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Abstract. We study the interaction between a poroelastic medium and a fracture filled with fluid.
The flow in the fracture is described by the Brinkman equations for an incompressible fluid and the
poroelastic medium by the quasi-static Biot model. The two models are fully coupled via the kinematic
and dynamic conditions. The Brinkman equations are then averaged over the cross-sections, giving rise
to a reduced flow model on the fracture midline. We derive suitable interface and closure conditions
between the Biot system and the dimensionally reduced Brinkman model that guarantee solvability
of the resulting coupled problem. We design and analyze a numerical discretization scheme based
on finite elements in space and the Backward Euler in time, and perform numerical experiments to
compare the behavior of the reduced model to the full-dimensional formulation and study the response
of the model with respect to its parameters.
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1. INTRODUCTION

Computational modeling of flows in fractured oil and gas reservoirs is increasingly attracting the at-
tention of the scientific community. Naturally occurring fractures may affect significantly the effective
flow rates. Furthermore, an increasing fraction of hydrocarbon supply for western countries is coming
from shale oil and gas. Hydraulic fracturing is the main technology for extraction of these natural
resources. Efficient exploitation of trapped hydrocarbons requires careful reservoir management.

The problem of modeling fluid injection, flow and fracture propagation through reservoirs is chal-
lenging. Typical fractures are only 10 — 100 pm thin and they extend for 10 — 100 m. In the process of
creating new fractures or opening existing ones, the injected flow rate in wells can exceed 1073 m3 /s,
namely one liter per second, which induces a significant fracture front propagation speed, up to one
meter per second. These numbers outline a complex dynamic scenario, where fluid flow and solid
mechanics are tightly coupled.
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Models that employ Darcy’s law in the fracture and the reservoir have been developed in [1,2,12,15,
26,30,34,35], see also extensions to two-phase flow in [17,25]. More recently, models that account for
faster flow within the fracture have been investigated, including Forchheimer [16], Brinkman [28], and
Reynolds lubrication equations [18,19,21]. Attention has also been given to development of partitioned
non-iterative or iterative algorithms. For example, in [8], a non-iterative Nitsche’s coupling approach
is developed for the Stokes-Biot system using the mixed formulation for Darcy flow, while an operator-
splitting method for a coupled Navier-Stokes - Biot model has been developed in [9]. The Biot system
can be further split into elasticity and flow sub-problems using either non-iterative [8] or iterative
coupling [32].

Geometrical model reduction techniques for coupled flow through fractures and porous media are
commonly used in the literature [2,26,28,30]. In this approach the fractures are modeled as manifolds
of one dimension less than the reservoir. This is done by averaging of the flow equation along the
fracture aperture, in order to reduce the computational cost of coupling the flow through a reservoir
with the one in the fractures, because this approach avoids fine meshing of the fracture domain,
which becomes technically challenging in those cases where the aperture is small. The main issue of
this approach consists in the determination of appropriate interface conditions between reservoir and
fracture, which may depend on the models used in each region.

The objective of this work is to develop a reduced model for coupled flow through fractured reser-
voirs while accounting for the deformation of the porous media. As mentioned above, during the
hydraulic fracturing process, fluid flow and rock mechanics are tightly coupled. Our model is based
on coupling the Brinkman equations in the fracture with the Biot system of poroelasticity [6,45] in
the reservoir. Our approach is similar to the one in [28], where a reduced model for the interaction
between porous medium and Brinkman model is developed, but no poroelastic effects are considered.
The resulting reduced Brinkman-Biot model is an alternative to the lubrication-Biot model studied
in [18,19,21]. A notable difference between the two approaches is in the continuity condition between
the poroelastic stress in the reservoir and the fluid stress in the fracture. In particular, the Brinkman
model allows for full continuity between the two stress tensors, see (2.11), while with the lubrication
equation the normal poroelastic stress vector is balanced with the normal vector to the interface
scaled by the fluid pressure in the fracture. Furthermore, the Brinkman model requires an additional
interface condition for the tangential fluid stress. While in [28] zero tangential stress was imposed,
here we employ the Beavers-Joseph-Saffman condition [5,42], which is widely accepted in modeling
coupled Stokes-Darcy flows [13,20,27]. We note that full-dimensional Stokes-Biot models have been
studied in [4,8,31,44].

To discretize the problem in time, we employ the Backward Euler method for time discretization,
which results in solving a coupled Brinkman-Biot system at each time step. In this work we treat
stationary fractures. Fracture propagation has been modeled using level set methods [10,22], phase-
field methods [33], or boundary element methods [41]. Incorporating some of these techniques into
the Brinkman-Biot model is a topic of future research.

The rest of the paper is organized as follows. In Section 2 we introduce the governing equations
of the problem. Without loss of generality, but with considerable simplification of the notation,
we present the problem in two spatial dimensions. In Section 3 we present the topological model
reduction technique that enables us to represent the fracture as a curve embedded into the reservoir.
Particular attention is given to the derivation of interface conditions based on closure assumptions
for the pressure and velocity profiles in the fracture cross sections. To our knowledge, this is the
first time this issue is addressed for the case of Brinkman flow coupled with the Biot model for the
reservoir. The variational formulation and its numerical discretization based on finite elements in
space and the Backward Euler in time is presented in Section 4, where the well posedness of the latter
is also discussed. The numerical error of the proposed scheme is analyzed in Section 4.2 following the
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general approach in the sequence of works for the Biot system [37-39], extended here to the coupled
reservoir /fracture problem. Numerical results that validate the correct behavior of the mathematical
model and of the numerical scheme are presented in Section 5. In particular, we verify the convergence
rate of the spatial discretization error, compare the results to the full dimensional model and analyze
the model response to variations of the fluid and rock parameters.

FIGURE 1. Configuration of the fluid and porous domains, 2, and € respectively,
and of the curvilinear coordinate system introduced for the definition of the topological
model reduction in the fracture.

2. DESCRIPTION OF THE PROBLEM

Consider a bounded, two-dimensional domain 2 = 2, U Q;. Region (2, is occupied by a fully-
saturated poroelastic matrix and region €2y represents a fracture filled with fluid. We assume that
1y is a non self-intersecting strip with a constant aperture, which is small with respect to the size
of the surrounding poroelastic media. We denote the two long edges of the fracture with I'y and Ty,
see Figure 1. Let I'y = 0Qy \ (I'y UT'2) be the union of the two short edges of the fracture. We allow
for none, one, or both of the short edges to be on the outside boundary 0f2, corresponding to the
fracture being entirely confined in the poroelastic domain, having one confined end, or splitting the
poroelastic domain in two parts. The dynamics in the poroelastic domain €2, is described by the Biot
model. The stress tensor of the poroelastic medium is given by o, = o — apl, where o denotes
the elasticity stress tensor, p is the fluid pressure, and the Biot-Willis constant « is the pressure-
storage coupling coefficient. With the assumption that the displacement 1 = (1,,7,) of the skeleton
is connected to stress tensor o i via the linear elastic model, we have o g(n) = 2uD(n) + Mtr(D(n))I,
where p and A denote the Lamé coefficients for the skeleton. Furthermore, we assume that the
domain €2, does not change in time and with the hypothesis of infinitesimal deformations, we have
D(n) = (Vn+ (Vn)T)/2. Then, the Biot equations read as follows:

-V.o,=f, in ©, x (0,77, (2.1)
Klqg=-Vp in Q, x (0,77, (2.2)
0

Hsop+aV ) +V-q=g in €, x (0, T]. (2.3)

System (2.1)-(2.3) consists of the momentum equation for the balance of total forces (2.1), the
Darcy law (2.2), and the storage equation (2.3) for the fluid mass conservation in the pores of the
matrix, where g is the Darcy velocity. The coefficient sog > 0 is the storage coefficient and K denotes
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a symmetric uniformly positive definite hydraulic conductivity tensor satisfying, for some constants
0 < ko < ki,

kotT€ < €TKE <ki€7¢, Vé(z) ER?, Yz e, (2.4)
Let I') = lev) UI’ZJ)V = I'hUT} be two partitions of T, = 9, N9 We prescribe the following boundary
conditions on I},

n=0 onF]’?x(O,T},
opn, = sév on Fév x (0,77,
p=pP” on I' x (0,77,
qg-n,=0 on I'l x (0,77,

where mn,, is the outward unit normal on I',. In order to guarantee uniqueness of the solution, we
assume that [I')’| > 0 and [I'}| > 0. If ©, is split by Q in two parts, we assume that each part has a
piece of Ff)) and T'D. We also prescribe the pressure and the displacement fields at the initial time:

p(0) =po, mM(0) =mng in €.

To model the flow in the fracture, we use the Brinkman model, which is a valid approximation of
the Navier-Stokes equations for incompressible fluids at low Reynolds numbers in presence of friction
due to debris in the fracture bed,

K;lu—quu—i—fo:ff in Q¢ x (0,77, (2.5)
V-u=h ianX(O,T].
Here u = (uy,uy) is the fluid velocity, ps is the fluid pressure, Ky is a symmetric uniformly positive

definite hydraulic conductivity tensor (sometimes called drag coefficient, see for example [40]), and
oy is the Brinkman viscosity. We assume that there exist constants 0 < k¢ < ky 1 such that

krotTe€ <e¢TK & <kpi&'¢, VE(x)eR? Ve Q. (2.7)
For simplicity of notation, we introduce
or=pufVu —prl.

We note that o is not a physical stress tensor, but we may call it that, abusing notation. Fur-
thermore, because we are using Vu, the coupling conditions below are an approximation. A similar
simplification has been made in [28]. Handling the symmetric gradient would lead to additional
problems in derivation of the closure conditions, which is outside the scope of the paper.

The boundary conditions on I'y = I‘Jl? U I‘ﬁcv are

u=uP onF?x(O,T],

omy =0 onchVx(O,T],
where n s is the outward unit normal vector on 0€2¢. If an edge from I'y is not on the boundary 09, a
physically reasonable boundary condition is w = 0, which is motivated by the fact that the aperture

is very small and the flux across a short edge is negligible relative to the flux across the transversal
edges. Similar condition is considered in [2]. Alternatively, one can assign the stress-free outflow
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condition o yny = 0. To guarantee uniqueness of the fluid pressure, we assume that ]F;y | > 0. Let
77 be the unit tangential vector on 92y such that 7y and ny form a positively oriented coordinate
system. To couple the Biot problem (2.1)-(2.3) with the Brinkman equations (2.5)-(2.6), we prescribe
the following coupling conditions on I';, ¢ = 1, 2.

Mass conservation: the continuity of normal flux yields

Beavers-Joseph-Saffman condition: the tangential component of the fluid stress is proportional to

the slip velocity

0
Tf-afnf:—cBJS(u—a—Tt’)"rf on I'; x (0, 7. (2.9)

Balance of normal components of the stress in the fluid phase
ng-omy=—p onl;x(0,T]. (2.10)

Conservation of momentum: the sum of contact forces at the fracture-poroelastic medium interface
is equal to zero:

oms=opyny only x(0,T]. (2.11)

3. DERIVATION OF A DIMENSIONALLY REDUCED MODEL FOR THE FRACTURE

We assume that € admits a curvilinear, orthogonal coordinate system (see Figure 1) defined by
the arc length s € [0, L] and by a transversal coordinate {. For any fixed s € [0, L], let the cross-section
C(s) be the locus of points obtained by varying £, and let the length of C(s) be 4, i.e., the aperture
of Q. The orthogonal coordinate system is then (s,&) € [0, L] x %[—1, 1] with an orthonormal local
basis 7,n. Let v be the midline of )y defined as the isoline { = 0. More precisely we have,

v={(50} T1={(F)} T2={(F)} C={(s,6) : ¢ € g[—l, 11}, sel0,L].

Let us denote with m; and ny the outward unit normal vectors to €2, on I't and I's, respectively.
According to the notation above (e.g. Figure 1) we also have

ni=n=-ny, T1=7=-7Tr0only; no=-n=-ny, 79=-7=-—-77o0nls.

Then, we rewrite the coupling conditions (2.8)—(2.11) using the notation of Figure 1:

on:
. _ iy .
Ti 0m; =cpys(u — T )T onI'; x (0,71, (3.2)
n; - oMm; = —p; onI'; x (0,71, (3.3)
om; = opn; onI'; x (0,T]. 3.4

In the Cartesian reference frame x, we denote by d7,dn the differentials in the direction orthog-
onal and tangential to C, respectively, which correspond to ds,d¢ in the local reference frame (s, §).
Furthermore, there exists a bijective mapping between points on v and I';. As a result, any function
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trace on I'; (i = 1,2) can be mapped onto I'; (i # j) and onto 7. For notational convenience, we
denote this class of three equivalent functions as (-)|f, where |r, denotes where the trace is defined
and |* denotes that it can be mapped on v and I';. In this way, in the derivation of the reduced
model we will be able to formally combine traces on I'1, I's, and 7. Furthermore, we only adopt this
notation for variables defined on I';, while it is implicitly assumed that the variables of the reduced
model for the fracture flow are defined on ~.

For the derivation of the reduced model, we will exploit the following property of integrals along

the curve C,
5 —5) 9f (s of (=
169) - 13) = [ Htae— [ %40 (35)

To derive a reduced model, we project the Brinkman equations in the fracture on the local orthog-
onal system, and then we average the resulting equations over the corresponding C—curves in {2y.
We start by projecting the mass conservation equation (2.6) in Q on the local orthogonal reference
system:

0 0
V-ou= 8—u ‘n+ a—u T=nh
Integrating the latter equation over the corresponding curve C, we get
+6 ) 9
(u-n)(F) — (u-n)(5) + 95 u(s,§) - Td§ = [ hd€.
sJe c

Recalling that u(%) -n = —u- nalt, and that —u(F)n=-u- n1|}, and employing the kinematic
coupling conditlon (3.1) we obtain a one-dimensional mass conservation equation on +:

8U7— 8771 * 8772 *
0 —H 3.6
(2 ) = (2mram)| + (Zomram) o 0
where we have defined mean values as follows,
1 1
U, = /u -Tdn and H = /hdn. (3.7)
0 Je o Je

Let R be the orthonormal matrix mapping the canonical basis [e;, e2] onto the local basis [n, 7]

T T
n n 0
e[ )= ][]
To project equation (2.5) on the local orthogonal system, we apply matrix R to (2.5)

RK ;'R"Ru — pfRAu + RVp; = Rf ;. (3.8)

For two vectors @ and b € R? we define M(a,b) = a’ K flb. Using this notation and relation

0?u  *u
Au=—+ —5
R RN
we split equation (3.8) as follows
*u  0*u ops

M(n,n)u-n+ M(n,7)u Mf((?nQ W)-n+%:ff-n, (3.9)
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*u  O*u ops

M m)unt M(r,u-r—pp(5 5+ 5 5) 7+ DL = f

(3.10)

Integrating equations (3.9) and (3.10) over s-curves C we get

ou | Oou | 02U,
_ . —_ . — Zn X g /
(SM(TI,, n)Un + (SM(’I’L, T)UT K (an n r, on n 1"1> 5:U’f o712 + pf|F2 pf|F1 6Fn7
(3.11)
ou |© Ou | 0?U. oP
M W+ OM - —. - . — T §— =§F7, 12
IM(7,n)U, + M (7, 7)Ur — puy <6n T R T r1> opy 5.2 +587_ OF! (3.12)

where

1 1 1
Un:/undn’ P:/pfd’n,, and F[:/ffrdn’ 'I’G{TL,T}-
) C 4 C g c

0
Since the definition of o implies that u fa—u “m — py = n - osn, employing condition (3.3), equa-
n

tion (3.11) can be seen as a one-dimensional law for the flow through the fracture,

a2Un * *
5(M(n7n)Un+M(n7T)UT i o712 _FTJ:> :pl‘Fl —PQ}FQ‘ (313)

) ) L (3.14)
'y

Finally, we average the boundary conditions on the external boundaries of the fracture. Without
loss of generality, we consider a Dirichlet boundary condition at s = 0 and a Neumann boundary
condition at s = L. In particular, letting v” = yNT'? = (0,0) and vV =N F;V = (L,0), we have

Equation (3.12) gives a one-dimensional momentum balance law on

T Ou
I on

T

o*U. OP ou
5(M(T,’I’L)Un+M(T,T)UT —hi + 5 —FTf> = us (('Bn T

1 1
U, =UP = —- uP ndn, U, =UP=_— uP - Tdn on AP, (3.15)
n D T D
U7 Jrp ITF] Jrp
FUITy FUITy
ou,, oU,
g =0 py =P =0 on A (3.16)

3.1. Interface conditions for problem closure

In order to couple the Biot system with the reduced model for flow in the fracture, described by
equations (3.6), (3.13) and (3.14), additional interface conditions are necessary. More precisely, the
goal is to derive interface conditions using the averaged quantities P, U,, U,. This issue has already
been studied for example in [28,30], and it will be addressed here for a more advanced mathematical
model. More precisely, we formulate hypotheses on the cross sectional profiles of pressure, and normal
and tangential components of the velocity in ;. Then, we use the mappings identified by (-)|f, to
combine traces of the Biot variables on I'; with the average values P, U,, U,, in order to obtain
suitable interface conditions that couple equations on €2, with the reduced fracture model. To close
the system, we need to prescribe the interface conditions for the shear stress 7; - o,n; and the
conditions for the fluid pressure and Darcy velocity in €2,.
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The basis for the derivation of new interface conditions for the Biot problem in terms of the variables
of the reduced model is the following set of equations, obtained by rearranging (3.1), (3.3) and (3.4):

pP1=—my-0pny pr—ufa(g,’;LH) onlI', (3.17)
p2——n2-0fn2—pf—ufw on I'y, (3.18)
<a;1'n1+q1-n1> =u-n onI'q, (3.19)
—(%'nz%-qg-nQ) =u-n onI'y, (3.20)
7‘1'0'pn1=7'1'0'fn1=uf8(gr':) onlI', (3.21)
7'2'0'pn2—7'2'0'fn2—,uf8((l;7:-) on I's. (3.22)
We also have
pL=-—MNp-0OfM] =—N1-0pN] onTI', (3.23)
P2 = -—M2 0N = —N2 - OpN2 on I's. 3.24)

Closure assumptions will be used to relate the fluid velocity w and pressure py to the averaged values
Un,U; and P. Note that (3.23)-(3.24) are normal stress interface conditions that are expressed in
terms of the variables on €}, and do not require closure assumptions. In the following we consider
four cases of closure assumptions that allow us to derive Robin-type conditions interface for the
fluid pressure and the normal component of the Darcy velocity, as well as interface conditions for the
tangential stress in £2,. We note that the normal interface conditions depend on the closure assumption
for the fracture pressure py and normal velocity u-n, while the tangential interface conditions depend
on the closure assumption for the fracture tangential velocity u - 7. The new interface conditions will
be used in the weak formulation to couple the Biot equations with the averaged model for the flow
in fracture.

3.1.1. Cases PO —U,0 and U,0: constant py, w-mn, u- T with respect to § along C.

In this case we have p¢(s,&) = P, u-n(s,§) = Uy, and u - 7(s,§) = U for any £ € [-1,1]. As a
result we have

pl‘ltlzp2’1t2:P’ U‘n’F\IZU'n‘i’:QZUn, U'T|F1:U‘T|F2:U-]—, (325)

where we have used (3.17)—(3.18) in the first set of equalities, and (3.19)—(3.22) imply

In
<8t1 ‘n1+Q1'n1>

any
_<8t '"2+q?'"2> r,

T1-opnilp, =0, (3.28)

*

=u-ni|p, = Up, (3.26)

ry
*

T2 - opnzl, = 0. (3.29)
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3.1.2. Cases PO —U,1 and U;1: constant py and linear w - n, u - T with respect to § along C.

Again we have pf(s, &) = P. With the hypothesis of linear u - n(-,£) we have, using (3.19)-(3.20),

olu-n) w- n|., —u-nl; _ (8815 m gy |n + (G matay- )1,
on 5 N 5

I _“'n‘;1+“'n‘;2_(8§7t1 n1+qp )| - (G ma+ay- na)lp,

n — 2 - 2 .

Similarly, with w - 7(-,§) linear, we have

o(u - 1) _u-7'|1*i2—u-7'|1*i1
on ) ’

U :u'T’;1+U'T|F2.

i 2

Adding and subtracting equations (3.17) and (3.18) gives, using (3.30),
p2lr, —pilr, =0,

2u on * on %
palt, + o1l = 2P + 5f <( ﬁtl ni gy )|+ ((%2 ny + gy - na) ||

Now, combining (3.31) and (3.34), we get

0
<antl-n1+q1-n1>

*

(5 * *
= Un + 7(p2|1—‘2 +pl|1—‘1 - 2P)7

r, Apy
ony ’ 0
<8t e +Q2'”2> b, = U gy, el el —2P),

which can be rewritten as

*

. o,
op1lp, — 4,Uf(8t n1+q1-n1>

INT
. on :
(5p2|1—x2 4,uf< atQ ng +qy - ’I’L2>

1)

Due to (3.33), the above equations can be further simplified as

0
— 2y ((;’tl n1+q1-n1>

0
_2W<8Z ‘N2 +qs - )

*

= 247Uy + 0(P — pa|r,),
I'

*

=2usUy +6(P — p1lr,)-
1)

)

= 0P +4p;U, + 6(P — p1]f)).

)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

To derive the conditions on the tangential stress, we first note that conditions (3.2) and (3.4) yield

(w-m)lp, = — e+ Om
u-T)|p, = —— (71 0pn — T
I CBJS L Tpin ot 1F1

(3.39)
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1 on,
)E, = —— . - == ) 3.40
(u 7-)|F2 p— (12 apn2)|r2 9t T . ( )

Now, starting from (3.21)—(3.22) and using (3.32) and (3.39)-(3.40), we obtain

T1-opnily, = _%f (7'2 .;;37;2’?2 + 8512 -Tz\;Q + m 'C(Z]Zl'ltl 8(;11 -7'1|1t1> ,
e opmalt, = _%f <7-2 .;1?17:2!1":2 N 8{;7; .7_2‘;2 ! .;irszﬂltl 8(;7; -7-1|;1>
Solving the system we get
(24 2 ) o, == G2, - G il (3.41)
(2422 ) e opmalt, = -G maly, - Gl (3.02)

3.1.3. Cases P1 —U,1 and U;1: linear py, u-n, u - T with respect to & along C.
For linear pressure along C, we have

_ prly, +prlt,

P
2

The derivation of the interface conditions is similar to the case of constant py and linear u-n, u -,
with the exception that (3.33) does not hold, so the conditions (3.35)—(3.36) cannot be simplified.
Therefore the conditions in this case are (3.35)—(3.36) and (3.41)—(3.42).

3.1.4. Cases PO —U,2 and U;2: constant py and quadratic w-mn, uw -7 with respect to § along C.

A quadratic u - n along C can be written as
(w-n)(€) = ag® +b¢ +c,

where to determine a, b, and ¢ for any s € [0, L], we have to solve the following system of equations:

s 52 6 .
(u-n)(3) =a —b§+c=u-n|rl,
52 5 .
(un)(%‘s) :az+b§+c:u-n|pz,
1
U, = 5 /(a§2 + b¢ + c)dE.
C

The solution is given by

S n|p, +u-nlf, — 20U,

a =

52 ’
u-nlp, —u-np,
= 5 ,
6Un —u-nlf, —u-nlf,
c= .

4
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In a similar way we can find coefficients for w - 7. Now we can write

Ou-m) | _ 50 o™ nlr, +2(u-n)lf, —3Un
on |p, 2 0 ’
Ow-m)|" 58 4 & mif, +2(w - n)lp, — 3Un
on |p, 2 ) )

Adding and subtracting equations (3.17) and (3.18) gives

u-nlf +u-nlp —20,
p2lr, — p1lp, = —6uy 2 5 ! )

un\lfl —u-nHiQ

4]

p2lr, +pilr, = 2P + 2u5

Solving this system to obtain Robin boundary conditions, we have

0
(m.n1+q1.n1>

*

)
=u-nlp, = U, + —2p1l|t, + p2|f, — 3P),

ot Iy Gpey

on, * o
2 . =u-nlt =U, + —(—p1|5 —2polt. + 3P
<8t n2 +qy 7l2> . u ”’|F2 n GMf( pl\rl p2|r2 ),

which can be rewritten as

* 9 ' *
2(5p1|1—x1 —6/Jf (antl ‘N1 +q, ‘n1> = 26P—6HfUn+6(P_p2|F2)a (343)
I
" 9 " "
20p2 |, —6,uf<8nt2 -n2+q2~n2) =20P + 647Uy + 6(P — p1lt,). (3.44)
)

To derive the conditions on the tangential stress, we note that

Au-7)|* _ ¥ TIf, +2(u- 1)}, —3U-
on |p, 5 ’

Au-1)|* _2u-T|’151—|—2(u-7')\i‘12—3UT
on |, d ’

which, combined with (3.21)-(3.22), and using conditions (3.2) and (3.4), imply

71 optlp, = -5 <_at Talp, - @(Tz opna)|r, + QCBJS (T1-opna)lr, +257 71|y, —3U- ),
T2 Opafr, = =5 (at ‘Tafp, + @(Tl copma)lf, =257 - Talp, — 2CBJS(T2 -opna)lr, —3Ur ).

. * *
Solving for 77 - o'pnl‘rl and 79 - zy'png|r2 we get

0 4 6pip . ons * 6y \ Ony % 2pp
o ) il P _ (9 i 3(1 U
(2/~Lf - CBJS * 023J55> (1ol ot T2|F2 * cpjsd ) Ot Tl‘rl + * cpysd)

(3.45)
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0 4 6piy o, * Gy '\ Omy * 2y
0 ) ) ) L —-3(1 U-.
<2Mf s ' CQBJ5<5> (T2 opma)lf, = 7, T enisd) ot el ' 66?5516) T

3.2. Unified formulation of the closure conditions

In this section we present a parametrized unified formulation for the interface conditions derived in
the previous sections. Since the normal and tangential closure assumptions can be made independently
of each other, we use two different parameters to describe them. In the cases above, the Robin
boundary conditions for the pressure in the Biot system (3.37)—(3.38), (3.35)—(3.36), and (3.43)—
(3.44), can be written in a general form as

* a : *
59np1‘1—\1 — 2,uf <8ntl ‘ny + q; - nl) = 60nP - 2HfUn + 5(1 - Hn)(P - p2|1"2)’ (3'47)
'
* a : *
Snpalt, = 2 (; ny+ gy n) = 00, + 20U +6(1 = ) (P = pilf,). (348)
1)

where for 6, = 0 we have the PO — U,,1 case (3.37)~(3.38), for 6,, = § we have the P1 — U,1 case
(3.35)-(3.36), and for 6, = 2 we have the PO — U,2 case (3.43)-(3.44). In addition, 6, = 0 also gives
the PO — Uy0 case (3.26)—(3.27) under the constraint p1[f. = pa|p, = P.

In a similar way, we write the general conditions for the tangential components of the normal stress

(3.28)—(3.29), (3.41)—(3.42), and (3.45)—(3.46) as
<5(1 —0,)? N 20,2 N 60-(20, — 1)py

) (71 o),

ke CBJS C2BJ55
6 6 07’ 1-— 67’ *
_ 1 [22i 0.2 4 fupbe( )\ Om '7'1‘
cBJSO cBJjso ot I
ony * 2y
0,50, —3)—=- 020, —1)(1 . 4
+6-(5 3) 5 Talp, + 30 )< +CBJS(S U. (3.49)

§(1—6,)% 202  66.(20, —1 .
( ( ) n n ( )Mf) (T2 opma)[t,

I CBJS %60
Gpg o, 6usf-(1—0-)\ 0n, .
=||-1-—=)0: .
<< CBJS(5> * CcBJSO ot TQ‘F2
8771 * 2,uf
GT 97_ T o 9"' 207'_1 1 <. T .
+ 07 (507 — 3)—. T1|p, — 30+( ) < T 5eprs) U (3.50)

where 6, = 0 gives the U,0 case (3.28)-(3.29), 6, =  gives the U1 case (3.41)-(3.42), and 6, = 2
gives the U;2 case (3.45)—(3.46). The relation between the parameters 6,,, 6, and the approximation
of the variables py, u - mn, u - 7 inside the fracture is summarized in Table 1. We note that normal
conditions part of the table is consistent with Table 1 in [28].

Using a simple calculation, which consists of inverting a 2 x 2 linear system, we can rewrite
(3.49)—(3.50) as follows:

) \ ) \
(11 opna)le, = (C70-(56, — 3) — C") % T, + CT0. (50, — 3)% “To|f, +CM,, (351)

(72 oyma)lp, = (CT0,(50, —3) — ) 212 ) cmg (50, — 3) 20

. * _m
5 5 rl\rl Cc"U,, (3.52)
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0n psf u-n| 0 u-T

0 C L 0 C

1/2 L L |1/2 L

2/3 C Q |2/3 Q
TABLE 1. Relation between the values of the parameters 6,,, 6, and the approximation
of the variables ps, u - n, u - T inside the fracture. C denotes constant approximation
of the variables across the interface aperture, L stands for linear approximation and
Q for quadratic.

where
2 2 _
cT o= (5(1 —0) | 26, 60T(2§T — Wf) 1, (3.53)
wy CBJS CBJ5’5
6preBas 2
c"h = CBJS(5+6,U/f’ Ty (3.54)
0, 0, € {3,0}.

Note that C'" is non-zero only when 60, = % It is also helpful to analyze the asymptotic behavior of

these constants when the parameters of the problem cpjs and § vanish (we implicitly assume here
that the fluid viscosity in the fracture py is a strictly positive parameter). Let us denote as O(x) any
quantity that scales as Cx when x — 0, C being a generic constant. Then, it is straightforward to
show that

CT = 0(cgy5:0), C"=0(cs)- (3.55)
From (3.53) and (3.54) it is easy to see that for 0, = 2/3,
3 5
T &Cnv (3.56)
2cp 50 + 4pf
C" < cpys, (3.57)
which will be utilized later in the stability analysis.
Recalling that % = % and using equations (3.47)-(3.48), we can write the mass conservation
equation in the model for the fracture (3.6) as:
oU, J J 5
1) —H)=—plf —mpo|p, — —P . 3.58
(52 ) = gomli+ 5mii— 2P on (3.59)

Furthermore, the right hand side in equation (3.14) depends on the velocity profile. Employing
conditions (3.21)—(3.22) and (3.51)—(3.52), we obtain

o*U, OP 2
+ —+C"U; - FTf>

THITes2 T s T
)
:C"<5? e

5<M(T, n)U, + M (T, 7)U;

Remark 1. We note that the parameter 6y, in (3.47)—(3.48) can be interpreted as a quadrature weight
and therefore any 0,, € [0, 1] results in a physically meaningful interface condition of Robin type. This
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feature is similar to the model in [28] and in the earlier work [30]. This is not however the case in
(3.51)(3.52), which are meaningful only for 6, =0, %, %

To summarize, in this section we derived a reduced model for the flow in the fracture based on four
different profile assumptions. The assumptions were used together with the coupling conditions (3.1)—
(3.4), giving rise to equations (3.47)-(3.48), (3.51)—(3.52), (3.58) and (3.59). We note that when

0, = 0, the Beavers-Joseph-Saffman condition is not being used.

4. WEAK FORMULATION OF THE COUPLED PROBLEM

In this section we couple the Biot system (2.1)—(2.3) with the reduced model for the flow in the
fracture, derived in the previous sections with the suitable closure conditions. We remind the reader
that after averaging across the aperture of the fracture €y, the governing equations of the reduced
model are set on the fluid domain midline v, and depend only on the arc length along this curve,
denoted by s. The coupled model is defined in domain €2, with the fracture domain €2y collapsed to its
midline v, which is in contrast with the approach in [28]. In this case the fracture edges, denoted by
I';, i = 1,2 in Figure 1, coincide with + and 2, becomes a domain with a slit. Combining (2.1)—(2.3),
(3.13), (3.59) and (3.58) we obtain the following coupled problem: find 1, q, p, Uy, U, and P such that

-V o-p('rhp) = fp in Qp X (O,T], (41)
Klg=-Vp in Q, x (0,77,
0
o M Uy + M U. OUn Fl) =pilr - 0,T 4.4

(n, n) n + (naT) T /~’Lf 832 —In _p1|1"1 _pQ‘F2 on 7y X ( ) ]7 ( . )

0’U. 0P 2
e CT T 2o ) —
5<M(T,n)Un+M(T,T)UT I g2 + s + 50 Ur FT>
on, on, :
m | 201, _ 22 T 4.
o (8t nf ) ony x (0,T),  (45)
oU, 1 0 . 1) N

5( 95 + WP) =0H + %pﬂpl + %pzm ony x (0,77, (4.6)

with the following coupling conditions from (3.23)-(3.24), (3.51)—(3.52), and (3.47)—(3.48) for i = 1,2,

(ni - opni)lr, = —pilr,, (4.7)
(11-o,n1)|5 = (C70,(50, — 3) —C")%-n}* +C70,(50 —3)% -To|l + CU (4.8)
P I T T 8t T T T 8t Ty Ty
(T2 - opna)|fi, = (C70.(56, — 3) —C”)%-m}* +C70,(50 —3)% -T1|L = C"U (4.9)
p I T T ot Ty T T ot I T
8 *
50up1 |7, — 2‘“(511 - +q1-n1> = 60, P — 205Uy, + 5(1 — 0,)(P — palt,), (4.10)
Iy
8 *
60npalr, — 21 <a"t2 Ny + gy - n2> = 60, P + 215Uy + 6(1 — 0,) (P — prlt,), (4.11)
I'>

boundary conditions

n=20 onFI?,
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opn = sfgv on F;];V;

p=7pP on I'F,

g n=20 on I'},

U, =UP, U, =UP, on AP,
ou, ou

:U/faisnzoa 123 8ST_P:0 OnﬁyNa

and initial conditions

p(0) =po, n(0) =mn, in €.
We note that in the case when § — 0, we lose the equation for flow in the fracture and recover the
continuity of Biot pressure, tangential component of displacement and the continuity of the normal
flux.

Remark 2. In the following, for simplicity, we use notation corresponding to the case of a connected
domain Q. If Q, is split into two parts, spaces and integrals in €2, should be understood as defined
in a piecewise fashion in §,;, 1 = 1,2.

Throughout the paper we use standard notation for Sobolev spaces, see e.g. [7,11,14]. To write
the weak formulation, we start by introducing the test function spaces related to the Biot problem:

V' = {£€(H'(Q))?: €=00n FI?},
VP = {reH(div;Q,): rn‘;l e L), r-n=0o0n 7},
Q" = {peL’(): ¢l € LA}

Then, the weak formulation of the Biot system (4.1)—(4.3) reads as follows: find (n(t),q(t),p(t)) €
V" x VP x QF such that for all (¢,7,p) € V" x VP x QP

/aEzvgdac—a/ pV - Edx + K_lq-'rdar:—/
Qp Q Q, Q

P

pV-rdm—l—/ so—pgpdac
P QP

I 11

—i—a/ V-anapdaH-/ V-qgoda::/ apnp-ﬁdx—/ pr - nydx
o, Ot Q, O \Tp O,\Tp

+/ fp-ﬁdac+/ ggod:n—i—/ sg’\,-ﬁdx—/ pPr - n,dz. (4.12)
2, ry r

Qp

Let us define U = [U,,,U,|T, V = [V,,, V5], UP = [UP,UP]T and the following test function spaces
related to the flow in the fracture,

V= {Vved'(y): V=0o1"}

Vi = {(Ve@'()’: V=U"mr"},

of = L’(y).

The weak formulation of the flow in the fracture (4.4)—(4.6) is given as follows: find (U (t), P(t)) €
VI x Of such that for all (V, R) € V/ x Of

2
/58U7Rds+/6PRds+/5<M(n,n)Un—i—M(n,T)UT—ufalQL)Vnds
v Os v Hf gl 9s
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2
/6( 7,n)U, + M (7, 7)U- ufa’(?—i-ap+2CnUT)VTds—/5HRds
~ 0 0 0 .

+
b
+/72,Uf iy, +p2|F)Rds+/(p1\F —p2|r)Vds+/5Fdes—|—/5Fdes
,

oy " ony '
7 . — . —ds. 4.1
+ [ C < 5 ! T T2 ] Vids (4.13)

r

Introduce the matrix M and the vector F' defined as

Fl
Ff

Then, we can write the equation (4.13) as

2
Uy s /5PRds+/5MU-Vds—/5,uf8l2]-Vds+/58PVTds
v Os v Kf v ¥ s

5 Os
5 * * * *
+/72C77U7V7ds = L 2 (ply, +p2ly,) Ras +/7 (pily, = poly, ) Vads
om : ony ’
+ [ 0F -Vds+ | 6HRds+ | C"| — - 71| — —=%- 79 V.ds. (4.14)
v ¥ v ot r, Ot Ty

Integration by parts yields, using the boundary conditions on v and 7%,

Uy / 0 PRds+/5MU Vds—i—/éufaU 6—Vds—
ds . Js Os

111

(5 * * * *
[rrvas= [ (ol sl 5 [ (o) v

+/5F-Vds+/5HRds+/C" om
Y Y Y at

We observe, however, that sub-problems (4.12) and (4.15) are not fully coupled yet. More precisely
(4.12) affects (4.15), but the latter does not induce any feedback on (4.12). For this reason, we
need to plug equations (4.7)-(4.11) into (4.12). Decomposing the first two terms on the right hand
side of (4.12), denoted as I, IT respectively, into the normal and tangential components, employing
condition (4.7), and combining it with term /17 from (4.15), we obtain

oV,
Js

: V.ds. 4.15
BT 2) s (4.15)

I—I—II+III:/

(n1 - opn)lr, (&1 - na)r, de + /(n2 copn2)lr, (& - o)|r,do
¥

o

4 / (1 - o), (€1 - T1)lfyde + / (2 - opma)lt, (Es - 7o)ty da
Yy Y

—/mlfn (Tl‘nl)\?ldﬂf—/mﬁb (7‘2‘”2”?2“*/ (pl}l*“l _pQ‘;z> Vads
Y Y Y
= L(Tl ' U'pnl)‘;l(ﬁl ' 71)’;1d5+[y(7'2 : 01)”2)’;2(52'72)‘;2d5
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+/7pllpl( — (& )|, — (r1-ma) ‘1*1) dS—LP2|;2 (Vn+(52'"2)‘;2 +(r2-m2) ‘1*“2) ds.
(4.16)

Employing conditions (4.8)-(4.9), the first two terms on the right hand side of equation (4.16) are
given as follows

/(Tl-dpm)lﬁ(& 'Tl)liilds+/(72-Upnz)!ﬁ(ﬁz-n)ﬁds
.

0l
0 * 0 *
- /0797(35&) [( 8’11 -n) + <a’7t2.72)
Iy
o[ )]

2
* on,
Iy (51 Tl) |F1 " ( ot T2> s

+/7077UT ((El T)|p, — (52.72”;2) ds.

] [(51 - T1) ’;1 + (&2 T2) ‘;2] ds

*

(&9 T2) };2] ds

We impose (4.10)—(4.11) weakly as follows: for all ¢ € QP,

60y, §(1—0,) . 5 on
fioh ( R e vl € SRR

. {66, s(1—-6,) . & on,
_ P (=2, :
+/7<p2\r2 <2pr2|r2 207 p1lr, 2 < 5 2t

When 0,, < %, a stabilization term is needed, which enforces weakly the condition p; ‘;1 = Do ‘;2 =P
through the following equation, for all ¢ € QP and R € Q7

XOZQ#/

i=1,2

*

Fi

— R)ds =0,

where ¢ is a function of 6, such that

C[1-20, if6,€[0,1/2),
=90 if 6, € [1/2,1].

Adding this equation guarantees the stability of the scheme, as shown in Theorem 1.
We define the following bilinear forms:

ae(n.€) = 2 [ D(n): D(E)dz+ A / (V- 0)(V - €)d

Qp Qp

ar(n.€) = / CT0-(3 = 56,) [(my - 71) If, + (2 T2) 8] (€1 - 70) |1, + (€2 ) |1, | ds
ol

al(n.§) = [ C"[(my -7, (&) IE, + (2 T2)IE, (&2 T2) IE,] ds,
v

aq(q,r) = /QK_lq-rdac,
P



18 TITLE WILL BE SET BY THE PUBLISHER

oUu oV
ar(U,V) = /5MU-Vds+/5,uf-ds,
~ . Js Os

a?(U,V) = /QC’”UTVTds,
¥
bp(r, ) = / oV - rdx,
Qp
oV,
be(V = 1) d
(V. R) A 55 [ds,

e V) = [ o (6l - @ i)

ep(p,p) = /7 {2/” (pﬂm +p2}F2) (@1‘F1 +802‘F2>

(5 * *
+ (260, — 1+ x0) m ((p1901) ‘pl + (p2p2) ‘m)] ds

cr(PR) = [(1+x0)- PR,
Y

Hf
oy = 3 [

-
(14 x0)5—|p Rds,

(o) = Y [l (¢ molids

i=1,2""7

my(V,p) = /7(@1‘;1_802‘;2)‘/71(13

so(p, ) = /swwdw-

Qp

Note that the bilinear form m, has a different definition depending on the type of its first compo-
nent. Before proceeding, we substitute into a7 (n,£), al(n,€), (U, V') and b5(&,U) the asymptotic
expressions (3.55) for C™ and C". Tt is straightforward to verify that all these bilinear forms are fully
robust in the limit c¢gyg,6 — 0.

The variational form of equations (4.1)-(4.11) is given as follows: given initial conditions p(0) = po
and 1(0) = n,, for any t € (0,77, find (n(t),q(t),U(t), P(t),p(t)) € WP = V7 x VP x V{) x Qf x Qr
(displacement, Darcy velocity, fracture velocity, fracture pressure, and reservoir pressure, respectively)
such that

ae(n,§) +ag(0m, &) +al(0m, &) — bI(§,U) — aby(&,p) + my(§,p) = Ly§, VE €V,
aq(q,r) = by(r,p) +my(r,p) = Lgr, Vr e VP,

af(U,V)+d}(U, V) =bg(V,P) = b1(0m, V) = my(V,p) = LyV, YV eV,
bf(U,R) + cp(P,R) — ¢y(R,p) = LpR, YRe Q/,

(
50(0sp, ©) + cp(p, @) + aby(0im, v) + by(q, ) — ¢y (P, ) —my(Om +q—U,¢) = Lyp, Ve QF,
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where

Lnﬁz/ fp'ﬁdw"‘/ Szjuv'fd% Lqr = _/ pDr-npda:,
Q, ry ¥4

LyV = / 0F-Vds, LpR= / 0HRds, Lyp = / gde.
¥ Y

P

With a little abuse of notation the bilinear form m+(dn + g — U, ¢) has been combined, which
prescribes the weak enforcement of normal flux continuity across the fracture interface. The coupled
variational problem in the operator form is equivalent to the following equation,

01 [Ac+MAz+4Da 0 BN 0 —(aB, - MW)TT_ n L,
0 0 Ay 0 0 - (Bp - Mv) q Lq
0 |+ — B0, 0 Ap+Al —(B)' —(Mmy)" Ul =|Lul|,
0 0 0 By Cp —(c,)" P
oarl | (0B, = My)0r B, — M, M, —C Cp JLp L
oper;tror A £
(4.17)

where the matrix entries are the operators corresponding to the bilinear forms. For the terms contain-
ing time derivatives we have adopted the notation ad (9;n, &) = Addn - £ (also equivalent to dpAdn - €
since all the bilinear forms have constant coefficients in time).

Now, we can write the coupled problem (4.12) and (4.15) as follows: given initial conditions
p(0) = po and n(0) = ny, for any ¢ € (0,7, find X(¢) = (n,q,U, P,p) € WP such that

50(0p, @) + AX(1),Y) = L(Y), YY eW =V"x VP x V/ x 9f x QP (4.18)
where A(-,-) is the bilinear form corresponding to the operator A in (4.17).

4.1. The semi-discrete formulation

We focus only on the spatial discretization of the coupled problem, since the presence of different
regions with different spatial discretizations and interface conditions requires careful stability and
convergence analysis. The extension of the analysis to the fully-discrete formulation with Backward
Euler time discretization is relatively straightforward. To discretize the problem in space, we use the
finite element method. Let 7}, be a shape-regular finite element partition [11] of €, with maximum
element diameter h such that the traces of the partition on I'y and I's coincide. These traces define a
one dimensional mesh on 7. To simplify the notation, assume that U” = 0. We introduce conforming
finite element spaces V] C V', VI C VP, Q) C QF, V£ c v/, and Qi c Of based on Tj,. Let
Wy, = VZ X Vfl X V{ X Q{ X Qﬁ. More precisely, let VZ consists of continuous Lagrangian elements of
polynomial order ry > 1, let VZ X Qz be an inf-sup stable pair of Darcy mixed finite element spaces
containing polynomials of degree ro > 0 and ls > 0, respectively, and let V{ X Qi be an inf-sup stable
pair of Stokes elements containing at least polynomials of degree r3 > 1 and r3 — 1, respectively.
Examples of admissible Darcy elements include the Raviart-Thomas and the Brezzi-Douglas-Marini
spaces, and examples of Stokes elements include the Taylor-Hood elements, the MINI elements, and
the Crouzeix-Raviart elements, see, e.g. [7].

Since the finite element spaces V£ X Q£ are inf-sup stable, they satisfy the Fortin criterion, see [14]

(Lemma 4.19), i.e., there exists an interpolation operator H{l c (HY(9)? — V£ such that for all
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VeV,

bp(V —IV. Rp) =0 YRy € Q. [V i) IV, (4.19)
where a < b denotes a < Cb with the positive constant C' being unspecified, but uniformly independent
on the characteristic mesh size h. Similarly, for inf-sup stable Darcy mixed finite elements Vﬁ X 2,
it is known e.g. [7], that there exists an interpolation operator II} : H(div; Q) N (H*(Q,))* = V¥,
s > 0, such that for all r € H(div;Q,) N (H*(£,))?,

by(r—1I5r, o) = 0, / (r=Ir)myopde =0V, € Q72 S IPllas @) VT,

09,

(4.20)

The semi-discrete problem is given as follows: given initial conditions p,(0) and n,,(0), find X (t) =
(N3, an, Un, Py, pn) € Wy, such that for any ¢ € (0,7,

50(0ipn(t), on) + AXp(t), Yn) = L(Yp), VY, € Wh. (4.21)

Since (4.21) is based on a conforming approximation, namely W, C W, the discrete problem is
strongly consistent with the continuous problem (4.18), i.e., (4.21) is also satisfied by X(¢), the solution
of (4.18).

Let us group the unknowns as X;, = [Up, Py], Uy = [0,,4,, Up] € V), := V] x V) x Vﬁ, P;, =
[Ph,pr) € Qn = Qi x OF. as well as the test functions Y, = [V, Q4l, Vi, = [&,,74, V] € Vi,
Qpn = [Rp, pn) € Qp. It is convenient to rewrite the operator A in the compact matrix form

A+ g —(B)"

A= N _ |
Bo] C
where the matrix blocks are defined as
A 0 0 AT+ A7 0 —(BD)T
A:=10 A; 0|, AN = 0 0 0 )
0 0 A =B} 0 A7
_ 0 0 By

N )
B = 5 C = 3
aB,— M, By— M, M, ¢, ¢

and the operator 9, denotes the time derivative applied only to the variable n, i.e.

" (AT + AN, 0 —(BN)T
A1 = A7 | 0
0

0
1 0 0 0
0

_ o O
Il

“Blo, 0 Al

In what foLlows, we utilize notational equivalence between matrices and discrete bilinear forms, for
example VI AU, = A(Up, Vp,).

We pursue the analysis of problem (4.21) in the general case where the parameter sp > 0. We make
the restrictive assumption p? = 0, because bounding the term Lqr = — frg pP T-n,dx requires control
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of [[V - ql[12(,)- This can be done by establishing a bound on [|0:p||2(q,) (see for example [36]), but
we choose not to consider it here in order to keep the paper focused.
For any Yy, = [&},,7h, Vi, Ry, on] € Wy, we define the following norms,

YR = 1€nl7na,) + IRl 20, + VoV il + IVORR T2 () + lenlZa,) + llenlZac)s

where ||g0h|]%2(7) is a shorthand notation for }_,_; , ”90"';”%2@)' Given the decomposition Y, =
[V, Qp], we split the norm |||Y}]||4 into its velocity and pressure parts,

VAl = 1€nl1Fn(q,) + I7al1 720, + VSV AlIF (),
NQnlllE := IVRA|T2(,) + lenll2(0,) + llenll7z()-

It is convenient to introduce the time dependent versions of the above norms, for any ¢ € [0, 77,

[Vl

t
o= ey + [ (IralBa,) +IVEValng,) dr

t
1Qnlll5, == /o <”\/SRhH%2(7) + H<PhH%2(Qp) + H90h|’%2(7)) dr,
YR = VRl + Q1S

We also set the following norms on [0,7] x T (where T stands for €2, or v and the usual notation for
Bochner spaces is adopted)
2 T 2 r 2 2 2
-1 = [ Bary 1] = [ 1B 1 By = s - By
L2(L*(7)) 0 L2(T) L2(H'(T)) 0 H(T) Lo°(H(T)) re0.1] H(T)

and define
H|YhH|?4,T = H‘EhH%OO(Hl(Qp)) + HThH%2(L2(Qp)) + H\/SVhH%2(H1(7))
+ H\/thH%?(m(y)) + HSDhH%Z(m(Qp)) + H‘PhH%Q(LQ(V))'
In the analysis we will employ the Young’s inequality

1
Va,beR, Ye>0, ab < §a2 + 50 (4.22)
€

Lemma 1. The following properties hold with constants independent of h for all t € (0,T]:
(i) Positivity of A: 3a > 0, ag > 0 such that YVy(t) € Yy,

t ~
| A 0rar = all Vil - aolen ) o, (4.23)

(ii) Non-negativity of C: C(Qn,Qp) >0, YQp € Qp.
(iii) Continuity of A: JA > 0 such that Y Uy(t), Vi (t) € Vp,

A(Un, Vi) < All[Unl[lv [1[Vallly, (4.24)

t o~
| A opviar < 4 (mwhmv,t IVl
0

t
V,t+/0 19l 1 @) 1€0 1 1 (0, AT
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11, 0) 1.2, 11 (O) | 11 (2,)) - (4.25)

(iv) Continuity of £ : IC* > 0 such that YY,(t) € W,

t t 1/2
/0 LAY p)dr < CF (mwu,ﬁ(/o thuzmp)w) +Hsh<o>HL2mp)>, (4.26)

where

CF = CH(10uf 222 @) I Fpll e (22 (@) 10685 | 220y 185 | oo z2r))
H\[F”c? 220 IVOH | 2222y 9l 2222 Q)

Proof. (i) For any V}, € Vj, we have, using (2.4) and (2.7),

AV, 0)Vy) = ac(&r, 0i€p) + ag(rn, ma) +ap(Vi, Vi)

1 ov
> Lo &) + K o, + VAV AL, wHW g (4.27)

2

L2 ()

Property (i) follows by integrating over [0,¢] and employing the Poincaré - Friedrichs and Korn
inequalities, see for example [14]. These hold since |F£ | > 0 (or [09Q,,; N sz? | > 0) and imply the
existence of a constant Cprg > 0 such that

||D(£h)||2L2(Qp) > CPFKH&hH%-[l(Qp)-

(ii) Consider first the case 6,, € [1/2,1]. For any Qp, € Qp, CN(Qh,Qh) = cp(Rp, Ri) + cp(on, ¢n) —
2¢(Rp, on)- In this case xo = 0 and we have

2

20, —1 * «
¥ (%) (W1l |22y + VB2l Bagry) - (428)

1 1-6, * %
cp(Rnp, Bi) + ¢p(@n, on) = ;fH\/thH%ﬁ('y) + ( y )H\[(S(SOM‘FI +oanlr ) 720

Furthermore, using the Cauchy-Schwarz and Young’s inequalities with e = 1/2 we have

6 * *
2¢y (R, n) = / — (%,h\rl + 902,h‘r2> Ryds
v Bf

H\[ Wlh}r o) .

L2()

1 2
_4u +M—f\\x/5Rhlle(,y). (4.29)

Combining equation (4.28) with (4.29), we get

1 * *
C(Qr, Q) > PG 20,)[IV3(prnlr, + e2nlr )72
(26

n - 1 * *
+ 2%) (Vo1 32y + Vw21l 320y ) - (4:30)
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Now using the triangle inequality, it is easy to check that

C@n @) = == (IVBeraly, ey = V302l lizn) =0
We next consider the case 0,, € [0,1/2), where xo = 1 — 26,. A direct calculation shows that

~ (1—26,)

ClQu @n) = = IVé(ernlr, +e2alr, — 2Ru)l720) 2 0.

(iii) Inequality (4.24) follows easily from the Cauchy-Schwarz inequality. To prove (4.25), we note
that . .
/ /T([Uh, O)Vy)dr = / (ae(My, 0i&) + ag(a@p, rn) + af(Up, Vy))dr (4.31)
0 0
and focus on the first term on the right. Integration by parts gives

t

t t
/0 (1, Outp)dr = — /0 0O, E4)dT + ac(my, €) (4.32)

0

Bound (4.25) follows from applying the Cauchy-Schwarz inequality to the terms on the right in (4.32)
and the last two terms on the right in (4.31).

(iv) Assuming sufficient smoothness of the data, the continuity bound (4.26) follows by integration
by parts in time in the terms fﬂp Jp - 0§, and fF;,V s;f,v - 0¢&},, and then applying the Cauchy-Schwarz

inequality for all terms, using also the trace inequality [14]

1€llz200,) S €1 (0,), Y& € H' (). (4.33)
O

In the following we use the shorthand notation

165 - Tl3ae) = D 1Ein- TR IZ2):

i=1,2
as well as the jump notation [§, - 7] = (&, - Tl)‘;l + (&ap - TQ)};Q

Lemma 2. The following properties of A" are satisfied. When 6, =0, A" = 0. When 6, = 1/2,

CT
ANV, Vi) = - En - 72 (), (4.34)

CT
ANUn, Vi) < = lmn - 7l 22 1€ - 7]l 220 (4.35)

When 0, = 2/3, provided that § > 0, there exist a positive constant A" such that

. - 1
A0V, V) + 105 ey VIV AlZao) 2 £C7NE- T30, (4.36)

AUy, Vi) < A" (C”th Tz € - Tlrze) + 6 epas| VUl L2 IV Vil 12
_1
+375emrs VT (IVoU 2 llEn - Tllza) + IVOValzagy - Tliay) ) - (4.37)
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Proof. When 6, = 0,1/2 only the term A7 of A" is active, i.e. A"(V},,V},) = aZl(€,,&,), and (4.34)
follows directly from the definition of al(&;,,&},), since it is non-negative. The upper bound (4.35)
follows from the Cauchy-Schwarz inequality. N

In the case 0, = %, the coefficient in al(-,-) is negative and all entries of A" are active. Using
Young’s inequality (4.22) for bJ(Vp,, €},), we obtain

ANVi, Vi) = al (&4, €n) + a} (Vi Vi) + af (€, 8r) — 205(Vin, &)

e—1 4
22 (S20) Mol + (= 90" T ean: millacy = 5C7 5 in - il

i=1,2 i=1,2

e—1 1
>2 < . ) C”HVT,hH%Q(w + (§ —e)C" Z 1€ 5 - Tz‘Hiz(V),

i=1,2

where we have used (3.56) and the fact that 1 — 3@2527??% > % in the last inequality. Inequality

(4.36) follows by taking € = 1/6 and using (3.57) and the assumption 6 > 0. The continuity bound
(4.37) is obtained using the Cauchy-Schwarz inequality. O

Lemma 3. The operator (l?)T is inf-sup stable, that is: there exists § > 0 independent of h such that
VQp = [Rn, pn] € Qp, there exists Vi, = [0, 7, V] € V), such that

(B)"(Qn, Vi) = [1QullIG:  [IValllv < Bl1Qxlllo- (4.38)
Proof. We first note that for any Ry, € Qi, there exists V' = (0, V;) € Y/ such that

br(V, By) > [[VORwI72(1)s VOV a1 y) S VORI L2,

which can be achieved by noting that bs(V,Ry) = fvé 8‘? Ry ds, and choosing V; = [ Ru(¢)dC.
Taking V', = H£V and using the properties (4.19) of Hg, we conclude that

by(Vi, Rn) = IVoRWZ20y, VSVl S VR 2()- (4.39)
Next, for any ¢, € QF, there exists r € VP such that, for some s > 0,

bp(r,on) = ma (. 0n) = lenliz(q,) +llenlzamy,  Irllae@,) + 1V 7llzze,) < lenllzg,) +llenl e,

(4.40)
which can be achieved by taking r» = V), where 1 is the solution to the problem
A = oy, in Qpa
VY -n;=—p;p only, i=12,
v vih (4.41)
=0 on I'D,
Vip-n, =0 on I'}.

The above problem is well posed, since [['h]| > 0 (or |09, ;NI5| > 0). The first part of (4.40) is satisfied
by construction, while the second part is guaranteed by the elliptic regularity of problem (4.41) [23,29].
We now choose r;, = Hir and, using the properties (4.20) of Hz, we conclude that

bp(Ths 1) = My (Phs 0n) 2 0nll72(,) + 10nl172y),  I7alli2e,) S lenllz@y) + lenla.  (4.42)
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Finally, we note that V;, ;, = 0 implies that m~(V'p, ;) = 0. Combining (4.39) and (4.42) we obtain

(B)(Qn, Vi) = by (Vi Rp) + byp(h, 0n) ey (v — Vi, 1)
> H\/thHsz(w + H<Ph||%2(szp) + HSDhH%m) = |||Qxull|%

and

VAR = IVOVrlFng + ImalZ2,) S IVORRT2) + lenllF2(q,) + lenlZ2e) = [[1Qall12-

We are now ready to prove the following stability result.
Theorem 1. Under the assumptions of Lemma 2 and under the additional condition that when
0, = 2/3, cgys is small enough such that a — 106 tcgys > a1 > 0, then the solution of (4.21)
satisfies
sollpnllZeer2g,yy + IRy + Xor 2 CTIOm - T Z2 12y + X0r2 O 1m0 - TN 7212
< (€5 + [m4(0) 20,y + Ipn(0)] 2, (4.43)
where xp,, = 1 when 0 = 1/2, xg,, = 0 otherwise, and xy,, = 1 when 0. =2/3, xq,, = 0 otherwise.

Proof. Let us take in (4.21) Ypj, = [0/Up, — e1Vpp, Py], where Vpj, € V), is the velocity field con-
structed in Lemma 3 with data P, and €; > 0 is a small parameter to be determined. Integration in
time gives

/t (s0(Oepn, pr) + A(Xp, Ypp)) dr = /tﬁ(YRh)dT- (4.44)
We have ’ ’
A(Xp, Ypp) = A(Up, 0] Uy, — e1Vp ) + A0 (U, 0)U, — e1 Vi)
— (B) (Pn, 0/ Uy, — e1Ven) + BOY (Un, Py) + C (B, P)
= AUy, 9JUp) — e1.A(Up, Vp ) + AN(80U,, 87U — e AUy, Vi 1)
+e1(B)" (P, Vi) + C(Ph, Pp). (4.45)
We next estimate each of the terms on the right in the above equality. Lemma 1 (i), (i), and Lemma

3 imply, respectively,

t ~
| A 0rvar = allUR - aollm O, (4.46)

t ~
/ Gy, By)dr > 0, (4.47)
0

and

t ~
/ (BY (B, Ven)dr > [|[Phl| [ (4.48)
0

Recalling that Vpj, = [0, 7, V], we have

Ve n|| v,

t t
/ A(Up, Ve )dr = / (ag(@n70) + ay(Un, V) dr < AUl
0 0
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< (4€1) M A[[URIIR . + €1 AB|Pl [0, (4.49)
where A is the constant from (4.24) and we have used (4.38) and Young’s inequality (4.22) with
€ = 2¢].
We next estimate the terms involving A"7. These terms are zero when 6, = 0. Let us consider the

case 0, = 1/2. Thanks to Lemma 2 and using that Vpj; = [0, 7, V], the following properties hold
true,

~ cT
A0/ Up, 07 Up) = TH [0im1) H%Q('y)’ (4.50)

A”(&?Uh,vm) =a.(0m;,,0) =0. (4.51)

Combining (4.45)—(4.51), we obtain
t
s
/0 (50(Oepns 1) + A(Xn, Yep)) dr + aolln, (0) 1710,y + EOHPh(O)H%%QP)
_ S0
> (a = er(de) AUl + e (1= A IIPallIG, + S (D720,
cT t 5
X0 ; 1Oy, - 7]l 72 dT- (4.52)
We next consider the case 0, = 2/3. Owing to Lemma 2 and in particular (4.36), we have
" "1 2 1 2
/0 A”(@fUh,GfUh)dT > /0 (6077||(9t’l’]h . T”LQ(v) — 106~ CBJS||\/(§Uh”L2(7)> dr
t
1
> [ 5C0my - 7y dr — 105 sl U (45)
0

We note that the last term in the previous inequality does not involve 9}, because this operator is
the identity for variables on Q. Using (4.37) and recalling that Vp ) = [0, 7, V3] the upper bound
of A"(8]'Uy, Vpp,) reads as follows,

t ~
/ AN(0U,, Ve, )dr
0
t
< A”/O (5_ICBJS||\[5UhHL2('y)H\/SVhHLQ('y) + 072 feprsVCNVEV 1| 2 |0y, - T||L2(’Y)) dr
t 1/2
< A (61/2mr||whmv,t+ ( / x@|ratnh~r\%zmdf> )51/2\/@|Hwh\|m
0

t
< A6 epys(4€) MU, + A" (4ey) ™! /0 V0 - T|Zz (o dr + 24710 g B[Pl
(4.54)

where we have used (4.38) and Young’s inequality (4.22) with e = 2¢}. Combining (4.45)—(4.49) and
(4.53)—(4.54), we obtain

t
S
/o (50(Bpn, pr) + A(Xn, Y1) dr + aol|m4(0) |31, + EOHPh(O)H%%Qp)
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Z (a — 105_1CBJS — 61(46’1)_1(14 + A”é‘chJS)) ’HU}JH%J
1 B t
+ (5 - ataar) [ cmom, rl.ar
0
_ S
+er(1— € (A+24% enys) B2)IPalllb, + Dlon(®)3aa,y (455)

We now consider (4.52) for 6, = 0,1/2 and (4.55) for 0, = 2/3. First we fix €] sufficiently small so
that the coefficient of |HIP’h\HQQt is strictly positive. Then we take €; small enough so that the rest
of the coefficients on the right hand sides are strictly positive. To be able to do this in the case of
0; = 2/3, we need to assume that a — 106 'epss > a1 > 0. Then in both cases we conclude that

t t
solln 0y + I+ X0 [ Ol 7Eayr + 30, [ oM yr

t
< /0 (s0(Drp (1), p) + A, Yon)) dr + [0 (O 0, + 21 (0)22(q - (4.56)

which provides a coercivity bound for the left hand side in (4.44). The upper bound on the right
hand side in (4.44) follows from Lemma 1 (iv):

t t
/ £(Ypp)dr = / LM, — eV, Pa)dr
0 0

t 1/2
< (1+eap)C* <||’Xh\HA,t + </o th”%ﬂ(ﬂp)d7—> + ||77h(0)||L2(Qp)> , (4.57)

where we have also used (4.38). The statement of the theorem follows from combining (4.44), (4.56),
and (4.57), and employing Young’s inequality (4.22) with sufficiently small € for the first term on the
right in (4.57) and Gronwall’s inequality for the second term. O

4.2. Error analysis

The error introduced in the approximation of (4.18) with (4.21) requires particular attention be-
cause we are dealing with a coupled problem on dimensionally heterogeneous domains. More precisely,
the transmission conditions between the fracture and the reservoir involve traces of the reservoir
pressure p on the fracture edges. As a result the natural pressure space on €2, namely QF, requires
additional regularity for the traces on the interface between the reservoir and the fracture. Moreover,
the discrete space Q;Z C QP can not provide optimal approximation properties on 2, and I';, 1 = 1,2
simultaneously. As a result, some degree of suboptimality is expected in the approximation properties
of the scheme.

In addition to the velocity mixed finite element interpolants Hfl and Hi defined in the previous

section, let I,? and [ ,’: be the Scott-Zhang interpolants for H' functions into the finite element spaces
V] and Qﬁ, respectively [43], and let I? be the L2-projection into Q}. The interpolants satisfy the

approximation bounds [7,43]
I = Linlla @) S 70l ),
lg — gl 120, S B> algrati (o),
”p - IFIZPHLQ(QP) + hl/sz - IﬁpHLz(W) ,S h12+1‘p’Hl2+1(Qp),
|U ~ U 0 S B U751
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1P — I} Pl 120,y S B Plprs () (4.62)

The bound on [|p — I;p||12(y) in (4.60) follows from the local trace inequality [14], for all E € Ty,

—12

1€l 220y S Hf”L? +hE |§’H1(E)a vée H'(E) (4.63)

as follows. Letting fi’ be the Scott-Zhang interpolant into QF, we have, for all E € Ty,

~1/2 1/2
Ip = Fpllz20m) < b ?llp = bl oy + hit®

—1/2 1/2 = =
S lp = ol + (10 = 2plis ) + 11— I2pl i (1)

—1/2 ot 1/2 ot
S B (p = 0l 2y + 12 = IPpll o) + hil o — 20l i)
< hlEH/Q

— IYpla(py

|p’le+1(E)7

where we have also used a local inverse inequality for finite element functions [11] and E is the
neighborhood of E used in the definition of I7.

Let us denote the global error as E(t) = X(t) — X (t) = [e,, €4, €, ep, ep]. We next state and prove
the main convergence result.

Theorem 2. Let py(0) = I}po and n,(0) = I)'ng. Under the assumptions of Theorem 1, assuming
that § > 0 and that the solution X(t) of (4.18) is sufficient regular, the solution Xp(t) of (4.21)
satisfies

Vsollepllz 120, + I[Elllaz < A" (H@m\lczmwmp ) 1l goo ey + |Vat’7\|c°°(m+1mp>>)
+ 07 g g2 HT2+1(QP))+hl2+1(Hp”£2 (2@, + 1060l 2o,y + 1Pl oo (it (,)))

+ B2 (5712 p o giar )+ 101Dl 22 a1+ gy )) F 1Pl 2o o102 ))) + B2 pll g2 gtz 0,

hT‘g ||PH£2 (H™3 (7)) + h'3 ||UH£2 (HT3+1(~))" (464)

Proof. To study the space discretization error, we first derive the error equation for (4.21) and combine
it with the stability properties of the scheme. In this way, we bound the total error in terms of the
finite element approximation error. Problem (4.21) is strongly consistent with (4.18), so the error
equation follows from testing (4.18) with the test functions from the finite element space W) and
subtracting it from the semi-discrete problem (4.21):

so(Orep(t), on) + AE(),Yr) =0, VY, € Wh. (4.65)

Let II;, denote a collection of projectors, such that 1I;X = [IZn,Hqu,HiU,I}{P, I,pr], one for each
component of X. We define the approrimation error as

FZX_H}ZX: [fn’fq’fquPvfp]
and we exploit the decomposition of the global error into approximation error and error residual,
E =F + Gy, where G, = Il X — Xy, = (g, s Gg.05 GU,h> IP.hs Ip.h)-

As a result, the error equation can be easily rewritten in the following form, more suitable for pursuing
the error analysis

50(Ocgp.n(t), on) + A(Gp(t),Yp) = —s0(0cfp(t), on) — AF(t),Yr) VY, € Wh. (4.66)
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The error estimate (4.64) is obtained following the approach in the stability Theorem 1. Let us denote
Gh = [GUh7GPh]7 GUh = [gmh?gq,hﬂgU,h]a GPh = [gP,h7gp,h]; F= [FUaFP]v ]FU = [f’r]? fq7 fUL ]FP = [fP7fp]'
Similarly to Theorem 1, we take in (4.66) Y, = Wy, := [0/Gy, — e2Vy,Gp,], where V), = [0, 7, V3]

is the velocity field constructed in Lemma 3 associated to Gp, and satisfying for all ¢ € (0,7

t ~
/O (B) (G, Vi) dr 2 |IGp, [[as,  Valllve < BlIIGr, lllo.. (4.67)

The above inequalities follow from time integration in (4.38). The second inequality is true, since the
first component of V}, is zero. Integration in time on [0,77] in (4.66) with the choice Y;, = W), gives

T T
/0 (50(Bupnr Gpn) + A(G, W) dr = /0 (—50(0ufpr o) — AFE W) dr.  (4.68)

As in Theorem 1, the error estimate (4.64) is obtained through two fundamental steps. The first is
a lower bound of the left hand side of (4.68). The second is an upper bound of the right hand side,
featuring terms that can be either hidden into the left hand side or depend on the approximation
€rror.

The argument in Theorem 1 leading to (4.56) implies that for sufficiently small ea, we obtain

SOHQp,h”%oo(w(Qp)) + H\Ghmi&,T + X0, C7 || [Oeg 1 - T]H%Q(LQ(W)) +X0.,C" 0 - TH%2(L2(7))

T
S [ (0@ pa) + AG W) dr (4.69)

using that g, 5(0) = 0 and g, ,(0) = 0.

We continue with the second step, derivation of an upper bound for the right hand side of (4.68).
For each term we will be employing the Cauchy-Schwarz and Young’s inequalities, placing a small
weight €3 in the terms that will be absorbed by the left hand side of (4.69). Some of the bounds will
involve ||g,, 1l z2(r (0,)), Which will be controlled via Gronwall’s inequality.

For the first term on the right in (4.68) we have

T
/0 50(0efp, Gpn)dT S €sllopnlZar2(o,)) + €5 10tfol 72120, ))- (4.70)
Using the definition (4.17) of A we have

A(F,Wh) = ./T(IFU, 8ZIGIU;L — GQVh) + ﬂ”(&?IFU, 8ZIGIU;L — GQVh)
— (B) (Fp, 8]Guy,, — e2V3,) + B(9Fy, Gp, ) + C(Fp, Gp,) (4.71)

We next bound each of the terms in (4.71). Using (4.25), we have

T _ T
/0 A(Fm,a?GmdrsA(mwV,TrHGUhmvw / Hatfnump)Hgn,hump)dr)

S esll|Gu, |37 + e [[Fulllbr + Hgn,hn%%[{l(gp)) + ||atan%2(H1(Qp))‘ (4.72)
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Recalling that Vj, = [0, 7, V'], similarly to (4.49) we obtain
T 2 1 2
/0 A(Fy, Va)dr < All[Fulllvr [[[Valllvr S esll|Ge, lllor + e IFulllvr, (4.73)

where we have also used (4.67). We continue with the bounds on the terms involving A These
terms are zero when 6, = 0. Let us consider 0, = 1/2. Using (4.35) we have

T _ 1 T
/0 A0 Fu, 9)Gu,) dr < 4/0 CT0uf - T L2 Oegn - T2y dT
< sCTN0ugyn - Tl 22 (r2(y) + €5 CTNOS - T 22 (r2())- (4.74)

Since Vj, = [0, 7y, V1],
A0 Fy, Vi) = aZ (9 f ), 0) = 0. (4.75)

Next consider 6, = 2/3, in which case all terms of A7 are active. Using (4.37), we have

T ~
/0 A0/ Fy, Gy, — Vi) dr S es([|Gu,IIHx + CMl0gy - TlZ212(y)) + IGe,I[2.2)

+e5 (107 Fulll}r+C N0y - Tl Z2(r2(y)), (4.76)

where we have also used (4.67). Using the definition of C, we obtain

T ~
/0 C(Fp, G, )d7 < esll|Ge, o7 + €5 ' [[[Fpll[51- (4.77)

We proceed with the off-diagonal terms. We consider —(B)7 (Fp, 8"Gy, ) + B(8]'Fy, Gp, ) and bound
its various components.

e Estimate on (aBp — ./\/lv)at — (aBp — M,Y)T:
T T
[ (@B, = M) @0Fg00) = (0B, = ) (G Big,0)

T T
= a/ / IpnV - 8tfndw dt — a/ / V- 8tgn7hdw dt
0 JQ, 0o JQ,

T T
_ Z (/ /gp,h,i’;i (8t'f77 . nl)h*ﬂlds dt — / /fp’l‘;z (atgmh . nl)‘;ldS dt) .
P 0 Jy 0 Jy

Then, proceeding term by term, we get

T
[ [ o oo
0 JQ,

T
/ / fpV . 8tgn,hda: dt
0 Qp

S 63”gp7hH%2(L2(Qp)) + 6?TlHatfn||%2(H1(Qp))’

T

T
= ‘—/ / O fpV - gy pdx dt + / Vg, pde
0o Ja, Qp

0
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S &l gnnlZze(mia,y) + € 1 ollzemz@,)) + 19l Z2cm @,y + 10/l 222200,

S allgpnll 2220y + € 1Sy 220 (0,

T
Z/O /gp,h,i{;i(atfn . nl)‘Flds dt
Y

7

»’|’1:i(8tgn,h -n;)|p, ds dt

T T
- ‘—Z /0 [0t (g ol e+ / Soalt @)l ds|
i Y

S 63||g77,h

%oo(Hl(Qp)) +631pr”£°°([,2('y + ||gn,h||[;2 (HY(Q,) T ||3tfp||z;2 L2(7))"

As a result we obtain

T T
| /0 ((O‘Bp - M7>(8tfn’ p.h) — (O‘Bp - Mv) (fp, atgn,h)) dr|

5 63(||g17,h
+e |atfr]H%2(H1(Qp + ”fp”,coo 2, t pr”coo(y(fy)))
g nllZ2 e,y + 10ufollZ2 220,y + 100follZ2 (20 (4.78)

%oo(Hl( + llg, h||c2 2@, 1 19p. th? 12(+)))

e Estimate on (Bp — MW) - (Bp — MW)T:

/OT ((Bp — M) (f 4 9pn) — (Bp — MW)T(fp,gqjh)) dr = /OT/Q 9o V-f ydz dt—/OT/Q Vg pda dt

zj:(/:/vgp,h,i

Using the property (4.20) of II},, we have that

T
//Qgpyhv-fqdwdt—O, Z/ /gphl‘r g i), dsdt = 0.
0 P

The orthogonality of the L?-projection I} and the property V - VI = QF of the Darcy mixed finite
element spaces implies that

T
o molisdt= [ gl (g molids i)
v

T
/ fpV . gq?hdw dt = 0.
0 Qp

For the remaining term we have

ilr,(Ggni -t dsdt| S esllggnlZacraia,y + 6 B ol 222 0);
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where we used the discrete trace inequality (4.63). In conclusion, we obtain that

T
| /O ((By = M) (£ 90) = (By = M) (s 90)) 471 S €sl190 12212, + 65 B o222

(4.79)
e Eistimate on M, — (MW)T:

|/ fUagph) ;F(fpng,h)) d7'|
* * T * *
— ‘ / / G, — Gpali) (Frnds dt — / / ol —fp,z\F2>(gU,h>ndsdt]
0 ¥ 0 o7

S 63(||9p,h||%2(L2(7)) + \|\/59U,h||%2(1;2(7))) + 6?:1(”5_1/2fp”%2(L2(«,)) + ||fU||%2(L2(7)))- (4.80)

e Estimate on By — (Bf)T:

T T T
| /O ((Bf(Fu-gpm) — BF(fp. gu)) dr| = /0 / 5 0u(gun)-fr dsdi — /O / ws(fU)Tgp,hdsdt'

S & (IVogunlZaiar () + IV89Pal 22 120yy) + & (VO Full 2o vy + VO SR Z2120yy)) - (4:81)

Combining (4.78)—(4.81), we obtain

| / )" (B2, 0{Gu,) + B(O}Fu, G, ) ) dr| < wlz2(m o))

+e3 (”atan%Q(Hl(Qp)) 1ol zoe 2,y + IMollZo 2y + B ol Z2(z2y)
+ H5_1/2pr%2(L2('y + HfUH%:? Hi(7) T HfP||%;2(L2(7)))
11 foll 22 (r2(6,)) + 1efollZ2(r2())- (4.82)

where a factor proportional to 1 + § has been absorbed in the generic constant, without loss of
generality. Recalling that V;, = [0, 75, V1], we obtain in a similar way

’/ T (Fp, Vi)dr| S e3ll|Gr,||or + €5 (R 71prH%2(L2(7))+ ”571/2fp”%2(L2('y))+||fPH%2(L2(fy)))7
(4.83)

where we have also used (4.67). Combining (4.68)—(4.83), taking e3 sufficiently small, and employing
Gronwall’s inequality, we obtain

ollgpill e (120 + 11Gll 27 S H(E)?, (4.84)

where H(F)Q = an(F)Q + qu(F)Q + pr(F)Q + HfU(F)2 + HfP(F)2,
My, (F) = 0uF o | 22rr 0,y + 1 FollZoe (o)) + 106F ul oo (a0

My, ()7 = | FollZ2(22(0,)):
My, (F)? = (100 foll 22120,y + 1ol 2o 22(0)) + 10l 22120y
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+ L fopllZe (220 + ollZ2 2,y + (LB + 0 ) 1ol 222200
HfU(F)Q = ||fU||%2(H1(7))7
pr(F)Q = ||fPH,262(L2(7))'

Using the approximation bounds (4.58)—(4.62) and observing that 1 4+ §~' < 6!, we obtain

Hy, (F) S (10l 22 amirr(,)) + 190 2o (mier (g, )y + 10l oo (mi @, )) s
Hy, (F) S h2 gl c2ggrati(o,)),s

Hy, (F) S W2 (Ipll oo,y + 100 22 i1,y + 1Pl 2o (210, )

R (62 pl| g2 s, )+ 1060l 2o ) + 1Pl g a1 (@)

+ hZQ ||pH£2(H12+1(QP)),
HfU(]F) 5 hr3||U||£2(H7"3+1(’y))>
Hyp(F) S PP c2(rms ()

The proof of the theorem is completed by combining (4.84) with the above approximation bounds
and employing triangle inequality. O

Remark 3. The lowest order term of (4.64) is hl2HpH£2(H12+1(Qp)). It entails that the convergence
rate of the proposed scheme is one order lower than the optimal one. This is due to the term
h*1/2]\fp\|£2(L2(,y)), which results from the bound on f,y Ipi 1*,1 (Ggn,i " Mi)lT, ds, where half order is lost
for each of the two terms. An improved estimate can be obtained by employing a Lagrange multiplier
space for the trace of the Darcy pressure p on y to enforce the continuity of flur. This space can be
chosen to be of higher order and an optimal interpolant on the interface can be utilized, see, e.g. [3].
This approach is a subject of forthcoming work. We also note that the term involving 6~/? results
from bounding fv(fp,ﬂ;l _fp,2|;2)(gU7h)nd$, since only ||\/59U,h“£2(H1(7)) is controlled by the method.
We note that the use of a Lagrange multiplier space and an interface interpolant would result in this
term depending on the norm of p1|. — pg‘;z on vy, which goes to zero with &, due to (4.4).

3
Iy
5. NUMERICAL RESULTS

In this section we focus on the numerical verification of the theoretical results and on the application
of the proposed scheme to solving a representative problem in geomechanics. For this purpose, we
consider four examples. The first one is an academic benchmark problem proposed in [28]. In the
second example we consider the same configuration, but we use more realistic physical parameters
taken from [18]. The third and fourth examples concern numerical experiments for curved fracture
configurations. In all examples we take 6, = 6, and consider only the discrete values 0, %, % The
numerical solver for problem (4.21) was implemented in FreeFem++ [24]. To discretize the problem
in time we have adopted the Backward Euler scheme on a uniform partition of the time interval (0, 7]
in time steps t" := nAt for n = 1,..., N, where T' = NAt is the final time. The time derivative of
the displacement is discretized using the first order approximation 815772“ ~ At*1(172+1 —ny). For
the space discretization we have used continuous piecewise linears for VZ with r; = 1, the Raviart-
Thomas elements RT; for Vfl X QZ with 79 = Iy = 1, and the P, — P; Taylor-Hood elements for

V{l X Q{l with r3 = 2. The discrete problem is solved using GMRES with a preconditioner consisting
of diagonal blocks of the system matrix given in (4.17).
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5.1. Example 1: numerical validation

To validate our numerical scheme, we consider a benchmark problem investigated by Lesinigo et al
in [28], Section 7.2. The computational domain consists of two unitary squares separated by a fracture
of width §, with midline . The squares represent the poroelastic domains 1 and 5 (see Figure 2).

I r3
rs o ~ Qy T}
ri ri

FicURE 2. Example 1: Reference domain for the test problem.

We assume that there are no external forces or mass sources. On the left and right boundaries,
namely I'f and ' in Figure 2, we impose homogeneous Dirichlet pressure and homogeneous Dirichlet
displacement conditions, while on the remaining external boundaries we impose zero normal flux
and zero normal poroelastic stress. In the fracture, on the bottom boundary F% N F% we impose the
Dirichlet boundary condition (3.15) for the tangential velocity, U” = 10 (m/s), and the homogeneous
Neumann boundary condition (3.16) for the normal velocity, u faa% = 0. On the top boundary T'3NI'3,
we impose the homogeneous Neumann conditions (3.16) for the normal stress. Values of parameters
used in this example are given in Table 2. The problem is solved over the time interval [0, 1](s) with
time step At = 0.01(s). The space discretization step is h = 0.05 (m).

] Parameter Symbol Units Values ‘
Young’s modulus E (KPa) 103
Poisson’s ratio o 0.3
Hydraulic conductivity K (m2/KPas) T
Mass storativity coeff. sg (KPa™!) 1
Biot-Willis constant o 1
Friction coefficient CBJS 10~4
Hydraulic conductivity K (m?/KPas) 0.11
Fracture width 0 (m) 0.1
Brinkman viscosity oy (KPa s) 1

TABLE 2. Example 1: Poroelasticity and fluid parameters.

We compare the results obtained by the reduced model with 6,, = 6, = 1/2 to the ones obtained
using a non-reduced model, where the flow in the fracture is fully resolved on €y using the Brinkman
equation. The full model was solved using a scheme based on Nitsche’s approach presented in [8].
Figure 3 shows a comparison of the average pressure P (left) along the fracture midline v and the
average tangential velocity U, (right) obtained using the two models at time T=1 (s). In particular,
for the full model pressure and velocity profiles are plotted along the meanline of the fluid domain
(1;. In the bottom panel of Figure 3 we show the pressure in the transversal direction, visualized
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F1GURE 3. Example 1. Top left panel: Average pressure P along the midline . Top
right panel: Average tangential velocity U, along the fracture midline . The values
of the reduced model in the top panel are obtained with 6,, = 0, = % Bottom panel:
pressure profiles for the full and reduced model (calculated using different values of
0, = 0, =: 0) along a transversal section of the domain at height y = 0.25 (m). The
results are shown at T=1 (s).

along the line y = 0.25 (m). We observe a significant jump between the pressure in the fracture and
pressure in the reservoir. For all values of 8,, = 0, a good comparison with the full model is achieved.
Figure 4 shows a comparison of the pressure and displacement of the porous medium. The pressure is
superimposed to the Darcy velocity vector field, while the displacement modulus is superimposed to
the displacement vector field. In both figures we observe an excellent agreement between the results
obtained using the reduced model and the results obtained using a full model. Furthermore, the
computed pressure and velocity are in agreement with the results in [28].

On the same benchmark problem we test the spatial convergence of the scheme. Table 3 shows
the convergence in space for the Darcy pressure and velocity, the displacement, and the fracture
fluid velocity, where we have used the numerical solution with A = 1/80 (m) as a reference solution.
According to (4.64), the convergence rate with 7y = 1, 7o = lo = 1, and 73 = 2 should be at least
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pressure

displacement

M “‘H e
0.614 0 0.000556

FI1GURE 4. Example 1. Left: Pressure p in the pores obtained using the reduced model
(top) and the full model (bottom). The Darcy velocity field g is superimposed to the
pressure. Right: Magnitude of the displacement 7 obtained using the reduced model
with 6, = 6, = 1/2 (top) and the full model (bottom). The displacement vector field
is superimposed to the displacement magnitude. The results are shown at T=1 (s).

Test case 6 = 0.1, 6, =0, 0,%,%

[ h [ llepllicz2y))  rate | llenllieo o,y rate | llegllize,)) rate | [leullizm)) rate |
1/10 3.4e — 2 - 1.0e — 1 - 2.6e — 2 - 9.2e — 4 -
1/20 8.9e — 3 1.9 5.3e — 2 0.9 9.8e — 3 14 3.2e — 4 1.5
1/40 2.2e —3 2.0 2.7e — 2 1.0 3.3e — 3 1.6 1.7¢e — 4 0.9

TABLE 3. Example 1: Convergence in space for different values of the parameters 6, = 0.

linear. Higher orders of convergence are actually observed in some cases. All the convergence tests
have been performed for the three admissible values of 6, = 6, = 0,1/2,2/3 and no significant

differences have been detected among these variants of the model.

Finally, we study the accuracy of the reduced model with in the approximation of the interface
conditions. We focus in particular on the flow balance in the direction orthogonal to the interface,
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i.e. equation (2.8). In the case of the full model, we define the following residual on each side of the

fracture I'; = Q, Ny, i =1,2, fori,5 = 1,2,1 # j:
Rr,(ui,n;,q;) == / (Uz "Ny — ( +q;)- nz) )
ry;

while for the reduced model the previous definition must be modified as

00y, =+ *
il ]
2py o I

The results of Table 4 show that the reduced model asymptotically satisfies the kinematic condi-
tions, however it is less accurate than the full model. We have calculated the residuals for all values
0, =0, =0,1/2,2/3 and for two values of § = 0.1,0.2 (m). It appears that the accuracy of the model
is insensitive to 0,, 0., while it is affected by . More precisely, Table 4 confirms that the reduced
model is more accurate for fractures with smaller aperture.

on;
ot

5(1—6,) 5

_ o,
=)y = 2p— (2
2y P 2 < ot

R’y,i(Uiv ni, qz) = /

-ni—i—qi-ni—U-ni)
~

Full model Reduced model
h,6=0.1,60,=0,=0, %, % Rr, Rr, rate Ry Ry 2 rate
1/10 563 —3[5.63e—3| — [198¢—2[198—2| —
1/20 144e —3 | 1.44e—3|1.97|1.13e—2 | 1.13e—2 | 0.81
1/40 3.63e —4|3.63e—4|1.99|6.08¢ —3|6.08¢ —3|0.89
h,6=0.2,6,=0,=0, %, % Rr, Rr, rate Rn Ry 2 rate
1/10 3.78 —2 (378 —2| — [3.95¢—2(395e—-2| —
1/20 1.22e —21]1.22e—21]1.63|2.25e —2|2.25¢ —2 | 0.81
1/40 3.07e —3[3.07e—3]1.99|1.2le—2|1.2le—2|0.89

TABLE 4. Example 1: The behavior of the indicators Rr, and R,; when varying the
characteristic mesh size at time T=1 (s).

5.2. Example 2: model response to parameters

In this section we investigate the behavior of the reduced model with 6, = 6, = 1/2 when the
parameters are modified, moving towards the values that resemble the characteristic ones for flow
in a fractured reservoir. In particular, we progressively update the parameters d, K, sg, pli=o and
the Young’s modulus F, starting from the reference values considered in the previous section for
numerical validation. The corresponding grid of new parameters is reported in Table 5. As in the
previous example, we take a = 1 and puy = 1 (KPa s). The reservoir boundary conditions are
modified to be suitable for a typical case of hydraulic fracturing. In particular, we enforce no flow on
the entire reservoir boundary, while we prescribe zero displacement on F‘ll, F% and zero normal stresses
on 1, T3, 1, T3 Asin the previous example, on the bottom boundary of the fracture I't N '} we
impose the Dirichlet boundary condition (3.15) for the tangential velocity, U” = 10 (m/s), and the
homogeneous Neumann boundary condition (3.16) for the normal velocity, 1 ¢ aaUS o = (). On the top
boundary of the fracture I' N T'3, we impose the homogeneous Neumann conditions (3.16) for mean
stress. The final simulation time is 7" = 100 (s).

The results of cases A, B, C, D, E in Table 5 are reported in Figure 5 at the final time. On the left
panels we show pressure, flow and displacement fields in the reservoir, on the right panel we show the
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[ [6(m) K (m?/KPas) s, (KPa—!) p(0) (KPa) E (KPa)|

Al 1077 1 1 0 10°
B| 107* 1073 1 0 103
C|10* 1073 102 0 103
D| 10~* 1073 102 102 103
E| 107* 1073 1072 103 1010

TABLE 5. Example 2: Grid of parameters used in the numerical simulations of cases A,B,C,D,E.

pressure and velocity profile in the fracture. These results confirm that the scheme responds correctly
to large changes in the parameter values as discussed below. We observe that in all cases, the flow
and deformations are generated by injection of Q = 6U, = 1073 (m3/s) of fluid into the fracture.

Flow analysis:

Case A: Due to the large value of hydraulic conductivity in equation (2.2), the pressure gradient
is small, as confirmed by the pressure surface plot. Under the assumption of the uniform pres-
sure field and small displacements, the mass balance equation (2.3) reduces to Q = |Q|so0:p,
which entails that d;p = 5 x 107%. As a result, at the final time 7' = 100 (s) we expect that
p ~ 5 x 1072, which is confirmed by the numerical simulation.

Case B: Since the permeability decreases by three orders of magnitude, we expect to observe
larger pressure gradients. From a visual inspection of the results, we notice that (maxp —
min p) = 0.3 for case B, while (max p—minp) = 0.4 x 1073 in case A, which is consistent with
the prescribed perturbation.

Case C': We superimpose to the previous effects a small mass storativity, which increases the
pressure rate of change due to injection, according to equation (2.3). Proceeding as in case A
we conclude that d;p = 5 x 1072 and after 100 s we expect to see p(T) — p(0) ~ 5, which is
indeed the case.

Case D,E: We analyze here the sensitivity of the model to the pressure initial conditions, which
are increased to the level of 1000 (KPa) (i.e. 1 (MPa)) to mimic the high pressure conditions
of a real reservoir. For a very stiff material, as in case E, we notice that the pressure field
turns out to be the superposition of pressure fields B, C on top of a baseline pressure equal
to 1000 (KPa), giving rise to maxp ~ 1005.3. The linear superposition of pressure fields is
not exactly satisfied for case D, which corresponds to a soft material. We believe that this
effect depends on the interaction of the pressure and displacement governed by equation (2.3).
More precisely, the pressure time derivative is not only affected by flow V - q, but also by the
volumetric deformation rates aV - 0.

Mechanical analysis:

Cases A,B,C: We notice that the displacement directly increases with the magnitude of the
pressure. The displacement field of case B is different from A and C. We attribute this
effect to the relative pressure gradient (i.e. the pressure gradient normalized with respect to
the pressure magnitude), which is non negligible only for case B, leading to a non-symmetric
distribution of stresses and deformations with respect to the layout of the boundary conditions.
In all these cases, the displacement to pressure ratio is almost equivalent to the Young’s
modulus. As a result, we infer that for low pressure values, the poroelastic effects are governed
by the coupling of the flow with the pressure time derivative, namely by equation (2.3), as
illustrated in case C, while the mechanical deformations are mostly determined by the elastic
stresses, namely o g.
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FiGUrE 5. Example 2: Response of the model to variations of its parameters. Cases
A, B, C, D, E of Table 5 are shown at the final time 7' = 100 (s) from top to bottom.
Contour and vector plots on the left show the pressure p superimposed to the reservoir
flow g depicted in 2y combined with displacement magnitude and orientation in (s.
On the right we show the pressure and flow profile along the fracture ~.
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Cases D,FE: The behavior of the system changes considerably for high pressures, as shown by
cases D and E. In this regime, the fluid pressure and elastic mechanical stresses are comparable
and they interact by means of the constitutive law o, = o — apI. This justifies why for
large pressure values the displacement to pressure ratio and the Young’s modulus are no
longer directly related. In particular, we observe that the Young modulus of cases D and
E differ by seven orders of magnitude, while the displacement changes by a factor two only,
suggesting that in this case the component apl dominates over og. For test case D we have
run simulations with o = 0 instead of a = 1, with the purpose of investigating the impact
of poroelastic coupling on the displacement and flow fields. The results (not reported here)
show that the variation of the parameter o has a noticeable effect on the orientation of the
displacement field and we also observe a small variation in the pressure field.

5.3. Curved fracture configurations

We finally test our approach to model curved fractures. We consider two test cases. In the former
we compare the flow and displacement fields calculated using the dimensionally reduced model with
the full model for a curved fracture configuration where the fracture represents a preferential way for
flow, namely its permeability is significantly higher than the one of the surrounding reservoir. In the
latter, we address a fracture featuring a variable hydraulic conductivity and test different fracture
boundary conditions, including a fracture that is completely confined into the reservoir.

5.3.1. Ezample 3: comparison of the dimensionally reduced with the full model

The model parameters are § = 0.1 (m), K = 1073 (m?/KPas), so = 1072 (KPa~!), p(0) = 0 (KPa),
E=10'° (KPa), 0 = 0.3, Ky = I, cgjs = 107%, a = 1 and py = 1 (KPa s). The computational
domain is obtained from the one of Figure 2, after modifying the profile of 7 to be curved. The extrema
of the fracture are however unchanged. On the boundary I'} we enforce a uniform flow g -n = —1
(m/s), on the horizontal sides we set g¢-n = 0 and on F% null pressure is imposed. As in the previous
example, we prescribe zero displacement on I'{, I'3 and zero normal stress on '}, T'3, T'}, T'S. At the
fracture boundaries we impose zero normal stress (3.16). As a result, this test case represents the
flow through a reservoir that is cut by a fracture open at both endpoints. We expect the fracture to
act as a gateway for flow, by carrying out the fluid injected from the left side of the domain. The
final simulation time is 7" = 100 (s). We used At =1 (s) and h = 0.042 (m).

The results for both the dimensionally reduced and the thick fracture models at T=100s are shown
in Figure 6. They confirm a very good qualitative agreement of the full and dimensionally reduced
models. As expected, in both cases most of the flow penetrating from the left side escapes through the
fracture. Only a negligible amount of fluid extravasates to the right side of the domain. We observe
that the flow direction in the neighborhood of the fracture deviates from the horizontal, because it is
sensitive to the fracture configuration.

For a more quantitative comparison, we analyze mass conservation and the pressure variation across
the interface. A flow rate Q;, = fr% g-n = —1 (m/s) is injected into the reservoir from the left. The

peak velocity at both fracture endpoints is about |U| ~ 5 (m/s) in the vertical direction. Then we get
Qout =~ 20|U| =1 (m?/s), confirming that the computed velocity field along the fracture is physically
reasonable. In Figure 7 we study the comparison of the pressure profile (top) and the normal velocity
(bottom) of the dimensionally reduced model and the full model, along a horizontal line cutting the
interface 7 from left to right. For visualization purposes only the interval x € (—0.2,0.2), y = 0.1 is
considered, in order to restrict the range of variation of the pressure. As expected, the pressure varies
linearly on the left of the interface (located at x = 0), corresponding to a uniform flow towards the
fracture, while the pressure profile is flat on the right, because there is almost no flow on the right. We
observe that there is a small pressure jump across the fracture, according to the interface conditions
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FI1GURE 6. Example 3: Comparison of simulations for dimensionally reduced fracture
model (left) and thick fracture model (right) at at T=100 (s). Computational meshes,
pressure contour plot and velocity fields, displacement magnitude and orientation are
shown from top to bottom. Vector fields in 2; are visualized in black, those in 25 in
white and those in €2y or v in red.

4.10)—(4.11). The pressure profiles corresponding the parameters values 6, = 6, = 0,1, 2, are also
213

compared. Small differences are observed in the values obtained using different closure conditions.
In particular, the case 6, = 6, = 0 results in the smallest pressure jump, since the profiles for both
pressure and velocity across the fracture are assumed constant. Of the other two cases, the case
0, =0, = % corresponds to a linear pressure profile and thus leads to a larger pressure jump when
compared to the case 0, = 0, = %, even though the latter case assumes a quadratic velocity profile.
The profile assumptions have even smaller effect on the normal velocity. Overall, the differences
between the values obtained using different closure assumptions do not have a significant influence

on the solution.

5.3.2. Ezample 4: analysis of a fracture with variable conductivity.

Here we investigate how to adapt the model in order to describe multiple fractures embedded into
the reservoir. Indeed, an embedded fracture can be modeled by means of no-flow boundary conditions
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FIGURE 7. Example 3: Comparison of pressure profiles (top) and normal velocity
(bottom) for 6,, = 6, = 0,1/2,2/3 along a horizontal line z € (—0.2,0.2), y = 0.1 in
the fracture and reservoir at T=100 (s).

at the endpoints (3.15) that corresponds to conditions U, = 0, U,, = 0. Furthermore, multiple (almost
independent) embedded fracture segments can be modeled using a small hydraulic conductivity K s
at some regions of a connected fracture. In particular, K is equal to the permeability K of the
surrounding material in the impervious regions, while it is higher elsewhere. As a result, away from
the impervious regions, the fracture is more permeable than the surrounding rock. In this example
we consider a curved fracture with hydraulic conductivity profile shown in Figure 8. The model
parameters used in the simulation are § = 0.1 (m), K = 1072 (m?/KPas), s = 1072 (KPa™!),
p(0) = 0 (KPa), E=10"" (KPa), 0 = 0.3, cpys = 1074, a = 1,uy = 1 (KPas) K; = K = 1073
(m?/KPas) in the impervious regions, K = 107! (m?/KPas) elsewhere. The boundary conditions
are the same as in Example 3.

The results in Figure 9 suggest that the reduced model captures well the behavior of both open
and closed (or embedded) fractures. In particular, in all cases it can be observed that the fracture
represents a preferential path for the flow either in the longitudinal and transversal directions, in the
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Fi1GURE 8. Example 4: The profile of the curved fracture where the impervious regions
are highlighted with dark bars.

regions of high conductivity. Conversely, the fracture represents an obstacle in the impervious regions.
The comparison of panels A and B or C and D of Figure 9 illustrates the sensitivity of the model
with respect to the fracture aperture §. According to mass conservation law, smaller aperture means
higher velocity field in the fracture. However, the total flow rate carried by the fracture decreases.

It is interesting to notice that for this new problem configuration, which features more complex
and computationally challenging flow conditions, we observe a dependence of the numerical solution
on the parameters 6,,0, used in the model reduction technique. Panels E and F of Figure 9 show
the velocity field in the fracture for 6, = 6, = 0 (color black), 6, = 6, = 1/2 (color blue) and
0, = 0 = 2/3 (color black). It is apparent that the first case differs from the others, which are
almost superposed. In particular, while in the cases 6, = 6, = 1/2,2/3 the flow in the fracture is
mostly tangential, it seems that in the case 6,, = 6, = 0 the normal component of the flow is not
negligible. This interpretation is supported by the analysis of the residual of the interface conditions,
reported in Table 6. These data suggest that when 6, = 6, = 0 is used, the scheme can hardly
satisfy the balance of normal components of velocities across the fracture, which is quantified by the
indicator — fv(aa? -n; +¢q;-n; — U - n;)|.. This property is more accurately satisfied by the other
values of 8, which enable a better approximation of the flow inside the fracture. Although the flow
seems to be physically reasonable and almost equivalent for 6, = 6, = 1/2 and 2/3, interestingly,
among these values the one with smallest residuals is the former.

Remark 4. In Fxample 4, we also analyzed the response of the model to the friction coefficient cgjg
by performing a similar set of simulations using the value cgjg = ,uf/\/f, which is five orders of
magnitude larger that the former. We observed no significant differences from wisual inspection of
the results, thus concluding that the model is rather insensitive to changes of the friction coefficient.
Results from the simulations with cgjg = ,uf/\/f are not shown.

6. CONCLUSIONS

We have addressed the problem of modeling the flow into a fracture surrounded by a permeable
poroelastic material. The main application is the simulation of hydraulic fracturing, which is a
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F1cUrRE 9. Example 4: Comparison of different model configurations for a fracture
with variable permeability. Impervious regions are marked with dark bars. In panel A
and B the fracture endpoints are open to flow, owing to boundary conditions (3.16),
namely pr0sUr — P =0, py0sU, = 0. The parameters 0,6, have been set to 0, =
0, = 2/3. For visualization purposes, different scaling factors have been adopted for
the vector fields in Q;,v, Q2. In panel A the fracture aperture is 6 = 0.1(m) and the
velocity in €1 has been scaled by a factor 0.1, the one in « by a factor 0.05 and the
one in Q2 by a unit factor. The background color represents the pressure, namely pj,.
In panel B the aperture is 6 = 0.001(m) and the velocity in €1, Q2 has been scaled
by a factor 0.1, the one in « by a factor 0.003. In panels C and D, we modify the
boundary conditions to (3.15), namely U, = 0, U, = 0 (m/s) to model a fracture
that is completely contained into the reservoir. In this plot, the scaling factor used
for visualization of the vector fields is uniform and equal to 0.1. In panel D, for the
same boundary conditions as in panel C, we modify the fracture aperture to § = 0.01
(m). Here, the scaling factor of the velocity in the fracture has been reduced to 0.05.
In panel E we fix 6 = 0.1 (m) and we vary 6,,,0,. Only the fracture velocity profile
is shown. Simulations performed using 6,, = 8, = 0 are reported in red, those using
0, = 6, = 1/2 are blue and the ones with ,, = 6, = 2/3 are black. Panel F shows a
zoom of these vector fields.
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lenzer‘_f’y(%’ni'i‘Qi'ni_U'ni)‘lti‘ Ron

0 1.076e+00 8.672e-01
1/2 -5.314e-03 -95.456e-03
2/3 -8.542e-02 -9.919¢-03

TABLE 6. Example 4: The residuals of the interface conditions for the reduced model
in the case of different values of 6,, = 0.

significant challenge, considering the extreme conditions under which this technology operates. In
this work, we have shown that dimensional model reduction is a successful approach to account for
the very heterogeneous scales of the problem in a coupled formulation. We have addressed for the first
time, to our best knowledge, the topological reduction approach in the case of a poroelastic material
coupled with a fracture flow model of Stokes/Brinkman type. Several variants of interface conditions
have been analyzed and cast into a unified formulation depending on the parameter 6, and .. The
model has been complemented with a state of the art numerical scheme that has been analyzed.
Numerical experiments confirm the validity of the approach and highlight the importance of using a
poroelastic material formulation in hydraulic fracturing. In the three first examples, there were no
significant differences between the results obtained using different values of 6,, = 6.. However, in
Example 4, 0, = 6, = 0 yields results that seem less accurate than 6, = 0, = 1/2 and 0,, = 6, = 2/3.
Furthermore, we did not notice significant differences in the results for different values of the coefficient
cpjs. Some considerable difficulties are only partially addressed here, such as modeling the tips of
embedded fractures, and modeling the effect of material deformation on the aperture and on the flow
into the fracture.
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