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Abstract

The importance of myocardial perfusion at the outset of cardiac disease
remains largely understudied. To address this topic we present a math-
ematical model that considers the systemic circulation, the coronary ves-
sels, the myocardium, and the interactions among these components. The
core of the whole model is the description of the myocardium as a multi-
compartment poromechanics system. A novel decomposition of the poroe-
lastic Helmholtz potential involved in the poromechanics model allows for
a quasi-incompressible model that adequately describes the physical inter-
action among all components in the porous medium. We further provide
a rigorous mathematical analysis that gives guidelines for the choice of the
Helmholtz potential. To reduce the computational cost of our integrated
model we propose decoupling the deformation of the tissue and systemic
circulation from the porous flow in the myocardium and coronary vessels,
which allows us to apply the model also in combination with pre-computed
cardiac displacements, obtained form other models or medical imaging data.
We test the methodology through the simulation of a heartbeat in healthy
conditions that replicates the systolic impediment phenomenon, which is
particularly challenging to capture as it arises from the interaction of sev-
eral parts of the model.

1 Introduction

Cardiac perfusion is the blood supply of the heart muscle and it involves three
components. The first one is the cardiac tissue, known as myocardium. The
second one is the coronary vasculature, which carries blood from the aorta to the
myocardium and then to the venous system, and it is composed by two parts:
the epicardial coronary vessels, stemming from the aorta and embracing the
heart, and the myocardial coronary vessels (also known as intramural coronary
vessels or coronary microvasculature), carrying the blood in the tissue to the
venous system. The third component is the systemic circulation, which carries
blood to the rest of the organs. The myocardial coronary vessels present large
variations of spatial scales in the range of 10–500 µm [DJBBD92, FAC16] with
very different mechanical properties [AKL10a] and a complex network structure
[HBRS08, LMR+10, LS12]. As a result, the pressure that drives perfusion in the
coronary microvasculature is given by the combined effects of the intra-vessel
and intra-myocardial pressures [AKL10b].

Mathematical models have been widely used to study this problem. The
complex multi-scale nature of the coronary microvasculature and its interaction
with the myocardium has been mainly addressed by the use of poromechanics
models [HAvCR92, VSW97, Smi04, CGSMVC10, CLM+12, VYW15, PKJ+20],
consisting in a continuum model [Cou04] obtained by a formal averaging of the
fluid porous structure (vessels) and the solid phase (myocardium) [Whi86]. This
approach does not necessitate a detailed geometric description of the vessels,
which would be impossible to obtain from medical imaging in-vivo and, in any
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case, computationally untractable. A more accurate description can be given by
multi-compartment formulations, wherein a scale separation procedure allows
to consider different vessel resolutions separately (e.g. arterioles, capillaries,
venules) [CLM+12, MCC+13, DGFP+20].

Epicardial coronary vessels can be modeled either in full 3D resolution [KVCC+10,
DGFP+20] or by means of reduced models, which can be either lumped (namely
zero-dimensional, 0D, models) [WBDVN69, QRV01, FQV09, DK75, HS90, KCB85,
NLL+20] or one-dimensional (1D) [BB00, HKL+09, LNN+09, NKL18]. The
main advantage of 1D models with respect to 0D ones is the ability to capture
wave propagation phenomena, particularly relevant in the coronary blood dy-
namics [GPCP90]. Finally, systemic circulation has been often modeled as a
network of 0D elements, based on RLC elements [QVV16] and Windkessel mod-
els [WLW09] considering separately the lungs (supplied by right ventricle) from
the rest of the body [BF10, HBJ+17] (supplied by the left ventricle).

The scope of our work is the creation of a new mathematical model of car-
diac perfusion encompassing all of the aforementioned components and their
interactions, whose layout is shown in Figure 1. The interaction between the
intramural coronary vessels and the heart tissue is described employing a multi-
compartment poromechanics model. One distinctive feature of our new model
is the use of a quasi-incompressible formulation, achieved by combining the
Helmholtz potential from [CLM+12] with the thermodynamically motivated en-
ergy presented in [CM14]. This combination yields a better representation of the
underlying physics and, most importantly, the pressure in the coronary microvas-
culature results as the difference between the intra-vessel and intra-myocardial
pressures in each compartment. Our proposed poroelastic Helmholtz potential
presents two further advantages: i) it enables the straightforward use of consti-
tutive laws already available in the literature and, ii) it provides analytic condi-
tions that guarantee the existence of solutions for each of the problems within
the poromechanics model, namely the mechanics and porous media equations.

Regarding blood flow in the epicardial coronaries, we consider a 0D model
[QRV01, FQV09], where we generalize the standard formulation to make it better
suited for arbitrary networks of vessels. Finally, we consider an additional 0D
model for the circulatory system that yields a closed loop of blood flow through
the body [RSA+20a, RSA+20b].

For the numerical approximation, we neglect the feedback of blood pressure
on both the circulatory system and the heart mechanics. This results in a
one-way coupling strategy that allows our model to be used with a prescribed
myocardial displacement obtained either by an electromechanics simulation or
prescribed from imaging techniques [CWH+16], with the additional advantage
of greatly reducing computational costs.

This paper is structured as follows: in Section 2 we present the poromechan-
ics model for the myocardium and the novel constitutive law, in Section 3 we
introduce the generalized 0D coronary vessel model, in Section 4 we present the
coupled perfusion model together with the one-way coupling hypothesis and in
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Section 5 we perform a realistic numerical simulation to validate the proposed
model.
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Figure 1: Description of the general layout of the integrated perfusion model
and of the coupling with the heart contraction for the application to myocardial
perfusion. In ’Coupling’, pao stands for the aortic pressure and Ω1, Ω2 represent
those regions perfused by vessels 1 and 2 respectively. In ’Myocardium 3D
model’, pcap, part and pim stand for the capillary, arterial and intra-myocardial
pressures respectively.
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2 Mathematical model for the myocardium and in-
tramural coronary vessels

In this section we propose a novel constitutive model for poromechanics. This is
achieved by considering the energy contribution of the local volumes of the solid
[dBCD98, CM14], the fluid phases [CLM+12] and the total volume (as in quasi-
incompressible mechanics). The resulting energy yields a quasi-incompressible
model that is very convenient for numerical simulations.

2.1 Poromechanics with large deformations

We review the balance laws for poromechanics by following [CM14]. For this,
consider a reference domain Ω0, deformed at time t into Ω(t) where possibly
Ω0 6= Ω(0). Deformation is given by a map xt : Ω0 → Ω(t), and we use the
standard notation that x := ys + X, so that x is the current coordinate, X is
the reference coordinate and ys is the displacement. We also define the strain
tensor F := ∇Xys, its determinant J := detF and the solid velocity vs := ∂ys

∂t .
Poromechanics is a mixture theory [Bow80, Bow82], which means that the do-

main of interest is composed by coexisting phases. If we consider NC fluid types
(or compartments) and one solid phase, we can formally define a fluid volume

fraction as φi :=
dΩfluidi

(t)

dΩ(t) named porosity, where dΩfluidi
represents the differ-

ential volume of compartment i, and a solid volume fraction φs := 1−
∑NC

i=1 φi.
These quantites relate the phase measure to the Lebesgue measure through
dΩfluidi(t) = φidΩ(t). Their reference counterpart, i.e. the Lagrangian porosi-
ties given by ϕi := Jφi, are the primary variables regarding mass conservation.
The initial and solid Lagrangian porosities are then given by ϕi,0 = J0φi,0 and

ϕs = J −
∑NC

i=1 ϕi respectively.

Mass conservation We consider a compartment i ∈ {1, ..., NC}, a distributed
mass source term θi associated to the fluid phase, and define the fluid, solid and
total densities as ρf,i, ρs and ρ := φsρs +

∑NC
i=1 φiρf,i respectively.

We additionally define the reference density of added mass mi in Ω0 as
the difference between the fluid content in current and initial configurations,
mi := ρf,i(ϕi−ϕ0), with which we obtain mass conservation in each compartment
i as

dmi

dt
+ divX(Wi) = Θi − J

NC∑
j=1

βij(pi − pj) in Ω0, (1)

where Θi := Jθi is the reference source term for a current distributed mass source
θi, Wi := ρf,iφiVr,i is the reference flow vector, Vr,i := JF−1(vf,i − vs) is the
reference relative velocity, βij is an inter-compartment interaction coefficient and
pressure is obtained through constitutive modeling from a Helmholtz potential Ψ
as pi = ∂Ψ

∂ϕi
. We note that the added mass density mi and Lagrangian porosity
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ϕi are related by an affine transformation, so both are valid candidates for
being primary variables. Still, the Lagrangian porosity is preferable as it is
dimensionless and, as seen from the definition of the pressure, it is also the
natural thermodynamic quantity of this model.

The flow vector can be obtained from the pressure gradient through a Darcy
law by means of a permeability tensor k̃f,i, given by

Wi = −ρf,iJF−1k̃f,iF
−T∇Xpi = −ρf,iKf,i∇Xpi, (2)

where we defined the Lagrangian permeability tensor Kf,i := JF−1k̃f,iF
−T . We

consider a no-slip boundary condition, given by

Wi · n = −ρf,iKf,i∇Xpi = 0 on ∂Ω0.

Conservation of momentum We consider the standard conservation of mo-
mentum in quasi-static form, given by

−divX Ptot = 0 in Ω0, (3)

where Ptot is the total Piola stress tensor. In cardiac modeling, the stress ten-
sor considers both passive and active mechanics, so we adopt an active stress
approach [QLRRB17, AANQ11] which yields Ptot = P + Pa, where Pa models
the active mechanics and P , obtained from constitutive modeling as P = ∂Ψ

∂F ,
models the passive mechanics. For the boundary, we consider a Robin condition
which accounts for the friction with the pericardium and the effect of the atra
at the base [ULM02]:

Ptotn + k⊥f0 ⊗ f0ys + 0.1k⊥(I − f0 ⊗ f0)ys = 0 on ∂Ω0, (4)

where k⊥ = 2 105 Pa [PHW+19]. We denote it by Ptotn = g(ys) on Ω0. The
active stress term is given by a fiber-oriented force:

Pa(F , t) = γ(t)
(Ff0)⊗ f0

|Ff0|
,

where f0 represents a fiber orientation and γ, possibly also space dependent,
represents the activation of the cardiomyocites (heart muscle cells), driven by
the heart’s electrophysiology. Further details on these topics can be found in
[BBPT12] and [FPS14] respectively.

The multicompartment model In what follows, we consider all quantities
in reference configuration and thus drop the subindex from differential operators
as ∇ = ∇X ,div = divX . Putting everything together, the multi-compartment
poromechanics model is given by: Find a displacement ys and Lagrangian porosi-
ties ϕ = (ϕ1, ..., ϕNC

) such that for each t > 0 it holds that
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−div(P (F ,ϕ) + Pa(F )) = 0 in Ω0, (5a)

dϕi
dt
− div (Ki(F )∇Xpi(F ,ϕ)) (5b)

+

NC∑
j=1

βij(pi(F ,ϕ)− pj(F ,ϕ)) = Jθi in Ω0, ∀i ∈ {1, ..., NC},

(P + Pa)n = g(ys) on ∂Ω0, (5c)

ρf,iKf,i(F )∇p · n = 0 on ∂Ω0, ∀i ∈ {1, ..., NC}, (5d)

ϕ(0) = ϕ0 in Ω0. (5e)

2.2 Constitutive modeling

In nonlinear poroelasticity with incompressible fluids, the Piola stress tensor
P and the compartment pressures pi for i ∈ {1, ..., NC} are obtained from a
Helmholtz potential Ψ [Cou04, CLM+12]:

P (F ,ϕ) =
∂Ψ

∂F
(F ,ϕ), pi(F ,ϕ) =

∂Ψ

∂ϕi
(F ,ϕ). (6)

The main approaches for constitutive modeling in cardiac poromechanics are
based on additive splittings of the Helmholtz potential Ψ . In what follows, we
present a brief review of such models to motivate the proposal of a new one which
yields fully quasi-incompressible poromechanics, i.e. without the imposition of
incompressibility constraints on any of the phases involved.

Additive splitting with fluid porosity [CLM+12] This approach decom-
poses the energy into skeleton and fluid parts. This is achieved by considering
one potential for the solid phase ψskel and one for each fluid compartment ψi as

ΨA(F ,ϕ) = ψskel(F ) +

NC∑
i=1

ψi(ϕi), (7)

which does not account for the interaction between the porous media and the
mechanics. This limitation is circumvented in [CLM+12] by the use of a Lagrange
multiplier λ with respect to the incompressibility of the solid phase J = J0 +∑NC

i=1mi/ρf , so the modified energy yields

P (F ,ϕ) =
∂ψskel

∂F
(F )− λJF−T , pi(F ,ϕ) =

∂ψi
∂ϕi

(ϕi) + λ.

This indeed allows for the recovery of the interaction between physics, but adds
two difficulties. On one side, a constrained problem results in a saddle point
problem that is in general more difficult to approximate numerically. On the
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other side, there is lack of control on λ from the modeling point of view which
makes it difficult to model the pressure response due to deformation. In addition,
the functions ψi are such that limϕi→0 ψi(ϕi) = ∞ and so φi > 0 for all i ∈
{1, ..., NC}, but do not guarantee that

∑NC
j=1 φj < 1.

Additive splitting with solid porosity [CM14] This approach, based on
[dBCD98], considers a decomposition of the energy into a skeleton part and a
solid porosity part. It reads

ΨB(F , ϕ) = ψskel(F ) + ψs(ϕs), (8)

and it depends only on the solid porosity. This formulation captures the feedback
of the skeleton on the fluid and vice-versa:

P (F ,ϕ) =
∂ψskel

∂F
(F ) +

∂ψs
∂ϕs

(ϕs)JF
−T , pi(F ,ϕ) = −∂ψs

∂ϕs
(ϕs), (9)

but it presents two drawbacks. The first one is that the pressure expression is the
same for each compartment i, and the second one is that the resulting problem
is degenerate parabolic, with no control over the single compartment. To see
the last point, we consider only mass conservation (14) on each compartment,
with K = I, ρf = 1, no compartment interaction (βik = 0) and no source term
(Θi = 0). Thus we can recast the mass conservation in the i-th compartment as

∂ϕi
∂t

+ div

(
∂p

∂ϕs
∇ϕs

)
= 0,

where we used ∇p = ∂p
∂ϕs
∇ϕs. If we assume that the potential ψs is strictly

convex with ∂2ψs

∂ϕ2
s
≥ ψ0 > 0, then by testing each equation by a test function

qi in H1
0 (Ω0), denoting the L2 inner product with (·, ·) and focusing only on

the differential operator, we see that the problem is degenerate parabolic, as we
obtain control only on the sum of the (fluid) porosities:(

∂2ψs
∂ϕ2

s

(
Nc∑
i=1

∇ϕi

)
,

(
Nc∑
i=1

∇ϕi

))
≥ ψ0

∥∥∥∥∥
Nc∑
i=1

∇ϕi

∥∥∥∥∥
2

L2(Ω0)

for all ϕi ∈ H1(Ω0). In contrast to the previous model, this one yields φs(ϕs)→
∞ as φs → 1 and thus guarantees

∑
j=1 φj < 1, but it fails to enforce φi > 0 for

all i ∈ {1, ..., NC}.
In what follows we propose a new strategy for devising a poroelastic potential

Ψ , that overcomes the disadvantages of the previous ones.
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New additive splitting with fluid and solid porosities We consider a
new decomposition that combines the previous approaches:

Ψ(F ,ϕ) =

mechanics︷ ︸︸ ︷
ψskel(F ) + ψs(ϕs) +

NC∑
i=1

ψi(ϕi)︸ ︷︷ ︸
porous media

.

This gives the relations

P (F ,ϕ) =
∂ψskel

∂F
(F ) +

∂ψs(ϕs)

∂ϕs
JF−T , pi(F ,ϕ) =

∂ψi
∂ϕi

(ϕi)−
∂ψs
∂ϕs

(ϕs), (10)

from which we highlight the following aspects:

1. The porous part ψs+
∑

i ψi acts as a double barrier potential constraining

the porosity such that 0 < φi for all i ∈ {1, ..., NC} and
∑NC

j=1 φj < 1.

2. The pressure-like term ∂ψs(ϕs)
∂ϕs

JF−T appearing in the Piola stress tensor
is driven by the pressure in the solid portion of the tissue ϕs only.

3. The pressure acting on the blood is the difference between the one in the
compartment (luminar) and the one in the tissue (intramyocardial). It is
known as transmural pressure and is correctly captured from the proposed
potential:

pi(F ,ϕ) =
∂ψi
∂ϕi

(ϕi)︸ ︷︷ ︸
luminar pressure

− ∂ψs
∂ϕs

(ϕs)︸ ︷︷ ︸
intramyocardial pressure

.

Remark 2.1 The potential ψs yields a similar interaction to that of the La-
grange multiplier λ used in the model of additive splitting with fluid porosity. In
fact, the multiplier imposes the constraint ϕs − (J0 −

∑
i ϕi,0) = 0, which is the

quantity penalized by the potential ψs.

2.3 Constitutive model used for cardiac perfusion

We present expressions for ψskel, ψs and ψi, i = 1, . . . , NC defined in Section 2.2,
which are adequate for cardiac poromechanics. We highlight that the proposed
constitutive model allows for all energy terms to be obtained from existing lit-
erature.

Skeleton energy We consider a Guccione constitutive law [GMW91], given
by

ψskel(F ) = C exp{Q(F )− 1}+
κ

2
(J − 1) log J,

Q = bfE
2
ff + bsE

2
ss + bnE

2
nn + 2(bfsE

2
fs + bfnE

2
fn + bsnE

2
sn),

E =
1

2
(F TF − I),F = ∇ys + I, Euv = (Ev) · u,
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where f , s and n are a pointwise set of independent vectors directed towards
the heart fibers, sheets and normal directions.

Solid phase energy The term ψs represents a penalization on the solid Lan-
grangian porosity ϕs. Its role is similar to that of the quasi-incompressibility
term included in ψskel, and for it we adapt the expression used in [BCM17]:

ψs = κs

(
ϕs − ϕs0 − log

(
ϕs
ϕs0

))
.

Fluid phases energy Functional relations between pressure and intramural
vessel volume have been proposed in [BADS88] and were obtained by fitting
(real) data. In [BADS88], such laws were proposed for a three-compartment
0D model of the heart composed of (myocardial coronary) arteries, capillaries
and veins, which makes it a perfect candidate for our multi-compartment frame-
work. Such laws, although devised to represent the coronary pressure, present
no dependence on the myocardium (i.e. ϕs), so we consider them instead as the
fluid compartment energies. This results in the following relationship for each
compartment i:

ψi(ϕi) = ci,1 exp(ci,3ϕi) + ci,2 log(ci,3ϕi). (11)

Pre-stress and myocardial pressure The reference configuration given by
the null displacement Ω0 := Ω(0) is most probably not in equilibrium when con-
sidering the inner stresses and the blood pressure in the heart chambers. This
has motivated the computation of an initial configuration Ω(ys0) known as pre-
stress configuration which is in mechanic equilibrium [HB11, GDQ19, DGQ20],
and is usually associated to the end of diastole. We propose extending the same
principle to the compartment pressure pi, meaning that the pre-stress configu-
ration is in pressure equilibrium in each compartment. This can be achieved by
rescaling the pressure laws with respect to reference pressures pref,i. For this, we
denote the pre-stress displacement and initial Lagrangian porosities as ys0 and
ϕ0 respectively and impose that pi(F0,ϕ0) = pref,i, which results in a rescaled
pressure p̃i:

p̃i(F ,ϕ) = pi(F ,ϕ)− pi(F0,ϕ0) + pref,i.

Note that this is an intra-compartment balance, as flow between compartments
is still possible if there is a pressure difference between them.

2.4 Mathematical properties of the poromechanics model

The mathematical analysis of problem (5) is still open. System (5) consists in
the coupling of two well-known problems: the nonlinear quasi-static mechanics
(5a) and the porous media equation (5b), which pose well established regularity
requirements on the form of the Helmholtz potential Ψ . In this section, in view of
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the well posedness analysis, we: i) ignore the Robin condition (4) and consider
a homogeneous Dirichlet boundary condition on ∂Ω, ii) disregard the active
stress, i.e. Pa = 0 and iii) consider a mono-compartment system (NC = 1) with
Kf = I/(Jρf ), ρf = 1 and Θ1 = 0. We study both sub-problems, mechanics
and porous media, separately.

The mechanics subproblem We first observe that problem (5a) can be re-
formulated as a minimization problem: given a function ϕ, find a minimizer ys
of

min
ys∈W

∫
Ω
ΨS(F , ϕ) dX, (12)

where W = {ys∗ ∈ W 1,1(Ω) : P (F (ys
∗))n = g(ys

∗) on ∂Ω0, ΨS(ys
∗) < ∞}.

Existence of minimizers of problem (12) can be established in virtue of the fol-
lowing well-known result [MQY94], which we adapted to consider the dependence
on ϕ.

Theorem 2.1 For every Lagrangian porosity ϕ assume the following hypotheses
hold:

(HS)1 ΨS is polyconvex, so there exists a convex function Gϕ defined in Rd×Rd×R
such that

ΨS(F , ϕ) = Gϕ(F , cof F , detF ), (13)

where cof F = det(F )F−T .

(HS)2 ΨS is a Carathéodory function, i.e. F → ΨS(X,F , ϕ) is continuous and
X → ΨS(X,F , ϕ) is measurable with ΨS =∞ if and only if J ≤ 0.

(HS)3 ΨS is coercive, meaning that there exist constants a > 0, p ≥ 2, q ≥ 3/2
such that

ΨS(X,F , ϕ) ≥ a(|F |p + | cof F |q).

Then, if W 6= ∅, ΨS attains its minimum in W.

The law proposed in (10) yields the following potential for the mechanics:

ΨS(F , ϕ) := ψskel(F ) + ψs(ϕs).

We note that if ψskel is polyconvex and ψs is convex, then ΨS is polyconvex as
well, which grants the existence of minimizers for problem (12). We stress that
there are no growth conditions for the potential ψs with respect to J .
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Porous media subproblem Under the stated hypotheses, problem (5b) be-
comes: given F , find ϕ such that

∂ϕ

∂t
− div (∇p(F , ϕ)) = 0 in Ω0, (14)

where p = ∂ΨP
∂ϕ is a given function. Existence of solutions is a consequence of

the following result [Váz07], which we have adapted to include the dependence
on F :

Theorem 2.2 For each F , assume the following hypotheses:

(HP )1 The pressure function ϕ 7→ p(F , ϕ) is continuous and strictly increasing
in ϕ with p(0) = 0.

(HP )2 The pressure function ϕ 7→ p(F , ϕ) is smooth with ∂p
∂ϕ > 0 for ϕ > 0.

If the initial data ϕ(0) is such that ϕ(0) ≥ 0, ϕ(0) ∈ L1(Ω0) and ΨP (F , ϕ(0)) ∈
L1(Ω0) for all F , then there exists a unique weak solution of problem (14).

The model proposed in (10) yields the porous potential

ΨP (F , ϕ) := ψs(ϕs) + ψ(ϕ),

which is convex in the variable ϕ if both ψs and ψ are convex. In such case, an ad-
ditional smoothness assumption guarantees that hypotheses (HP )1 and (HP )2

are satisfied, where we observe that the normalization condition in (HP )1 holds
due to the consideration of the pre-stress configuration discussed in Section 2.3.

The poromechanics problem Putting the previous theories together, it fol-
lows that existence of solutions to problems (14) and (12) (separately) is guar-
anteed under the following unified hypotheses:

(H)1 ψskel is a polyconvex and coercive Carathéodory function.

(H)2 ψs is a smooth and convex Carathéodory function such that ψs = ∞ if
and only if J ≤ 0.

(H)3 ψ is a smooth convex function.

(H)4 ΨP satisfies the normalization condition ∂ΨP
∂ϕ (0) = 0.

Indeed, (H)1 and (H)2 guarantee (HS)1, (HS)2 and (HS)3; (H)2, (H)3 and
(H)4 instead guarantee (HP )1 and (HP )2. Note also that the convexity of ϕs
grants both the convexity of J 7→ ψs(ϕs) and ϕ 7→ ψ(ϕs).

This result has two fundamental consequences. From the modeling point
of view, it provides useful guidelines for devising the poromechanics potentials
proposed in Section 2.2. Most notably, our model is capable of combining the
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properties of both physics, meaning the polyconvexity from the mechanics and
the convexity from the porous media. In addition, the well-posedness of the
sub-problems entails the solvability of the coupled problem by means of an iter-
ative scheme. For instance, this can be achieved by considering a quasi-Newton
method where the Jacobian matrix is approximated by its diagonal (or triangu-
lar) blocks. In such case, each of the diagonal blocks will be invertible.

3 Mathematical modeling of the epicardial coronary
vessels

In this section we present a mathematical model for the epicardial coronary
vessels by means of the classic lumped 0D model [QVV16, QMVD19], which is
obtained by means of a volumetric averaging of the Navier-Stokes equations in a
compliant domain. This approach considers each vessel portion as an indepen-
dent segment, with pressure and flow as averaged quantities in each segment.
The coupling of the segments is done by means of transmission conditions given
by mass conservation and pressure continuity. More complex 0D coronary cir-
culation models have been proposed, such as the intramyocardial pump model
[SBL81]. However, here we are interested only in a 0D epicardial coronary
model, since the intramural vessels are considered through a poroelastic model.
To make the model more flexible with respect to the boundary and coupling
conditions, we consider the problem variables (volumetric flow and pressure) as
being a convex combination of the corresponding proximal and distal quantities.

3.1 Single vessel model

We characterize a single vessel segment with the following parameters: length
`, area A, wall thickness H, fluid density ρf , Young modulus of the vessel wall
E, Poisson ratio of vessel wall ν and fluid viscosity µf . The resulting mass and
momentum conservation equations for each t > 0 are given by [QVV16]

L
dQ

dt
+RQ+ Pd − Pp = 0, (15a)

C
dP

dt
+Qd −Qp = 0, (15b)

Q(0) = Q0, (15c)

P (0) = P0, (15d)

where R = Kr`
A2 , L =

ρf `
A , C = A3/2`

η and Kr = 8πµf , η =
√
πHE

1−ν2 , with the
names R,L,C coming from an analogy with these equations to an RLC circuit.
The variables are the volumetric flow rate Q and the mean pressure P , whereas
quantities with the subindices d, p stand for distal and proximal variables, see
Figure 1 in the Coronaries 0D model frame.
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In using this model, it is common practice to approximate the averaged
quantities with one of the extremes, for instance Q ≈ Qd and P ≈ Pp. This
procedure results in four different types of well-known segment models, each one
corresponding to different combination of boundary conditions1 on Q (Dirichlet)
and P (Neumann). In addition, other types of boundary conditions can be of
interest, such as Robin type for which no analogy with an electrical circuit is
possible. We propose to consider in each vessel segment two constants α and
β in [0, 1] allowing us to interpolate between the distal and proximal quantities
and resulting in a generalization of all possible scenarios of boundary conditions:

Q = αQd + (1− α)Qp and P = βPd + (1− β)Pp.

This yields the following modified form of (15a) and (15b):

L
d (αQd + (1− α)Qp)

dt
+R(αQd + (1− α)Qp) + Pd − Pp = 0,

C
d (βPd + (1− β)Pp)

dt
+Qd −Qp = 0.

(16)

Remark 3.1 If L = C = 0, we obtain the well-known Poiseuille flow, which
loses dependence on α and β.

This problem has four unknowns (Qd, Qp, Pd, Pp) and so it must be closed with
two additional constraints representing the boundary conditions of the starting
3D model. Note that Dirichlet conditions are reduced to fixing Qd or Qp (outlet
or inlet), whereas Neumann boundary conditions pertain Pd or Pp (outlet or
inlet). The proposed model can handle all such scenarios, so in what follows, we
consider the model abstractly, with these two extra constraints chosen.

By denoting the unknown as Z = (Qd, Qp, Pd, Pp)
T , this problem can be

rewritten as a differential algebraic equations (DAE):

EŻ(t) + HZ(t) = b(t),

P (0) = P0,

Q(0) = Q0,

(17)

where

E :=


αL (1 − α)L 0 0
0 0 βC (1 − β)C
0 0 0 0
0 0 0 0

 , H :=


αR (1 − α)R 1 −1
1 −1 0 0
γ1qd γ1qp γ1pd γ1pp

γ2qd γ2qp γ2pd γ2pp

 , b(t) =


0
0

b3(t)
b4(t)

 .
Constants b3, b4 stand for the additional constraints representing the bound-

ary conditions. Regarding the values of γijk, we idenify the four classic types
of boundary conditions for the starting 3D model according to the distal and
proximal conditions:

1The use of the expression “boundary condition” is widely used in this context. It is of
course not a precise notion, as a 0D model has no boundary, but it describes the fact that
the conditions required to close the model are given by inlet (proximal) and outlet (distal)
quantities, as given for the starting 3D model.
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(DD) Dicihlet and Dirichlet, (ND) Neumann and Dirichlet,

γi =

{
1 i ∈ {1qd, 2qp},
0 elsewhere.

γi =

{
1 i ∈ {1qd, 2pp},
0 elsewhere.

(DN) Dirichlet and Neumann, (NN) Neumann and Neumann,

γi =

{
1 i ∈ {1pd, 2qp},
0 elsewhere.

γi =

{
1 i ∈ {1pd, 2pp},
0 elsewhere.

In all cases, the existence of a solution of (17) is guaranteed:
Proof. We only show the proof for the (DD) case, the others are proved analogously.
We use [Cam80, Theorem 3.1.1], so it suffices to show that there exists s > 0 such that
(sE + H) is invertible. Setting s > 0 we define

A := sE + H = E :=


α(R+ sL) (1− α)(R+ sL) 1 −1

1 −1 sβC s(1− β)C
1 0 0 0
0 1 0 0

 ,
and now proceed to obtain Z such that AZ = 0. In fact, from the last two rows we
obtain Qd = Qp = 0, then the first row gives P := Pd = Pp and finally the second one
yields

sβCP + s(1− β)CP = sCP = 0.

As s, C > 0, we obtain P = 0 and thus x = 0, which concludes the proof. �

Remark 3.2 Note that Robin boundary conditions in the 3D model can be eas-
ily considered in (17) as linear combinations of Q(·) and P(·). For example, if
we denote by Ωmyocardium the domain defined by the myocardium, the interface
conditions used in the 3D-0D coupling from [DGFP+20] between the lumped FSI
model (0D) and the porous media (3D) at the network outlet would be obtained by
setting the last equation with γ2qd = α−1 > 0, γ2pd = 1, γ2qp = γ2pp = 0, b4(t) =

1
|Ωmyocardium|

∫
Ωmyocardium

p dX.

3.2 Network of 0D vessels

We now formalize the coupling among consecutive vessel segments, where we
note that the resulting structure is that of a forest graph [CCPS09], i.e. the
union of connected acyclic undirected graphs. Consider a set of segments S,
where we identify each segment by its distal and proximal nodes as s = {nd, np}.
The set of all nodes will be denoted with N , and for a given node n ∈ N we
consider its inlet and outlet segments, Sin and Son respectively. Each segment
can be described by Equation (15) with Qs = αsQsd + (1 − αs)Qsp (P s defined
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Figure 2: Example network.

analogously), so that the following holds for all s ∈ S:

Ls
dQs

dt
+RsQs + P sd − P sp = 0,

Cs
dP s

dt
+Qsd −Qsp = 0,

Qs(0) = Qs0,

P s(0) = P s0 .

(18)

The network begins at its inflow segments S in and ends at its outflow segments
Sout, given by

S in := {s ∈ S : Sinp
= ∅}, and Sout := {s ∈ S : Sond

= ∅}.

For each node n ∈ N , the interface conditions are given by mass conservation
and pressure continuity:∑

i∈Sin

Qid =
∑
j∈Son

Qjp ∀n ∈ N , P id = P jp ∀i ∈ Sin, j ∈ Son.

We consider in practice boundary conditions of type (NN) as we impose
pressure in both inlets and outlets of the network through P sp = P̂ sin ∀s ∈ S in

and P sd = P̂ sout ∀s ∈ Sout. More details on the form of P̂ sin, P̂
s
out will be given

in Section 4. For numerical tests regarding the initialization of the model, its
conditioning and its dependence on the parameters α and β, see Appendix A.

4 Coupled perfusion problem and solution strategy

In this section we present the coupling between systemic circulation, blood flow
in the epicardial coronary vessels and myocardial perfusion. The resulting model
can be thought as a sequence of three events:

1. The aortic pressure pao determines the inlet blood flow in the coronary
tree.

2. The blood flows through the epicardial coronaries into the tissue.

3. The blood leaves the tissue through the veins, whose pressure equals pveins.
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Cardiac perfusion presents very complex spatial interactions. In this regard, a
crucial process is the pressure balance between each epicardial coronary vessels
and the region it perfuses. To model this, for each epicardial coronary vessel
s ∈ Sout, we associate to its outlet the region Ωo of the myocardium which
should be perfused by it as described in [DGFP+20], referred to as perfusion
region [CLM+12, DGFP+20] and such that Ω = ∪o∈SoutΩo, see ’Coupling’ in
Figure 1. Blood flow is connected through each of the aforementioned compo-
nents as follows:

Inlet pressure We enforce the same pressure at both inlet segments because
they stem from the aortic root:

P sp = pao ∀s ∈ S in.

Coupling of epicardial coronary vessels with myocardium The outputs
of the network representing the epicardial coronary vessels have an assigned
pressure equal to the average pressure in the first compartment, i.e.

P od =
1

|Ωo|

∫
Ωo

p1 dX ∀o ∈ Sout. (19a)

The coronaries act on the myocardium through a source term that equals the
surface flow on the output. For this, we compute the source term as

θ1

∣∣∣∣
Ωo

=
1

|Ωo|
Qo =

αoQod + (1− αo)Qop
|Ωo|

, ∀o ∈ Sout. (19b)

The venous return The last compartment interacts with the veins through
a sink term proportional to their pressure difference:

θNC
= −γ(pNC

− pveins), (19c)

where γ = 10−4 [MCC+13] and pveins = 1 kPa [CGSMVC10].

Remark 4.1 The feedback of the myocardium on the coronaries shown in (19a)
can generate an artificial pressure gradient between the vessels and the my-
ocardium. This can can be alleviated through the Robin condition shown in
Remark 3.2

For the sake of notation, we introduce suitable matrices E,H to rewrite
problem (18) in compact form as

EŻ + HZ = 0

using Z = (Q1
d, Q

1
p, P

1
d , P

1
p , ..., Q

|S|
d , Q

|S|
p , P

|S|
d , P

|S|
p ), where |S| is the cardinality

of S. This allows us to write the entire coupled perfusion problem encompassing
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problems (18) and (5) together with coupling conditions (19) in weak form as
follows: Find ys ∈ L∞(0, T ;H1(Ω)), ϕi ∈ L2(0, T ;H1(Ω)) ∩ C0([0, T ];L2(Ω))
for i ∈ {1, ..., NC} and Z ∈ C0([0, T ];R4|S|) such that

∫
Ω

(P + Pa(F )) : ∇ys∗ dX −
∫
∂Ω

g(ys) · ys∗ dS = 0 ∀ys∗ ∈H1(Ω),∫
Ω

dϕi
dt

ϕ∗i + Ki(F )∇pi · ∇ϕ∗i + J

NC∑
j=1

βij(pi − pj)ϕ∗i dX =

∫
Ω

Jθiϕ
∗
i dX ∀ϕ∗i ∈ H1(Ω),

P =
∂Ψ

∂F
(F ,ϕ), pi =

∂Ψ

∂ϕi
(F ,ϕ),

(20a)

for all i ∈ {1, ..., NC} with

θi =


1
|Ωo|Q

o =
αoQo

d+(1−αo)Qo
p

|Ωo| i = 1, ∀o ∈ Sout,

−γ(pNC
− pveins) i = NC ,

0 i ∈ {1, NC}c

and
EŻ + HZ = 0,

P ip = pao ∀i ∈ S in,

P od =
1

|Ωo|

∫
Ωo

p1 dX ∀o ∈ Sout.

(20b)

In view of coupling this model with the systemic circulation, we consider aor-
tic and myocardial venous pressures as functions of deformation, which yields
pao = pao(ys) and pveins = pveins(ys). Models for coupling the aortic pres-
sure to the heart contraction are well established in the literature, and are
mainly based on the windkessel model (see [WLW09] for further references).
For a complete systemic circulation model coupled with the mechanics, see
[RSA+20a, RSA+20b].

4.1 The one-way coupling hypothesis

We propose to neglect the influence of the blood on the tissue, by therefore
assuming that ∂Ψ

∂F ≈
∂ψskel
∂F . This is a modeling hypothesis, which allows us to

rewrite (5a) as
−div(P (F ) + Pa(F )) = 0 in Ω0, (21)

where the effect of blood on the mechanics is no longer considered. The perfusion
problem under this hypothesis is such that mass conservation (5b) is decoupled
from (5a), so we refer to it as the one-way coupling hypothesis. In fact, this is
what happens when cardiac displacement is obtained from medical images.
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This approach of course neglects the important role of blood pressure during
contraction, but it also has several advantages: (i) the computationally expen-
sive electromechanics problem can be solved before the perfusion and quasi-
incompressible models already take into account the volume variations of the
myocardium due to blood flow, (ii) the incorporation of perfusion into an ex-
isting electromechanics software is minimally invasive as it would not require
modifying the existing code and (iii) it allows for perfusion to be appended to a
cardiac imaging pipeline which obtains displacement tailored to patient-specific
data. This last point is fundamental, as it puts into evidence that the use of car-
diac deformation obtained from medical images implies modeling assumptions.

4.2 Numerical solver for the one-way coupled model

In this section we propose a numerical strategy for the solution of the proposed
perfusion model (20) under the one-way coupling hypothesis. It consists in first
performing an entire (electro)mechanics simulation with systemic circulation and
then solving the perfusion problem, where the coupling between the porous
medium and the epicardial coronary vessels is handled through a fixed point
algorithm, which has been tested in the linear setting in [DGFP+20]. For this
purpose, we adopt an implicit discretization method (20) with time step ∆t.
For an arbitrary quantity η, with denote η(tn) ≈ ηn and define the relevant,
discretized in time subproblems as follows.

The epicardial coronary vasculature problem Given ϕn,k a vector of
Lagrangian porosities, find Zn,k+1 in R4|S| such that

(E +∆t(1− θ)H)Zn,k+1 = (E −∆tθH)Zn−1,

P ip = pnao ∀i ∈ S in,

P od =
1

|Ωo|

∫
Ωo

p1(F n,ϕn,k) dX ∀o ∈ Sout.

(22)

The myocardium problem Given an epicardial coronary vessel solution
Zn,k+1, find a vector of Lagrangian porosities ϕn,k+1 in H1(Ω) such that for all
i ∈ {1, ..., NC} it holds that∫
Ω

ϕn,k+1
i

∆t
ϕ∗i + Ki(F

n)∇pni · ∇ϕ∗i

+

NC∑
j=1

βij(p
n
i − pnj )ϕ∗i dX =

∫
Ω

(
Jθi(Z

n,k+1) +
ϕn−1i

∆t

)
ϕ∗i dX ∀ϕ∗i ∈ H1(Ω),

pni =
∂Ψ

∂ϕi
(F n,ϕn,k+1).

(23)
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We write this solution strategy as the pseudo-algorithm shown in Algo-
rithm 3. For the mechanics, we consider the electromechanics model with sys-
temic circulation proposed in [RSA+20a, RSA+20b], whose output is shown in
Figure 1 (aortic pressure and PV loop).

Figure 3: Perfusion problem solution algorithm

1: Input: Initial displacement y0, Lagrangian porosities ϕ0 and epicardial
coronary flow Z0, tolerance tol and maximum iterations maxit

2: Mechanics: Solve (21) to obtain yn, pnao, p
n
veins for each time step n

3: Perfusion:
4: for time step n = 1, ..., T : do
5: Set error = 1, k = 0, Zn,0 = Zn−1 and ϕn,0 = ϕn−1

6: while error > tol and k < maxit do
7: Given ϕn,k, compute Zn,k+1 which solves (22)
8: Given Zn,k+1, compute ϕn,k+1 which solves (23)
9: Update error using Zn,k,Zn,k+1,ϕn,k,ϕn,k+1

10: k = k + 1
11: end while
12: Set Zn = Zn,k,ϕn = ϕn,k

13: end for
14: return Displacement yn, Lagrangian porosities ϕn and epicardial flow Zn

for each time step n

5 Application to the perfusion of the heart

In what follows we present a perfusion model that integrates electromechanics,
systemic circulation and myocardial perfusion. More precisely, we consider a
simulation of the entire coupled problem (20) on a realistic left ventricle geometry
under the one-way coupling hypothesis.

5.1 The anatomical heart model and the physical parameters

The geometry used for simulations is part of the realistic anatomical template
developed by the Zygote company 2, from which we extract the left ventricle and
the corresponding coronary vessels, meaning that we consider only the vessels
which supply the left ventricle. The geometrical properties of the epicardial
coronary vessels are extracted using VMTK [ISMA18] and used to formulate the
networks. Because of the limited resolution of standard, non invasive imaging
techniques, the reconstructed geometry of the coronary tree presents a small
number of vessels that initially yields unbalanced perfusion. To alleviate this,
we have modified the area of each segment so as to obtain a more homogeneous

2http://www.zygote.com
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inflow. The details about the coronary network setup are provided in Appendix
B.

We use the following physical parameters: for the passive mechanics we set
C = 0.88 · 103, bf = 8, bs = 6, bn = 3, bfs = 12, bfn = 3, bsn = 3, κ = 5 · 104 Pa
as in [ULM02], while the active mechanics are described through a monodomain
equation as in [RSA+20a]; for the myocardial coronary vessels we set cart,1 =
1.333 Pa, ccap,1 = 22 Pa, cart,2 = 550 Pa, ccap,2 = 1009 Pa, cart,3 = 45, ccap,3 = 10,
part,ref = 5182.15 Pa, pcap,ref = 2140.32 Pa as in [BADS88] for the fluid phases
and κs = 5 · 104 Pa for the solid phase. In the equations, we use Kf,art =
10−9 m2(Pa s)−1, Kf,cap = 10−8 m2(Pa s)−1, βart, cap = 3.5 · 10−5 (Pa s)−1 as
in [MCC+13], and finally for the epicardial coronary vessels we set E = 109 Pa
[KNSF13], ν = 0.49 [KSKN16], H = 10−3 m [PJC+13] in addition to the well-
known µf = 0.035 Pa s, ρf = 1060 kg/m3 [BM03].

Remark 5.1 The value κs = 5 · 104 is the only parameter that the we have
to tune manually. It is set to almost equally balance the quasi-incompressibility
constraint enforced on J and ϕs. As detailed in [CM14], it is fundamental that
both effects coexist, but a detailed characterization of their interaction remains
understudied.

5.2 Results

The main output of the myocardial perfusion model is shown in Figures 4 and 5.
The main quantities of interest are the pressure, the added mass and the coronary
flow. In Figure 4 we show the average value of these variables calculated on the
ventricle, whereas in Figure 5 we illustrate time snapshots of the entire added
mass field in the ventricle. The convergence of the fixed point method is smooth,
as it takes no more than 10 iterations to satisfy the tolerance of 10−3 with respect
to the maximum relative increment between both physics in all of the numerical
tests we performed.

Figure 4 aims at illustrating the input-output interactions captured by the
proposed model. Panel (a) reports a significant pressure drop along the coronary
tree, from the main vessels to the capillaries. The pressure waveform remains
anyway almost unperturbed. Without the myocardial contraction, this waveform
would propagate also to the added mass and the coronary flow, but as we see
from panels (b) and (c), this is not the case. Instead, these results suggest that
the heart contraction regulates the perfusion process and in fact the added mass
plot in time drops at the systole. In correspondence to the steepest decrease of
the added mass, we observe that the flow in the coronaries reaches a minimum,
while it increases significantly during the diastole. This effect is called the systolic
impediment and it is a distinctive trait of blood flow in the myocardium. The
ability of the model to capture this effect on the basis of the interaction between
aortic pressure and mechanical contraction, without any specific bias that could
trigger it, is one of the most relevant outcomes of the presented model. We
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further stress that this model was solved by means of our one-way coupling
hypothesis, suggesting that the feedback of the blood on the tissue is not essential
to reproduce the systolic impediment.

To the best of our knowledge, only [NLL+20] and [CLM+12] propose a my-
ocardial perfusion model coupled with systemic circulation exhibiting the systolic
impediment. We note that the model of [CLM+12] considers a flow as input to
the coronary vessels, in this way systolic impediment is given externally by the
boundary conditions. This is not the case for the one presented in [NLL+20],
which has two main differences with respect to ours: (i) incompressibility (J = 1)
and an ad-hoc relationship for the intra-myocardial pressure depending only on
mechanic variables are assumed and (ii) the porous media is replaced by a com-
plex network of vessels reconstructed from morphometric swine measurements
representing the entire coronary vasculature (epicardial and myocardial). Our
work addresses the problem from the fundamental thermodynamic principles of
the physics involved, and in consequence yields comparable results under less
hypotheses in a computationally flexible framework.

6 Conclusions

In this work we presented a mathematical model for cardiac perfusion and
its coupling with systemic circulation. More precisely, we developed a multi-
compartment poromechanics model for the perfusion of the myocardium and a
lumped FSI model for the blood flow in the epicardial coronary vessels. The
coupling with the systemic circulation was performed through the aortic and
myocardial venous pressures. Using a a one-way coupling strategy to solve nu-
merically this coupled problem, we were able to reproduce the systolic imped-
iment, which is a distinctive feature of myocardial perfusion. This result was
possible due to the interaction between the pressure in the coronary microvas-
culature and the aortic pressure, and it shows that the main driver of perfusion
is the contraction of the heart. The novel poroelastic potential described in this
work considers the fluid porosity in all compartments and quasi-incompressibility
for both the geometry and the solid phase. In contrast to other approaches, it
has the advantage to ease the computational cost of the problem as it does not
require the use of additional multiplier variables. Moreover, it entails the fun-
damental result that the pressure acting on the myocardial coronary vessels is
given by the difference between the intra-myocardial and intra-vascular pres-
sures. We highlight that this is not an ad-hoc choice but a consequence of the
considered potential, meaning that our model is thermodynamically consistent.
We also devised unified conditions under which the proposed potential guar-
antees the existence of solutions to both the mechanics and the porous media
problems (independently). Besides the analytic relevance of this result, it states
that convexity is essential for all of the porous media potentials.
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(a)                                                         (b)

(c)                                                         (d)

t=0.0

t=0.2

t=0.5

Figure 4: Evolution of global quantities of the myocardial perfusion model: av-
erage pressure, total added mass and blood flow, with the PV loop for reference.
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t=0.0

t=0.2

t=0.5

Figure 5: Evolution of the local added masses in arteries and capillaries, together
with their global contribution. Chosen instants are shown in the PV loop in
Figure 4
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[GDQ19] A. Gerbi, L. Dedè, and A. Quarteroni. A monolithic algorithm
for the simulation of cardiac electromechanics in the human left
ventricle. Mathematics In Engineering, 1(1):1–37, 2019.

[GMW91] J.M. Guccione, A.D. McCulloch, and L.K. Waldman. Passive
material properties of intact ventricular myocardium determined
from a cylindrical model. Journal of biomechanical engineering,
113(1):42–55, 1991.

27



[GPCP90] C. Guiot, P.G. Pianta, C. Cancelli, and T.J. Pedley. Prediction
of coronary blood flow with a numerical model based on collapsi-
ble tube dynamics. American Journal of Physiology-Heart and
Circulatory Physiology, 258(5):H1606–H1614, 1990.

[HAvCR92] J.M. Huyghe, T. Arts, D.H. van Campen, and R.S. Reneman.
Porous medium finite element model of the beating left ventricle.
American Journal of Physiology-Heart and Circulatory Physiol-
ogy, 262(4):H1256–H1267, 1992.

[HB11] M.C. Hsu and Y. Bazilevs. Blood vessel tissue prestress mod-
eling for vascular fluid–structure interaction simulation. Finite
Elements in Analysis and Design, 47(6):593–599, 2011.

[HBJ+17] M. Hirschvogel, M. Bassilious, L. Jagschies, S. M Wildhirt, and
M.W. Gee. A monolithic 3d-0d coupled closed-loop model of the
heart and the vascular system: experiment-based parameter esti-
mation for patient-specific cardiac mechanics. International jour-
nal for numerical methods in biomedical engineering, 33(8):e2842,
2017.

[HBRS08] M.R. Hoenig, C. Bianchi, A. Rosenzweig, and F.W. Sellke.
The cardiac microvasculature in hypertension, cardiac hypertro-
phy and diastolic heart failure. Current vascular pharmacology,
6(4):292–300, 2008.

[HKL+09] Y. Huo, B. Kaimovitz, Y. Lanir, T. Wischgoll, J.I.E. Hoffman,
and G.S. Kassab. Biophysical model of the spatial heterogeneity
of myocardial flow. Biophysical journal, 96(10):4035–4043, 2009.

[HS90] J.I. Hoffman and J.A. Spaan. Pressure-flow relations in coronary
circulation. Physiological Reviews, 70(2):331–390, 1990.

[ISMA18] R. Izzo, D. Steinman, S. Manini, and L. Antiga. The vascular
modeling toolkit: a python library for the analysis of tubular
structures in medical images. Journal of Open Source Software,
3(25):745, 2018.

[KCB85] J.Y. Kresh, M.A. Cobanoglu, and S.K. Brockman. The intramy-
ocardial pressure: a parameter of heart contractility. The Journal
of heart transplantation, 4(2):241–246, 1985.

[KNSF13] A. Karimi, M. Navidbakhsh, A. Shojaei, and S. Faghihi. Mea-
surement of the uniaxial mechanical properties of healthy and
atherosclerotic human coronary arteries. Materials Science and
Engineering: C, 33(5):2550–2554, 2013.

28



[KSKN16] A. Karimi, T. Sera, S. Kudo, and M. Navidbakhsh. Experimental
verification of the healthy and atherosclerotic coronary arteries
incompressibility via digital image correlation. Artery Research,
16:1–7, 2016.

[KVCC+10] H.J. Kim, I.E. Vignon-Clementel, J.S. Coogan, C.A. Figueroa,
K.E. Jansen, and C.A. Taylor. Patient-specific modeling of blood
flow and pressure in human coronary arteries. Annals of biomed-
ical engineering, 38(10):3195–3209, 2010.

[LMR+10] G. Liew, P. Mitchell, E. Rochtchina, T.Y. Wong, W. Hsu, M.L.
Lee, A. Wainwright, and J.J. Wang. Fractal analysis of retinal
microvasculature and coronary heart disease mortality. European
Heart Journal, 32(4):422–429, 12 2010.

[LNN+09] J. Lee, S. Niederer, D. Nordsletten, I. Le Grice, B. Smail, D. Kay,
and N.P. Smith. Coupling contraction, excitation, ventricular
and coronary blood flow across scale and physics in the heart.
Philosophical Transactions of the Royal Society A: Mathematical,
Physical and Engineering Sciences, 367(1896):2311–2331, 2009.

[LS12] J. Lee and N.P. Smith. The multi-scale modelling of coronary
blood flow. Annals of biomedical engineering, 40(11):2399–2413,
2012.

[MCC+13] C. Michler, A.N. Cookson, R. Chabiniok, E. Hyde, J. Lee, M. Sin-
clair, T. Sochi, A. Goyal, G. Vigueras, and D.A. Nordsletten. A
computationally efficient framework for the simulation of cardiac
perfusion using a multi-compartment darcy porous-media flow
model. International journal for numerical methods in biomedi-
cal engineering, 29(2):217–232, 2013.

[MQY94] S. Müller, T. Qi, and B.S. Yan. On a new class of elastic deforma-
tions not allowing for cavitation. In Annales de l’Institut Henri
Poincare (C) Non Linear Analysis, volume 11, pages 217–243.
Elsevier, 1994.

[NKL18] R. Namani, G.S. Kassab, and Y. Lanir. Morphometric recon-
struction of coronary vasculature incorporating uniformity of flow
dispersion. Frontiers in physiology, 9:1069, 2018.

[NLL+20] R. Namani, L.C. Lee, Y. Lanir, B. Kaimovitz, S.M. Shavik, and
G.S. Kassab. Effects of myocardial function and systemic circu-
lation on regional coronary perfusion. Journal of Applied Physi-
ology, 128(5):1106–1122, 2020.

[Oli06] T.E. Oliphant. A guide to NumPy, volume 1. Trelgol Publishing
USA, 2006.

29
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A Numerical tests on the vessel network

In this appendix we numerically study the lumped network model. In particular,
we focus on the conditioning of the resulting linear system, its initialization
by means of finding a steady state relative to the initial boundary conditions
(P̂ sin, P̂

s
out) and its dependence on the parameters α and β. For all tests we

consider the bifurcation network from Figure 2 with the parameters described
in Section 5.1.

A.1 Problem conditioning

The different scales of the problem parameters can give rise to poor conditioning.
In vascular modeling, the area of a coronary is small (A ≈ 10−6m2), which
yields large resistance terms R = O(A−2) ≈ 1012. After discretizing in time, we
compute the conditioining number of the resulting matrix with NumPy [Oli06].
To alleviate the bad scaling of the resistance terms, we consider a diagonal
preconditioner P which values 1 and R in the rows corresponding to pressure
and flow degrees of freedom respectively.

We compute the condition number in the following scenarios: (i) with vs.
without diagonal preconditioner P , (ii) SI units (m, kg, s, Pa) vs. scaled units
(cm, g, s, kPa) and (iii) αs = βs = χ ∈ {0, 0.5, 1} for all s ∈ S. We used the same
parameters as the ones used for the complete heart simulation, where the inlet
pressure is pao and the oulet pressure is 9 kPa in all outlets. The results obtained
are shown in Table 1, where we note that the proposed preconditioner works well
in all scenarios. The problem in general presents much better conditioning with
the scaled units (cm, g, s, kPa), and interestingly, mixing the variables through
α = 0.5 improves the matrix conditioning.

Scenario χ = 0 χ = 0.5 χ = 1

No prec, SI 2.01 · 1018 1.29 · 1018 1.33 · 1018

Prec, SI 3.58 · 1012 3.34 · 1011 3.91 · 1011

No prec, scaled 3.64 · 107 7.15 · 105 4.45 · 107

Prec, scaled 8.27 · 106 1.63 · 105 1.01 · 107

Table 1: Condition number for the reduced network models.

A.2 Steady initial conditions

The time-dependence of model (18) is what gives it the ability to incorporate
inertia and compliance, but it means that it is sensitive to initial conditions.
To obtain realistic initial conditions, we propose performing simulation with
the boundary conditions fixed at t = t0 until a steady state is achieved. The
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time required to achieve a steady solution can be large, so we additionally use
Anderson acceleration [WN11] until a stationary solution is obtained.

A relative tolerance of 10−10 on the residual yields the iteration counts shown
in Table 2, where the effect of acceleration can be neatly appreciated, yielding
an overall iteration count reduction of 75% to 50% for one level of acceleration
and roughly 98% for two levels. Three or more levels do not converge, and the
two-levels scenario required using a delay of 5 iterations.

# iterations χ = 0 χ = 0.5 χ = 1

No accel. 4617 4617 4617
Anderson(1) 2172 2336 1075
Anderson(2) 98 75 102

Table 2: Iterations required to achieve a stationary state with and without
acceleration for different values of χ and acceleration depths.

A.3 Dependence on α and β

In this section we study the impact that the choice of α and β has on the
solution. We consider the inlet pressure profile pao shown in Figure 1 and an
outlet of 9 kPa, with all solutions given by the steady dynamic. We show the
results of flow and pressure in segment c in Figure 6. The case α = 0 yields
pressure drops below the outlet pressure with also unrealistic oscillations. Case
α = β = χ = 1 presents a physiological response and is much stiffer, as seen
for example in the minimal difference between distal and proximal flows in all
segments. Finally, case χ = 0.5 presents a solution similar to χ = 1, but presents
more oscillations. This shows that the latter has the potential to capture more
precisely vessel compliance.

B Additional details about the model setup

We used two procedures to balance the areas of the epicardial coronary vessels:

1. An amplifying factor ξ in all areas, so that the new areas are given by
Ãs = ξAs for all segments s. We have found ξ = 2 to give realistic results.

2. Use perfusion simulations without deformation, then halved the area of all
hyper-perfused terminal vessels and doubled the area of all hipo-perfused
vessels until there were no noticeable imperfections in the blood inflow.
Whenever doubling/halving proved too coarse, we used the smaller factors
x0.75 and x1.5. Results are shown in Table 3.
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χ = 0 χ = 0.5 χ = 1

Flow Q

Pressure

Figure 6: Flow and pressure for mixing sensitivity test in segment ’c’.

2 3 4 6 7 8 9 10 16 17 19 20

Original 0.77 0.52 1.23 0.86 1.43 1.79 2.25 1.49 0.92 0.94 0.52 0.5
Modified 0.77 1.32 1.23 0.86 0.22 1.79 4.51 2.96 1.844 2.99 0.52 0.75

21 22 23 24 25 26 28 29 30 32 33 34

Original 0.50 1.02 6.49 3.79 3.74 3.58 4.09 2.34 1.95 2.59 1.74 1.57
Modified 0.50 1.02 6.49 3.79 3.74 3.58 4.09 2.34 1.95 1.3 1.045 1.50

Table 3: Modified vessel areas for Zygote coronaries in 10−6m2.

Also, the spatial heterogeneity of source terms given by the perfusion regions
generates numerical instabilities due to the reaction term coming from the com-
partments interaction, for which we enlarged the permeability tensors to 10−7.
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(a) Zygote left coronaries. (b) Zygote right coronaries.
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Figure 7: Left coronary tree model reduction. Inlet and outlet segments denoted
with ’i’ and ’o’ respectively.
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