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Abstract

The reduced basis (RB) methods are proposed here for the solution of parametrized equa-
tions in linear elasticity problems. The fundamental idea underlying RB methods is to
decouple the generation and projection stages (offline/online computational procedures)
of the approximation process in order to solve parametrized equations in a rapid, inex-
pensive and reliable way.

The method allows important computational savings with respect to the classical Galerkin-
finite element method, ill suited to a repetitive environment like the parametrized contexts
of optimization, many queries and sensitivity analysis. We consider different parame-
trization for the systems: either physical quantities —to model the materials and loads—
and geometrical parameters —to model different geometrical configurations—. Then we
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describe three different applications of the method in problems with isotropic and or-
thotropic materials working in plane stress and plane strain approximation and subject
to harmonic loads.

1 Introduction and motivation

In many systems governed by partial differential equations (PDE), the most important quan-
tities of interest are not the full field variable, but rather outputs that describe the char-
acteristic features of the system, such as energies, forces, temperatures, fluxes or critical
stresses/strains. These outputs are controlled by parameters, or inputs, that describe the
configuration of the system, or else by components, such as geometry, properties, loads or
environment settings. The relevant system behavior is thus described by an implicit input-
output relationship, or a mathematical description of the physical problem. As the physical
problem becomes more complex, the computational time may increase prohibitively; in some
cases, it is even impossible to provide enough resources to store the necessary data. The cur-
rent computational methods may thus prove inadequate, especially in those contexts requir-
ing real-time response or many queries, for example, engineering optimization and adaptive
design, parameter estimation or feedback control of processes.

The reduced basis (RB) method is a computational procedure that provides both fast
and reliable evaluation of an input-output relationship. The main ingredients are () rapid
uniformly convergent reduced basis approximations [16]; (i7) the possibility to use a poste-
riori error estimation [25] which provides sharp and rigorous bounds for the error in the
output and (#i7) offline/online computational strategy which allows rapid calculation of both
output approximation and associated error bound. The result is straightforward: an output
calculation method which has both the accuracy of a “full” numerical simulation model (say,
using the finite element method) and inexpensive computational cost. Besides, the develop-
ment of a posteriori error estimators is another key ingredient which leads to minimize the
computational cost while ensuring the achievement of finite element accuracy.

The reduced basis approximation has been first introduced in the late 1970s [17, 20, 21,
22, 23] for complex nonlinear structural analysis, but only recently it has received a lot of
attention and has been analyzed from a methodological point of view, and developed to be
applied to a much larger class of parametrized PDEs (with emphasis on reliability, efficiency,
accuracy and convergence), — in particular, linear and nonlinear elliptic PDEs with affine
and nonaffine parametric dependence — relevant to many engineering applications. In the
elasticity field see, for example, recent works such as [18, 33, 12, 10]. For a wider perspective
on RB see [24].

Goal of this paper is the extension of RB method to problems arising in linear elasticity
with many parameters of different nature (either physical and geometrical) representing dif-
ferent materials, configurations and loads. We apply RB methods to approximate problems
using plane stress and plane strain formulation [31] and to deal both with isotropic and or-
thotropic materials, for example composites [3], by parametrizing also the constitutive law
for the material.



The paper is organized as follows. In the next Section we introduce an abstract formula-
tion for a general parametrized problem and the approximation of its solution and an output
of interest. Then in Section 3 we briefly recall the reduced basis methodology, based on our
“truth” finite element approximation, and its ingredients and properties. In Section 4 we
recall the mathematical formulation of linear elasticity problems, in Sections 5, 6 and 7 we
present several model problems as examples: numerical results are discussed and compared
to theoretical and other numerical results already available whenever possible. In particular
in Section 5 we present a bi-material rod working in plane strain formulation and made up of
isotropic material; then in Section 6 we deal with an orthotropic lamina and then composite
materials in plane stress formulation. In Section 7 we discuss results dealing with a damaged
isotropic lamina working in plane stress and under harmonic shear loads. Finally we discuss
some future works and perspectives.

2 Parametrized problems

2.1 Exact formulation

We consider a polygonal domain Q € R% with d = 1, 2 or 3 and a functional space X
with its associated scalar product (.,.)x and norm ||.|[x = (.,.)"/2. We define a set of P
parameters D* C RY, whose elements (the parameters) are indicated with p. We introduce
a parametrized bilinear, symmetric, continuous and coercive form a : X x X x D* — R and
the continuos linear forms f: X x D¥ - Rand [: X x D* — R.

A crucial property to deal in an efficient way with parametrized problems is the affine
decomposition of the operator that governs our problem, so that we can rewrite the bilinear
form a(w,v; p) as

Q
a(w,v; p) = Zaq(u)aq(u},v), Vw,v e X, Vu e D
q=1

for ¢ =1,...,Q (not too large) parameter-dependent functions 0? : D* — R, and parameter-
independent forms a?: X x X — R.

The affine parameter decomposition is also applied to f(v; 1) and I(v; ), but for simplicity we
may consider f(v) and I(v). The abstract formulation of the problem is: Yy € D¥, compute
the output s(u) € R with:

s(p) = U(u(p)) (1)

where u(p) € X is called the state variable and is in fact the solution of the variational
problem

a(u(p),vip) = f(v), Yve X. (2)
2.2 Galerkin Approximation

To compute the solution u(u) of (2) we first introduce a finite element discretization. For
that, let X;, C X be a finite element space of dimension N associated with a fine triangulation



of our domain  [26]. The Galerkin-finite element approximation reads: Vu € D¥, compute
the output:

sn(p) = lun(p))

where u, € X, is the solution of

a(up(p),vsp) = f(v), Vv e Xy (3)

We introduce a suitable basis for X, {¢m, m = 1,..., N}, the associated s.d.p. matrix
Ay () € RVXN | defined as:

Appp e = (P, x5 ), Ymy k€ {1, o N} (4)
and the discrete functionals F', (or L;) € RV as

Fr,, = flom)(or Ly, =1(pm)), Yme{1,...N}. (5)

We can formulate the Galerkin problem as: for all u € D*, compute the output:

sn(p) = LTy () (6)

where uy, (1) € RV is the unique solution of

Ap(puy(p) = E),. (7)

Note that uy(p) and wy, (@) = (un,, ..., up, ) are related by the expression:

N
un(p) = Y un,, (1) om.
m=1

For simplicity we consider just “compliant” output, i.e. {(u) = f(u).

3 Reduced basis (RB) approximation

We introduce a set of “snapshots” Sy = {u!, ..., MN} where " € D*, n=1,..., N. For each
u™ we compute a finite element solution uy(u™) in the space Xj on a sufficiently fine mesh.
We define the global reduced basis space as:

Wy = span{¢" = up ("), n=1,..., N}. (8)

In the RB formulation we look for an approximation uy(x) of up(p) in Wy, given as:

N
un(p) =Y un;()¢ = (uy ()¢, 9)
j=1



where uy(p) € RY is the vector of the “weights” unj,j = 1,..., N; un(u) € RV is the
reduced basis solution, according to (9). The reduced basis approximation is: Vu € DH,
compute sy (u) = l(un(p)), where uny () € Wy is given by:

a(un(p),vip) = f(v), Yve Wy. (10)

In Figure (1) we heuristically represent the main idea of the method: we suppose that
every point on the line represents a different solution for a different ", the line represents
the (smooth) manifold induced by the parametric dependence of the specific problem, this
manifold is the subspace W C Xp: a new and generic solution uy(u™"), for a new value
p™e? of the parameter is gotten as a linear combination (up(p'), un(p?), upn(?),... un(p™))
of previously computed solutions.

Wy = {up(™), p™ € D} Wn = {up, (™), u™ € D}

wp (uh) /uh(uN)

~

N —

Xn Xh

Figure 1: Heuristic idea of low dimensional manifold on which the parametrized solutions
reside (left): the space Wy made up of global selected approximation functions; solutions
up (") for selected values of parameter p on the manifold and wy (") as combination of
previously computed solutions (right).

By selecting as test functions the basis elements of Wy components, i.e. v = (%, i =
1,..., N and replacing (9) in (10) we build the algebraic system to get uy (1) € RY:

Ay(pwun(p) = Ey, (11)
and to compute the output
sn(p) = Fup(p). (12)
The elements of Ay (p) € RV*N are given by
Anij(p) = a(¢?, ), Vij e {1,.., N} (13)

As (' is the finite element solution for a certain u’, we can develop (' in terms of ¢,,,

m=1,..N:
=D Coem (14)
m=1



By replacing (14) in (13) we have:

N N
Anij() = a(d | Cutom, Y Glows ), Virj € {1,..., N},
m= k=1

and thanks to the bilinearity of a(.,.; u), Y € D*, we get:

N N
AN%J Z ZCZ CJ QDWH('pk’nu)a VZ,] S {13 7N}

m=1k=1

Using a more compact formulation:
Anig() = () Ap(u)(&), Vi,je{L, ... N}. (15)
Indicating with Z = {¢',...,¢(V} we write:
An(p) = Z" Ay (1) 2. (16)

Thanks to the affine decomposition of the operator, the bilinear form a(., ., 1) can be split as

follows:
) ZU" (17)

Consequently, we can get a great computatlonal saving by decomposing

Zac ¢ pyuny = f(¢), Vi=1,.,N (18)
7j=1
into this form:
Zzgq )al(¢?, Cyunj = f(¢H, Vi=1,..,N. (19)
q=1 j=1

Then from (19) we get

Q
ANz,] Z aq Cz g’])

N N

Q Q N N
> o(pa’( Z Cm‘Pm’ZCWk = 0w > > ¢l (m, k)
q=1

m=1 = q=1 m=1 k=1

Mo

Q
Z W(CTAN() =) 0" (WAL, Vije{1,..,N},

1

q



The @ matrices A}]\, e RV*N peed to be computed only once since they are parameter

independent,
A(]I\] = ZTA;]LZ7 q= 17 (X3} Q

Then the parametrized operator can be obtained by a simple assembling procedure:

Q
An(p) = o(p)AL. (20)
q=1

We adopt the same procedure for the right-hand-side:

N
Fni = f(¢) =1 Gum)
m=1

N
= 3 Guflem) = () Fy i={1,...N}
m=1

so that:
Fy=2"F),.

The resulting RB problem
An(pwuy(p) = E, (21)

with Ay (p) € RV*N and Fy € RY, features matrices Ay (u) that are full, whereas those
A (p) of the underlying finite element method are sparse. To solve (21) we will use direct
methods [27], since the size of matrix N is in general small (much smaller than N).

The computational procedure can be split into two parts: an (expensive) offline part
devoted to the computation of parameter independent terms and performed only once, and
an (inexpensive) online part devoted to the computation of parameter dependent terms and
performed many times. We report the two steps for the calculations and their computational
costs in term of operations:

e offline: we compute N FE solutions up(p"), one for each pu™ € Sy. We assemble and
store the parameter-independent matrices A% = ZTA;ILZ for ¢ =1,...,Q and the same
is done for F = ZTEh;

e online: we compute parameter-dependent functions 0?(y), the matrix A (u) = Zqul ol(p) A%

is assembled, then the system Ay (u)uy (1) = Fy is solved and we compute the output
of interest sy (1) = FXun(p).

All the online operations are independent of the dimension of A, but they depend only on
N and @, since N is normally really small, the output can be computed in real time, once
all the offline calculations are carried out and the corresponding results are stored. For all
the new values of ;1 we need O(QN?) assembling operations and O(3N?) operations to solve
the linear system.



Other important aspects of RB formulation are (i) the availability of an error bound
theory to develop a rapid a posteriori error estimation based on residual calculations, see
for example [25, 28] and (ii) the studies on a-priori convergence and error estimation, see
[16, 24].

A crucial aspect is the availability of a good algorithm to select snapshots and basis
functions to build the reduced basis approximation space. Given the higher powers of N
that appear in the online complexity estimates, it is crucial to control N more tightly. We
first construct, offline, an approximation that, over most of the domain, exhibits an er-
ror ex(p) = |le(n)l|x = llun(p) — un(p)| x less than €*°": we begin with a first point

pt(Sni=1 = {p'}); we next evaluate en'—1(p) over a large test sample of parameter points in
D“, YPrior: we then choose for p? (and hence Syi—s = {u', 4?}) the maximizer of exns—;(u)
over YPTO"  We repeat this process until the maximum of €y/_ yprior (1) over SPT" is less

0T . .
than es . Then, online, given a new value of the parameter, u, and an error tolerance

ZOSt(u), we essentially repeat this adaptive process - but now our sample points are drawn

from Spyprior, and the test sample is a singleton - p. Typically we choose €] T & P OSt(,u)
since our test is not exhaustive; and therefore, typically, NP5 () < NPT, Wlth the adap-
tive process we get higher accuracy at lower N: modest reductions in N can translate into
measurable performance improvements. This procedure is very important not only to get
a computationally cheaper and faster procedure but also to avoid ill-conditioning in matrix
assembling procedures [30]. For this reason many different algorithms have been developed
to apply also a posteriori error bounds adaptively, see [34, 24].

Important extensions on the application of RB methods in linear elasticity may involve a dual
problem to treat general outputs [33, 19] (the latter can be either linear or quadratic [12]) as
well as the treatment of more general operators [18] accounting also for inertial effects.

4 Linear elasticity equations and their parametrization

We briefly recall the elliptic equations for a general linear elasticity equilibrium problem

[15, 2, 5, 32, 35], considering a homogeneous body in a domain 2 € R? with boundary T’
8&@'
0

+b;=0 inQ, 1<ij<d (22)

and boundary conditions r , 04 = C’ijklékl represent stresses, b; the components of a given
force field, Cyjp; is the elastic tensor! (everywhere in this paper summation on repeated
indices is understood). Thanks to the symmetry of the latter we can write

oty

oz, 0 L Shikl<d (23)

UZ] = CZ]k?l

Hf we consider isotropic materials the elastic tensor is given by éqjjkl = 01 050kt + 2 (0indj1 + 041051 ), where
c1 and cg are the Lamé constants given by ¢1 = m and ¢z = 50 +V), where F is the Young Modulus
and and v is the Poisson coefficient. Thanks to the symmetry of ¢;; and ey, for the elastic tensor we have
C”kl Cﬂkl = C’Ulk = Ckl” This formulation is still valid in the plane stress approximation, while when we

consider orthotropic materials the elastic tensor should be redefined.



where wuy represents a displacement. The linearized deformations £j; are given by

1 8uk aul

3 1<k, 1<d,
S (8a:l+8xk)

which represents the linearized strain tensor. For the problem (22) we consider Dirichlet
conditions (where we impose a displacement ;, tipically zero) on I'p C I". Precisely:

u = 0, onTp , (24)
and Neumann conditions (as we impose a distributed load or a free-stress condition) on I\I'p:
Gi8% = fuel on Ty, (25)
&ij? = fiel onTY . (26)

where &' and & represent the components of normal (n) and tangential (¢) unit vector,
respectlvely Note that TpNTx = 0.
We now derive the weak formulation of (22), we introduce the functional space

V= foe <H1(Q)>d | 6=0onTp}, (27)

and the associated seminorm in (H'())%:

1/2

by = (g !m@l(ﬂ)> / Z (%) 9) . (28)

7,7=1

Multiplying (22) for the test function © € f/, integrating on Q, using the divergence theorem
and applying boundary conditions we get

8”’&”@ / b dS) + / b; feldl + / by frétdl . (29)
8x] I'n I'n

In compact notation we can write

(A, o) = (F,0), YoeY, (30)
where
S O0; ~ Oy
<Aw,'l)> = Qai:%jc”kl 8ijl dQ, (31)
(F.0) = (Fy,0)+ (Fp,0) (32)
with
(Fp,d) = / ; fréldl + / bifetdl ,  (Fp,0) = / 03bidQ) . (33)
'y I'n Q

9



In the case € is made up by different portions of different materials, for example R homoge-
neous subdomains 2" such that "
a=Ja, (34)
r=1

where we indicate with Q the closure of Q, the weak formulation is still governed by (30),
however now we have

A~ A 81}1 a’lf}k A
(Aw,v> = Z/T - zjklaij;ldQ (35)
with
A R o al
(Fy 0) / ot (Fy,0) = ( | aears [ mf"éﬁdr) . (37)
Z - d ; o0 oty

~ A~ A~ A~ A~ =T
C’Tjkl is the elastic tensor in ", and (02" NI'y) is the portion of I'y C €2 .

)

4.1 Parametrized formulation and mappings

On problem (30) - (35) - (37) we highlight the parameters that are associated with variation
in the geometry (domains), boundary conditions (loads), physical properties (materials) to
apply the affine decomposition of the operators into different components.

In the case of geometrical parametrization, at each subdomain QT, r=1,..., R, a reference
subdomain Q", r = 1,..., R, is associated so that 2 = Uilﬁr where, for each £ € Q7
r=1,..., R, its corresponding image z € Q" is given by

z=G"(;2) =G"(p)i +g" (n), (38)

and we get the following transformation to be applied to each derivative term

o or; 0 9
O&; Oy (313 Jl(u)@Tj' (39)

We introduce a new functional space Y (Q) = V(G (11:Q)) = (), i.e
Y(Q) = {ve (H () |[v=00nTp}, (40)
and for all i € Y, we define w € Y such that w(z) = &(G~(j; 2)). We get

dQ = det G (p) dQ | (41)
i = |G (w)e' |dr, (42)

10



where e is the tangential unit vector to I' and
d 1/2
_ 2
e |- ()] "
i=1

It follows that (A(u)w,v) = (/lzf),@ where A is given by (35) while A(u) by
Hw:v) 2/< ) (1 )< ll'(/‘)gik>d t(G" (1))~ dQ2 (44)

_ Z/T awl ar. )é[j,kl,(u)Gﬂ,(u) det(G(p))~ ) (;::’;dg Yw,v €Y. (45)

Note that we introduce a parametric dependence also for C7;; (n). In the same way: (F'(p)w,v) =
(F, %) where F is given by (36) and

R

(Fu)o) = > ( / (B det (@ (u) ) man + /

( rAn
r=1 o0rNI'n

N /aQWN( fret (G ()" \) uidF). (46)

The abstract formulation (30) is the following:

(G () e" |) vl

(A(p)w,v) = Z/ ‘9“” gy g;jdn VwveY, (47)
(F(p),v) = (Fo(p),v) + (Fr(p),v)), (48)
where
R
Ewo) = Y [ b, (49)
r=1
R
o = ([ s [ ) o
The compact tensor C7, (1) is given by
T(i) = Gy (i) Clar () G () det(GT () ™", (51)
while b7 (1), f7'" (1) e fi7 (1) b
bi(p) = bfdet (G ()" (52)
rw = e @ (w) t\ (53)
) = fe@r ()t (54)

11



The terms arising from the affine decomposition are:

Ovi duwy,
QO 8$]’ 8951

Qulidk.lr) (1) = ijkz(u)a <AQ(i,j7k,l,r)w7 v) =

and ¢: {1,...,d}* x{1,...,R} = {1,...,Q4}.
Thanks to the symmetry of Cjjr (1), @A can be assumed as d?(d* + 1)R/2.

4.2 Helmholtz equations

To account also for inertial effects due to harmonic loads with frequency w, the D’Alembert
principle leads to the following equilibrium equations
aii]’ ~ 82Uz

Bi=p—=— inQ, Vi=1,.,d, 56

where ¥;; = é}ije_’“"t (with k imaginary unit) are the harmonic stresses, B; = bje™"™" the

harmonic volume forces, U; = ;=" the harmonic response of the system and p the material
density. Same boundary conditions than in the steady case apply. From (56), we get

~

g‘;ﬂ + b+ pti; =0 in Q, (57)

so that &;;, l;z and 4; (functions of w) represent the amplitude of the same quantities as in
the steady case. The weak formulation of (57) is

(Aw, v) = / 0;bidQ) + / 0 fréPdl + / b fretdl (58)
Q I'n I';
where 9 .
AL ’UZ ~ wk 2 A ~
_ YA Y%k 0 | d€).
(Aw, v) /Q (3@' Cijki 0% Pw ;0 ) d (59)

4.3 Examples of parametrization

We consider various kind of parametrizations, which characterize:
(a) geometry (domain);
(b) engineering: load intensity and direction;

(c) physics (material properties): Young modulus (E), shear modulus (G) and Poisson
coefficient (v);

(d) multi subdomains for modular structures;

Applications will concern isotropic constitutive law (where Cj;; depends on E, G and v),
orthotropic materials (where Cjjj; depends on E,, Ey, Vgy, vy, and Gy ), general orthotropic
law (where Cjj;; depends on E,, Ey, Vgy, Vye, Goy and also on the fibers angle 6 with respect
to the load direction).

12



5 Isotropic materials in plane strain

We propose a first application concerning an isotropic material in plane strain formulation.
We compare the solutions obtained by the reduced basis method and by the finite element
method, by computing the errors on the H' semi-norm and we provide some indications on
computational times and savings.

The plane strain approximation is used to study linear elasticity problems in two-dimensional
domains [13, 6], considering a generic section and assuming equal to zero the deformations
in the orthogonal direction of the section. Starting from (23) we can write

r T (

Oy 1—v v v 0 0 0 Ex
oy v 1-v v 0 0 Ey
o E v v 1—-v 0 0 0 €
? = 1—-2 - ? (60)
Tay (I+v)1=2v) | o 0 w0 Yoy
Toz 0 0 0o = 0 Yoz
Tye | 0 0 0 0 0 2 || we
where 7;; = 2¢;;. We impose the plane strain approximation:
Ez = Yoz = Vyz = 0, (61)

where z is the direction orthogonal to the section x,y, so that from (60) we get the plane
strain formulation:

Oy 1—v v 0 Ex
= = 1 0 (62)
oy E D) v —v 2 €y .
Try 0 1_2 = Vay
In this case the Lamé constants are given by
Fv
= )\ = 63
“ 1+v)(1—2v)° (63)
E
= = — 4
¢ =0=50 (64)

where G is the elastic tangential modulus for the material.

5.1 A Bi-material rod

We consider a long and isotropic structure with a compression load on one side of its section

(the other one is clamped). See Figure 2. The parameters we are considering are (Figure 3
(left)):

13
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Figure 2: Bi-material long and isotropic structure with a compression load in plane strain
formulation.

151

Gl )\1 Ql i —

0.5

2 G* N (2

< r2
n -05F

L—»

T -15 I s o o5 1 15
Figure 3: Schematic representation of the rod (left); reference mesh (right) made up by 680
elements.
e Geometry: the domain € is made up by two variable subdomains: Q' = (L, W) and

02 = (L,W?), with L, W' and W?2 being geometrical parameters.

e Physics: the materials in the subdomains are parametrized by the Lamé coefficients,
ie. G, G? A and A2, bound to Young modulus and Poisson coefficient by (63) and
(64).

e Engineering: the loads f}L = —% and ffl = —% depend on a variable total force P
acting on each subdomain.

The vector of parameters is: p = {G', G2, A}, \2, L, W', W2 P} € Dt c RP=8,

14



The boundary conditions on I'p = FD U FD are:

@ = 0 onlp, (65)
while on f’N = fll\l U f‘2N we have:
Froan fr
i8] = In & OnN . (66)
0 on I'\(T'p UT'y)

where r = 1, 2. Note that ft is zero.
The mathematical formulation of the problem is: given p € D* C RP=3 find s(u) =
(L, ), where 4 € Y = (H(Q))? is the solution of

(Ad, o) = (F,0), Vo eV

and ) R )
(L,0) = (F,0), Vo e,
A 61}1 0wy, A
(Aw,0) = Z/ - Tk 5%, dQ Vb, 0 €Y, (67)
(F,0) = Z/ bifrendl Voev, (68)
oQrNI'y
where R = 2.

The geometrical transformation to the reference domain is G"(2)(y) : @ — €, given by
(38), where g = 0 and

+ 0 0
Gw=|"% | G*u)=| * : (69)
0 ir 0 pm
For Q':
dQ = detG'l(p) dQ = LW! dQ, (70)
i = |G' " N(u)e' [dl' = W' T, (71)
while for Q2:
dQ = detG* () dQ = LW? dQ, (72)
dl = |G*Hp)e'|dl = W2 dr. (73)

Introducing all the parameters in the problem and in the domain transformation we obtain:

(A(pyw,v) = (Ai,0) = Z / SChuwgEde YwveY, (1
(F(p),v) = (F,0) = Z/amr AT (wvs dl - Yo ey, (75)

15



0

and (74) (compacting the notation so that BZ}; = w; j) becomes

Aw,v) = 6t +Ah /

17 v1wi g dQ+ A / (v20w1,1 + viwa2) dSY +
Ql

Ql

L
+ Vlel/ vy 2w1 2 d€) + Gl/ (v12w21 + V2 1w1 2) A +
ol ol

wt L
—G! dQ+ —(2GT + \! / dQ
+ 7 /Ql v 1wa,1 d€) + Wl( +AY) o v 2w3 2 df) +
2

7 (2G? 4+ \%) /2 v jwip d€) + )\2/ (v22w1 1 + V11w 2) A2 +
Q

QQ

L
+ W2G2/ vy 2w1 2 d€) + G2/ (v1,2w21 + V2 1w1 2) A +
02 02

w2 L
+ LGQ/ V2, 1W2, 1 dQ) + W(QGQ + )\2)/ V2, 2W2 2 dfd. (76)
02 ol
By the affine decomposition we write:
Wl
ol(n) = A (2G1 + )\1) , (Alw, v) :/ v1,1w1,1dS2,
Ql
O%(n) = A, (APw,v) = /1 (v2,2w1,1 + v11w22) dS2,
Q
Q% (u) = iG1 (A3w, v) :/ vy 2wa 1 dS)
Wl ’ ’ o1 s s )
@4(N) — Gl7 (A4w,v) — /1 (2;172w271 -+ v271w172) dQ,
Q
1
@5(u) = KGl, (A5w,v> :/ vg 1w dS,
L o
6 L 1 1 6
O°(n) = Wi (2G + A ), (A w, v) :/ v 2w3 2dS2,
Ql
W2
0'(n) = - (2G* + \?), (ATw, v) =/ vy,1wi,1dS2,
QQ
% (u) = N, (APw,v) = /2 (v2,2w1,1 + v1,1w2,2) A,
Q
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L
%(n) = ——=G?, (Agw,v>=/Q v12we 1 dfl,

N

0'%u) G?, (A0, v) / (v1,2w21 + v21w1 2) d2,
02
W2
@11(’u) — 7G2, All’w v) / vg wa 1 dS2,
L 02
@12(,&) == i (2G2 + )\2) A12w U / V2 2W2, QdQ
e ’ o

By using (50) and (53), (75) becomes

(F(u),0) = / 1 (u)ordl + / P2(u)ordl =
BQIQFN BQQHFN
P P
= — W%ﬂ—/ —W?pdll =
/BﬂlﬂFN wi ! 002nry W2 !

= —P (/ v1dll + / vldF> =—-P vidl. (77)
NNy 002Ny I'y

The output of interest is the average displacement on I'Y
s(p) = —/ wy(p) dU for p € DH. (78)
I'n

5.2 Numerical results

We report as example in Figure (4) a visualization of displacements for the problem we are
considering, assuming a bi-material section made up of aluminium and steel, for example see
[7].

The reduced basis method is very efficient for the solution of parametrized problems. We
report the Matlab cputime using an implementation on Intel Pentium IV, 2.6 GHz and 512
MB RAM. In Figure (5) the comparisons are carried out by computing 80 and 50 FE and RB
solutions for the same parameters combinations and for different dimensions of the RB space
(N). RB allows a computational saving of 95% with respect to FE, without considering time
to build (and rebuild) meshes using FE or to assemble the basis for RB. The average time
to get a FE solution is 1.4s while to get a RB solution for N = 20 is 0.06s.

We report now some results concerning the rapid convergence of the method: in Figure
(6) we show the max and the average relative error |ex(u)|y = W testing a large
number of different configurations (500) depending on 8 parameters and varying N. The
basis is optimized according to the procedure described in Section 3. The points (spots) for
every N represent the error for a single configuration.
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Figure 4: Displacements: u in z direction (left) and v in y direction (right) considering a
bi-material section.

120 — T T T T T T T T 70
100 —— Finite Element i 60
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cputime(s)
cputime(s)

40

20

Figure 5: Computational times and savings versus N: for 80 solutions (left) and 50 solutions
(right).

6 Applications to orthotropic materials in plane stress

We consider an orthotropic material and one of its generalized model used to describe a
composite material, made up of fibers and matrices, changing the fibers direction with re-
spect to the load, using a micro-mechanical approach [4, 9]. Composite materials are often
designed to demonstrate some specific mechanical properties in the framework of material
tayloring where it is important to get a real-time answer (i.e. output representing stress
or displacement) when loads, mechanical or geometrical properties are varying. Composite
materials are considered working in a regime of plane stress and in a two-dimensional lamina,
the width (z) is in fact considered very small compared with the planar dimension (x,y). We
make the following assumptions:

e matrices have an elastic, linear, homogeneous and isotropic behavior;

18
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Figure 6: Max and average relative error testing a large number of different configurations
(500) depending on 8 parameters and varying N.

e fibers have an elastic, linear, homogeneous and isotropic behavior and are aligned;

e the lamina should have an elastic, linear and orthotropic or general orthotropic behav-
ior;

e there are no holes in the material and between fibers and matrices;

e we refer to a small volume of material on which we consider stresses and displacements
as uniform.

A simple approach to get global mechanical properties of the lamina starting from the
ones of fibers and matrices is provided by the Reuss-Voigt model [4] where

EnEyf
E,=cpnEn+ctEf, By = ——-———, 79
T mLvm ff Y CmEf+CfEm ( )
E
Vpy = CmVm + CfUf, Vygp = E—yl/z, (80)
€T
GGy
Gpy=—"7—"""—, 81
htd Cme + Cme ( )
under the constraint of volumetric fractions composition:
cm+cp=1. (82)
Note that Gy = Q(%fo) and G, = % The subscripts f and m represent fibers and

matrices respectively. See [8] for more analytical and experimental considerations about
composite materials homogenization. We report the mathematical formulation of the plane
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stress approximation [3] for an orthotropic material:

Vyx 1 Vyz
Cy % 5 £ 0 0 0 Ty
e | |- -F & 0 0 0 0. (83)
Vey 0 0 0 g 0 0 Ty
Yoz 0 0 0 0 & 0 Tez
’sz ) L 0 O 0 0 0 Giy i L Tyz )
By definition we impose
Oz = Taz = Tyz = 0, (84)
where z is the direction along which the width is very small (and can be neglected).
Substituting (84) in (83), we get
€ E%E — l};fj 0 o
_ Vyx 1
Ey _ELy E 0 Oy . (85)
Yay 0 0 ciy Ty
By inverting the matrix in (85), we find:
Eac Va E.
Oz 1—veyvya l—uiyzilym €z
Vye Fy E
Ty l—zyijuwy 1—szz/y;c Ey ’ (86)
Tay 0 0 Gy Yoy

which we denote by

{o} =[Q{e}. (87)

The elements of the matrix (), represent the terms of the stiffness tensor Cjjy,; of the isotropic
case. The relationship between @Q,s and the physical coefficients describing the material is

Oy Qu Q12 0 Ex
oy (= | Qa Q2 0 gy (> (88)
Ty 0 0 Qo6 Yy
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where
E;

Q = — 89
1 1 — veylya ( )
Vpn B Vyr I
Q2 = 7 T = = Q1 (90)
— VgyVya 1 — vypvay
E,
_ 91
QQQ 1_ meVym ) ( )
Qes = Gay - (92)

Remark. In the parametric case the condition @Q,s > 0 yields: ng < g—z The condition

that @ is s.p.s.d. is Q11,Qa2,Qes > 0 (Le. 12, < % and Ggy > 0) and |Q12] < Q11 - Q22,

i.e. always ng < % The (parametric) coercivity is guaranteed by the sufficient condition
Q12 < %(Qll + Q22) (ie 2v4y —1 < g—z) This condition is related with the imposition of

keeping matrix diagonally dominant. See [14] and [1].

6.1 An orthotropic lamina

We first consider the case in which the fibers are aligned along the z axis. There is a
compression load applied to I'y and the lamina is clamped on I'p; no loads on upper and
lower side. We have the following parameters (Figure 7 (left)):

LA
v Ey, Gy, vy
I
| 0.5F
I
| - r=w
/ 03
~ 0.2
f X
D I\ - 01
w 3 .
- -0.1F
4 0.2
-0.3F
L
0.4F
0.5
Em , Gm y Um 05 0 202 0 02 oa o6

Figure 7: Schematic problem representation (left); mesh with 1296 elements (right).

e Geometry: the domain 0= (L,W). The parameter is the ratio %

e Physics: materials and their concentrations, so that coefficients @11, @12, Q22 and
Qe6 are varying with E, Ey, Vgy, Vye and Gy, by (89) - (92), and are related to local
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coefficient of E, G, v and c of fibers and matrices by (79)- (82). Considering relative

variations of fibers properties with respect to matrices the independent parameters are
Ly oo vy

En’cm’ vm®

The vector of parameters is: pu = { & By o Yy e Dt RP=1. On the boundary T of the

W Emn’cm’ Um

domain 2 concerning displacement we have

@ = 0 onlp, (93)
and concerning stresses:
b .
P A (94)
! 0 on I'\(I'p UTN).

The mathematical formulation is: given u € D* C RP=*, find s(u) = (L, @), where

o €Y = (HY(Q))? is the solution of (Aa,0) = (F,0), ¥ © € Y, knowing that (L,?) =
(F,v), Y0 €Y (compliant),

ov; »  Owy ~

(A, d) = A %C’Ukla—jlﬁ Vw,0€eY, (95)

S

(i) = [ wfaT  VieY, (96)
I

The geometrical transformation G(&)(u) : () — Q is given by the following tensor

L0
G(p) = [ L ] (97)

O —_

w

It follows
dQ = detG () dQ = LW d, (98)
dl = |G *(u)e'|dl = W dr. (99)
We rewrite the problem as
A, o) = G, o) = [ 220 vwvey (100)
H)w,v) = , = 0 al’j AN oz , s
(F(p),v) = (F,8) = [ fMpvidl VYoey. (101)
I'n
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Developing the first term (100), by affine decomposition, and using the compact notation

(?;;; = w; ), we get

w
(Alpw,v) = LQH/ V1,1W1,1 dQ+Q12/ (v2,2w1 1 + v11w22) dQ +
Q Q
L
+ WQGG/ v1 2wy 2 dS) 4 Q66/ (v12wa1 + v21w12) dQ +
Q Q

w L
+ LQ66/ v w21 dS) + WQ22/ V9 2w3 2 dS) . (102)
Q Q

and by the affine decomposition we have:

w
Ol (n) = lela <AIW,U>=/U1,1wl,1dQ,
Q
O*(n) = Qo <A2w,v>Z/Q(vz,zw1,1+v171w2,2)d97
3 L 3
0% (n) = WQ%’ (A’w,v) = / v1 2wy 2 dS),
Q
0% (1) = Qoo <«44w>”:/(vl,2wz,1+v2,1w1,2)d9,
Q
w
O°(p) = fQﬁb‘, (APw, v) 2/712,111)2,1 s,
Q
6 L 6
0%(n) = WQZQ, (A%w,v) :/vg,ng,ng. (103)
Q

6.1.1 Numerical results

We report in Figure (8) the numerical results representing horizontal and vertical displace-
ment (u and v respectively). In this case material is homogeneous (E,, = Ef = Ey =
10,vm =vy =19 =03,L =D =1,¢yp, = ¢5 =0.5). Ey and vy are reference values.

We report now some results concerning the rapid convergence of the method: in Figure (9)
we show the max and the average relative error |ey(u)|y testing a large number of different
configurations (500) depending on 4 parameters and varying N. The basis is optimized
according to the procedure described in Section 3. The points at each N represent the error
for a single configuration.

We provide also in Table 1 the values of coefficients for the two phases of the material:
as fiber we have selected glass and an Epoxy resin for the matrix. In Table 2 we report the
value of the global coefficient for the lamina after homogenization.

The values of parameters in the configurations we have tested was varying around the
average value we reported in the tables.
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Figure 8: Displacement u and v for the orthotropic lamina (x1073m).
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Figure 9: Max and average relative errors testing a large number of different configurations
(500) depending on 4 parameters and varying N.

6.2 Lamina in the general orthotropic case with varying geometry and
angle of fibers

We generalize the example of Section 6.1 by assuming that both the geometry and the fibers
direction with respect to the load aligned with z axis may vary. In Figure (10) we represent
the schematic lamina under the approximation of plane stresses. In Figure (11) we report the
parameters of our model, the mesh is the same as in Figure (7), while Figure (12) represents
the direction of rotation.

The parameters are the following ones (Figure 11):

e Geometry: the domain (2 = (L, W), with variable basis L and height .

e Physics: materials and their concentrations, so that coefficients QQ11, Q12, @22 and Qgg
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Coefficients | Glass/Epoxy Resin
E; 70
vy 0.17
E. 2.85
Um 0.33
¢r 0.66

Table 1: Coefficients for glass fibers and epoxy resin. Young modulus is in [GPa].

Coefficients | Reuss - Voigt
E, 47.16
E, 7.7
Gy 2.95
Vgy 0.224

Table 2: Coefficients computed using homogenization model by Reuss and Voigt. Young and
tangential elastic modulus are in [GPa].

<

Figure 10: Orthotropic lamina: schematic representation.

vary, being related to Ey, Ey, Vay, Vye and Gy, by (89) - (92). Consequently, the local
coefficient of F, G, v and c of fibers and matrices are given by (79)- (82). Considering

relative variations of fibers properties with respect to matrices, the independent para-
meters are g—f, cc—f, ;j—f In addition we also consider the angle 6 of fibers with respect

to the main load direction.

The vector of parameters is: p = {L, =L L YL g} ¢ Do c RP=5. The fibers direction is

W Em’? cm’ vm’

influencing the constitutive relationship between o and ¢, see (86). We describe rotation of
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Figure 12: Introducing rotation in the system.

fibers as the rigid one shown in Figure (12) and given by
x | _ | cos f —sinf T . (104)
Y sinf  cos@ To

As described in [4], we may write:

011 Og €11 Ex
022 = [T(H)] Oy ) €922 = [T(G)] Ey s (105)
012 Txy 512/2 Exy
where the rotation tensor [1'()] is given by:
cos2 6 sin” 0 2sin 6 cos 6
[T(0)] = sin? 0 cos? 6 —2sinf cosd (106)

—sinfcos @ sin @ cos 6 cos2 6 — sin%6

Defining [T'(#)]"! as the inverse of [T'(A)] and thanks to the properties of transformation
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matrix [T'(6)], we may verify:

cos? 6 sin® 6 —2sinf cos 6
7)) " = [T(-0)] = sin” 6 cos? 6 2sin cos
sin @ cos 6 —sin 6 cos cos? § — sin® @
Therefore
o 011 Ex €11
Oy = [T(—Q)] 022 ) Ey = [T(—O)] €22
Tay 012 Exy 612/2
Introducing Reuter matrices
1 00 1 00
Rl=|0 1 0], RI'=]01 0],
1
0 0 2 00 3
and recalling that e, = 74, /2, thanks to (87), we can write:
Oy Ex
oy = [T(-0)] QR [TO)][RI 'S e,
Txy Vxy
Thanks to (106), (107) and (109), we may verify
cos? 6 sin® 6 sin f cos 6
[R][T(6)][R]' = sin2 6 cos? 6 —sinfcosd | =[T(-0)"
—2sin 6 cos 0 2sin 6 cos 0 cosZ 6 — sin% 6

The rotation transformation is

Oy Ex Qll
oy ¢=[QO]{ & =1 Quw
Tzy Vzy 716

where

@12 @16
@22 @26
626 666

Ex

Vxy

(107)

(108)

(109)

(110)

(111)

(112)

(113)



The components of

@11(9
Qua(0
@22(9
Que(0
Qos(0

(

)
)
)
) =
Q26(0)
@66 0)

matrix @ will be used in the general orthotropic case and are:

Q11 cos? 0 + 2(Q12 + 2Qes) sin? O cos® 6 + Qap sin 6,

(Q11 + Q22 — 4Q¢6) sin? 0 cos? 6 + Q1o(sin O + cos® ),

Q115in? 0 + 2(Q12 + 2Qe6) sin? O cos® 6 + Qo cos™ 6,

(Q11 — Q12 — 2Qg6) sin 0 cos® 0 + (Q12 — Q22 + 2Qes) sin® 0 cos 0,

(Qu1 — Q12 — 2Qe6) sin® 0 cos 0 + (Q12 — Q22 + 2Qes) sin 6 cos™ 0,

(Q11 + Qa2 — 2Q12 — 2Qs6) sin? 0 cos? 6 + Qeg(sin @ + cos? 6), (114)

where Q11, Q12, Q22 € Qg are defined in (89) - (92).
There are additional non-zero components due to the coupling between tangential (normal)

stresses and normal

(tangential) deformations which are typical of an anisotropic material.

The lamina is always orthotropic and it is described by 4 physical coefficients (E,, E,, vay
and Ggy). This is the general orthotropic case [4]. The model is the same of the previous
section, only the term (100) is changing due to the rotation of fibers. By an affine decompo-

sition we write:

(A(p)w, v)

Qu/ v 1wy, dS) +Q16/ (v12w1 1 + V11w 2) dQ +
Q Q

Qlﬁ/ (v, 1w1,1 + V11w 1) A2+
Q

+ ng/ (v22w1 1 + V1 1w22) dQ +
Q

L — _
+ WQ66/ vy pw1 2 dS) 4 Q66/ (v1,2w21 + V2 1w1 2) A2 +
Q Q
L —
+ WQ% (v12w22 + V2 2w1 2) 2 +
Q

W o
+ LQGG/ vg 1wa 1 dS) 4 Q%/ (v2,1w2,2 + V2 2wo 1) dQ +
Q Q

L
+ Wsz/ v22w22 dS2 . (115)
Q

By separation of parameter-dependent and parameter-independent contributions we have:

W _—
an, <AIW,U>:/01,1ML1dQ,
Q

Q15 (A*w,v) = /ﬂ (v12w1,1 + V1w 2) dS,
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W —
O*(w) = Qs (W) = [ (s +o110) a2

Q
O n) = Qo <«44’w7’0>=/(’02,111)1,1+v1,1w2,2)dﬂ7
Q
I
O°(n) = WQ@’Ga (APw,v) 2/111,2101,2 s,
Q
%) = Qe <A6w>v>:/(U1,2w2,1+02,1w1,2)d9,
Q
7 L= 7
S (M) = WQQG’ <.A w,v)z/ (v172w272+vg,2w172) dQ,
Q
W
O%(n) = f@(saa <A8wav>=/v2,1w2,1 ds2,
Q
O%(u) = Qu. <A9w,v>:/(v271w272+v272w271)d§2,
Q
10 L= 10
0 (n) = WQQ% (A w,v):/0272w272d9.
Q

The terms (A%w,v), with ¢ = 1,...,10, are computed once; the only terms varying are the
ones depending on pu, thus just ©%’s.

6.2.1 Numerical results

We report in Figures (13)-(16) some physical examples at different angles for fibers in the
resin. Numerical results represent horizontal and vertical displacement (u and v respectively).
In this case the material has the following properties: E,, = 2.85- Ey, Ef = 7.0 - Ey, vp, =
3.3 vo,vp =171, L=D=1,¢cp =0.67,¢cy =0.33, while § = %, 7,5, 7. Eo=10,19 =
0.10,0p = 0, L = W = 1.0 are reference values.

We report now some results concerning the rapid convergence of the method: in Figure
(17) we show the max and the average relative error by testing a large number (500) of
different configurations depending on 5 parameters and letting N vary. The basis is optimized
according to the procedure described in Section 3. The points (spots) at each N represent
the error for a single configuration. In Table 3 we report the reference value considered as
average values for the parametrized configurations.

In Figure (18) we report the output (i.e. the average displacement of the loaded side)
computed using RB when fibers angle and fibers concentration vary, and all other parameters
are frozen.

As already seen the reduced basis method is very efficient for the solution of parametrized
problems, we report Matlab cputime on the same architecture of Section 5.2 in Figure (19)
(the comparisons are carried out by computing 100 and 150 FE and RB solutions for the
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Figure 14: Displacement v and u for fibers with 6 = 7, [x10~%m].

same parameters combinations and for different dimensions(N) of the RB space. RB are
providing a computational saving of 97% with respect to FE, without considering the time
to build (and rebuild) meshes using FE or to assemble the basis for RB. The average time
to get a FE solution is 0.78s and 0.03s for RB with N = 20.

7 Applications to isotropic damaged materials under harmonic
loads

Our last example is a problem with shear harmonic loads and isotropic materials in plane
stress. We consider that the material has a damaged zone in the center, so that the stiffness of
the central zone is reduced of a damage factor that we indicate with ¢ and the Young modulus
is 0F. Also in this case we deal with geometrical, physical and engineering parameters.

The plane stress formulation for an isotropic material is:
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Figure 16

: Displacement « and v for fibers with = —7F, [x10~%m].

O > 1 v Ex
o (=1 |v 1 0 ey - (116)
Try 0 0 (1;,/) Vxy

By the relationship o — ¢ of (116), we get the two Lamé constants ¢; and ¢z

FEv E
1+v)(1-v) 2 =G = 2(1+v) )

In Figure (20) we represent a lamina subject to shear harmonic loads on a side and
clamped on the other one, and with a damaged inner zone.

As represented in Figure (21) the parameters are:

a ==

e Geometry: the domain Q is divided in 9 subdomains with variable dimensions: Ql
(S, V), 02 = (M, V), Q% = (L,V), Q* = (S,R), O° = (M,R), Q5 = (L,R), Q7
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Figure 17: Max and average relative error by testing a large number of different configurations
(500) depending on 5 parameters and varying N.

Coefficients | Values | Coefficients | Values
E; 70.3 cy 0.84
vy 0.18 L 1.23
E,, 3.8 w 1.22
Um 0.35 0 13.6

Table 3: Reference values considered, Young modulus was in [GPal, geometrical quantities
in [m] and angles in degree.
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Figure 18: Output (average displacement of the loaded side) computed with FE and RB
varying fibers orientation (left) and fibers concentration (volumetric fraction).
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Figure 19: Computational times and savings: for 100 solutions (left) and 150 solutions (right).

damaged zone

A,
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<>

z

Figure 20: Isotropic lamina with a damaged inner zone under shear harmonic load and in
plane stress approximation.

(S, W), Q8 = (M, W) and QP = (L, W) such that:

S+M+L =3
{ M (118)

W+R+V =3

Only 4 over 6 parameters are independent, for example S, M, W, R. Both the dimension
and the center of gravity of the damaged zone can vary.

e Physics: The material can change its properties § and G, and we also introduce a
damage factor 0 € [0.5, 1] to create a variation in the Young modulus (stiffness).

e Engineering: loads ff = —%, ff = —% and f? = —L are variable and they represent
the static load 7', the shear force in each subdomain. The other parameter is w, the
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Figure 21: Schematic representation of the application (left); mesh used for FE calculation
made up of 4896 elements (right).

frequency of the load.

The vector of parameters is u = {S, M, W, R, 3,G,§,T,w} € D* c RF=9,
Concerning boundary conditions, we have: I'p = f]la U f4D UTY,, so that:
@ = 0 onlp, (119)
Concerning stresses, by denoting Iy = f‘% U f‘ﬁN U ng, we get:

N P
o an {ft e; on I'Y

- N (120)
0 on F\(FD @] FN)

0i;€ i =

where r = 3,6,9. The mathematical formulation of the problem is: given u € D* ¢ RF=7,
find s(u) = (L,a), where & € ¥ = (H'())? (see (27) with d = 2) is the solution of
(Ad,0) = (F,9), Yo €Y, where (L,0) = (F,9), Vo € Y and

(A, 5) = Z / (8?’ Ukl%q“f’“ —pw%mi> i Vo€, (121)
A~ R A
(F,0) = Z/ b; fretdl Voey, (122)
r=1 BQTﬂfN

with R = 9.
The geometrical mapping from the original domain to the reference one is: G"(z)(u) :
) — € given by (38), where g = 0 and

L L0 L9
1, yv_ | S 200y _ | M 3/ _ | T
G(H)_[(Jé]’ G(M)—lo é]’ G(N)_loé]’ (123)



Loo] L0 Lo
Q4(M) =|° ) Q5 (1) = M ) Q6(:U’) = * ) (124)
0o L 0 4 0o L
R L R R
Lo ] L0 Lo
Q7(N) - [ © ) QS(M) =| M ) QQ(M) =|* (125)
0 L 0o L 0 L
w L w w
For the first subdomain (for example) we write:
dQ = detG' () dQ = SV dQ, (126)
dl = |G' Hp)e'|dl' = V dr, (127)

while for the other subdomains we can replace S and V with the other corresponding geo-
metrical parameters. By applying the domain transformation we write (A(u)w,v) = (Aw, )
and (F(u),v) = (F,v), where

(A(p)w,v) = Z / (8“” T )%—pﬁwwi) i Ywoeey, (128
T l

(F(p),v) = Z/ fir(pwv; dT - Yw ey, (129)
o0rNI'n
By applying an affine decomposition to each subdomain from (128) and the compact notation
we get:
Vv
(A(p)w,v) = §(2G + ﬁ)/l vi1wy,p d2 4 5/1 (v22w1,1 + V1 1w22) dQ +
Q Q

S

+ G/ vy 2w1 2 d€) + G/ (v12w21 + V2 1w 2) dQ +
Vo Jor Ot
\% S

+ =G V2, 1W2 1 ds) + *(2G + ﬁ) V2, 2W2 2 dQ) —
S Ot \%4 ol

— pszV/ (wiv1 + wavy) dQ2+ ...
Ql
(130)
For the sake of notation we have just written the terms related with one subdomain: by re-
placing the quantities (S, V) with (V, L), (V, M), (R, S), (R, M), (R, L), (W, S), (W, M), (W, L)

we can get all the terms omitted. For example for one subdomain (number 5) where we have a
damage factor 6 we report parameter dependent quantities ©%(u) and parameter independent
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ones (A%w,v):

Ol (n) = —0(2G+p), (Alw,v) = / v1,1w1,1dSD,
Q5
©%*(u) = 8, (A2w,v) = /5 (v2,2w1 1 + v11Ww22) A2,
Q
3 M 3
© (,U) = 7(5G, <.A w,v> :/ V1,2W1,2 dQ,
R o5
' p) = 6G, (Atw,v) = / (viwa,1 + v2 w1 2) dS2,
Q5
5 R 5
0°(n) = M(SG’ (A’w, v) I/ vg1wo,1 dfl,
Q5
6 M 6
(k) = —6(2G+p), (Aw, v) :/ v w2 2d2,
R o5
0'(n) = —pw’MR, (ATw, v) :/ (w1v1 + wava) dSL.
Q5

The same procedure is applied to also to (F'(u),v):

(F(u),v) = / 43 (u)uadl’ + / 46 () vodl” + / 49 (u)vgdl’ =
003Ny 006Ny 009Ny

T T T
== —/ —V ’Ung - / —R vng - / — W vng ==
o03nry V o0snry B o0onry W

= -T </ vodl' + / vodl” + / vng> =
o03NT'y o06NI'y 009NN

= —T/ vodl. (131)
I'n
used also as output of interest.

7.1 Numerical results

In Figure (22) we report the max and the average relative error using an optimized basis
(left) and a random one (right) by testing a large number of parametrized configurations
(represented by spots in the plot area) and increasing N. In Table 4 we report the range
of variation for the parameters. We are interested here to maintain the coercivity of the
operator, but the method can be extended also in the non-coercive case [18]. In Table 5 we
report also some coefficients used to visualize an example in Figure (23) where we report shear
stress and shear deformation v,,: the damaged zone is visible in both stress and deformation
plots. In Figure (24) we compare computational times for FE and RB solutions: also in this
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Coefficients Range Coefficients Range
E 70 + 80 [GPa) S 0.1=1.1 [m]
v 0.3+0.4 M 0.1+ 1.1 [m]
5 0.5+ 1.0 w 0.1+1.1 [m]
T (1.0 + 2.0) - 10° [N] R 0.1+ 1.1 [m]
w 90 + 1007 [Hz]

Table 4: Ranges of parameters; t under the first resonance frequency.

1 1

o
==
—— Average Err BB —— Average Err
HE
AR 1 ]

10°
0t

Rel. Errors
e
S

o
A

Figure 22: Max and average relative error seminorm is H') using an optimized basis (left) and
a random one (right) by testing a large number of parametrized configuration (represented
by spots in the plot area) and increasing N.

1 15 2

Figure 23: Shear stress 7., and shear deformation ~y,,: the damaged zone is visible.

case we can guarantee computational time with a saving of 95% in the online calculation if
compared with a FE solution.
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Coefficients Values
E 70.48 [GPal
v 0.37
0 0.5
T 1.5-105 [N]
w 98 [H?z]

Table 5: Values used as reference.

140 T T T T T T T T T 250

T T T T T
—— Finite Element —— Finite Element
— Reduced Basis — Reduced Basis

120

100

80

cputime(s)
cputime(s)

60

40t

20+

Figure 24: Computational times and savings for 50 configurations (left) and 100 configura-
tions (right).

8 Conclusions

We have provided some examples of applications of reduced basis methods in linear elasticity
problems depending on many parameters of different kind (geometrical, physical, engineer-
ing) using linear elasticity approximation of plane strain and plane stress formulation. Both
isotropic and orthotropic models have been considered, using homogenization for the latter
to deal with composite materials. Reduced basis methods have confirmed a computational
saving of about 95% with respect to a classical finite element formulation, not very suitable
to solve parametrized problems in the real-time and many-query contexts. The possibility
to treat with more complex outputs introducing a dual problem [24] and also with 3D appli-
cations [29] makes reduced basis methods quite promising. Another very important aspect
is the certification of the errors in the reduced basis approximation by means of a posteriori
error estimators, see for example [11].
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