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Abstract

In the current clinical practice, the diagnosis of spinal disorders and their surgical planning are
critically based on imaging data. To complement this data, patient-specific finite element models have
been developed and showed to be powerful tools for evaluating spine mechanics. Most of them rely
on Computational Tomography (CT) scans – which have a high resolution but are seldom available
in routine clinical practice – while only a recent few models are on less invasive Magnetic Resonance
Imaging (MRI). Yet, despite the proliferation of these computational models, encompassing detailed
anatomical and functional information, the rheological assumptions they are built upon are based on
tissue-sample mechanical response data, which leaves a gap in the quantitative analysis on how such
assumptions influence the macroscopic response of a functional spinal unit. Aiming at addressing these
shortcomings, the main purpose of this work is to introduce a quantitative computational assessment
of the macroscopic impact of commonly adopted rheological models – from linear elasticity to fiber-
reinforced nonlinear hyperelasticity – in several loading conditions, focusing on a lumbar unit which is
considered as a typical benchmark system. We also propose a reconstruction procedure to accurately
describe subject-specific anatomy from MRI data, including the intervertebral disc and its nucleus
pulposus. Bones are modeled as linear elastic media, whereas for the AF, we consider three different
mechanical models – namely, isotropic linear elasticity and the Holzapfel-Gasser-Ogden model with
and without fiber reinforcement. Model verification on an idealized geometry demonstrates numerical
consistency, while parametric orthostatic simulations highlight the need for nonlinear formulations to
capture anisotropy and strain-stiffening behavior of the intervertebral disc. Then, we carry out flexion,
lateral bending, and torsion tests on a subject-specific reconstructed functional unit, for which we pro-
vide parametric analysis in terms of momentum magnitude and resulting range of motion. These tests
further confirm the need for a nonlinear rheology of the annulus fibrosus and provide a quantitative
assessment of the differences between the constitutive laws considered. Moreover, successful compar-
isons with the literature, in terms of macroscopic deformation under several loading conditions, serve
as partial validation for our computational model.

Keywords: spinal column, patient-specific modeling, MRI segmentation, finite element modeling,
nonlinear hyperelasticity.
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1 Introduction

Low back pain is one of the leading causes of disability worldwide and, together with other spinal disorders,
has a huge impact on patients and society as a whole, due to the associated lifelong care and loss of
workforce [1, 2]. For severe cases of degenerative disc disease, spondylosis, and disc herniation – which
are the most common and debilitating spine disorders – the only clinical treatment is surgical intervention,
such as spinal fusion or microdiscectomy, since physical therapy and anti-inflammatory drugs can only act
as conservative measures [3]. The success of surgical treatment is highly dependent on diagnosis, surgical
planning, and rehabilitation, which are all based on diagnostic imaging data (typically MRI and/or X-ray
scans). In this respect, computational modeling has recently evolved as an increasingly effective tool to
complement clinical practice with patient-specific in-silico models, capable of capturing additional details
of the patient’s state and anticipating treatment response in different intraoperative and post-intervention
scenarios [4, 5, 6].

Due to the anatomical complexity of the spine and the varied loading conditions it sustains, both
under physiological and pathological conditions, several models of the spine have been proposed in the
computational literature. Most of them are based on Finite Element (FE) analysis, yet they differ in
the level of detail in anatomical features, mechanical rheology, and loading-condition complexity. Models
encompassing the entire thoraco-lumbar section or the totality of the spine – possibly including the rib
cage and other torso elements – typically rely on a parametrization of the overall structures and simplified
geometry and/or mechanical response for individual bones and ligaments [7, 8, 9, 10, 11]. El Borajarami
et al.[12], on the other hand, construct and validate a model of the full spine and the main spinal erectors
based on MRI scans of a healthy subject, thus improving the anatomical detail at the cost of reduced flex-
ibility to account for pathological conditions or inter-patient variability. Due to the computational effort
that it entails, image-based geometry reconstruction is used more extensively in computational models
focused on a portion of the spine. In this respect, the lumbar tract is typically considered the benchmark
framework for validating computational models. For example, eight lumbar models are assessed in physi-
ological conditions by Dreischarf et al.[13], compared to macroscopic deformation measurements obtained
in vivo, while other works study the sensitivity of the FE model with respect to mechanical parameters
under different loadings [14, 15, 16].

In-silico models of the spine proposed in the literature also differ in the rheological assumptions they
make, especially about soft tissues. Individual bones are typically modeled as rigid or linear elastic bodies
[13, 12], possibly with orthotropic response in some regions to account for trabeculation [17, 9], while
cartilaginous ligaments are always considered deformable, with either a linear or Ogden-type response [9].
The innermost nucleus pulposus of the intervertebral disc (IVD) is uniformly treated as an incompressible
fluid-filled cavity, with very few exceptions adopting linear elasticity [18, 19], whereas for the annulus
fibrosus (AF), several mechanical models are considered in the literature. They range from linear elasticity
[12, 20] to nonlinear poroelasticity [21, 22] and to hyperelastic rheologies such as the Mooney-Rivlin
[23, 24, 13, 25, 26] and the Holzapfel-Gasser-Ogden models [27, 28, 9, 14]. Almost all AF models also
account for collagen fibers, either by anisotropic terms in the tissue’s mechanical energy or by additional
layers of fibrous materials. However, to the best of the authors’ knowledge, no quantitative analysis has
been reported on the impact of fiber reinforcement on macroscopic spine deformations under different
loads.

Regarding geometry reconstruction, most of the aforementioned image-based studies are based on CT
scans, due to their typically high spatial resolution. For these data, advanced and automated analysis
techniques and mesh generation pipelines are available and continuously improved, often exploiting the
efficiency of artificial-intelligence tools [29, 30, 31, 22, 32, 33]. However, CT scans are rarely available
in routine clinical practice, where less invasive MRI acquisitions are typically collected. Indeed, MRI is
better suited to assess functional information on the patient’s condition and is thus the reference imaging
data for diagnosing pathological conditions and planning intervention when surgery is required. For this
reason, some recent works focused on anatomical reconstruction from MRI scans, addressing the main
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Figure 1: Domain B∗ with the functional spinal unit elements (left), the nucleus pulposus cavity (NP,
center), and the Dirichlet boundary Γ∗

D (right).

challenges of this type of data [34, 35]. For a broader review of both reconstruction techniques and
computational modeling of the thoraco-lumbar spine, we refer to Carpenedo et al.[36].

In the framework described above, this work aims to understand and assess some of the most widely
adopted modeling choices – typically motivated solely by anatomical considerations – in terms of their
macroscopic effects on a lumbar unit. For this purpose, we consider real patient-specific vertebral ge-
ometries segmented from volumetric MRI acquisitions, with a physiological disc reconstructed from es-
tablished literature data. In this computational domain, we consider linear elastic bones, while for the
AF we compare three different mechanical models – namely isotropic linear elasticity, isotropic nonlinear
neo-Hookean hyperelasticity, and the Holzapfel-Gasser-Ogden model with fiber reinforcement – in several
loading conditions, to quantify the effects of nonlinear mechanical response and anisotropy.

The structure of the work is as follows. In Section 2 we describe the adopted mathematical models,
with particular focus on the AF, and introduce its numerical discretization and the imposition of loading
conditions. Section 3 illustrates the procedure for MRI-based geometry reconstruction and mesh gen-
eration. Verification tests for the numerical model on a simplified geometry are reported in Section 4.
Section 5 presents the main results for the reconstructed subject-specific geometry, and compares the
outputs of the different mechanical models considered. Finally, Section 6 reports the conclusions of the
work and provide directions for further development.

2 Mathematical models and numerical methods

We consider the Functional Spinal Unit (FSU) depicted in Fig. 1, composed of the two lumbar vertebrae
L3 and L4 and the corresponding AF of the intervertebral disc. The disc’s nucleus pulposus (NP) is
treated as a fluid-filled cavity in the FSU geometry. The whole FSU is taken as a deformable solid –
with nonhomogeneous mechanical properties – whose current configuration B is obtained from a reference
configuration B∗ via a map χ : B∗ → R3, namely each point x ∈ B is the image x = χ(X) of a material
point X ∈ B∗. We assume that the reference configuration is regular and that the map χ is invertible
and piecewise smooth in each component of the FSU (i.e. in each vertebra, the AF, and each facet joint).
Moreover, we denote by u : B∗ → R3 the deformation field, such as χ(X) = X + u(X). The boundary of
the reference configuration is partitioned into a clamped portion Γ∗

D, corresponding to the inferior plate
of L4, and the rest Γ∗

N = ∂B∗ \Γ∗
D, which includes the boundary of the nucleus pulposus, as illustrated in

Fig. 1.
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λ first Lamé coefficient 5.547 MPa (1.731 GPa)
µ shear modulus 1.68 MPa (1.153 GPa)
E Young modulus 4.649 MPa (3 GPa)
ν Poisson’s ratio 0.384 (0.3)
κ0 isotropic bulk modulus 6.667 MPa

κ1, κ2 empirical constants of the HGO model 3 MPa, 90

Table 1: Physical parameters of the model. The values in the parentheses are employed in the vertebral
bodies, while the others refer to the AF.

scenario features AF modeling

LE linear, isotropic linear elasticity
NH nonlinear, isotropic neo-Hookean model
HGO nonlinear, anisotropic fiber-reinforced Holzapfel-Gasser-Ogden model

Table 2: Definition of scenarios depending on the modeling of the AF. The vertebral bodies are always
modeled as linear elastic.

The deformation u is determined by the following equations of mechanical equilibrium:
−∇ ·P(u) = f , in B∗,

u = uD, on Γ∗
D,

P(u)n = gN, on Γ∗
N,

where P(u) is the first Piola-Kirchhoff stress tensor, f the external body force per unit volume (e.g.,
gravity or distributed load), uD a prescribed deformation on Γ∗

D, and gN a stress distribution applied to
Γ∗
N.

The system is closed by the constitutive relations described below, with all model parameters summa-
rized in Table 1. In particular, a uniform linear elastic rheology is adopted in the vertebral bodies, while
different choices are considered for the AF, thus defining the scenarios described in Table 2.

2.1 Constitutive relations

The constitutive relation used for the vertebral bodies and for the AF in the LE scenario is that of linearly
elastic, homogeneous, and isotropic materials, which reads as follows:

P(u) = λtr(ε(u))I + 2µε(u),

where I is the identity tensor and ε(u) is the strain tensor ε(u) = 1
2

(
∇u + ∇uT

)
. The Lamé coefficients

λ and µ are typically obtained by conversion of the measurable Young modulus E and Poisson’s ratio ν,
as follows:

λ =
Eν

(1 + ν)(1 − 2ν)
, µ =

E

2(1 + ν)
.

In the aforementioned scenarios NH and HGO, instead, we consider hyperelastic constitutive equations
for the AF. We denote by F = I + ∇u = ∇χ the deformation gradient, by C = FTF the right Cauchy-
Green tensor, and by ψ the hyperelastic energy, such that P = ∂ψ

∂F . The deformation gradient can be

split into a volumetric component Fvol = J1/3I – where J = det(F) – and an isochoric part F, such that
det(F) = 1 and F = FvolF. Correspondingly, we denote by C = J−2/3C the isochoric part of C. Building
upon these definitions, the neo-Hooke model employed in scenario NH is characterized by the following
homogenous and isotropic energy:

ψNHK(C) = ψvol(J) + ψiso(C), where ψvol(J) =
1

2
κ0(J − 1)2 and ψiso(C) =

1

2
µ0(tr(C) − 3).
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Here, µ0 = 2C10 denotes the initial shear modulus of the neo-Hookean model, and should not be
confused with the Lamé coefficient µ introduced in equation (2.1) for the linear elastic scenario; the two
parameters coincide only in the small strain limit.

The Holzapfel-Gasser-Ogden model [37, 28], on the other hand, also entails fiber orientation, described
by two orthogonal unit vectors a04 and a06 corresponding to the local main fiber direction and the local
fiber sheet normal direction, respectively. In accordance with the work by Bellina et al.[9], we define the
sheet normal a06 as directed radially, while the fiber direction creates an angle of −33◦ with the AF axis
at the boundary with the nucleus pulposus, and progressively rotates until it reaches an angle of +33◦ at
the external boundary. Further details are provided in Appendix A.

Under these hypotheses and definitions, the hyperelastic energy density proposed by Nolan et al.[38],
and employed here in the HGO scenario, is given by

ψHGO(C,a04,a06) = ψNHK(C)+
κ1
2κ2

∑
i=4,6

{
exp

[
κ2(Ii − 1)2

]
− 1
}
, where Ii = J−2/3a0i·(Ca0i), i = 4, 6.

The parameters κ1 and κ2 quantify the stiffness of the fibers and their resistance to axial extension,
respectively.

To allow a fair and interpretable comparison among the different constitutive models, we need con-
nections between the rheological parameters, in particular between the linear elastic model and the neo-
Hookean one. To this aim, we adopt the following expressions for the Young modulus and Poisson ratio,
according to Landau et al. [39]:

E =
9κ0µ0

3κ0 + µ0
, ν =

3κ0 − 2µ0
2(3κ0 + µ0)

.

Yet, we remark that, since the parameters κ0, µ0 correspond to the volumetric and isochoric isotropic
terms of the hyperelastic strain energy densities, relations (2.1) only provide a local linearization of the
model.

2.2 Loading conditions

The reference configuration B∗, whose reconstruction is described in Section 3, corresponds to the con-
dition in which the patient is lying down in the MRI scanner and is assumed to be stress-free. By this,
we are implicitly neglecting the contribution of any residual stress that may reside in the tissues: this is
a widely accepted assumption, motivated by both the impossibility of measuring such stress in vivo and
the negligible effect it may have on macroscopic spine deformations.

Then, to compare the three computational models described above, we consider different loading
conditions. Orthostatics is modeled by a uniform, downward distributed load

gN = − mLg

|Γtop|
k̂ on the topmost endplate Γtop = Γ72 ∪ Γ31 (cf. Fig. 2),

where g = 9.81 m s−2 is gravitational acceleration, mL is the load mass, and k̂ is the feet-to-head axis.
Instead, for the modeling of flexion, torsion, and lateral bending, several approaches can be found in

the literature [40]. In this work, we apply pure moment conditions by means of a distributed force that
depends linearly on the distance from the central vertical axis, namely

f(X) = αξ̂load · (X−X0) êload, with load = flexion, torsion, bending.

The coefficient α [N m−3] prescribes the force magnitude, X0 is the FSU barycenter while the two unit
vectors ξ̂load, êload are either the right-to-left direction î, the front-to-back direction ĵ, or the foot-to-head
direction k̂, depending on the moment direction as follows: ξ̂flexion = ĵ, êflexion = k̂, ξ̂torsion = î, êtorsion = ĵ,
ξ̂bending = î, êbending = k̂. Therefore, to apply a pure momentum M = M(ξ̂load × êload) we define

α = M

[∫
B∗

(
ξ̂load · (X−X0)

)2
dX

]−1

.
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2.3 Numerical discretization

To solve problem (2), we employ the finite element method. We introduce the following continuous and
discrete spaces

V = {v ∈ [H1(B∗)]3 : v|ΓD
= uD}, V 0 = [H1

ΓD
(B∗)]3,

X1
h = {vh ∈ C0(B∗) : vh|K ∈ P1(K) ∀K ∈ Th}, Vh = V ∩ [X1

h]3, V 0
h = V 0 ∩ [X1

h]3.

where Th is a regular tetrahedralization of B∗ and P1 denotes the space of linear polynomials [41]. Cor-
respondingly, the discrete problem reads as follows:

Find uh ∈ Vh such that: a(uh,vh) = F (vh), ∀vh ∈ V 0
h ,

where the bilinear and linear forms are defined as

a(u,v) :=

∫
B∗

P(u) : ε(v) dx,

F (v) :=

∫
B∗

f · v dx +

∫
Γ∗
N

gN · v dΓ.

Problem (2.3) is in general nonlinear – except for the LE scenario, cf. Section 2.1 – therefore we employ
Newton’s method to solve it. The solver is implemented in FEniCS [42], with automatic differentiation
of the hyperelastic energy ψ by UFL’s diff command [43]. An absolute and relative tolerance of 10−10

is adopted for the stopping criterion of Newton’s method, and a direct solver based on MUMPS is used
to solve linear systems [44].

3 Geometry reconstruction and mesh generation

Volumetric lumbar MRI data of a supine patient with no lumbar pathology were obtained from the Neu-
roradiology Unit of Humanitas Research Hospital, in collaboration with the Department of Neurosurgery.
Ethical review board approval and informed consent from the patient were obtained.

We propose a geometry reconstruction procedure that combines automatic tools and manual inter-
vention, as detailed below, to construct a FSU encompassing two adjacent vertebrae, the annulus fibrosus
of the IVD, and its nucleus pulposus. The L3 and L4 vertebrae are segmented from the images, with a
resolution of 0.566 mm in all directions, whereas the soft tissue – not directly visible in MRI scans – is
reconstructed in post-processing, relying on established literature data.

3.1 Vertebrae segmentation from MRI

The first step of the procedure is an automatic segmentation of the vertebrae using the neural network
developed and trained by Levi et al. [45], consisting in a convolutional neural network with nnU-Net
structure [46]. Then, the segmentation is refined using 3DSlicer [47, 48], by local thresholds on image
intensity and manual intervention on significant 2D views of the posterior processes. Finally, the refined
vertebral surfaces and the images are imported in MITK (www.mitk.org) [49, 50], where automatic
grey-level-based 3D interpolation and a smoothing filter are used to fill in the missing contours in the
other image slices and remove artifacts. The resulting surfaces corresponding to vertebras L3 and L4 are
exported as STL surfaces.

3.2 Reconstruction of intervertebral disc

For the reconstruction of the IVD we employ VMTK - Vascular Modeling ToolKit [51], with improvements
developed at MOX and LaBS laboratories, Politecnico di Milano (https://github.com/checkrenzi/
vmtk/tree/merge-vmtk) [52]. Starting from the vertebrae segmented in Section 3.1, we carry out the
following steps:
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Tag Description

3 External lateral surface of L3.
4 External lateral surface of L4.

31 Superior endplate of L3.
32 Interface between L3 and AF.
41 Interface between L4 and AF.
42 Inferior endplate of L4.
53 External surface of the IVD.
61 Interface between L3 and NP.
62 Interface between L4 and NP.
63 Interface between AF and NP.

300 Volume tag of L3.
400 Volume tag of L4.
500 Volume tag of AF.

Figure 2: Surface tags (left) and volume tags (center) of the reconstructed FSU and their description
(right).

1. first, we calculate the distance between the two adjacent vertebrae to identify and tag the inferior
and superior endplates of the vertebral bodies;

2. then, we construct the outer border of the IVD connecting the tagged endplates, as an annular
surface following the endplates’ edges with no bulging, since the patient is lying down in a resting
position;

3. to create the inner cavity corresponding to the nucleus pulposus, we delimit an inner region on the
vertebral endplates, with a relative radius of 50% [53], and we repeat the previous step to construct
the annulus fibrosus inner lateral surface.

This results in a complete and conforming geometrical reconstruction of the surfaces defining the
components of the FSU, which is then smoothed to remove artifacts that could hinder volumetric mesh
generation. The surface tags are described in Figure 2.

3.3 Mesh generation

A tetrahedral mesh of the FSU is generated from the reconstructed surface, using VMTK. The mesh has
a uniform discretization size h = 3 mm and it is conforming to the surface tags defined above. Different
volumetric tags are defined for each vertebra and the annulus fibrosus, as described in Figure 2, to allow
for different constitutive laws in the mechanical model. Fig. 3 shows the resulting mesh.

Figure 3: Left and center: volumetric mesh of the FSU reconstructed in Section 3 and used in the
simulations of Section 5. Right: mesh of the idealized geometry used in the verification tests of Section 4,
with h = 4.2 × 10−4 m.
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(a) (b) (c)

Figure 4: Verification tests of Section 4. Computed errors on the idealized geometry as a function of
the mesh size, with h = (4.2, 3.3, 2.1, 1.1) × 10−4m. Referring to Table 2, the results correspond to the
following scenarios: (a) LE, (b) NH, (c) HGO. All values are normalized with respect to the one attained
for h = hmax = 4.1 × 10−4 m.

4 Verification tests on an idealized geometry

To verify our solver, we carry out mesh convergence tests on a simplified geometry of the FSU shown
in Fig. 3: three cylinders of diameter 6 cm and height 2 cm stacked along their axis, corresponding to
two vertebrae and the IVD, with a cylindrical cavity of diameter 2 cm to represent the nucleus pulposus.
Computational meshes of this simplified domain with different mesh sizes are generated using gmsh [54].

The tests encompass all three scenarios LE, NH, HGO defined in Table 2, and the mechanical pa-
rameters correspond to a physiological FSU, as reported in Table 1. We consider the following exact
solution

uex(x, y, z) = (u(z), u(z), 0)T , where u(z) =
1

3
z3 − 4.5 · 10−4 z2 + 1.8 · 10−7 z,

whose gradient vanishes on the vertebra-disc interfaces at z = 3 · 10−4 and z = 6 · 10−4: this is needed to
prevent the discontinuities of the physical parameters from hindering the theoretically expected conver-
gence order. Based on this solution, we compute the forcing term f , and we apply the following boundary
conditions:

- non-homogeneous Dirichlet boundary conditions on the topmost and bottommost endplates;

- non-homogeneous Neumann boundary conditions on the remaining surfaces, namely the nucleus
pulposus boundary and the external lateral surface.

The results of the convergence tests are reported in Fig. 4, and they show the theoretically expected
convergence orders of 1 for the H1-error and 2 for the L2-error [41].

5 Load tests on a patient-specific lumbar L3-L4 FSU

In this section, we report and discuss the simulation of different loading conditions and assess the sensi-
tivity of the results to significant model parameters. The methods to impose the loads has been described
in Section 2.2. The comparison with literature results under flexion, bending, and torsion loads will also
provide validation of the model in predicting macroscopic quantities.

5.1 Orthostatic parametric tests

As a first assessment test for the effect of different modeling choices, we report the simulation of orthostatic
loading, with different values of the load mass mL = 20, 40, 80 kg. No volumetric load is applied (f = 0),
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Figure 5: Deformed configuration and displacement field in the orthostatic tests of Section 5.1 for the
three scenarios of Table 2 (from left to right), under a load of mL = 20, 40, 80 kg (from top to bottom).
The reference, unloaded configuration is in transparency. To better display the differences among the
three scenarios, the arrows are exaggerated by a factor of 7 (top, mL = 20 kg), 4 (middle, mL = 40 kg), 3
(bottom, mL = 80 kg).

9



(a) LE (white) vs. NH (green) (b) NH (green) vs. HGO (pink)

Figure 6: Pair-wise comparison of mechanical models under the orthostatic load of Section 5.1 with
mL = 80 kg. The deformed configurations are represented in solid colors, while the reference configuration
is in transparency.

the bottommost endplate Γbot is kept fixed (u = 0) and the remaining boundaries are traction-free
(P(u)n = 0).

In Fig. 5, we report the displacement field and deformed configuration under such orthostatic loads
for each of the three scenarios of Table 2. In all cases, the strongest deformation is observed in the
spinous process of L3, whereas the whole L4 is essentially undeformed (maximum deformation over L4
< 0.04 mm), while being fully constrained only at its bottom endplate. Moreover, the distribution of
the deformation field essentially corresponds to a backward flexion in response to orthostatic loads. This
is consistent with clinical observations and the fact that the most compliant portion of the FSU is the
IVD. Indeed, for each loading condition, we can observe that the maximum deformation magnitude is
attained in the LE scenario (maxuLE = 1.52 mm for mL = 20 kg), which has the most compliant AF:
the nonlinear hyperelastic rheology of the NH and HGO models yields a significant stiffening of the AF
(maxuNH = 1.44 mm, maxuHGO = 1.43 mm for mL = 20 kg).

In terms of the effects of the fiber structure of the HGO, we point out that only a slight effect seems
to be visible, in terms of L3 displacement: as shown in Fig. 6 for the case with the largest load mass
mL = 80 kg, the differences between LE and NH are much larger than those between the two hyperelastic
models. However, focusing on the AF, we can notice that fiber reinforcement increases the resistance to
bulging: as displayed in Fig. 7, the HGO scenario shows significantly less AF bulging than the other two,
which is particularly evident in the coronal view. This is the main reason that is given in the literature
to adopt fiber-reinforced constitutive models [9, 13, 40, 55, 18].

To better quantify the differences among the models, we assess the overall shortening of the FSU in
terms of the average vertical displacement of the topmost endplate Γtop, defined as

∆z = − 1

|Γtop|

∫
Γtop

u · k̂ dΓ.

As shown in Fig. 8, we can observe a substantially linear dependence of ∆z from mL. The slope of
this curve is slightly reduced in the case of the hyperelastic models incorporating the nonlinear and
anisotropic properties of the AF, due to the aforementioned disc stiffening effect. This is consistent with
the differences among the model being more evident for larger values of the loading mass.
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(a) Sagittal view. (b) Coronal view.

Figure 7: Comparison between the constitutive models under an orthostatic load of mL = 80 kg. The
reference configuration is in blue (in (a)) and black (in (b)), while the white, green, and pink correspond
to the deformed configuration of LE, NH, and HGO, respectively.

scenario mL = 20 kg mL = 40 kg mL = 80 kg
LE 0.803% 1.606% 3.212%
NH 0.768% 1.475% 2.746%
HGO 0.768% 1.475% 2.746%

Figure 8: Orthostatic tests of Section 5.1. Average vertical shortening ∆z in the three scenarios, in
absolute value (left figure) and as a percentage of the initial overall axial length of the FSU (right table),
as a function of the loading mass mL. In the plot, the lines of NH and HGO are overlapping.
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Figure 9: Graphical representation of the applied force f in the case of pure flexion (left – Section 5.2.1),
lateral bending (center – Section 5.2.2), and pure torsion (right – Section 5.2.3).

5.2 Realistic loading and validation

In this section, we go beyond orthostatics and present numerical experiments in several active deformation
settings. In particular, Section 5.2.1 addresses a pure forward flexion around the coronal axis, while
lateral bending and pure torsion are discussed in sections 5.2.2 and 5.2.3, respectively. As mentioned in
Section 2.2, the specific loading conditions are achieved by a distributed volumetric force f applied only
to L3 (see Fig. 9), while f = 0 in L4. The bottom endplate of L4 is fixed, the top endplate of L3 is loaded
with an orthostatic mass of mL = 80 kg, and the remaining boundaries are traction-free.

In each of the following tests, we compare the results obtained in the three scenarios LE, NH, HGO,
and we also discuss a macroscopic validation against literature results. To this aim, in addition to present
and discuss the distribution of the displacement field, we also analyze the Range Of Motion (ROM), which
is used to quantify the overall movement of the FSU[13]. This is defined as the plane angle between the
axis of L3 in the deformed configuration and the one in the reference configuration – the axis being the
line connecting the two centroids of the endplates of L3.

5.2.1 Flexion

In this section, we consider a loading state combining the orthostatic load withmL = 80 kg as in Section 5.1
and a pure forward flexion around the coronal axis as depicted in Fig. 9. We first report a parametric
analysis with respect to the flexion moment magnitude, just for the HGO scenario, and then compare the
results of the three scenarios LE, NH, HGO, with literature results to make a step towards validation.

For the parametric study, three different flexion moments are applied to the FSU, withM = 4, 7.5, 11 N m
(cf. (2.2)), obtaining the results reported in Fig. 10. We can observe that a moment of small magnitude
(M = 4 N m) simply counteracts the small backward flexion component of the orthostatic load observed
in Fig. 5, resulting in a similar condition to pure axial compression. Stronger moments, instead, dominate
the orthostatic effects and show a clear forward flexion. To quantify this effect, we compute the ROM in
the three cases, as displayed in Fig. 11: the resulting angles show a linear dependence of the ROM on the
moment magnitude M .

As a validation step, we make a comparison between our results in the different scenarios and those
reported by Rohlmann et al. [40], with the same flexion moment M = 7.5 N m applied in that study. The
ROM values under this load are the following:

LE : 5.17◦, NH : 4.07◦, HGO : 4.05◦,

which are all in the range of 4.0◦ − 6.0◦ reported by Rohlmann et al. [40]. As in the orthostatic tests
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(a) M = 4 N m (b) M = 7.5 N m (c) M = 11 N m

Figure 10: Pure flexion test of Section 5.2.1 – HGO scenario. Deformed configuration and displacement
field. The reference, unloaded configuration is in transparency, and the arrows are exaggerated by a factor
3.

Figure 11: Pure flexion test of Section 5.2.1 – HGO scenario. Left: graphical representation of the Range
Of Motion (ROM) highlighted between the reference (in white) and the deformed (in pink) configuration,
for M = 7.5 N m. Right: ROM trend with respect to increasing momentum M .

13



Figure 12: Lateral bending test of Section 5.2.2 – HGO scenario. Deformed configuration and displacement
field. The reference, unloaded configuration is in transparency, and the arrows are exaggerated by a factor
3. On the right, the ROM shows combined contributions of bending, backward flexion, and slight torsion,
as highlighted by the black arrows.

above, we observe that the LE model is more compliant than the nonlinear hyperelastic ones, yet all
ROM values are consistent with the literature.

5.2.2 Lateral bending

The loading state of this section is a pure lateral bending moment along the antero-posterior axis (see
(2.2) and Fig. 9, center), together with an orthostatic load of mL = 80 kg, and we start focusing on the
HGO scenario. To allow comparison with literature data, we apply a moment of 7.8 N m as employed
by Dreischarf et al. [56]. In Fig. 12, we report the resulting displacement, showing an expected bending
to the right, with a stronger magnitude of the displacement on the compressed side, with respect to the
stretched side. This is consistent with the role of fiber reinforcement in the HGO constitutive relation,
which makes the AF stiffer under stretching strains than under compression [28].

Computing the ROM in this case, as displayed in Fig. 12-right, we obtain an angle of 5.28◦, which is
very close to the average value of the in-vivo reference values range of [4.3◦, 6.3◦ reported by Dreischarf
et al. [56]. We point out that this rotation is not strictly confined to the coronal plane, but it is rather
a combination of lateral bending (−4.69◦ in the coronal plane XZ) and backward flexion (−2.93◦ in the
sagittal plane YZ). Moreover, a secondary effect of this combined load is also a slight torsion of L3 about
the vertical axis, which is commonly noted in in-vivo clinical observations.

Finally. to investigate the effect of the modeling choices, we compare apply the same loading conditions
also in the LE and NH scenarios, obtaining the following ROM values:

LE : 6.51◦, NH : 5.28◦, HGO : 5.28◦,

As in the previous sections, we observe significantly more compliance in the LE scenario, which exceeds
the span of physiological values reported by Dreischarf et al. [56]. This comparison further supports the
adoption of a nonlinear hyperelastic model for the AF.

5.2.3 Torsion

As a final test, we apply a torsion moment of M = 5.5 N m to L3, together with an orthostatic load
of mL = 80 kg, in the HGO scenario. The resulting displacement field, reported in Fig. 13, is stronger
than all previous tests, reaching a maximum magnitude of 1.2 cm in the spinous process. We notice an

14



Figure 13: Torsion test of Section 5.2.3 – HGO scenario. Deformed configuration and displacement field.
The reference, unloaded configuration is in transparency, and the arrows are exaggerated by a factor 2.

Figure 14: Torsion test of Section 5.2.3 – HGO scenario. Graphical representation of the Range of motion
(ROM) highlighted between the reference (in white) and the deformed (in red) configuration.

asymmetric deformation pattern, which is physically consistent with the superposition of orthostatics and
torsion: on the left side, the purely torsional rotation has a positive antero-posterior component which
adds up to the orthostatic-induced backward flexion, while on the right side this component is directed
forward, thus partially opposing such flexion.

In terms of angles, this relatively large displacement is mostly torsional, as expected: L3 undergoes
a rotation about the vertical axis of 7.7◦, while the ROM – displayed in Fig. 14 is just 3.89◦. The
latter shows that a purely torsional load also induces non-negligible flexion and lateral bending of the
FSU, which is consistent with what is commonly observed in computational and in-vivo assessments,
yet these secondary effects are less than those obtained in the actual flexion and lateral bending tests of
Sections 5.2.1 and 5.2.2. Comparing the results with the literature, we observe that our model significantly
overestimates the torsion angle of 1.1◦ reported by Dreischarf et al. [57]. This discrepancy could be
ascribed to the lack of facet joints in our model, whose main functional role is indeed to stabilize against
intervertebral relative rotation.
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6 Conclusions

In this work, we presented the development, verification, and preliminary validation of a finite element
model for the study of spinal biomechanics on patient-specific geometries. Verification tests on an idealized
geometry assessed and confirmed the accuracy of the computational model. Starting from clinical MRI
images, a detailed segmentation of the vertebral bodies and the reconstruction of the intervertebral disc
was carried out, yielding a realistic three-dimensional model of the L3-L4 functional spinal unit (FSU).
In this FSU, the vertebrae’s mechanical response was modeled by a linear elastic relation, while three
constitutive models for the Annulus Fibrosus (AF) were compared: linear elasticity (LE ), Neo-Hookean
isotropic hyperelasticity (NH ), and a fiber-reinforced Holzapfel-Gasser-Ogden model (HGO), calibrated
with material parameters drawn from the literature. [9]

The employment of a real, reconstructed geometry allowed to assess the mechanical response of the
different components of the FSU with anatomical accuracy. The simulations performed under orthostatic
loading, pure flexion, and lateral bending, reproduced physiologically meaningful deformation patterns
and Range-Of-Motion angles in good agreement with reference values reported in the literature. [40, 57]
Moreover, they quantitatively assessed the impact of the AF’s constitutive model on the macroscopic
mechanical response of the FSU: the linear constitutive relation yields an overestimation of the FSU
compliance, therefore a nonlinear model such as NH or HGO is required to reproduce physiological
results.

An additional test under torsion loading provided physically sound results but highlighted the lim-
itation of not considering facet joints in the model. The extension of the model to include facet joints
– as well as other ligaments – in an anatomically accurate way requires significant enhancement of the
geometry reconstruction pipeline and a suitable local refinement of the computational mesh to account
for the small thickness of ligaments, and is thus postponed to future work. Another extension that could
improve the model’s ability to reproduce physiological response is the introduction of a compliance model
for the nucleus pulposus, to better account for pressure redistribution in the IVD. Furthermore, more
refined boundary conditions – e.g. including the follower load from other vertebrae [56], or accounting
for lateral loads related to muscle activation – would allow to reproduce several loading conditions both
in physiological and pathological conditions. Such boundary conditions could also act as a surrogate of
portions of the spinal column that are not directly included in the reconstructed geometry, thus keeping
under control the anatomical reconstruction step, which is the most time consuming part of the computa-
tional pipeline. Finally, all these extensions would further enhance the predictive capability of the model,
making it better suitable to support diagnosis and clinical decisions.
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A Fiber orientation

In this section, we detail the procedure employed to define fiber orientation in the annulus fibrosus. As
reported in the literature [9], the fibers lie orthogonally to the radial direction êr and have an angle
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with respect to the vertical direction êz that progressively passes from φ = 33◦ on the outer surface to
−φ = −33◦ on the internal interface with the nucleus pulposus.

If we model the annulus as perfectly cylindrical, with internal radius R1 and external radius R2, the
fiber direction can be identified by the unit vector

î(r) =

(
1 +

4(r −R1)(r −R2)

(R2 −R1)2
sin(φ)2

)−1/2

·
(

2r − (R1 +R2)

R2 −R1
sin(φ)êz + cos(φ)êθ

)
,

where r is the radial coordinate and êθ = êz × êr. The resulting vector field is displayed in Fig. 15.
In cartesian coordinates, the fiber orientation vector reads as follows:

î(x, y) =

(
1 +

4(
√
x2 + y2 −R1)(

√
x2 + y2 −R2)

(R2 −R1)2
sin(φ)2

)−1/2


− cos(φ) y√

x2+y2

cos(φ) x√
x2+y2

2
√
x2+y2−(R1+R2)

R2−R1
sin(φ)


To employ this fiber distribution in the real disc geometry reconstructed in Section 3.2, we consider

the disc centroid as the origin, align the z-axis to the axis of the disc, and set the parameters R1 and R2

to the average values of the outer and inner radius, respectively.

Figure 15: Fibers’ orientation in idealized geometry.

21



MOX Technical Reports, last issues

Dipartimento di Matematica

Politecnico di Milano, Via Bonardi 9 - 20133 Milano (Italy)

40/2026 Marchesin, L.; Menafoglio, A.; Secchi, P.

A Convolution Process for Sea Surface Temperature Hot-Spot Identification in the

Mediterranean Sea

41/2026 Sosta, L.; Ciancarelli, C; Marini, L.; Pagani, S.; Regazzoni, F.; Parolini, N.

Physics-constrained identification of graph-based thermal networks for spacecraft digital twins

38/2026 Clemente, A.; Arnone, E.; Mateu, J.; Sangalli, L.M.

Nonparametric estimators over metric graphs

39/2026 Patanè, G.; Menafoglio, A.; Krauth, A.; Fechner, P.; Dede', L.; Colosimo, B.M.; Nicolussi, F.

K-Models: a Flexible and Interpretable Method for Ordinal Clustering with Application to

Antigen-Antibody Interaction Profiles

37/2026 Centofanti, E.; Ziarelli, G.; Scacchi, S.; Pavarino, L.F.

A Neural Latent Dynamics Approach for Solving Inverse Problems in Cardiac Electrophysiology

36/2026 Botti, M.; Mascotto, L.; Mosconi, M.

A nonconforming method for a generalized Darcy-Forchheimer model

35/2026 Caon, B.; Corti, M.; Bonizzoni, F.; Antonietti, P.F.

High-fidelity and Network-based Spatio-temporal Mathematical Models of Alzheimer's Disease

Progression and their Validation Against PET-SUVR Imaging Data

34/2026 Mancinelli, F. M.; Torzoni, M.; Maisto, D.; Donnarumma, F.; Corigliano, A.; Pezzulo, G.;

Manzoni, A.

Multi-Agent Digital Twins for strategic decision-making using Active Inference

33/2026 Franzoni, G.; Mirabella, S.;  Dabek, A.; Ferro, N.; Antona, A.; Carlessi, M.; Cinquemani, S.;

Matteucci, M.; Cocetta, G.; Perotto, S.

Integrating Environmental Control and Hyperspectral Imaging to Assess Light and Nutrient

Effects on Lettuce Post-Harvest Quality in Vertical Farming

Franzoni, G.; Mirabella, S.;  Dabek, A.; Ferro, N.; Antona, A.; Carlessi, M.; Cinquemani, S.;

Matteucci, M.; Cocetta, G.; Perotto, S.

ntegrating Environmental Control and Hyperspectral Imaging to Assess Light and Nutrient

Effects on Lettuce Post-Harvest Quality in Vertical Farming


	Introduction
	Mathematical models and numerical methods
	Constitutive relations
	Loading conditions
	Numerical discretization

	Geometry reconstruction and mesh generation
	Vertebrae segmentation from MRI
	Reconstruction of intervertebral disc
	Mesh generation

	Verification tests on an idealized geometry
	Load tests on a patient-specific lumbar L3-L4 FSU
	Orthostatic parametric tests
	Realistic loading and validation
	Flexion
	Lateral bending
	Torsion


	Conclusions
	Fiber orientation

