
MOX-Report No. 44/2026

Splitting strategies for the fully-coupled nonlinear

thermo-hydro-mechanical problem

Bonetti, S; Botti, M.; Antonietti, P.F.

MOX, Dipartimento di Matematica 
Politecnico di Milano, Via Bonardi 9 - 20133 Milano (Italy)

mox-dmat@polimi.it https://mox.polimi.it



Splitting strategies for the fully-coupled nonlinear

thermo-hydro-mechanical problem

Stefano Bonetti*,a, Michele Bottia, and Paola F. Antoniettia

aMOX, Dipartimento di Matematica, Politecnico di Milano, P.zza Leondardo da Vinci 32, 20133 Milano,
Italy.

We propose novel semi-decoupled and fully-decoupled iterative algorithms for ef-
ficiently solving the fully-coupled nonlinear four-field thermo-poroelastic model
discretized in space by discontinuous Galerkin method on polytopal grids. We
present the model problem, its four-field formulation, and the arbitrary-order
weighted symmetric interior penalty scheme exploited for its spatial discretiza-
tion. Such a scheme is robust with respect to strong heterogeneities in the model
coefficients. Then, we present the two solution strategies and prove that under
suitable conditions both schemes are convergent. A wide set of numerical sim-
ulations is presented to assess the convergence and robustness properties of the
proposed method. Moreover, we test the scheme with literature and physically
sound test cases for proof-of-concept applications in the geophysical context.
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1 Introduction

Modeling the thermo-poroelastic (TPE) coupling – that refers to the interactions between tempera-
ture, fluid flow, and mechanical deformations – is of crucial importance for modeling many natural
and engineered systems. Some notable applications in which it turns out to be necessary to take into
account the effects of the temperature to the classical poroelastic equations (cf. [14, 53]) belong to
the fields of environmental sustainability, civil engineering, and materials science; with direct impact
also on public safety and economy. Relevant examples include, e.g., CO2 sequestration, geothermal
energy production, and seismicity/induced seismicity studies.

In the context of geophysical applications, as the ones previously mentioned, the subsoil is often
modeled as a fully-saturated poroelastic material; then, the TPE problem is often formulated starting
from the poroelasticity theory, which describes how the fluid flow and the elastic deformations interact
within a porous medium. The temperature variation plays a key role in the description of the physical
phenomena and for understanding its evolution. Thence, the temperature field is added to the physical
model via an energy conservation equation that leads to a fully-coupled TPE system of equations
[7, 22, 23]. The introduction of the energy conservation equation means that, within the classic
equations of mass and momentum conservation, a reaction term and a contribution to the volumetric
component of stress are added, respectively. Last, the energy conservation for the temperature field
is similar to the mass conservation equation for the pressure, but with the presence of a nonlinear
convective term, which considers the product between the temperature gradient and the filtration
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velocity. To ensure inf-sup stability of the problem, we consider the four-field formulation of the
problem [7, 17] obtained by introducing one additional scalar equation that is solved in the so-called
total pressure auxiliary variable [47]. Moreover, this formulation gives the robustness of the scheme for
quasi-incompressible media, i.e. with respect to volumetric locking. Alternative formulations of the
TPE problem are discussed, e.g., in [55] under different assumptions on the deformations rates and in
[34, 43] where the nonlinear convective term is neglected as it is assumed that the energy is balanced
only by conduction. Depending on the different applications, in the literature the TPE problem can
be found in the quasi-static regime, where the small deformations regime is assumed [7, 22, 23], or in
its fully-dynamic form [16], where seismic effects are the main focus. In this work, we consider the
problem in its steady formulation [17], that can be seen as one step of an implicit time advancing
scheme (e.g. backward Euler method) applied to the quasi-static problem. We remark that, in this
case, for establishing a connection between the steady problem and the quasi-static one, the physical
parameters must be scaled by the time-step.

For the spatial discretization of the problem, we propose a discontinuous Galerkin finite element
method on polytopal grids (PolyDG [25]). PolyDG schemes are appealing in this context because their
geometrical flexibility facilitates local mesh refinement and coarsening and allow to easily handle highly
heterogeneous media by better representing inner discontinuities. PolyDG schemes are also suited
for arbitrary-order approximations and p-adaptivity. To further enhance robustness with respect to
heterogeneities we consider a Weighted Symmetric Interior Penalty (WSIP) version of the PolyDG
scheme, in which weighted averages [35, 36, 51] are introduced in place of the standard averages
operators of the discontinuous Galerkin methods [32]. Examples of PolyDG schemes can be found
in [3, 4, 11] for elliptic problems, in [26] for parabolic problems, and in [5] for poroelasticity. In
[7, 16, 17] and in [15] a PolyDG method for thermo-hydro-mechanics and thermo/poro-viscoelasticity
is analyzed, respectively. In the literature, other discretization strategies for the TPE and closely
related models in geophysics include, e.g., Finite Volume methods [12, 48–50], Hybrid Finite Volume
method [30], Hybrid High-Order [20], Hybridizable Discontinuous Galerkin [33], lowest order Raviart-
Thomas coupled with Lagrangian finite element methods [23], and eXtended finite elements [39].

When solving a multiphysics differential system, it is very important to design the right strategy
for its algebraic solution. In fact, these problems are often associated with large-scale issues, espe-
cially when considering realistic simulations in three-dimensional settings. Considering the monolithic
resolution of the system in these contexts can lead to very large, ill-conditioned, broadband linear
systems and, in three-dimensional (3D) cases, could also lead to memory problems. For this reason,
a valid candidate for the numerical solution consists in a iterative coupling scheme, in which one (or
more) problems are solved separately, in parallel or sequentially. These problems are solved faster,
as they are smaller in size and generally have better properties (e.g. symmetric positive definite)
than the monolithic system, which usually exhibits a perturbed saddle-point structure. Given the
simpler structure of the different subproblems, it is also simpler to design effective (possibly robust)
preconditioning techniques for them rather then for the whole system. The drawback of such a solu-
tion strategy is that an iterative procedure – along with a suitable stopping criterion – is introduced.
However, since the TPE problem considered in this paper is nonlinear, an iterative strategy has to be
introduced even when a monolithic approach is used. In previous works [7, 22] the nonlinear transport
term has been addressed with a fixed-point iterative strategy, and in [17] a robust linearization of the
advection term has been proposed.

In this work, we propose and analyze two novel splitting schemes (one partially-decoupled and
one fully-decoupled) where the pressure equation is always decoupled from the energy equation. In
this way, at each iteration of the splitting scheme, we need to solve three linear problems, without
the need to introduce an additional linearization procedure. In the context of geophysics, iterative
decoupling strategies have been extensively studied in the literature for the poroelasticity problem [1,
18, 28, 38, 40, 42, 45, 46, 54]; moveover, in [41] a strategy for decoupling the thermoelasticity problem
is investigated. For what concerns the TPE problem, in [23] different splitting strategies have been
studied for the nonlinear problem in its five-fields formulation, while in [24, 44] partially-decoupled
algorithms have been studied for the four-field formulation of the linear problem discretized by stable
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pairs of Lagrangian finite elements. The major highlights of this paper are: (a) novel partially-
decoupled and fully-decoupled solution strategies for the nonlinear TPE prolem (b) a convergence
analysis of the corresponding numerical strategies based on top of a PolyDG-WSIP discretization of
the problem (c) a numerical verification of the convergence and robustness properties of the proposed
methods both in a two- and three-dimensional setting; and (d) a verification test where we apply the
schemes in a physically-sound test case (inspired by geothermal energy production procedures [7]) in
a three-dimensional setting, showing the applicability of these schemes for real-life applications.

The rest of the paper is organized as follows: the model problem, the assumptions on the data,
and the four-field formulation are presented in Section 2. In Section 3, we design the PolyDG-WSIP
spatial discretization. In Section 4, we introduce the solution strategies for the four-field TPE problem
and in Section 5 we report the main results regarding the stability of the discrete problems and the
convergence of the method. Then, in Section 6 we present numerical results assessing the convergence
and robustness properties of the splitting algorithms, while in Section 7 we present the numerical
results related to the application of the proposed schemes to a physically-inspired geothermal model
problem in three-dimensions. Last, in Section 8, we report the preliminaries, the auxiliary results,
and the proof of the theoretical results presented in Section 5.

2 Model Problem

Let Ω ⊂ Rd, d ∈ {2, 3}, be an open bounded Lipschitz polygonal/polyhedral domain. We consider
the coupled thermo-hydro-mechanical problem reading: find (u, p, T ) such that it holds

a0T − b0p+ β∇·u− cf∇T · (K∇p)−∇·(Θ∇T ) = H in Ω,

c0p− b0T + α∇·u−∇·(K∇p) = g in Ω,

−∇·σ(u, p, T ) = f in Ω.

(1a)

(1b)

(1c)

Here T represents the variation of the temperature with respect to a reference value [29] and u, p
represent the solid displacement and the pressure, respectively. The source terms H, g, f are a heat
source, a fluid mass source, and a body force, respectively. The constitutive law for the stress tensor
σ (in (1c)) in the linear elasticity regime is given by

σ(u, p, T ) = 2µϵ(u) + λ∇·uI− αpI− βT I, (2)

where I ∈ Rd×d is the identity tensor and ϵ(u) = 1
2(∇u + ∇uT ) is the strain tensor. For the sake

of simplicity, we supplement (1) with homogeneous Dirichlet conditions, namely u = 0, p = 0, and
T = 0 on ∂Ω. More general boundary can be considered up to minor modifications in the variational
formulation, see for instance the ones considered in the numerical validation of Section 7 below.

In Table 1 we detail the parameters characterizing problem (1)-(2) specifying their physical inter-
pretation and their corresponding unit of measure. For a detailed discussion on the parameters and
the relations among them we refer to [7].

Notation Quantity Unit

a0 thermal capacity Pa/K2

b0 thermal dilatation coefficient K−1

c0 specific storage coefficient Pa−1

α Biot–Willis constant -
β thermal stress coefficient Pa/K
cf fluid volumetric heat capacity divided by reference temperature Pa/K2

µ, λ Lamé parameters Pa

K̃ permeability divided by fluid viscosity m2/(Pa s)

Θ̃ effective thermal conductivity m2 Pa/(K2 s)
ϕ porosity -

Table 1: Thermo-hydro-mechanics coefficients appearing in (1), (2).
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Remark 1. Problem 1 can be seen as one step of an implicit time advancing scheme (e.g. backward
Euler method) applied to the quasi-static problem [7]. In this case, the conductivity tensors K in (1a)
and Θ in (1b) are scaled by the time-step δt, namely K = δtK̃ and Θ = δtΘ̃, where K̃ and Θ̃ are the
actual hydraulic mobility and heat conductivity of the medium, respectively. For a detailed derivation
of the quasi-static model we refer the reader to [21].

2.1 Notation and assumptions

For X ⊆ Ω, we denote by Lp(X) the standard Lebesgue space of index p ∈ [1,∞] and by Hq(X)
the Sobolev space of index q ≥ 0 of real-valued functions defined on X, with the convention that

H0(X) = L2(X). The notation L2(X) and Hq(X) is adopted in place of
[
L2(X)

]d
and [Hq(X)]d,

respectively. In addition, we denote by H(div, X) the space of L2(X) vector fields whose divergence
is square integrable. These spaces are equipped with natural inner products and norms denoted by
(·, ·)X = (·, ·)L2(X) and || · ||X = || · ||L2(X), with the convention that the subscript can be omitted in
the case X = Ω. For the sake of brevity, in what follows, we make use of the symbol x ≲ y to denote
x ≤ Cy, where C is a positive constant independent of the discretization parameters.

Following [22], we introduce suitable assumptions on the problem’s data:

Assumption 2.1 (Assumptions on the problem data). We assume that:

1. the hydraulic mobility K = [Kij ]
d×d
i,j=1 and heat conductivity Θ = [Θij ]

d×d
i,j=1 are symmetric tensor

fields which, for strictly positive real numbers kM > km and θM > θm, satisfy

km|ζ|2 ≤ ζTK(x)ζ ≤ kM |ζ|2 and θm|ζ|2 ≤ ζTΘ(x)ζ ≤ θM |ζ|2 ∀ζ ∈ Rd, a.e. x ∈ Ω;

2. The shear modulus µ and the fluid heat capacity cf are scalar fields such that µ : Ω→ [µm, µM ]
and cf : Ω→ [0, cfM ] with 0 < µm ≤ µM and 0 ≤ cfM ;

3. The coupling parameters α : Ω→ (ϕ, 1] and β : Ω→ (0, βM ] are strictly positive;

4. The scalar fields λ, c0, b0, a0 ∈ R are such that λ ≥ 0 and a0, c0 ≥ b0 ≥ 0;

5. The forcing terms are chosen such that g,H ∈ L2(Ω) and f ∈ L2(Ω).

2.2 Four-field formulation

As in [7], we refer to the four-field formulation of the THM problem obtained by introducing the total
pressure auxiliary variable φ = λ∇·u − αp − βT ([20, 47]), in which we include all the volumetric
contributions to the stress tensor.

We introduce the functional spaces V = H1
0(Ω), V = H1

0 (Ω), and Q = L2(Ω). Then, the weak
formulation of (1) reads: find (u, p, T, φ) ∈ V × V × V ×Q such that:

M((p, T, φ), (q, S, ψ)) + (Θ∇T,∇S)− (cf∇T · (K∇p), S) + (K∇p,∇q) + (2µϵ(u), ϵ(v))

+ (φ,∇ · v)− (∇ · u, ψ) = (H, s) + (g, q) + (f ,v),
(3)

for all (v, q, S, ψ) ∈ V × V × V ×Q where the bilinear formM : V × V ×Q→ R is given by:

M((p, T, φ), (q, S, ψ)) =Mp(p, q) +MT (T, S) +Mφ(φ,ψ) +MpT (T, q) +MpT (S, p)

+Mpφ(q, φ) +Mpφ(p, ψ) +MTφ(S, φ) +MTφ(T, ψ).

with:

Mp(p, q) = (cα p, q) , MT (T, S) = (aβ T, S) , Mφ(φ,ψ) =
1

λ
(φ,ψ),

MpT (S, q) = (bαβ S, q) , Mpφ(q, ψ) =
(α
λ
q, ψ

)
, MTφ(S, ψ) =

(
β

λ
S, ψ

)
.

where:

cα = c0 +
α2

λ
aβ = a0 +

β2

λ
bαβ = −b0 +

αβ

λ
.
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Remark 2. The convection term cf∇T · (K∇p) should not be tested by an H1-regular function,
since it is only in L1(Ω). However, it can be inferred from the thermal energy equation (1a) and the
assumption on the problem data that cf∇T · (K∇p) ∈ H−1(Ω), where H−1(Ω) is the dual space of V .
Therefore, the third term in the left-hand side of (3) has to be intended as the duality product

⟨cf∇T · (K∇p), S⟩H−1(Ω),H1
0 (Ω).

For additional details on the well-posedness of coupled Darcy and heat equations, we refer to [13].

3 Discretization

The aim of this section is to derive the PolyDG approximation of problem (1). We start by introducing
some preliminaries, then, we discuss the PolyDG scheme, in which we exploit the Weighted Symmetric
Interior Penalty formulation (WSIP) [32], in order to make the method able to cope with strong
heterogeneities in the physical coefficients. A particular focus will be devoted to the linearization and
stabilization procedures.

3.1 Preliminaries

The aim of this section is to introduce some instrumental assumptions and results on the PolyDG
method. For designing the PolyDG discretization of Problem (1) we start by introducing a polytopal
subdivision Th of the computational domain Ω and its features. An interface is defined as a planar,
simplicial subset of the intersection of the boundaries of any two neighboring elements of Th. In
the following, we denote with F , FI , and FB the set of faces, interior faces, and boundary faces,
respectively. In what follows, we introduce the main assumptions on the mesh Th [25, 27].

Definition 3.1 (Polytopic regular mesh). A mesh Th is said to be polytopic regular if ∀κ ∈ Th, there
exist a set of non-overlapping d-dimensional simplices contained in κ, denoted by {SF

κ }F⊂∂κ, such
that, for any face F ⊂ ∂κ the following condition holds: hκ ≲ d |SF

κ | |F |−1.

Assumption 3.1. Given {Th}h, h > 0, we assume that the following properties are uniformly satisfied:

A.1 Th is uniformly polytopic-regular;

A.2 For any neighbouring elements κ+, κ− ∈ Th, an hp-local bounded variation property holds, i.e.
hκ+ ≲ hκ− ≲ hκ+.

Note that the bounded variation hypothesis A.2 is introduced to avoid technicalities. Under A.1
the following inequality (trace-inverse inequality) holds [26]:

∥v∥L2(∂κ) ≤ Ctrh
− 1

2
κ ℓ ∥v∥L2(κ) ∀v ∈ Pℓ(κ) ∀κ ∈ Th,

where Pℓ(κ) is the space of polynomials of maximum degree equal to ℓ in κ, hκ is the diameter of
κ ∈ Th, and Ctr > 0 is independent of ℓ, hκ, the number of faces per element, and the relative size of
a face compared to the diamater of the element it belongs to.

For the sake of simplicity, we assume that the parameters Θ,K, µ, and cf are element-wise
constant. Then, we can introduce the following quantities:

Θκ =
(
|
√

Θ|κ|22
)
, Kκ =

(
|
√
K|κ|22

)
, µκ = µ|κ, cf,κ = cf |κ,

where | · |2 is the ℓ2-norm in Rd×d. We remark that this assumption is reasonable in the context of
groundwater flow models, where the data are derived through local measurements.
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3.2 The PolyDG-WSIP discrete problem

In this section, we present the WSIP method [32] and discuss its application to the THM problem.
The key ingredient of the method is to use weighted averages instead of arithmetic ones. The use
of weighted averages has been introduced for elliptic problems in [51] and then developed for dis-
continuous Galerkin methods (dG-WSIP) for dealing with advection-diffusion problems with locally
vanishing diffusion [32]. As one of the aims of this work is to inspect the robustness with respect to
the model’s coefficients, we use this modification of the standard PolyDG scheme.

For the definition of the WSIP method we introduce the weight function ω+ : FI → [0, 1] [32, 35–
37, 51]. Given an interior face F ∈ FI , we denote the values taken by ω+ and ω− = 1−ω+ on the face
F as ω|+F and ω|−F , respectively. Given the function ω we can introduce the notion of weighted averages
and jump operators, denoted with {{·}}ω and [[·]], and of normal jump, denoted by [[·]]n [10, 32]:

[[a]] = a+n+ + a−n−, [[a]] = a+ ⊙ n+ + a− ⊙ n−, [[a]]n = a+ · n+ + a− · n−,

{{a}}ω = ω+a+ + ω−a, {{a}}ω = ω+a+ + ω−a−, {{A}}ω = ω+A+ + ω−A−,

where a ⊙ n = anT , and a, a, A are (regular enough) scalar-valued, vector-valued, and tensor-
valued functions, respectively. The subscript ω in the weighted-average operator is omitted whenever
ω+ = ω− = 1/2. On boundary faces F ∈ FB, we set [[a]] = an, {{a}}ω = a, [[a]] = a ⊙ n, {{a}}ω =
a, [[a]]n = a · n, {{A}}ω = A. For the averages, this corresponds to consider ω± single-valued and
equal to 1.

We start deriving the PolyDG-WSIP formulation of problem (3) by intoducing the discrete spaces
that are used in the following. Given m, ℓ ≥ 1, we define:

Qm
h =

{
ψ ∈ L2(Ω) : ψ|κ ∈ Pm(κ) ∀κ ∈ Th

}
, V ℓ

h =
{
v ∈ L2(Ω) : v|κ ∈ Pℓ(κ) ∀κ ∈ Th

}
, Vℓ

h =
[
V ℓ
h

]d
.

The PolyDG-WSIP discretization of problem (3) reads: find (uh, ph, Th, φh) ∈ Vℓ
h × V ℓ

h × V ℓ
h × Qm

h

such that for all (vh, qh, Sh, φh) ∈ Vℓ
h × V ℓ

h × V ℓ
h ×Qm

h it holds

M((ph, Th, φh), (qh, Sh, ψh)) +AT
h (Th, Sh) + Ch(Th, ph, Sh) +A

p
h(ph, qh) +A

e
h(uh,vh)

− Bh(φh,vh) + Bh(ψh,uh) +Dh(φh, ψh) = ((f , g,H), (vh, qh, Sh)) ,
(4)

where the bilinear and trilinear forms are defined by:

AT
h (T, S) = (Θ∇hT,∇hS)−

∑
F∈F

∫
F

(
{{Θ∇hT}}ωΘ

·[[S]] + [[T ]]·{{Θ∇hS}}ωΘ
− σ [[T ]]·[[S]]

)
,

Ap
h(p, q) = (K∇hp,∇hq)−

∑
F∈F

∫
F

(
{{K∇hp}}ωK

·[[q]] + [[p]]·{{K∇hq}}ωK
− ξ [[p]]·[[q]]

)
,

Ae
h(u,v) = (2µϵh(u), ϵh(v))−

∑
F∈F

∫
F

(
{{2µϵh(u)}}ωµ

: [[v]] + [[u]] :{{2µϵh(v)}}ωµ
− ζ [[u]] : [[v]]

)
,

Bh(φ,v) = −(φ,∇h ·v) +
∑
F∈F

∫
F
{{φ}}·[[v]]n ,

Ch(T, p, S) =
(
− cf (K ∇hp) · ∇hT, S

)
−
∑
F∈FI

∫
F
({{−cf K∇hp}} · [[T ]]) {{S}}

+
1

2

∑
F∈F

∫
F
|{{−cf K∇hp}} · n| [[T ]]·[[S]]−

1

2

∑
F∈FB

∫
F
(−cf K∇hp) · nT S

Dh(φ,ψ) =
∑
F∈FI

∫
F
ϱ [[φ]]· [[ψ]] .

(5)

For all w ∈ V ℓ
h and w ∈ Vℓ

h, ∇hw and ∇h·w denote the broken differential operators whose restrictions
to each element κ ∈ Th are defined as ∇w|κ and ∇·w|κ, respectively, and ϵh(u) =

(
∇hu+∇hu

T
)
/2.

In (5) we set:

ω±
Θ =

δ∓Θn

δ+Θn
+ δ−Θn

, ω±
K =

δ∓Kn

δ+Kn
+ δ−Kn

, ω±
µ =

µ∓

µ+ + µ−
,
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where δ±Θn
= n±T

Θ± n±, δ±Kn
= n±T

K± n±. Note that, the PolyDG-WSIP method requires also a
different definition of penalty coefficients with respect to standard IP method [9, 26, 31, 56]. Thus,
the stabilization functions σ, ξ, ζ, ϱ ∈ L∞(Fh) appearing in (5) are defined according to [32] as:

σ =


α1γΘ max

κ∈{κ+,κ−}

(
ℓ2

hκ

)
F ∈ FI ,

α1Θκ
ℓ2

hκ
F ∈ FB,

ξ =


α2γK max

κ∈{κ+,κ−}

(
ℓ2

hκ

)
F ∈ FI ,

α2Kκ
ℓ2

hκ
F ∈ FB,

ζ =


α3γµ max

κ∈{κ+,κ−}

(
ℓ2

hκ

)
F ∈ FI ,

α3µκ
ℓ2

hκ
F ∈ FB,

ϱ =


α4 min

κ∈{κ+,κ−}

(
hκ
m

)
F ∈ FI ,

α4
hκ
m

F ∈ FB,

(6)

where α1, α2, α3, α4 ∈ R are positive constants to be properly defined, hκ is the diameter of the
element κ ∈ Th, and the coefficients γΘ, γK, γµ are given by:

γΘ =
δ+Θn

δ−Θn

δ+Θn
+ δ−Θn

, γK =
δ+Kn

δ−Kn

δ+Kn
+ δ−Kn

, γ±µ =
µ+ µ−

µ+ + µ−
.

We point out that in the discrete formulation above, we have decided to consider the same polynomial
degree for the spaces V ℓ

h and Vℓ
h, because we are mainly interested in approximation schemes yielding

the same accuracy for all the primary variables.

Remark 3. Note that, in (4), we have added an additional weakly consistent stabilization term Dh

for the total pressure following the dG discretization of the Stokes problem analyzed in [6].

4 Solution strategies

The aim of this section is to present three different solution strategies we can exploit for solving
problem (4). We first present the fixed-point strategy described in [17], then we extend two splitting
strategies presented in [23, 24] to the PolyDG approximation of the four-fields formulation of the
nonlinear TPE problem. All these algorithms are based on an iterative fashion, where the solution is
computed using the sequence (uk

h, p
k
h, T

k
h , φ

k
h) for k ≥ 0, where the iterate (u0

h, p
0
h, T

0
h , φ

0
h) is a (possibly

educated) initial guess.

The proposed algorithms rely on the decoupling of the subproblems involved in the physical
phenomena. In the following, we use the letters F, H, and M to denote the flow (1b), heat (1a), and
mechanics (1c) problems, respectively. We remark that, as a first approach, in the mechanics problem
we consider both the displacement u and the total-pressure φ as unknowns. Then, the subproblems
in the continuous form read:

F c0p−∇·(K∇p) = g + b0T − α∇·u
H a0T − cf∇T · (K∇p)−∇·(Θ∇T ) = H + b0p− β∇·u

M

{
−∇·(2µϵ(u) + φI) = f

φ− λ∇·u = −αp− βT

We start by presenting the fully-coupled scheme FHM – presented in Algorithm 1 – which only
results in a linearization procedure, coupled with a fixed-point iteration scheme, in which we ap-
proximate the nonlinear convective term as Ch(T k

h , p
k−1
h , Sh). The main challenge presented by this

algorithm is that is does require the solution of a large linear system generated by FHM at each
iteration k ≥ 0. We remark that, the FHM scheme is the solution strategy presented in [17].

We consider splitting schemes in which we either decouple all the subproblems and solve each
separately at every iteration (three-step algorithm) or decouple only one subproblem from the other
two which are then solved together (two-step algorithm). Following this notation, we refer to the
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Algorithm 1 FHM: the monolithic scheme

Input:

� X0
h = (u0

h, p
0
h, T

0
h , φ

0
h)→ initial condition, ▷ zero solution or solution to the linear problem

� tollabs, tollrel → tolerance for the absolute and relative errors (between successive iterations),

� nmax→ maximum number of iterations.

Output:

� Xh = (uh, ph, Th, φh)→ solution,

� k → iterations count for convergence

Initialize k ← 0, Eabs ← tollabs + 1, and Erel ← tollrel + 1

while Eabs > tollabs and Erel > tollrel and k < nmax do

given pkh, find Xk+1
h ∈ Vℓ

h × V ℓ
h × V ℓ

h ×Qm
h such that

M((pk+1
h , T k+1

h , φk+1
h ), (qh, Sh, ψh)) +AT

h (T
k+1
h , Sh) + Ch(T k+1

h , pkh, Sh) +Ap
h(p

k+1
h , qh)

+Ae
h(u

k+1
h ,vh)− Bh(φk+1

h ,vh) + Bh(ψh,u
k+1
h ) +Dh(φ

k+1
h , ψh) = ((f , g,H), (vh, qh, Sh))

compute Eabs ← ∥uk+1
h − uk

h∥+ ∥p
k+1
h − pkh∥+ ∥T

k+1
h − T k

h ∥+ ∥φ
k+1
h − φk

h∥
if ∥uk

h∥ ≠ 0 and ∥pkh∥ ≠ 0 and ∥T k
h ∥ ≠ 0 and ∥φk

h∥ ≠ 0 then

compute Erel ←
∥uk+1

h −uk
h∥

∥uk
h∥

+
∥pk+1

h −pk
h∥

∥pk
h∥

+
∥Tk+1

h −Tk
h ∥

∥Tk
h ∥ +

∥φk+1
h −φk

h∥
∥φk

h∥
else

assign Erel ← tollrel + 1

end if

update Xk
h ← Xk+1

h , k ← k + 1

end while

Set Xh ← Xk
h

fixed-point strategy in which we solve the linearized problem monolithically at every iteration as a
one-step algorithm. For instance, a two-step algorithm where the flow and mechanics subproblems
are solved together decoupled from the heat subproblem is referred to as FM-H and similarly for
other combinations of coupling/decoupling of the subproblems.

The two splitting schemes we propose are the FM-H and the F-H-M schemes and are presented
in Algorithm 2 and Algorithm 3, respectively. We remark that, in these schemes the F andH problems
are always decoupled. Following this strategy, we observe that the problem in which the temperature
is involved is always a linear problem, then we do not need to consider two nested iterative procedures
due to the splitting iterations together with the linearization algorithm to deal with the convective
nonlinear term.

For Algorithms 1- 3, we employ the following stopping criterion:

∑
x∈{uh,ph,Th,φh}

∥xk+1 − xk∥ ≤ tolla or
∑

x∈{uh,ph,Th,φh}

∥xk+1 − xk∥
∥xk∥

≤ tollr,

where tolla, tollr are suitable positive tolerances that can vary according to the employed solution
strategy.

5 Convergence analysis: F-H-M algorithm

The aim of this section is to present the main theoretical results related to the F-H-M splitting
solution strategy. We provide a discrete stability estimate and establish the convergence theorem
of the iterative procedure. The auxiliary lemmas and the proof of Theorem 5.1, Theorem 5.2 are
postponed to Section 8 for the sake of presentation. First, we introduce the dG-norms that appear in
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Algorithm 2 FM-H: coupled flow and mechanics

Input:

� X0
h = (u0

h, p
0
h, T

0
h , φ

0
h)→ initial condition, ▷ zero solution or solution to the linear problem

� tollabs, tollrel → tolerance for the absolute and relative errors (between successive iterations),

� nmax→ maximum number of iterations.

Output:

� Xh = (uh, ph, Th, φh)→ solution,

� k → iterations count for convergence

Initialize k ← 0, Eabs ← tollabs + 1, and Erel ← tollrel + 1

while Eabs > tollabs and Erel > tollrel and k < nmax do

Step 1: given T k
h , find (uk+1

h , pk+1
h , φk+1

h ) ∈ Vℓ
h × V ℓ

h ×Qm
h such that

Mp(p
k+1
h , qh) +Mφ(φ

k+1
h , ψh) +Mpφ(p

k+1
h , ψh) +Mpφ(qh, φ

k+1
h )

+Ap
h(p

k+1
h , qh) +Ae

h(u
k+1
h ,vh)− Bh(φk+1

h ,vh) + Bh(ψh,u
k+1
h )

+Dh(φ
k+1
h , ψh) = ((f , g), (vh, qh))−MpT (T

k
h , qh)−MTφ(T

k
h , ψ)

Step 2: given (uk+1
h , pk+1

h , φk+1
h ), find T k+1

h ∈ V ℓ
h such that

MT (T
k+1
h , Sh) +AT

h (T
k+1
h , Sh) + Ch(T k+1

h , pk+1
h , Sh)

= (H,Sh)−MpT (Sh, p
k+1
h )−MTφ(Sh, φ

k+1
h ).

compute Eabs ← ∥uk+1
h − uk

h∥+ ∥p
k+1
h − pkh∥+ ∥T

k+1
h − T k

h ∥+ ∥φ
k+1
h − φk

h∥
if ∥uk

h∥ ≠ 0 and ∥pkh∥ ≠ 0 and ∥T k
h ∥ ≠ 0 and ∥φk

h∥ ≠ 0 then

compute Erel ←
∥uk+1

h −uk
h∥

∥uk
h∥

+
∥pk+1

h −pk
h∥

∥pk
h∥

+
∥Tk+1

h −Tk
h ∥

∥Tk
h ∥ +

∥φk+1
h −φk

h∥
∥φk

h∥
else

assign Erel ← tollrel + 1

end if

update Xk
h ← Xk+1

h , k ← k + 1

end while

Set Xh ← Xk
h

the results:
∥S∥2dG,T = ∥

√
Θ ∇hS∥2 +

∑
F∈F
∥σ1/2 [[S]] ∥2F ∀ S ∈ V ℓ

h ,

∥q∥2dG,p = ∥
√
K ∇hq∥2 +

∑
F∈F
∥ξ1/2 [[q]] ∥2F ∀ q ∈ V ℓ

h ,

∥v∥2dG,e = ∥
√

2µ ϵh(v)∥2 +
∑
F∈F
∥ζ1/2 [[v]] ∥2F ∀ v ∈ Vℓ

h.

(7)

Theorem 5.1 (Stability of the discrete problem). Let the assumptions of the Lemmata 8.1, 8.2,
8.3, 8.4 below be satisfied and let the transport velocity η = −cfK∇hph ∈ Vℓ

h be such that

|η|dG,∞ ≲ a1 < a0,

with a1 > 0 defined in Lemma 8.4 and hidden constant independent of K, Θ. Moreover, let us
define the solution at step k as Xk

h = (uk
h, p

k
h, T

k
h , φ

k
h) ∈ Vℓ

h × V ℓ
h × V ℓ

h × Qm
h . Then, the solution

Xk+1
h ∈ Vℓ

h × V ℓ
h × V ℓ

h ×Qm
h to problem (4) satisfies the a-priori bound

(a0 − a1)∥Th∥2 + c0∥ph∥2 + B∥φh∥2 +
1

2
∥uh∥2dG,e + ∥ph∥2dG,p + ∥Th∥2dG,T ≲ RHS(f , g,H,Xk

h)

where RHS(·) is a suitable positive function and the hidden constant is independent of the conductivity
tensors K, Θ and the mesh size h.
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Algorithm 3 F-H-M: decoupled flow, heat, and mechanics

Input:

� X0
h = (u0

h, p
0
h, T

0
h , φ

0
h)→ initial condition, ▷ zero solution or solution to the linear problem

� tollabs, tollrel → tolerance for the absolute and relative errors (between successive iterations),

� nmax→ maximum number of iterations.

Output:

� Xh = (uh, ph, Th, φh)→ solution,

� k → iterations count for convergence

Initialize k ← 0, Eabs ← tollabs + 1, and Erel ← tollrel + 1

while Eabs > tollabs and Erel > tollrel and k < nmax do

Step 1: given (uk
h, T

k
h , φ

k
h), find p

k+1
h ∈ V ℓ

h such that

Mp(p
k+1
h , qh) +Ap

h(p
k+1
h , qh) = (g, qh)−MpT (T

k
h , qh)−Mpφ(qh, φ

k
h)

Step 2: given (uk
h, φ

k
h) and p

k+1
h , find T k+1

h ∈ V ℓ
h such that

MT (T
k+1
h , Sh) +AT

h (T
k+1
h , Sh) + Ch(T k+1

h , pk+1
h , Sh)

= (H,Sh)−MpT (Sh, p
k+1
h )−MTφ(Sh, φ

k
h)

Step 3: given (pk+1
h , T k+1

h ), find (uk+1
h , T k+1

h ) ∈ Vℓ
h × V ℓ

h such that

MT (T
k+1
h , Sh) +AT

h (T
k+1
h , Sh) + Ch(T k+1

h , pk+1
h , Sh)

= (H,Sh)−MpT (Sh, p
k+1
h )−MTφ(Sh, φ

k+1
h ).

compute Eabs ← ∥uk+1
h − uk

h∥+ ∥p
k+1
h − pkh∥+ ∥T

k+1
h − T k

h ∥+ ∥φ
k+1
h − φk

h∥
if ∥uk

h∥ ≠ 0 and ∥pkh∥ ≠ 0 and ∥T k
h ∥ ≠ 0 and ∥φk

h∥ ≠ 0 then

compute Erel ←
∥uk+1

h −uk
h∥

∥uk
h∥

+
∥pk+1

h −pk
h∥

∥pk
h∥

+
∥Tk+1

h −Tk
h ∥

∥Tk
h ∥ +

∥φk+1
h −φk

h∥
∥φk

h∥
else

assign Erel ← tollrel + 1

end if

update Xk
h ← Xk+1

h , k ← k + 1

end while

Set Xh ← Xk
h

Theorem 5.2 (Convergence of the iterative scheme). Let the assumptions of Theorem 5.1 hold.
Additionally, assume that for all k ≥ 1

β2

λ2
≳
a1
4
− 2, b1 ≲ 1, c1 ≥

b2αβ
2

+
α2

λ2
, |T k

h |dG,∞ ≲ c−1
fM

√√√√√a1

(
c1 −

b2αβ

2 −
α2

λ2

)
2(1 + C4

tr)
, (8)

with a1, b1, c1 > 0 defined in Lemma 8.4 and hidden constant independent of the model parameters.
Then, the F-H-M splitting strategy defined in Section 4 converges, namely

Vℓ
h × V ℓ

h × V ℓ
h ×Qm

h ∋ (eku, e
k
p, e

k
T , e

k
φ)→ 0 as k →∞.

6 Numerical results

The aim of this section is to assess the performance of the scheme in terms of accuracy and robustness.
For the two-dimensional simulations, the sequences of polygonal Voronoi meshes has been generated
with Polymesher [52]. All the penalty coefficients αi, i = 1, . . . , 4 in (6) are set equal to 10. The
simulations in the two-dimensional setting have been carried out in lymph [8], while we have used
FEniCS [2] for the three-dimensional ones.
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At iteration k ≥ 0,
given (uk, pk, T k, φk)

Solve F
→ pk+1

Solve H
→ T k+1

Solve M
→ uk+1, φk+1

Check convergence (u, p, T, φ)

(uk, pk+1, Tk, φk) (uk, pk+1, Tk+1, φk)

YesNo → k = k + 1

Figure 1: Graphical representation of the F-H-M splitting solution strategy

Thanks to the introduction of the total pressure stabilization term, we can use equal order ap-
proximations for the four unknowns of the problem. Thus, in every test we set ℓ = m and, for the
sake of simplicity, we make use only of the symbol ℓ to denote the polynomial degree.

6.1 Convergence Test in 2D

We start the analysis by assessing the performance of the method in terms of accuracy. We consider
problem (1) in the domain Ω = (0, 1)2 with the following manufactured analytical solution:

u(x, y) =

 sin(2πy) (cos(2πx)− 1) +
1

µ+ λ
sin(πx) sin(πy)

sin(2πx) (1− cos(2πy)) +
1

µ+ λ
sin(πx) sin(πy)

 ,

p(x, y) = sin(πx) sin(πy), T (x, y) = sin(πx) sin(πy),

through which we infer both the boundary conditions and forcing terms. The model coefficients are
reported in Table 2, see e.g., [44].

a0 [Pa/K2] 0.2 α [−] 0.1 µ, λ [Pa] 1, 20
b0 [K−1] 0.1 β [PaK−1] 0.1 K [m2 Pa−1 s−1] 1
c0 [Pa−1] 0.3 cf [PaK−2] 0.1 Θ [m2 PaK−2 s−1] 1

Table 2: Test case of Section 6.1: problem parameters for the convergence analysis.

The convergence of the PolyDG scheme is tested both with respect to the mesh size h and to the
polynomial degree ℓ. For the h-convergence a sequence of polygonal Voronoi meshes is considered
and we set the polynomial degree ℓ = 2. For what concerns the convergence with respect to ℓ and
for a fixed mesh size, we fix a computational mesh of 50 elements and vary the polynomial degree
ℓ = 1, 2, . . . , 8. In Figure 2, Figure 3 we show the computed errors in the L2- and dG-norms defined
as in (7) versus h and ℓ, respectively. In both cases, we observe that the results match the predicted
convergence rates in the framework of PolyDG spatial discretizations [7, Theorem 5.3].
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Figure 2: Convergence test vs h in 2D: computed errors in L2-norm (left column) and dG-norms (right column) versus
1/h (log-log scale).
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exp (−3ℓ)

Figure 3: Convergence test vs ℓ in 2D: computed errors in L2-norm (left column) and dG-norms (right column) versus
1/h (log-log scale).

For what concerns the convergence vs h we observe that, by using ℓ = 2, the L2- and dG-errors
for all the three unknowns go to zero as h3 and h2, respectively, as predicted by the theory (see
e.g., [7]). We point out that the lines representing the error trends for pressure and temperature
are superimposed. For what concerns the L2-errors, we achieve hℓ+1 convergence. Looking at the
convergence with respect to ℓ we see that in the two cases, both for the L2- and the dG-errors, we
observe an exponential decrease of the error.

We conclude this section by investigating the iteration counts that are needed for achieving the
desired convergence of the three different schemes. We observe that a trivial comparison of the
iteration counts of the three methods is not sufficient, since the specific iteration will have a different
computational cost. For the three methods we consider the same stopping criterion: we stop the
scheme when the norm of the absolute difference of two successive iterations is below 10−6 or when
the norm of the relative difference of two successive iterations is below 10−6 as in [23]. In Table 3,
Table 4 we display the iteration counts for the three methods and the corresponding speed-ups (for the
splitting solution strategies) in the h-convergence test and in the ℓ-convergence test, respectively. The
correspondiing computational times [s] can be found in A. First, we observe that all the three solution
strategy converge for every refinement considered and that the iteration counts are independent of the
number of elements in the mesh. We remark that this makes the solution strategies extremely scalable
with respect to Nel. For what concerns the convergence with respect to the mesh size h, we also notice
a significant speed-up for the two splitting solution strategies – that perform in a similar way – with
respect to FHM, while the speed-up is less evident in the convergence test vs the polynomial degree
of approximation. We observe that one of the reasons for which we obtain this speed-up relies in the
fact that lymph solves the resulting linear systems in a direct fashion. Indeed, in the splitting solution
strategies it is possible to store the factorization of the matrices related to F, M, and FM problems
computed at the first iteration and then exploit them in the remaining iterations.

Nel 50 100 310 1000 3100 10000 31000 100000

FHM #it 4 4 4 4 4 4 4 4

FM-H
#it 4 4 4 4 4 4 4 4

Speed-up 1.19 1.31 1.49 1.73 2.13 2.58 3.30 4.83

F-H-M
#it 3 3 3 3 3 3 3 3

Speed-up 0.46 1.31 1.59 1.91 2.29 2.86 3.69 4.93

Table 3: Convergence test vs h in 2D: iteration counts of the three solution algorithms for the convergence and speed-ups
of the splitting solution algorithms with respect to the FHM scheme versus the number of elements. The computational
times [s] are reported in A.
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ℓ 1 2 3 4 5 6 7 8

FHM #it 4 4 4 4 4 4 4 4

FM-H
#it 4 4 4 4 4 4 4 4

Speed-up 3.19 1.45 1.49 1.59 1.80 1.82 1.87 1.96

F-H-M
#it 4 4 4 4 4 4 4 4

Speed-up 3.49 1.41 1.37 1.44 1.58 1.51 1.17 1.13

Table 4: Convergence test vs ℓ in 2D: iteration counts of the three solution algorithms for the convergence and speed-ups
of the splitting solution algorithms with respect to the FHM scheme versus the polynomial degree of approximation.
The computational times [s] are reported in A.

6.2 Convergence Test in 3D

We now assess the performance of the solution strategies, in terms of accuracy and computational
costs, in a three-dimensional setting. We consider problem (1) in the domain Ω = (0, 1)3 with the
following manufactured analytical solution:

u(x, y) =


2(cos(2πx)− 1) sin(2πy) sin(2πz) +

1

µ+ λ
sin(πx) sin(πy) sin(2πz)

sin(2πx) (1− cos(2πy)) sin(2πz) +
1

µ+ λ
sin(πx) sin(πy) sin(2πz)

sin(2πx) sin(2πy) (1− cos(2πz)) +
1

µ+ λ
sin(πx) sin(πy) sin(2πz)

 ,

p(x, y) = sin(πx) sin(πy) sin(πz), T (x, y) = sin(πx) sin(πy) sin(πz),

through which we infer the boundary conditions and forcing terms. The model coefficients are reported
in Table 2 and are the same of Section 6.1. The convergence of the DG scheme is tested with respect
to the mesh size h. To this aim, a sequence of theatrahedral meshes is considered and we set the
polynomial degree ℓ = 1. In Figure 4 we show the computed errors in the L2- and dG-norms defined
as in (7) versus h and and we observe that the results match the predicted convergence rates in the
framework of PolyDG spatial discretizations [7, Theorem 5.3]. Indeed, we observe that, by using
ℓ = 1, the L2- and dG-errors for all the three unknowns go to zero as h2 and h, respectively.
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Figure 4: Convergence test vs h in 3D: computed errors in L2-norm (left column) and dG-norms (right column) versus
1/h (log-log scale).

As before, we conclude this section by investigating the iteration counts for the three different
schemes and the associated speed-ups. We consider the same stopping criterion as in Section 6.1. In
Table 5, we display the iteration counts needed for the convergence of the three methods and the speed-
ups (for the splitting solution strategies) in the h-convergence test. The corresponding computational
times [s] can be found in A. As observed for the two-dimensional setting, we can appreciate the
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scalability of the solution algorithms with respect to the considered number of elements. Also in this
case we observe a good speed-up, especially for the F-H-M strategy, even if it is less evident with
respect to the the two-dimensional setting.

Remark 4. In this setting, the linear systems cannot be solved with a direct method, but an iterative
solver needs to be introduced. To compare the different solution strategies without influencing the
results by the solvers of the individual subproblems, we consider the solution of all linear systems using
GMRES with an ILU preconditioner. We note that a more extensive investigation could be conducted
for the individual subproblems, also taking into account the robustness of the solution strategies with
respect to the model’s physical parameters (cf. 6.3). The implementation of these techniques would
improve the performance of splitting methods compared to the FHM strategy, allowing us to achieve
a larger speed-up. This will be the subject of future work.

Nel 48 1296 6000 16464 34992 63888 105456 162000

FHM #it 3 3 3 4 4 4 4 4

FM-H
#it 3 3 3 3 3 3 3 3

Speed-up 1.05 1.39 1.39 1.69 1.73 1.73 1.64 1.60

F-H-M
#it 3 3 3 3 3 3 3 3

Speed-up 1.00 1.82 1.91 2.38 2.48 2.41 2.56 3.07

Table 5: Convergence test vs h in 3D: iteration counts of the three solution algorithms for the convergence and speed-ups
of the splitting solution algorithms with respect to the FHM scheme versus the number of elements. The computational
times [s] are reported in A.

6.3 Robustness test

The aim of this Section is to investigate the robustness properties of the solution strategies. In [7]
the robustness of the four-fields PolyDG approximation of the TPE problem, coupled with the fixed-
point iteration strategy (cf. FHM scheme) has already been addressed for the quasi-static problem.
Moreover, in [17] the robustness of this formulation has been studied for the steady problem, with a
particular focus on the nonlinear convection term. We focus on the four test (inspired by [7, 44]) listed
in Table 6, while the parameters α, β, µ, and cf are chosen as in Table 2. The space discretization
parameters and the stopping criterion are chosen as in the h-convergence test case presented in
Section 6.1.

Coefficient Test (i) Test (ii) Test (iii) Test (iv)

a0 [PaK−2] 0 0.2 0.2 0.2
b0 [K−1] 0 0.1 0.1 0.1
c0 [Pa−1] 0 0.3 0.3 0.3
λ [Pa] 109 1 1 1
K [m2 Pa−1 s−1] I 10−9I I 10−9I
Θ [m2 PaK−2 s−1] I 10−9I 10−9I I

Table 6: Test cases of Section 6.3: problem parameters for the robustness analysis.

We recall that increasing the value of the first Lamè coefficient λ ≫ 1 means going towards
the quasi-incompressible limit. In Figure 5 we report the results of the robustness tests for the three
solution strategies. Along the rows of Figure 5 we report the dG-errors for the displacement, pressure,
and temperature fields, respectively, while along the columns we report the errors for the same field
in different model parameters’ configurations. Then, for every subplot of Figure 5 we compare the
performance of the three solution strategies keeping fixed the test case and the unknown of interest.
First, we notice that for (almost) all the test cases and for all the unknowns the computed results
for the three schemes are very similar. The only exception is the first test case (iv) for which the
FHM fails in solving the last refinement. However, the results for previous mesh levels are the
same for the three schemes. In terms of robustness of the method, the results are coherent with our
expectations and with what has been observed in [7, 17]. Indeed, the schemes are robust in all the
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four tested scenarios and we always achieve convergence with the desired convergence rate, i.e. hℓ (as
already shown in Section 6.1, Section 6.2). By looking at the absolute values of the errors, we observe
that the displacement-error values are the same for all the tests. For what concerns the pressure
and temperature errors, we notice that their values are also affected by the absolute values of the
conductivity tensors, that enter in the definition of the dG-norms, cf. (7). We remark that, with
the stabilized convective trilinear form, we have achieve convergence also in the advection-dominated
regime (iii). The results are in agreement with what observed in [7, 17].
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Figure 5: Robustness test: computed errors in dG-norms versus 1/h (log-log scale) for the displacement field (left
column), pressure field (middle column), and temperature field (right column) for test case (i) (first row), test case (ii)
(second row), test case (iii) (third row), and test case (iv) (fourth row).
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In Table 7– 10 we report the iteration counts for the convergence of the three methods and the
computed speed-ups (for the splitting schemes) versus the number of elements. The corresponding
computational times [s] can be found in A. As already observed for the convergence test, we see
that all the solution strategies are scalable with respect to the number of elements, as the iteration
counts for achieving convergence are independent with respect to the number of elements considered
in the mesh. Second, we observe that in the first three tests – especially in (i), (iii) – we achieve
a remarkable speed-up with the use of splitting strategies with respect to the FHM scheme. There
is no clear evidence that one of the two splitting strategies can guarantee better results in terms of
computational times, but it seems that when very small coefficients appear in the model, keeping
the coupling and not splitting the overall problem can give better results with respect to solving
the subproblems separately. We remark that these considerations are in agreement with the theory
developed in [7]. This is more evident in the test case (iv), where the FHM performs better in
the first refinements with respect to the splitted strategies. However, we observe that considering a
splitting scheme gets more and more advantageous when increasing the number of elements. Indeed,
in the last refinement, we are not able to solve the problem with the monolithic scheme, but we achieve
convergence with the splitting ones.

Nel 50 100 310 1000 3100 10000 31000 100000

FHM #it 5 3 3 3 3 3 3 3

FM-H
#it 3 3 3 3 3 3 3 3

Speed-up 1.59 1.30 1.45 1.64 1.98 2.34 2.91 4.12

F-H-M
#it 2 2 2 2 2 2 2 2

Speed-up 0.57 1.39 1.66 2.00 2.40 2.99 3.91 5.23

Table 7: Robustness test (i): iteration counts of the three solution algorithms for the convergence and speed-ups of the
splitting solution algorithms with respect to the FHM scheme versus the number of elements. The computational times
[s] are reported in A.

Nel 50 100 310 1000 3100 10000 31000 100000

FHM #it 2 2 2 2 2 2 2 2

FM-H
#it 4 4 4 4 4 4 4 4

Speed-up 0.83 0.88 0.97 1.07 1.24 1.46 1.79 2.86

F-H-M
#it 5 5 5 5 5 5 5 5

Speed-up 0.28 0.67 0.73 0.80 0.92 1.0656 1.29 1.93

Table 8: Robustness test (ii): iteration counts of the three solution algorithms for the convergence and speed-ups of
the splitting solution algorithms with respect to the FHM scheme versus the number of elements. The computational
times [s] are reported in A.

Nel 50 100 310 1000 3100 10000 31000 100000

FHM #it 5 5 5 5 5 5 5 5

FM-H
#it 5 5 5 5 5 5 5 5

Speed-up 1.17 1.33 1.53 1.81 2.27 2.82 3.67 5.59

F-H-M
#it 5 4 5 5 5 5 5 5

Speed-up 0.44 1.33 1.33 1.56 1.88 2.32 2.94 4.06

Table 9: Robustness test (iii): iteration counts of the three solution algorithms for the convergence and speed-ups of
the splitting solution algorithms with respect to the FHM scheme versus the number of elements. The computational
times [s] are reported in A.
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Nel 50 100 310 1000 3100 10000 31000 100000

FHM #it 2 2 2 2 2 2 2 −

FM-H
#it 3 3 3 3 3 3 3 3

Speed-up 0.48 0.49 0.54 0.60 0.71 0.86 1.21 −

F-H-M
#it 2 2 2 2 2 2 2 2

Speed-up 0.21 0.39 0.42 0.45 0.50 0.57 0.74 −

Table 10: Robustness test (iv): iteration counts of the three solution algorithms for the convergence and speed-ups of
the splitting solution algorithms with respect to the FHM scheme versus the number of elements. The computational
times [s] are reported in A.

7 Geothermal test case in three-dimensions

In this section we present the results for a realistic model problem inspired by geothermal energy
production [7]. We consider a box domain Ω = (0, 4km) × (0, 2km) × (0, 2km) and we discretize it
with a tetrahedral mesh. We consider different levels of refinement for the mesh: 96000 tetrahedrons
with mesh size h ∼ 0.17km, 324000 tetrahedrons with mesh size h ∼ 0.12km, 768000 tetrahedrons
with mesh size h ∼ 0.09km, and 1500000 tetrahedrons with mesh size h ∼ 0.07km. The approximation
degree is ℓ = 1. On top of these meshes, we compare the performance of the three algorithms FHM,
FM-H, and F-H-M. In order to mimic the injection and extraction of a fluid (e.g. water) in the
subsoil we impose the following set of boundary conditions:

u = 0, p = pinj, T = Tinj, on Γinj,

u = 0, p = pext, γ(T − Tref) +Θ∇T · n = 0, on Γext,

σn = 0, K∇p · n = 0, γ(T − Tref) +Θ∇T · n = 0, on ∂Ω \ (Γinj ∪ Γext) ,

where the parameter γ is taken equal to 0.05, Tref = 20◦C, Γinj = {0} × (0, 2km) × (0, 2km), and
Γext = {4km} × (0, 2km) × (0, 2km). The injection temperature profile is taken as and Tin take the
following general form

ϕ(y, z) =



ϕm if 0 ≤ y < a,

ϕm + ϕM−ϕm

2

(
1− cos

(
π x−a

b−a

))
if a ≤ y < b,

ϕM if b ≤ y < c,

ϕm + ϕM−ϕm

2

(
1− cos

(
π x−c

d−c

))
if c ≤ y < d,

ϕm if d ≤ y ≤ e,

with the following choice of parameters

Tinj = −ϕ(x) with (a, b, c, d, e, ϕm, ϕM ) = (0.7km, 0.9km, 1.1km, 1.3km, 2km, 0◦C, 100◦C).

We supplement our problem with zero loading terms f , g, h, zero initial conditions (u0, p0, T0). We
perform the simulations with a realistic choice of parameters, in particular they are taken identical to
[16, 17, 23], their values are reported in Table 11.

a0 [MPa/K2] 4.6 · 10−5 α [−] 1.0 µ, λ [MPa] 2.475 · 102, 1.65 · 102
b0 [K−1] 3.03 · 10−11 β [MPaK−1] 4.5 · 10−1 K [km2 MPa−1 ms−1] 9.87 · 10−8I
c0 [MPa−1] 3.03 · 10−4 cf [MPaK−2] 4.186 Θ [km2 MPaK−2 ms−1] 1.7 · 10−3

Table 11: Geothermal test case in three dimensions: problem parameters for the geothermal energy production test case

In Figure 6 we report the results for the geothermal test case in a three-dimensional setting solved
with the F-H-M solution strategy on 1.5 millions of elements (total number of degrees of freedom
3.6 · 107). First, we observe that the injected fluid is rapidly brought to the reference temperature by
the system (cf. Figure 6 (bottom-left)). Second, by looking at the pressure field (cf. Figure 6 (bottom-
right)) we observe a zone of high-pressure in the inflow region. Last, by looking at the displacement
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Figure 6: Test case of Section 7: computed displacement field in y- (top-left) and z− (top-right) directions, computed
temperature field (bottom-left), and pressure-field (bottom-right). The domain is clipped at x = 0.05 and the two slices
are at y = 0.9 and z = 1.1. The deformation is magnified by a factor 150. The solution strategy is the F-H-M scheme
and the solution is computed over 1.5 millions of elements (total number of degrees of freedom 3.6 · 107).

field, we observe that the injection of cold fluid induces a negative displacement in the x-direction in
the inflow region and it induces a tighting of the porous media in the y- and z-direction. This particular
phenomena is triggered by the temperature gradient of the fluid and it highlights the importance of
taking into account the thermal coupling with the more classical poroelastic model. These results
are in agreement with the ones presented in [7]. We remark that, for the sake of representation, in
Figure 6 the deformations of the domain are scaled by an appropriate factor (indicated in the figures
caption). No particular differences are observed between the results of the FHM and the F-H-M
schemes, consistent with what was observed in the previous Sections. For what concerns the FM-H
scheme, we can notice that the simulation captures the most important behaviours of the solution
(e.g., the shrinking of the domain in the inflow region), but the results are slightly different with
respect to the other two solution strategies.
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Figure 7: Test case of Section 7: computed displacement field in y- (top-left) and z− (top-right) directions, computed
temperature field (bottom-left), and pressure-field (bottom-right). The domain is clipped at x = 0.05 and the two slices
are at y = 0.9 and z = 1.1. The deformation is magnified by a factor 150. The solution strategy is the FM-H scheme
and the solution is computed over 768 thousands of elements.

Nel 96000 324000 768000 1500000

FHM #it 3 3 − −

FM-H
#it 5 5 5 −

Speed-up 1.76 1.89 − −

F-H-M
#it 18 18 18 18

Speed-up 0.24 0.28 − −

Table 12: Geothermal test case in three dimensions: iteration counts of the three solution algorithms for the convergence
and speed-ups of the splitting solution algorithms with respect to the FHM scheme versus the number of elements. The
computational times [s] are reported in A.

In Table 12 we report the iteration counts and the computed speed-ups for the solution of the
test case considered different number of elements and different solution strategies. The computational
times [s] can be found in A. First, we observe that the iteration counts needed by the schemes for
solving the problem is independent by the number of elements of the mesh (moreover, we remark
that the tolerances of the fixed-point and of the splitting strategies are independent of the mesh size).
Second, we observe that the FM-H solution strategy is the one that performs the best in terms
of computational times, while the F-H-M is the one that performs the worst. These results are
in agreement with the theoretical results presented in [7], where it is clear that the complete fully-
coupling of the four-field PolyDG formulation for this problem can enhance the robustness properties
of the method. However, it is important to highlight that, despite being the scheme with the worst
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Figure 8: Test case of Section 7: computed displacement field in y- (top-left) and z− (top-right) directions, computed
temperature field (bottom-left), and pressure-field (bottom-right). The domain is clipped at x = 0.05 and the two slices
are at y = 0.9 and z = 1.1. The deformation is magnified by a factor 150. The solution strategy is the FHM scheme
and the solution is computed over 96 thousands of elements.

performance in terms of computational times, the F-H-M is the only scheme that can be employed
for the solution of the last refinement considered, while the FHM and FM-H shows memory issues
after 324000 and 768000 elements, respectively.

8 Theoretical convergence analysis

We recall that the well-posedness of problem (1), (4), and the convergence of the FHM fixed-point
strategy have already been addressed in [7, 17, 22]. The aim of this section is to prove the stability and
the convergence of the proposed splitting schemes. More specifically, we focus on the F-H-M scheme,
since the convergence of the FM-H scheme follows by applying similar arguments. We remark that
the proof of convergence of these schemes can be easily extended to the quasi-static problem, where
the splitting iterations are employed at every time-step. Similarly to the results obtained in [17], for
the quasi-static problem the conditions on the the problem parameters for ensuring the convergence
of the schemes, can be translated into a condition on the smallness of the time-step.

8.1 Preliminaries

For starting the analysis on the convergence of the F-H-M splitting scheme, we introduce some
auxiliary lemmata; the proof, when not explicitly stated, can be found in [6, 7, 17].
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Lemma 8.1. Let Assumptions 2.1 and 3.1 be satisfied and assume that the parameters α1, α2, and
α3 appearing in (6) are chosen large enough. Then, the following bounds hold:

AT
h (T, S) ≲ ∥T∥dG,T ∥S∥dG,T , AT

h (T, T ) ≳ ∥T∥2dG,T ∀ T, S ∈ V ℓ
h ,

Ap
h(p, q) ≲ ∥p∥dG,p∥q∥dG,p, Ap

h(p, p) ≳ ∥p∥
2
dG,p ∀ p, q ∈ V ℓ

h ,

Ae
h(u,v) ≲ ∥u∥dG,e∥v∥dG,e, Ae

h(u,u) ≳ ∥u∥2dG,e ∀ u,v ∈ Vℓ
h,

where the hidden constants do not depend on the material properties and the discretization parameters.

Lemma 8.2. Let assume that Assumption 3.1 holds and that the polynomial degrees ℓ and m satisfy
ℓ+1 ≥ m. Moreover assume that the parameter α4 in (6) is large enough. Then, following inequality
holds true:

sup
0 ̸=vh∈Vℓ

h

Bh(vh, φh)

∥vh∥DG,e
+Dh(φh, φh)

1
2 ≥ B∥φh∥ ∀φh ∈ Qm

h ; (9)

where B > 0 is possibly dependent on ℓ and m and the hidden constant is independent of the mesh
size h.

Lemma 8.3. Given Assumption 3.1, for all vh ∈ Vℓ
h we define the broken L∞ seminorm as

|vh|dG,∞ = ∥∇hvh∥L∞(Ω) +max
F∈F

max
κ∈{κ+,κ−}

ℓ2

hκ
∥ [[vh]] ∥L∞(F )

then
C(Th, ph, Th) ≳ −|cfK∇hph|dG,∞∥Th∥2 ∀Th ∈ V ℓ

h

Lemma 8.4. Let Assumptions 2.1 and 3.1 be satisfied. Moreover, assume that α4 in (6) is taken
large enough, and let ℓ+ 1 ≥ m. Additionally, assume that at least two of the following requirements
are verified:

(i) b0 ≥ bm > 0 (ii) a0 − b0 ≥ am > 0 (iii) c0 − b0 ≥ cm > 0 (iv) λ < λM <∞

Then, there exist strictly positive constants a1, b1, and c1 such that

a1∥Th∥2 + b1∥φh∥2 + c1∥ph∥2 ≲M((ph, Th, φh), (ph, Th, φh)) +Dh(φh, φh) + ∥uh∥2dG,e + ∥f∥2.

8.2 Proof of Theorem 5.1

In the following, we report the proof of Theorem 5.1, that investigates the stability of the F-H-M
problem.

Proof. We start the proof by focusing on the fluid equation Algorithm 3–Step1 . To this aim, we take
(vh, qh, Sh, ψh) = (0, pk+1

h , 0, 0) as test function. This choice leads to:

Mp(p
k+1
h , pk+1

h ) +Ap
h(p

k+1
h , pk+1

h ) = (g, pk+1
h )−MpT (T

k
h , p

k+1
h )−Mpφ(p

k+1
h , φk

h),

by using Lemma 8.1 and Young’s inequality we obtain

cα
2
∥pk+1

h ∥2 + ∥pk+1
h ∥2dG,p ≲

1

2cα

∥∥∥g − bαβ T k − α

λ
φk
∥∥∥2 ,

from which we can infer a bound for the L2-norm of the pressure, that reads:

∥pk+1
h ∥2 ≲ 1

c2α

∥∥∥g − bαβ T k − α

λ
φk
∥∥∥2 . (10)

We now take (vh, qh, Sh, ψh) = (0, 0, T k+1
h , 0) as test function in Algorithm 3–Step2 :

MT (T
k+1
h , T k+1

h ) +AT
h (T

k+1
h , Sh) + Ch(T k+1

h , pk+1
h , Sh) = (H,Sh)−MpT (Sh, p

k+1
h )−MTφ(Sh, φ

k
h),
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By using Lemma 8.1, Lemma 8.3, Young inequality, and triangle inequality, we get:

aβ − a1
2
∥T k+1

h ∥2 + ∥T k+1
h ∥2dG,T ≲

1

2(aβ − a1)

∥∥∥∥H − β

λ
φk

∥∥∥∥2 + bαβ
2(aβ − a1)

∥∥∥pk+1
∥∥∥2 ,

and by using (10), we obtain:

aβ − a1
2
∥T k+1

h ∥2 + ∥T k+1
h ∥2dG,T ≲

1

2(aβ − a1)

(∥∥∥∥H − β

λ
φk

∥∥∥∥2 + bαβ
c2α

∥∥∥g − bαβ T k − α

λ
φk
∥∥∥2) ,

that yields:

∥T k+1
h ∥2 ≲ 1

(aβ − a1)2

∥∥∥∥H − β

λ
φk

∥∥∥∥2 + bαβ
c2α (aβ − a1)2

∥∥∥g − bαβ T k − α

λ
φk
∥∥∥2 . (11)

In the last step of the proof we derive a control for the displacement and the pseudo-total pressure.
Taking (vh, qh, Sh, ψh) = (vh, 0, 0, 0) as test function in Algorithm 3–Step3 we obtain:

Bh(φk+1
h ,vh) = Ae

h(u
k+1
h ,vh)− (f ,vh) . (12)

Plugging (12) into Lemma 8.2, using Lemma 8.1, and using the discrete Poincaré-Korn inequality
[19], we get [17]:

B2∥φk+1
h ∥2 ≲ D(φk+1

h , φk+1
h ) + ∥uk+1

h ∥2dG,e + µ−1
m ∥f∥2.

We now consider (vh, qh, Sh, ψh) = (uk+1
h , 0, 0, φk+1

h ) as test function in Algorithm 3–Step3 :

Mφ(φ
k+1
h , φk+1

h ) +Ae
h(u

k+1
h ,uk+1

h ) +Dh(φ
k+1
h , φk+1

h )

=
(
f ,uk+1

h

)
−Mpφ(p

k+1
h , φk+1

h )−MTφ(T
k+1
h , φk+1

h ).

We observe that, thanks to (9), we have:

∥uk+1
h ∥2dG,e +Dh(φ

k+1
h , φk+1

h ) ≳
B
4
∥φk+1

h ∥2 − µ−1
m

4
∥f∥2 + 3

4
∥uk+1

h ∥2dG,e

that leads to:(
1

2λ
+

B
4

)
∥φk+1

h ∥2 + 1

2
∥uk+1

h ∥2dG,e ≲

(
1

CK
+
µ−1
m

4

)
∥f∥2 + α2

λ
∥pk+1

h ∥2 + β2

λ
∥T k+1

h ∥2. (13)

By plugging (10), (11) into (13), we get obtain our result.

8.3 Proof of Theorem 5.2

We conclude the section by proving the convergence of the splitting solution strategy, cf. Theorem 5.2.
Our aim is to show that the difference of approximations at two successive iterations defines is a
contracting sequence. We start by deriving the error equations. Let (uk+1

h , pk+1
h , T k+1

h , φk+1
h ) and

(uk
h, p

k
h, T

k
h , φ

k
h) be the solutions to F-H-M at the (k + 1)th and kth iterations, respectively. For all

k ≥ 1, we define:

δku = uk+1
h − uk

h, δkp = pk+1
h − pkh, δkT = T k+1

h − T k
h , δkφ = φk+1

h − φk
h.

Then, it can be observed that (δku, δ
k
p , δ

k
T , δ

k
φ) ∈ Vℓ

h × V ℓ
h × V ℓ

h ×Qm
h solves the problem:

Mp(δ
k
p , qh) +A

p
h(δ

k
p , qh) +MT (δ

k
T , Sh) +AT

h (δ
k
T , Sh) + Ch(T k+1

h , pk+1
h , Sh)− Ch(T k

h , p
k
h, Sh)

+Mφ(δ
k
φ, ψh) +Ae

h(δ
k
u,vh)− Bh(δkφ,vh) + Bh(ψh, δ

k
u) +Dh(δ

k
φ, ψh) = −MpT (δ

k−1
T , qh)

−Mpφ(qh, δ
k−1
φ )−MpT (Sh, δ

k
p)−MTφ(Sh, δ

k−1
φ )−Mpφ(δ

k
p , ψh)−MTφ(δ

k
T , ψh).
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Now, we add and subtract the terms ±Ch(T k
h , p

k+1
h , Sh) and we obtain

Mp(δ
k
p , qh) +MT (δ

k
T , Sh) +Mφ(δ

k
φ, ψh) +MpT (Sh, δ

k
p) +Mpφ(δ

k
p , ψh) +MTφ(δ

k
T , ψh)

+Ap
h(δ

k
p , qh) +AT

h (δ
k
T , Sh) +Ae

h(δ
k
u,vh) + Ch(δkT , pk+1

h , Sh)− Ch(T k
h , δ

k
p , Sh)− Bh(δkφ,vh)

+ Bh(ψh, δ
k
u) +Dh(δ

k
φ, ψh) = −MpT (δ

k−1
T , qh)−Mpφ(qh, δ

k−1
φ )−MTφ(Sh, δ

k−1
φ ).

(14)

We can now proceed with the proof of Theorem 5.2.

Proof. We start the proof by setting (vh, qh, Sh, ψh) = (δku, 0, 0, 0) in (14) for bounding δkφ, i.e.,

Ae
h(δ

k
u, δ

k
u)− Bh(δkφ, δku) = 0.

As in the proof of Theorem 5.1, this leads to:

B2∥δkφ∥2 ≲ Dh(δ
k
φ, δ

k
φ) + ∥δku∥2dG,e.

Then, we can use Lemma 8.3 to obtain −a1
2 ∥δ

k
T ∥2 ≲ Ch(δkT , pkh, δkT ), from which we can infer:

a1
2
∥δkT ∥2 + b1∥δkφ∥2 + c1∥δkp∥2 + ∥δku∥2dG,e + ∥δkT ∥2dG,T + ∥δkp∥2dG,p ≲ a1∥δkT ∥2 + b1∥δkφ∥2

+c1∥δkp∥2 + ∥δku∥2dG,e + ∥δkT ∥2dG,T + ∥δkp∥2dG,p + Ch(δkT , pkh, δkT ),
(15)

by summing the same terms at left and right hand side. We can rearrange (15) to obtain:

a1
2
∥δkT ∥2 + b1∥δkφ∥2 + c1∥δkp∥2 + ∥δku∥2dG,e + ∥δkT ∥2dG,T + ∥δkp∥2dG,p ≲M((δkp , δ

k
T , δ

k
φ), (δ

k
p , δ

k
T , δ

k
φ))

+Dh(δ
k
φ, δ

k
φ) +Ae

h(δ
k
u, δ

k
u) +AT

h (δ
k
T , δ

k
T ) +A

p
h(δ

k
p , δ

k
p) + Ch(δkT , pkh, δkT ),

(16)

We now set (vh, qh, Sh, ψh) = (δku, δ
k
p , δ

k
T , δ

k
φ) in (14), to obtain:

Mp(δ
k
p , δ

k
p) +MT (δ

k
T , δ

k
T ) +Mφ(δ

k
φ, δ

k
φ) +MpT (δ

k
T , δ

k
p) +Mpφ(δ

k
p , δ

k
φ) +MTφ(δ

k
T , δ

k
φ)

+Ap
h(δ

k
p , δ

k
p) +AT

h (δ
k
T , δ

k
T ) +Ae

h(δ
k
u, δ

k
u) + Ch(δkT , pk+1

h , δkT )− Ch(T k
h , δ

k
p , δ

k
T ) +Dh(δ

k
φ, δ

k
φ) =

−MpT (δ
k−1
T , δkp)−Mpφ(δ

k
p , δ

k−1
φ )−MTφ(δ

k
T , δ

k−1
φ ).

(17)

We can now sum and subtractMpT (δ
k
T , δ

k
p),Mpφ(δ

k
p , δ

k
φ),MTφ(δ

k
T , δ

k
φ) in (17) to get:

M((δkp , δ
k
T , δ

k
φ), (δ

k
p , δ

k
T , δ

k
φ)) +A

p
h(δ

k
p , δ

k
p) +AT

h (δ
k
T , δ

k
T ) +Ae

h(δ
k
u, δ

k
u) + Ch(δkT , pk+1

h , δkT ) +Dh(δ
k
φ, δ

k
φ)

= Ch(T k
h , δ

k
p , δ

k
T )−MpT (δ

k
T − δk−1

T , δkp)−Mpφ(δ
k
p , δ

k
φ − δk−1

φ )−MTφ(δ
k
T , δ

k
φ − δk−1

φ ).

that combined with (16) leads to:

a1
2
∥δkT ∥2 + b1∥δkφ∥2 + c1∥δkp∥2 + ∥δku∥2dG,e + ∥δkT ∥2dG,T + ∥δkp∥2dG,p ≲

Ch(T k
h , δ

k
p , δ

k
T )−MpT (δ

k
T − δk−1

T , δkp)−Mpφ(δ
k
p , δ

k
φ − δk−1

φ )−MTφ(δ
k
T , δ

k
φ − δk−1

φ ).
(18)

We are now left to bound the right hand side of (18). We start by the trilinear form, that can be
treated as in [17], while the bilinear forms can be bounded as follows:

(ak+1 − ak, b) ≤ ϵ∥b∥2 + 1

2ϵ
∥ak+1∥2 + 1

2ϵ
∥ak∥2,

where we have used the Cauchy-Schwartz’s, the Young’s, and parallelogram inequalities. The terms
that appear at right hand side of (18) are then bounded as follows:

| Ch(T k
h , δ

k
p , δ

k
T ) | ≲

a1
2ϵc
∥δkT ∥2 +

ϵc c
2
fM

(1 + C4
tr)

a1
|T k

h |2dG,∞∥δkp∥2,

| −MpT (δ
k
T − δk−1

T , δkp) | ≤ ϵpT ∥δkp∥2 +
b2αβ
2ϵpT

∥δkT ∥2 +
b2αβ
2ϵpT

∥δk−1
T ∥2,

| −Mpφ(δ
k
p , δ

k
φ − δk−1

φ ) | ≤ ϵpφ∥δkp∥2 +
α2

2λ2ϵpφ
∥δkφ∥2 +

α2

2λ2ϵpφ
∥δk−1

φ ∥2,

| −MTφ(δ
k
T , δ

k
φ − δk−1

φ ) | ≤ ϵTφ∥δkT ∥2 +
β2

2λ2ϵTφ
∥δkφ∥2 +

β2

2λ2ϵTφ
∥δk−1

φ ∥2

(19)

23



By plugging (19) into (18) we obtain:

a1
2
∥δkT ∥2 + b1∥δkφ∥2 + c1∥δkp∥2 + ∥δku∥2dG,e + ∥δkT ∥2dG,T + ∥δkp∥2dG,p ≲

a1
2ϵc
∥δkT ∥2

+
ϵc c

2
fM

(1 + C4
tr)

a1
|T k

h |2dG,∞∥δkp∥2 + ϵpT ∥δkp∥2 +
b2αβ
2ϵpT

∥δkT ∥2 +
b2αβ
2ϵpT

∥δk−1
T ∥2 + ϵpφ∥δkp∥2

+
α2

2λ2ϵpφ
∥δkφ∥2 +

α2

2λ2ϵpφ
∥δk−1

φ ∥2 + ϵTφ∥δkT ∥2 +
β2

2λ2ϵTφ
∥δkφ∥2 +

β2

2λ2ϵTφ
∥δk−1

φ ∥2.

We choose ϵc = 2, ϵpT = b2αβ/2, ϵpφ = α2/λ2, and ϵTφ = β2/λ2, to obtain:

(
a1
4
− β2

λ2
− 1

)
∥δkT ∥2 + (b1 − 1) ∥δkφ∥2 +

(
c1 −

b2αβ
2
− α2

λ2
−

2 c2fM (1 + C4
tr)

a1
|T k

h |2dG,∞

)
∥δkp∥2

+ ∥δku∥2dG,e + ∥δkT ∥2dG,T + ∥δkp∥2dG,p ≲ ∥δk−1
T ∥2 + ∥δk−1

φ ∥2

Under Assumptions 8, the map (δk−1
u , δk−1

p , δk−1
T , δk−1

φ )→ (δku, δ
k
p , δ

k
T , δ

k
φ) is a contraction. Then, the

conclusion follows by applying the Banach fixed-point theorem.

9 Conclusions

In this work we have presented two different splitted iterative strategy for the solution of a four-field
PolyDG-WSIP space discretization of the non-linear fully-coupled thermo-hydro-mechanical problem.
The stability estimate and the convergence of the iteration schemes are presented. Numerical simu-
lations are performed to assess the convergence and robustness properties of the method and to test
the applicability of such strategies for real problems’ simulations.

Further developments of the present work are possible. In particular, we mention an in-depth
investigation of the preconditioning of subproblems arising from the splitting schemes, but also the
preconditioning of the whole system. Moreover, an extension to unsteady problems, both in the quasi-
static and dynamic regimes, is of interest. Finally, the extension to other non-linear coupled models
and to viscous media can be relevant both in terms of real-life applications and numerical analysis.
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[19] M. Botti and L. Mascotto. Sobolev–Poincaré inequalities for piecewiseW 1,p functions over general
polytopic meshes. SIAM J. Numer. Anal., Feb. 2026. Accepted for publication.

[20] M. Botti, D. A. Di Pietro, and P. Sochala. A hybrid high-order discretization method for nonlinear
poroelasticity. Comput. Methods Appl. Math., 20(2):227–249, 2020.

25



[21] M. K. Brun, I. Berre, J. M. Nordbotten, and F. A. Radu. Upscaling of the coupling of hydrome-
chanical and thermal processes in a quasi-static poroelastic medium. Transp. Porous Media, 124
(1):137–158, 2018.

[22] M. K. Brun, E. Ahmed, J. M. Nordbotten, and F. A. Radu. Well-posedness of the fully coupled
quasi-static thermo-poroelastic equations with nonlinear convective transport. J. Math. Anal.
Appl., 471(1):239–266, 2019.

[23] M. K. Brun, E. Ahmed, I. Berre, J. M. Nordbotten, and F. A. Radu. Monolithic and splitting
solution schemes for fully coupled quasi-static thermo-poroelasticity with nonlinear convective
transport. Comput. Math. Appl., 80(8):1964–1984, 2020.

[24] M. Cai, J. Li, Z. Li, and Q. Liu. An efficient iterative decoupling method for thermo-poroelasticity
based on a four-field formulation. Comput. Math. Appl., 195:139–160, 2025.

[25] A. Cangiani, E. H. Georgoulis, and P. Houston. hp-Version discontinuous Galerkin methods on
polygonal and polyhedral meshes. Math. Models Methods Appl. Sci., 24(10):2009–2041, 2014.

[26] A. Cangiani, Z. Dong, and E. H. Georgoulis. hp-Version Space-Time Discontinuous Galerkin
methods for parabolic problems on prismatic meshes. SIAM J. Sci. Comput., 39(4):A1251–
A1279, 2017.

[27] A. Cangiani, Z. Dong, E. H. Georgoulis, and P. Houston. hp-version Discontinuous Galerkin
methods on polytopic meshes. SpringerBriefs in Mathematics. Springer International Publishing,
2017.

[28] N. Castelletto, J. A. White, and H. A. Tchelepi. Accuracy and convergence properties of the
fixed-stress iterative solution of two-way coupled poromechanics. Int. J. Numer. Anal. Meth.
Geomech., 39(14):1593–1618, 2015.

[29] O. Coussy. Thermoporoelasticity, chapter 4, pages 71–112. John Wiley & Sons, Ltd, 2003. ISBN
9780470092712.

[30] J. Droniou, M. Laaziri, and R. Masson. Discretisations of mixed-dimensional thermo-hydro-
mechanical models preserving energy estimates. J. Comput. Phys., 515:113295, 2024.

[31] A. Ern and J. Guermond. Finite Elements II - Galerkin approximation, elliptic and mixed PDEs.
Springer Cham, 2021. ISBN 978-3-030-56923-5.

[32] A. Ern, A. F. Stephansen, and P. Zunino. A discontinuous Galerkin method with weighted
averages for advection–diffusion equations with locally small and anisotropic diffusivity. IMA J.
Numer. Anal., 29(2):235–256, 2009.

[33] G. Fu. A high-order HDG method for the Biot’s consolidation model. Comput. Math. Appl., 77
(1):237–252, 2019.

[34] B. Gatmiri and P. Delage. A Formulation of fully coupled thermal-hydraulic-mechanical be-
haviour of saturated porous media - numerical approach. Int. J. Numer. Anal. Meth. Geomech.,
21(3):199–225, 1997.

[35] B. Heinrich and S. Nicaise. The Nitsche mortar finite-element method for transmission problems
with singularities. IMA J. Numer. Anal., 23(2):331–358, 2003.

[36] B. Heinrich and K. Pietsch. Nitsche type mortaring for some elliptic problem with corner singu-
larities. Computing, 68(3):217–238, 2002.

[37] B. Heinrich and K. Pönitz. Nitsche type mortaring for singularly perturbed reaction-diffusion
problems. Computing, 75(4):257–279, 2005.

26



[38] O. P. Iliev, A. E. Kolesov, and P. N. Vabishchevich. Numerical solution of plate poroelasticity
problems. Transp. Porous Media, 115(3):563–580, 2016.

[39] A. Jafari, P. Broumand, M. Vahab, and N. Khalili. An extended finite element method im-
plementation in comsol multiphysics: Solid mechanics. Finite Elem. Anal. Des., 202:103707,
2022.

[40] J. Kim, H. A. Tchelepi, and R. Juanes. Stability, accuracy and efficiency of sequential methods for
coupled flow and geomechanics. volume SPE Reservoir Simulation Symposium of SPE Reservoir
Simulation Conference, pages SPE–119084–MS, 2009.

[41] A. Kolesov, P. Vabishchevich, and M. Vasilyeva. Splitting schemes for poroelasticity and ther-
moelasticity problems. Comput. Math. Appl., 67(12):2185–2198, 2014.

[42] A. E. Kolesov and P. N. Vabishchevich. Splitting schemes with respect to physical processes for
double-porosity poroelasticity problems. Russ. J. Numer. Anal. Math. Modelling, 32(2):99–113,
2017.

[43] C. K. Lee and C. C. Mei. Thermal consolidation in porous media by homogenization theory - I.
Derivation of macroscale equations. Adv. Water Resour., 20(2):127–144, 1997. Advances in Heat
Transfer in Porous Media.

[44] Z. Li, M. Cai, J. Li, and Q. Liu. Some semi-decoupled algorithms with optimal convergence for
a four-field linear thermo-poroelastic model. arXiv, 2025.
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A Computational times

The aim of this appendix is to show the computational times for the test cases of Section 6, where only
the speed-ups have been reported. All the numerical simulations presented in Section 6, Section 7 were
performed using the NEMESIS cluster (2 CPU AMD EPYC 9634 84-Core Processor (336 threads), 1.5
TB di RAM – Resource for sequential applications) at MOX, Department of Mathematics, Politecnico
di Milano.

Nel 50 100 310 1000 3100 10000 31000 100000

FHM
#it 4 4 4 4 4 4 4 4

CPU [s] 0.457 0.905 3.372 13.698 59.116 286.246 1709.860 12415.693

FM-H
#it 4 4 4 4 4 4 4 4

Speed-up 1.19 1.31 1.49 1.73 2.13 2.58 3.30 4.83

CPU [s] 0.383 0.691 2.259 7.910 27.756 111.158 518.363 2572.766

F-H-M
#it 3 3 3 3 3 3 3 3

Speed-up 0.46 1.31 1.59 1.91 2.29 2.86 3.69 4.93

CPU[s] 0.996 0.691 2.115 7.184 25.849 100.247 463.334 2517.394

Table 13: Convergence test vs h in 3D: number of iterations of the three solution algorithms for the convergence, speed-
up of the splitting schemes with respect to the monolithic approach, and computational times [s] with respect to Nel.

ℓ 1 2 3 4 5 6 7 8

FHM
#it 4 4 4 4 4 4 4 4

CPU[s] 1.028 0.488 0.696 1.163 2.146 3.474 5.905 10.817

FM-H
#it 4 4 4 4 4 4 4 4

Speed-up 3.19 1.45 1.49 1.59 1.80 1.82 1.87 1.96

CPU[s] 0.323 0.338 0.467 0.732 1.192 1.908 3.150 5.521

F-H-M
#it 4 4 4 4 4 4 4 4

Speed-up 3.49 1.41 1.37 1.44 1.58 1.51 1.17 1.13

CPU[s] 0.295 0.346 0.507 0.805 1.359 2.296 5.048 9.558

Table 14: Convergence test vs ℓ in 2D: number of iterations of the three solution algorithms for the convergence, speed-up
of the splitting schemes with respect to the monolithic approach, and computational times [s] with respect to Nel.

Nel 48 1296 6000 16464 34992 63888 105456 162000

FHM
#it 3 3 3 4 4 4 4 4

CPU [s] 0.395 11.802 58.601 232.643 537.915 1071.775 2087.690 4798.707

FM-H
#it 3 3 3 3 3 3 3 3

Speed-up 1.05 1.39 1.39 1.69 1.73 1.73 1.64 1.60

CPU [s] 0.375 8.480 42.094 137.795 310.286 619.494 1270.269 2999.107

F-H-M
#it 3 3 3 3 3 3 3 3

Speed-up 1.00 1.82 1.91 2.38 2.48 2.41 2.56 3.07

CPU[s] 0.394 6.496 30.675 97.904 217.334 444.432 815.054 1562.066

Table 15: Convergence test vs h in 3D: number of iterations of the three solution algorithms for the convergence, speed-
up of the splitting schemes with respect to the monolithic approach, and computational times [s] with respect to Nel.
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Nel 50 100 310 1000 3100 10000 31000 100000

FHM
#it 5 3 3 3 3 3 3 3

CPU [s] 0.528 0.761 2.791 11.073 47.140 223.988 1321.004 9426.582

FM-H
#it 3 3 3 3 3 3 3 3

Speed-up 1.59 1.30 1.45 1.64 1.98 2.34 2.91 4.12

CPU [s] 0.332 0.587 1.920 6.742 23.757 95.810 454.086 2288.489

F-H-M
#it 2 2 2 2 2 2 2 2

Speed-up 0.57 1.39 1.66 2.00 2.40 2.99 3.91 5.23

CPU[s] 0.931 0.549 1.680 5.526 19.638 74.890 338.267 1801.705

Table 16: Robustness test (i): number of iterations of the three solution algorithms for the convergence, speed-up of the
splitting schemes with respect to the monolithic approach, and computational times [s] with respect to Nel.

Nel 50 100 310 1000 3100 10000 31000 100000

FHM
#it 2 2 2 2 2 2 2 2

CPU [s] 0.321 0.609 2.185 8.419 34.761 161.515 920.434 7564.624

FM-H
#it 4 4 4 4 4 4 4 4

Speed-up 0.83 0.88 0.97 1.07 1.24 1.46 1.79 2.86

CPU [s] 0.386 0.694 2.262 7.897 27.936 110.904 515.060 2648.855

F-H-M
#it 5 5 5 5 5 5 5 5

Speed-up 0.28 0.67 0.73 0.80 0.92 1.0656 1.29 1.93

CPU[s] 1.163 0.913 2.981 10.460 37.843 151.573 711.494 3916.191

Table 17: Robustness test (ii): number of iterations of the three solution algorithms for the convergence, speed-up of
the splitting schemes with respect to the monolithic approach, and computational times [s] with respect to Nel.

Nel 50 100 310 1000 3100 10000 31000 100000

FHM
#it 5 5 5 5 5 5 5 5

CPU [s] 0.516 1.045 3.973 16.362 72.099 352.188 2109.475 16006.520

FM-H
#it 5 5 5 5 5 5 5 5

Speed-up 1.17 1.33 1.53 1.81 2.27 2.82 3.67 5.59

CPU [s] 0.443 0.784 2.599 9.055 31.829 124.787 574.928 2865.303

F-H-M
#it 5 4 5 5 5 5 5 5

Speed-up 0.44 1.33 1.33 1.56 1.88 2.32 2.94 4.06

CPU[s] 1.181 0.786 2.996 10.498 38.272 152.071 716.399 3946.521

Table 18: Robustness test (iii): number of iterations of the three solution algorithms for the convergence, speed-up of
the splitting schemes with respect to the monolithic approach, and computational times [s] with respect to Nel.

Nel 50 100 310 1000 3100 10000 31000 100000

FHM
#it 2 2 2 2 2 2 2 −

CPU [s] 0.314 0.599 2.153 8.322 34.188 159.203 974.375 −

FM-H
#it 3 3 3 3 3 3 3 3

Speed-up 0.48 0.49 0.54 0.60 0.71 0.86 1.21 −
CPU [s] 0.653 1.223 4.020 13.983 48.146 185.011 803.727 4048.949

F-H-M
#it 2 2 2 2 2 2 2 2

Speed-up 0.21 0.39 0.42 0.45 0.50 0.57 0.74 −
CPU[s] 1.469 1.520 5.186 18.682 68.628 278.019 1324.331 7494.267

Table 19: Robustness test (iv): number of iterations of the three solution algorithms for the convergence, speed-up of
the splitting schemes with respect to the monolithic approach, and computational times [s] with respect to Nel.

29



Nel 96000 324000 768000 1500000

FHM
#it 3 3 − −

CPU [s] 880.48 3307.83 − −

FM-H
#it 5 5 5 −

Speed-up 1.76 1.89 − −
CPU [s] 500.95 1746.36 4437.31 −

F-H-M
#it 18 18 18 18

Speed-up 0.24 0.28 − −
CPU [s] 3642.24 11713.36 32132.50 64021.62

Table 20: Geothermal test case in three dimensions: number of iterations of the three solution algorithms for the
convergence and computational times [s] of the three solutions algorithms with respect to the number of elements.
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