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Abstract

Existing clustering methods for functional data often prioritize partitioning accu-
racy over interpretability, making it challenging to extract meaningful insights
when the data-generating process follows a specific underlying structure and
an ordinal relationship among clusters is suspected. This work introduces K-
Models, a novel framework that integrates ordinal constraints and estimates key
underlying elements of the random process generating the observed functional
profiles, improving both interpretability and structure identification. The pro-
posed method is evaluated through simulations and real-world applications. In
particular, it is tested on Region of Interest (ROI) curves, which represent reac-
tion profiles from a reflectometric sensor monitoring biomolecular interactions,
such as antigen-antibody binding. These curves represent changes in reflected
light intensity over time at multiple measurement spots with immobilized anti-
gens during analyte exposure, capturing the binding dynamics of the system. The
goal is to identify intrinsic signal patterns solely from the observed dynamics,
making this dataset an ideal benchmark for assessing the added interpretabil-
ity of the proposed approach. By incorporating structural assumptions into the
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clustering process, K-Models enhances interpretability while maintaining perfor-
mance comparable to state-of-the-art techniques, providing a valuable tool for
analyzing functional data with an underlying ordinal structure.

1 Introduction

Functional data has become increasingly widespread in recent years, with applications
in fields such as engineering Zhou et al. (2011), medicine Ruan et al. (2022); Movahed
et al. (2021), psychometry Li et al. (2024), and many others. As a result, Functional
Data Analysis (FDA, Ramsay and Silverman (2005); Kolmogorov and Fomin (1961);
Horvath and Kokoszka (2012)) has gained significant attention, earning a central role
in statistical research. For functional data we often, but not always, intend a set of
curves defined in an infinite-dimensional space, where each curve represents a random
function, which in turn is seen as the realisation of an underlying random process.
Within this framework, functional clustering has also emerged as topic of interest,
leading to the development of new methods aimed to partitioning curves based on
their similarities Zhang and Parnell (2023). Formally, functional clustering refers to
the unsupervised task of grouping a set of curves in distinct subsets, named clusters,
in such a way that instances within a group are similar to each other while they are
dissimilar to instances of other groups (see for instance Ruhao et al. (2022)). Various
methods have been developed, each leveraging different characteristics of functional
data. Given this broad range of techniques available, several classification schemes
have been proposed in order to have a systematic description, such as those by Jacques
and Preda (2014) or Zhang and Parnell (2023). Among the main categories, we can
identify:

® Raw data methods, which cluster functions based on their observed values on a
discrete grid of their domain. These approaches directly compare the functional
observations without any prior transformation, making them conceptually straight-
forward. A well-known example is K-Means (Oti et al. 2021; Bock 2007), a widely
used algorithm which can be easily adapted to various settings.

® [iltering methods, which consist of two phases: the first phase involves approx-
imating curves using a basis expansion, which leads to a finite-dimensional rep-
resentation, and the second phase involves performing clustering on the resulting
finite-dimensional objects. One such method, introduced by Ruhao et al. (2022),
begins by applying functional Principal Component Analysis (fPCA), projecting
the functions onto principal component curves to obtain principal scores, which are
subsequently used for classical multivariate clustering.

® Distance-based methods, which rely on functional distance metrics to quantify simi-
larities between curves. In reality, this category is overlapping with the previous two,
as the choice of distance metric determines whether the method aligns more closely
with raw data approaches or filtering approaches. An example is the PAM (Parti-
tioning Around Medoids, Kaufman and Rousseeuw (1990); Schubert and Rousseeuw



(2019)) algorithm, or even K-Means itself, since they both are based on dissimilarity
metrics that work directly with the observed values of the curves.

While existing functional clustering methods are designed to achieve well-separated
groups, they rarely focus on uncovering the mechanisms driving the observed curves.
We encountered this limitation when analysing a biosensor dataset of time-resolved
biosensor signals, recording the interaction of an antibody with sensor spots function-
alised with different antigen concentrations. The curves share a common pattern — an
initial stable phase followed by a rapid decline — but differ in intensity. This varia-
tion is driven by differences in the immobilised antigen concentrations, since a single
antibody concentration is applied uniformly across all antigens within each assay. The
observed curves therefore reflect an ordinal latent structure, in which cluster member-
ship indexes the magnitude of a common underlying effect rather than qualitatively
distinct processes.

Traditional clustering methods, although capable of producing meaningful parti-

tions, do not explicitly account for this ordinal nature. They divide the data into
distinct groups but fail to estimate the latent components influencing curve generation.
This challenge led to the development of K-Models, a new clustering approach tailored
for functional data with an underlying ordinal structure. These curves were previously
analyzed in Patane et al. (2026) in a supervised setting with nominal labels; the present
work extends that analysis to an unsupervised framework, explicitly accounting for
the ordinal structure of the data. The proposed method groups functions based on a
common latent effect, distinguishing clusters by the intensity with which this effect
manifests. Additionally, it provides estimates of the underlying function and cluster-
specific coefficients, offering a more structured and interpretable representation of the
data.
This study is so organised as follows: in Section 2 we review well-established tech-
niques used for comparison. Section 3 introduces the problem and presents our novel
clustering method. Section 4 describes the validation metrics employed to assess clus-
tering performance. Section 5 applies the methods to simulated datasets using a Monte
Carlo approach. Finally, in Section 6 we evaluate the methods on a real-world datasets
focusing specifically on biosensor signals, the primary motivation for the development
of K-Models.

2 State-of-the-art methods

The key idea underlying our approach is that the observed functional data are gen-
erated by a latent functional phenomenon whose intensity varies progressively across
groups, inducing a natural ordering among clusters. A wide range of clustering meth-
ods have been developed for functional data, primarily aimed at partitioning curves
into homogeneous groups. Among these, we consider three widely used approaches that
represent standard benchmarks in the functional clustering literature: K-Means, which
partitions data by minimizing within-cluster variance; Partitioning Around Medoids
(PAM), a medoid-based alternative more robust to outliers; and Functional Principal
Component Analysis (fPCA) combined with K-Means, which reduces data dimension-
ality before clustering. These methods are well-established, interpretable, and flexible



enough to be applied across a broad range of functional data settings. Unlike our
method, however, they do not incorporate any ordinal structure among clusters, nor
do they provide a direct characterisation of each group in terms of the underlying
functional shape.

Formally, we consider a set of functional observations {z;(t)}?_,, where each func-
tion takes values in R and is defined on a common domain 7 C R. Given a predefined
number of clusters K, the objective is to find an optimal partition C* = {C7,...,Cx}
that divides the curves into K ordered groups. We assume that the clusters admit a
natural ordering C; < --- < Cg, induced by the progressive amplification of a shared
functional effect across levels: each successive cluster exhibits a stronger expression of
this component, so that the ordering reflects an intrinsic gradation in the underlying
phenomenon rather than an arbitrary labelling.

2.1 Functional K-Means

K-Means is one of the most widely used clustering algorithm. As highlighted by Bock
(2007), its earliest formulation dates back to 1950, although the formal definition was
established later. Over the years, various adaptations of K-Means have been proposed,
but they all share a common underlying principle: maximizing the within-cluster simi-
larity between data points and their corresponding cluster centroids, where a centroid
is defined as a representative element of the group. This is achieved through an iter-
ative procedure that assigns each data point to the cluster with the closest centroid
according to a predefined distance metric. The process ultimately seeks to minimise
the within-cluster variance, thereby producing an optimal partition of the dataset.

A rigorous mathematical formulation is provided by Bock (2007), which can be
adapted to functional setting by solving the following minimisation problem:

K
(C*,Z*) = argléliZI:lZ Z d2(xiazk)7 (1)

k=1 z;€CY

where C is the clustering partition, K the number of clusters, Z = {z1,..., 2Kk}
represents the set of centroids, and d(-, -) is a measure of dissimilarity (or equivalently,
similarity) between two functions. Moreover, to mitigate the sensitivity to initialisa-
tion, a multiple-start strategy is commonly employed. From Equation (1) it is evident
that K-Means is a highly flexible approach since it imposes no strict assumptions on
the data structure and allows for the use of different dissimilarity measures d, making
it adaptable to various contexts.
When dealing with functional data, one of the most commonly used metrics, and the
one adopted in this study, is the L?-norm — i.e. for € L2(1), ||||p2 = [, z(t)dt —:

d(x;, z1) = ||xi — 2kl L2- (2)
This measure ensures that clustering is based on the overall shape of the functions

rather than specific pointwise differences, making it a suitable choice for functional
data.



Despite its conceptual simplicity, functional K-Means inherits several well-known lim-
itations from its multivariate counterpart, including sensitivity to initialisation and an
implicit assumption of ”spherical” clusters.

2.2 Functional PAM

Partitioning Around Medoids (PAM, Kaufman and Rousseeuw (1990)), also known as
K-Medoids, is another widely used clustering algorithm. While its core idea is similar
to that of K-Means, a key distinction lies in the definition of the representative element
of a cluster. As discussed in Section 2.1, K-Means defines centroids as the mean of all
elements within a cluster. While this is an effective representative in Euclidean spaces,
it may not be the most suitable choice for other dissimilarity measures.

In contrast, PAM represents each cluster with a medoid, which is the data point that
minimises the average (or equivalently, the total sum of) dissimilarities to all other
points in the same cluster. Formally, given a cluster C}, we define its medoid as:

my := arg m{rélgk d(zi, xj). (3)
This formulation highlights a key difference from K-Means: while a centroid zj
can be any point in the data space, a medoid m; must be an actual data point from
the dataset. This property makes K-Medoids more robust to outliers and allows its
application to any arbitrary dissimilarity measures.
Similar to K-Means, the K-Medoids method relies on minimizing an absolute error
criterion, commonly referred to as total deviation (T'D), which is defined as:

K
TD:=Y > dlx,my), (4)
k=1xz,€C}
where d(-,-) is a dissimilarity measure, while {mq,..., my} represents the set of
medoids for the partition {C1,...,Ck}.
In this study, the PAM algorithm is implemented by using the L2-norm as dissimilarity
measure for functional data. By adopting the L?-norm, the method ensures a clustering
structure that reflects meaningful variations in the underlying functional patterns
while preserving the robustness of the PAM framework.

2.3 Functional PCA combined with K-Means

FPCA combined with K-Means — drawing inspiration from Peng and Miiller (2008)
and Ruhao et al. (2022) — first reduces the dimensionality of the functional dataset
using Functional Principal Component Analysis (fPCA), and only then performs the
clustering. A key advantage of this method is that it allows clustering to be performed
directly in the directions of greatest variability in the dataset, potentially leading to
more meaningful partitions.



Let X be a stochastic process in L?(7T). By exploiting the Karhunen-Logve
expansion, X can be expressed as:

X(t)=pu(t)+ > ouy(t) VEET, (5)
=1

where p(t) := E[X(¢)] is the mean function, {¢;};°, are the principal functions and
{a;}2, the corresponding principal component scores, defined as:

o ::/(X(t)—u(t))cm gt 1=1,2,.. (6)
T

Retaining only the scores associated with the first p, such that the cumulative propor-
tion of variance retained is, for instance, at least 95% principal components, we obtain
a new multivariate dataset of dimensions n X p, where each curve is now represented
by the corresponding vector of scores, {a;}? , with a; € RP.

At this point, clustering is performed by applying the classical multivariate K-
Means. The only modification lies in the choice of the dissimilarity measure: instead
of using the L?-norm between functional observations, clustering is now based on
the Euclidean distance between the extracted score vectors. This reformulation sim-
plifies the problem by shifting from an infinite-dimensional functional space to a
finite-dimensional multivariate setting, while still capturing the dominant modes of
variability in the data.

3 K-Models

The aim of this work is to propose a new method for the unsupervised clustering
of functional data. In general, clustering seeks to partition observations into distinct
subgroups such that instances within the same group are highly similar, while those
belonging to different groups are as dissimilar as possible.

In the context of functional data, clustering is particularly useful for identifying
homogeneous and heterogeneous patterns among curves and for revealing potential
structures in the underlying stochastic process. The notion of clustering’s optimality
depends on the clustering criterion adopted, which varies across methods according to
the type of similarity (or dissimilarity) being emphasised.

Most existing clustering methods for functional data focus on identifying groups
that differ in shape or location, treating clusters as nominal categories without any
inherent structure between them. In contrast, the method proposed in this work intro-
duces an additional structural assumption: clusters are not only distinct but also
ordered. In other words, we aim to perform ordinal clustering, where the clusters
represent increasing levels of a latent functional effect.

The objective of the method is therefore twofold: (i) to estimate the latent func-
tional direction capturing the shared phenomenon, and (ii) to partition the curves
according to the degree to which they amplify this phenomenon. Clusters thus cor-
respond to different levels of the same underlying functional effect rather than to



unrelated groups of curves. This interpretation naturally yields an ordered structure
among clusters.
Under this framework, we consider the following cluster-specific functional model:

x;i () = po(t) + pr(t) + o B(L) + (L), teT, (7)

subject to ||Bllrz = 1 and (ug,5) = 0, where z; belongs to cluster Cj, with
k € {1,...,K}. Here, uo(t) denotes the global mean function, u(t) represents the
deviation of cluster Cy from the global mean, and ¢ is a scalar coefficient measuring
the amplitude of the shared functional direction S(¢) within cluster Cy. The func-
tion 5(t) captures a common functional component that is expressed with different
intensities across clusters, while ¢;(¢) is a zero-mean random noise process.

The ordinal structure arises naturally from this decomposition: we assume C; < C;
whenever ¢; < ¢;, so that the ordering among clusters is fully encoded in the scalar
coefficients ¢. The constraint |||z = 1 fixes the scale of the ordinal component,
while (ug,8) = 0 ensures a unique decomposition into an ordinal part ¢8 and a
cluster-specific deviation pi.

The ordinal nature of the latent classes is determined by the values of the coeffi-
cients ¢k, which induce a hierarchical ordering of the clusters according to increasing
levels of amplification of B(t). There exist two equivalent orderings, corresponding
to the two possible sign choices of 5 (and ¢); these lead to reversed but otherwise
identical interpretations of the clustering structure. In practice, one can select the
orientation that best supports scientific communication and interpretability.

Therefore, unlike conventional clustering methods that simply partition the data
into unrelated groups, our approach yields clusters that are intrinsically ordered, pro-
viding a natural and interpretable ranking of the curves according to the strength of
the latent functional effect. The clustering procedure is formulated as an optimisation
problem aimed at minimizing the within-cluster variability along the latent ordinal
direction. Specifically, we define the objective function as

L((s.8).0) =" (i — mo. B) —)” + AT (B). (8)

k=1ieCy

where the component pj does not appear due to the constraint (ug, ) = 0, and where
the term J(-) is a roughness penalty, ensuring that the estimated latent functions
remain smooth and interpretable. In this study, we impose the penalty on the integral
of the second derivative; namely, given a function v € L?:

Jmﬁwwﬁm (9)

This loss function measures the within-cluster dispersion of the projections of the
curves onto the direction 8. By minimizing this quantity, the method identifies clus-
ters whose members exhibit similar levels of amplification of the latent functional



effect. Consequently, the procedure performs ordinal clustering, organizing the func-
tional observations along a latent ordered dimension, rather than producing a generic
partition of the data as in classical approaches such as functional K-means.

The regularisation parameter A\ controls the trade-off between model fit and
smoothness. A higher value of A enforces stronger regularisation, favoring smoother
estimates of the functional parameters, at the cost of a potentially higher approxima-
tion error within clusters.

By minimizing this objective function, the method achieves a partitioning of the
curves where each group exhibits a different level of the underlying phenomenon, while
ensuring that 8 remains a smooth and well-structured function. This approach leads to
an interpretable clustering solution that reflects a natural hierarchical ordering among
the identified subgroups.

3.1 Implementation

The proposed clustering procedure iteratively alternates between the following two
key steps:

1. Estimation of the functions p(t) and quantity ¢, for each cluster independently,
while the common functions po(t), 5(t) are calculated using the entire data set.

2. Updating the cluster assignments by grouping together curves that exhibit similar
patterns, based on the estimated coefficients.

A former approach, Conde et al. (2024), proposes a clustering algorithm for functional
data based on cluster-specific functional regression models. Our method differs in a
fundamental aspect: in Conde et al. (2024), the observed curves z; are modeled
through a set of predefined functional covariates

X,(t) = [Xa(t),..., X ()]

t € T, which influence the estimation process. In contrast, our approach does not rely
on any external covariates. Instead, we estimate both the latent function 8(t) and the
cluster-specific parameters (pug(t),sk) directly from the data, without any additional
input variables. This ensures that the clustering is driven purely by the intrinsic shape
of the observed curves.

Algorithm 1 implements the proposed K-Models procedure for ordinal clustering
of functional data. Each functional observation z;(t) and the latent direction §(t) are
represented in a common basis expansion

zi(t) = Zamj(t), B(t) = mej(t),

where a; = (ai1,...,ain,)" and b = (by,...,b,,)" denote the corresponding coeffi-
cient vectors and {¢;(¢)}7”; is a chosen functional basis. Coherently with this finite
structure, we define two useful matrices:



¢, (t) 8 ¢x
¢ Do {1, 0T )
© Do={[;6;(O)ox(t) dt},,

This representation allows all computations to be carried out in the finite-dimensional
coefficient space, while preserving the functional nature of the data.

We initialise the clusters randomly, to enable exploration of possible clustering
configurations, and 5(t) through fPCA, to suggest a plausible quantitative — ideally
ordinal — direction. The algorithm alternates between three main steps in each iter-
ation. First, given the current latent direction [(t), cluster-specific parameters are
estimated: the cluster means in the coefficient space ay, the cluster-specific intercepts
Bok, and the ordinal amplification coefficients ¢;. The amplification coefficient ¢ rep-
resents the strength with which the common latent effect 5(¢) manifests in cluster
k.

Second, the latent direction B(t) is updated using the current cluster assignments
and amplification coefficients. The update Equation (10) is proved in Appendix 7. This
step ensures that 3(t) captures the direction of variation associated with the ordinal
latent effect.

Third, curves are reassigned to clusters based on the proximity of their projection
onto B(t) to the current cluster levels ¢x. Specifically, the projection score of each curve
is compared to each cluster’s amplification coefficient, and the curve is assigned to the
cluster minimizing the squared distance. After reassignment, clusters are reordered to
enforce the ordinal structure ¢; < --- <gg.

To guarantee identifiability, 8 is L?>-normalised by imposing ||b|p, = 1.

To prevent empty or degenerate clusters, a repopulation safeguard is applied: if
any cluster contains fewer than a minimum number of curves, a small number of
curves are randomly reassigned to that cluster. This mechanism ensures stability of
the alternating optimisation and avoids convergence to trivial solutions.

Finally, the procedure can be combined with a multi-start strategy to improve
robustness. Multiple runs with random initialisations are performed, and the clustering
solution with the highest quality score (e.g., a ratio of between-cluster to within-
cluster variation) is retained as the final output. The algorithm iterates until the
cluster assignments converge, producing the latent function §(t), the ordered cluster
amplification coefficients {¢x}, and the final cluster partition C.



Algorithm 1: K-Models: Ordinal Functional Clustering

1 Input: Functional data {x;(t)};_;, number of clusters K, maximum iterations Imax
2 Basis representation: Let {¢; (t)};:J1 be a basis of the functional space.

nJy ngy .y
zi(t) =D aié;(t), Bt) =D bid;(t), () =D enibi(t)
j=1 j=1

j=1

Denote by
T T T
a; = (ai1,-- -, Qiny) b= (b1,...,bn;) , ck = (Ck1, - Chny)

the corresponding coefficient vectors.

3 Initialisation:

4 Center the data: @;(t) < z;(t) — (2 37, 24(t)). Save po = (2 37, z:(t)).

5 Initialise clusters {C} } randomly and estimate §8(t) using the first fPCA component.

6 for it =1,..., I max do

7 Cluster update:

8 for k=1,...,K do

9 Compute cluster mean a; = ﬁ Zieck a;, where ny = [Ci| for any k € {1, ..., K}.
10 Compute cluster amplitude of the effect ¢ «+— é; Dgb;

11 Cp < ap — Skb;
12 Latent direction update:
13 Find b such that:
14

K K
(angiDo-‘r)\Dz)tH— an%(ék —ck) (10)
k=1 k=1
15 Ordinal enforcement:
16 Order clusters such that ¢; < -+ < ¢g.
17 Reassignment:
18 fori=1,...,n do
a] Dob
19 pi bTDob’
20 C; <+ argming (p; — gk)2
21 Normalisation for identifiability:
22
b+« b-(b'Dyb)"!
23 Repopulation safeguard:
24 If any cluster contains fewer than a minimum number of curves, randomly reassign a small
set of observations to that cluster.

25 Convergence check:
26 Stop if cluster assignments do not change.

27 Output: 3(t), {sr}, cluster partition C

4 Validation in clustering

To assess the performance of the proposed clustering methods, we employ two widely
used evaluation metrics: the Between-Cluster to Within-Cluster Variability Ratio and
the Silhouette Score. These two measures provide complementary perspectives on clus-
tering quality, offering both a global and a local evaluation of the resulting partitions.
The first metric quantifies how well-separated the clusters are relative to their internal
cohesion. It is defined as the ratio between the Between-Cluster Sum of Squares (BSS)
and the Within-Cluster Sum of Squares (WSS). Given a partition C = {C1,...,Ck}

10



of the functional observations, the ratio is computed as follows:

B
Ratio = ﬁ with

WSS’
K
BSS := ;nkﬂuk — poll72, (11)
K
WSS =" 3" i — 3
k=1x,€C}

Where nj, = |C| denotes the number of curves in cluster k, pg(t) == n—lk Y wicc, Ti(t)
is the pointwise mean of the functions within cluster Cy, and po(t) := L 30 2;(t) is
the global pointwise mean. A higher BSS/WSS ratio indicates well-separated clusters
with high internal homogeneity, which are desirable properties in clustering.

The second metric used is the Silhouette Score. As described in Rousseeuw (1987),
it evaluates clustering quality by balancing intra-cluster cohesion and inter-cluster
separation. For each observation x;, the Silhouette Score is defined as:

d; —w; .
ji=———— i=1,...,n 12
iy max(di,wi) ! " ( )

where w; is the average L?-distance between x; and all other curves within the same
cluster (a measure of intra-cluster similarity), while d; is the smallest average L2-
distance between x; and all curves in a different cluster (a measure of inter-cluster
separation). Then the overall Silhouette Score is computed as the mean of s; across

all observations: n
1
S=— i 13
. ; s (13)

This score ranges between -1 and 1, with higher values corresponding to better
partitions of the curves.

These two metrics evaluate clustering quality from different but complementary
perspectives:

e BSS/WSS Ratio: provides a global measure of clustering performance by compar-
ing the between-cluster sum of squares (BSS) to the within-cluster sum of squares
(WSS). A higher ratio indicates better separation between clusters relative to their
internal variability. This metric is naturally optimised by most clustering methods,
but in multiple-start procedures it is also used to select the best solution among
different initialisations.

e Silhouette Score: captures local clustering behavior by assessing how well each
individual curve is assigned to its respective cluster. Specifically, it compares the
average distance of a curve to other curves in the same cluster with the average
distance to curves in the nearest neighboring cluster. This metric is particularly
useful to identify potentially misclassified curves that lie near cluster boundaries
and to compare the quality of different clustering methodologies.

11



By combining these two evaluation approaches, the BSS/WSS ratio ensures that clus-
ters are compact and well-separated on a global scale, while the Silhouette Score
validates the assignment consistency at an individual level. This dual perspective leads
to a more robust assessment of the clustering solutions in functional data analysis.

Now, we present a simulation study designed to validate the K-models algorithm.
The aim of the simulation study is to evaluate the ability of the method to correctly
recover the underlying ordinal clustering structure under controlled settings. In par-
ticular, synthetic functional datasets are generated with known ordinal patterns and
varying levels of noise and cluster separation, allowing us to systematically investigate
the robustness and accuracy of the proposed method.

5 Simulation Study

To evaluate the empirical performance of the considered clustering approaches, we
conduct a simulation study based on synthetic functional data generated from a real-
istic structure derived from the dataset of our case study. The aim of the study is to
assess how accurately the different methods recover the underlying clustering structure
under varying proportions of ordinal and global variability.

The simulated data are generated according to a functional model constructed from
the empirical functional principal components of the original dataset. In particular,
the mean function, the first principal component (PC1), and the second principal
component (PC2) are taken directly from the case study. The second component is
used to generate a global smooth variability shared across all observations, whereas
the first component is used to introduce the cluster structure.

More precisely, let K denote the number of clusters and n the number of func-
tional observations. Each curve is generated as a perturbation of the empirical mean
function plus a linear combination of the first two functional principal components.
The score associated with the second component is drawn from a Gaussian distribu-
tion representing global functional variability common to all curves. In contrast, the
score associated with the first component is generated from cluster-specific Gaussian
distributions whose means determine the cluster centers. Consequently, clusters differ
primarily along the first principal direction.

To control the relative importance of the cluster structure with respect to the
global variability, we introduce a parameter ¢ that scales the variability associated
with the first principal component. This parameter regulates the ratio between the
ordinal (cluster-related) variability and the global variability while maintaining a clear
separation between clusters. In the simulation study we consider the values

g € {0.025,0.05,0.1,0.2}.

As an illustrative example Figure 1 displays one example of simulated dataset per
considered value of q.

For each configuration we generate multiple Monte Carlo samples and apply the
clustering methods under comparison. Since the true cluster labels are known by
construction, the performance of each method is evaluated by measuring the agreement
between the estimated partition and the true clustering structure. The clusters are

12



constructed to guarantee a clear separation between groups, so that the true partition
is well defined and not subject to ambiguity.

To quantify the agreement between the true and the estimated partitions, we com-
pute the correlation between the true cluster labels and the estimated labels. In the
case of K-models, the clusters are naturally ordered, enabling a direct computation of
the correlation. For our competitors, we allow for label switching, considering all pos-
sible permutations of the estimated labels and retain the maximum correlation over
these permutations. This ensures that the measure is invariant to the arbitrary label-
ing of clusters, and ensures a fair comparison with K-models. In Equation 14, we define
the correlation estimated € and true C clustering configuration, for generic clustering
methods.

Corr(C,C) = max  Corr(k;, m(k;)) (14)
7TESym x(K)

where k; = k - Liec,, and Sym(K) is the group of permutations on {1, ..., K'}. While
alternative measures such as the Adjusted Rand Index (ARI) could also be used, we
prefer this criterion because, in addition to being permutation invariant, it provides
a more stringent notion of agreement. Indeed, by relying on the numerical values of
the labels after optimal alignment, it captures how well the overall labeling structure
matches the true one, rather than only pairwise group membership. This is particu-
larly relevant in our simulation setting, where clusters are generated along a continuous
latent direction. In Figure 2, the results are summarised using boxplots of the cor-
relations obtained across simulation runs for each value of ¢ and for each clustering
method. This representation allows us to analyze how the performance of the com-
peting approaches varies as the relative contribution of ordinal variability changes. In
particular, K-Models approach consistently achieves high correlations even when ¢ is
small, indicating its ability to detect subtle cluster structures. By contrast, competing
methods show more variability and generally lower correlations in these challenging
scenarios. As ¢ increases, the differences between methods tend to diminish, but the
proposed approach maintains a robust performance across all considered values of ¢,
illustrating its stability and reliability in recovering the true clustering structure.
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Fig. 1: Examples of simulated scenarios depending on gq.
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Clustering performance per scenario
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Fig. 2: Boxplots of the correlations obtained across simulation runs for each value of
q and for each clustering method.

6 A case study: ordinal clustering of optical
biosensor signals

In this section, we apply the proposed method to our case study, based on biosensor
signals. The signals are treated as functional data obtained through the preprocessing
procedure described in Patane et al. (2026), where the same dataset is analyzed in a
supervised setting.

The functional dataset, displayed in Figure 3, consists of biosensor signal profiles
from 1026 Regions of Interest (ROIs), i.e., there are 1026 spots with eight different
antigen concentrations immobilized. Each signal represents the temporal evolution of
light intensity within the corresponding ROI. As already discussed in Patane et al.
(2026), using an optical reflectometric sensor, light intensity is used as an indicator of
interactions between antigenes and antibodies Gauglitz (2010).
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Functional dataset: ROI's time varying logratio
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Fig. 3: Unlabeled ROI signal curves.

The K-models algorithm is applied to the biosensor signals by considering a num-
ber of clusters K ranging from 2 to 7. Figure 4 illustrates the resulting partitions of the
dataset for different values of K. In this real-data application, both the underlying ordi-
nal structure and the appropriate number of clusters are unknown. Therefore, model
selection is performed using the Silhouette Score. Indeed, since the algorithm already
maximises the between-cluster to within-cluster sum of squares ratio (BSS/WSS), the
Silhouette Score provides a complementary criterion for assessing clustering quality.
According to the Silhouette Score plot reported in Figure 5, the elbow rule suggests
selecting K = 4 as the optimal number of clusters, fully signal-based. This differs
from the 8 nominal concentration levels known from the experimental design — used
to supervise the ordinal classification in Patan¢ et al. (2026) — indicating that the
light intensity signal alone is not sufficient to discriminate all antigen concentrations,
as some levels appear indistinguishable from a purely signal-based perspective.

Once K is fixed, the model outputs can be more fully leveraged for interpretation.
In particular, the K-models provide an estimate of the ordinal behavior 8 (Figure 6).
Moreover, the clusters identified by the method are naturally ordered according to the
values of ¢, which can be interpreted as different levels of amplification of 8. This
ordering—reversible upon changing the sign of f—is given by Cj, Cs, Cs, Cy. Cluster
C1 corresponds to the lowest amplitude, likely representing an absent or negligible
antibody—antigen interactions. At the opposite extreme, cluster Cy4 captures a highly
pronounced and heterogeneous class of larger signals representing higher antibody-
antigen interactions. The remaining clusters represent intermediate levels of response
intensity.

As illustrated in Figure 6, the ordinal behavior 5 clearly characterises the reaction
profile: it exhibits a marked decay approximately between time 200 and 400, followed
by a horizontal asymptote after time 600. This pattern indicates that the proposed
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method successfully captures the ordinal latent structure of the data, revealing the
underlying level-based organisation of the biosensor signals.
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Fig. 4: The levels assigned to the biosensor signals by the K-models K =2, ..., 7.
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Silhouette Score vs Number of Clusters
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Fig. 5: Silhouette score of the projections of x; on 3, by the K-models K = 2,...,7.
We choose K = 4 according the elbow rule.

18



K-models, with K=4
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Fig. 6: The ordinal pattern 8 which increases with k according to ¢.

7 Conclusions

The great variety of clustering methods for functional data in the existing literature
highlights the significant interest that this field has received within the mathematical
and engineering communities. Despite this, in several contexts — such as the biosensor
signals presented in the case study — the existing techniques do not always provide
the most suitable tools for addressing the desired analyses. In many cases, clustering
procedures are needed not only to partition the curves, but also to offer a comprehen-
sion of the underlying mechanisms behind the generation of these functions, and how
they contribute to the formation of distinct subgroups.
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In this regard, the K-Models method proposed by this work allows for the simulta-
neous achievement of these two objectives. By defining a clustering framework based
on a linear functional model, the K-Models approach enables the estimation of a latent
phenomenon underlying the stochastic process that generated the observed curves.
Furthermore, it evaluates how this shared effect manifests within each cluster through
its corresponding linear coefficient. A key advantage of this formulation is that it
defines an ordinal partition of the data, an absent feature in the traditional func-
tional clustering procedures. The ordering of the clusters is indeed directly determined
by the magnitude of the common effect, providing a structured interpretation of the
underlying relationships within the dataset.

The simulation study presented in this work confirms these theoretical advantages.
Across scenarios with subtle cluster-related variability, the K-Models approach consis-
tently recovers the true clustering structure more accurately than competing methods,
while maintaining the ordinal interpretation of the clusters. These results illustrate not
only the reliability of the method in practical applications, but also its ability to offer
a meaningful characterisation of the latent processes driving the observed functional
data.
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Proof of Equation (10): in the second step, where pg, ¢x and the clusters
assignment are fixed, we aim at minimising the conditional loss L., where

K
Lo(Blpk Sk Crvoons Ck) = D> i — e — sk Bll72 + AT (B)
k=1i€Cy
By discretising the problem,

K K
YD e = —Bllz2 ~ Y > (@ — e — skb) Dola; — e, — skb) + Ab'D2b

k=11€Cx k=11€Cy

The grandient of the discretised L. with respect to b is given by:
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Imposing the gradient equal to 0, we obtain Equation (10).
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