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Abstract

The present work proposes a novel method for the simulation of crack prop-
agation in brittle elastic materials that combines two of the most popular ap-
proaches in literature. A large scale displacement solution is obtained with the
well known extended finite elements method (XFEM), while propagation is gov-
erned by the solution of a local phase field problem at the tip scale. The method,
which we will refer to as Xfield, is here introduced and tested in 2D under mixed
modes I and II loads. The main features and the capability of the Xfield to effi-
ciently simulate crack propagation are shown in some numerical tests.

1 Introduction

Many methods are available to date to model and simulate propagation of fractures.
Based on linear elastic fracture mechanics, the eXtended Finite Elements Method (XFEM)
is currently one of the most popular methods to discretize the governing equations for
the displacement evolution in brittle materials in the presence of one or more fractures.
This method considers the fracture as a sharp one co-dimensional entity across which
the displacement field is allowed to present a discontinuity, which should be accounted
for in the numerical approximation of the momentum balance equation. The XFEM
was first proposed by Belytschko and Black in [1], and later improved by Moes, Dol-
bow, and Belytschko in [2], to avoid the mesh refinement that is necessary to conform
the geometry of the mesh to that of the crack faces and to properly describe the near
tip displacement field. The main idea of the XFEM is to include in the approximation
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the information obtained from the analytical linear elastic fracture mechanics near tip
solution, by adding to the finite elements space some extra functions that mimic the
analytical behavior of the solution of the problem. Though the XFEM was originally
developed for applications concerning fractures, it has been later extended to several
other applications, including, for example, two-phase flow [3] [4] and fluid structure
interaction [5]. A classical approach to simulate the propagation of a fracture consists
in a split strategy where displacement, strain and stress fields are first determined with
the XFEM and then used for the evaluation of the stress intensity factors [22], the en-
ergy release rate [25], or the J-integral [27], depending on which criterion is chosen to
determine the extent and direction of crack propagation. However, even if an XFEM
discretization efficiently computes the displacement field in a material with a given
fracture, a rigorous theory to predict whether a crack propagates or initiates, and the
orientation of the new crack segments, is still missing. Moreover, it is still unclear how
to determine the velocity of the propagation [6].

In a different manner, an energetic reformulation of the problem [7, 8] allows to
derive an alternative model, which considers the crack as a smooth transition from the
uncracked to the cracked states of the material, represented by the values of a phase
field variable. The numerical approximation in this case is straightforward and does not
require extra tools to handle the fracture [9, 10], which propagates along a path of least
energy. The phase field model incorporates the fracture evolution in the equations, at the
price of a high computational cost. Indeed, a characteristic length scale is introduced,
which affects the choice of the mesh size. Moreover, the model consists of a system
of nonlinearly coupled equations for two fields, namely the displacement and the phase
field. Recent works aimed at making phase field simulations more affordable are in
the direction of isotropic [32] and anisotropic [33] mesh adaptation and of massive
parallelization [11]. In addition to the high computational cost, phase field models have
another drawback. Indeed, we believe the enforced continuity of the displacement field
in the presence of a crack is limiting in all those applications that require an explicit
description of the crack opening, such as in the simulation of pressurized fractures,
where the crack is the domain of a fluid flow and crack opening affects the permeability
of the fracture. Hydraulic fracture is currently being studied both with phase field [12]
and with XFEM [13] based approaches.

The aim of this work is to design a new method for the simulation of crack propa-
gation in brittle elastic materials. The novel method that we propose here is intended
to provide an explicit description of the crack opening, while using an energy based
criterion for propagation. Moreover, the method is designed to be less computationally
expensive than the phase field, by optimizing the the computational effort. Indeed, since
the XFEM allows for the efficient computation of the displacement when the fracture
geometry is given, and the variational approach is able to predict the crack path even in
complex topologies, the strategy that we propose consists in limiting the use the phase
field just to propagate the crack, and using the XFEM to compute the displacement
field. As in [14], where a damage model is combined with the XFEM to support the
prediction of crack path, in our implementation a sharp and a smeared description of
the crack coexist. In particular, we propose a strategy in which the phase field solution
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is used as a mathematically sound criterion for crack propagation.
The paper is structured as follows. In Section 2 the governing equations are stated,

while in Section 3 the two approaches based on the XFEM and on the phase field are
reviewed. Section 4 compares the solutions obtained with the XFEM and with a finite
element discretization of the phase field model for a simple configuration of one crack
under mode I load, highlighting the advantages and drawbacks of both strategies. In
Section 5 we detail the implementation of the Xfield method, while the main features
and the capability of the Xfield to efficiently simulate crack propagation are shown in a
few numerical tests in Section 6. Conclusions are finally drawn in Section 7.

2 The governing equations

Γ

Ω

Γ
+

Γ
−

@Ω

Figure 1: The domain Ω and the initial crack. The two lips of the crack are referred to
as Γ+ and Γ−, while the external boundary is ∂Ω. Finally, Γ is the center line of the
crack.

Let Ω a two dimensional domain filled with a linear elastic material that presents a
crack. Let Γ+ and Γ− the two lips of the crack, and Γ its center line. We want to predict
the propagation of the crack, under given loading conditions. Being u the displacement
field in the material and σσσ(u) the Cauchy stress tensor, the equations that describe the
momentum balance are the following:
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
∇ · σσσ(u) = f in Ω,

σσσ(u) n = 0 on Γ+ ∪ Γ−,

σσσ(u) n = t on Γt,

u = g on Γu,

(1)

where Γt and Γu are a partition of the external boundary ∂Ω, n is the outwards normal
vector, and |Γu| > 0. Here, t and g are the prescribed boundary conditions, in terms of
traction and displacement, respectively. Notice that we are assuming the separation of
the crack lips, and no cohesive behavior is considered in the present work.

From now on, we will assume the absence of body forces, that is f = 0.
According to Hooke’s Law, the stress tensor can be written as

σσσ(u) := λ trεεε(u)III + 2µεεε(u),

where εεε(u) := ∇su is the strain, being ∇su the symmetric part of ∇u, and λ and µ
are the first and second Lamé parameters. The elastic energy density in Ω is, then,

ψe =
1

2
σσσ : εεε.

The momentum balance equation in System (1), completed with the boundary con-
ditions and with the constitutive relation of linear elasticity, allows to compute the dis-
placement field. According to linear elastic fracture mechanics, the stress distribution
corresponding to that displacement field determines whether the loading conditions al-
low for the growth of the crack or not.

3 Xfem and Phase Field: Two opposite approaches

In this section, we describe two possible strategies to simulate crack propagation, based
on different representations of the crack (Figure 2). The first approach considers the
fracture as a sharp entity on which the displacement field is allowed to be discontinuous.
The numerical approximation of the equations (1) has to account for the discontinuity
of the solution across the fracture, and a discretization method that is often used to
this aim is the XFEM [1, 2]. The second approach consists in a reformulation of the
problem in terms of energy minimization. The evolution of the system is driven by
the minimization of the energy functional with respect to the admissible displacements
and to the fracture itself. In this case, the fracture is represented by a variable called
phase field, which varies smoothly between the unbroken and the broken states of the
material. The crack is considered a smeared entity represented by some value of the
phase field and its path is a natural outcome of the analysis.

3.1 XFEM

The main idea of the XFEM is to include in the discretization the information gained
by an asymptotic study of the near-tip displacement solution and by the a priori ob-
servation of the displacement jump across the crack. In the XFEM some degrees of
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Figure 2: A sketch of a cracked domain Ω. On the left, the crack is represented as a
lower dimensional entity, while, on the right, the crack is defined in a smeared sense.

freedom are added to enrich a standard finite elements space with discontinuous func-
tions across the crack and with near-tip asymptotic functions. The main advantage of
the XFEM with respect to the classical finite element method for the simulation of crack
propagation is that the mesh does not need to match the geometry of the fracture and the
problem of remeshing the domain as the crack grows is avoided. Indeed, the crack ge-
ometry is modeled independently of the underlying mesh, and a crack is simply grown
by redefining the tip location and adding new crack segments.

The crack path may be represented explicitly with piece-wise straight crack seg-
ments, or with other techniques such as level sets. XFEM has been mainly applied
to problems involving a few cracks, except for a few works, e.g. [15] [16]. Complex
patterns, such as branching or intersection, have been considered in [17] and [18]. How-
ever in these cases, formulation and implementation become cumbersome, as well as in
case of 3D geometries [19], [20].

The weak formulation of System (1) is described in [2] and here reported for the
sake of completeness. The space of the admissible displacement fields is

U := {v ∈ V : v = g on Γu, and v is discontinuous on Γ} ,

and the space of the test functions is

U0 := {v ∈ V : v = 0 on Γu, and v is discontinuous on Γ} ,

where V = H1(Ω). The weak formulation, which can be shown to be equivalent to the
strong form (6), is then

Find u ∈ U such that
∫

Ω
σσσ(u) : εεε(v) dΩ =

∫
Γt

t · v dΓ ∀v ∈ U0.

When building an approximation space of U0, it is natural to include discontinuous
functions in the basis of the finite elements space by means of the Heaviside function
H that changes sign across the crack. Moreover, it was shown [21] that the use of a tip
enrichment leads to increased accuracy. This consists in the further addition of a set of
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Figure 3: The local polar coordinate systems at the tips.

shape functions F il , i = 1, 2, l = 1, . . . , 4 that mimic the displacement r1/2-behavior at
the crack tip, which implies the r−1/2-singularity of the stress.

The discretization of the displacement by means of the the XFEM then reads in 2D

uh(x) =
∑
i∈I

uiφφφi(x)︸ ︷︷ ︸
Classical FE base

+
∑
j∈J

bjH(x)φφφj(x)

︸ ︷︷ ︸
Across crack enrichment

+
∑
k∈K1

(
4∑
l=1

cl,1k F
1
l (r1, θ1)

)
φφφk(x) +

∑
k∈K2

(
4∑
l=1

cl,2k F
2
l (r2, θ2)

)
φφφk(x),︸ ︷︷ ︸

Near tip enrichment
(2)

where the asymptotic crack tip functions F il are{
√
ri sin

(
θi
2

)
,
√
ri cos

(
θi
2

)
,
√
ri sin

(
θi
2

)
sin θi,

√
ri cos

(
θi
2

)
cos θi

}
,

and (ri, θi) is the local polar coordinate system at the crack tip i, Figure 3.
The sets of nodes I , J , K1, and K2 in (2) contain, respectively: I , the classical

mesh nodes, J , the nodes to be enriched with the discontinuous function, K1 and K2,
the nodes to be enriched for the first and the second crack tip. See [2] for further details.

Once, the displacement field has been computed, one can check whether the stress
field allows for crack propagation. Many empirical criteria are available based on the
stress intensity factors, introduced by Irwin in [22] as a measure of the strength of
the singularity of the stress at the crack tips. Indeed, they allow to determine whether
the crack grows or does not, the growth direction θc, and the length increment lc (or,
equivalently, the crack tip velocity l̇).
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The most common criteria used in the case of mode I and mode II mixed loading
are

(a) maximum circumferential tensile stress,

(b) minimum strain energy density,

(c) maximum energy release rate.

The maximum circumferential tensile stress [23] criterion states that the crack will
propagate in the direction θc such that the circumferential stress at the tip is maximum,
while the minimum strain energy density [24] is based on the idea that a crack prop-
agates along the minimum resistance path. Finally, the maximum energy release rate
criterion [25] allows the crack to propagate along the direction where the energetic dis-
sipation is maximum. The three criteria state that the crack grows when the related
quantity in the direction θc is higher than a threshold, which depends on the toughness
G of the material.

Finally, it is necessary to define the extent of the crack growth. In many recent
works, [1,2,6], the crack propagation velocity is considered as a user-defined parameter
of the problem, possibly dependent on the stress intensity factors.

The application of these criteria requires the computation of the stress intensity
factors KI and KII . This can be done, for example, exploiting a trick proposed in [1,2]
that consists in computing the J-integral in an auxiliary crack state. We recall that the
J-integral, introduced by Rice in [27], was shown to represent the rate of decrease in
potential energy for a virtual crack extension dl [26] and, for a general-mode in 2D, it
is linked to the stress intensity factors through Rice’s formula [27]

J =
K2
I +K2

II

E′
+
K2
III

2µ
, (3)

where E′ is the generalized Young modulus and it is equal to E in case of plane strain
and to E

1−ν2 in case of plane stress.

3.2 Phase Field

Phase field models for the evolution of brittle fracture can be derived by energetic con-
siderations. Given Γ as in the left hand side of Figure 2, the potential energy associated
with System (1) can be written as

E(u) =

∫
Ω\Γ

ψe(∇u) dΩ. (4)

In [28], studying at an energetic level the criteria for crack growth, Griffith introduced
in the energy balance a surface term UΓ and defined as G := ∂UΓ

∂l the amount of en-
ergy dissipated in an increment dl of crack length. Griffith’s criterion for crack growth
stated that, to allow fracture growth, a critical value G of the dissipation should be
reached. Furthermore, the cracked material could not dissipate more energy than this
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critical value, and an irreversibility condition was stated. In [7], Francfort and Marigo
reformulate Griffith’s theory defining the surface energy as

UΓ =

∫
Γ
G dΓ (5)

and state that the system acts to minimize the following total energy functional

E(u,Γ) =

∫
Ω\Γ

ψe(∇u) dΩ +

∫
Γ
G dΓ, (6)

with respect to both u and Γ under the irreversibility constraint that Γ = Γ(t) ⊃⋃
s<t Γs.

Remark 1 Since it can be shown that G = J , the well known formula (3) represents
an important link between the linear elastic fracture mechanics criteria for crack prop-
agation mentioned in Section 3.1 and Griffith’s criterion, which allows to perform a
comparison of the two models.

In [29], the existence of a continuous time evolution of this model in a time span
[0, T ] is proved and in [9], by exploiting the well known theoretical result [30], a two-
field energy functional is introduced, which Γ-converges in L2(Ω) to (6).

More precisely, in [30] Ambrosio and Tortorelli propose an approximation Eε of
the energy functional (6), which is more suitable for numerical computations. The
Ambrosio-Tortorelli functional is given by

Eε(u, c) =

∫
Ω

(
ηε + c2

)
ψe(∇u) dΩ +

∫
Ω
G

(
1

2ε
(1− c)2 +

ε

2
|∇c|2

)
dΩ, (7)

where (u, c) ∈H1(Ω)×H1(Ω), 0 ≤ c ≤ 1, 0 ≤ ηε << ε.
The variable c plays the role of a control variable on the gradient of u, and it repre-

sents Γ. The variable c is a phase-field that varies smoothly between the cracked state,
where c = 0, and the uncracked one, where c = 1. The crack is then identified by a
smooth field, instead of a sharp lower dimensional set. Note that the first integral of (7)
can be interpreted as a regularization of the bulk elastic energy (4), and the second one
can be interpreted as a regularization of the surface energy (5).

The parameter ε plays a key role in the definition of the energy and weights the
contributions of the two terms∫

Ω
|∇c|2 dx and

∫
Ω

(1− c)2 dx (8)

to the total energy Eε. Indeed, the first integral in (8) is proportional to the area of
the transition region, where the gradient of the phase field is high, while the second
integral is proportional to the area of the region where the material is damaged, which
is where c << 1. Figure 4 shows two different phase fields representing the same
crack, obtained from the minimization of the energy Eε with two different values of ε.
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low
∫

Ω
|∇c|2 dx

high
∫

Ω
(1− c)2 dx

high
∫

Ω
|∇c|2 dx

low
∫

Ω
(1− c)2 dx

Figure 4: The phase field on the left is obtained with a larger ε than that on the right. A
high ε makes it more favorable, in energetic terms, a configuration in which the crack
is smeared over a bigger region, than a configuration in which the gradient of the phase
field is higher.

The functional E(t) is proven to be approximated in the sense of Γ-convergence in
L2(Ω) by Eε as ε→ 0 [30]. Moreover, it is shown in [31] that, as ε→ 0, the quasi-static
evolution t→ (uε(t), cε(t)) of the functional Eε converges to the quasi-static evolution
for brittle fracture detailed in [29], in the sense that there exists a sequence εn → 0 such
that for all t ∈ [0, T ] one has

(a) cεn(t)∇uεn(t)→ ∇u(t) strongly in L2(Ω),

(b)
∫

Ω(ηεn + cεn(t)2)|∇uεn(t)|2 dx→
∫

Ω |∇u(t)|2 dx,

(c)
∫

ΩG
(
εn
2 |∇c|

2 + 1
2εn

(1− c)2
)

dx→
∫

ΓG dΓ.

Furthermore Eεn(t)→ E(t) for all t ∈ [0, T ].
By computing the first variation of the energy functional Eε with respect to u and c,

we obtain the governing equations of the model. In particular,

δEε
δu

= 0 ⇒ ∇ · σ̃σσ(u) = 0 with σ̃σσ(u) := c2σσσ(u), (9)

δEε
δc

= 0 ⇒
2c ψe(u)−Gε ∆c− G

ε
(1− c) = 0. (10)

Equations (9) and (10) can be solved together as a system of nonlinearly coupled
equations with standard finite elements, with particular care on the choice of the mesh
size, which should be taken small enough so that the scale ε is properly resolved.

4 A motivation for Xfield

The XFEM approach described in Section 3.1 allows to efficiently and accurately com-
pute the displacement field in a material with a given fracture but, to determining the
propagation of the crack, it lacks a general and mathematically sound theory, as many
different criteria are available to determine whether the crack grows and the growth di-
rection, which may not give the same result in case of a realistic loading. Moreover, it
is still unclear how to determine the propagation velocity [6].
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On the other hand, the phase field approach of Section 3.2 has the advantage of in-
corporating the fracture evolution in the equations, but the computational cost of solving
the two-field nonlinearly coupled system of equations (9) and (10) is high. Indeed, the
characteristic length scale ε affects the choice of the mesh size, since a good numerical
solution should be able to describe the gradient of the phase field, which is, close to the
crack, of the order of 1/ε.

In particular, the computational mesh should be very fine in the region where we
expect high gradients, that is along the crack and at the crack tip, as shown in Figure 5.
Notice also, in Figure 5, that in most of the domain one has ∆c ≈ 0, implying that the
solution of the phase field equation (10) reduces to the trivial equation

c =
G

G+ 2εψe
. (11)

We point out that a discretization that does not involve a strong mesh refinement
at the crack tip will fail in resolving crack propagation correctly, while a poor mesh
resolution in the part of the crack far from the tip implies a poor representation of
the gradient of c across the crack, leading to an unacceptable error in the numerical
displacement field, as we will show in Section 4.1. A discretization strategy only based
on mesh adaptation close to the crack would lead to an increase of the computational
cost during the simulation, as the crack grows, while a method like the XFEM, which
efficiently computes the displacement in the presence of a crack, allows to avoid a waste
of resources on the portion of the crack that is far from the tip and to concentrate the
numerical effort for the propagation just in the tip region.

In the present work we introduce the Xfield method as a valid alternative, in terms of
computational effort, to mesh adaptation. The strategy that we are proposing is, indeed,
to limit the use the phase field approach only to the purpose of propagating the crack,
while computing the displacement field in the whole domain with the XFEM. In prac-
tice, the phase field solution is used as a mathematically sound criterion to propagate
the crack, while the displacement field is efficiently computed on a reasonably coarse
mesh with the XFEM. As a side effect, the Xfield bears the advantage of an explicit
description of the displacement discontinuity, which can be useful when dealing with
problems that explicitly need the crack opening, such as in the simulation of hydraulic
fracturing.

4.1 A comparison of XFEM and Phase Field solutions on a test problem

We consider a square domain Ω = (0, b)× (0, b) cut by a fracture Γ = (0, b/2)× b/2,
as shown in Figure 6. We compute the displacement field in the material when it is
subject to a traction σ̄σσ at the top, and fixed at the bottom.

The problem is solved both with the XFEM, using linear finite elements for the
displacement, and with the phase field, using linear finite elements for displacement
and phase field. The mesh used in the XFEM solution is a uniform triangulation of
elements of size h = 30 mm, while the phase field is solved on two different meshes,
both refined on an horizontal stripe that contains the fracture, whose element size near
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Figure 5: The phase field representing a crack that cuts half of the domain. The phase
field is projected along two lines (i.e. the horizontal center line at the bottom, and the
vertical center line on the right) to show a typical profile of the phase field along and
across the crack.

the crack is h = 3 mm and h = 0.5 mm respectively. The results are shown in Figure
7.

It is clear from Figure 7 that the phase field method underestimates the displacement
on the upper part of the domain, unless a very fine mesh is used. The reason for this
behavior is that, unless enough elements are taken with respect to ε, the phase field
model is unable to represent the failure of the material across the fracture, hence causing
a spurious transmission of the stress across the fracture.

When studying the displacement field of a material with a given crack, the advan-
tage, in terms of computational effort, of a sharp description of the crack with respect
to the phase field is evident.

5 Implementation of the Xfield

The idea of the Xfield is to simulate crack propagation by approximating the displace-
ment field on a reasonably coarse mesh with the XFEM and exploiting the solution of
the nonlinear coupled problem of displacement and phase field locally at the crack tip
as a propagation criterion. This allows us to focus the computational effort only at the
tip, and, in particular, on a fine mesh that covers only a small part of the whole domain.

The implementation of this strategy requires special care in two main aspects.
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σn = σ̄

u = 0

σn = 0σn = 0

b

b 1 m

λ 120 GPa

µ 80 GPa

G 2700 kN/m

σ̄σσ 1 MPa

ε 5 10−2 m

Figure 6: A sketch of the domain and boundary conditions. The parameters of the
simulation are shown in the table.

• The displacement fields of equations (6) and (10), both indicated with u with
a little abuse of notation, are different, as they are the solution of two different
equations, and lead to two different elastic energies notably in the region where
∇c is high.

• The crack path should be tracked both by a level set function, which is used in the
implementation of the XFEM, and with the phase field variable. Hence, a good
strategy to update the level set, given the phase field, is needed.

For the sake of simplicity, we first give the implementation details in the easier case
of propagation under mode I geometry and we extend later the method to mixed modes
geometries.

5.1 The algorithm in the case of mode I propagation

We consider a crack under mode I loading, as shown in Figure 8. The domain Ω con-
tains an initial crack and is subject to an increasing vertical displacement load. The
bottom of the specimen is fixed.

In Figure 8, a small tip domain Ωtip, whose boundary ∂Ωtip is composed of the
four edges γa, γb, γc, and γd, is centered at the crack tip and overlapped to Ω. Ωtip is
required to satisfy two assumptions.

1. Ωtip is large enough that ∆c ≈ 0 on the edges of ∂Ωtip that are not intersected
by the crack (namely γb, γc, γd of Figure 5),

2. Ωtip is large enough that, in one step of load increment, the crack propagates
inside Ωtip, so that the new tip of the crack is still inside Ωtip.
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Figure 7: The displacement field obtained with the XFEM and with the phase field
method on two different meshes. In the bottom left corners of the domains are shown
the meshes employed in the simulations. Below, a plot of the diplacement field over a
vertical line that intersects the fracture.

Under these assumptions, at a given load step, we obtain first the displacement
with the XFEM on Ω. We then reconstruct this displacement on the boundary of Ωtip

and solve on Ωtip the coupled problem of the displacement and phase field identified by
equations (9) and (10), setting it as a boundary condition. This coupled problem on Ωtip

may be solved with a staggered scheme, as in [34], or with an alternate minimization
algorithm, as in [9]. The extent of the tip domain Ωtip is proportional to the length scale
ε, so that a decrease of ε does not imply an increase of computational cost, but only a
decrease of the tip domain extension, provided that Assumption 2. still holds.

Clearly, since a coupled problem of displacement and phase field will be solved
near the tip, a proper set of boundary conditions should be specified on ∂Ωtip. As al-
ready mentioned, we require that the displacement on the boundary of the tip domain
Ωtip matches that obtained with the XFEM with continuity. We now address the con-
ditions for the phase field. Due to the mode I geometry, it is reasonable to assume a
homogeneous Neumann boundary condition on the edge γa that is crossed by the crack
and on its opposite, that is γc. Furthermore, thanks to the first assumption on Ωtip, we
use (11) to set a Dirichlet boundary condition on the remaining part of the boundary,
being ψe the elastic energy associated with the XFEM solution. Notice that, being the
quantity εψe low away from the crack, the Dirichlet boundary condition set on the edges
of ∂Ωtip which are not intersected by the crack is close to 1.

In our implementation, the crack is represented as a set of segments and is updated
by adding at each time iteration a new crack segment that links the previous crack with
the current tip. To this purpose, it is necessary to localize the current crack tip xn+1

tip
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u = ū

σn = 0 σn = 0

u = 0

Ω

Ωtip

x

y

γa

γb

γc

γd

Figure 8: The domain Ω and a small region Ωtip centered at the crack tip.

from the current phase field solution c. In the simple case of mode I propagation along
the x direction, the localization of the new tip can be done by localizing the point where
the gradient of c in the x direction is maximum, that is

xn+1
tip = arg max

x∈Ωtip

∇c(x) · x̂, (12)

being x̂ the versor of direction x.
To sum up, the implementation of the Xfield with the staggered approach [34] is the

following.
Being T the final time of the simulation, we use a constant time step ∆t = T/N .

At each time tn, n = 0, . . . , N − 1, given the current fracture Γn described by the
phase field cn, and the current tip domain Ωn

tip, whose boundary ∂Ωn is the union of
γna , γnb , γnc , and γnd , the following steps are performed:

(a) Compute un+1 in Ω, by solving Problem (1) with the XFEM;

(b) Reconstruct un+1 on ∂Ωn
tip to get I∂Ωn

tip
(un+1);

(c) Compute the displacement un+1
tip on Ωn

tip, by solving the problem ∇ ·
(

(cn)2σσσ(un+1
tip )

)
= 0 in Ωn

tip

un+1
tip = I∂Ωtip

(un+1) on ∂Ωn
tip

; (13)
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(d) Compute the phase field cn+1 in Ωn
tip, by solving the problem

cn+1ψe(u
n+1
tip ) = Gε∆cn+1 +

G

ε
(1− cn+1) in Ωn

tip

cn+1 =
G

G+ 2εψe
on γnb ∪ γnd

∇cn+1 · n = 0 on γna ∪ γnc

; (14)

(e) Localize the new tip xn+1
tip with (12) and update crack level set by adding the new

crack segment that connects xntip and xn+1
tip .

(f) Obtain Ωn+1
tip by moving Ωn

tip to maintain the tip domain centered at the crack tip.

5.2 Generalization to mixed-mode propagation

The implementation of the more general case of mixed mode propagation follows the
same steps (a), (b), (c), (d), (e) and (f) described in Paragraph 5.1 and is summarized
in Figure 9. However, specific attention should be payed in setting the boundary condi-
tions in step (d), and in localizing the crack tip in step (e).

Figure 9: A scheme of the Xfield method.

As before, the crack is discretized as a set of segments, but these segments may now
have different orientations from one to one another, and the propagation direction is not
assumed to be known a priori. Since there is not a preferential propagation direction,
for the sake of symmetry, we choose a circular tip domain instead of a square one.

As sketched in Figure 10, more than one crack segment is allowed to lie inside a
single tip domain. As a consequence, see Figure 11, one cannot assume without lack
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n
tip

x
n
tip

x
n+1

tip

Ω
n+1

tip

Figure 10: The tip domain at two consecutive time iterations. The tip domain moves as
the crack propagates, following the propagation of the crack.

of generality that the crack segment that intersects the boundary of the tip domain is
normal to the boundary itself, as it was done in the previous paragraph. Hence, it
would not make sense to set on this portion of the boundary, namely γa in Figure 11,
a homogeneous Neumann boundary condition for the phase field. A proper condition
for the phase field on γa can be obtained assuming that the phase field behaves, in the
direction orthogonal to the crack, as the analytic solution of the 1D differential equation

−ε c′′(x) =
1

ε
(1− c(x)), x ∈ (−∞,∞)

c(0) = 0

lim
x→±∞

c(x) = 1

.

Given a point x on γa, we compute its distance d(x) from the crack segment that
intersects the boundary of the tip mesh. The boundary condition on γa is then set as

c(x) = 1− exp

(
−d(x)

ε

)
, x ∈ γa.

The width of the boundary region γa can be chosen in such a way that the maximum
distance between one point on the boundary and the crack segment intersected is 3ε, so
that in the end points of γa one expects c ≈ 1.

On the opposite part of the boundary with respect to the crack tip, that is γc, we
set a homogeneous Neumann boundary condition, in order not to favor any direction of
crack growth. The location of γc is chosen so that it is symmetric with respect to the
point identified by the intersection of the extension of the last crack segment in Ωtip,
that is the segment ending at the corresponding tip. The length of the boundary region
γc is here set to be one fourth of the length of the whole boundary.
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Finally, on the remaining part of the boundary, that is γb ∪ γd, we set the same
Dirichlet condition of Paragraph 5.1, that is

c(x) =
G

G+ 2εψe
, x ∈ γb ∪ γd.

x

xp

xtip

γc

3ǫ

10ǫ

γb
γc

γa

Figure 11: The subdivision of the boundary of the circular tip mesh.

Concerning step (e), the rigorous generalization of equation (12) for the crack tip
localization from the phase field solution based on projections of ∇c along the tangent
and normal direction of the crack will be subject of further work. We here mention
that complications with this approach are due to the nonlinearity of the maximization
problem

xn+1
tip = arg max

x∈Ωtip

∇c(x) · t(x), (15)

being t(x) the tangent vector to the crack in point x.
A more classical algorithm to identify a sharp crack path from a smeared description

is, for example, the θ-simplified medial axis algorithm described in [35]. However,
we have here implemented the mixed modes tip localization with a threshold criterion
based on the value of c in the proximity of the previous crack tip.

6 Results

We have integrated the present method in a finite element code developed in C++,
exploiting the open source library GetFEM++ [36]. In all simulations, both the dis-
placement field and the phase field are discretized with P1 elements. The direct solver
SuperLU [37] is used for the solution of all the linear systems involved.

We apply the described procedure to the configuration represented in Figure 12.
The tip domain used is circular and its diameter is 10ε long, as shown in Figure 11. A
linearly increasing displacement load is applied to the top, as follows:

ũ = γt

[
cosα

sinα

]
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where γ = 10−5m/s and t ∈ (0, 3000s).
The loading condition of the crack is pure mode I if α = π/2, pure mode II if

α = 0, and mixed modes if α ∈ (0, π/2) ∪ (π/2, π).

u = 0

σn = 0σn = 0

b

α

u = ~u

b 1 m

λ 120 GPa

µ 80 GPa

G 2700 kN/m

ε 1.7 10−2 m

Figure 12: The specimen is fixed at the bottom and subject at the top to an increasing
displacement load. The parameters of the simulation are shown in the table.

We report in Figure 14 the displacement fields obtained with both the traditional
phase field method with three different choices of ε on refined meshes accordingly, and
the Xfield method, in the case α = π/2, which corresponds to pure mode I.

The Xfield results show a delay of the onset of the propagation with respect to
the phase field one and a slower propagation. However, the phase field propagation
velocity decreases reducing the value of ε, consistently with the results in [34] and with
the observation that the diffusion coefficient of the partial differential equation (10) is
proportional to ε. Moreover, the propagation velocity does not seem to converge by
reducing ε (reducing the mesh size h to maintain the same ratio ε/h). Hence it is not
clear how to compare the propagation velocity of the Xfield with other results.

In Figure 13 the two meshes used for the solution of the far field displacement
problem with the XFEM and for the coupled problem on the tip domain are shown.
The former has a uniform element size of 30 mm, while the latter resolution is of
1 mm.

Figure 15 shows a mixed mode simulation for α = π/4. On the left hand side the
displacement field is reported, while on the right hand side the tip mesh in shown with
the phase field solution. The crack in this case bends downwards and the tip mesh is
always centered at tip and follows the propagation.

Figure 16 shows the phase field solutions on the tip mesh while the crack is bending,
while Figure 17 shows the final configuration of the elstic material in the two numerical
tests α = π/2, on the left, and α = π/4, on the right.
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Figure 13: The mesh for the tip domain is much finer than that used for the whole
domain.
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ũ = [0; 5.54 mm] ũ = [0; 5.85 mm]

ũ = [0; 6.22 mm] ũ = [0; 6.38 mm]

Figure 14: The phase field variable c in mode I at four different load steps. Each
subfigure contains a comparison of the traditional phase field solution obtained with
three different ε, namely a) ε = 1.7 10−2 m, b) ε = 0.85 10−2 m, c) ε = 0.425 10−2 m,
and d) the Xfield with ε = 1.7 10−2 m. The tip domain is shown at its correspondent
position inside the domain. Notice the horizontal movement of the tip mesh, which
follows the crack path.
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Figure 15: The displacement and phase field obtained with the Xfield in mixed modes
at different load steps. The tip mesh is shown on the right at its correspondent position
inside the domain. Notice the movement of the tip mesh, which follows the crack path.
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Figure 16: The phase field solution on the tip mesh while the crack is bending. Note
that the vertical displacement of the tip mesh is following the tip position, while the
horizontal one is here enhanced for the sake of visualization.

Figure 17: The final configurations of the domain for α = π/2 (left) and α = π/4
(right).
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7 Conclusion

The aim of this work was to develop a novel method for the simulation of crack propa-
gation with the following features:

• It is based on an energetic criterion;

• It does not require any mesh adaptation strategy, nor to know the crack path in
advance to locally refine the mesh;

• It explicitly describes the crack opening;

• Its computational cost does not depend on the length scale ε introduced in phase
field models.

A method compliant with these features was implemented and tested in simple mixed
modes geometries. The developed method, called Xfield, well captures the direction of
propagation. However it is not clear how to compare the propagation velocity with the
results obtained with other traditional methods.

Further developments of this work include the extension of the method to more
complex geometries and its improvement to account for crack initiation with a stress
monitoring based criterion. Accounting for branching and merging cracks is possible
but requires an extremely reliable algorithm for tip localization, which will be the sub-
ject of future work.

An interesting application to validate the Xfield in the future is the simulation of
hydraulic fracture. Indeed, in this application a fluid is allowed to flow in the crack and
an explicit and accurate description of the opening of the crack is crucial.
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