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Abstract

In this work we study the stability and the convergence rates of the finite
element approximation of elliptic problems involving Dirac measures, using
weighted Sobolev spaces and weighted discrete norms. Our approach handles
both the cases where the measure is simply a right hand side or it represents
an additional term, i.e. solution-dependent, in the formulation of the problem.
The main motivation of this study is to provide a methodological tool to treat
elliptic problems in fractured domains, where the coupling terms are seen as
Dirac measures concentrated on the fractures.

We first establish a decomposition lemma, which is our fundamental tool
for the analysis of the considered problems in the non-standard setting of
weighted spaces. Then, we consider the stability of the Galerkin approxima-
tion with finite elements in weighted norms, with uniform and graded meshes.
We introduce a discrete decomposition lemma that extends the continuous
one and allows to derive discrete inf-sup conditions in weighted norms. Then,
we focus on the convergence of the finite element method. Due to the lack
of regularity, the convergence rates are suboptimal for uniform meshes; we
show that using graded meshes optimal rates are recovered. Our theoreti-
cal results are supported by several numerical experiments. Finally, we show
how our theoretical results apply to certain coupled problems involving fluid
flow in porous three-dimensional media with one-dimensional fractures, that
are found in the analysis of microvascular flows. Keywords: elliptic prob-
lems, measure, Dirac measure, weighted spaces, finite element method, graded
mesh, error estimates, reduced models, multiscale models, microcirculation.

1 Introduction

Reduced models of fluid flows or mass transport in heterogeneous media are of-
ten used to save computational resources when the system to be simulated is too
complex. An example is provided by Darcy’s flow in fractured domains: usually,
reduced models treat thin planar fractures as surfaces embedded in the porous do-
main, providing suitable interface conditions (see for instance Angot et al. [2009],
Alboin et al. [2002], Martin et al. [2005], Frih et al. [2008] and Lesinigo et al. [2010]).

However, if the dimensional gap between the space dimension N = 3 of the
considered porous domain {2 and the manifold representing the fracture is higher,
for instance when the fractures are thin tubes or vessels, the situation is more
complicated, since the solution may be strongly singular on the fracture. A typical
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Figure 1: On the left: the three-dimensional domain  C R?, the embedded line
A, and the function d(x) = dist(x,A). On the right: an example of graded mesh,
refined near A.

example would be the following Darcy’s equation in a three-dimensional domain 2
enclosing a one-dimensional fracture A (see fig. 1),

V- (—KVu)=f in Q, (1la)

(o) = /A g(s)o(s)ds Vv € C(Q), (1b)

where K is the positive hydraulic permeability of the medium and ¢ € L?(A) is the
linear mass flux (i.e. flux per unit length) from the fracture into the porous domain.
Equation (1), equipped with suitable boundary conditions, is in fact an elliptic
problem whose datum f is a Dirac measure. The finite element approximation of
such problems was previously studied by Babuska [1971], Scott [1973], Casas [1985],
using “weak” norms (i.e. L? or H*® for s small). Only recently, the analysis of the
FEM approximation of such problems with graded meshes has been considered
[Apel et al., 2009]. To our knowledge, the techniques based on weighted norms and
a suitable augmented formulation presented in this work are new.

Such techniques allow the treatment of even more complex situations. A relevant
example is when f depends on w itself (this is, f is a measure term), for instance
due to an averaged Starling filtration law

q(s) = 2mRLy(a(s) — u(s)), (2)

where L,, is a permeability coefficient, R is the actual radius of the fracture, 4(s) is
the given pressure inside the fracture, and @(s) is the average pressure in the porous
medium on a circle normal to A, at distance R from the considered point s on T.
Finally, if the fluid pressure 4 in the fracture is not known a priori, but is rather to
be computed using a suitable fracture flow model, the problem to be solved will be
a coupled 1D-3D problem.

Although mathematically non-standard, this kind of coupled problems is of great
interest in many applications, for instance in the computational analysis of tissue
perfusion or drug delivery by a network of blood vessels, which has been addressed
by several authors to study the physiology of cancerous tissues and related drug ad-
ministration strategies (we will present an example of such computations in section
5). Drug delivery to the stenosed arterial wall by a thin implanted device (stent)
has been investigated in D’Angelo and Zunino [2009] using similar 1D-3D models.
A mathematical foundation for such kind of problems was provided in a previous
work by D’Angelo and Quarteroni [2008], where functional tools based on weighted
Sobolev spaces were introduced to prove the well-posedness of the model.



In this paper, we reconsider the problem from a new perspective, thanks to
augmented formulations that allow us to establish the inf-sup conditions needed for
both the continuous problem and the discrete Galerkin approximation. We than
focus on the finite element approximation, studying the convergence of the method,
and deriving convergence rates on uniform and graded meshes (see fig 2, on the
right), thanks to suitable interpolation operators. Finally, we apply our results to
the study of 1D-3D coupled problems with applications to blood flow in biological
tissues.

2 Definition of the model problem

We consider a three-dimensional domain £ C R? and a one-dimensional subdomain
A C Q. The latter is actually a line, that we will assume to be smooth enough.

For a € (—1,1), we denote by L2(£2) the Hilbert space of measurable functions
u such that

/Qu(x)QdQ“(x) dx < oo,

where d is the distance from A, d(x) = dist(x, A), equipped with the scalar product
(u,v)p2 = / u(x)v(x)d** (x) dx.
Q

We will denote by bold symbols vector spaces, for instance L2 (Q) = [L?(©2)]?, and
by (-,-)r the L?(E) scalar product on the generic domain E. We will often consider
(-,-)g as a duality pairing, for instance between L?(E) and L? (E). Note that
lullzz = lld*ullz2, {u,v)e — (d*u,d~*v)q < Jullzz Joll;2 and that the mapping
u > d**y is an isometry from L2 (Q) to L% (9).

Let m € N; we define the weighted Sobolev spaces

H () = {DPu e L}(Q), 18] < m},

where 3 is a multi-index and D?® denotes the corresponding distributional partial
derivative. HZ*(2) is equipped with the following seminorm and norm,

N

1
2 m
lulg = | Y I1DPulzz | o lullay = (ZIW%)

1Bl=m k=0

We shall also use Kondrat’ev-type weighted spaces V"(Q), m € N, with

m 3
T o

k=0

For instance, |[ull?,, = [[Vull3. + [lu[2, . Similar spaces have been extensively
« @ a—1

used to treat boundary value problems in domain with corners, see Kozlov et al.
[1997]. Let m,s € N, s > 0, a € (0,1). Note that the embedding V%1 < V™ is
continuous, since as a direct consequence of (3) we have

lullve < lully e 4)

The embedding H! C L2_, is also continuous: indeed it can be shown [Babuska

and Rosenzweig, 1972, th. 2.2], [Kufner, 1985] that

lullzz < Callullmy, ()



with Cy = O(a™?) for a — 0. As a result, the H. and V! norm are equivalent,
but not uniformly w.r.t. o. Finally, we recall [Kufner, 1985] the following Poincaré
inequality:

lullz < Cp|Vullz  Vu € HY(Q) : ujaq = 0. (6)

2.1 The model problem

The Darcy’s problem (1) is an elliptic problems with measure data f. In particular,
f is not a bounded functional on H'(2), since there is no bounded trace operator
ya s HY(Q) — L?(A), A being a (N — 2)-dimensional manifold. In fact, the solution
u has a logarithmic singularity on A, with |[Vu| = O(d~!(x)) for x close to A, which
is not L?, so that u ¢ H'(Q2). However [D’Angelo and Quarteroni, 2008, th. 4.2],
for any a > 0 there exists a unique linear continuous map v5 : H!(Q) — L*(A)
such that ya¢ = ¢4 for any smooth function ¢ € C*°(2). On the other hand, a
O(d—*(x)) singularity is L2 for any a > 0. As also pointed out in D’Angelo and
Quarteroni [2008], these observations suggest a variational formulation in H} x H! .
More precisely, let us consider homogeneous Dirichlet boundary conditions, and
define

Wy ={ue Hi(ﬂ) tUujgn = 0}, normed by |ullw, = ||VU||Lg~

Thanks to (6), the latter is indeed a norm equivalent to || - ||z1 (uniformly w.r.t. a)
and || - [|y.1. Problem (1) admits the following variational formulation: find u € W,
such that

(KVu, Vo) = (f,v) = (g,yav)a Yv € W_,. (7)

This simple example is the basic motivation for the analysis of a model elliptic
problem with a variational formulation in the previously weighted spaces.
The model problem that we will focus on reads: given f € W', find u € W,
such that
(Vu, Voyg = (f,v) Yo e W_,. (8)

The unique solvability of problem (8) requires to show that the bilinear form
(Vu, Vv)q satisfies the Brezzi-Necas-Babuska (BNB) theorem (Ern and Guermond
[2004], th. 2.6; see also Necas [1962], Babuska [1971], Quarteroni and Valli [1997])
i.e. the usual inf-sup conditions on W, x W_,. That has been shown in D’Angelo
and Quarteroni [2008] for « sufficiently small. The proof was constructive: given
u € Wy, we choose v = d**u + 2a¥, where ¥ € W_,, is a corrective term. In fact,
we have

(Vu, Vo)g = (Vu, d**Vu)g + 2a(Vu, d** uVd 4+ VI¥)q

1
> (1= Ca)||Vulzz 2 llullfy, fora<z, (9)

provided that 2||d*~1uVd + VU2 < C[Vulrz, with C independent of a. The
. < Ca”uHH;
thanks to (5); but since C,, is not uniformly upper-bounded for small «, we are not
allowed to proceed to the second line in (9) if ¥ = 0. One drawback of this approach,
is that function W is constructed resorting to a rather technical Fourier expansion,
that cannot be replicated in the discrete setting of the Galerkin approximation.

The first point addressed in this paper is a much simpler alternative approach,
based on an augmented formulation, that admits a simple extension to the discrete
setting. As a major consequence, we will obtain not only the existence and unique-
ness (for any a € [0, 1)) of problem (8); we will also show the stability of its Galerkin
approximation using the finite element method.

corrective term W is necessary. In fact, |[d* 'uVd| 2 = ||ul.2



The main idea is the following. The corrective term 2a¥ is needed in (9) since
we cannot choose v € W_,, s.t. Vv = d**Vu. The previous approach was based
on keeping that correction “small”’. However, what we really need is to decompose
q=d**Vuec L?>_ (Q) as q=Vv+o, withve W_,, and & € L* (Q) orthogonal
to VW,, ie. (o,Vw)q = 0 Yw € W,. That is what is stated in the following
fundamental lemma.

Lemma 2.1 (Decomposition of L?). Let s € (—=1,1). For each q € L?(Q), there
exists a unique couple (o, u) € L%(Q) x W, such that

g=Vu+o, (o,Vu)g=0WweW_,

IVullz <2[lqllzz, o]

L2 <Iq| L2

In other words, the following is a direct sum:
L) = (VW) DVIW-)*.

Proof. Let M, = L?(Q). The problem can be recast as a generalized saddle point
problem. In fact, (o, u) € My x Wy are such that
alo, ) +bu,7)=F(r) VreM_g, (10)
b(v,o) =0 Yo € W_g,

where a(o,7) = (0, T)q, blu,7) = (Vu,7)q, F(T) = (q,7)q. Note that a is a
bilinear form on M x M_, and b is considered as a bilinear form on Wy x M_, and on
W_sx Mg in equations (10). F'is a linear functional on M_s, and || F||a = gl a, -

First, we have a(o, 7) < |lo||am. | 7a_., 0(u, T) < || Vullar, |71 0, and b(v, o) <
(IVullasr_. llo|laz,, so that all the forms are bounded with continuity constant equal
to 1. For any o € Mj, the function 7 = d**o is such that ||7|x_, = |o|m.,
a(o,7) = |lo||3;.. Those identities still hold if we swap o and 7 and change the
sign of s. Hence, we have

a(o,T)
> anllofa,  sup == = ool

a(o,T)
sup ———~*
o0 ||o|[ a1,

w70 [Tl

with a; = ap = 1. Moreover, for any u € Wy, choosing T = d**Vu yields b(u,T) =

IVulli, = llulfy., ITllv_. = [[Vullam, = llullw,. Again, the same identities are

obtained by replacing u by v, T by o and changing the sign of s, so that we have
b(u, T)

sup ———— > Bi|ullw,, sup
0 (| Tlm_, o0 ||l a1,

b(v, o)

> Pollvllw_.,

with 81 = B2 = 1. All the hypotheses of the generalized BNB theorem (Bernardi
et al. [1988]; see also Ern and Guermond [2004], Nicolaides [1982]) are thus satisfied.
As a consequence, there exists a unique couple (o,v) € M, x W, satisfying (10),
and we have

1+aj!

1
——|lql|m, = 2|q]|n, -
3 llqll lqll

lollar, < ortllgllan. = gl ullw, <

O

As a first consequence, we can improve the existence result of D’Angelo and
Quarteroni [2008] as follows.



Corollary 2.1. For any a € (—1,1), the model problem (8) is well-posed, and we
have

lullw. <3l fllw:,-

In particular, the Laplace operator —A is an isomorphism from Wy to W' .

Proof. Let v € W_,, and ¢ = d2*Vuv € Li(Q) Thanks to lemma 2.1 with s = «,
there exist o € L2(Q) and u € W, such that ¢ = Vu + o, |Julw, < 2llqllzz =
2||lvllw_,, and o L VIW_,. As a consequence,

(Vu, Vuyg = (q, Vv)q — (o, Vu)q = (q, Vv)q = ||U||%/V,a-

This implies sup,, ¢y, ﬁgn:/vm > ¢1||v]lw_.., with ¢; = 3. The same estimates still
hold if we swap u and v and change the sign of «, leading to sup,cp_ m%)ﬂ >

co|lullw., c2 = 3. The thesis follows thanks to the BNB theorem, noting that

lullw, < (@ +e") Ifllw, - O

Remark 2.1. Corollary 2.1 applies immediately to (7); as a consequence, problem
(1) is well-posed in Wy, for any a € (0,1), and if K > 0 is constant we have

llvavliz2 ay

ToTw is the morm of the

lullw,, < 3Ca(a)K™ gllz2(a), where Ca(@) = sup,
continuous trace operator ya.

3 Numerical approximation of the model problem

Assume that the domain € is a polyhedron, and introduce a regular family of tri-
angulations {75} of Q. As usual, each triangulation 7}, is a collection of tetrahedral
elements K so that Q = Jg 7. K. The index h stands for the maximum element
size; the diameter of each element K will be denoted by hyx. We assume that 7}, is
shape-regular, i.e. px < hx < pr VK € Ty uniformly w.r.t. K, px being the radius
of the largest ball contained in K. The notation z < y will be used if z < Cy for
a generic constant C' > 0, indipendent of h. Moreover, we will make the following
assumption on the line A:

IANK| < hg VK €T (11)

Note that (11) will always hold for smooth A provided that h is small enough.
Then, we introduce the family {W,’f } of P; finite element subspaces of degree
k>1,
W,’f:{uh EC(Q) D Un|K GPk(K) VK € Ty, uh‘QQZO}. (12)

Note that W} C Wj for all s € (—1,1). The Galerkin approximation of the model
problem (8) reads: find u, € WF such that

<Vuh,Vvh>Q = <f7 ’Uh> Yv € W;’f (13)

In the following sections, we shall study the stability of the discrete problem (13) in
weighted spaces W, and estimate the approximation error ||u — up||w, in weighted
Sobolev norms.

3.1 Uniform and graded meshes

For each element K € T}, let us define the following quantities,

ri = dist(K,A), 7g:= E(neaécdist(x,A), hx = diam(K). (14)



Let 1 € (0,1] be a mesh grading parameter. We will assume that the local element
size hx scales as r}{“ and that hx ~ h'/# if K is close to A. Precisely, let § > 0
be a fixed safety coefficient (say, § = %), we assume that there exist two positive
constants ¢, C, such that

chr " < hg < Chri " if rig > hg, (15a)
ch'" < hy < Ch'"  otherwise. (15b)

Such refinements are usually introduced for the approximation of elliptic problems
in polygonal domains to handle corner singularity, see Apel et al. [1996]. In this
work we will take advantage of mesh grading to study the convergence rates of the
finite element approximation in weighted norms. Note that for p =1, h S hx S h
VK € Ty, and the mesh is quasi-uniform. As g — 0, the elements cluster in a
small neighborhood of A. It can be shown (Eriksson [1985]) that the total number
of elements is independent of u (in other words, grading corresponds to a sort of
redistribution of the elements to capture the singularity on A).

Note that 7 is the distance of K from a line A, which is non-conformal with
respect to the mesh, and embedded into it. We will isolate the line inside a suitable
collection of elements (that we will refer to as ’77;“) and carry out a separate analysis
for elements K € 7," and elements belonging to the rest of the mesh. Specifically,
we will split the mesh according to (15a,b), introducing the following partition:

Tin={K €Ty, :rig <0hg}, T =T\T™

Referring to fig. 2 (left), 7™ consists of the shaded elements. With little abuse of
notation, the symbols 7,"*"" will denote also the regions | J Kepimoun K.
h

Figure 2: On the left: sectional view of the 3D mesh onto a plane normal to the line
A; the filled circle indicates the intersection between the normal plane and A. The
shaded elements belong to T,™. Marked are K € Tj, such that rg, = 0, K € T;»
(le. rx < dhg), K' € T°". Empty circles denote nodes x; in 7,°"* where the
interpolant Iju introduced in sec. 3.3 is equal to u(x;); filled squares denote the
rest of nodes where Iu = 0. On the right: the reference element K and the image
A = TglA of A under TI;17 where K € T,;™ is an element crossed by A. The

distance A is a fraction of Ax = max, g dist(x, Ag) <1

We will make use of the following auxiliary inequalities.

Lemma 3.1. The mesh splitting Tp, = T,™ UT,C"" satisfies the following properties,

Tk Shi, he ST She VK € T, (16a)
fK,STK VKGIThOHt. (16b)



In other words, the minimal distance of elements K € T, from A is controlled by
their size, and for any K € Tp, the minimal and mazximal distance are equivalent,
uniformly with respect to K.

Proof. By definition, rx < dhx VK € T, and, for any K € Ty, we clearly have
Tx = Lhg. Moreover, if K € AP <rg+hr <6+ l)hK so that (16a) follows.

Conversely, if K € T,°" we have Tx < rx +hx < rg + ETK = 1+‘57“K7 yielding
(16b). O

3.2 Stability of the finite element approximation

We introduce the following discrete norm:

lunll o =D Tx)**unlFzx)- (17)

KeTh

Lemma 3.2. Let |a| < t,t € [0,1). We have the following norm equivalence, where
the constants of the inequalities only depend on t:

Junllne S llunllzz @) S lunllna  Vun € W

Proof. For the sake of simplicity, we consider only the case a > 0. Let K € Tp,
x € K; we have d(x)** < (7x)*, so that [|uallz2(@) < llunllna. To obtain the
inverse estimate, let us distinguish two cases. If K € 7,°", we use Lemma 3.1,
eq. (16b), and we have (FK)QO‘HU;LHLZ(K) hS T2°‘HuhHL2(K) < ||d* uhHLZ(K) Now let
us show that a similar estimate holds true if K € 7;1‘“. In that case, let K be the
reference element, and let Tx : K — K be the affine transformation mapping K
onto the actual element K. Let 4, = up o Tk, let Ag = TglA such that A is the
image of A under Tk, and let d(X) = dist(%, Ax). Thanks to shape regularity, the
eigenvalues of the jacobian matrix of Tk are uniformly upper and lower bounded by
hi. Hence, distances are transformed according to d(TxX) > hxd(%). As a result,

K > OlK {07508
||dauhH%2(K):/d2a 2:‘ | 2a 2>h2 | |/d2 2

Let us introduce the subset Ka = {% € K : dist(%,Ag) > A}, where A > 0 is a
parameter (see fig. 2); we have

A2aHuhHL2(K )—/RCZQQ’&%L'

Note that, at least for A small, inf - | K'a| cannot degenerate with respect to |K| > 1.
Indeed, thanks to (11), we can estimate |K| — |Ka| < 7A2, irrespective of the
position of Ag; hence, choosing A sufficiently small, we have |K Al > c’A|K | where
the constant ¢y, = 1 — O(A?) depends on A but not on K € 7,;». Similarly, it is
Vi, € Pp(K) (it suffices to see that

casy to see that [tz = CAHﬂhHiz([()
the estimates hold for the local basis functions on K'), where again the constant ca
depends only on A and not on the shape of K. Hence, using o < ¢ and (16a), we

conclude

| ‘ 2t 2a| |
| ‘”uh”L2(K) INAN 7% |K||| h” K)

||dauh||2L2(K) P CAAzahm

2 CAA%(fK)QaHUhHLZ(Ky



Let us establish the discrete analogous of Lemma 2.1. To this end, let M }’f_l =
{q, € L*(Q) : q), € P*"(K), VK € Ty} be the space of vector, discontinuous P_;
finite element functions.

Lemma 3.3 (Decomposition of M,’f_l). Let s € (=1,1). For each q,, € M;f_l,
there exists a unique couple (op,up) € M}If*l x W[ such that

qh:Vuh+a'h, <0’h,vvh>Q=0VU€W;§,

IVunllns < 2lanllns,  llonllns < llgplln.s-
In other words, we have the decomposition My~ = (VWF) @(VWF)*L.

Proof. As for Lemma 2.1, the considered problem can be recast as a generalized
saddle point problem. In fact, (o, up) € M,’f‘l X W,f are such that

a(on, Th) + b(un, Th) = F(t1,) V7, € My,
b(vh, O'h) =0 Yy, € W}]f7

where a, b and F' are as in the proof of Lemma 2.1, eq. (10). Let us consider
the inf-sup inequalities needed in the generalized BNB theorem using the discrete
norms. We have a(on, Th) < ||onln,s||Thlln,—ss 0(un, Th) < |Vuplln sl Trl|n,—s and
b(vp, o) < [Vun|n,—sllonlln,s, so that all the forms are bounded in the respective
discrete weighted norms, with continuity constant equal to 1. For any o, € M,’ffl,
the function 7, € MF~! defined by Thix = (Fx)**onx YK € Ty, is such that
ITrlln,—s = llolln.s, alon, Th) = ||0-hH%L,S' Those identities still if we swap o, and
75, and change the sign of s. Hence, we have

sup mmlnahnh,s, NG %)

rrennes Tl iy P P

> || Th||h,—ss

with a; = ag = 1. Moreover, for any u, € W}’f, choosing 74 = (FK)QSVuMK
VK € Ty yields b(un, ) = [|[Vunlli oo [Thlln—s = [[Vun|ns. Again, the same
identities are obtained by replacing uy by vn, 75 by o and changing the sign of s,
so that we have

b(up, Th b(vn, o
sup blun, 1) > Bl Vun|ln,s, sup bon; on)

ZﬁQHVvhHh,—Sa
rreart=1 1 Thllns onerrtt 1onllns

with 81 = B2 = 1. All the hypotheses of the generalized BNB theorem are thus
satisfied, and the proof is concluded. O

We are now in a position to establish the stability of the Galerkin approximation
(13).

Theorem 3.1. Let 0 < a <t < 1. We have

Vup, Vo Vup, Vo
sup {Vun, Von)o > |Vupllrz,  sup {Vup, Von)o

2 IVunll 2 (18)
vewr IVonlrz wewr  Vunllrz ™ e

where the constants in the above inequalities depend t but not on . The Galerkin
approximation (13) is thus stable and we have the optimal error estimate

= unllw, < C(®) inf_Jlu—vnlw,. (19)
UhEW;f



Proof. Let up, € WF; define q, € M,{f‘l by dnx = (fK)QO‘VuMK VK € Tp.
Thanks to Lemma 3.3 with s = —q, there exists a couple (74,v) € Mff*l X W[f
st [[Vorlln—a < 2[@nlln,—a = 2[|Vun|h,q, and

(Vun, Vo) = (Vun, @p)a — (Vun, Th)a = (Vun, q,)a = [|[Vugf} o

Hence, the first inf-sup condition in (18) follows, thanks to the norm equivalence
established by Lemma 3.2. The second condition is obtained similarly. The error
estimate (19) then follows thanks to Galerkin orthogonality and (18) in the standard
way, see Ern and Guermond [2004]. O

The last step for the numerical analysis of our model problem (8) concerns the
convergence rates of the finite element approximation, addressed in sec. 3.3. To this
end, we will use the Kondrat’'ev-type weighted spaces Vll_:’; (), 1 > 1, and we will
derive suitable error estimates on uniform and graded meshes assuming that the
exact solution u € Vlljof (©). Note that the logarithmic singularity u(x) = — Ind(x)

(our “reference” fundamental solution) is in Vllf; for any o > 0,1 > 0.

3.3 Convergence rates of the finite element approximations

In this section « will be always considered to be non negative, i.e. a € [0,1). Let [
be a positive integer, 1 <[ < k; we will introduce a suitable interpolation operator
Iy : Vll_:’; — W[f that will be employed to study the convergence rates of our finite

element scheme. Let us recall that functions in V}l:; are non-smooth on A while
being locally H'*! on elements whose closure does not intersect A. Following this
observation we require that I satisfies the following approximation properties: for
zmquVll_;_"a1 and for 0 < m <,

lu — Inu| g sy < CTREEY "™ Ul i (i), if K €T, (20)
(nulvm ., (x) < C‘ih”uHVL’Ii(T;i“)’ if K € T,", (21)

where CT, CIr are positive constants independent of h. An interpolator I;, sat-
isfying (20) and (21) can be constructed as follows. We will consider a Lagrange
interpolant, i.e. Ipu = vaz"l I, i(u)di, where {¢;, i = 1,..., N} are the piece-
wise P, Lagrange basis functions, N}, is the number of nodes (degrees of freedom),
and I ;(u) € R is the i-th nodal value. We shall denote x;, i = 1,..., Nj, the
corresponding nodes.

First, on all K € 7,°"* we define I}, as the standard Lagrange interpolant H’ﬁ of
degree k, which is well-defined since H'*!(K) < C(K):

Iyug = Mhuye VK € T (22)
Equation (22) is equivalent to I5;(u) = u(x;) on all nodes x; € T°". Since W}
consists of continuous piecewise polynomials functions, this implies I, ;(u) = u(x;)

for all nodes x; € T, on the boundary of 7;». Next, we define I, ;(u) = 0 at all
nodes x; in the interior of ’Thi“,

Ih7i(u) =0 if X; ¢ 7—}?Ut, (23)

which completes the definition of Ij, (see fig. 2). Let us show that this is sufficient
for (21) to hold.

Lemma 3.4. The interpolant Iy, : Vllj'al — WE defined by (22-23) satisfies (20) and

(21). The constant CIn depends on «; precisely, CIn = O(1/\/a) for a — 0.
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Proof. The interpolant Ij, clearly satisfies (20); let us show that (21) holds as well.
Let K € 7™ such that K shares a node with at least one element K’ € T,°ut.
It suffices to consider this case, since otherwise we have Iujx = 0, so that (21)
trivially holds.
Let D; ={i=0,...,N, :x; € KNK', K’ € T,"*} be the set of indexes i related
to the nodes of K shared with elements of 7,°"*. Thanks to (23), we have

|Ihu|VrT 11a(K) = Z ‘Ihl Hd)l Vil ia(K) (24)
i€D;

For alli € D;, x; € T°". Solet K’ be any element of 7,°"* sharing the node x; with
K. Using the standard affine mapping Tk : K — K’ from the reference element K,
defining 4(x) = u(Tk (X)), thanks to the Sobolev embedding theorem in dimension
N = 3 on the reference element and mapping back to K’ we have

141 3
ni(W)] < [lullpoe ey = all oo iy S Nl o i) = <Z ] i(,g)>
=0 (25)

141 B
S <Z hQZ/_NUﬁJﬂ"(K')) :
=0

Note that, since K’ shares a node with K € Thi“, it is sufficiently close to A for the
following estimates to be true:

h% Srg <7 < hi (26)
In fact, rg > 7x 2 hi thanks to (16a); moreover, owing to (16a) and (15a,b), we
have 7xr < Tic + hir < hii + Chri " = hie[l + C(h¥ [ri)'=H] < hir, where we
used rxr 2 h¥ in the last inequality. Now, observing that

2(a —2(i— 1+a)
< Trp

||UHL2 LK) |uﬁ—1i(K’)—

lulifs ey < (i)™ uhs e Wiz,

eq. (25) leads to

1 }
_ \—9(a— i —2(i—14o
i (w)] < hi? ((TK') Dl ey + Y W %i_1+a<Kf>>

i=1

and, owing to (26),

1+1 2
[T s(w)] < B2 (Ma1>/“|u||igl<K,>+Zh2<a1>/“|u%/;1+a(m) @)

=1

Now let us consider |¢;|ym Ly ()¢ letting bi(%) = ¢;(Tk (X)), for m > 1 we have
(see for instance Apel [2004], Lemma 2)

|Bilv ) < Fr)™ il rm i (28)
S (FK)m71+ahI—{m,+N/2|¢l f, h(]x{—l-&-N/Q

|Hm ) )

where in the last estimate we used eq. (16a) and |¢1‘H’"(K) 1. For m = 0 we
have!:

— _1l,a—14N/2
Bilvo a0y = Nbillez ) < N g2y S @~ RGN, (29)

a— 1

INote that in N = 3 dimensions and using cylindrical coordinates:

hk
Hdailep(K) <2 /AmK/ r2@=1) rdrds < gh?*l = gh%a_H'N/Q).
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Substituting (28), (29) and (27) in (24), observing that A% 'TV/? < p(V/2+a=1)/u
by (15b), we get

I+1 2
1
Hnhulym k) S <a|u||i§1(1</) + |U|%/;_1+Q(Kr)> < Ci”HMIIVZLEmn),
i=1

with CI» = O(1//a), which concludes the proof. O
We are now in a position to establish our principal interpolation estimate.

Theorem 3.2. Let a« € (0,1), 0 <m <1, <k, and let € € (0,); then we have

Ju—Tnulvy @ S Cah™ " ullyi gy Ve VL, (30)

provided that the mesh grading parameter satisfies

o — €

< —. 31
f= l+1-m (31)
Otherwise, we have the following suboptimal interpolation estimate,
I, ; &==<
|u — Ihu‘v;;;t_l_*_a(g) 5 Cahh M Hu||vll++51(9) (32)

Proof. Let us derive the local interpolation estimate on each element K € T,. We
consider first the case in which K € 7,°"*. In this case, owing to (20) and (15b) we
have

u— Tnulym ) < () = Tnul g ) < (Fr) “CTBEE ™ [ul g (5

< (FK)“r;((lH*m)*ECI“ h?17m|“‘v,’jf_m+e(K) (33)
S ) g TR T .
Thanks to Lemma 3.1, we have Tx < rg, so that
= Tnulvgeo S i TR (34)
< hl+l_m|u|%lﬁﬂn+e(K)

provided that a — e — p(l + 1 —m) > 0, that is precisely eq. (31).
Now assume that K € 72“. In this case, we simply write

lu — Thulym () S lulve (k) + Hhu

I
™ e SUIPIN vm x) S C ||UHle++;(K)

m—1+4+a
S O R)* Nullyis iy S Carh ™ flullyisa ey (35)

5 OéhhlJrlmeuHVlL:-El(K),

where we used the the continuity of the embedding Vlljo} (K) = Vo, (K) for
m < [ (eq. (4)), the continuity of the intepolant I} : V}T;(K) — Vo (K)
(eq. (21)), the estimates (16a,15b), and finally (31).

If (31) is not satisfied, (34) and (35) give the suboptimal estimate (32). O

As a consequence of theorem 3.2 for m = 0,1, [ = k, we have the following
estimates of the interpolation errors using P, finite elements on (uniform or) graded
meshes.

12



Corollary 3.1. Ifu € karel (Q) for some € € (0,a), then we have

L a—¢€ o

if = <p<1: lu—Tyullyy S CER flulyu
. o — € k

if 0<p< =+ llu—Inullyy S CPR*|ull s

a—e

In particular, optimal convergence rates in V! are obtained for y = -

Proof. Immediate consequences of Theorem 3.2. O

We conclude our analysis with the following result, establishing the convergence
rates of the finite element approximation of the model problem (8) on uniform and
graded meshes. It is obtained by choosing vy, = Iu in (19) and using corollary 3.1.

Corollary 3.2. Let u € W, be the unique solution of the model problem (8), and
let u, € W be the finite element approzimation defined by (13). If u € kajel(Q)
for some € € (0, ), we have the following error bounds:

if o <p <1y Jlu—unllvy S CRRTE fully,
o ) (36)
if 0<p< — lu —unllv: S Cé”thuHkar:.

3.4 Validation and numerical results

In order to verify the theoretical estimates presented in this section, we performed
several convergence tests on a simple problem.

Let Q = (0,1)2 = Q x (0,1), where Q = (0,1)? is the unit square in R%. Let
A =% x (0,1), where Xg € Q (in our computations we considered X = (0, 3,0.3),
see fig. 3). For any ¢ € L?(A), we denote by qd, the linear functional defined by
(qop,v) = fA q(s)v(s). This is a measure, but, as already pointed out, it is also
bounded on H! (), a > 0.

We consider the following problem:

(37)

—Au+2rRD(ug —u)dp =0 in Q,
U = Ue on 0f),

where ug is a positive constant, @(x) is the average value of v computed on circles

centered on x € A with radius R, ie. u(x) = 5= T u(x + Rey)dd, being ey =
(cosf,sinf,0)”. The Dirichlet data u. are provided by an exact solution, whose

value at any point x = (X, z), x € Q, is given by

RD

ue(X) =~ —ppIR

Inr, (38)
where r = |X — X¢|. Note that (38) is independent of the z coordinate: problem
(37) is indeed invariant w.r.t. traslations along z and hence we can solve the corre-
sponding 2D problem in which €2 is replaced by Q. In this case, u is a scalar value
given by @ = ;- fOZTr u(Xo + Rep)db, €9 = (cosb,sinb).

Problem (37) is a special instance of elliptic problem with measure data that
depend on the solution itself; it corresponds to (1) with K = 1, ¢ = ¢g(u) =
27 RD(ug — u). However, at least for § = 27 RD small, the variational formula-
tion is inf-sup stable w.r.t. weighted norms, in both the continuous the discrete
settings (see sec. 4). Moreover, u. is of class V,f;l for any € > 0 and positive
integer k. Hence, corollary 3.2 applies and we expect convergence rates p = k in
V1,

13



We computed the standard finite element solution with uniform and graded
meshes, and reported the errors in different weighted norms. Specifically, in Table
1 we have the case of uniform mesh (@ = 1), with polynomial degree k = 1,2.
We immediately recognize the suboptimal rates predicted by Corollary 3.2. Indeed,
we observe (for a = 0.5) convergence of order p = « in the (equivalent) V! and

H,, norms, p = «/2 in the (equivalent) V,j, and Hj , norms. We also observe

convergence of order p = 1 + « in the L2 norms and p = 1 4 /2 in the Lia/z
norms, as predicted by the Aubin-Nitsche theorem in weighted norm (that holds
true thanks to our interpolation error estimates under the assumption of weighted
elliptic regularity A™! : L2 — V2 ).

In Table 2 we have the case of graded meshes, with polynomial degree k =1, 2,
and consider always a = 0.5. From our interpolation estimates, we expect optimal
convergence rates provided that p < == < %. In the case k = 1 of Table 2(a), we
have p = «/2 < a/k; we observe optimal rates of order p ~ 1 in the (equivalent)
V5! and H} norms and p ~ 2 in the L2 norm. If we turn to k = 2 in Table 2(b) with
w=a/2.2 < a/k we still observe optimal rates of order p ~ 2 in the (equivalent)
H} and V! norms, p ~ 3 in the L2 norm.

KvaY
VsV
ZavAY

X
S
ol

,
LS
NALK
AR
PDOAA
\/

s ava i
RBLRRE
YAV AQr,gré;L

0.0_0.20_0.40_0.60

Figure 3: A pair of graded meshes (1 = 0.25) with isolines of the solution uy on the
square 2 = (0,1)2.

(a)

L? L7 H; Va L2, L% /o Hp o V)2

h (x1073)  (x1073) (x1071) (x10~1) (x1073) (x1072) (x10~1) (x1071)

1 0.83086 0.20577 0.11643 0.11671 0.38670 0.20196 0.24041 0.24122
1/2 0.41872 0.07527 0.08375 0.08385 0.16459 0.12118 0.20311 0.20347
1/4 0.20619 0.02654 0.05985 0.05989 0.06831 0.07097 0.17123 0.17137
1/8 0.10542 0.01006 0.04246 0.04247 0.02951 0.04316 0.14397 0.14404
1/16  0.05222 0.00330 0.03011 0.03011 0.01212 0.02550 0.12112 0.12115

P 0.99 1.49 0.49 0.49 1.25 0.75 0.25 0.25

(b)

I? Iz HT VI Iz, Lz,  HL, Vi,

b (x1073)  (x1073)  (x10-2) (x10-2) (x10-3) (x10-3) (x10-1) (x10-1)

1 0.22584 0.05573 0.64311 0.64348 0.10989 0.48447 0.13725 0.13733
1/2 0.11200 0.01942 0.45511 0.45524 0.04579 0.28501 0.11548 0.11551
1/4 0.05617 0.00697 0.32176 0.32181 0.01934 0.17012 0.09709 0.09711
1/8 0.02800 0.00243 0.22757 0.22758 0.00810 0.10076 0.08165 0.08166
1/16  0.01399 0.00086 0.16092 0.16093 0.00340 0.05987 0.06866 0.06867

P 1.00 1.5 0.5 0.5 1.25 0.75 0.25 0.25

Table 1: Convergence rates of the error ||u — uy|| on uniform meshes (u

= 1), for
polynomial degrees k =1 (a) and k = 2 (b), in different norms, for @ = 0.5

14



(a) (b)
Lz HY VI Iz HY VI

h (x1072)  (x1071)  (x1071) h (x107%)  (x1072)  (x1072)
1/1 0.17521 0.27274 0.27394 1/1 1.36870 1.07253 1.07276
1/2 0.03950 0.13880 0.13892 1/2 0.18435 0.17712 0.17713
1/4 0.00978 0.07055 0.07056 1/4 0.02417 0.04048 0.04048
1/8 0.00237 0.03470 0.03470 1/8 0.00229 0.01008 0.01008
1/16  0.00121 0.01721 0.01720 1/16  0.00032 0.00263 0.00263

D 2.07 0.99 0.99 D 3.01 217 217

Table 2: Convergence rates of the error || u—uy|| on graded meshes in different norms,
for « = 0.5. Grading parameter values are (a) u = a/2 = 0.25, for polynomial
degrees k =1 and (b) u = «/2.2 = 0.2273 for polynomial degrees k = 2

4 Coupled 1D-3D problems

Consider problem (1), with the Starling filtration law (2) for the flux ¢(s) on A.
Note that (2) contains an “averaging” operator IT : HL(2) — L?(A), representing
the mean value of u around each point on A, namely ITu = w. This is the average
of u on circles of radius R and normal to A, i.e.

Mu(s) = a(s) := %/0 7TU(X(S,R, 0))de. (39)

In (39) we make use of local cylindrical coordinates (s,r,6) around A, defined by
the mapping
x(s,7r,0) =xx(s) +n(s)rcosf + b(s)rsinb,

where s is the arc length, x, : [s1, 2] = A — A is the canonical parametrization of
A, n(s) and b(s) are respectively the normal and binormal versor on A (see D’Angelo
and Quarteroni [2008], section 2). If 8 = 2w RL,,, we have ¢(s) = f(a—1Ilu) € L*(A).
Note that § plays the role of a hydraulic conductance per unit length, so that ¢(s)
represents the linear density of flow rate from A to .

Very often, the internal fracture pressure 4(s) is not known a priori, but rather
computed through a fracture flow model. In the simple case of axial Darcy’s flow
we have

—iK—fL +q(s)= inA, (40)

equipped with suitable boundary conditions (BCs). Let us consider the following
BCs for the 3D and 1D problems:
ou da

—K% =0 on 09, —Kg(sl) =q1, G(s2) =0. (41)

Introducing the spaces W, = HL(Q), W = {a € H'(A) : 4(s2) = 0}, the weak

formulation of the coupled problem (1), (2), (40), (41) reads: find u = (u,) €
Wy x W such that

~doood . N

A(u;v) = (KVu, Vo)g + <Kd— EVUM + (B(TTu — @), yav — D)p

= qo(sy) YW= (v,0) e W_o x W, (42)

where yo : W_, — L?(A) is the continuous trace operator on A. We point out that
in this section W, = H}(Q) does not include any homogeneous Dirichlet boundary,
so that the Poincaré inequality does not hold and [[Vu 1z () is not a norm on W,

Problem (42) is challenging since it contains a measure term, which is solution-
dependent, that is also the coupling term between the two flow models. In the
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sequel, we will see how an augmented formulation similar to the one used in lemmas
2.1 and 3.3 allows us to study the well-posedness and FEM approximation of such
coupled problems.

For the finite element approximation, we will need to introduce a one-dimensional
mesh 7, by partitioning A into one-dimensional elements K € T; again, the index
h stands for the maximum element size.

Each 1D element is mapped via the parametrization x, to a “curved” element in
A; of course there is no need of referring to such curved elements, since the reference
1D domain is actually the interval A = [sq, s].

In analogy with the three-dimensional finite element space W}, we define the
one-dimensional finite element space by considering continuous function that are
piecewise linear on A:

Wi = {an € C(s1,52) ¢ nx € P1(K) VK € Ty} (43)

Note that 75, and 7}, are non-matching. The fact that Q and A are meshed inde-
pendently is of course an attractive feature of this approach.

The analysis and numerical approximation of problem (42) is, again, non-standard
due to the non-symmetric trial and test spaces W,. This feature makes it difficult
to verify the inf-sup conditions characterizing the unique solvability of the problem.

Our fundamental tool, as in lemma 2.1 and in its discrete counterpart (lemma
3.3), is to circumvent the difficulties related to the non-symmetric spaces and/or
norms by reformulating our variational problem as a saddle point problem. In
particular, we will exploit this technique to get suitable stability estimates for the
continuous and discrete problem in the correct, physically meaningful weighted
norms.

To this end, we will assume that K, K and B are strictly positive. We then define
M, = L2 x L*(A)®, My =L x L*(A)3, W, =W, x W, Wy = W_, x W, and
equip these spaces with the following norms:

1 L. 1 N
Isllas, = IK2o|Z2 o) + HK20||2L2(A) 1187 (A = N1 Z2a)
63z, = K272 @ T IRER [Ty + 1182 (1 = )1 Z2(a)s

l d ~ 1 ~
alliy, = K2 Vull2 o) + K oWy + 1187 (T — )72y,
1 oL d ~ 1 ~
IVIRw, = IK2VollLe o)+ K2 0l7aq) + 187 (av = 0)l[72a),

where s = (0,6, ), 5\), t = (7, 7,1, f4), u = (u,4), v = (v,0). Note that | -
HW1 3 are indeed norms on W 5, thanks to the Poincaré inequality in W (so that
HKz 51U/ £2(a) is @ norm on W) and owing to the boundedness and invariance on
the constants of IT and 4.

Let us introduce the following bilinear forms:

a(s,t) = (Ko, 7)o + (K&, F)a + (BN = A), = fi)a;
bl(uvt) = <KVU,T>Q + < (0 7A—>A+ <5(Hu—ﬁ),,u—ﬂ>/\;

d Q .
LA (B =X 740 = D).
Note how these forms were constructed: they are obtained from the expression (42)
of A by replacing the “fluxes” Vu, Vv, da/ds, do/ds, ITu, yav, 4 and 9 respectively
by the new variables o, 7, 6, 7, A\, i, A and fi.

The next result establishes the well-posedness of the continuous coupled prob-

lem (42), as well as the stability and convergence properties of the finite element
approximation for R (or /) small.

kL
ds
by(v,s) = (Ko, Vo)g + (Ké,
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Theorem 4.1. Let 0 < a <t < 1. The coupled problem (42) admits a unique
solution (u, ) € Wo x W.

2a

Let ¢ = %TB:;", where Bmax = sup B and Ky, = inf K > 0. Then, for ( small
and for any integer k > 1, there exists a unique discrete solution (u,u) € W}’f X W}’f
such that R

A(u — up, @ — Gp;on,95) =0 Y(vp, o) € WE x W
Finally, if (u,4) € ka_:;l(Q) x H*1(A), € € (0,a) we have the following error
estimates,
1=, = ) v, < O K, AP s o +COR, B ey, (44)

x—€E

where p =k if p < =5, p = % otherwise.

Proof. Asinlemma 2.1, we consider a suitable reformulation as a generalized saddle
point problem. We seek (s,u) € M x Wy, such that

{ a(s,t) +bi(u,t) = F(t) Vt € My,

ba(v,s) =0 Vv € W, (45)

where F' is a continuous functional on My. The bilinear forms a, b, and bo
are respgctively bounded on M x My, Wy X MQA and Wsy x M. For any
(0,6,\,A) =s € My, we have that t = (d**o,6, )\, \) satisfies a(s, t) = ||lo|3,,

Itllaz, = |lollar,- The latter estimates still hold if we swap s and t, M; and
M, and we change the sign of «. Similarly, for any (u,4) = u € Wy, choosing
t = (d**Vu, L4,u, 4) yields bi(u,t) = ull3z,, Itllaz, = [Jullw,. Finally, for
any (v,0) = v € Wy, choosing s = (d"2*Vv, <L, yzv, ) yields by(v,s) = Iv]3z,
Isllaz, = [Ivilw,-
Thus we have
a(s,t a(s,t
up 2505 g, sup S5 g,
t£0 ||t£|M2) s£0 ||S(HM1)
bi(u,t ba(v,s
sup > [[uflw,, sup > [[vllw,-
e#0 [tz s#0 |Islln,

All the hypotheses of the generalized BNB theorem are thus satisfied; problem (45)
is well-posed and we have the estimate [|(s,u)|ar, xw, < 2| F[lw-

We claim that, as a consequence, also the original problem (42) is well-posed,
and, for F(t) = F(7,7,pu, ) = qji(s1), the solution (s,u) of (45) also provides
the solution u of (42). To see this, for any (v,0) = v € Wy, choose t, =
(Vv, s£9,97v,0) € My in such a way that [[t,]ar, = [[V]lw, and a(s,t,) =
ba(v,s) =0 for all s € M. This leads to

b1(u,t,) = A(u,v) = F(t,) Vv E Wo,

i.e. u satisfies (42). Moreover, |[ullw, < 2| F[w;, = 2C|q1| where C is the norm of
the trace operator o € W 0(s1).

Now, the same techniques of lemma 3.3 and theorem 3.1 can be employed in the
discrete setting. However, in this case we have to treat the following issue: even if
up, and vy, are both discrete functions in W}’f, the discrete variables A, = Ilu; and
pn = yavn do not belong to the same discrete subspace of L2(A). Hence, we first
consider a “symmetrized” problem, and then go back to the original formulation
(42). First, let us introduce the discrete spaces

M~' = {q), € L*(Q) : q, € P*"1(K), VK € Tp},
My~ ={Gn € L*(A) : G € PPY(K), VK € Ta},
Mf = {uy € LA(A) : @y, = Huyp, up, € WEY,
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k—1 rk—1 Ak 17k k 17k
My, =M, =M < MU x MExWE, Wi, =Wy, = WP x WE

The discrete spaces are then equipped with the following discrete norms, where
in the sequel we set sp, = (o'h, Gh, Anys An) € My p, ty, = (Th, Th, fh, fin) € Map,
u, = (uh,ﬂh) S Wl,h and vy = (Uh,f}h) S Wg’h:

1, 15 Q
Isnll3s, , = IK2anll} o + IKZ6n]32n) + 182 (A — An)[32(a)-
ki 1, N
1tnllar, , = = |KETull} o + K2 Pl Zzcay + 1182 (n — an) 17249,
1 1 d 1 .
[un 3y, , = K2V |3, + K2 Euh”%?(A) + 1187 (Tup, — @n)[172(a),
1 ~1od o, 1 .
Villy, , = IK2Vonllf _o + 1K EvhH%Q(A) + 1187 (Top, — )72 (a)-

The symmetrized formulation reads: find uj, = (up,ur) € W, such that

d_ . N
gvvh>A + (B(Mup, — Gp,), Hvp — Op)a

= qlﬁh(sl) Vv = (’Uh,’lA)h) S Wgyh. (46)

- d
As(uh;vh) = (KVuh, V’Uh>Q + <K$ﬁh,

Problem (42) can be recast in an augmented formulation, as in the continuous case,
to treat the non-symmetric trial and test norms. In particular, it is immediately
verified that the generalized saddle point problem of finding (sp,up) € M1, X Wy,
such that

(47)

a(sp,ty) + bi(up, ty) = F(ty) Vt, € Moy,
bi(vh,sp) =0 Vv € Wan,

passes the discrete inf-sup conditions related to the discrete norms. That is obtained
proceeding as in lemma 3.3. In fact, for any (o, o4, )\;“ )\h) =s), € M, we have
that (Th,T}“/J,h,/J,h) =1t € M2h defined by ThiK = TK O\K VK € 77“ Th = Op,
fin = Ap and fi, = A, satisfies a(sp, tp) = ||o'h||M1 > Itlla,,, = llollar, . Those
identities still hold if we swap s; and t;, My, and M s and change the sign of
a. Moreover, for any uy, = (up,n) € Wy p, choosing t, with 75, = F%?Vuhu(
VK € Thy, Th = %ﬁh, fn = Mup, and fp = Gy yields by(up, tn) = HuhH%Vl,m
lItrllaz,, = [lunllw, , . Again, the same identities are obtained by replacing uy, by
Vh, t, by s, and changing the sign of a.

Hence, (47) is well-posed, the solution (sp,uy) is such that uy solves also (46),
and [lupllw, , < 2[|F[lwy,,. As a consequence, we have the discrete stability esti-
mate

A Up, Vp
lunllw,, < 20Fllws, =2 sup A28 ¥r)

. (48)
eni0 [vallw,,

The final step is to show that, if R is small, also the original formulation (42) is
stable. To this end, for any v € W_,,, we observe that for all cylindrical coordinates
s and 6 we have

R 1 2m R
yav(s) = v(s, R,0) — / Orv(s,r,0)dr =Tlv(s) — —/ / Orv(s,r,0)drds,
0 2 Jo  Jo

so that, thanks to the Cauchy-Schwartz inequality,

2
1 27\' R
||(H—7A)v||%2(A)§/ <2ﬂ/ / 8ﬂ)(s,r,9)drd0> ds

1 R o 2,1-2a
8 v(s,,0)] drdfds < ||Vv||L2 () (49)

472 20
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Let u, € W 3, be given. Observing that
A(up, vi) = As(ap, v) + (B(IMup, — ap), (ya — Ivn)a

and owing to (48), there exists v;, € Wy, such that ||vi|lw,, = |lunllw, , and

— €

2

€, 1 . 1, 1
Alup, va) = As(ap, va) = 5182 (Huy, — )72 (a) — 2162 (I - ) vnll72 ()
1 1. 1

> sy, , — 2*€||52(H*7A)Uh|\2L2(A)-

Choosing for instance € = 1/2, thanks to (49) and to lemma 3.2, we conclude

) 1 R** Binax
IK2Von7> > 1 {1 — Gy } sy, ,

RZO‘ 5max
80[71’2 Kmin

1
Auap,vp) > — ||uh||%V1,h_

where C; is a positive constant depending on ¢ only. Similarly, let vi, € Wy} be

given. Then, there exists u, € Wy, such that |[up|lw, , = |[vr]w,, and
1 € R2a ﬂ 1
Aup,vy) > =||vnl? — — w3 — — K2 V|2
(wnovi) = 51l — 5 lanliv,, — oo i IKEVon e
1 R* Bina
> - |1 - 0= |lvy, |3 with € = 1/2),
> 1 - =l 2)
where Cf > 0 only depends on ¢. The stability and solvability of the finite ele-
2
ment approximation of the coupled problem for { = I;—a% small follows. The
error estimates (44) are immediately obtained thanks to Corollary 3.1 and standard
interpolation error estimates. O

5 Applications to microvascular flows

Microcirculation is a relevant instance of the coupled 1D-3D problems considered
in section 4. It concerns blood flow through a network of small vessels (arterioles /
capillaries / venules) surrounded by a tissue called interstitial matriz. Blood flows
from arterioles to venules; however, part of the fluid (plasma) crosses the vessel
walls entering the interstitial tissue (transmural flow), where it percolates before
being drained by the lymphatic system.

Models of microcirculation and interstitial flow are exhaustively discussed for
instance in Baxter and Jain [1989], Pries and Secomb [2008] (see also Lee and
Skalak [1990] for a review). For a single vessel A of radius R, the blood pressure @
and flow rate ¥ satisfy the Poiseuille law

77TR4 da(s)  do(s)

i) =TS S =), (50)

where p is the (effective) blood viscosity and ¢(s) is the transmural flux (exiting
the vessel). Note that this is precisely eq. (40) with K = ”8124.

Let the vessel A be embedded in a region 2 representing the interstitial tissue,
and let u be interstitial pressure. The latter satisfies the Darcy’s law (1), where (if
the osmotic pressure is neglected) the transmural flux ¢ is related to the interstitial
plasma pressure u and to blood vascular pressure 4 by means of the Starling’s law
(2), where L,, is the permeability of the vessel walls. In fig. 4 we show the numerical
simulation of microvascular flow inside a network of 12 vessels embedded in a “brick”
of interstitial tissue by solving problem (42).
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The tissue brick measures 35 x 20 x 15um. We assume that the interstitial
hydraulic conductivity K is 2.0 - 10~7 em? mmHg ™! s~'. We consider small cap-
illaries with R = 5um and effective blood viscosity p = 3 - 107> mmHg s, yielding
K =8.18- 10~ cm* mmHg ! s7!. We set L,=28 10~ %cm mmHg ' s~'. These
values, with K and L, higher than physiological levels, are typical of tumor tissues.
Blood flow and plasma filtration are clearly seen in fig. 4, with plasma being ex-
changed between capillaries. The 1D microvascular mesh and the 3D tissue mesh

are completely independent.

) s
133 133
| 13:% [ 162
ws.c;?'" 13.0
lm.o l 12.9
w12 w12

14.7

.12.4

I10.2
7.89

14.7

-12.4

l10.2
7.89

Figure 4: Microvascular 1D network embedded in a 3D interstitial tissue. Pressure
distributions (1D and 3D on slices) and plasma fluid paths.
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