
key importance for tactical and strategic planning in producing, storing and trading
energy. Uncertainties and their quantification are of key importance in this context:
having reliable assessments regarding the uncertainty of the predictions obtained
provides invaluable insights to risk management and represents the basis for any
reliable hedging strategy in trading.
Forecasts, though, should not only be constrained to spot quantities and prices:
the market is a dynamic object, and it is crucial to be able to understand not only
its behaviour at equilibrium but also its ”shape” in terms of position and slope of
its demand and offer curves, allowing traders to evaluate the possible effect of their
offers/bids on the market. To do so, the FDA approach has proven to be a very
powerful method: the already cited Canale and Vantini (2016) alongside Shah and
Lisi (2020) represent some recent contributions in the field of FDA with respect to
jointly predicting demand and offer curves for the gas/electricity market. One may
refer to the references contained in the two papers for a thorough representation of
the history of the field in terms of price and demand forecasting in the electricity and
gas markets. Expanding on Canale and Vantini (2016), Rossini and Canale (2019)
adds uncertainty quantification to the framework presented for the gas market. As
previously said though, these bands have no finite-sample coverage guarantee. The
aim of our applicative test case is thus to show how our methodological proposal
may provide more reliable information in terms of prediction uncertainty to energy
traders.
The paper is structured as follows: Section 2 presents the proposed method
and its theoretical underpinnings in detail, while in Section 3 and 3.1 we present
a simulation study to assess the properties of the method and its results. The
application is presented in Section 4 while Section 5 presents conclusions and draws
further developments.

2

Methods

Let Z 1 , . . . , Z T be a time series such that Z t = (X t , Y t ) consists of a set of
covariates X t and a multivariate functional response variable Y t , ∀t = 1, . . . , T . Let
Y t = (Yt1 , Yt2 , . . . , Ytp ) be a multivariate random function where its j-th component
Ytj (j = 1, . . . , p) is a random function which takes values in L∞ (Qj ), that is the family
of limited functions y : Qj → R with Qj closed and
subset of Rdj , dj ∈ N>0 .
Qpbounded
∞
For simplicity, later in the discussion we will use j=1 L (Qj ) to indicate the space
L∞ (Q1 ) × · · · × L∞ (Qp ) in which Y t takes values. The framework considered is very
general since it includes the case of univariate functional response variable (when
p = 1) as a special case, but it also allows the p > 1 domains Qj and images of Ytj to
be greatly different when j changes. X t = (Xt1 , Xt2 , . . . , Xtp ) is a set of covariates
where its j-th element Xtj is made up of the covariates related to Ytj . Specifically,
Xtj belongs to a measurable space and it can be conveniently represented as a set of
covariates itself: differently from the notation traditionally used, Xtj contains the
lagged functional response variable (e.g., Yt−1,j , Yt−2,j , etc.), in addition to possible
external predictors (which can be, for example, scalar or functional covariates).
As regards the notation, it is important to notice that two components of Y t (Yt1
and Yt2 for example) may share some (or even all) the covariates, and so a unique
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set of covariates Xt could be used instead of X t = (Xt1 , Xt2 , . . . , Xtp ). However,
we will use the previously mentioned notation to emphasize the fact that different
sets of covariates can be used to predict the p random functions Yt1 , . . . , Ytp . Let
µj (xtj ) = E(Ytj |Xtj = xtj ) be the regression map for the j-th component evaluated at
xtj , and similarly let us define the scalar quantity [µj (xtj )](q) = E(Ytj (q)|Xtj = xtj ).
Our aim is to introduce a procedure able to create simultaneous prediction sets for
Y T +1 (i.e. prediction sets holding for the multivariate random function Y T +1 globally,
and not only for its j-th component YT +1,j ) based on the information provided by
Z 1 , . . . , Z T and by X T +1 and ensuring performance bounds in terms of unconditional
coverage. By formally defining a prediction set for Y T +1 based on Z 1 , . . . , Z T and
X T +1 as CT,1−α (X T +1 ) for any significance level α ∈ (0, 1), the purpose is to obtain
prediction sets whose unconditional coverage P (Y T +1 ∈ CT,1−α (X T +1 )) is close to
the nominal confidence level 1 − α under mild conditions on the data generating
process. Within the possible kinds of prediction set, the specific aim, moreover, is
to find a prediction set having a particular shape, known as multivariate functional
prediction band (Diquigiovanni et al. 2021a), which is defined as
(
)
p
Y
y = (y1 , . . . , yp ) ∈
L∞ (Qj ) : yj (q) ∈ Bj (q), ∀j ∈ 1, . . . , p, ∀q ∈ Qj , ,
j=1

with Bj (q) interval ∀j, q. We focus on multivariate functional prediction bands
because they are conceptually simple and they can be visualized in parallel coordinates
(Inselberg 1985). More details on the topic can be found in Diquigiovanni et al.
(2021b).
Moving from the literature on inference via permutations (see, e.g., Rubin 1984,
Romano 1990, Lehmann and Romano 2006) and on Conformal Prediction (see, e.g.,
Vovk et al. 2005, Shafer and Vovk 2008, Zeni et al. 2020), we present a modification
of the Conformal inference able to account for time series dependence. Intuitively, the
idea is to generalize the Conformal approach traditionally used when the regression
pairs Z 1 , . . . , Z T +1 are i.i.d. by randomizing blocks of observations. Specifically, we
extend the non-overlapping blocking scheme proposed by Chernozhukov et al. (2018)
to the Semi-Off-Line Inductive (simply known as Split) framework. This extension
is mentioned as possible in Chernozhukov et al. (2018), nevertheless to the best of
our knowledge it has never been formally built - or even taken into account - in the
literature. In light of this, first of all the procedure we built is presented, then its
logic is explained.
Let m, l be two strictly positive integers such that T = m + l, and let us define
I1 and I2 as two sets of size m and l respectively such that I1 ∪ I2 = {1, . . . , T },
I1 ∩I2 = ∅. Let z 1 , . . . , z T be realizations of Z 1 , . . . , Z T , with {z h : h ∈ I1 } denoting
the training set of size m and {z h : h ∈ I2 } denoting the calibration set of size l,
and let b ∈ {1, . . . , l + 1} be a value such that (l + 1)/b is an integer1 . In accordance
with the Conformal Prediction framework, let us also define any measurable function
A({z h : h ∈ I1 }, z) which takes values in R̄ as nonconformity measure. As suggested
by the name, the purpose of the nonconformity measure is to score how different
the generic element z is from the elements of the training set: for example, in the
traditional non-functional regression framework in which the response variable is
1

(l + 1)/b is assumed to be an integer for simplicity, but the procedure can be easily generalized
to include values of b such that (l + 1)/b is not integer-valued.
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scalar and the set of covariates is a vector, a popular choice of nonconformity measure
is the absolute value of the regression residual obtained by fitting the regression
algorithm on the training set. For any given value of b, it is therefore possible to
define the collection of (l + 1)/b index permutations Π = {πi : 1 ≤ i ≤ (l + 1)/b},
whose element πi : {1, . . . , l + 1} −→ {1, . . . , l + 1} is the bijective function defined
as:

t + (i − 1)b
if 1 ≤ t ≤ l − (i − 1)b + 1
πi (t) =
t + (i − 1)b − l − 1 if l − (i − 1)b + 2 ≤ t ≤ l + 1.
The permutation scheme Π is an algebraic group containing the identity element
(as π1 (t) = t ∀t ∈ {1, . . . , l + 1}) which naturally induces the set of scalar values
DΠ = {πi (l + 1) : 1 ≤ i ≤ (l + 1)/b} ⊆ {1, . . . , l + 1}, which is the set of integers used
to identify the observations for which the nonconformity scores will be calculated.
The prediction set for Y T +1 (which is a multivariate prediction band or not
depending on the choice of the nonconformity measure) is therefore defined as
(
)
p
Y
CT,1−α (xT +1 ) := y ∈
L∞ (Qj ) : δy > α ,
j=1

with
δy :=

|{d ∈ DΠ : Rωd ≥ RT +1 }|
,
|DΠ |

|DΠ | = (l + 1)/b, ωd the dth smallest value in the set I2 ∪ {T + 1} and nonconformity
scores Rωd := A({z h : h ∈ I1 }, z ωd ), RT +1 := A({z h : h ∈ I1 }, z T +1 ), where z T +1 =
(xT +1 , y). Since T + 1 is always included in {ωd : d ∈ DΠ } (being l + 1 = π1 (l + 1)
and ωl+1 = T + 1), δy can be conveniently rewritten as
δy =

1 + |{d ∈ {πi (l + 1) : 2 ≤ i ≤ (l + 1)/b} : Rωd ≥ RT +1 }|
.
|DΠ |

Intuitively, the idea is the one introduced by Split Conformal Prediction: after
randomly dividing the observed data into the training and
sets, the
Qpcalibration
∞
prediction set CT,1−α (xT +1 ) is defined as the set of all y ∈ j=1 L (Qj ) such that
(xT +1 , y) is similar - in terms of nonconformity measure A - to the training set
{z h : h ∈ I1 } compared to the conformity of the elements of the calibration set to
the same training set. Differently from the Split Conformal Prediction framework,
the permutation scheme here proposed randomizes the elements of the calibration set
by considering blocks of observations of length b, and it computes the nonconformity
scores for (l + 1)/b − 1 elements of the calibration set (one for each block) and
for z T +1 . In so doing, when b increases the nonconformity scores are computed for
observations more distant in time from each other (and so one is justified in expecting
the dependence between the nonconformity scores to decrease under some conditions
on the data generating process, a fundamental aspect as we will see shortly), but the
number of nonconformity scores computed decreases. On the other hand, when b = 1
the approach here proposed is equivalent to the Split Conformal approach, and the
nonconformity scores are computed for each observation in the calibration set.
Regardless the value of b, the permutation scheme Π guarantees that, if the
regression pairs Z 1 , . . . , Z T +1 are i.i.d. (or even exchangeable), the prediction
sets obtained are finite-sample valid, i.e. P (Y T +1 ∈ CT,1−α (X T +1 )) ≥ 1 − α ∀
T, α ∈ (0, 1), due to the fact that the nonconformity scores are exchangeable. The
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proof can be trivially obtained by generalizing the well-established result holding
in the Split Conformal framework (Vovk et al. 2005). As in the Conformal setting,
the result concerning the validity of the prediction sets induced by the permutation
scheme Π can be enriched by proving that, if the nonconformity scores have a
continuous joint distribution, then P (Y T +1 ∈ CT,1−α (X T +1 )) = 1 − bα(l+1)/bc
, i.e.
(l+1)/b
the unconditional coverage is equal to an easy-to-compute value and it is not only
greater than or equal to 1 − α. Also in this case, the proof can be trivially obtained
by generalizing an existing result concerning Conformal Prediction (see Theorem 1
of Diquigiovanni et al. 2021b).
If the regression pairs are not exchangeable, as in our case, the aforementioned
results do not hold. Nevertheless, two desirable properties can still be obtained
under some conditions: finite-sample performance bounds in terms of unconditional
coverage and asymptotic exactness (i.e. unconditional coverage asymptotically equal
to the nominal confidence level 1 − α). These results, which represent an extension
of a result due to Chernozhukov et al. (2018) to the Split framework, are reported in
Theorem 1.
In order to introduce Theorem 1, let A∗ be an oracle nonconformity measure
inducing oracle nonconformity score Rω∗ d , which is typically the population counterpart of Rωd : for example, in the aforementioned non-functional regression setting,
the oracle nonconformity score might be the magnitude of the error term. For
notational simplicity, let us define ¯l = |DΠ | = (l + 1)/b and let {δ1l̄ , δ2m , γ1l̄ , γ2m }
be sequences
to 0 when ¯l, m → 0. Finally, let
 ∗ scalar values converging
P of positive
1
F̃ (a) := l̄ d∈DΠ 1 Rωd < a and F (a) = P (RT∗ +1 < a).
Theorem 1. If
• supa∈R |F̃ (a) − F (a)| ≤ δ1l̄ with probability 1 − γ1l̄ ,

2
P
2
• 1l̄ d∈DΠ Rωd − Rω∗ d ≤ δ2m
with probability 1 − γ2m ,
• |RT +1 − RT∗ +1 | ≤ δ2m with probability 1 − γ2m ,
• The probability density function of RT∗ +1 is bounded above by a constant D,
then

p 
|P (Y T +1 ∈ CT,1−α (X T +1 )) − (1 − α)| ≤ 6δ1l̄ +2δ2m +2D δ2m + 2 δ2m +γ1l̄ +γ2m
(1)
∀ α ∈ (0, 1).
The first condition concerns the approximate ergodicity of F̃ (a) for F (a), a condition which holds for strongly mixing time series using the permutation scheme Π
(Chernozhukov et al. 2018). The remaining conditions mainly concern the relationship
between the nonconformity scores and the oracle nonconformity scores: intuitively,
δ2m bounds the discrepancy between the nonconformity scores and their oracle counterparts. The proof of the Theorem mimics the proof of Theorem 2 in Chernozhukov
et al. (2018) if {δ1n , δ2n , γ1n , γ2n } are respectively replaced by {δ1l̄ , δ2m , γ1l̄ , γ2m }. We
thus cross-refer to Chernozhukov et al. (2018) for details. Considering the Split
framework of the manuscript, we require the four sequences {δ1l̄ , δ2m , γ1l̄ , γ2m } to
depend on m and ¯l respectively according to their specific role: indeed, Rωd depends
on the information provided by the training set, and so one is justified in requiring it
6

to better approximate Rω∗ d when the training set size m increases. As a consequence,
{δ2m , γ2m } should depend on m. Conversely, the training set size does not affect F̃ (a)
and F (a) respectively since the training set does not affect the oracle nonconformity
scores, and so the requirement is that the oracle nonconformity scores computed on
the observations of the calibration set provide a proper approximation to RT∗ +1 when
the calibration set size increases. In so doing, {δ1l̄ , γ1l̄ } should depend on ¯l.
Theorem 1 provides, under some conditions, finite-sample performance bounds
in terms of unconditional coverage regardless the value of b and it guarantees that
the prediction sets are asymptotically exact since the right side of Inequality (1)
converges to 0 when m, ¯l → 0. In view of this, the last, fundamental step in
describing a strategy which can be used in practical applications is the definition
of the nonconformity measure, a nontrivial issue in the functional setting. In view
of this, we will consider the nonconformity measure proposed by Diquigiovanni
et al. (2021a). This specific measure is particularly appealing since the permutation
scheme Π presented in the manuscript allows to determine whether a given value
of y belongs or not to CT,1−α (xT +1 ) in a very simple way, but generally speaking
(i.e. by considering a generic nonconformity measure) finding CT,1−α (xT +1 ) requires
to evaluate the condition δy > α for every y belonging to the sample space, an
unfeasible task given the infinite-dimensional nature of functional data. By using
the nonconformity measure in Diquigiovanni et al. (2021a), the prediction set can be
instead found in a closed form and it is a multivariate functional prediction band,
a key feature as stated before. Formally, the nonconformity measure considered
induces the following nonconformity scores:
!
yωd ,j (q) − [µ̂jI1 (xωd ,j )](q)
Rωd = sup
sup
, d ∈ {DΠ \ {l + 1}} ,
(2)
sj,I1 (q)
j∈{1,...,p} q∈Qj
!
yj (q) − [µ̂jI1 (xT +1,j )](q)
RT +1 = sup
sup
,
sj,I1 (q)
j∈{1,...,p} q∈Qj
with yj the j-th component of y, [µ̂jI1 (xωd ,j )](q) estimate of [µj (xωd ,j )](q) based on
the training set {z h : h ∈ I1 }, sj,I1 the standard deviation function of the functional
regression residuals of the observations belonging to the training set, i.e.:
!1/2
X
2
j
sj,I1 (q) :=
yhj (q) − [µ̂I1 (xhj )](q)
.
(3)
h∈I1

By considering this nonconformity measure, if α ∈ [b/(l + 1), 1) (which is the
scenario
we will consider hereafter because if α ∈ (0, b/(l + 1)) then CT,1−α (xT +1 ) =
Qp
∞
j=1 L (Qj ) since δy is always greater than or equal to b/(l + 1)), then

p
Y

CT,1−α (xT +1 ) := y ∈
L∞ (Qj ) : yj (q) ∈ [µ̂jI1 (xT +1,j )](q) − k · sj,I1 (q),
j=1

[µ̂jI1 (xT +1,j )](q) + k · sj,I1 (q)]

∀j ∈ {1, . . . , p}, ∀q ∈ Qj ,
with k the d(l + 1)(1 − α)/beth smallest value in the set {Rωd : d ∈ {DΠ \ {l + 1}}}.
Despite the fact that the choice of the p functions sj,I1 can be generalized to every
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set of p functions depending on the training set, the set of functions defined in (3)
represents an intriguing solution since it allows to modulate the width of the band
over the p domains according to the functional regression residuals computed on the
training set: in so doing, the multivariate prediction band is typically wider in those
parts of the domains in which the point prediction tends to be less accurate.
Differently from the case in which the regression pairs are i.i.d, in the framework
of the manuscript the choice of the point predictors is key since it affects the
relationship between the nonconformity score Rωd and its oracle counterpart Rω∗ d , and
so the validity of Theorem 1: for example, strong model misspecification represents
the typical case in which the validity of Theorem 1 is compromised, whereas the
aforementioned results about the finite-sample unconditional coverage still holds
in the i.i.d. setting also when the model is heavily misspecified. In addition, two
further aspects depend on [µ̂jI1 (xhj )](q). First of all, one is justified in expecting
prediction bands to be smaller when accurate regression estimators are used as
they usually output smaller nonconformity scores (and so a smaller k). Secondly,
the regression estimators have a fundamental impact on the computational cost:
indeed, the procedure here developed is highly scalable since, conditional on the
computational cost required to obtain the regression estimates and sj,I1 , the time
needed to compute the prediction set increases linearly with T by assuming the ratio
T /l and b fixed, and consequently the computational effort is mainly determined by
the regression estimators used.
The strategy proposed in this Section represents a theoretically sound framework
to obtain prediction bands when dealing with multivariate functional time series. In
order to provide a comprehensive presentation of the method, in Section 3 we develop
a simulation study whose aim is to evaluate the procedure in different scenarios,
whereas in Section 4 the strategy is applied to real data in order to show its utility
in real-world applications.

3

Simulation Study

In this Section we evaluate the procedure presented in Section 2 through a simulation
study. Specifically, our aim is to analyze two different aspects: first of all (and most
importantly) we estimate the unconditional coverage by computing the empirical
unconditional coverage (simply empirical coverage hereafter) in various settings in
order to compare it to the nominal confidence level 1 − α; the estimation procedure
is detailed in Section 3.1. Secondly, we evaluate the size of the prediction bands
obtained since, intuitively, a small prediction band is preferable because it includes
subregions of the sample space where the probability mass is highly concentrated
(Lei et al. 2013) and it is typically more informative in practical applications.
We focus on a specific data generating process, that is evaluated by considering
different values of T, b and kinds of model misspecification. The data generating
process (obtained by setting p = 1, i.e. Y t = Yt1 ) is formally defined as follows:
sin(2πq)
cos(2πq)
Yt1 (q) = g 0 (q) · Ȳ t = Ȳt1 + Ȳt2 p
+ Ȳt3 p
1/2
1/2
0

with Ȳ t = [Ȳt1 , Ȳt2 , Ȳt3 ] a VAR(2) process, i.e.:
Ȳ t = Ψ̄1 Ȳ t−1 + Ψ̄2 Ȳ t−2 + ¯t ,
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Figure 1. Graphical representation of the simulated data. The sample size is
T = 25, with older functions being darker.
with Ψ̄i =

Υi
2·||Υi ||

for i = 1, 2 and

0.8
Υ1 = 0.3
0.3

0.5
Υ2 = 0.1
0.1


0.3 0.3
0.8 0.3 ,
0.3 0.8

0.1 0.1
0.5 0.1 ,
0.1 0.5

|| · || the Frobenius norm and ¯t multivariate
degrees of freedom and scale matrix:

0.5 0.3

Σ = 0.3 0.5
0.3 0.3

Student’s T random variable with 4

0.3
0.3 .
0.5

In so doing, the VAR(2) process is stable since det(I3 − Ψ̄1 · u − Ψ̄2 · u2 ) 6= 0 ∀|u| ≤ 1.
A graphical representation of a replication with T = 25 is provided in Figure 1.
Seven models are taken into account:
• Oracle Model The point predictions are obtained by considering both g(q) and
Ψ̄1 , Ψ̄2 as known. In other words, the point prediction for Yt1 (q) is simply given
by g 0 (q)(Ψ̄1 ȳ t−1 + Ψ̄2 ȳ t−2 ) ∀t ∈ {3, . . . , T + 1}.
• VAR Models The point predictions are obtained by considering g(q) as known
and Ψ̄1 , Ψ̄2 as unknown. Specifically, the point prediction for Yt1 (q) is obtained
by estimating r matrices Ψ̄1 , . . . , Ψ̄r by fitting a VAR(r) model on {z̄ h : h ∈ I1 },
with z̄ h = (x̄h , ȳ h ), x̄h = {ȳ h−1 , . . . , ȳ h−r } and r ∈ {1, 2, 3}. In so doing, the
estimation issue is converted to a problem of estimating the Fourier coefficients
(Chen et al. 2021).
• FAR Models The point predictions are obtained by considering both g(q) and
Ψ̄1 , Ψ̄2 as unknown. The point predictions are obtained by fitting (on the
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training set, as usual) a concurrent function-on-function autoregressive model
of order r ∈ {1, 2, 3}, i.e.:
yt1 (q) =

r
X

βi (q)yt−i,1 (q) + at (q),

i=1

with at (q) finite-variance mean-zero error process uncorrelated with the linear
systematic component and such that at1 is independent from at2 , t1 6= t2 .
The purpose is to evaluate the procedure by taking into account scenarios
characterized by a decreasing knowledge of the data generating process. The first
model (Oracle Model) represents the ideal case in which the oracle nonconformity
scores can be computed since both Ψ̄1 , Ψ̄2 and the subspace in which the observations
lie are known, the second set of models (Var Models with r ∈ {1, 2, 3}) represents a
more challenging case in which only the subspace in which the observations live is
known, whereas the third set of models (FAR Models with r ∈ {1, 2, 3}) represents
the general case in which the dynamic over time of the phenomenon must be derived
by the available data. The simulation scheme here proposed allows to investigate, in
addition to the Oracle Model and the case in which the model is correctly specified
(VAR Model with r = 2), three widespread kinds of model misspecification: the
misspecification due to omitted relevant variable (VAR Model with r = 1, see Rao
1971), misspecification due to inclusion of irrelevant variable (VAR Model with
r = 3, see Rao 1971) and the functional form misspecification (FAR Models, see
Wooldridge 1994, since the data generating process can not be rewritten as a FAR
Model).
We consider Q1 = [0, 1] and α = 0.25. In order to fulfill the four conditions
required ((l + 1)/b integer-valued; α ∈ [b/(l + 1), 1); a training set size allowing to estimate a VAR(r) model; bα(l + 1)/bcb/(l + 1) = α for consistency with the i.i.d. framework), we set (T, l) = {(25, 7), (50, 23), (100, 47), (1000, 479)} when b = 1, (T, l) =
{(50, 23), (100, 47), (1000, 479)} when b = 3 and (T, l) = {(100, 47), (1000, 479)} when
b = 6. As usual in the time series setting, the first r observations (2 observations
when the Oracle Model is considered, respectively) are taken into account only as
covariates, and so the training set size is equal to T − l − r (T − l − 2 when the Oracle
Model is considered, respectively). Practically, for each value of T , we evaluate
the procedure by considering N = 5000 replications for each combination of point
predictor and value of b. The simulations are achieved by using the R Programming
Language (R Core Team 2018), and the generation of data by fts.rar function of
freqdom.fda package (Hormann and Kidzinski 2017).

3.1

Results

Table 1 and Table 2 show the empirical coverage, together with the related 99%
confidence interval in square brackets, reached by the procedure presented in the
manuscript. Specifically, the empirical coverage is simply computed as the fraction of
the N = 5000 replications in which y T +1 belongs to CT,1−α (xT +1 ), and the confidence
interval is reported in order to provide an idea of the variability of the phenomenon,
rather than to make inferential conclusion on the unconditional coverage in the
various settings. The evidence is quite satisfactory as for any value of b, sample size
T and model the empirical coverage is close to 1 − α = 0.75, as suggested by the fact
10

Empirical Coverage - Oracle Model
b = 1 T = 25
0.753[0.737,0.769]
T = 50
0.752[0.736,0.768]
T = 100
0.748[0.732,0.764]
T = 1000
0.743[0.727,0.759]
b = 3 T = 50
0.744[0.728,0.760]
T = 100
0.738[0.722,0.754]
T = 1000
0.743[0.727,0.759]
b = 6 T = 100
0.745[0.729,0.760]
T = 1000
0.743[0.727,0.759]
Table 1. Empirical coverage (99% confidence interval in brackets). Oracle Model.
α=0.25.

Empirical Coverage - VAR Model
r=1
r=2
r=3
b = 1 T = 25
0.741[0.725,0.757] 0.735[0.719,0.751] 0.754[0.738,0.770]
T = 50
0.737[0.721,0.753] 0.746[0.730,0.762] 0.742[0.726,0.758]
T = 100 0.731[0.714,0.747] 0.743[0.727,0.759] 0.738[0.722,0.754]
T = 1000 0.743[0.727,0.759] 0.744[0.728,0.760] 0.742[0.726,0.758]
b = 3 T = 50
0.735[0.719,0.751] 0.742[0.726,0.758] 0.743[0.727,0.759]
T = 100
0.737[0.721,0.753] 0.738[0.722,0.754] 0.736[0.720,0.752]
T = 1000 0.743[0.727,0.759] 0.745[0.729,0.761] 0.744[0.728,0.760]
b = 6 T = 100
0.737[0.721,0.753] 0.740[0.724,0.756] 0.741[0.725,0.757]
T = 1000 0.746[0.730,0.762] 0.745[0.729,0.761] 0.743[0.727,0.759]
Empirical Coverage - FAR Model
r=1
r=2
r=3
b = 1 T = 25
0.745[0.729,0.761] 0.742[0.726,0.758] 0.741[0.725,0.757]
T = 50
0.738[0.722,0.754] 0.750[0.734,0.766] 0.747[0.731,0.763]
T = 100 0.733[0.717,0.749] 0.742[0.726,0.758] 0.740[0.724,0.756]
T = 1000 0.743[0.727,0.759] 0.742[0.726,0.758] 0.743[0.727,0.759]
b = 3 T = 50
0.736[0.720,0.752] 0.750[0.734,0.766] 0.742[0.726,0.758]
T = 100
0.736[0.720,0.752] 0.738[0.722,0.754] 0.743[0.727,0.759]
T = 1000 0.741[0.725,0.757] 0.744[0.728,0.760] 0.743[0.727,0.759]
b = 6 T = 100
0.736[0.720,0.752] 0.742[0.726,0.758] 0.740[0.724,0.756]
T = 1000 0.745[0.729,0.760] 0.744[0.728,0.760] 0.744[0.728,0.760]
Table 2. Empirical coverage (99% confidence interval in brackets). VAR Models and
FAR Models. α=0.25. The values in bold indicate that the corresponding confidence
intervals do not include 1 − α.
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Figure 2. Set size. Oracle Model. α = 0.25.
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Figure 3. Set size. VAR Model, r = 1. α = 0.25.
that only 2 out of the 63 confidence intervals (the cells in bold in the tables) do not
include the nominal confidence level. The result provided by the simulation study is
particularly appealing since it suggests that an appropriate coverage is reached also
when the sample size is very small, a fact that allows the procedure to be applied in
many practical frameworks.
Although comparing the size of prediction bands obtained in scenarios characterized by (potentially) different unconditional coverages may lead to misleading
conclusions, in light of the evidence provided so far we evaluate this aspect when
the model, the value of T and the value of b vary. To do that, we define, according
to the definition given in Diquigiovanni et al. (2021a), the size of a multivariate
prediction band as the sum of the p P
areas Rbetween the upper and lower bound of the
p
s
p univariate prediction bands, i.e.
j=1 Qj 2 · k · sj,I1 (q)dq (that, in this case, is
R
simply Q1 2 · k s · s1,I1 (q)dq). Figure 2, 3, 4, 5, 6, 7, 8 show the boxplots concerning
the size of the N = 5000 prediction bands, whereas Table A.1 and Table A.2 in
the Supplementary Material report only the median size (first and third quartile
in square brackets) of the same bands in order to quantify the empirical evidence
in detail. By considering each point predictor separately, it is possible to notice
that, given b, the band size tends to decrease when T increases and, given T , it
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Figure 4. Set size. VAR Model, r = 2. α = 0.25.
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Figure 5. Set size. VAR Model, r = 3. α = 0.25. For visualization purpose, the
most extreme value (equal to 210.54) obtained when b = 1, T = 25 is removed.

Set Size − FAR Model, r=1
b=3

b=1

b=6

50

40

30

20

10

0

T=25

T=50

T=100

T=1000

T=50

T=100

Figure 6. Set size. FAR Model, r = 1. α = 0.25.
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Figure 7. Set size. FAR Model, r = 2. α = 0.25.
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Figure 8. Set size. FAR Model, r = 3. α = 0.25.
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tends to decrease when b decreases: this evidence is not surprising since when T
increases (and so l) and when b decreases a greater number of nonconformity scores is
computed. Also the training set size has a relevant impact on the phenomenon since
one is justified in expecting the band size to decrease when m grows because more
accurate regression estimates provide smaller nonconformity scores, as suggested by
analyzing the three couples (T, b) = {(25, 1), (50, 3), (100, 6)} in which the number of
nonconformity scores computed is constant.
The Oracle model outperforms the VAR models and the FAR models for every
value of T , b, as expected. By considering the VAR models and the FAR models,
when the sample size is very small (T =25) the order of the model providing the best
performance in terms of size is r = 1 since higher values of r may provide unstable
estimation procedures. Vice versa, the importance of using a model correctly specified
is evident when T is large: indeed, the VAR Model with r = 2 represents the best
choice overall (Oracle Model excluded) when T = 1000, and it outperforms the other
two VAR models (r = 1, r = 3) also when T = 100. Specifically, when T = 1000
the VAR model with a relevant variable omitted (r = 1) is largely outperformed by
the other two VAR models (r = 1, r = 3) since the estimation of a single matrix Ψ̄1
represents an undeniable limit in obtaining accurate regression estimates.
In light of the evidence provided in this Section, the procedure seems reliable in
the frequent practical scenarios characterized by small sample size and/or model
misspecification, whereas b = 1 represents the best balance between guarantee in
terms of coverage and exhaustive use of the information provided by the available
data.

4

Application to the Italian Gas Market

In this Section, we apply the procedure developed in Section 2 to a specific Italian gas
market, namely the MGS (Mercato Gas in Stoccaggio), in order to create simultaneous
prediction bands for the daily offer and demand curves. It should nevertheless be
noted that our method can be applied to many application scenarios, such as other
energy or non-energy markets. The MGS is a market in which users - authorized by
the energy regulator Gestore Mercati Energetici (GME) - and the pipeline manager
(Snam S.p.A.) day by day submit supply offers and demand bids for the gas stored,
which is traded through an auction mechanism.
Specifically, for each day the supply offers (demand bids, respectively) are sorted
by price in ascending (descending, respectively) order, and the demand and offer
curves are built - starting from raw data provided in XML format by GME (https:
//www.mercatoelettrico.org/en/) - by considering the cumulative sum of the
quantities (expressed in MWh). In doing so, by construction both daily offer and
demand curves are positive monotonic (increasing and decreasing, respectively) step
functions. The intersection of the two curves provides the price Pt at which the gas
is traded (expressed in Euro/MWh) and the total quantity exchanged Qt , and every
offer/bid to the left of the intersection is accepted and consequently traded at price
Pt .
The creation of prediction bands is strategic for energy traders’ decision-making
since it allows to evaluate the possible effect of offers/bids on the shape of the curves
(and consequently on both the price Pt and the quantity exchanged Qt ), an aspect
that cannot be directly included by usual non-functional procedures for interval
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Figure 9. The offer (at the top) and demand (at the bottom) curves considered in
the analysis, with older functions being darker.
price prediction. In order to show the useful insights that the procedure built in
Section 2 can provide, we create simultaneous prediction bands for the offer (Yt1 )
and demand (Yt2 ) curve for each day in the six-month period between 1 August
2019 and 31 January 2020. For each of the 184 days we aim to predict, we build
the corresponding prediction band based on the information provided by the rolling
window of 90 days2 (i.e. T = 90) including the most up-to-date information available.
We set the function domains Q1 = Q2 = [0, 2 · 105 ] as all demand and offer curves are
observed in this range and at the same time the total quantity exchanged Qt always
belongs to this interval in the period taken into account. The offer and demand
curves considered in the analysis are displayed in Figure 9.
In order to obtain the needed point predictions, we consider the following simple
concurrent function-on-function autoregressive model with a scalar covariate:
ytj (q) = β1j (q)yt−8,j (q) + β2j (q)Pt−2 + at (q),

j ∈ {1, 2},

q ∈ Qj ,

(4)

with at (q) defined as in Section 3. The inclusion of the lagged curve at time t − 8
and of the lagged (scalar) price at time t − 2 is motivated by the fact that they
represent the most up-to-date information available for a trader participating in the
auction for day t due to GME’s regulation. However, model (4) does not guarantee
that the point predictions are monotonic functions. In view of this, after obtaining
β̂1j , β̂2j ∀j = 1, 2, we simply obtain monotonic point predictions by defining the point
prediction for the offer curve at time t evaluated at q, i.e. [µ̂1I1 (xt,1 )](q), as follows:
[µ̂1I1 (xt,1 )](q) =

(
ŷt,1 (q)
0

if ŷt,1 (q) = maxx∈[0,q] ŷt,1 (x)
0

ŷt,1 (q ) + (q − q )



00

0

ŷt,1 (q )−ŷt,1 (q )
q 00 −q 0



otherwise
(5)

2

We considered different values of T : 45,60,90,180,365. We chose T = 90 since it outputs the
smallest prediction bands in the period considered.
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Figure 10. Multivariate prediction bands with α = 0.5 (darker regions) and
α = 0.25 (lighter regions). The continuous lines represent the observed offer and
demand curves, whereas the dashed lines represent the fitted ones. The black cross
indicates (Qt , Pt ).
with ŷt,1 the
by fitting model (4) using OLS,
 predicted offer curve obtained
0
00
q := max argmaxx∈[0,q] ŷt,1 (x) and q := min {x ∈ [q, 200000]|ŷt,1 (x) ≥ ŷt,1 (q)}.
The specular procedure is developed to obtain [µ̂2I1 (xt,2 )](q), i.e. the point prediction for the demand curve at time t evaluated at q. Vice versa, the fact that the
point predictions are not step functions does not represent a limit since the prices
at which the steps happen can be absolutely continuous random variables, and
consequently the expectation of this kind of random step function is a continuous
function (Pelagatti 2013). Model (4) and the correction induced by (5) certainly
represent an oversimplification of the phenomenon analyzed, and one is justified in
expecting other variables (such as the trading activity on the other energy markets)
to have an important impact on the MGS’s dynamics: however, the purpose of this
Section is to illustrate the application potential of the procedure presented in Section
2 in a general and arbitrary prediction scenario, rather than when a particularly
sophisticated model is built.
The last, fundamental step is the definition of the significance level α, of the
calibration set size l, of the training set size m and of b. We consider two possible
values of α, i.e. 0.5 and 0.25, and b = 1 in light of the evidence provided by Section 3.
We also set l = 39 and, given the aforementioned delay in the information concerning
lagged curves, we consider m = T − l − 8 = 43 in order to obtain a value of m/l
close to 1 and a value of l such that bα(l + 1)/bcb/(l + 1) = α, as in Section 3.
Figure 10 shows the multivariate prediction bands obtained for one of the day
we aim to predict (29 January 2020), with the panel at the top (at the bottom,
respectively) showing the portions of the multivariate prediction bands related to the
offer curve (demand curve, respectively): in both cases, the darker region indicates
the prediction bands obtained by considering α = 0.5 (i.e. nominal confidence level
1 − α = 0.50), whereas the lighter one denotes those obtained by considering α = 0.25
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(i.e. nominal confidence level 1 − α = 0.75). For the sake of completeness, the
observed (continuous line) and fitted (dashed line) curves, together with the price Pt
and the quantity exchanged Qt (black cross), are also displayed. Since the curves
are monotonic by construction, the upper and the lower bounds of the prediction
bands were made monotonic before being plotted: indeed, the procedure does not
guarantee that such bounds are monotonic, but the fully nonparametric approach
induced by the permutation scheme Π allows to made them monotonic by removing
portions of the prediction bands associated to regions of the functional space that
violate known features (e.g. monotonicity) of the function to be predicted, without
decreasing the unconditional coverage. It is absolutely evident that the prediction
bands are decidedly wider in the first part of the domain, especially in the panel at
the bottom of the figure, and this is due to the fact that the behavior of the two
curves in that portion of the domain is hardly predictable. The main reason of this
phenomenon is the conduct of the pipeline manager Snam S.p.A.: indeed, in the
period considered it typically submits extremely low supply offers and high demand
bids - if compared to other traders’ offers/bids - in order to be sure to sell/buy the
quantity needed, but this makes the uncertainty quantification a particularly tough
task if no information on Snam’s trading intentions is available. As proof of that,
we created a fictional scenario by removing all the offers/bids made by Snam in the
period considered, and we therefore computed the corresponding 184 multivariate
prediction bands in the period 1 August 2019-31 January 2020: in doing so, the size
in the initial part of the domain [0,25000] of the two univariate prediction bands
composing each multivariate predictionR band (related to the offer and demand curve
25000
respectively, and formally defined as 0
2 · k s · sj,I1 (q)dq, j = 1, 2) decreases by
45.2% (median value) for the offer curve and by 72.4% (median value) for the demand
curve when α = 0.50 is considered. A very similar result is obtained when α = 0.25
is taken into account. In view of this, the inclusion in model (4) of information aimed
at capturing Snam’s behavior represents a possible future development that is highly
likely to create smaller (and consequently more informative) prediction bands.
A further useful by-product of the procedure related to this specific application is
that it allows to automatically obtain a prediction region for (Qt , Pt ) by considering
the region in which the prediction band for the offer curve and that for the demand
curve overlap. As an example, the region for 29 January 2020 computed with α = 0.50
is represented in the left panel of Figure 11. By computing the fraction of times that
the observed (Qt , Pt ) effectively belongs to the prediction region thus obtained over
the 184 days considered, we obtain that 92.4% of the time the observed prediction
region contains the observed intersection point when α = 0.50, and that 97.8% of
the time when α = 0.25. This evidence is appealing especially when compared to
the fraction of times that the observed offer and demand curves effectively belong
to the observed multivariate prediction bands, that is 52.7% when α = 0.50 (i.e.
nominal confidence level 1 − α = 0.50) and 75.5% when α = 0.25 (i.e. nominal
confidence level 1 − α = 0.75), respectively. It is fundamental to notice that the last
two percentages do not represent empirical coverages, and more generally provide
no relevant information about the unconditional coverage reached by the procedure
developed, since the prediction bands computed in this Section are obtained by
repeating the procedure day after day and by considering a rolling window. However,
it is still possible to obtain a theoretical result concerning the unconditional coverage
of the aforementioned prediction region by simply reasoning about how it is built:
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Figure 11. The left panel shows the prediction region for (Qt , Pt ) (29 January 2020,
α = 0.50), together with the value of (Qt , Pt ) effectively observed (black cross). The
right panel shows the same prediction region (dashed darker lines) and the prediction
region obtained by submitting an extra demand bid of 20000 MWh at 12 Euro/MWh
(lighter region).
indeed, by construction if the observed offer curve and the observed demand curve
effectively jointly belong to the observed multivariate prediction band, and if the
intersection point exists (an event always verified in the period considered), then
the intersection point necessarily belongs to the area in which the two univariate
prediction bands overlap. As a consequence, by construction, if the two curves
intersect, than the unconditional coverage reached by the prediction region is greater
or equal than P (Y T +1 ∈ CT,1−α (X T +1 )). In light of this and of the empirical results
provided, we conclude that the prediction region naturally induced by the method
described in Section 2 represents a promising tool - both from a theoretical and an
application point of view - that can be profitably included in traders’ tool kit.
The analysis here presented also allows to exploit the market from a speculative
perspective: indeed, from a given trader’s point of view, the procedure presented
in this manuscript allows to directly evaluate the impact of any extra offer/bid on
the prediction bands for tomorrow’s offer and demand curves, and consequently
on the prediction region for the intersection point. As an example, a trader may
want to evaluate the effect of a demand bid of 20000 MWh at 12 Euro/MWh on
tomorrow’s intersection point: to do that, the user can add this bid to the predicted
demand curve, thereby inducing a change in the multivariate prediction band and
consequently in the prediction region. The resulting prediction region for 29 January
2020 is displayed in the right panel of Figure 11.
The evidence showed in this Section is obviously limited to a few examples. In
order to provide a comprehensive overview of the results obtained in the period
considered, we developed a Shiny app (available at https://jacopodiquigiovanni.
shinyapps.io/ItalianGasMarketApp/) that allows to interactively choose the scenario of interest and to visualize the associated results. Specifically, the top left
panel allows the user to dynamically change five inputs, that are: the day for which
the predictions are made (between 1 August 2019 and 31 January 2020), the nominal
confidence level 1 − α, the type of extra bid/offer (assuming two possible values:
Demand, Offer) you want to evaluate the impact of, its quantity and its price.
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The top right panel and the bottom right panel show the portion of multivariate
prediction band related to the offer and demand curve respectively, together with
the observed curves, for the day and the nominal confidence level selected. In doing
so, it is possible to verify whether the couple of curves would have been contained in
the multivariate prediction band or not if the procedure had been implemented in
the real world. Finally, the bottom left panel shows the prediction region for (Qt , Pt )
obtained for the day and the nominal confidence level selected (dark blue region),
as well as the value of (Qt , Pt ) effectively observed (red cross), allowing the user to
check the accuracy of the prediction. In addition, it shows also the prediction region
obtained by including the extra bid/offer in tomorrow’s predicted demand/offer
curve (light blue region), allowing this tool to be used for the purposes mentioned
above.

5

Conclusions and Further Developments

The present work deals with the demand for methods able to quantify uncertainty in
the multivariate functional time series prediction framework. The approach developed
in this article extends the non-overlapping blocking scheme proposed by Chernozhukov
et al. (2018) to the Split context in order to create simultaneous prediction bands
for forthcoming multivariate random function Y T +1 . The procedure inherits the
guarantees for the unconditional coverage in terms of finite-sample performance
bounds and of asymptotic exactness under some conditions concerning the oracle
nonconformity measure A∗ and the nonconformity measure A, but can be also
satisfactorily applied to the multivariate functional context due to the Split process
and to the specific nonconformity measure used (firstly introduced by Diquigiovanni
et al. 2021a). Theorem 1 provides a theoretically sound prediction framework
based on assumptions similar to the ones introduced by Chernozhukov et al. (2018).
However these assumptions could be tricky to assess in practice. For this reason,
we combined our theoretical work with a simulation study aimed at evaluating the
procedure in situations in which Theorem 1 is violated, as in the case of model
misspecification. The results obtained are encouraging: the empirical coverage values
are close to the nominal confidence level 1 − α also when the sample size T is small
or the model is misspecified, regardless the value of b. In view of this, we applied the
method described in Section 2 to a real-world scenario of strong interest, namely the
prediction of daily offer and demand curves in the Italian gas market. We built the
corresponding simultaneous prediction bands for each day in a six-month period based
on a rolling window including the most up-to-date information available. Despite
the fact that the point predictors considered can surely be improved to provide more
accurate regression estimates, we used standard functional regression estimators to
show the wide applicability of the procedure, also in a speculative perspective. In
order to provide a complete overview of the study, we developed a Shiny app able
to display the predicted bands, as well as the related prediction regions for (Qt , Pt ),
under several operative conditions. Being based on a Split framework, our proposal
shares both the strenghts (namely, the simple mathematical tractability and ease
of implementation) and the weaknesses of the prediction methods based on Split
Conformal. In fact the random subdivision of the sample intrinsically induces an
element of randomness in the method and is not particularly efficient in its use of
data. To improve on this, a very promising area of research is to employ derivations
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of the original Conformal approach such as the jackknife+ procedure (Barber et al.
2021) and extensions (see, for example, Xu and Xie 2020) in a functional context.

Supplementary material
A Supplementary Tables
Set Size - Oracle Model
b = 1 T = 25
6.332[5.085,8.002]
T = 50
5.894[5.183,6.775]
T = 100
5.679[5.213,6.233]
T = 1000 5.442[5.291,5.593]
b = 3 T = 50
6.020[4.904,7.606]
T = 100
5.750[5.001,6.688]
T = 1000 5.449[5.210,5.711]
b = 6 T = 100 5.892 [4.844,7.283]
T = 1000 5.459[5.137,5.813]
Table A.1. Median size (first and third quartile in brackets). Oracle Model. α=0.25.

Set Size - VAR Model
r=1
r=2
r=3
b = 1 T = 25
7.539[6.042,9.368] 8.833[7.085,11.214] 12.436[9.590,16.877]
T = 50
6.803[5.971,7.762] 7.129[6.245,8.258]
8.202[7.133,9.564]
T = 100 6.317[5.778,6.938] 6.205[5.668,6.802]
6.527[5.964,7.206]
T = 1000 5.903[5.737,6.083] 5.482[5.332,5.639]
5.500[5.350,5.668]
b = 3 T = 50
6.966[5.707,8.555] 7.379[6.040,9.123] 8.474[6.862,10.479]
T = 100 6.402[5.612,7.398] 6.279[5.493,7.219]
6.642[5.809,7.633]
T = 1000 5.913[5.677,6.195] 5.495[5.252,5.741]
5.511[5.281,5.770]
b = 6 T = 100 6.541[5.410,7.971] 6.407[5.322,7.792]
6.758[5.597,8.255]
T = 1000 5.936[5.589,6.298] 5.508[5.179,5.849]
5.532[5.208,5.884]
Set Size - FAR Model
r=1
r=2
r=3
b = 1 T = 25
7.340[6.014,9.172] 7.563[6.188,9.373] 8.332[6.773,10.533]
T = 50
6.850[6.051,7.798] 6.675[5.927,7.631]
7.080[6.206,8.122]
T = 100 6.541[5.981,7.151] 6.137[5.638,6.713]
6.286[5.781,6.887]
T = 1000 6.243[6.063,6.428] 5.673[5.521,5.838]
5.678[5.526,5.841]
b = 3 T = 50
6.975[5.774,8.576] 6.884[5.713,8.486]
7.273[6.040,8.938]
T = 100 6.632[5.813,7.635] 6.210[5.455,7.132]
6.381[5.624,7.306]
T = 1000 6.256[6.011,6.529] 5.684[5.444,5.941]
5.695[5.449,5.941]
b = 6 T = 100 6.746[5.670,8.177] 6.353[5.292,7.715]
6.549[5.429,7.939]
T = 1000 6.266[5.931,6.641] 5.694[5.378,6.041]
5.696[5.380,6.047]
Table A.2. Median size (first and third quartile in brackets). VAR Models and
FAR Models. α=0.25.
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