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SUMMARY

This work discusses a theory of functional spaces over metric graphs, that permits the definition
of penalized likelihood methods for data observed over spatial supports that are graphs. Within
the considered mathematical framework, we recover classical results in functional analysis, such
as a Poincaré-type inequality. This, in turn, enables us to uplift, to the considered setting, the
theory of some fundamental penalized likelihood methods. Specifically, we present two important
classes of statistical models: nonparametric regression and nonparametric density estimation, here
defined for data observed over graphs. We derive theoretical results regarding the well-posedness
of the associated estimation problems and the consistency of the estimators. We also demonstrate
the performances of the defined estimators with respect to state-of-art alternatives.

Some key words: Smoothing with roughness penalties, nonparametric regression, nonparametric density estimation

1. INTRODUCTION

Since the seminal work of Wahba (1990), penalized spline and spline-like estimators have
become a standard general-purpose method when dealing with functional estimation. Besides the
classical framework of nonparametric regression, explored, e.g., in Craven & Wahba (1978/79)
and Eilers & Marx (1996), penalized splines have been widely used in other settings, such as
semiparametric and generalized regression (Green & Silverman] [1994; Ruppert et al.; 2003),
density estimation (Silverman/[1982]Gu & Qiu,|1993), quantile regression (Koenker et al.,|1994)
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2 A. CLEMENTE ET AL.

and generalized additive models (Hastie & Tibshirani, |1986} |1990; [Wood, 2017). The extension
of spline estimators from one-dimensional to multidimensional domains has been extensively
explored since the 1990s. The most classical approaches are based on tensor-product splines or
thin plate splines, discussed, for instance, by (Cox| (1984), |Duchon| (1977) and Wahba! (1990),
respectively. More recently, penalized estimators have been extended to deal with planar domains
with non-convex geometries. Ramsay| (2002) has introduced FELsplines, [Wood et al. (2008
have proposed soap film smoothing, [Sangalli et al.| (2013) and |Azzimonti et al.| (2015) have
introduced spatial regression with partial differential equation regularization, [Lai & Schumaker
(2007) and |Lai & Wang| (2013)) have described splines over triangulations, Wilhelm & Sangalli
(2016) have discussed generalized spatial regression, and|Ferraccioli et al.|(2021)) have considered
nonparametric density estimation. Curved domains and non-convex three-dimensional domains
have also been addressed by, e.g.,'Wahba (1981)); [Baramidze et al.|(2006); |[Ettinger et al.| (2016);
Arnone et al.[(2023D).

On a different line of literature, recent years have seen a growing interest in models capable
of analyzing data observed over linear networks, such as road or rail networks. Networks have
also become a central object of study in machine learning, where both graph kernel methods
(Borgwardt & Kriegel, 2005; [Shervashidze et al., [2011)) and Graph Neural Networks (Scarselli
et al.,2008; | Wu et al., 2020) have become widely adopted tools. However, in the machine learning
literature, the focus is typically on learning from graphs as data structures. In the framework of
this paper, instead, the graph is regarded as a physical subset of R¢, such as indeed a road or
rail network in R?, and constitutes the support over which data are observed. Within this latter
line of research, several statistical approaches have been recently developed. For instance, [Lu
et al. (2014) have considered Geographically Weighted Regression, while [Ladle et al.[ (2017)
have examined the use of Kriging to model pedestrian activities in non-urban areas, considering
network distance instead of the Euclidean distance. It is worth noting that using Euclidean
distance on linear networks may result in non-positive covariance matrices and, consequently,
invalid covariance models. To address this limitation, |Ver Hoef| (2018)) have introduced a Kriging
method specifically designed for data observed over undirected linear networks.

More recently, |Anderes et al.| (2020) have developed covariance functions on graphs with
Euclidean edges, which are graphs whose edges are treated as sets equipped with a coordinate
system, allowing points on the graph to be identified either as vertices or as locations along an
edge, and |Porcu et al.[(2023) have proposed a nonseparable spatio-temporal covariance function
on the same kind of graphs. Finally [Bolin et al.| (2024) have used the notion of metric graph
(see, e.g.,lBerkolaiko & Kuchment, 2013) and defined Whittle-Matérn fields as Gaussian random
fields on such graphs. Moreover, several authors have proposed models for point patterns observed
on linear networks. State-of-the-art approaches to tackling this problem have mainly relied on
kernel smoothing methods. In particular, Boots et al.| (2009) and (Okabe & Sugiharal (2012)) have
presented the Equal Split Discontinuous Kernel Density Estimation as an algorithm assigning
values to each part of the network in such a way that the kernel has total mass one. [ McSwiggan
et al.| (2017) have considered a Diffusion Estimator, or Heat Kernel Estimator, by exploiting the
connection between kernel density estimation and diffusion. [Moradi et al.| (2019) have proposed
a nonparametric adaptive estimator that relies on Voronoi tessellation over the network. [Rakshit
et al.[ (2019) have introduced a technique for intensity estimation over linear networks based on
two-dimensional kernels. Schneble & Kauermann|(2022) have proposed a nonparametric method
based on splines. Finally, |Yin & Sang| (2021) have presented an intensity estimation algorithm
based on a graph regularization technique to estimate the spatially varying intensity function.

In this paper, we present a mathematical framework which enables the development of advanced
nonparametric regression and maximum likelihood methods, starting from the definition of ap-
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propriate functional spaces over metric graphs. Metric graphs, indeed, do not enjoy the analytical
characteristics of topological domains in R?, and the classical definitions of functional spaces
do not hold. Building on |Berkolaiko & Kuchment| (2013)), we introduce appropriate functional
spaces and differential operators over metric graphs, leveraging the notion of quantum graphs,
and provide some essential analytical results in the considered spaces, such as a Poincaré in-
equality. Other functional analysis results on metric graphs are available, e.g., in Haeseler|(2011));
Berkolaiko & Kuchment (2013); Bolin et al.| (2024)). The use of differential operators on graphs
and the introduced functional embeddings permit the extensions to graphs of nonparametric and
maximum likelihood estimators with roughness penalties, similar to those extensively investi-
gated in the simpler setting of one-dimensional and regular multi-dimensional domains, in the
vast literature briefly recalled above. Specifically, we here present nonparametric regression and
nonparametric density estimation over graphs, and exploits the considered analytical framework
to derive the asymptotic properties of the associated estimators, proving results like those ob-
tained for smoothing splines by (Cox & O’Sullivan|(1990), for nonparametric regression over R?
by |Van De Geer & Wegkamp|(1996)) and |Geer| (2000), for polynomial splines by [Huang| (2003)),
and for smoothing spline density estimators by |Silverman| (1982) and |Gu & Qiuf (1993)). Differ-
ently from simpler one-dimensional and regular multidimensional domains, where the solution
to the penalized nonparametric estimation problem possesses a closed-form analytical solution,
the penalized estimators over graphs do not enjoy a closed-form solution. It is thus necessary
to solve the considered estimation problems through appropriate numerical discretization, and
we here discuss a discretization based on finite elements over metric graphs (see, e.g., |Arioli &
Benzi, 2018). The proposed methods are implemented in the library R package £daPDE (Arnone
et al.[ [2025)).

2. METRIC GRAPHS AND SOBOLEV SPACES ON GRAPHS
2.1. Metric graphs

We consider a finite graph G as a subset of the space R, made by a set of points, connected by
piecewise differentiable curves. In particular, let V = {Vi}i]\i . C R4 be the set of N points, called
vertices of the graph, and let E = {ei}fi , € V XV be the set of K couples of connected vertices,
called edges, where e = (u.,v.) denotes the edge connecting the two vertices u,,v, € V. We
consider undirected graphs, therefore the couple (u.,v.) is equivalent to the couple (v, u.).
We say that the edge e is incident to v € V if v = v, or v = u,. Let E,, denote the set of the
edges incident to vertex v; the degree of a vertex v, denoted by deg(v), is the cardinality of E,,.
For each edge ¢ € E, let r, : [0,£,] — R¥ be the arc-length parametrization of the piecewise
differentiable curve associated with e, where £, denotes the length of this curve, r.(0) = u, and
re(£e) = vo. We here consider the graph G as the subset of R? composed by all the vertices V,
together with all the points in the image set of the piecewise differentiable curves r,., forall e € E.
We denote by V; the set of interior vertices, i.e., vertices having deg(v) > 1, and by Vjp the set of
boundary vertices, i.e., vertices having deg(v) = 1, so that V = Vg U V;. We assume Vg # 0, i.e.,
we consider graphs that have at least one boundary node, as common in real data applications.
Figure shows an example of a graph in R,

In order to define a distance on the graph G, we start defining the distance between any two
points x;,xp on the same edge e, i.e., belonging to the image set of the curve r.. For such
X1,Xp, there exist s1,s7 € [0,£.] such that x; = r.(s1) and x, = r.(s2). Since r, is the arc-
length parametrization, we can simply define the distance as d.(x;,x2) := |s; — s2|. We point
out that any other parametrization can be used, and in that case the distance is defined as
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Fig. 1: Example of a graph in R?. The graph G is the subset of R? composed by all the vertices
V = {vi,...,vs}, together with all the points in the image set of the piecewise differentiable
curves r, for all edges e € E, indicated by grey lines. For the graph in the figure, we have internal
vertices V; = {v3, v4, vs, v} and boundary vertices Vg = {v{, v2, 7, vs}.

de(x1,x7) := fslsz |7, ()2 dt. Using the distance d., we can now define the shortest path distance
dg on G as follows: for any x,y € G, dg(x,y) is the minimum length, among the lengths of
all the paths connecting x and y. Endowed with this distance, (G, dg) is a metric space, called
metric graph.

2.2.  Functional spaces on graphs

In nonparametric regression and density estimation problems, the estimator is a function
belonging to an appropriate functional space. In the setting here considered, this function is
defined on a graph. It is therefore essential to define appropriate spaces of functions over graphs,
in which to embed the considered estimation problems. Thanks to the metric space structure
introduced in Section 2.1} we can now define the space of continuous functions over the graph
C°(G) in the usual way. In the following we identify each edge e € E with the associated interval
[0, £.]. Thus, for any edge e € E of the graph G, we denote with L” (e) the standard Lebesgue

1
LP space over [0, £, ], that is, LP (e) = {f e >R (/e |f|p) "< oo} , equipped with the norm
lI:Ilr (e)- Denote by

H(e)={f:e >R : fP cL?(e)Vk =0,...,s},

the Sobolev space on e, equipped with the norm ||-||gs(.) induced by the standard inner
product (f, &)us(e) = Lo (f(k),g(k))Lz(e). We recall that the spaces (L*(e), (-, );2()) and
(H*(e), (*,*)Hs(e)) are Hilbert spaces when equipped with the inner products (-,-);2(.) and
(*,*)Hs () respectively (see, e.g.,|Brezis & Brézis, 2011).

We can now introduce the appropriate functional spaces defined over the graph. We define the
LP space over the graph as follows.

DEerINITION 1. Define the functional space

LP(G) :={¢ : G — R such that ¢|., € L” (e), Ye € E} = @Lp(e)
ecE
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which consists of the functions that are p-integrable over each edge e € E. The space LP (G) is
equipped with the following norm:

12y = DI e - (1)

ecE

The introduction of the Sobolev space H® over graphs, for general s € N, is not straightforward.
We start by recalling the definition of the space H* provided by Berkolaiko & Kuchment (2013).

DEerINITION 2. Define the functional space

°(G) = P H' (e)
ecE

which consists of the functions whose restriction to e € E belongs to H*(e), Ve € E. The space
H*(G) is equipped with the following norm:

17y = D, I s o) @)

ecE

The spaces L”(G) and H*(G) are defined as the direct sum of the local spaces over the edges.
Similarly, we can introduce differential operators acting on functions belonging to such spaces.
For instance, we can define the first and second weak derivatives of a function ¢ over the graph,
as those functions that, once restricted to any edge of the graph, are the first and second weak
derivatives of ¢. Specifically, for any point x on the edge e, they are

d¢

D:opx) > T

d2
() ad M) - S50 ®
dx;

where % denotes the derivative along that edge. Note that the operator D is well defined from

H'(G) to L*(G), while H is well defined from A%(G) to L?>(G). Differential operators are
particularly useful in nonparametric statistical modeling, since they are commonly employed to
measure the regularity of the function.

It should now be noted that the spaces H*® do not possess the properties of Sobolev spaces
over the whole graph, but only locally on the edges. In particular, they do not satisfy the classical
Sobolev embedding property H* ¢ C°(G) (see, e.g., Brezis & Brézis, 2011), due to lack of
sufficient regularity at the graph vertices. To define global Sobolev spaces over (G, dg) it is thus
necessary to introduce appropriate regularity conditions at the vertices. Such vertex conditions,
Cy, may concern the value or the function or of its derivative at vertices v € V. A metric graph,
equipped with a differential operator O, and accompanied by vertex conditions Cy, is called a
quantum graph. Hence, a quantum graph is the triple:

((G9 dG)? 09 CV) .

The notion of quantum graph is inherently linked to the definition of a specific Sobolev space
on the graph. Consider, for example, the first weak derivative D, defined in (]3[), and consider, as
vertex conditions, the continuity at the vertices:

C8(¢) . ¢ is continuous Vv € V.

The quantum graph ((G, dg), D, C‘O,) characterizes the space H'(G), defined as

H'(G) :={¢p € H'(G) : ¢ satisfies C}.
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6 A. CLEMENTE ET AL.

This space satisfies the Sobolev embedding H!(G) c C°(G), since it is naturally satisfied along
each edge, and it also holds at vertices by definition.

Consider now as differential operator the second weak derivative H : H*(G) — L*(G) defined
in (@). Several vertex conditions can be considered in order to define an H>-Sobolev space over
the graph. In this work, we consider the so-called Neumann-Kirchoff conditions,

dé
dx,

NKy(¢) : ¢ satisfies 08 and Z

eckEy

(v,g) =0 Vve eV

and the Dirichlet boundary conditions

Dy, ,(¢) : ¢(ve) =y (ve), ve € Vp

where Vp C Vp is a subset of boundary vertices and y(-) is a function on V. The Neumann-
Kirchoff conditions arise naturally by considering the operator H in (3)), and they ensure continuity
and the conservation of mass at graph vertices, while the Dirichlet conditions impose the value at
the boundary vertices in Vp and are particularly interesting when problem-specific information
is available concerning the behavior of the function at boundary vertices. Other possible types of
vertex conditions may involve, for instance, the non-homogeneous Neumann-Kirchhoff conditions
or the fully Dirichlet conditions, that impose the values of the function also at the interior vertices
(see, e.g., Berkolaiko & Kuchment, 2013]).

Specifically, we here consider two functional spaces, associated with the quantum graphs
((G,dg),H, NKy) and ((G,dg), H, NKy\v,, N Dy,,), that provide the natural functional em-
beddings for the nonparametric estimation problems that will be considered in the subsequent
sections.

DEerFINITION 3. We define the space H> . (G) as
H2(G) := {¢ € H*(G), ¢ satisfies NKy} .
DErFINITION 4. We define the space H%K,y(G) as
Hfm(G) = {¢ € HX(G), ¢ satisfies NKvy\v,, and Dv,,  }.

Both H2 . (G) and Hﬁm (G) are Sobolev spaces equipped with the norm ||| 52, defined in @.
Moreover, notice that the point-wise evaluation of functions belonging to the spaces H2 ,(G) or
H%KW(G) is well-defined. Indeed, thanks to the Sobolev embedding on each edge H*(e) c C%(e)
and the vertex conditions NKy, the functions in H2,(G) or Hﬁm(G) are globally continuous,
so that H2,(G) and H,%M(G) are sub-spaces of C°(G). This is a crucial feature to enable the
definition of appropriate nonparametric statistical models on graphs. In particular, the space
H? . (G) introduced in Deﬁnitionprovides the functional embedding for the density estimation
problem presented in Section [d] and is used to prove the well-posedness of the estimator and
its asymptotic properties. Similarly, the space Hﬁm(G) in Definition EI provides the functional
embedding for the nonparametric regression estimator in Section [3] and it is used to prove its
properties.

2.3.  Poincaré inequality in functional spaces over graphs
The proofs of the theoretical results presented in this section are available in section ?? of the
Supplementary Material. We first prove a Poincaré-type inequality, which is useful to establish the
consistency of the nonparametric estimators showcased in Sections[3|and[d] We use the following
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/Gu::Z/udxe,

ecE Y€

notation:

2 2
d*u

dxk

d*ku
dxk

L2(G) ecE

We first state the following Holder inequality on metric graphs.

L)

Lemma 1 (HOLDER INEQUALITY). For any u € L?(G) and v € L4(G), where p,q € R are
such that % + é = 1, the following inequality holds

lu vl = Z luvl < lullee)lvilLa(s)-

ecE Y€

As in more classical settings, when p = g = 2 we refer to the inequality of Lemmal(l|as Cauchy-
Schwarz inequality. Define the space Hyl(G) := {¢ € H'(G), ¢ satisfies Dy, , }. We can then
state the following Poincaré Inequality.

THeOREM 1 (POINCARE INEQUALITY). Forany u € Hé (G), there exists a constant ¢, > 0 such
that

@
dx

lullz2Gy < cp :
L*(G)

Remark 1. It should be noted that Haeseler| (201 1)) provides an alternative Poincaré inequality
over graphs, for functions u € HIZ\, x (G) such that fG u = 0, 1.e., in the space of functions with null
mean over the graph, whilst Theoremis stated in H(l) (G) and thus hold in the space HgK’O(G),
which provides a more natural functional embedding for the estimation problems here considered.
Indeed, the space of functions with null mean over graph does not offer an appropriate functional
embedding for our nonparametric estimation problems: if we assumed that the nonparametric
estimator have a null mean, then we would need to estimate the mean separately. The Poincaré
inequality in Theorem|[I]and that in[Haeseler] (2011)) can nevertheless be shown to be equivalent,
exploiting classical analytical results; see, e.g., Chapter 7 of |Salsa (2016).

||% “llz2(G) in terms of the norm

Additionally, it is possible to prove the equivalence between the norms || |lg2(G) and

d2
dax?’

NK,y

12(G) on H?, (G). In particular, Corollary I provides an upper bound for the norm

d2
dx?’

between the two aforementioned norms.

12(G)’ and Corollary [2| establishes the equivalence

CoRrOLLARY 1. Forany u € H2, (G), there exists a constant C > 0 such that
d’u
ul|g <Cl== .
R 2
CoroLLARY 2. The norms || - || g2 (g and | dd—jz- 26) are equivalent in the space H>, (G). In

particular, there exists a constant cy, > 0 such that the following inequality holds:
2

dx?

< llullg(c)-

crllullge gy < o)
L2(G

Remark 2. Since Theorem |1| also holds for any function u € HIZ\, x (G) such that fG u=0it
follows that Corollary [T|and Corollary 2] also hold in this case.
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8 A. CLEMENTE ET AL.

3. NONPARAMETRIC REGRESSION OVER GRAPHS
3.1.  Statistical Model
This section defines a penalized nonparametric regression for data observed over graphs; the
proofs of the theoretical results here presented are available in Section ?? of the Supplementary
Material. Consider n locations p;, ... p, over the graph G. Let y; € R be the value taken by a
random variable of interest, observed at points p;. We assume the nonparametric model:

yi =f(pi) + & i=1,..n,

where f € H,%M(G) is an unknown function, and &y, ..., &, are uncorrelated noises with zero
mean and finite constant variance o-2. We consider
2

} ; “4)
L2(G)

where A is a positive smoothing parameter, that balances the data-adaptation and the smoothness
of the estimate. For any function f € Hﬁm(G), denote by f,, = [f(p1),..., f(p,)]" the vector
of the evaluations of f at the n locations of the observations. Recall that the point-wise evaluation
is well-defined for any function belonging to H]%M(G), since Hﬁm (G) c C°(G), as commented in
Section Finally, let y = [y1,...,y.]" € R" be the vector of the observations. The following
theorem states that the estimation problem (@) has a unique solution.

fi= argmin {% 2 i =f )+

fEHI%/K,y(G) =1

&> f

dx?

Tueorem 2. The estimator f € H,%m(G), that solves the nonparametric regression problem
®), exists and is unique. Moreover, f satisfies

| / df dPu 1 )
—u, fnt+4 — — =-u Yu € Hy,, (G). 5
| e;edxgdx% Y AG) 5)

Remark 3. Although, for simplicity of exposition, Theorem [2] is presented for functions sa-
tisfying Dirichlet boundary conditions, the same result also holds in the case of f € H?,(G),
thanks to the characterization of the kernel of the differential operator detailed in the proof of
Theorem 6]

Differently from the classical settings of smoothing splines and thin-plate splines, where the non-
parametric regression problem possesses a closed form analytical solution, that is an appropriate
spline, the estimator £ in @) does not enjoy a closed form solution. This issue, coupled with
the complexity of graphs with respect to classical topological domains, makes it impossible to
derive the consistency of the nonparametric regression estimator on graphs by straightforward
extensions of the arguments used, e.g., by |Cox| (1983 [1984); Cucker & Zhou (2007); |Gyorfi
et al.| (2002); Huang|(2003) to prove the consistency of smoothing splines and thin-plate-splines.
Nevertheless, consistency of the estimator in (@) can be established as detailed in the following
section.

3.2.  Consistency of Nonparametric Regression Estimator over Graphs

We consider the estimation problem in (@), denoting the smoothing parameter by 4,, to highlight
the dependence on the sample size n. We denote by f; the true unknown function and assume
fo € HﬁK'y(G). Let F,,(p) be the empirical cumulative distribution function that assigns mass n~!
to each point p;. Specifically, F}, is the restriction to G of the empirical cumulative distribution
function defined over R¢. We make the following assumptions, which are standard in the literature
of nonparametric regression over simple one-dimensional or multi-dimensional domains (see,
e.g.,|/Coxl [1983] [1984).
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Assumption 1. {F,} converges uniformly to a cumulative distribution function F with associ-
ated density f € C*(G), with respect to the Lebesgue measure on G, where f is such that, for
allpe G,0< ky < f(p) < ky < oo for some constant k1, k5.

Assumption 2. Set A, such that lim d,A;! = 0, where d,, := suppeg |F(p) — Fu(P)|.

n—oo

The following result extends Lemma 4.2 of |Cox|(1984) to nonparametric regression estimation
on graphs.

TueoreM 3. Let (G, dg) be a metric graph. UnderAssumptionsandIZI Vh,g € H'(G), there
exists a constant ¢ > 0 such that

Z/hgd(F F,)

ecE

< cdulEl |l ) 118llm (6 (6)

where |E| denotes the number of edges of G.

TheoremElbelow gives an upper bound for the L?(G)-norm of the bias of the estimator, denoted
by B := fo —E[f 1. Theorem gives an upper bound for the L?(G)-norm of the variance of the
estimator. Finally, Corollary [3] states the consistency of the nonparametric regression estimator.

THeOREM 4. Under Assumpnonsland El for fo € H?, (G) and n large enough,

THeEOREM 5. Under Assumptionsand EI for fo € Hﬁm(G) and n large enough,

Var(f) = ( 2,17 O’j)

CoroLLARY 3. Under Assumptionsand EI for fo € H2, (G), setting A,, = n=*/3 we have

NK,y

MSEpa)(F) =E|llfo = fI26)| = 0 (177

4. NONPARAMETRIC DENSITY ESTIMATION OVER GRAPHS
4.1. Statistical Model

This section introduces a nonparametric density estimation method for point patterns observed
over graphs; the proofs of the theoretical results here presented are available in Section ?? of
the Supplementary Material. As commented in the Introduction, the study of point patterns on
graphs has recently attracted a strong interest in the statistical literature, stimulated by several
applications, among which the analysis of road accidents. Building on the analytical framework
introduced in Section 2] we extend the nonparametric density estimators proposed by [Silverman
(1982) and|Gu & Qiuf(1993)), originally developed for simple one- and two-dimensional domains,
to the more complex setting of point patterns on graphs. Let f denote an unknown density on
the graph G, and let py,...,p, be n random points over G, independently drawn from the
unknown density f. Given the observations py, ..., p,, our objective is to estimate the log-density

=log(f), solving the following minimization problem:

2

d
g := argmin {——Zg(p,)+/exp{g}+/l £g } (7
L%*(G)

gEHzK(G) d.x2

2
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10 A. CLEMENTE ET AL.

where the first term represents the negative log-likelihood, the second term ensures that the
function f = exp{g} integrates to one over G, and the third term is the regularization. The
following theorem states the well-posedness of this estimation problem.

THEOREM 6. The density estimation minimization problem (1) has a unique minimizer in

H((G).

In the next section, we establish the consistency of the nonparametric density estimator.

4.2.  Consistency of Nonparametric Density Estimator over Graphs

Let go = log( fo) be the true log-density , and assume that fy(p) > 0 for all p € G. Let g* be
an approximation of ¢, which is the minimizer of

2 112

dx?

RN 1
Lo(g) =~ D 8(P) + 1+ 1gy () + 3Varg (g —go) + 4| =2
i=1 L*(G)

where f14,(g) = fG gexp{go} and Varg, denotes the variance of go (X) when X has log-density
go. Let DK L(+, -) denote the symmetrized Kullback-Leibler distance. The functional L, and its
minimizer g* are introduced to decompose the distance between g and gg in two parts, namely
DsKL(g,g%) and D;KL(g*, go), whose asymptotic properties are easier to derive compared to
those of DyKL(g, go) . We consider the following assumptions on g and g., that extend to the
setting here considered the analogous assumptions made by |[Silverman| (1982) and |(Gu & Qiu
(1993) for density estimators over regular one and two-dimensional domains.

Assumption 4. Let By be a convex set centered at gg, containing g and g.. There exists a
positive constant ¢ such that ¢ Varg, < Varg uniformly with respect to g.

Assumption 3. The true log-density g is bounded above and below, and is such that
d’go

<o,
L%(G)

In particular, Assumption [3| ensures that the weighted L?(G)-norm, where the true densit
fo = % is used as the weight function, is equivalent to the standard L?(G)-norm. Assumptionél
requires Assumption[3]to hold also for functions near go, and it is satisfied whenever the elements
of B are bounded from above and below.

THEOREM 7. UnderAssumptionsEland as A — 0and nA''?* — oo the estimator 8, that solves
@@, is consistent and

DyKL(g0,8) = O(n~'A72 + 1).

We recall that the symmetrized Kullback-Leibler distance also governs other metrics commonly
used for density functions, such as the Hellinger and total variation distances (see, e.g.,|Pollard,
2002). As a result, the proposed estimator is also consistent with respect to such distances.

5. DISCRETIZATION VIA FINITE ELEMENTS OVER GRAPHS

The nonparametric regression estimator in (@) and the nonparametric density estimator over
graphs in (7) do not enjoy closed-form analytical solutions and must therefore be computed
through numerical discretization. In this section, we introduce a discretization strategy based
on the Finite Elements method over graphs (Arioli & Benzi, [2018]). We discretize the graph G
by subdividing the edges of the original graph G into smaller edges, setting along the graph
the nodes Vj, = {£1,...,én,}, where V C Vj,. Let G, = (Vj, Ej,) denote the discretization of
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G, where V), = {£1,...,&n,} is the set of mesh nodes, and Ej = {ey, ..., ek, } is the set of
edges. The finite element space of order r is defined as the space of functions C°(G},) that are
polynomials of order r once restricted to any edge ej,. In particular, in the numerical studies and
test-bed applications in Sections [6]and[7] we use linear finite elements, that are finite elements of
order 1. It is possible to define a set of Ny, basis functions 1, . . ., ¥, associated with the nodes
Vi = {é1, ..., &N, } spanning the finite element space of order 1. Let ¢ = (1, ..., ¥, ) be the Ny,
vector of the basis functions. Any function iy, in the finite element space can be written as the linear
combination of the basis functions, that is, uj,(p) = Z]Aihl u; Yj(p) = u'p(p), where u is the
vector of coefficients of the basis expansion. Such a vector of coefficients coincides with the vector
of the evaluations of the function at the Nj nodes of the mesh, i.e., w = (u(&),...,u(én,)).
Denote by ¥ the n X N;, matrix, with its entries representing the evaluations of the Nj, basis
functions at the n data locations, that is W;; := ;(p;). Finally, let Ry and R denote the mass and
stiffness matrices, defined as the following N;, X N, matrices:

dy; dy;
(Ro)ij = Z /h i (R1)ij = Z /e,, %é

epekEy ¢ epeEy

The matrices W, Ry, and R; are employed in the discretization of estimation problems considered
in Sections[3|and] In particular, the nonparametric regression problem discussed in Section[3|can
be solved via a so-called mixed finite element approach, as detailed in|Azzimonti et al.|(2014]) for
the case of nonparametric regression over two dimensional domains, leading to the nonparametric
regression estimator f ' (p) where f = (PTY + AR[ Ry 'R1)~'"¥Ty. The solution is obtained
efficiently without explicitly computing Ry Vor (PTVW + AR[ Ry 'R1)~!. As detailed in |Arnone
et al.| (2023a)) for the estimators over multidimensional domains, the computational cost depends
both on the number of observations n and on the mesh size Nj,. In particular, for a fixed mesh
(i.e., fixed Nj,), the computational complexity is of order O(n'/?). On the other hand, for a fixed
sample size n, the computational complexity is of order O (N}). The convergence properties of
the finite element regression estimator can be derived by appropriately combining the results in
Arioli & Benzi (2018]), concerning the bounds for the error of the finite element solution of a
partial differential equation defined over a graph, and those in|/Azzimonti et al.|(2014), concerning
the discrete regression estimator defined over two-dimensional domains.

Concerning the nonparametric density estimation problem discussed in Sectionfd] the discrete
counterpart of the estimation problem (7)) is given by

L(g) =-1"%g+n > w'exp{¥ug}+ 18 RiR;'Rig. (8)

en€Gp

Here, the first term is the evaluation of the negative log-likelihood; the second term approximates
the integral of the density that appears as the second term in (7) via an opportune quadrature
rule, where W}, is the matrix of the basis functions evaluated at the quadrature nodes and w is the
weights vector of the considered quadrature rule; finally, the last term is the discretization of the
penalty term in (7)), obtained in analogy with the mixed finite element solution to the nonparametric
regression problem. The minimization of the discrete problem (8] can be performed using classical
steepest descent algorithms, such as the gradient descent algorithm or the Broyden-Fletcher-
Goldfarb-Shanno (BFGS) algorithm. Such approaches are guaranteed to converge, thanks to the
strict convexity of the functional. We remark that, for both models, the graph complexity does not
pose any theoretical issue, since the well-posedness of the estimators is ensured by the presence
of the penalty term. Of course, higher graph complexities imply a higher mesh sizes, and thus
higher computational cost. In that respect, it should be noted that the mesh should be chosen
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fine enough to capture the possibly localized features of the signal; however, overly fine meshes,
i.e., meshes with a resolution much higher than the data resolution, are unnecessary, and lead to
increased computational cost for the same level of accuracy of the estimates (see, e.g.,|/Azzimonti
et al., |2014} for a detailed study in the context of estimators over a two-dimensional domain).
Data-driven meshes, with finer resolution where data locations are denser, can be used to save
computational costs, while preserving accuracy, as illustrated by, e.g., Tomasetto et al.[(2024) in
the context of nonparametric regression over two-dimensional domains, and by |[Ferraccioli et al.
(2021) in the context of nonparametric density estimation over two-dimensional domains. Data-
driven meshes are a standard approach to ensure good asymptotic and inferential properties of the
estimators, also in the context of classical functional data analysis problems (see, e.g., Ramsay
& Silverman, 2005). For both models, the value of the smoothing parameter A may be selected
using cross-validation. In particular, for the regression model, we consider Generalized Cross
Validation (see, e.g.,|[Sangalli et al., 2013)), while for the density estimation model, we consider
K-fold validation (see, e.g.,|[Ferraccioli et al.,2021). This ensures empirical robustness, as shown
in extensive simulation studies for estimators over two and three-dimensional domains; see, e.g.,
Sangalli et al.| (2013); |Arnone et al.| (2023a)); |[Ferraccioli et al.| (2021)). The implementation of
the proposed methods, for both first-order and second-order finite elements, is available in the R
package £daPDE (Arnone et al.,[2025)), together with utilities to refine the mesh.

6. SIMULATION STUDIES
6.1. Simulation 1: nonparametric regression - clustered locations and Whittle-Matérn noise
This section presents a simulation study dealing with a nonparametric regression problem over
the simplenet network available with the R package spatstat (Baddeley et al., |2015); see
Figure [3] The graph is discretized into a mesh consisting of 123 nodes and 123 equally spaced
edges; this mesh is used by all the competing methods presented below. We consider the test

Test function

ﬁﬁﬁ“

Data Lattice

Fig. 2: Simulation 1 (Section : nonparametric regression problem - clustered locations and
Whittle-Matérn noise. Top left: test function. Bottom left: data obtained from the test function in
the top left panel, evaluated at locations clustered along the graph, with the addition of Whittle-
Matern noise. Center and right: mean estimates obtained by the competing methods over 30
simulation repetitions with sample size n = 100.

6.03 8139

3.93

1.83

-0.27



Nonparametric estimators over metric graphs 13

function shown in the top left panel of Figure [2] and sample the data at n locations, clustered
along the network, and add correlated noise, generated as a Whittle-Matérn field on the graph
using the R package MetricGraph (Bolin et al., 2023). Data generation (both locations and
values) is repeated 30 times, for different sample sizes n = 100, 150, 250, 500. We compare the
Nonparametric Regression estimator over Graph (NRG), presented in Section[3|and implemented
in the R package £daPDE (Arnone et al., 2025), to three competing methods available in the
literature. The first competitor is the Whittle-Matérn field (WMG), introduced by Bolin et al.
(2024), that is based on a stochastic partial differential approach and constitutes an extension to
metric graphs of the Gaussian fields with Matérn covariance function originally introduced by
Lindgren et al.|(2011). This method is implemented in the R package MetricGraph (Bolin et al.}
2023). The second competitor we consider is the Geographically Weighted Regression (GWR),
which consists of local techniques for exploring spatial heterogeneity in data relationships, by
assuming spatial variation of the regression coefficients; see [Fotheringham et al.| (2003). The
implementation for linear networks is available in the R package GWmodel (Gollini et al.} 2015)),
and uses the shortest path distance on the graph, that we have formally defined in Section [2}
The method considers a fixed kernel bandwidth, selected through minimization of AIC. index.
The third method belongs to the class of Lattice-based models (Lattice), that use diffusion
kernels to estimate smooth regression functions defined on complicated domains, see Mclntyre
& Barry| (2018). Such an approach can be applied to any situation where it is possible to
represent the spatial region, over which the estimator is defined, by a set of nodes connected by
neighboring relationships. The implementation for the linear network is based on the R package
latticeDensity(Barry, [2021)), using the functions provided in the supplementary material of
Barry & Mclntyre|(2020); the adjacency matrix is computed assuming an isotropic model between
neighboring nodes. The central and right column panels of Figure 2] show the mean estimates
provided by the competing methods, over 30 simulated repetitions with 100 observations. From
a qualitative point of view, it seems that all the competing methods are capable of capturing the
main features of the signal. A quantitative comparison of the estimates provided by the competing
methods is then performed on the basis of the Root Mean Square Error (RMSE), computed on a
fine grid of points along the network. For n = 100, the mean RMSEs are 0.0062 for the proposed
NRG method (sd = 0.0026), 0.0062 for the WMG method (sd = 0.0025), 0.0103 for the GWR
method (sd = 0.0125), and 0.0084 for the Lattice method (sd = 0.0025). These results indicate
that the proposed NRG method, presented in Section [3| and the WMG method, introduced by
Bolin et al.| (2024)), provide the most accurate estimates when the number of observations is
low. As the number of observations increases, the other competing methods tend to yield similar
RMSE values, as shown by the boxplots of RMSE in the left panel of Figure ??; see Section ??
of the Supplementary Material. In addition, Section ?? of the Supplementary Material presents a
further simulation study conducted under uncorrelated noise. R scripts reproducing all simulation
studies, including that presented in the next section, as well as the test-bed applications in Section
[7] are available in the GitHub repository: https:/github.com/fdaPDE/case-studies.

6.2. Simulation study 2: density estimation

This section presents a simulation study dealing with a density estimation problem. We generate
samples of independent and identically distributed observations, from the true density, on the
simplenet graph, shown in the top left panel of Figure [3]| We consider different sample sizes,
n = 50, 100, 150, 250, and repeat the data generation 30 times for each sample size n.

We compare the nonparametric Density Estimator on Graphs (DEG), presented in Section []
and implemented in the R package £daPDE (Arnone et al.l [2025), to three competing methods
available in the literature. The first competing method is Kernel Density Estimation based on
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n DEG KDE-HEAT KDE-2D VORONOI

50 | 0.02838 (0.01353) | 0.03346 (0.00969) | 0.04037 (0.00915) | 0.14594 (0.14230)
100 | 0.01427 (0.00507) | 0.02179 (0.00420) | 0.02704 (0.00405) | 0.15331 (0.32537)
150 | 0.01368 (0.00527) | 0.01903 (0.00473) | 0.02273 (0.00463) | 0.13434 (0.1946)
250 | 0.00795 (0.00252) | 0.01395 (0.00282) | 0.01689 (0.00268) | 0.42064 (1.16095)

Table 1: The table reports the mean (standard deviation) of the Root Mean Square Error over 30
simulation repetitions of Simulation 2 (Section[6.2), for different sample sizes. Same methods as
in FigureEl In bold, the smallest RMSE.

the heat equation on the network (KDE-HEAT); see, e.g., McSwiggan et al.| (2017). The second
competing method is Kernel Density Estimation based on a two-dimensional kernel (KDE-
2D); see, e.g., Rakshit et al.| (2019). The last competing method is the nonparametric adaptive
estimation based on Dirichlet-Voronoi tessellation over the network (VORONOI), introduced by
Moradi et al.| (2019). The implementation of these three methods is available in the R package
spatstat (Baddeley et al., [2015). Figure [3| shows, in the top left panel, the true density, in
the bottom left panel, a point pattern of size n = 100 from this density, and, in the center and
right panels, the mean density estimates provided by the competing methods over 30 simulation
repetitions. From a qualitative point of view, the VORONOI provides rougher estimates than the
competitors. We quantify the estimation error via the RMSE, computed on a fine grid of points
over the network. TableT|reports the mean (standard deviation) of the RMSE over 30 simulation
repetitions, for each sample size n. The nonparametric Density Estimator on Graphs, presented
in Section 4] provides the best estimates under all settings.

True density KDE-HEAT
Data KDE 2D VORONOI

0.73

0.36

0

7N W

Fig. 3: Simulation 2 (Sectlon. 6.2)): density estimation problem. Top left: true density; Bottom left:
point pattern generated sampling independent observations from the density on the top left panel.
Center and right: mean density estimates provided by the competing methods over 30 simulation
repetitions with sample size n = 100.
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7. APPLICATIONS
7.1.  Test-bed regression problem: London House Price

In this section, we illustrate a semiparametric regression problem, concerning the London
House Prices dataset (see, e.g., [Lu et all [2014). This dataset consists of the selling prices
of 1601 properties in London (UK), which have been sold during 2001, together with some
characteristics of the properties and neighborhood. Specifically, we consider as the response
variable the logarithm of the overall price of the house, and as explanatory variables: the size
of the property, the presence of at least two bathrooms, and the percentage of the workforce in
professional or managerial occupations in the census enumeration in which the house is located.
The nonparametric regression estimator considered in this work can indeed be extended to include
space-varying covariates, by considering a semiparametric structure, similar to that described in
Sangalli et al.|(2013) for spatial regression over simpler two-dimensional domains. The left panel
of Figure [d] shows the locations of these properties, with the colour of the point marker referring
to the selling price of the house (in thousands of sterlings), and, in the right panel, a zoomed-in
view of the road network in the center of London, highlighting the complexity of the spatial
support, which comprises the whole municipality. Specifically, the graph contains approximately
75k nodes and 96k edges. Such dense spatial support presents a more challenging computational
problem than those addressed in the simulation studies in Section [f] Regarding the competing
method considered in this application, we compare the GWR estimates in|Lu et al.|(2014), based
on the network distance metric, with those obtained by the semiparametric version of the spatial
regressor discussed in Section [3] of this work. We do not consider the Lattice method due
to its similar performance to the GWR method in the simulation studies presented in Section [6}
Additionally, we were unable to include a comparison with the WMG method proposed by [Bolin
et al.| (2024) because initializing the data structure that stores the graph, using the MetricGraph
package, requires more RAM than was available on the machine used for both the simulations
and the application studies (a standard laptop with Intel Core i7-8565U, 1.80GHz, quad-core, 16
GB RAM). The smoothing parameter of the proposed method is selected through generalized
cross-validation. The GWR model is calibrated using fixed kernel bandwidths, optimally selected
via a minimized AIC, approach; see|Lu et al.|(2014) for details. Both models estimate a positive
effect of the considered covariates on the house prices, aligning with economic intuition. The
two methods are compared on the basis of RMSE, computed at test locations, on a 10-fold cross-
validation scheme. The mean cross-validated RMSEs are 0.0426 for the proposed method (sd
0.0051) and 0.0794 for the GWR method (sd 0.0085), indicating an advantage of the proposed
estimator also in this semiparametric setting.

7.2.  Test-bed density estimation problem: Chicago Crimes

In this section, we provide a test-bed application of the considered Density Estimator over
Graphs (DEG), considering the Chicago crimes dataset, available in the R package spatstat,
and considered, e.g., by [Rakshit et al.| (2019); |[Yin & Sang (2021). This dataset records the
locations (nearest street address) of crimes reported in the neighborhood of the University of
Chicago, in the city of Chicago (Illinois, USA), between 25 April 2002 and 8 May 2002. The
top left panel of Figure [5] shows the locations of the crimes and the road network. We compare
the estimate provided by the proposed estimator, DEG, with those obtained by the competing
techniques KDE-HEAT and KDE-2D, described in Section [6.2] Figure [5] shows the density
estimates provided by the competing methods; the proposed DEG method appears to capture
the peaks in the density distribution better than the kernel-based alternatives, which appear to
suffer from limited data availability. We quantitatively compare the estimates in 10-fold cross-

470

475

480

485

490

495

500

505

510



515

520

525

530

535

540

16 A. CLEMENTE ET AL.

P\
, \“ !
o \\‘“! Sk
X A “\“»"‘
2% \) (s
NG S s
S St
[T

N
0%

2 %
&\ \\.
S\
\‘ \ .\\

i

SB[
K2 SRS
I 0‘/
=

S %

Fig. 4: London House Price (Section . On the left, the response variable: the price of the
houses sold during 2001. On the right, a zoomed-in view of the road-network in the city center
of London.

validation, computing the error R = fG(f‘“‘J)2 - # Yielk] Ik (xIk]), where f~1%] is the
density estimated without considering the k-th fold, x!*! is the subset of observations of the k-th
fold and #x!*! is its cardinality. We point out that this error, considered among others by, e.g.,
Marron|(1987), can take negative values, with smaller values indicating better results. The 10-fold
cross-validation errors of the competing methods are -0.1260 for DEG (sd 0.0229), -0.1084 for
KDE-HEAT (sd 0.0123), and -0.1017 for KDE-2D (sd 0.0110), highlighting the superiority of
the proposed estimator with respect to the alternatives also in this test-bed application.

8. DiscussioN

In this work, we have extended to graphs two fundamental nonparametric estimation problems,
nonparametric regression and nonparametric density estimation, classically investigated for data
observed over simply connected open domains of RY. We have specifically focused on the
properties of the infinite-dimensional estimators, considering appropriate functional embeddings.
Following the lines of [Ferraccioli et al.| (2022)), [Arnone et al.| (2023b), and Begu et al.| (2024),
one could additionally derive the properties of the corresponding discrete estimators, defined
in Section [5] In particular, using the arguments in [Ferraccioli et al| (2022) and [Arnone et al]
(2023b), it is possible to prove the asymptotic normality of the discrete regression estimator over
graphs. This justifies the use in this context of Wald-type tests, and other nonparametric inferential
tools, presented by [Ferraccioli et al.|(2022) and [Cavazzutti et al.| (2024). Regarding the density
estimation problem, instead, uncertainty quantification can be derived using a Bayesian approach,
as detailed in Begu et al.| (2024)) for the density estimator over two-dimensional domains.

A challenging direction for future developments concerns nonparametric regression problems
featuring penalization terms that involve the generic k-th derivative, and the study of the asymp-
totic properties of the associated estimators, as done in classical contexts by, e.g., (1983),
(Cox| (1984) and [Stone] (1982). However, such a study would require the definition of Sobolev
spaces of higher order, with appropriate vertex conditions, and would entail various analytical
complexities raised by the non-trivial forms of the regularizing terms, and of the geometry of the
graph, which prevents direct extension of the arguments used by Cox and Stone. Another possible
extension involves incorporating physical knowledge on the problem under study, such as flow
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Fig. 5: Chicago Crimes (Section. The upper-left panel shows the locations of crimes recorded
over the Chicago road network, between April 25, 2002, and May 8, 2002, in the neighborhood
of the University of Chicago (Illinois, USA). The remaining panels display the density estimates
provided by the competing methods: the proposed nonparametric Density Estimation on Graphs
(DEG), presented in Section @ Kernel Density Estimation based on the heat equation on the
network (KDE-HEAT); Kernel Density Estimation based on a two-dimensional kernel (KDE-
2D).

along the graph. This extension would be of high interest for the modeling of data observed over
river networks, offering an alternative to kriging over directed graphs, presented in|Ver Hoef et al.
(20006}, [Ver Hoef & Peterson|(2010), Ver Hoef et al.[(2019) and |Barbi et al.[ (2023)).

Finally, we point out that, using the results of this work, it is possible to define broad classes of
nonparametric and semiparametric methods for data observed on graphs. This includes, for in-
stance, nonparametric generalized regression, nonparametric space-time (linear and generalized)
regression, and their semiparametric analogues (see, e.g., [Sangalli, 2021). Additionally, more
complex scenarios for the error distribution, such as correlated or heteroskedastic noise, could
be addressed by considering nonparametric quantile regression, substituting the sum-of-squares-
errors in the regression functional (@) with the pinball loss, as recently done by |Castiglione et al.
(2025)) for data observed over two-dimensional domains.
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A. PROOFS OF SECTION [2

A.1.  Proof of Theorem[]]

The proof mimic the one for the classical Poincaré inequality, for topological domains
that are subsets of R? in[Salsal (2016) once noted that the embedding of H'(G) into L?(G)
is compact (see, e.g., Lemma 3.27 Mugnolol 2014) and that the functions in H'(G) are
continuous. We report it here for completeness.

By contradiction, suppose the theorem is not true. This means that Vj > 1 there exists
u; € H}(G) such that

du;

- (A1)

gz > j‘ .
L2(G)

Define a new sequence w; := u;/||u;l|z2(), such that, by construction [w;l[z2(q) = 1 for
all j > 1. From equation we have

<-=<1

2@ J

duw;
dx
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2

Thus the sequence {w;} is bounded in H!'(G), and using the compactness of the em-
bedding of H'(G) in L2(G) there exists a subsequence {wj, } and w € H}(G) such that

wj, — w in L?(G) and w”“ — %’C’ in L(G).
Using the continuity and the weak sequential lower semicontinuity of the norm we have
||wHL2(G) =1 and

dw

dx

Thus, w is constant on each edge of the graph, that is, Ve € E, there exists ¢, € R such
that wl|. = c.. Moreover, w € H'(G) imply that w is continuous, that is c, = ¢ for all
e € E. Finally, since we assume that there is at list a Dirichlet boundary node, w must
satisfy the homogeneous Dirichlet boundary condition, therefore w = 0, in contradiction
to HUJHLQ(G) =1.

dwj k
X

—0.
L2(G)

< liminf

A.2. Proof of Corollary]]
Let u belong to H2,_ (G). Using the definition of || - HgQ(G)according to (2), we have
that:

@2
dx

2
d2u

12 + HUH%2(0)~ (A.2)

L2(G)

g = \ \
HQ(G) LQ(G)

We first derive a bound for the second term of the equation (A.2). Note that
L2G)  Lpe dx. dx. oy dee|, J.dxz?
- [

= D ulw)
UZEHJQVK(G) eGEg
The first term in the last equation is null, due to the condition imposed at vertices on
H2?_(G). Finally, we can exploit the standard Cauchy-Schwarz inequality and the Young

2 1
Lo
v + 2CIIUIIL2(6)> :

1nequality, obtaining the following inequality:
Setting ¢ = 0227 and using the definition of L?-norm according to and the Poincare-type
inequality in Theorem [1], we get

du

dx

dx2

dx LQ(G) - 2 d"EQ LZ(G) 2 || dx LQ(G)'
Hence,
d 2 d2 2
‘“ < |55 . (A.3)
drlir2(c) A2



The first term on the right hand side of equation (A.2)) is bounded as follows:

2 2

24
dx?

du

dx

oA
— §4 Y
L2(G) L2(G)
thanks to the Poincaré-type inequality in Theorem |lI| and equation (A.3)). The left hand
side of equation (A.2) is thus bounded by (1+ ¢} + ¢;) ‘

result.

lull?2(q) < <

u
dx?

2
2@ yielding the desired

A.3.  Proof of Corollay[3

The inequality cr, ||u/| a2 < ) 3273 26y’ for some constant cr,, follows form Corollary
2
The inequality ’ 327% @) < HuH%’2 @ is trivially satisfied, being inherited by same

inequality on each graph edge, thanks to the definition of the L?(G)-norm and H 2(@)-
norm according to and .

B. PROOFS OF SECTION
B.1. Proof of Theorem[3
We start by considering the homogeneous case, f € H2, (G). Note that (4) is equivalent

to the following minimization problem:
~ 1 d2

f = argmin f;—fn—l-)\’éc
remz @ |7 dr

2 2
G "

since the term y ' y/n does not depend on f.

Existence and uniqueness of the estimator f in can be shown by resorting to a
classical characterization theorem (see, e.g., Chapter 2 of |Braess|, [2007)), which we report
below:

THEOREM 8 (BRAESS| (2007))). If the functional J(g) has the form
J(g9) = Alg,9) + Lg +c,

where A: G x G — R is a continuous, coercive and symmetric bilinear form in G, L :
G — R is a linear operator, ¢ is a constant and G is a Hilbert space, then there exists a
unique § € G such that

7(@) = inf J(g).

Moreover, g satisfies the following Fuler—Lagrange equation:
(J'(9),0) =2A(g,9) + Lo =0  Vpeg.

We apply this theorem to our estimation problem by writing the functional (B.1) that
we want to minimize in terms of A and £ that, for any u,v € H2_(G), are defined as
follows:

2 2
Alu, v) = iu;vnﬂz/d“d“ (B.2)
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L(v) = —%vgy (B.3)

To exploit the theorem presented above, we show that the form A in (B.2]) is continuous,
coercive and symmetric on H? (G) x HZ_ (G), and £ in (B.3)) is continuous on HZ, (G).

Exploiting the Sobolev embedding theorem over each graph edge (see, e.g., Brezis &
Brézis, |2011), and the definitions of norms in and , we obtain

o
dx?

d?u

A, 0)] < erllullesia lollcoc) + M| \ e

L2(G) L2(G)

< (er + MEDIull g 1ol 2
where |E| is the number of edges of the graph. Moreover,
1L(v)] = 120, 9] < e2llvllooe) < c2llvl pee).

This proves the continuity of A(u,v) on HZ (G) x HZ_(G) and the continuity of £(v)

NK,0
on H?_(G). Moreover, A(u,v) is symmetric and coercive, since

A(u,u) = :LUIU-F)\Z/

2
> Mulae) = Ak ul% g
ecE Y€

£
dx?

)7

where the last inequality follows from Corollary [2 This concludes the proof in the case
of homogeneous boundary conditions.

The non-homogeneous boundary conditions can be handled by introducing a lift of the
solution, as detailed e.g. in |Azzimonti et al. (2014)) for a nonparametric estimator over
two-dimensional domains, leveraging the results in [Berkolaiko & Kuchment| (2013) on
PDEs with non-homogeneous boundary conditions. Specifically, we define a fixed func-
tion fig € H?VKW(G) satisfying the prescribed non-homogeneous boundary conditions
on Vp, which is the subset of the boundary vertices of the graph where Dirichlet bound-
ary conditions are imposed; see Section [2| of the main article. This function fj does
not depend on the data and can be any smooth function on G satisfying the prescribed
non-homogeneous boundary conditions on Vp. We then write f = f + fig, where the
unknown component f belongs to HJQV K,o(G) and satisfies homogeneous boundary con-
ditions. Consequently, the original problem with non-homogeneous boundary conditions
reduces to an equivalent problem for f with homogeneous boundary conditions. This
concludes the proof of Theorem

B.2.  Proof of Theorem|[]
We report Lemma 4.2 of |Cox| (1984) for the case of interval domains.

LEMMA 2 (Cox| (1984)). Let Assumptions[1] and[3 hold, where the assumptions have
to be interpreted over the interval (a,b), for the functions F,F), : (a,b) — R. Then, for
functions h,g € H'(a,b), we have

< cdn Pl g1 @by 191 E (0,0)-

/ab hg d(F — F,,)




5

Applying the triangle inequality to the left-hand side of equation @ and then Lemma
[2 to each edge of the graph, we obtain

Z/hng B <>

eckE ecE

ZCdthHHl(e) 91 £1.(e)

ecE

/hng F,)| <

Using the norm || - || 71 defined according to ([2), we obtain:
ZCdthHHl(e) 9/l (e) < ||h”f11(G) ngﬁl(c) ZCdn < cdp|E]| ”h”HI(G) HgHﬁl(G)
eckE ecl

yielding the desired result.

B.3.  Proof of Theorem [

Similarly to the case of two-dimensional domains, the expected value of the estimator
E[f] is the solution of the following minimization problem:
L2<G>} ’

see, e.g., to |[Arnone et al. (2022). Moreover, thanks to Theorem [2, E[f] satisfies for
any test function belonging to H \M(G). Specifically, solving the minimization problem

is equivalent to finding f * such that
Pfdv 1, 18
S - i i) = — i i H?
/Q d-’Eg dfl?g * nzz;f(p)v(p) ’I’L;fo(p )U(p ) Vv S ‘\KO(G)

We can rewrite the aforementioned relation in terms of bias B = fy — E|[ f] by subtraction
the quantity A\, > cp /[, % 3273 and adding ) . [, Bv dF on both sides of the previous
equation, thus obtaining

2B d%v &2 fy d?v
A | E20Y dF =\, ar — 1 D o(p;
| @+ B ;/ ot it B ZB” e

ecE

n

E[f] = argmin {iZ(fo(Pi)—f( )%+ A

fEHNK ,(G) =1

d? f
dx?

Vv € H2,_ (G). Since B € H2,_ (G), setting v = B we get
W + > | BYdF =), Z e Bd(F — F,).
EEE € € e e GEE €

Note that, by Assumption [1| we have
follZaey = 3 / vdr = fdfc <o Y [
ecE V¢ eeE € eeE €
Hence, the following inequality holds

28|

Ao ll—=
dx?

d2f0 d2 )
+k1HBHLz(G < An E iz B%(F — F,).  (B.A)
eE €
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6
Thanks to Theorem the second term on the right side of (B.4)) is bounded as follows:

/62 (F = F) < cdu| BBl ) < el BB % g

eck
For what concerns the first term on the right-hand side of (B.4]), we exploit, in order, the
Cauchy-Schwarz inequality in Lemma 1} the definition of the norm || - |[12(g) according
to , and finally the Young inequality, leading to

d2 d2 d2 d?
An Z/ dJ;O dz2 — dJ;O Tg
X Te X LQ(G) X LQ(G)
1 ||d2fol? 28|
25 dm LQ(G) dCC LQ(G)
The above inequality holds Ve > 0. Setting ¢ = C%, we obtain
ST BN T |
dz? dz? — 2¢2 || da? e 2 dx? L2(G) ’
Hence, the left-hand side of (B.4)) is bounded as follows:
2B 42 M2 || 2B
Ml T2l Rl < o dfO LS+ cdal BB
Tz (a) 2 llz2e) Tz (@)

Finally, we exploit Corollary 2 which establishes the equivalence between the ||-||z2()-

2
i )‘ L2(G)

n sufficiently large, we have d, A\, ! <

norm and the ‘ -norm, together with Assumption [2| according to which, for

2C| - We thus obtain

a2 fo |

MBI gy + killBl3x) < 5 [

2
CL L2(@)

Cancelling the common H?(G)-term on both sides yields

@ fo
dx?

1Bl 2y <

)

L*(G)

klc%
which concludes the proof.

B.4. Proof of Theorem@
Thanks to the linearity of . the field estimator f can be written as f = E[ f] w,

where
L2<G>} '

Note that E[@] = 0 and Var(f) = Var(i). Furthermore, thanks to Theoreml w satisfies
(5), where y is replaced by €, for any test function belonging to H?Z, 2 ,(G). Therefore, by

W = argmin {12(10(1%) g)2+ A

wGHJ%K.U(G) =1

d*w
dx?




rearranging equation we have:

An Z/dﬂdﬂ Z/ewvdF—

—Zez v(p; —|—Z/wvdF F,) VUEH\QIO(G) (B.6)

eelE

Denote the left-hand side of the equation above as (), v),, . Note that because of Corol-

lary l, which states the equivalence between the |[-[|12(g)-norm and the || dmg( Mir2e)-
norm, we can bound the norm induced by the scalar product (+,)x, as the follows:

[wllFrz@y < @) wll3, - (B.7)

Consider the following operators:

Z/wv d(F — F,), Tx(v Zel v(pi), T(v):=Ti(v)+ Ta(v).

ecE

The operator T} is bounded on H}(G) due to Theorem [3| Moreover, Th belongs to
HZ(G)*, the dual space of H}(G), due to the one-dimensional Sobolev embedding theo-
rem. Thus also the operator T belongs to H&(G)*. Thus, equation can be rewritten
as (,v)y, = T(v), Vv € H2, (G), and thus

N T (v Ti(v Ts(v
T — (v) < (v) n (v)
verz e Tl = e Tolne  werzeia Tolla,

(B.8)

The end of the proof proceeds along the lines of the proof of Theorem 2 in [Arnone
et al.| (2022). Specifically, we use the operators introduced above, and show that

Ty (v 1. Tr(v _
sup 1(v) c1dp A [0y, sup 2(v) < o )\nl/4||T2||H3(G)*. (B.9)
UGH%K,()(G) H’UH)‘” UGH%K_“(G) H H)\n

The bound regarding T} follows by invoking Proposition and equation (B.7)). Regarding
T5, note that

T Tol| 1 e+ |0 2
sup 2 (v) < swp [ HHO(G) o]l 1)
verz, @) 10l ™ vemz, (@) [v][x,
—1 4 1/4 1/2 1/2
3 M Tl oy (M ol a5t 0
< sup , )
VEH c,(G) [vllx

where the last inequality follows from the fact that the inequality |lv]|g1() <

Y 2 1/ 2 ) valid on each edge e of the graph, also holds on the whole graph G.

1/2

[0l 72 ey NIl 2

Note that7 by Assumption and inequality , we have |[v]|r2q) < ky
deed,

[v]lx, - Tn-

ol = 3 | 2dw—Z/ffdw<Z/ GdF < ol

eeE eelR eeElR

145

150

155

160



165

170

175

180

8

Hence, by the above consideration and applying Young’s inequality to the right-hand
side of (B.10) and using again (B.7]), we obtain the following bound

T5(v)
sup
ver2, (@) 1Vl

This proves the bound regarding 75 in , and we have

< @+ ky PNl g oy

lwlln, < e1dn A ]I, + 2 T2l 3 6y

Thanks to Assumption [2 , for n sufficiently large, d,\, = o(1). Hence, we can neglect
the first term in the right-hand side of the previous equation and obtain

—~1/4
lwlix, < X I Toll gy -

By squaring and taking the expected values of both terms of the above inequality, we
have

E (Jwll},) < s (172l ) - (B.11)

Finally, note that E(HTQH%II(G)*) < co?/n. Indeed,

1 n
BTl ) = BT To)1.) = E[ =5 7 eie (610
ij=1

1 n
= n2 Z E(Eigj)(épiaépj)l,*

ij=1
1 « 9 9 co?
= EZU 10p: [Ty < 0
i=1

where ¢ = max;—1, ”51)1-”%[11)* < oo. Hence, the desired result is obtained by combin-
ing the previous inequality, inequality (B.11) and noting once again that ||wlz2q) <

ky Y 2Hw|| An» Where the constant k; does not depend on A, nor on n. This concludes the
proof of Theorem

B.5.  Proof of Corollary[3
Leveraging Theorem [4 and Theorem [5, we have:

A ~ B 0_2
MSEp(f) = [|Bl32iq) + Var(f) = O(\) + 0 <An1/zn> |

that is minimized when A\, = n=2/3,

C. PROOFS OF SECTION
C.1.  Proof of Theorem[d
Set

1 n
J(g) =~ ;Q(XZ-H/G(%XP{Q}-
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Using Lemmal[I]in Section [2:3]and following the same steps as in Lemma B.1 of [Ferraccioll
et al.|(2021), it is possible to prove that the functional J(g) is continuous and strictly
convex on H2,(G). Specifically, the continuity of .J is immediate, since the first term is
linear and both the exponential and the integral operators are continuous. We now prove
strict convexity of J. Let g1, g2 € H2,.(G), v € [0,1], and define g = yg1 + (1 — 7)g2. We
show that

J(g) <~vJ(g1) + (1 =) J(g2),

with equality if and only if g1 = g2. We have

J(g) = J(vg1 + (1 —7)g2)

= —% Z (791 (Xi) + (1 —7)g2(Xy)) + /Gexp(’ml +(1—7)g2)
=1

= <—1 Zgl(Xi)> +(1—=7) <—1 292(Xi)> +/ exp(vg1) exp((1 —7)g2).
i = “

By Holder’s inequality (Lemma [1| of the main paper) with p=1/y and ¢ =1/(1 —~),

we obtain
/Gexp(vgl)exp((l —7)92) < </G exp(m))7 (/G exp(g2)>1_7-

Applying Young’s inequality with the same exponents yields

(/G exp(91)>7 (/G exp(92)> 1—y < V/C;exp(gl) +(1— 7)/Gexp(92)_

Combining the above inequalities, we conclude that

J(g) <vJ(g1) + (1 —7)J(g2),

which proves the convexity of J. To prove strict convexity, note that equality in Hoélder’s
inequality holds only if there exist constants a,b # 0 such that

aexp(g1) = bexp(g2) <= g1 = g2+ log(b/a).

Moreover, in Young’s inequality, the equality holds only when

/Gexp(gl):/GeXp(QQ)~

Substituting g1 = g2 + log(b/a) in the equation above, we get a = b; this in turn implies
g1 = g2. Thus J is strictly convex in H2,(G).
2
=0,.
L*(G)

Define the space
and denote by W+ the orthogonal space of W. Hence, W and W+ are subspaces of
H2,.(G) such that H2,(G) =W @ W+. We show that W coincides with the space of

¢
dax?

W::{¢>6H§K<G>7'
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constant functions on G. Indeed, let u belong to W, then

LG - Z H dx? o

— =0 VYeeFE.
L2(e dz?

Hence, the function u € W is piece-wise linear on each edge of the domain G and is the

solution to the following system:

N Hdm2

d*u
i
ecelE d
u
> () =0 Vu € H2,(@).
ecEy €

Moreover, multiplying the first equation in the system by a test function, integrating by
parts, applying the Neumann-Kirchoff conditions, and finally setting the test function
equal to u, we get:

du
dx

d
=0 «~— —U—O Ve € FE.
L2(c) dx

>

ecE

This proves that u € W is constant on each edge of the domain, and thus is globally
constant on G, since W C C%(G). Consequently, W+, the orthogonal space of W, is the
space of the null mean functions over the graph. Hence, we have:

W={ue NK(G),u:cER}
wt = {ueﬂgK(G),/Gu:o}.

Moreover, it is worth noting that W is a finite-dimensional space, since it is the space of
all constant functions defined on G. Finally, we can prove that the estimation functional
in (7) has a unique minimizer in H2, (G), by leveraging Theorem 4.1 of Gu & Qiul (1993),
where we exploit the fact that J(g) is strictly convex and continuous, it has a unique
minimizer in W, and Corollary [2]

C.2.  Proof of Theorem[]

The argument follows the proofs of Theorem 5.3 of |Gu & Qiuf (1993)), adapted to the
estimator over metric graph here considered. For simplicity of notation call

1 n 2
9 = = el + [exota) + 2]

the functional in (7). Moreover, following the notation of |Gu & Qiu (1993)), call

J(g1,92) = | Cfi:le Cﬁlmg; and J(g) = J(g,9). The proof relies on Theorem 5.2 of (Gu &
Qiul (1993)), which we here report for completeness.

&y

dx?

Y

L*(G)

THEOREM 9 (ADAPTED FROM |GU & QIul (1993]), THEOREM 5.2). Assume that the
eigenvalues {n?}r>o0 associated with the roughness penalty J(-) satisfy ak® < n? < Bk?
for all k > kg, for some constants o, 3 > 0 and kg > 0, and moreover Assumption 4 is
satisfied. Then, as X — 0 and nAY? — oo,

Varg,(§ —g") = op (n_l)\_l/Q + /\> , A (g—g") = op(n_l)\_l/2 + A) :
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Consequently,
Varg, (9 — 90) = Op (”71/\71/2 + A) ;o A(G—90) =0 (71*1)\’1/2 - )\) .

The following lemma ensures that the assumption of Theorem [9 are met for the rough-
ness penalty defined on metric graphs.
LEMMA 3. There exists an infinite set of functions ¢ such that
Pord*¢;
Cov (¢, ¢j) = Ok,; and /G A2 de2 MOk, j

where 6y ; is the Kronecker delta and 0 < n, — oo. In addition, there exist two positive
constants o and B such that, for all k > 0,

me = ckk, o <cp <pB.

Proof. The spectrum of a quantum graph of finite measure is composed of an infinite
set of L?-eigenfunctions (see, e.g., Theorem 3.1.1 of [Berkolaiko & Kuchment, 2013]).
Furthermore, from Theorem 3.1.8 of [Berkolaiko & Kuchment| (2013]) it follows that,
denoting by px = 77,% = (cxk)? the corresponding eigenvalues, there exist two constants
a, 8> 0 such that o < ¢, < 3, VkE > 0. O

The following lemma establishes a basic variational identity that will be used to control
the symmetrized Kullback—Leibler divergence between gg and g.

LEMMA 4. Let g be the minimizer of L(g) in @) and gog be the true log—density. Then

n
Zg 90)( /(9—90)690 :
1 G

Proof. The proof proceeds along the same lines as for equation (5.1) of |Gu & Qiu
(1993), that carries over to metric graphs. The only graph—specific observation is that
all terms in L decompose edgewise and the first variation is linear. Specifically, we want
to compute the Gateaux derivative of the functional we aim to minimize. Hence, define

d?g d*(go —

dx? dac2 (C.1)

Dskr(90,9) = 2)\/

1 & d? 2

Agnlt) == —— ;(g +th)(X;) + /Gexp(g +th) dx + A/G (M(g + th)> da.
Differentiating A, ; with respect to ¢, we obtain

t) 1Zn:h(X)+/ (g +th)hd +2>\/ ~|—th)d2hd

e 4 X

"2 exp(g T 5 (g 02

By definition of § as the minimizer of L(g), we have

2~ g2
——Zh ) + p1g(R) 42X L —,

. d R
A!},h(o) = 7A§7h(g+th) d 7.9 dx2

for all h € H2,(G). We recover equation (C.1)) by setting h = § — go and adding and
subtracting fi4,(§ — go) in the equation above. O

Given Theorem [0] and Lemmas [3] and [] above, we follow the proof of Theorem 5.3
in |Gu & Qiuf (1993). The first term on the right-hand side of Lemma [4] corresponds to
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255
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2A\J (g, 90 — ). Applying in order the Cauchy—Schwarz inequality, the triangle inequality,
and the Young’s inequality we have:

12X J(3,90 — 9)| < 22/ J(9)V/ T (9 — 90) < AJ(g0) + 3AJ(§ — g0)-

Assumption [3] gives J(go) < 00 so AJ(go) = O(A). By Theorem [0 we have A\J(§—
g0) = Op(n~'A"Y2 4 X). Thus, the first term on the right-hand-side of Lemma W] is
Op(n™IA"12 £ )).

The second term of the right hand side of Lemma [4] can be seen as an error between
the norm induced by the true density and a Monte Carlo approximation of the integral
based on the points p;. Expanding g — go in the orthonormal basis {¢ }r>0 of Lemma
we write

1 n
a — = e ;) — 90.
G-g90=>Y apr, & - ;:1 ©r(pi) /ka e

k>0
Then the second term in Lemma [ can be rewritten as

iZ(ﬁ—go)(Pi)—/ G- 90)e® = aré.
=1

k>0

Following (Gu & Qiu (1993), introduce the weights wy := 1+ AnZ. By the Cauchy—
Schwarz inequality,

1/2 1/2

Zakﬁk < Zwkai Zw;lﬁg . (C.2)

k>0 k>0 k>0

Moreover, by Lemma, [3| and the definition of Vary,,

> wpap = {aq + Angag} = Varg, (5 — go) + A (3 — g0),
k>0 k>0

which is O,(n"'A~%/2 + X\) by Theorem @ For the second factor of (C.2), note that
E(&) = 0 and E(&7) = n~'Var(¢y) = n™ !, hence

1 1
E Zwk_lﬁi =— Z — = O(n~*A71/2),
n 0 1+ An;

k>0

where, in the last equality, we used 7y < k by Lemma/[3] Combining the two factors yields

n

LS - a0 - /G (G g0) e

=1

~0, (mlxlﬂ n n*1/2A1/4) . (0.3)

Finally, combining the bounds on the two terms in Lemma and noticing that
nTV2AVA = (T INTY2) 202 < nm T2 4 X we get Dok (9o, §) = Op(n'A71/2 4 0).
This concludes the proof of Theorem [7]
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o
Test function _ 3
2

Lattlce RR'KHg

Vi Yo

Fig. D.1: Simulation 3 (Sectionlﬂ): nonparametric regression problem - uniform locations
and uncorrelated Gaussian noise. Top left: test function. Other panels: mean estimates
obtained by the competing methods over 30 simulation repetitions with sample size n =
100. The competing methods are: Nonparametric Regression on Graph (NRG) presented
in Section [3f Whittle-Matérn field (WMG); Geographically Weighted Regression model
(GWR); Lattice-based model (Lattice); Reduced-Rank Kriging (RR-Krig).

5.93

[

1.83 3.88

-0.22

D. SIMULATION STUDY 3: NONPARAMETRIC REGRESSION - UNIFORM LOCATIONS
AND UNCORRELATED (GAUSSIAN NOISE

This section presents an additional simulation study concerning a nonparametric re-
gression problem. Specifically, we consider the same graph, mesh and test function as
in Simulation 1 in Section [6.1] of the main paper. We generate the data at n locations
uniformly sampled over the graph, by adding independent Gaussian noises to the test
function, with variance equal to the 5% of the range of the true function. Likewise for
Simulation data generation (both locations and values) is repeated 30 times, for
different sample sizes n = 100, 150, 250, 500.

We consider the same competing methods as in Simulation and a Reduced-Rank
Kriging (RR-Krig), which has been specifically developed by [Ver Hoef (2018]) for data
observed over undirected linear networks. The method ensures valid spatial covariance
matrices, using the shortest-path distance along the graph. It is worth mentioning that
such a model was excluded from Simulation due to numerical instabilities and poor
performance relative to the other methods. The central and right column panels of Figure
show the mean estimates provided by the competing methods, over 30 simulated
repetitions with 100 observations. From a qualitative point of view, the Kriging method
appears to oversmooth the signal, while the other methods are capable of capturing the
main features of the signal. The left-hand panel of Figure shows the boxplots of the
RMSE over 30 repetitions for each level of the sample size n. Also in this setting, the
proposed NRG and WMG perform significantly better than the other methods for small
n.
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Simulation 1 Simulation 3

(Section (Section [D])

0.020-

0.006
0.015-

a1 1 AT
+ Jﬁ L

100 150 250 500 100 150 250 500
observations observations

b

Bl NRG B WMG EJ GWR [ Lattice

Fig. D.2: Boxplots of the Root Mean Square Error (RMSE) computed over 30 simulation
repetitions of Simulation 1 (Section , on the left, and, Simulation 3 (Section D[),
on the right, for different sample sizes. Boxplots related to the RR-Krig have not been
included, because its poor performance with respect to the other methods would have
prevented to clearly appreciate the differences among remaining methods; for the same
reason, we removed some extreme outliers observed for the GWR and Lattice methods.
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