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Chapter 1
A multiscale modeling approach to transport of
nano-constructs in biological tissues

Davide Ambrosi and Pasquale Ciarletta and Carlo de Falco and Matteo Taffetani and Paolo Zunino

Abstract Nanomedicine is the emerging medical research branch which employs nanotechnological de-
vices to improve clinical diagnosis and to design more effective therapeutic methodologies. In particular,
functionalized nanoparticles have proved their clinical usefulness for cancer therapy, either as vectors for
targeted drug delivery or for hyperthermia treatment. The effectiveness of such novel therapeutic strategies
in nanomedicine exploits the capability of the nanoparticles to penetrate into the living tissue through the
vascular network and to reach the targeted site. Accordingly, their success is tightly related to the control
of the the multi-physics and multi-scale phenomena governing the diffusion and transport properties of the
nanoparticles, together with the geometrical and chemo-mechanical factors regulating the nanoparticles-
tissue interactions. Indeed, the therapeutic effectiveness of earlier approaches was hindered by a limited
ability in penetrating within the tumor tissue essentially due to microfluidic effects. Mathematical modeling
is often employed in nanomedicine to analyze in silico the key biophysical mechanisms acting at different
scales of investigations, providing useful guidelines to foresee and possibily optimize novel experimental
techniques. Since these phenomena involve different characteristic time- and length-scales, a multi-scale
modeling approach is mandatory. In this work we outline how a multi-scale analysis starts at the smallest
scale, and its results are injected in large-scale models. At the microscale, the transport of nanoparticles is
modeled either by the stochastic Langevin equation or by its continuous limit; in both cases short distance
interaction forces between particles are considered, such as Coulomb and van der Waals interactions, and
small disturbances of the fluid velocity field induced by the presence of nanoparticles are assumed. At the
macroscopic scale, the living tissue is typically modeled as a homogeneous (homogenized) porous material
of varying permeability, where the fluid flow is modeled by Darcy’s equation and nanoparticle transport is
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described by a continuum Diffusion-Reaction-Advection equation. One of the most significant features of
the model is the ability to incorporate information on the microvascular network based on physiological data.
The exploitation of the large aspect ratio between the diameter of a capillary and the intercapillary distance
makes it possible to adopt an advanced computational scheme as the embedded multiscale method: with
this approach the capillaries are represented as one-dimensional (1D) channels embedded and exchanging
mass in a porous medium. Special mathematical operators are used to model the interaction of capillaries
with the surrounding tissue. In this general context, we illustrate a bottom-up approach to study the transport
and the diffusion of nanoparticles in living materials. We determine the permeability as well as the lumped
parameters appearing in the nanoparticle transport equation at the tissue level by means of simulations at the
microscale, while the macroscale tissue deposition rate is derived from the results of microscale simulations
by means of a suitable upscaling technique.

1.1 Biophysics of cancer

Transport phenomena play a fundamental role in the development of cancer. At different phases of cancer
disease, tumors use mass transport to interact with the surrounding environment [32]; the propagation of
growth signals or the invasion of the surrounding tissue by initiation of angiogenesis are essentially regulated
by transport phenomena. Transport phenomena are also at the basis of the pharmacological treatment of
cancer. The vascular network is a natural therapeutic option to target vascularized tumors. Nevertheless,
the success of anticancer therapies in treating cancer cells in vivo is limited by their inability to reach their
target in adequate quantities [33]. An agent that is delivered intravenously reaches cancer cells exploiting
the vascular flow, then it crosses the vessel wall and diffuses through the tissue interstitium. Each of these
steps can be seen as a barrier to delivery. In addition, even delivered molecules may bind to constituents of
the extracellular matrix and be metabolised by cells.

The characteristic traits of cancer can be seen as the emergent behavior of a cascade of phenomena that
propagate from the molecular scale, through the cell and the tissue microenvironment, up to the systemic
level. Transport phenomena in the capillary network (the microenvironment or microscale) play a key role
in this sequence of effects. In particular, the alterations of the capillary phenotype of a tumor significantly
affect the drug delivery process [9]: blood vessels in tumors are leakier and more tortuous than the normal
microvasculature and the pressure generated by the proliferating cells reduces tumor blood and lymphatic
flow. These alterations lead to an impaired blood supply and abnormal tumor microenvironment, character-
ized by hypoxia and elevated interstitial fluid pressure. The reduced pressure gap across the vessel walls is
sometimes even reversed in sign and greatly reduces the ability to deliver drugs.

The mathematical modelling of interstitial flow can be an important support to tackle these issues. The ob-
jective of this work is to illustrate a multiscale mathematical model to investigate the diffusion and transport
properties of nanoparticles after nanofluidic injection into a living tissue. Our multiscale approach is based
on two coupled models. The macroscopic model considers the tissue as a porous medium, and accounts for
convection, diffusion and absorption of the particles, by means of a continuous spatial concentration. The
microscopic model studies the motion of the particles in the extra-cellular space and their interaction with
the targeted cell surface. We follow the definition of characteristic scales proposed in [56]:

• (i) The tissue scale (cm-tens of s), where the structured heterogeneities within the living material can be
separately recognized;

• (ii) The extravascular space (mm-s), where the matter trasfers from blood in the capillary network to the
extracellular matter and the cells;
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• (iii) The cellular level (µm-ms), in which nanoparticles/nanovectors diffuse and are advected by the flow
or up-taken by the cells, behaving like a suspension within a fluid domain;

• (iv) The sub-cellular level (up to hundreds of nm-µs), where the biochemical interactions, such as the
particles uptaking or cells regulation, become the dominant processes.

The models labelled as macroscale span the scales between (i) and (ii), while the microscale typically in-
volves phenomena of (iii) and (iv).

1.1.1 An overview of transport phenomena in tumors

Several mathematical models have been proposed in recent years to describe transport phenomena in tumor
tissues, and different types of particles have been used in cancer treatment. In most cases, the tumor is
assumed to be spherical, in analogy with the multi-cellular tumor spheroid model, an assumption that allows
to exploit the radial symmetry; in general the significant parameters are considered constant and derived
experimentally.

Banerjee et al. [5] described the penetration of monoclonal antibodies in a tumor nodule surrounded by
healthy tissue. The nodule is assumed to be spherical and embedded in a tissue described by a macroscale
model: the concentration of free antibodies in the external extracellular space is determined by the interaction
between diffusion, uptake from blood and efflux to lymphatics. The distance between blood and lymphatic
microvessels is assumed to be small in comparison with the tumor nodule and then uptake and efflux can be
described by uniform rate constants. Exploiting the radial symmetry, the concentration of antibodies Ab in
the healthy tissue
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where Ab,p is the concentration of antibodies in the blood, r is the radial coordinate, t is time, De is the
diffusion coefficient in the healthy tissue, k is the constant rate of transcapillary exchange, L is the constant
rate of lymphatic flux from normal interstitium.
In cancer in a pre-vascular stage the presence of lymphatic and blood vessels is neglected and can be de-
scribed as in van Osdol [43] and Graff and Wittrup [31]. The concentration of free antibodies is coupled to
the concentration of free antigens and to the concentration of the antigen-antibody complex B by the reaction
terms,
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where k f and kr are constants that describe the association and dissociation rates between antibodies and
antigens, n = 2 is the binding valence of antibodies, Ag,0 is the total concentration of antibodies. The authors
considered symmetric Dirichlet boundary conditions and a condition of interface between the tumor and
the normal tissues. All constants in the model were determined experimentally; among all parameters, the
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diffusion coefficient is very difficult to measure, thus explaining the large variability in the values that can
be found in the literature. Numerical simulations show that the values chosen for the diffusion coefficient
and the density of the binding sites in the tumor (in this case the antigens) play a fundamental role in the
diffusion of the particles.

Graff and Wittrup [31] used a very similar model to describe the diffusion of antibodies in tumor
spheroids. Their results are compared with those experimentally obtained in tumor spheroids and no healthy
tissue is considered. The study focuses on the optimization of the affinity antibody/antigen. In previous sim-
ulations [43] it had been shown that the high affinity antibody/antigen was responsible for the formation of
a binding site barrier: the front of free antibodies advances inside the spheroid until their concentration in
plasma falls below a certain level. If the front stops when antibodies have not yet reached the center of the
spheroid, they create a “barrier”. The study shows that antibodies with lower affinity have a greater penetra-
tion ability, but their therapeutic efficacy decreases. Also in this model the association and dissociation rates
are assumed to be constant and the convection within the tumor is neglected.

Ward et al. [60] and Norris et al. [41] propose a refined model for the diffusion of chemotherapic drugs in
tumor spheroids and used it to compare the effectiveness of various techniques of drug release. The numerical
analysis applies to a system of four one-dimensional equations in radial coordinates where different fields
are considered: the density of living cells, the concentration of nutrients, the concentration of drug and the
convective flow of the cells in the spheroid. The reaction terms account for mitosis and apoptosis rates of the
cells: the former according to a generalized Michaelis-Menten kinetics, while the rate of cell death depends
on the concentration of drug.

The models presented above are designed for the diffusion and transport of macromolecules and antibod-
ies, and they can not be directly applied to the diffusion and transport of nanoparticles: nanoscale objects
are subject to strong interaction with the cellular surface, that may cause further absorption with respect to
the simply due the molecular degradation. Moreover the diffusivity of the nanoparticles is smaller than for
macromolecules, since the Brownian motion, due to collisions of the particles with the molecules of the fluid,
is inversely proportional to the particles size. Goodman et al. [30] analyzed the diffusion of nanoparticles
for size between 20 and 200 nm and developed a mathematical model which takes into account the inho-
mogeneities inside the tumor spheroids. They assume that the porosity e depends on the radial coordinate
and such a generalization allows the application of the model to spheroids treated with collagenase. In fact,
it is experimentally known that the treatment of spheroids with ECM-degrading enzymes, such as collage-
nase and ialuronidase, the increases of the pore volume (as shown in Figure 1.1) and therefore facilitates the
diffusion of the particles.

Fig. 1.1 Sections of a spheroid exposed to 40 nm fluorescent nanoparticles. (A) Section shown as a phase contrast; arrows
indicate the approximate boundary of the necrotic core. (B) Section shown as a fluorescent image. (C) Fluorescent image of a
spheroid coincubated with 0.076 mg/mL collagenase and nanoparticles. Scale bar is 200 µm. [30]
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The model by Goodman et al. describes the evolution of the molar concentration C of free particles, the
concentration of bound particles Cb, the concentration of available binding sites on the cell surface Cbs, the
concentration of internalized particles Ci. The corresponding balance equations are
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where ka is the rate of association, kd the rate of dissociation, ki the rate of internalization. We point out that
the porosity of the material e is not an asymptotically small parameter in this setting and recall that it may
depend on the radial coordinate, namely e = e(r). The initial and boundary conditions are given by

C(0,r) =Cb(0,r) =Ci(0,r) = 0, 0  r < R,

Cbs(0,r) =Cbs,0, 0  r < R,

C(t,R) =C0e(R), t > 0,
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where R is the radius of the spheroid, C0 is the concentration of particles outside the spheroid and Cbs,0 is
the initial concentration of the binding sites inside the spheroid.

The model is formally analogous to the one by [31], while it considers the particles internalization. The
article highlights the difficulty in finding an expression for the diffusion coefficient in tumor tissue that
should sinthetically represent various factors (such as the arrangement of the cells and the composition of
the extracellular matrix). A possible expression for the diffusion coefficient in porous media is given by [30]

D = D0
L(l )

Ft(e)
, (1.5)

where
D0 =

KB T
6phrp

, and l =
rp

rpore
. (1.6)

Here D0 is the diffusion coefficient in an unbounded liquid medium, rp is the particle radius, rpore is the
effective pore size, h is the fluid viscosity, KB is the Boltzmann constant, T is the absolute temperature,
L(l ) is the factor responsible for hydrodynamic and steric reduction of the diffusion coefficient in the pore,
t(e) is the tortuosity and F > 1 is a shape factor that accounts for the hindrance in the pores. While this
model considers non-specific interactions, it shows that the diameter of the nanoparticles is a fundamental
parameter for the diffusion of the drugs and introduces the space-dependent porosity e as an approach for
modeling the heterogeneity of the tissue.

The model proposed by Goodman has been seminal in the field. Different expressions for the diffusion
coefficient have been later proposed by Florence [25] and Gao et al. [27]. The former author proposes various
expressions for the diffusion coefficient, taking into account the obstacles present in the extracellular matrix.
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The second one compares the model-simulated results on the diffusion of nanoparticles with experimental
results obtained in the case of three different types of nanoparticles with positive, negative and neutral
charges, respectively.

Fig. 1.2 Transport mechanisms governing nanoparticles penetration through solid tumors. Nanoparticles are transported
through tumors by (A) free diffusion in extracellular space, and can be inhibited by (B) cell binding and/or by (C) cell internal-
ization. The structure of nanoparticles can be tuned to alter their interactions with cells and the tumor bed, thus optimizing their
transport through solid tumors. [59]

Waite and Roth [59] applied a model similar to the one by Goodman to a particular kind of nanopar-
ticles (dendrimers PAPAM) simulating the effect of the change in the number of targeting ligands (RGD
peptides) on their surface. The affinity of these ligands with a malignant glioma cells had been demonstrated
experimentally. This type of particles is positively charged and exerts electrostatic interactions with the cell
membrane. The previous models are expanded to include two possible modes for the formation of bonds be-
tween nanoparticles and cells: through receptor-mediated interactions (between RGD targeting peptides and
cell-surface integrin proteins) or non-specific ones (through electrostatic interactions). The differential sys-
tem (1.3) is supplemented by the equations for the concentration of particles linked to specific binding sites
and for the concentration of available specific binding sites. Graff and Wittrup have shown that low affinity
antibodies have a more homogeneous distribution through solid tumours; in this paper a similar behavior
is observed in the case of tumor-targeted nanoscale materials. Unlike in Goodman analysis, the porosity is
assumed to be constant through the spheroid, as well as the diffusion coefficient and the association and
dissociation rates, which are estimated through the comparison with experimental data.

A similar model was obtained in Ying et al. [61] for the transport of drugs through vesicles, which have
been studied along several years for their ability to deliver drugs. In particular, various methods were evalu-
ated for the calculation of the coefficient of association between receptors and specific ligands, considering
also the possibility to use different types of ligands on a single vesicle. In this work, no formation of non-
specific binding is considered.

At the sub-cellular level, the theory proposed by Decuzzi and Ferrari [19, 20] studies the specific inter-
actions between cells and particles to assess the relation between the dynamics of absorption and the shape
of the particles. The absorption rate of the particles is then a function of the binding energy, the density and
mobility of receptors on the cell membrane and the shape of the particles.

Chou et al. [14] adopted a different point of view and constructed a small-scale model to study the
evolution of macromolecule carriers in localized tumor tissues. While the articles presented above considered
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spheroids tumor or tumors in pre-vascular phase, in this case a convective flux of the interstitial fluid is taken
into account.

Su et al. [55] studied a multiscale model for the transport and deposition of magnetite nanoparticles during
the injection of nanofluids into tumor tissues. They track the trajectory of a particle in the extracellular matrix
through the study of its dynamics and the interactions between the nanoparticle and a cell; this study allows
to obtain the rate of particles deposition on a single cell, from which the volumetric absorption coefficient in
the tissue can be computed and then used in a macroscale model.

1.2 A micro-scale approach to transport of nano-constructs

1.2.1 Microscopic model

In this section we restrict our analysis to motion of nanoparticles in the extracellular space, around either a
single cell or in a pore, with the aim of determining the single cell efficiency hs as a function of the relevant
biophysical phenomena. The hydrodynamic interactions between the particles can be neglected since the
nanofluid is dilute and the nanoparticles behave as point-like, chemically inert, solid spheres.

Due to the small length-scales under considerations, the flow is characterized by a very small Reynolds
number, it is laminar and obeys the Stokes equations

(
—p = hDv f ,

— ·v f = 0,

(1.7)

where p is the pressure and v f is the fluid velocity. In the following, we solve these equations for given
pressure drop at the boundary, no slip conditions on the cell surface and boundary conditions dictated by the
symmetry of the problem elsewhere.

The nanoparticles around a cell are subject to the drift of the flowing liquid, while their motion is affected
by Brownian motion and other forces (see Sect. 1.2.1.2). Accordingly, the distribution of the nanoparticles
can be modeled through either a discrete stochastic approach, which calculates the trajectory of the particles,
or through its continuous limit, which studies the evolution of nanoparticle density in time and space.

Using the discrete viewpoint, the trajectory of a nanoparticle is described by the stochastic Langevin
equation:

dr j =

✓
D

KBT
Fe +v

◆
D t +(Dr)B

j , (1.8)

where dr j is the displacement vector of the jth particle, D is the particle diffusivity tensor, Fe represents the
sum of all the forces acting on the particle, v is the particle velocity, D t is the time step and (Dr)B

j is the
random Brownian displacement due to collisions between the particles and the fluid molecules surrounding
them. Moreover KB is the Boltzmann constant and T is the absolute temperature. Since nano-sized-particles
have a small relaxation time, we can neglect inertia and assume that the particles relax to the fluid velocity
almost instantaneously. Thus, the particle velocity v coincides with the fluid velocity.

Conversely, using a continuous viewpoint, the evolution of the nanoparticles concentration c can be de-
scribed by the following advection-diffusion equation
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where D is a diffusivity tensor. The next section is devoted to the identification of the major factors influenc-
ing the microscopic motion of the nanoparticles in the extracellular space: the hydrodynamic interactions
and the forces acting on the nanoparticles.

1.2.1.1 Hydrodynamic retardations

The diffusivity tensor D and the nanoparticle velocity v appear in both equations (1.8) and (1.9). Since inertia
is negligible, the nanoparticle velocity v can be assumed to coincide with the fluid velocity. Far from the cell
surface, the perturbation of the nanoparticle on the flowfield can be neglected and the velocity of the fluid
obeys to Stokes equations (1.7) without any feedback. Similarly, the nanoparticle diffusivity can be assumed
to be isotropic according to Stokes-Einstein relation far away from the cell. Conversely, near the cell the
hydrodynamic interactions between the particles and the cell surface significantly affect the motion of the
fluid, thus influencing the induced particle velocity and diffusivity [29, 28]. Since the nanoparticles are much
smaller than a cell and the perturbation to the fluid flow is significant only near the cell surface, this one can
be approximated as a plane wall and the following relations can be introduced [21]

vk = f3(d )v f ,k , v? = f1(d ) f2(d )v f ,?,

Dk = f4(d )D0 , D? = f1(d )D0,
(1.10)

where the subscripts k and ? indicate the components in the direction parallel and perpendicular to the
surface, respectively. The scalar functions fi, i = 1, . . . ,4 depend on the normalized distance d , defined as
the ratio between the distance H of the particle center from the cell surface and the particle radius rp. Their
values can be fixed by estimating the hydrodynamic forces and torques acting on a particle near the surface
and exploiting the equilibrium equations. In our simulations, we used the values obtained computing these
functions by numerically solving four test cases and validating our results with the approximated expressions
presented in [55].

1.2.1.2 Driving forces

When a particle moves immersed in the fluid filling the extracellular space, several forces should be consid-
ered: drag, Basset force, Magnus force, Saffman force and buoyancy force. Nevertheless, all the mentioned
forces can be neglected in our study due to the small size of the particles considered. In our microscopic
model, we take into account only two type of interactions between the nanoparticles and the cell:

F = Fli f t +FDLVO, (1.11)

where FDLVO represents the sum of Derjaguin, Landau, Verwey, and Overbeek (DLVO) forces and Fli f t the
lift force. All of these contributions act normally to the cell surface and are significant when the particle is
close to the cell surface.

The DLVO theory quantitatively explains the aggregation of aqueous dispersions and is based on the
combined effect of two forces: the van der Waals force and the electrostatic double layer force. The latter
arises only between charged bodies through an electrolyte solution and it will be neglected in the following
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since we deal with non charged nanoparticles. The van der Waals intermolecular force due to interactions
between the dipoles constituting the bodies, which is given by:

FDLVO =�∂UvdW

∂h
, (1.12)

where h is the distance between the two surfaces and UvdW is the van der Waals interaction energy. An
approximate expression for UvdW between a sphere of radius rp and a plane wall is given by [35]

UvdW =�AH
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h
2rp +h

◆
, (1.13)

where AH is the Hamaker constant.

The lift force acts on a nanoparticle which moves in a fluid flowing close to a surface: in this condition,
the gradient of velocity tends to move the particle in the direction normal to the streamlines of the fluid flow.
The lift force acting on a neutrally buoyant particle in a fluid having a linear shear flow profile near a wall is
given by [13]

Fli f t = rphV ReIi?, (1.14)

where I is such that

I =
�
1.7631+0.3561z �1.1837z 2 +0.845163z 3�+
�
�
3.24139z�1 +2.6760+0.8248z �0.4616z 2�LG+

+
�
1.8081+0.879585z �1.9009z 2 +0.98149z 3�L 2

G,

(1.15)

with
z =

rp

H
, LG =

Grp

V
. (1.16)

In equations (1.14)-(1.16) V is a characteristic velocity, Re is the Reynolds number calculated using the
particle radius, H is the distance of the particle center from the cell surface and G is the velocity gradient of
the linear shear flow field in the direction normal to the surface.

1.2.1.3 Microscopic geometry

In the study of particles deposition onto solid surfaces, Happel’s sphere-in-cell model has been extensively
applied as a representation of the unit cell constituting the porous medium [48, 58, 40]. In this model the
medium is represented as an assembly of identical spherical cells of radius rc, each one surrounded by a
shell of fluid (Fig. 1.3); the outer boundary is a concentric sphere of radius b, where b is chosen so that the
overall porosity of the medium is preserved for the single cell, that is

b = rc(1� e)�
1
3
, (1.17)

as shown in Fig. 1.3(left). The axial symmetry of the problem allows an analytical solution of Stokes equation
(1.7). In particular, the components of the fluid velocity can be obtained in spherical coordinates [21] as
a function of the uniform fluid velocity U• far away from the cell. Nonetheless, this model is not well
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Fig. 1.3 Cell and fluid envelope in Happel’s sphere-in-cell model (left) and corresponding hexagonal package (middle), high-
lighting the presence of voids in the microstructural domain. Cubic packing of cells in the case of spherical cells (right).
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Fig. 1.4 Two-dimensional projection in the x� y plane of the unit spherical cell with cubic packing (left) and two-dimensional
projection in the x� y plane of the unit ellipsoidal cell with cubic packing (middle). On the right we show the two-dimensional
projection in the x� y plane of the sinusoidal pore (obtained by rotation invariance around the x axis) and the sinusoidal layer
(translational symmetry with respect to the z axis).

representative of the real biological microstructure, since there is no package of single spherical Happel’s
elements which allows to fill the whole microstructured domain, as sketched in Fig.1.3(right). Consequently,
the porosity of the medium is not the same as the one of the single microscopic domain.

Our modelling approach considers a cubic packing, as sketched Fig. 1.3 (right), for which the definition of
porosity is kept consistent between the microscopic and the macroscopic level. Since an analytic solution of
Stokes equation is not available here, we first numerically solved the problem for the elementary cubic cell.
Secondly, we considered two different microscopic geometries, mimicking the particles’ absorption onto
a cell surface and the extravasation over a capillary lumen. In the former case, we considered a spherical
cell (Fig. 1.4 left) and an ellipsoidal cell (Fig. 1.4 middle) with cubic packing. In the latter, we investigated
the motion of the nanofluid into a pore, considered both as a sinusoidal channel and a sinusoidal layer,
whose two-dimensional projection in the x� y plane is shown in Fig. 1.4 (right). For the sake of clarity,
the sinusoidal pore is assumed symmetric for rotations around the x axis, while the sinusoidal layer has a
translational symmetry with respect to the z axis. Finally, all the biological parameters implemented in the
numerical simulations have been collected in Table 1.1.
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Parameter Description Value
AH Hamaker constant 4⇥10�20 J
T temperature 310.15 K
dp particle diameter 0.1-200 nm
r f fluid density 997 kgm�3

rp particle density 1060 kgm�3

h dynamic fluid viscosity 0.001 kgm�1 s�1

Table 1.1 Main biological parameters used in the numerical simulations.

1.2.2 Upscaling method

Assuming that the porous tissue is homogeneous and composed by a periodic array of identical unit cells,
we can relate the macroscopic model to the microscopic one, and in particular the local deposition rate
coefficient k f to the single cell efficiency hs. Following [46] we adopt the following relation between k f and
hs

k f =� ux

Ld
ln(1�hs), (1.18)

where Ld is the length of the microscopic domain and ux is the fluid velocity in the principal direction of
flow (assumed to be constant, obtained for example by averaging the flow field over the unit cell).

1.2.3 Numerical methods

For the solution of the Langevin equation (1.8) we used a Lattice Kinetic Monte Carlo method with a fixed
uniform Cartesian grid. This approach exploits the high dilute assumption for the nanofluid and allows very
efficient parallel simulation of particle trajectories due to the possibility to precompute all transition rates
between lattice sites. The crucial aspect of the algorithm design is a suitable selection of transition times [50]
that allows to avoid undesirable effects well known in the literature [22]. The continuum model (1.9) has
been numerically solved by a Finite Volume Method which combines Exponential Fitting for stabilization
in case of dominant advection with the technique of [45], which allows to construct 3D control volumes that
enforce a Discrete Maximum Principle. The velocity field appearing both in the discrete stochastic model
of equation (1.8) and in the continuum model (1.9) has been calculated by a Finite Element solver for Stokes’
equation based on the MINI algorithm of [4]. The implementation of the LKMC and FVM algorithms was
performed based on in-house C++ libraries [1, 2], while the Stokes solver was implemented in python using
the DOLFIN library [37].

1.2.4 Numerical results

The numerical simulation of our multi-scale model investigate the effect of nanoparticles and tissue prop-
erties on the single cell absorption efficiency at the microscopic level and the consistency of the upscaling
method at the macroscopic scale.



12 Davide Ambrosi and Pasquale Ciarletta and Carlo de Falco and Matteo Taffetani and Paolo Zunino

1.2.4.1 Sensitivity analysis of microscopic effects

The many factors that affect the motion of the nanoparticles in the extracellular space at the microscopic
level can be separately considered and evaluated in a numerical simulation. In Fig. 1.5, we show the effect of
the hydrodynamic retardations on the single cell absorption efficiency: the results obtained for the Happel’s
sphere-in-cell model and the sinusoidal pore are compared. In both cases, the retardation reduces the single
cell efficiency for all particles sizes, with a more significant difference arising for bigger nanoparticles.

In Fig. 1.6, the influence of each of the microscopic forces acting on the nanoparticles is reported. We
can see that the effect of the lift force is almost negligible in the low Reynolds number regime of interest to
our application, so that the most relevant contribution is given by the van der Waals force. Since the van der
Waals force is always attractive, we calculate a growth of the absorption efficiency, which increases with the
nanoparticle size.

1.2.4.2 Nanofluid motion around a cell

The motion of the nanofluid in the first system model influences the particle absorption onto a cell surface.
We have compared the results for the Happel’s sphere-in-cell model, obtained through simulations with the
Monte Carlo method and the Finite Volume Method, with RT [48] and TE [58] semi-analytical correlations,
versus the results presented in [55]. In Fig. 1.7, we report the absorption efficiency versus the nanoparticle
diameter, showing that the cell efficiency decreases with increasing particle size. As expected, the effect
of diffusion becomes smaller and the nanoparticles deviate less from the streamlines of the fluid flow. We
remark that our numerical simulations yield a higher cell efficiency with respect to the literature values,
except for the smaller particles.

Secondly, we have investigated the effect of the microscopic geometry on the single cell absorption effi-
ciency, taking into account the more realistic cubic packing of the cubic unit cell. Since the efficacy of the
FVM model has been validated against the MC one, we only consider the continuum approach. Then, we
have first numerically computed the fluid velocity in the representative cubic domain solving Stokes equation
(1.7) and then we have solved equation (1.9) for the nanoparticle concentration by applying a Finite Vol-
ume Method. We have compared the single cell efficiency obtained through the Happel sphere-in-cell model
against the case of a spherical cell with cubic packing with rc and b fixed and different values of porosity.
Let us highlight that the minimum allowed porosity in the case of spherical cells with cubic packing is larger
than in the case of Happel’s model. Fig. 1.8 shows that hs is smaller for a sphere with cubic packing than for
the Happel’s model.

Thirdly, we have compared the efficiency of a single spherical cell with an ellipsoidal cell with cubic
packing at fixed porosity e = 0.6649. The resulting curves of single cell absorption efficiency as a function
of the nanoparticle size are plotted in Fig. 1.9. In both cases the cell efficiency decreases for increasing
particle size, being almost the same for the smallest nanoparticles. For the spherical cell, the efficiency also
increases for increasing nanoparticle size.

1.2.4.3 Nanofluid motion into a pore/layer

Now let us consider the nanofluid motion into either a sinusoidal pore or a sinusoidal layer. As in the previous
analysis, we have first numerically computed the fluid velocity, i.e. by solving equation (1.7), and then we
calculated the nanoparticle concentration through the solution of equation (1.9). In Fig. 1.10 we depict
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the single cell efficiency in the case of a sinusoidal pore and a sinusoidal layer at fixed porosity and fixed
tortuosity t , defined as the ratio between the amplitude a of the sinusoidal and the corresponding wavelength
L. We find that the sinusoidal pore has a bigger cell efficiency for all the particles sizes under consideration.
The effect of tortuosity on the cell efficiency is shown in Fig. 1.11 for both the sinusoidal pore and the
sinusoidal layer. We set t = 0.1,0.2 for the sinusoidal layer and t = 0.1,0.2,0.3 for the sinusoidal pore: in
both cases, the efficiency decreases for decreasing tortuosity.

1.3 A macro-scale approach to transport in vascularized tissues

Microvascular fluid dynamics plays a fundamental role in determining the efficiency of the drug delivery of
nanoparticles. In this section we study the flow in the capillary network coupled with interstitial filtration, see
equation (1.19), and transport of particles described by equation (1.20). As sketched in Figure 1.12, flow in
microvessels, interstitial flow and transport are coupled phenomena to be modeled by space-time dependent
partial differential equations, which can be efficiently solved using advanced numerical technique, like the
embedded multiscale method, developed in [17, 18] and later applied in [10, 11] for studying perfusion and
drug delivery.

The geometrical configuration of the macro-scale model is shown in Figure 1.12: a tumor slab of
R3230AC mammary carcinoma on a rat model, whose data are reported in [52] and made available as a
result of the Microcirculation Physiome Project [44]. The tumor slab size is 220⇥ 208⇥ 92 10�5 m and it
contains 105 different segments with radii spanning from 5.5 ⇥ 10�6 m to 33.2 ⇥ 10�6 m. The variability in
the radius introduces several technical difficulties in the mathematical model; for example the enforcement
of mass conservation at each bifurcation of the network has not yet been addressed in the available compu-
tational solver. For this reason, we adopt here a constant radius R = 7.64 ⇥ 10�6 m that is the arithmetic
average of the individual radii of each segment. A generalization of the flow model to varying capillary
radius is presented in [42] and will be used in forthcoming studies.

The computational model is decomposed into the microvascular network L and the surrounding malig-
nant tissue W . The subscript v (vascular) will denote all the variables defined in the capillary domain, while
the subscript t labels the tissue. Our computations simulate a protocol for HCT where the tumor slab is in-
fused with a solution of particles. The injected particles enter the (virtual) tumor model through the inlets of
the capillary network. These inlets are represented by the specific points of the capillaries intersecting with
the chosen faces of the tumor slab.

The physical quantities of interest are the flow pressure p, the velocity u and the concentration of trans-
ported solutes c. All fields depend on time t and space, x 2 W being the spatial coordinates. The mathemat-
ical model stems from fundamental balance laws regulating the flow in the capillary bed, the extravasation
of plasma and solutes and their transport in the interstitial tissue.

1.3.1 Governing equations of flow at the macroscale

The flow model includes two components, i.e. the microcirculation and the flow in the interstitial tissue,
coupled by interface conditions at the microvascular wall, behaving as a semipermeable membrane. The
malignant interstitial volume is assumed to be an isotropic porous material, where the flow obey the Darcy’s
law.
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Microcirculation is characterized by low Womersley and Reynolds numbers [6, 8, 53]. In these condi-
tions, the Navier-Stokes equations reduce to steady Stokes flow. Under additional assumptions of (i) straight
channels, (ii) rigid walls (iii) and constant radius, (iv) no-slip boundary conditions for the velocity, (v) ab-
sence of body forces such as gravity and inertial forces, Poiseuille flow can be exactly integrated, namely
(1.19e). As discussed in [8, 23, 24, 51], although assuming Poiseuille flow considerably reduces the compu-
tational cost, some assumptions do not fully apply in the present context. Indeed, deviations must be small:
if transmural flow occurs, it has to be small with respect to the axial component of the velocity; each vessel
branch does not have to be straight, but only a small curvature is allowed. Improvements of the current flow
model are in order: (a) for a better approximation of the extravasation effects; (b) to relieve constraints on
small curvature and consequently allow to analyze configurations characterized by high tortuosity, which
plays an important role on the average hydraulic conductivity of tumors, as discussed in [47]; (c) to improve
the characterization of stresses on the wall, which in turn will affect particle adhesion.

The arc length coordinate along each capillary segment is represented by the symbol s, while l denotes
the reference vector that characterizes the segment orientation. Furthermore, we follow [7, 54] to model the
lymphatic drainage.

The coupled mathematical model for microcirculation and flow in interstitial volume allows to find the
pressure pt , pv and the velocity fields ut , uv such that the flow problem is:
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where pt represents an average of the interstitial pressure acting on the capillary surface, namely

pt(s) =
1

2pR

Z 2p

0
pt(s,q)Rdq ,

being q the angular coordinate on the cylindrical surface representing the capillary wall.
We have imposed a pressure gradient along the capillary vessels. Since both the inflow and outflow of the

capillary vessels are located on the outer edges of the slab, we enforced a known pressure pin on two neighbor
inlet, whereas outlet pressure pout is assigned on the opposite faces. The pressure drop between inlets and
outlets is calibrated according to the following argument. Given an estimate of the average blood velocity in
the capillary circulation, equal to 0.1 mm/s according to the data provided by [34], we use Poiseuille’s law to
calculate the corresponding pressure drop. More precisely, we have applied a fictitious model consisting of
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a straight rigid pipe of length |L | and radius R, to calculate the pressure drop pin � pout that corresponds to a
velocity of 0.1 mm/s in the pipe. We have imposed the Robin-type boundary conditions (1.19f) for the blood
flow in the interstitial volume. In this equation, p0 stands for the far field pressure value, while bb denotes
an effective flow conductivity accounting for the tissue layers surrounding the tumor slab.

Let Lp be the hydraulic permeability of the vessel wall (see Table 1.3.2 for units and physiological val-
ues) and let pv � pt be the pressure difference between the vessels and the interstitial volume. Because of
osmosis, the pressure drop across the capillary wall is a function of difference in chemical potential of the
chemicals soluted in blood, [15, 26]: this determines the oncotic pressure jump (p p

v �p p
t ) modulated by the

sieving coefficient s p. The oncotic pressure is defined as p = RgT c, where c is the concentration of a given
osmotic agent, Rg is the universal gas constant and T stands for the absolute temperature. The coefficient
s p accounts for the difference of a semipermeable membrane compared to the case of ideal permeability
(i.e., no resistance force on the molecules passing through the membrane). It spans from 0 to 1, where small
values characterize ideal membranes, while larger values are typical of selective filters.

Proteins dissolved into the blood serum, and albumin in particular, are responsible for most of the oncotic
pressure generated in the capillaries, which in physiological conditions is about 25 mmHg. To model this
effect we set p p

v = 25, p p
t = 0 mmHg and s p ' 1, since proteins hardly leak through the capillary walls.

As a result we obtain s p(p p
v � p p

t ) = 25 mmHg (1 mmHg = 133.322 Pa). The oncotic effect generated
by the injected VMNs is neglected in this work. Nevertheless, this is an open question to be explored in
future studies, since albumin serum concentration is only 5 to 10 times bigger than the VMN systemic
concentrations reached after injection.

In order to model the capillary phenotype typically observed in tumors, we increase the magnitude of the
hydraulic permeability as in [7], such that the model will account of the well known enhanced permeability
and retention effect (EPR). To balance leakage of arterial capillaries, venous and lymphatic systems absorb
the fluid in excess. For the sake of generality, we include lymphatic drainage in the model, although the
lymphatic system may be disfunctional in tumors. Following [7, 54], we model them as a distributed sink
term in the interstitial volume. It is assumed that the volumetric flow rate due to lymphatic vessels, FLF ,
is proportional to the pressure difference between the interstitium and the lymphatics, namely FLF(pt) =

LLF
p

s
v
(pt � pL), where LLF

p is the hydraulic permeability of the lymphatic wall, s/v is the surface area of
lymphatic vessels per unit volume of tissue and pL is the hydrostatic pressure within the lymphatic channels.

1.3.2 Governing equations of mass transport at the macroscale

Mass transport in the capillary bed is modelled by means of advection-diffusion equations. As shown in
[16], a one dimensional model for mass transport in the capillaries network can be derived starting from
the 3D advection-diffusion problem. The coupled problem, accounting for transport of chemicals from the
microvasculature to the interstitium, dictates the evolution of the concentrations cv and ct respectively.

In the interstitial tissue the particles or molecules are advected by the fluid and diffuse in all W . In addition
they may be metabolised by the cells in the interstitial tissue. The distribution of solutes in the interstitial
tissue is also affected by the lymphatic drainage. According to the assumptions at the basis of the flow
model, the effect of lymphatic drainage on mass transport is represented as a distributed sink proportional to
LLF

p
s
v
(pt � pL)ct .

Given this notation and assumptions, the mass transport model at the macroscale reads as follows:
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where Dv and Dt are the particle diffusivities, in the capillaries and the interstitium, respectively, assumed
to be constant in each region. The rate of metabolization in the interstitium is denoted by k f and, as an
instance for many other parameters, can be calculated on the basis of the microscale model illustrated above.
Unfortunately, simulations for a specific class of nanoparticles where the macroscopic model is informed by
the microscale are not yet available but will be the result of work in progress based on the general framework
proposed here.

We describe the capillary walls as semipermeable membranes allowing leakage of fluid and selective
filtration of molecules. Again, the Kedem-Katchalsky equations represent a good model for these phenomena
[26]. Then, under the assumption that capillaries can be modeled as cylindrical channels, the magnitude of
the mass flux exchanged per unit length between the network of capillaries and the interstitial volume at
each point of the capillary vessels is

fc(pt , pv,ct ,cv) = 2pR
⇥
(1�s)Jb(pt , pv)cv +P(cv � ct)

⇤
.

We posit that a constant concentration of particles, denoted by cin j, is available in the blood flowing into
the slab through the inflow sections of the vasculature. The particles are free to leave the system through
the complementary outflow boundaries. At the initial time the vascular network and the tumor slab do not
contain particles. For closing the transport problem, we model the layers of tissue surrounding the tumor
sample by means of a condition that prescribes the flow resistance due to the outer layers of tissue, namely
equation (1.20d).

Table 1.2 Parameters and data for mass and thermal transport.
Symbol Parameter Units Value Source Eqn.

Lp Hydraulic permeability, capillary wall (m2.s)/kg 10�10 [10] (1.20b)

LLF
p

s
v Effective permeability, Lymphatic Vessels (mmHg hour)�1 0.5 [10] (1.20c)

cin j Inflow particle concentration gr/m3 1425.9 [10] –

d Edge length of particles m 1⇥10�8 [12] –

m Mass of particles gr 8⇥10�18 [12] –

Dv Vascular diffusivity of particles m2/sec 9.0687⇥10�11 [10] (1.20a)

Dt Interstitial diffusivity of particles m2/sec 1.2955⇥10�11 [10] (1.20c)

P Vascular permeability of particles m/sec 2⇥10�6 [10] (1.20b)
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1.3.3 Computational solver

The discretization of problems (1.19) and (1.20) is performed by using the finite element method. After
partitioning the tumor and vasculature domains, W and L respectively, into elements, (see Figure 1.12 top
right panel showing a representative computational domain of only 32624 tetrahedral elements) the solution
of the governing equations are approximated with piecewise polynomial functions in the framework of the
variational formulation. In particular, piecewise linear finite elements are used for all the unknowns, namely
pt ,ct and pv,cv, on a computational grid consisting of 49655 grid points and 272872 tetrahedral elements.
Velocities ut ,uv are reconstructed in the post-processing phase using the pressure fields. We have adopted
the GMRES method with incomplete-LU preconditioning to solve the algebraic systems following from the
finite element discretization. The sensitivity of the results with respect to the mesh size has been tested and
mesh independence is shown for grids finer than 257109 elements.

The domains W and L feature heterogeneous dimensionality. The former is 3D, the latter is 1D. In order
to model the natural leakage of capillaries, we apply the embedded multiscale method [18, 17, 10, 11], where
the capillary bed is represented as a network of one-dimensional channels acting as concentrated sources of
mass for the interstitial volume. The main advantage of the proposed scheme is that the computational grids
required to approximate the equations on the capillary network and on the interstitial volume are completely
independent. As a result, arbitrarily complex microvascular geometries can be studied with modest com-
putational effort. From the standpoint of numerical approximation, the theoretical aspects of the method
have been addressed in the works by D’Angelo [18, 17]. These algorithms have been implemented using
GetFem++, a general C++ finite element library [49].

1.3.4 Numerical simulations

A standard protocol for nano-based cancer treatment is not yet available. We have performed virtual ex-
periments using data from previous studies that target nano-based tumor hyperthermia [36, 39, 57]. On the
basis of these examples, we analyze a time interval of 60 minutes, where for the initial 40 minutes the tumor
is supplied with a solution of particles, idellay provided by an intravascular injection of particles. The un-
derlying assumption is that, for a small animal, the intravenous infusion of a nano-fluid generates an initial
homogeneous concentration in the entire systemic circulation, which we denote as cin j. In particular, we
have chosen to run experiments targeting the reference value cre f = 1 mg/ml because it matches the injected
concentrations used in the experiments of [12]. We use the computational model to perform the following
studies: (i) an analysis of average particle concentration time-course during injection whose results are re-
ported in Figure 1.13; (ii) combined spatial maps of interstitial fluid pressure, concentration and temperature.
In particular, Figure 1.14 shows particle concentration field at at 40 min., the time when particle injection is
switched off.

In Figure 1.13, the mass density of particles delivered to the tumor slab is shown. In these simulations
the injected particle density has been set to match reference slab concentration of 1 mg/ml. Two character-
istic traits of small-particle delivery emerge. Figure 1.13 shows the delivery efficiency, namely the mass of
delivered particles per unit mass of delivered material. More precisely we plot,

R
W ctdx+

R
L pR2cvds

R T
0
�
pR2cin juin ·l

�
dt

. (1.21)
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We observe that more than 50% of the injected particles are absorbed by the tumor slab, because of their
ability to extravasate and diffuse within the interstitial volume. However, for similar reasons, small particles
suffer from small residence times, as demonstrated by the quick drop of particle concentration and tempera-
ture after 40 min. In other words, the particle concentration significantly drops as soon as particle injection
is switched off.

For the same simulations, particle concentration and temperature fields are shown in Figure 1.14. For a
highly vascularized small tumor (about 0.5 mm width) the particle distribution among the tissue is rather
uniform.

1.4 Conclusions and future perspectives

In this work we have proposed a multi-scale mathematical model for the description of the diffusion, trans-
port and absorption of nanoparticles in living tissues. In particular, using a bottom-up approach, the upscaling
technique introduced allows to determine the absorption rate of nanoparticles in a continuous macroscopic
model, resulting in a one-way coupling between micro- and macro-scales.

We have addressed microscale simulations first. We have implemented a discrete and a continuous mi-
croscopic models in two representative geometries, mimicking both the absorption rate in a regular packing
of cellular aggregates and the nanoparticle extra-vasation through the sinusoidal surface of a pore/layer.
The corresponding microscopic models account for the presence of hydrodynamic retardations and driving
forces, namely the lift and the Wan der Waals interaction forces, and they have been solved using Kinetic
Monte Carlo and the Finite Volume methods, respectively. The results of the microscopic numerical simu-
lations allowed to analyze the effects of the different physical factors acting on a nanoparticle on the cell
efficiency. In the case of a cellular absorption, we have proposed a more realistic cubic packing for both a
spherical and a ellipsoidal unit cell, showing that the absorption efficiency deviates significantly from the
previous results obtained using idealized Happel’s model, therefore we remark that a numerical approach is
required to properly identify the local absorption parameter since the analytical simplification can drive to
results that are off by as much as 20%.

We have also found that both the hydrodynamic retardations and the van der Waals interaction forces
influence the single cell efficiency, although with opposite effects. Similar results are found also for the
pore/layer geometry mimicking the extravasation process, where the cell efficiency is strongly dependent of
the surface tortuosity.

In conclusion, we have demonstrated that the transport of nanoparticles in living tissues is strongly af-
fected by the geometrical and the multi-physical factors at the microscale. Therefore, the results of this
work push towards the development of a more accurate microscopic models in order to improve the level of
approximation at which the transport properties across the scales must be investigated. Although we have
validated the upscaling technique of the proposed multi-scale approach, future refinements would take into
account other relevant physical phenomena. For example, other driving forces at the microscale should be
considered, such as the electrostatic potential deriving from surface functionalization [3] or from the protein
corona which inevitably forms on a nanoparticle’s surface in a biological medium [38].

At the macroscale level, we have outlined new mathematical model designed to investigate the coupled
flow and mass transfer at the level of the whole tumor. Basic balance and constitutive laws have been adopted
to simulate the interactions among the main compartments of the tumor tissue. The main contribution of
the computational framework is that flow and mass transfer in the capillary and interstitial medium are
coupled for simulations performed using a microvasculature configuration based on physiological data. The
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simulations suggest that network topology and particle distribution along the microvasculature are the key
factors in particle delivery approach, especially in the cases characterized by hindered particle extravasation.

One of the main limitations of the macroscopic approach is the difficulty of determining the model pa-
rameters. Table 1.3.2 lists the most significant ones, such as the hydraulic permeability of the capillary
walls, the particle diffusivity tensor in the blood stream and in the tissue matrix, the vascular permeability
of particles and the deposition rate coefficient. All these coefficients are usually estimated from available
literature sources based on experimental data or phenomenological models. The corresponding values are
affected by large uncertainties. For any specific family of nanoparticles, a mechanistic approach, as the one
developed here at the microscale, would bring huge benefits in reducing the margins of error with respect of
the parameter values. Here, we have outlined the application of this approach to the estimate of the deposi-
tion rate coefficient, but the general methodology find ubiquitous applications to improve the reliability of
macroscale simulations, which root in this preliminary investigation and will be surely at the core of future
research efforts.
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Fig. 1.5 Effect of hydrodynamic retardations on the single cell absorption efficiency, in the case of (a) Happel’s sphere-in-cell
model, (b) sinusoidal pore with t = 0.2.
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Fig. 1.6 Effect of van der Waals and lift forces on the single cell absorption efficiency, in the case of (a) Happel’s sphere-in-cell
model, (b) sinusoidal pore with t = 0.2.
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Fig. 1.7 Nanoparticles motion in the fluid layer in Happel’s sphere-in-cell model. (a) Nanoparticles trajectories obtained
through Monte Carlo simulations; (b) trend of single cell absorption efficiency versus particle size in the case of Happel’s
sphere-in-cell model. Here RT and TE represent the results of semi-analytical correlations, Su denotes the results in [55], MC
and FVM denote the results obtained through our numerical simulations with Monte Carlo method and Finite Volume Method.
rc = 10 µm, e = 0.36, U• = 3.7 ·10�4 ms�1.
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Fig. 1.8 Nanofluid motion around a spherical cell at fixed porosity e = 0.6649 in the case of Happel’s model and our cubic
packing. (a) Streamlines of fluid velocity in Happel’s sphere-in-cell model; (b) streamlines for a spherical cell with cubic
packing; (c) comparison of the trend of single cell absorption efficiency versus particle size in the two cases.
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Fig. 1.9 Nanofluid motion around a single cell of different geometry at fixed porosity e = 0.6649. (a) Nanoparticles concentra-
tion around a sphere; (b) nanoparticles concentration around an ellipsoid; (c) comparison of the trend of single cell absorption
efficiency versus particle size in the case of different cell geometries with fixed porosity e = 0.6649 and cubic packing; blue
line represents spherical cell, green line ellipsoidal cell.
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Fig. 1.10 Nanofluid motion into a pore of different geometry at fixed porosity e = 0.6649. (a) Sinusoidal pore; (b) sinusoidal
layer; (c) trend of single cell absorption efficiency versus particle size in the two cases; blue line represents sinusoidal pore,
green line sinusoidal layer.
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Fig. 1.11 Trend of single cell absorption efficiency versus particle size for the motion of the nanofluid into a pore with different
tortuosity, in the case of (a) a sinusoidal pore, (b) a sinusoidal layer. L = w = 10 µm and e = 0.6649.

Fig. 1.12 Sketch of the VMN-based hyperthermia process, split into different phases: i) manufacturing of the particles; ii)
definition of the delivery protocol; iii) set up of the FEM computational model; iv) simulation of the VMN spatio-temporal
distribution; v) simulation of hyperthermia and study of the temperature maps.
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Fig. 1.13 Timecourse of particle accumulation after renormalization with respect to the amount of particles injected for 40 min.
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Fig. 1.14 Interstitial fluid pressure, pt for high hydraulic permeability and absent lymphatic drainage LLF
p

s
v = 0 (top panel).

Spatial distribution of ct , cv for particle delivery with constant target cre f = 1 mg/ml (bottom panel).





Index

acronyms, list of, xvii

dedication, v

foreword, vii

preface, ix

symbols, list of, xvii

29



MOX Technical Reports, last issues
Dipartimento di Matematica

Politecnico di Milano, Via Bonardi 9 - 20133 Milano (Italy)

42/2016 Iannetti, L.; D'Urso, G.; Conoscenti, G.; Cutri, E.; Tuan, R.S.; Raimondi, M.T.; Gottardi, R.; Zunino, P.
Distributed and lumped parameter models for the characterization of high
throughput bioreactors

38/2016 Quarteroni, A.; Manzoni, A.; Vergara, C.
The Cardiovascular System: Mathematical Modeling, Numerical Algorithms,
Clinical Applications

39/2016 Andrà, C.; Brunetto, D.; Parolini, N.; Verani, M.
Student interactions during class activities: a mathematical model

40/2016 Miglio, E.; Parolini, N.; Penati, M.; Porcù R.
High-order variational time integrators for particle dynamics

41/2016 Giovanardi, B.; Scotti, A.; Formaggia, L.
A hybrid XFEM - Phase Field (Xfield) method for crack propagation in brittle
materials

36/2016 Mancini, L.; Paganoni, A.M.
Marked Point Process models for the admissions of heart failured patients

37/2016 Tugnoli, M; Abbà, A. ; Bonaventura, L.;  Restelli, M.
A locally p-adaptive approach for Large Eddy Simulation of  compressible
flows in a DG framework

34/2016 Menafoglio, A.; Secchi, P.
Statistical analysis of complex and spatially dependent data: a review of
Object Oriented Spatial Statistics

33/2016 Antonietti, P. F.; Ferroni, A.; Mazzieri, I.; Quarteroni, A.
hp-version discontinuous Galerkin approximations of the elastodynamics
equation

35/2016 Zonca, S.; Formaggia, L.; Vergara, C.
An unfitted formulation for the interaction of an incompressible fluid with a
thick structure via an XFEM/DG approach


	qmox43-copertina
	mox-2016118131133
	qmox43-terza_di_copertina

