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Abstract

The finite element based hierarchical model (HiMod) reduction technique is here
applied, for the first time, to model guided acoustic wave propagation in deformed
pipelines in a linear regime. This method turns out to be extremely efficient to
discretize the linearized Helmholtz equation for acoustic waves. The selection of
a suitable modal transverse basis for the acoustic field allows us to speed up the
computation by orders of magnitude with respect to a standard 3D finite element
discretization.

Keywords: Finite element method, acoustic waves, modal propagation, pipelines,
hierarchical model reduction

1 Introduction

Reflectometric techniques based on guided acoustic waves in pipelines are well estab-
lished non-destructive tools for monitoring the status of pipelines [1, 2, 3, 4]. Basically,
concentrated or distributed reflections are caused by a change in the local cross-section
area of the pipeline as a result of deformation [5, 6]. These reflections provide useful in-
formation about the shape, the level and the position of deformations along the pipeline.
Reflectometric techniques are almost always based on single mode propagation, when
only the main mode, having uniform pressure over the pipe transverse cross-section,
propagates. In these cases, a very efficient and rather accurate description of the scat-
tering problem can be obtained by modeling the wave in the pipeline in one-dimension
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(1D) [5]. However, there are some limitations to this approach: first, the usable band-
width of analysis is limited to that of single mode propagation and, depending on the
size of the pipeline, this can be a rather severe constraint; secondly, higher order modes
scattering coefficients are not available, although the amount of information contained in
these coefficients is very rich and useful. The actual reason why single-mode propagation
is considered is the high computational demand for a multimode scattering analysis in
arbitrarily deformed pipelines. Such computational task requires a discretization based
on three-dimensional (3D) Finite Elements (FE) or Finite Differences (FD), which are
very demanding in terms of CPU time and storage. As for FE and FD methods, there is
a clear superiority of FE since they allow a more accurate description of the geometry.
Actually, unless some very special geometry is considered, FD require an extremely fine
discretization of curved shapes, making it often non-competitive with respect to 3D FE.
Moreover, we also mention that FE rely on a sound theoretical background based on
functional analysis and calculus of variations topics. Even so, full 3D FE for linear acous-
tic propagation can become very challenging according to the size of the domain and
the bandwidth of analysis, the mesh size being dependent on the maximum frequency
of interest [7].

In this work, we address the problem of modeling multimode acoustic scattering in
deformed pipelines by an ad-hoc FE discretizaton based on the Hierarchical Model (Hi-
Mod) reduction technique. This reduction procedure proved to be an extremely efficient
and powerful tool in haemodynamic modeling, by allowing accurate patient-specific sim-
ulations with a considerable reduction in terms of CPU time [8]. The main strength
of the HiMod approach is the capability to include in the modeling the transverse dy-
namics which are usually discarded by purely 1D models, while solving problems defined
in a 1D domain. HiMod reduction exploits the idea of coupling separation of variables
with different numerical approximations, to take advantage of an intrinsic directionality
of the problem at hand. In the original proposal, HiMod discretization employs FE
to discretize the mainstream, while a suitable modal expansion models the transverse
components [9, 10, 11]. More recently, in [12] the authors enhanced the discretization
along the leading direction by resortig to an isogeometric approximation, setting the
isogeometric version of the HiMod procedure, known as HIgaMod reduction. The fast
convergence of spectral approximations ensures to detect the main features of the trans-
verse dynamics with a relatively low number of modes. This turns out into an accurate
approximation with a contained number of degrees of freedom (dofs) when compared
with a non-customized modeling such as classical 3D FE solvers.
HiMod reduction massively exploits a transformation of coordinates (the HiMod map)
that changes the physical into a reference domain, namely the pipeline into a straight
undeformed tube. An exact equivalence between the original problem (defined in the de-
formed pipeline) and the new one (defined in the undeformed domain) is established by
introducing an artificial anisotropic material, whose characteristic parameters are identi-
fied by the HiMod map itself. In the acoustics literature, the coordinate transformation
technique is often referred to as Transformation Acoustics [13, 14]. The identification
of a suitable map represents a key step of the whole procedure presented in this pa-
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per. This is consistent with a HiMod discretization, whose main effort is represented
by the identification of the HiMod map, together with the definition of the modal basis
[15, 16, 17, 8].

The paper is organized as follows. In Section 2, we recall how a coordinate transfor-
mation affects the linearized acoustic wave equation. In Section 3, we introduce the weak
form for linearized acoustic waves and the standard FE discretization in the general case
of materials with anisotropic density. In Section 4, we discuss the HiMod discretization
according to which the transverse and longitudinal dynamics are expressed by separa-
tion of variables. In Section 5, we define the multimode acoustic impedance matrix, the
multimode acoustic scattering matrix, and their mutual relationships. The coefficients
of the scattering matrix provide the parameters that we use to compare HiMod with
well-established techniques based on FE. Comparison results are shown in Section 6,
where we provide a set of examples for verification, together with a discussion on the
numerical performance of the method proposed in this paper. In Section 7, we draw
some conclusions and present possible future developments. Finally, in Appendix A, we
present the specific coordinate transformation that we used to convert a generic deformed
pipeline into an undeformed one, while in Appendix B we provide the full expression for
the acoustic modal functions used in the HiMod reduction.

2 Coordinate transformation and the transformed wave
model

A HiMod discretization can be conceptually split into two phases [9, 10, 11]. The first
step consists in defining a coordinate transformation that changes the pipeline into a
constant cross-section tube; as a second step, the unknown function (in our case, the
pressure field in the Helmholtz equation) is expanded in terms of 1D FE, which discretize
the direction of propagation, and of modal functions, which describe the transverse
dynamics over the pipe cross-section.

In this section, we focus on the HiMod map and we describe how the coordinate
transformation affects the wave equation. Then, we define the pressure field to be
expanded via a HiMod discretization for the configuration of utmost interest in practical
applications, i.e., for a circular cross-section pipeline endowed with two ports located at
the end points of the pipe. The two ports act, alternatively, as source or receiver.
The problem is originally defined in a pipeline characterized by a deformed circular
cross-section in the framework of coordinates x′, y′, z′ (see Figure 1). In particular, we
denote by Ω′ the domain of analysis and by ∂Ω′ the corresponding boundary. Letting
ψ′ = ψ′(x′, y′, z′) the pressure field, the linearized acoustic wave equation in the frequency
domain is obtained by exploiting Euler’s equation

∇′ψ′ = −jω%0v
′, (1)

and the continuity equation
jωψ′ = −b0∇′ · v′, (2)
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Figure 1: The HiMod map transforming a deformed cylinder to a constant cross-section
cylinder.

where %0 is the rest density, b0 is the compression modulus, v′ is the particle speed, ω
is the wave angular frequency and j denotes the imaginary unit. In (1)-(2), we have
dropped the standard time dependence, ejωt, since we operate in the Fourier transform
domain [5, 18]. By substitution of (2) into (1) and adding suitable boundary conditions,
we obtain the well-known linearized acoustic wave equation{

∇′ · (∇′ψ′) + k2
0ψ
′ = 0 in Ω′

∇′ψ′ · ν ′ = F on ∂Ω′,
(3)

where k0 = ω
√
%0/b0 is the wavenumber, ν ′ is the unit inward normal vector to the

boundary, and F is a given function modeling an impressed normal speed of the particles
on the boundary ∂Ω′.

Now, we change the reference framework and we consider the new setting
x = x(x′, y′, z′)

y = y(x′, y′, z′)

z = z′,

(4)

so that the pipe Ω′ commutes into the new domain Ω, whose boundary, ∂Ω, is a perfectly
circular cylinder with the same length, L, as the original structure (see Figure 1). As a
consequence, the (unknown) pressure ψ′ is replaced by the new field ψ(x, y, z). It can
be shown that ψ(x, y, z) and ψ′(x′, y′, z′) do coincide at the corresponding points in the
settings x, y, z and x′, y′, z′, if the Euler and the continuity equations are modified into
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the following form

J J
T

det(J)
∇ψ = −jω%0v, (5)

and
jωψ = −b0 det(J) ∇ · v, (6)

respectively [19, 13, 20, 21], where J = J(x, y, z) is the second-rank tensor given by the
matrix form

J =


∂x
∂x′

∂x
∂y′

∂x
∂z′

∂y
∂x′

∂y
∂y′

∂y
∂z′

∂z
∂x′

∂z
∂y′

∂z
∂z′

 =


∂x
∂x′

∂x
∂y′

∂x
∂z′

∂y
∂x′

∂y
∂y′

∂y
∂z′

0 0 1

 , (7)

where the simplification on the right-hand side is due to the assumption z′ = z. Acoustic
field manipulation by coordinate tranformation is often referred to as Transformation
Acoustics. Some applications are available in the literature (see, e.g., [13, 20, 21, 22, 14]).
A cross comparison between (1)-(2) and (5)–(6) shows that the equivalence between ψ′

and ψ can be obtained by replacing air with a material having an anisotropic relative
density

%r =

 J J
T

det(J)

−1

.

Finally, by substitution of (6) into (5), we obtain the counterpart of problem (3) in the
new reference framework, i.e., the transformed wave equation, given by

∇ · (T∇ψ) +
k2

0

det(J)
ψ = 0 in Ω, (8)

with boundary condition

(T∇ψ) · ν = F on ∂Ω, (9)

with ν the unit inward normal vector to ∂Ω and

T = %
−1
r =

J J
T

det(J)

a symmetric second-rank tensor. The specific form of the transformation used in this
work is provided in appendix A, together with the explicit expression of the elements of

tensor J (in polar coordinates).

3 A full finite element formulation

To provide the discrete counterpart of problem (8)-(9), we start from the associated
weak form, which leads to looking for the pressure field ψ ∈ V = H1(Ω), such that∫

Ω
∇ϕ · T∇ψ dΩ− k2

0

∫
Ω

ϕψ

det(J)
dΩ =

∫
∂Ω
ϕ (T∇ψ) · ν dS (10)
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for any ϕ ∈ V , where H1(Ω) denotes the Sobolev space of the L2(Ω)-functions (i.e., the
space of square integrable functions in Ω) with first order weak derivative in L2(Ω) [23].
By exploiting the boundary condition in (9), we look for ψ ∈ V such that∫

Ω
∇ϕ · T∇ψ dΩ− k2

0

∫
Ω

ϕψ

det(J)
dΩ =

∫
∂Ω
ϕF dS ∀ϕ ∈ V. (11)

In the next sections, we will exploit the weak form (11) to define a representation of
the scattering problem in terms of the so-called multimodal acoustic impedance matrix.
With this goal, we apply the Galerkin method to (11) [23]. We introduce the discrete
space Vh ⊂ V , with dim(Vh) = Nh < +∞, spanned by the basis functions in B =
{ψq}Nh

q=1. Thus, the unknown pressure field ψ can be approximated via a function ψ̃ ∈ Vh,
coinciding with an expansion in terms of the basis B, being

ψ̃(x, y, z) =

Nh∑
q=1

cqψq(x, y, z), (12)

while the test function in (11) can be identified with ψp, with p = 1, . . . , Nh. The
algebraic counterpart of the Galerkin approximation for problem (11) can be stated in
a straightforward way as

(A− k2
0B)c = d, (13)

where the matrices A, B ∈ RNh×Nh , and the vectors c, d ∈ CNh×1 are defined by

Ap,q =

∫
Ω
∇ψp · T∇ψq dΩ,

Bp,q =

∫
Ω

ψpψq

det(J)
dΩ,

cq,1 = cq,

dp,1 =

∫
∂Ω
ψpF dS,

(14)

respectively with p, q = 1, . . . , Nh. Formally, from (13), one derives

c = (A− k2
0B)−1d,

so that the pressure field is obtained from (12) as

ψ̃F (x, y, z) =

Nh∑
q=1

cq(F )ψq(x, y, z), (15)

where we have highlighted the dependence of ψ̃ and of the coefficients cq on the boundary
data F , by generalizing notation in (12).
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4 A reduced finite element formulation

We are now ready to introduce the new discretization based on the HiMod reduction.
This discretization relies on choosing the discrete shape and test functions in a form
taylored to the problem at hand. In particular, the intrinsic directionality of the pipeline
Ω justifies the splitting of the dependence of both the shape and the test functions on
the spatial variables, x, y, and z, in the spirit of a separation of variables. Since z is the
leading direction, in accordance with [9, 10, 11, 24, 15, 25], we adopt the hierarchical
modal representation

ψq(x, y, z) = φn(i)(x, y)gj(z), (16)

for functions ψq in B, where φn(i)(x, y) denotes a modal function defined on the circular
cross-section of the tube with hard boundary conditions (see Appendix B for the detailed
expression), while gj(z) is a 1D shape function associated with the leading direction z.
From (16), the HiMod reduced approximation for the pressure field becomes

ψ̃(x, y, z) =
M∑
i=1

nh∑
j=1

c̃i,jφn(i)(x, y)gj(z), (17)

with M the modal index, nh the dimension of the discrete space adopted to approxi-
mate the main direction, and where a correspondence between indices i, n(i) and j is
established according to the discretization selected along the different directions (see,
e.g., [16, 17, 8]). In (17), the set {c̃i,j} M, nh

i=1,j=1 ⊂ C collects the so-called modal coef-
ficients, which represent the actual unknowns of the HiMod discretization. Moreover,
we introduce the set M = {φn(i)}Mi=1 of the modal basis functions used to model the
transverse dynamics, and the basis, B1D = {gj}nh

j=1, characterizing the approximation

adopted along the mainstream. In particular, functions in M are assumed to be L2-
orthogonal on the circular cross-section. In the numerical validation of Section 6, we
resort to a standard continuous FE discretization along z, so that functions gj coin-
cide with piecewise polynomials of arbitrary degree, while we employ modal functions
strictly customized to the problem at hand, i.e., coinciding with the eigenfunctions of the
Helmholtz equation solved in a circle of radius R and completed by hard homogeneous
Neumann boundary conditions. Completeness of eigenfunctions ensures the possibility
to represent arbitrary transverse dynamics with a weighted sum of modal functions.
The advantages expected from representation (17) have been successfully investigated
in other applicative contexts such as, for instance, in hemodynamic modeling [8]. In
particular, since we are mainly interested in small deformations, we do expect that only
few modes have to be adopted to represent the scattering problem, corresponding to
all propagating modes in the bandwidth of interest plus a few evanescent modes. This
should lead to a considerable reduction in terms of number of dofs required to accurately
model the pressure ψ in (11).

Now, to provide the HiMod reduced formulation for problem (11), we exploit the
modal representation (17) for the pressure and we choose the test function as ϕ =
ϕ(x, y, z) = φn(s)(x, y)gt(z), for s = 1, . . . ,M , t = 1, . . . , nh. After moving to polar
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coordinates, the arrays in (14) are replaced by the reduced quantities

AR
st,ij =∫ L

0
gj(z) gt(z)

(∫ 2π

0

∫ R

0
∇τφn(i)(ρ, θ) · T ττ (ρ, θ, z)∇τφn(s)(ρ, θ) ρdρdθ

)
dz

+

∫ L

0

dgj(z)

dz
gt(z)

(∫ 2π

0

∫ R

0
φn(i)(ρ, θ)iz · T zτ (ρ, θ, z)∇τφn(s)(ρ, θ) ρdρdθ

)
dz

+

∫ L

0
gj(z)

dgt(z)

dz

(∫ 2π

0

∫ R

0
∇τφn(i)(ρ, θ) · T τz(ρ, θ, z) izφn(s)(ρ, θ) ρdρdθ

)
dz

+

∫ L

0

dgj(z)

dz

dgt(z)

dz

(∫ 2π

0

∫ R

0
φn(i)(ρ, θ)iz · T zz(ρ, θ, z) izφn(s)(ρ, θ) ρdρdθ

)
dz,

BR
st,ij =

∫ L

0
gj(z) gt(z)

(∫ 2π

0

∫ R

0

φn(i)(ρ, θ)φn(s)(ρ, θ)

det(J(ρ, θ, z))
ρdρdθ

)
dz,

cRij,1 = c̃i,j ,

dRst,1 =

∫ 2π

0

∫ R

0
φn(s)(ρ, θ) gt(zT )φTm(ρ, θ)ρdρdθ,

(18)

with i, s = 1, . . . ,M , j, t = 1, . . . , nh; iz the unit vector associated with the z-axis; ∇τ
the gradient over the cross-section transverse to z; T βδ the generic component of the

constitutive tensor T , for β, δ = τ, z (we refer to Appendix A for more details about
tensors’ components).
Notice that the source term F = F (x, y, z) in (14) here coincides with one of the acoustic
modes at the input/output ports, i.e., with one of the modal functions, φTm, switched
on at the generic pipe’s port, T , located at z = zT , with m = 1, . . . , N . Moreover, since
we adopt the same number of modes along the whole pipe according to a uniform HiMod
reduction [24, 25], it turns out that N = M .
The orthogonality of the modal functions ensures that the integral in the definition of
vector dRst,1 is non-zero only when function φn(s) is non-zero at the generic port T , namely
when n(s) = Tm.
Functions φTm will constitute the basis of modal functions, φn(i), adopted in (17) for
the HiMod approximation. The same notation will be adopted to denote the modal
functions both when refering to Cartesian and polar coordinates.

Finally, from a computational viewpoint, matrices AR and BR belong to RMnh×Mnh ,
while vectors cR, dR ∈ CMnh . This means that, if M is small enough, we are dealing
with a linear system characterized by a dimension considerably lower compared with the
one of system (13). Actually, after precomputing the modal functions inM, the HiMod
discretization allows us to replace the 3D full system in (13) with a system of M coupled
1D problems defined along z. This leads to a considerable computational saving and
to relevant methodological simplifications. For instance, the spatial discretization now
involved concerns the centerline of the pipe (i.e., a 1D domain) instead of the whole pipe
(i.e., a 3D domain).
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5 Multimodal Acoustic Impedance and Scattering matri-
ces

In order to provide a complete description of the scattering problem in the deformed
pipeline, we resort to the multimodal scattering matrix, S. Indeed, this matrix models
the set of all scattered modal waves induced by all the possible incident modal waves,
when applied one at a time [26]. Since the two ports characterizing the pipeline are
equal-sized, we can adopt the same set of modal functions to model the corresponding
acoustic modes. In order to compute the scattering matrix, we introduce the multimodal
acoustic impedance matrix, Z, S being computable from Z by simple algebra. Since we
have two ports, we can split matrix Z into a 2-by-2 block matrix, i.e., as

Z =

[
Z11 Z12

Z21 Z22

]
, (19)

where the subscripts refer to ports, after labeling ports by 1 and 2. The generic block
ZPQ, is defined by

[ZPQ]m,n = jω%0

∫
∂ΩP

φPm(ρ, θ)ψ̃Qn(ρ, θ, zP )ρdρdθ, (20)

with P,Q = 1, 2 andm,n = 1, . . . , N , where, according to the notation in (17), ψ̃Qn(ρ, θ, z)
denotes the HiMod pressure field induced by the impulse F = φQn at the port Q and
F = 0 elsewhere, measured on the portion, ∂ΩP = [0, R]× [0, 2π]× {zP }, of ∂Ω relative
to port P , φQn and φPm being defined as in (18). This corresponds to applying a hard
boundary condition on ∂Ω \ ∂ΩQ.

In order to introduce the multimodal scattering matrix S, we first consider a modal
expansion of the acoustic pressure field, φT , and of the normal speed, vT , at the generic
port T , with T = 1, 2, in the form

φT (x, y) =
N∑
m=1

(A+
Tm +A−Tm)φTm(x, y),

vT (x, y) =
N∑
m=1

γTm
jω%0

(A+
Tm −A

−
Tm)φTm(x, y),

(21)

where N is the number of the incident modal waves, γTm denotes the propagation
constant, A+

Tm (A−Tm) is an amplitude coefficient characterizing the wave traveling in
the positive (negative) direction along the z-axis induced by the m-th mode at port
T , while φTm denotes the corresponding mode eigenfunction (we refer to Appendix B
for the explicit definition of both γTm and φTm). We remark that, hereafter, notation
φTm refers to modal eigenfunctions in a normalized form (see (25)). In deriving the
expression for vT in (21), we used relation (1) and the fact that modal waves behave
as exp(−γTmz) and as exp(γTmz) for the waves travelling along the positive and the
negative z-direction, respectively.
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Now, the multimodal scattering matrix S can be defined by inheriting the splitting
of matrix Z, i.e., as

S =

[
S11 S12

S21 S22

]
, (22)

where, after labeling ports by 1 and by 2 as in (19), the four blocks SPQ ∈ CN×N , with
P,Q = 1, 2, are defined by

[S11]m,n =
A−1m
A+

1n

∣∣∣A+
1l=0 (l 6=n), A−2l=0

[S12]m,n =
A−1m
A−2n

∣∣∣A−2l=0 (l 6=n), A+
1l=0

[S21]m,n =
A+

2m

A+
1n

∣∣∣A+
1l=0 (l 6=n), A−2l=0

[S22]m,n =
A+

2m

A−2n

∣∣∣A−2l=0 (l 6=n), A+
1l=0 ,

(23)

for m,n, l = 1, . . . , N [27]. Modal eigenfunctions, φTm, are normalized, so that they
can be identified with “power” waves. Actually, for each mode, the average traveling
power is half the integral, over the port cross section ∂ΩT = [0, R] × [0, 2π] × {zT }, of
the product between the pressure, φT , and the conjugate of the particle speed, vT , in
the z-direction. More specifically, we have that the power W+

Tm (W−Tm) travelling in the
positive (negative) z-direction is

W±Tm = ∓1

2

γ∗Tm
jω%0

|A±Tm|
2

∫
∂ΩT

|φTm|2dS, (24)

with γ∗Tm the conjugate complex of γTm. In particular, the normalization of the modal
eigenfunctions is chosen such that

W±Tm = ∓1

2
|A±Tm|

2, (25)

so that |[SPQ]m,n|2, for P , Q = 1, 2 and m, n = 1, . . . , N , represents a relative scattered
power (for propagating waves). After introducing vectors

A±T = [A±T1, A
±
T2 . . . A

±
TN ]T

with T = 1, 2, thanks to the normalization (25), we have that the multimode impedance
matrix, Z, characterizes the following relationship[

A+
1 + A−1

A+
2 + A−2

]
= Z

[
A+

1 −A−1
A−2 −A+

2

]
, (26)

while the multimodal scattering matrix, S, is associated with the equality[
A−1
A+

2

]
= S

[
A+

1

A−2

]
. (27)
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Simple algebraic manipulations yield the final result

S = (Z + I)−1(Z− I),

with I ∈ R2N×2N the identity matrix [27].
The multimodal scattering matrix constitutes what is demanded to implement reflec-

tometric techniques, since these are based on the evaluation of scattering amplitudes and
phases as a function of frequency. In the following section, we demonstrate the outstand-
ing performance of HiMod in the computation of S by comparing the results obtained
against a standard FE analysis carried out by a well known commercial software, both
in terms of accuracy and CPU time.

6 Numerical results

The verification of the effectiveness of the reduced modeling technique proposed in this
paper is carried out on two test cases. In particular, we compare the HiMod discretiza-
tion with a full 3D FE solution obtained by using the commercial software Comsol
MultiphysicsTM [28]. The normalization used for the scattering matrix in Comsol Mul-
tiphysics is different with respect to the one we have adopted in (25). In particular, in
Comsol Multiphysics the scattering coefficients are such that each modal function has
a maximum value equal to one. Therefore, the generic scattering coefficient provided
by Comsol Multiphysics is a ratio between maximum pressure values for modal waves.
Thus, to perform a fair comparison between the reduced and the full models, we resort to
a renormalization of the scattering matrix computed by Comsol Multiphysics in order to
comply with the power wave definition in (24)-(25). In both the examples, we consider
waves propagating in the air, with a sound speed value v0 =

√
b0/%0 = 343 m/s, and a

rest density %0 = 1.1824 kg/m3.

6.1 Test case 1: boundary reduction

The first example consists of a mild deformation of sinusoidal shape for a pipeline of
length L = 6 m. The deformation corresponds to a boundary size reduction together
with a deviation from the circular shape. The input and output pipeline cross-sections
have radius R = 0.25 m. We adopt such a value as the constant radius mapping the
original geometry into the reference one via the HiMod map. The boundary of the
deformed pipe is described by function

ρ̃ ′(θ′, z′) = R− 0.52R

(
cos

(
2πz′

L

)
+ 1

)
sin

(
θ′

2

)
, (28)

with−L/2 ≤ z′ ≤ L/2. Actually, equation (28) represents a sinusoidal deformation along
the z′ direction, whose amplitude depends on θ′ and attains its minimum at θ′ = π. On
the contrary, for θ′ = 0, there is no deformation. A plot of the resulting tube is shown
in Figure 2 (a).
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Figure 2: (a) Test case 1: pipeline with the deformation described by (28). (b) Test case
2: pipeline with the deformation described by (29).

For R = 0.25 m, the first higher-order mode has a cutoff frequency of about 402 Hz.
At 1000 Hz, there are 8 modes in propagation and since we wish to extend the investi-
gation up to 1000 Hz, we use 10 modes at each port in the analysis in (21) (i.e., we set
N = 10), and we resort to 10 transverse functions φn(i) to select the reduced model in
(17) (i.e., we pick M = 10). The total number of dofs also depends on the discretization
adopted along the z-coordinate. We employ quadratic FE associated with a partition
of the supporting fiber into subintervals with a maximum length equal to λmin/10, with
λmin ' 34 cm. Therefore, the total number of dofs is equal to about 4000.
We have analyzed the same configuration in Comsol Multiphysics by means of a full
3D FE model with quadratic elements, and by using two different meshes, a coarse one
characterized by 32622 dofs and a fine one with 247616 dofs.
The comparison between the full and the reduced models is performed in terms of the
scattering parameter Sij , which represents the reflection of mode i at port 1 when mode
j is incident at port 1 too (we refer to Appendix B for an explicit definition of the
modes). With reference to definition (23), parameter Sij does coincide with [S11]i,j with
i, j = 1, . . . , 10. In Figure 3, we show the magnitude of four parameters Sij , expressed
in dB, as a function of the frequency both for the full and the HiMod models. Moreover,
in Table 1, we collect the CPU time per frequency point needed for the analysis, to have
a comparison also in terms of modeling efficiency.1

It is evident a very good matching between the full solution provided by Comsol Multi-

1All CPU times refer to an Intel i7 processor with 3 GHz clock rate.
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physics on the fine mesh and the HiMod discretization for almost all scattering parame-
ters, up to the maximum frequency. On the contrary, as expected, Comsol Multiphysics
does not yield reliable values when run on the coarse mesh, especially as frequency
increases. Parameter S31 is the one less sharply detected by HiMod. Ideally, this coef-
ficient should be equal to −∞ dB, because the mode is not excited by the deformation.
The oscillations in the plot coincide with numerical noise due to the selected mesh and
discretization. In particular, the HiMod procedure exhibits some noise in the range 400–
700 Hz, corresponding to the onset of mode 2 and 3 (402 Hz). Concerning the Comsol
Multiphysics approximation, we obtain an increasing value of the scattering coefficient
when using a fine mesh. This suggests employing an even finer mesh to reduce the noise,
with an unavoidable boosting of the CPU time.

Figure 3: Test case 1. Trend of the parameters Si1, for i = 1, . . . , 4, as function of the
frequency, when mode 1 is incident: comparison between Comsol Multiphysics, for two
different choices of the mesh, and the HiMod approach.

As far as the CPU time is concerned, there is a considerable discrepancy between full
and reduced order models, even when dealing with the coarse mesh. In this last case,
the time required by Comsol Multiphysics is about 15 times larger than that demanded
by HiMod. This gap increases to 200 times when computing the full model on the fine
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Table 1: Test case 1. Performance comparison between full and HiMod models.

Software dofs CPU time

Comsol MultiphysicsTM coarse mesh 32622 0.75 sec/freq
Comsol MultiphysicsTM dense mesh 247616 9.5 sec/freq

HiMod (this work) 4000 0.05 sec/freq

mesh (see Table 1).

6.2 Test case 2: boundary reduction and enlargement

As a second configuration, we consider a deformation that induces both a size reduction
and a size enlargement along the pipe. Using the same input/output radius as in the
previous test case (R = 0.25 m), we can characterize the boundary of the pipe by the
equation

ρ̃′(θ′, z′) = R− 0.5Rz′ exp

[
−
(

6z′

L

)2
]

sin

(
θ′

2

)
, (29)

with −L/2 ≤ z′ ≤ L/2 and L = 6. A plot of the pipe is shown in Figure 2 (b). As for
Test case 1, we adopt as a reference solution the quadratic FE approximation provided
by Comsol Multiphysics on two different meshes, now consisting of 29983 (coarse mesh)
and 296906 (dense mesh) dofs, respectively.

We replicate the investigation performed in Section 6.1, by considering the accuracy
and the efficiency of the HiMod reduction when computing the scattering parameters
Sij . The results of such an analysis are presented in Figure 4. Also for this case, we
summarize the performances in terms of CPU time in Table 2.

We can draw conclusions very similar to the ones for Test case 1. The Comsol
Multiphysics solution computed on the coarse mesh predicts a trend for parameters Sij
which is not reliable for high frequencies. On the other hand, the Comsol Multiphysics
model associated with the fine mesh and the HiMod approximation provide a fully
comparable trend for indices S11, S21, S41, while still exhibiting a certain mismatch in
the modeling of S31. As for the previous case, mode 3 is not excited by the deformation.
As a consequence, the non-zero values in the figure can be ascribed to numerical noise.
Only close to the cutoff of modes 2 and 3, we recognize an increment of the numerical
noise when using the HiMod method, whereas, by using Comsol Multiphysics, the noise
increases constantly with frequency, up to −80 dB at 1000 Hz. This suggests that a
finer mesh is required to guarantee a more accurate analysis in the higher part of the
spectrum.

The values for the CPU time in Table 2 confirm the high efficiency of the HiMod
reduction procedure, which is about 14 and 200 times faster with respect to the per-
formances of the Comsol Multiphysics model when using the coarse and the fine mesh,
respectively.
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Figure 4: Test case 2. Trend of the parameters Si1, for i = 1, . . . , 4, as function of the
frequency, when mode 1 is incident: comparison between Comsol Multiphysics, for two
different choices of the mesh, and the HiMod approach.

Table 2: Test case 2. Performance comparison between full and HiMod models

.

Software dofs CPU time

Comsol MultiphysicsTM coarse mesh 29983 0.7 sec/freq
Comsol MultiphysicsTM dense mesh 296906 11.6 sec/freq

HiMod (this work) 4000 0.05 sec/freq
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7 Conclusions and future developments

We discussed the application of the HiMod discretization to the linearized acoustic prob-
lem. So far, this model reduction technique has been successfully employed for the blood
flow simulation. This paper provides a first attempt to employ the same procedure in a
different applicative context. The adoption of a customized modal basis of functions as
well as the definition of the HiMod map changing the physical domain into the reference
one represent the key steps for a HiMod reduction. As a consequence, these two issues
have been thoroughly investigated in the paper.
Numerical verification shows that the multimode acoustic scattering matrix can be ac-
curately computed by HiMod, with a speed-up factor of about 200 when compared with
a well-established 3D FE solver such as Comsol Multiphysics. These computational
advantages become more and more relevant as the number of the dofs increases. As
an additional check to the test cases here included, we managed to solve a 100 m long
pipeline on a standard PC with 16 GB RAM, without resorting to special techniques.
The same problem tackled with a 3D FE analysis would require hardware resources well
beyond the ones of a common laptop.

Several extensions of the current analysis can be itemized. Among the possible
future developments, we cite the interest for a parametric setting. Actually, parametric
problems play a crucial role when dealing with multi-query contexts, such as optimization
loops or uncertainty quantification. A priori, parameters may coincide with any problem
data. A case of particular interest is represented by the parametrization of the geometry.
In [29, 30, 31], two different parametric counterparts of HiMod reduction are provided.
These works will provide us with the reference background to generalize the present
modeling to more challenging acoustic configurations.

Non-linear unsteady problems represent another issue of relevant interest with a view
to real-life simulations. A first attempt to formalize the time-dependent version of the
HiMod discretization is presented and numerically checked in [32].

A The HiMod map

In this appendix, we detail the transformation adopted in Section 2 to commute the
physical domain, Ω′, into the reference one, Ω, (see Figure 1). The pipeline bound-
ary, ∂Ω′, is described by a radial distance from the z′-axis coinciding with a function,
ρ̃ ′(θ′, z′), of θ′ and z′. We assume that the z′-coordinate is sampled with Nz points and,
for each sampled coordinate, we consider a pipeline cross-section, defined by Nb points.
We use index k to label the sampled z′-coordinate and index r to denote the points
discretizing (counterclockwise) the boundary of the k-th cross-section, so that the k-th
pipeline section is identified by the pairs (x̃′r,k, ỹ

′
r,k) in Cartesian coordinates or, likewise,

by (ρ̃′r,k, θ̃
′
r,k) in polar coordinates, with r = 1, . . . , Nb, k = 1, . . . , Nz. In Figure 5, we

show a schematization of the geometric parameters.
The HiMod map that we adopt converts each cross-section of Ω′ to a circle of radius

R. The boundary of the k-th cross-section is described in polar coordinates through a
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Figure 5: k-th section of the pipeline: the points along the boundary of the cross-section
are labeled counterclockwise by index r.

piecewise linear interpolation, so that

ρ̃′k(θ
′) = ρ̃′r,k

(θ̃′r+1,k − θ′)
∆θ,r

+ ρ̃′r+1,k

(θ′ − θ̃′r,k)
∆θ,r

for θ′ ∈ [θ̃′r,k, θ̃
′
r+1,k],

with ∆θ,r = θ̃′r+1,k − θ̃′r,k the discrete angular step and r = 1, . . . , Nb − 1.
Consider now the volume of the pipeline in the slab z′k ≤ z′ ≤ z′k+1. Then, each

point P ′(ρ′, θ′, z′) ∈ Ω′ is mapped into a point P (ρ, θ, z) ∈ Ω by the map
ρ = ρ′

R

ρ̃ ′k(θ
′)Zk + ρ̃ ′k+1(θ′)Zk+1

θ = θ′

z = z′,

(30)

with Zk = (zk+1 − z)/∆z,k, Zk+1 = (z − zk)/∆z,k and ∆z,k = zk+1 − zk. Note that
transformation (30) defines a linear interpolation between ρ̃ ′k and ρ̃ ′k+1 along the z-
direction.
A more straightforward derivation can be obtained with the inverse transformation of
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the map in (30), given by 
ρ′ = ρ

ρ̃ ′k(θ)Zk + ρ̃ ′k+1(θ)Zk+1

R
θ′ = θ

z′ = z,

for zk ≤ z ≤ zk+1, whose Jacobian, in Cartesian coordinates, coincides with

J
′
= J

′
(x, y, z) =


∂x′

∂x
∂x′

∂y
∂x′

∂z
∂y′

∂x
∂y′

∂y
∂y′

∂z

0 0 1

 = J
−1
,

with J the matrix defined in (7), whereas, in polar coordinates, we have

J
′
= J

′
(ρ, θ, z) =

cos θ − sin θ 0
sin θ cos θ 0

0 0 1



∂ρ′

∂ρ
∂ρ′

ρ∂θ
∂ρ′

∂z

0 ρ′

ρ 0

0 0 1


 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 ,
where 

∂ρ′

∂ρ
=

ρ̃ ′k(θ)Zk + ρ̃ ′k+1(θ)Zk+1

R

∂ρ′

ρ∂θ
=

ρ̃ ′r+1,k − ρ̃ ′r,k
R∆θ,k

Zk +
ρ̃ ′r+1,k+1 − ρ̃ ′r,k+1

R∆θ,k+1
Zk+1

∂ρ′

∂z
= ρ

ρ̃ ′k+1(θ)− ρ̃ ′k(θ)
R∆z,k

ρ′

ρ
=

ρ̃ ′k(θ)Zk + ρ̃ ′k+1(θ)Zk+1

R

(31)

for zk ≤ z ≤ zk+1. Relations (31) define the anisotropic material density in the pipeline

and allow us to express the Jacobian det(J) in (18) in a closed form. In particular, it
holds 

Jττ = iρi
T
ρ Jρρ + iρi

T
θ Jρθ + iθi

T
ρ Jθρ + iθi

T
θ Jθθ

Jτz = iρi
T
z Jρz + iθi

T
z Jθz

Jzτ = izi
T
ρ Jzρ + izi

T
θ Jzθ

Jzz = izi
T
z Jzz = izi

T
z ,

with iρ, iθ, and iz the unit vectors associated with the radial, the angular and the z
coordinates, Jσυ the Jacobian components with σ, υ = ρ, θ, z.
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B Acoustic modal functions in a circular waveguide

We define the acoustic modal functions φn(i) involved in the HiMod expansion (17),
endowed with hard boundary conditions. Mode functions are identified with the acoustic
modes φTm introduced in (18), and coincide with the exact solution to the Helmholtz
equation solved on the port cross section, ∂ΩT , when completed with homogeneous hard
boundary conditions. In particular, the modal functions are power-normalized on the
port cross-section, ∂ΩT , so that

W+
Tm =

1

2

[ γTm
jω%0

]∗ ∫
∂ΩT

φTm(ρ, θ)φ∗Tm(ρ, θ)ρdρdθ =
1

2
(32)

with W+
Tm the average complex power along the positive z-direction and φ∗Tm the con-

jugate complex of φTm.
Mode 1 with hard boundary conditions is a constant function, i.e.,

φ1(ρ, θ) =
1

R

√
%0 v0

π
,

with R the port radius, %0 the rest density and v0 =
√
b0/%0 the speed of sound, b0 being

the compression modulus. Higher order modal functions can be expressed in terms of
Bessel functions as

φq(ρ, θ) = CνµJν

(
χνµ

ρ

R

){cos(νθ)

sin(νθ),
(33)

for q > 1, where Jν is the Bessel function of the first kind and of (integer) order ν, while
χνµ is the µ-th zero of the first derivative of Jν (with ν = ν(q), µ = µ(q), q being the
modal index) [33]. In (33), Cνµ is a normalizing term that can be expressed as

Cνµ =
χνµ
R

(
γq
jω%0

∣∣∣∣ πεν0
(χ2
νµ − ν2)J2

ν (χνµ)

∣∣∣∣)− 1
2

, (34)

where εν0 = 1 for ν = 0 and εν0 = 2 otherwise, j is the imaginary unit, γq =√
(χνµ/R)2 − k2

0 is the complex propagation constant, with ω the angular frequency
and k0 = ω/v0 the wavenumber. Notice that, in case ν = 0, only the cosine function in
(33) is used.

From definitions (33)-(34), we have that the first four modal functions used in Fig-
ures 3 and 4 are provided by

φ1(ρ, θ) =
1

R

√
%0v0

π

φ2(ρ, θ) = C11J1

(
χ11

ρ

R

)
cos(θ)

φ3(ρ, θ) = C11J1

(
χ11

ρ

R

)
sin(θ)

φ4(ρ, θ) = C21J2

(
χ21

ρ

R

)
cos(2θ),
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respectively. Despite the generally poor convergence performance when involved in a
modal expansion with respect to other polynomial approximations [17], Bessel’s functions
can be advantageously employed in the specific case of our interest, since we are mainly
interested in small deformations. Moreover, in the limit case of no deformation, the
approximation obtained by Bessel’s functions in the transverse plane tends to the exact
solution. This contributes to reducing the numerical noise and therefore enhancing the
system capability to detect extremely small echoes.
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