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aDipartimento di Matematica, Università di Pavia, Via Adolfo Ferrata, 5, Pavia, 27100, Italy
bMOX Laboratory, Dipartimento di Matematica, Politecnico di Milano, Via Edoardo Bonardi,

9, Milano, 20133, Italy
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Abstract

Solving inverse problems in cardiac electrophysiology consists in the recovery of physio-
logical parameters from surface electrocardiogram (ECG) measurements, a task which
is often computationally unfeasible due to the severe ill-posedness and the prohibitive
computational complexity of PDE-constrained optimization. In this work, we introduce
a data-driven framework leveraging Latent Dynamics Networks (LDNets) to construct
efficient surrogate models of the forward operator. By mapping low-dimensional pa-
rameters, representing ectopic activation sites or ischemic region descriptors, to the
ECG signals via latent dynamics governed by neural ordinary differential equations,
our approach circumvents the computational burden of evaluating high-fidelity car-
diac models during iterative parameter estimation. The surrogate is trained offline
on high-fidelity data, enabling rapid and robust inversion. We validate the proposed
framework through rigorous numerical experiments with synthetic data across both 2d
and 3d geometries. Results show that the LDNet-based surrogate achieves precise re-
construction of cardiac parameters while drastically reducing computational overhead,
thereby enabling near real-time clinical applications.

Keywords: Latent Dynamics Networks, Inverse Problems, Neural ODEs

1. Introduction

The non-invasive identification of cardiac electrical abnormalities from surface elec-
trocardiogram (ECG) signals represents a central challenge in computational cardiol-
ogy. Clinically relevant applications include the localization of ectopic activation sites
responsible for arrhythmias and the detection and characterization of ischemic regions
within the myocardium. These tasks can be naturally formulated as inverse problems,
where one seeks to infer unknown model parameters or spatial tissue properties from
indirect and spatially aggregated measurements [26, 34, 27, 30, 8, 9, 2].

∗These authors contributed equally
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From a mathematical perspective, the ECG inverse problem is severely ill-posed,
due to the smoothing nature of the forward operator, the limited number of mea-
surement locations, and the intrinsic nonlinearity of cardiac electrophysiology models.
Small perturbations in the data may lead to large variations in the inferred parame-
ters, and multiple configurations of the cardiac source may produce indistinguishable
ECG signals. These issues pose significant challenges for robust and reliable parameter
estimation.

A standard approach to tackle this problem relies on high-fidelity (HF) computa-
tional models describing the propagation of electrical activity in cardiac tissue. Such
models are typically based on the Bidomain or Monodomain equations [12, 37], coupled
with detailed ionic models [38], and are solved numerically using advanced discretiza-
tion techniques such as the finite element method. Within this framework, the inverse
problem is commonly formulated as a PDE-constrained optimization problem, in which
the forward model is repeatedly evaluated to minimize a discrepancy functional between
simulated and observed ECG signals [18, 19].

While this approach can provide accurate reconstructions, it is computationally ex-
tremely demanding. High-fidelity simulations involve the solution of nonlinear, time-
dependent PDE systems on fine spatial and temporal grids, often requiring several
minutes per simulation even in simplified geometries, and significantly more in three-
dimensional settings. As a consequence, their use within iterative optimization proce-
dures, where a large number of forward evaluations is required, becomes prohibitive,
especially in multi-query contexts such as uncertainty quantification, parameter cali-
bration, or real-time clinical decision support.

These limitations motivate the development of reduced-order and surrogate models
capable of approximating the forward mapping at a drastically reduced computational
cost. Classical projection-based techniques, such as Proper Orthogonal Decomposition
(POD) [7], have been extensively used to construct low-dimensional representations
of parametric dynamical systems. More recently, data-driven approaches based on
machine learning have emerged as powerful alternatives, enabling the approximation of
complex nonlinear mappings directly from data generated by high-fidelity simulations.

A variety of methodologies have been proposed in this context. Dimensionality
reduction techniques, including autoencoders and convolutional autoencoders [41], al-
low for the construction of compact latent representations of high-dimensional states.
The temporal evolution can then be modeled using neural ordinary differential equa-
tions [22], recurrent neural networks [25], or other approaches such as Dynamic Mode
Decomposition [10] and Sparse Identification of Nonlinear Dynamics [36]. In parallel,
operator learning frameworks, such as Deep Operator Networks [24], Fourier Neural
Operators [21], and related neural operator architectures [3], have been developed to
approximate mappings between infinite-dimensional function spaces.

In this regard, Latent Dynamics Networks (LDNets) [33] provide a unified frame-
work that combines dimensionality reduction and dynamical system learning in a sin-
gle architecture. By learning a low-dimensional latent representation together with its
governing dynamics, LDNets enable efficient and accurate reduced-order modeling of
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Figure 1: Schematic representation of the approach. Starting from an initial configuration of the
input parameters we aim at finding the optimal configuration minimizing the accuracy metric. This
measure depends on the discrepancy of ground truth ECG signals and the respective reconstruction.
The forward mapping from input parameters to ECG signals is surrogated via the introduced machine-
learning strategy.

complex spatio-temporal processes. Related approaches based on neural model learning
have also demonstrated promising results for time-dependent systems [32], including
recent applications in computational biology [43, 42, 44, 13].

Despite these advances, the use of machine learning-based surrogate models for in-
verse problems in cardiac electrophysiology remains relatively limited. In particular,
the integration of latent dynamical models within optimization-based inverse frame-
works for parameter identification in PDE-governed systems is still largely unexplored.

In this work, we propose a data-driven framework based on Latent Dynamics Net-
works to efficiently solve inverse problems arising in cardiac electrophysiology (see
Figure 1 for a schematic representation of the workflow). The key idea is to approx-
imate the forward operator mapping low-dimensional parameters, such as activation
site location or ischemic region descriptors, to pseudo-ECG signals, by means of a
neural surrogate model defined in a latent space. The surrogate is trained offline us-
ing a limited dataset of high-fidelity simulations and subsequently employed within an
optimization loop to perform fast parameter estimation.

The proposed approach offers several advantages. First, it significantly reduces the
computational cost associated with repeated forward evaluations, enabling efficient ex-
ploration of the parameter space. Second, by operating in a low-dimensional parameter
setting, it avoids the need to reconstruct the full transmembrane potential field, focus-
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ing directly on clinically relevant quantities. Third, the latent dynamics formulation
allows for an accurate representation of the temporal structure of ECG signals, which
is essential for reliable inversion.

The effectiveness of the proposed framework is demonstrated on several test cases,
including the localization of ectopic activation sites and the identification of ischemic
regions with fixed and variable extent. Numerical results show that the method achieves
accurate reconstructions while maintaining a computational cost compatible with near
real-time applications.

The manuscript is organized as follows. In Section 2 we introduce the mathematical
framework adopted in this work, detailing the problem formulation, the high-fidelity
model, and the surrogate model. Section 3 is dedicated to the numerical experiments:
we describe the dataset construction and parameter settings in Section 3.1, present the
tailored initialization and optimization strategies in Section 3.2, and report the results
for the different test cases in Sections 3.3–3.5.

2. Mathematical Framework

In this section, we introduce the core mathematical models underlying the proposed
inverse problem framework and describe the associated numerical methods. We first
describe the high-fidelity forward model used to compute pseudo-ECGs, which serves
as ground-truth training/testing data for the surrogate model. Hence, we present
the LDNet-based approach and the multiple-shooting strategy adopted for the inverse
problem. The latter helps to accelerate convergence while reducing the risk of getting
stuck in undesirable local minima due to the non-convex nature of the problem.

2.1. Forward Problem: models and methods

In this section we describe a high-fidelity mathematical model that has been used
in literature for reconstructing pseudo-ECG signals at body-surface lead locations on
a static torso domain, given an input current defined on the cardiac domain that
drives the electrophysiological propagation [35]. In particular, we used this model for
generating training, validation and test data. It consists in solving, in cascade, (a)
a PDE model for the electrical potential in a conductive medium and (b) a Laplace
problem for recovering the ECG signals. The two steps are described below.

2.1.1. High-Fidelity Model for the propagation of the electrical signal

The potential spreading in the cardiac domain can be described by the Monodomain
model [40], obtained from the Bidomain equations [1, 11] under the assumption of equal
anisotropy ratios between the intra- and extracellular conductivity tensors, namely
De = λDi with λ ∈ R+ (cfr., e.g., [12, 37]). This assumption leads to a single parabolic
partial differential equation coupled with a system of ordinary differential equations
governing the local reaction dynamics.
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Let Ω ⊂ Rd, d = 2, 3, denote the computational cardiac domain and T > 0 the final
simulation time. The Monodomain system reads as:

χCm
∂v

∂t
−∇· (Dm∇v) + Iion(v,w, c) = Iapp in Ω× (0, T ),

∂w

∂t
= R(v,w) in Ω× (0, T ),

∂c

∂t
= C(v,w, c) in Ω× (0, T ),

n⊤Dm∇v = 0 on ∂Ω× (0, T ),

v(x, 0) = v0(x), w(x, 0) = w0(x), c(x, 0) = c0(x) in Ω.

(1)

Here, v : Ω×(0, T ) → R denotes the transmembrane potential, w : Ω×(0, T ) → Rsw

the recovery-gating variables, c : Ω× (0, T ) → Rsw the vector of ionic concentrations,
Dm is the monodomain symmetric positive-definite conductivity tensor, given by

Dm = Di(Di +De)
−1De,

where Di,e are the intra and extra cellular conductivity tensors. We recall that Di,e

are defined as

Di,e(x) = σi,e
t I+ (σi,e

l − σi,e
t )al(x)a

⊤
l (x), (2)

where al ∈ [L∞(Ω)]3 represents the local fiber direction and we have assumed that
the tissue is transversely isotropic. Furthermore, we have denoted as σi,e

l and σi,e
t the

conductivity coefficients for the intra- and extracellular media along the longitudinal
(al) and transversal (at) directions.

Cm is the membrane capacitance and χ is the membrane surface to volume ratio.
The nonlinear reaction terms Iion, R, and C define the local dynamics and depend

on the specific choice of ionic or phenomenological model; for the purposes of this
work, they are regarded as known nonlinear operators. The applied current Iapp acts
as a forcing term and represents an external excitation of the system. While the equal
anisotropy assumption is a modeling simplification, in the absence of extracellular
current injection it provides an accurate and computationally efficient approximation
of the Bidomain equations (see, e.g., [12]).

2.1.2. High-Fidelity model for computing pseudo-ECGs

To connect the state variable v to measurable ECG signals, we need to introduce
an observation operator. In our case it will be based on the infinite-volume conduc-
tor approximation [35]. Indeed, under the assumption that the surrounding medium
is isotropic with constant conductivity σb and extends to infinity, the extra-cardiac
potential u(x) : R3 → R at each time and choice of parameters satisfies

−σb∆u(x) =

{
∇· (Di(x)∇v(x)) x ∈ Ω,

0 x ∈ R3 \ Ω.
(3)
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Exploiting the fundamental solution of the Laplace operator in three dimensions,
the potential recorded at a measurement location x ∈ R3\Ω, called pseudo-electrocardiogram
(pseudo-ECG), corresponding to u(x) evaluated at each time for the chosen set of model
parameters p, can be expressed as

pECG(x, t; p) = − 1

4πσb

∫
Ω

Di(y)∇v(y, t; p) · ∇
(

1

|x− y|

)
dy. (4)

Since the locations x in which we evaluate (4) are fixed, in the following we will refer
to pECG(x, t; p) as pECG(t; p) : [0, T ] → RNleads . Further details can be found also
in [12, 16].

2.1.3. Numerical solution of the high-fidelity models

High-fidelity solutions have been computed using the finite element method (FEM),
as described in the following. In particular, we employed Q1 elements, namely square
(2d case) or hexahedral (3d case) cells with node at the vertices. Details on the weak
formulation and FEM for the monodomain and the bidomain model, from which the
monodomain is derived, can be found in [12, 11].

For the time evolution, we employed a first order implicit-explicit (IMEX) scheme.
In particular, starting from a standard Galerkin discretization procedure, we can
rewrite (1) in matrix form as

χCmM
dv

dt
+ Av +MIion(v,w, c) = MIapp

dw

dt
= R(v,w)

dc

dt
= C(v,w, c)

(5)

whereM denotes the finite element mass matrix and A is the stiffness matrix associated
with the Monodomain conductivity tensor Dm. In this case, we define v as the vector
of degrees of freedom associated with the transmembrane potential v, and

R(v,w) = (R1(v,w), . . . , Rsw(v,w))⊤, C(v,w, c) = (C1(v,w, c), . . . , Csc(v,w, c))⊤.

Finally, vectors Iion(v,w, c) and Iapp represent the finite element coefficient vectors
associated with the nonlinear ionic current Iion(v,w, c) and the applied current Iapp,
respectively.

In the IMEX strategy, we consider the following scheme: we first decouple the ODE
and the PDE, then for the ODE part the equations for w and c are treated implicitly,
while for the PDE part we treat the diffusion term implicitly and the nonlinear reaction
term explicitly. Given vn, wn and cn at time tn ∈ {0, t1, . . . , tNt}, the algebraic scheme
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reads as:

wn+1 +∆tR(vn,wn+1) = wn,

cn+1 +∆tC(vn,wn+1, cn+1) = cn,(
χCm

∆t
M + A

)
vn+1 =

χCm

∆t
Mvn −MIion(v

n,wn+1, cn+1) +MInapp.

Therefore, the system of ODEs governing the ionic and concentration variables is
decoupled from the PDE and solved implicitly at each timestep. Thus, the numerical
scheme requires the solution of a single linear system associated with the parabolic
equation for the transmembrane potential. Note, in particular, that the resulting
matrix χCm

∆t
M + A is symmetric positive definite. Details on tailored solvers and pre-

conditioners employed for each case of study will be given in Section 3.1.

2.2. Surrogate Forward Architecture

This section introduces the machine learning architecture adopted to surrogate the
high-fidelity forward problem. We recall that in multi-query regimes, such as inverse
problems, repeated evaluations of the forward model with slightly perturbed inputs
can lead to overall prohibitive computational cost. This motivates the use of accurate
and computationally cheap surrogate models based on machine learning, such as the
approach proposed in this work.

Let Ω ⊂ Rd, d ∈ {2, 3}, denote a bounded space domain and let [0, T ] be a finite
time interval. Given a set of parameters p ∈ P representing spatially localized initial
conditions or tissue properties (e.g. stimulus location or ischemic region geometry), we
can define the operator,

G : P −→ M

where
G(p) = pECG(t; p) ∈ M ≈ RNleads×Nt ,

through the computation of the transmembrane potential v(t,x; p). Our goal is to con-
struct a fast and reliable approximation of the forward map that preserves the essential
input–output structure, rather than aiming at high-fidelity accuracy. Specifically, we
search for a surrogate operator

S ≈ G, S : P −→ M

able to reconstruct the mapping between parameters p (e.g. initial stimulus location
or ischemic region descriptors) and the corresponding pseudo-ECG signals.

The surrogate is trained in an offline phase using a limited dataset of high-fidelity
simulations,

Dtrain = {(pi,G(pi))}Ntrain
i=1 , (6)

and subsequently deployed in an online phase to enable rapid many-query evaluations.
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Figure 2: Forward architecture, inspired by LDNets [33]. The latent dynamics layer is constituted
by a neural ODE modeling the dependency of the latent state variables on the input parameters. In
the most general case, the recovery layer can also take spatial coordinates as additional input. In the
recovery layer, the latent variables are processed via a recovery feed-forward neural network to retrieve
the evolution of ECG signals located at different sites. Weights and biases of the two networks are
trained simultaneously by minimizing the mean squared mismatch between observation signals and
reconstructions.

We adopt an architecture inspired by Latent Dynamics Networks (LDNets) [32, 33]
and related model and operator learning approaches [3, 24], including Recurring Neural
Operators (RNOs) [23], which can be interpreted as a particular case of a latent neural
operator producing 0-dimensional time series. We note that similar architectures have
been previously successfully employed in biomathematics applications [43, 44], but not
for inverse problems. A schematic representation of this architecture can be found in
Figure 2. In this setting, to construct the surrogate operator S, we first define a set of
latent state variables

s(t; p) ∈ Rns ,

whose evolution is governed by a dynamical system,

ds

dt
(t; p) = NN dyn(s(t; p), p), (7)

where NN dyn is a fully connected neural network to be learned. At the discrete level,
time integration is performed numerically by forward Euler method, yielding a discrete

8



latent trajectory {s(tn; p)}Nt
n=1.

A second neural network, called reconstruction network,

NN rec : Rns −→ RNleads , (8)

maps the latent state to the observable space, producing the surrogate prediction

p̃ECG(t; p) = NN rec(s(t; p)).

The set of trainable variables of the two neural networks involved in the architecture
(θd, θr) are trained by minimizing the normalized MSE between ECG ground truth and
reconstructions in the training set:

argmin
θd, θr

L(S(p), {pECGk}k) = MSE
(
{p̃ECGk}k, {pECGk}k

)
=

1

NleadsNtNsamples

Nsamples∑
k=1

Nleads∑
i=1

Nt∑
j=1

∣∣∣∣pECGk
i (tj)− p̃ECG

k

i (tj; p)

∣∣∣∣2 .
(9)

In this case, spatial coordinates, corresponding to distinct leads positions, are dealt
in different vectors of the output field.

2.3. Inverse Problem: formulation and methods

The inverse problem consists in reconstructing unknown parameters p ∈ P from a
target set of observed pseudo-ECG measurements, i.e.

{pECGk}k≤Nsamples
∈ M.

This problem can be viewed as the inversion of the forward operator F , which is
generally ill-posed due to nonlinearity and a limited amount of observations.

Using the surrogate forward model, we can address the inverse problem through a
standard iterative procedure, i.e. by formulating a minimization problem of a discrep-
ancy measure for each sample to reconstruct [4]:

min
p∈P

J (p) := L
(
S(p), pECG

)
, (10)

where L is a data-misfit term for each fixed pECG datum (identified by k̄ index), which
throughout this work is defined as a mean squared error loss,

L(S(p), pECGk̄) = MSE
(
pECGk̄, p̃ECGk̄

)
=

1

NleadsNt

Nleads∑
i=1

Nt∑
j=1

∣∣∣∣pECGk̄
i (tj)− p̃ECG

k̄

i (tj; p)

∣∣∣∣2 . (11)
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The initial guess for the optimization problem (10) is chosen through a multiple-
shooting strategy (detailed in Section 3.2) and then solved using a gradient-based
method, combining Adam iterations with second order quasi-Newton updates (BFGS).
At each iteration, the surrogate forward model is evaluated to generate S(p), enabling
rapid exploration of the parameter space.

For the 3-dimensional case considered, employing a non-convex hollow ellipsoid, we
adopted a projected gradient descent step [28] at each iteration, in order to avoid the
algorithm to generate non-physical points outside the domain.

3. Numerical experiments

3.1. Dataset Details

Parameter 2d configurations 3d configuration

Domain geometry Rectangle (a× b) Ellipsoidal parameterization
(a,b,c in cm, r constant, θ,ϕ in rad)

Domain dimensions a = 5.12 cm, b = 0.96 cm a ∈ [2.2, 3.3],
b ∈ [2.2, 3.3],
c ∈ [5.9, 6.4]
r ∈ [0, 1]
θ ∈ [−3π/8, π/8]
ϕ ∈ [−3π/2, π/2]

Spatial discretization 256× 48 elements, h = 10−2 cm (ni, nj, nk) = (512, 384, 64)

Surface to volume ratio χ = 103cm−1 χ = 103cm−1

Membrane capacitance Cm = 1µF/cm2 Cm = 1µF/cm2

Ionic model Ten Tusscher [38] Ten Tusscher [38]

Ischemic radius r ∼ U(1.80,3.33) [cm] –

Modified ionic model (ischemia) ATP-sensitive K+ current [14] –

Extracellular potassium (ischemia) Ko = 12.0mM –

Sodium conductance (ischemia) gNa = 10.3866mS/pF –

L-type calcium conductance (ischemia) gCaL = 2.78× 10−5mS/pF –

Stimulus current Iapp = 350 pA/cm2 Iapp = 350 pA/cm3

Time discretization ∆t = 0.05ms, Tend = 400ms Tstim = 1ms

Dataset size 100/100/200 (train/val/test) 300/100/100 (train/val/test)

Table 1: Geometric, physical, and numerical parameters used for dataset generation.

Although the framework is general enough to be extended to deal with input pa-
rameters varying in functional spaces, we focus on finite-dimensional parameter spaces
considering the applications of this work. In particular, using the notation proposed
in Section 2.3, we will consider the following test cases:

• Stimulus localization (2d/3d): p ∈ R2,3 identifies the cartesian coordinates of
the center of an applied stimulus.

• Ischemic region localization (2d): p ∈ R2 identifies the cartesian coordinates
of the center of a circular ischemic zone with fixed radius.
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• Ischemic region with variable radius (2d): p ∈ R3 encodes the cartesian
coordinates of the center and radius of an (idealized) circular ischemic region.

The experimental dataset is partitioned into four computational scenarios, each
modeling a specific cardiac pathology: 2d ectopic activation, 2d ischemia with fixed
spatial parameters, 2d ischemia with variable radius, and a 3d ectopic stimulus model.

All data are generated by solving the Monodomain equations (1) coupled with the
Ten Tusscher ionic model, using the geometric, physical, and numerical parameters
summarized in Table 1, while the pseudo-ECGs have been computed through model (4).
For the 2d configurations, simulations are performed on a rectangular domain Ω ⊂ R2

with dimensions (a, b) and uniform spatial discretization. Electrical propagation is
governed by anisotropic conductivity tensors, whose longitudinal and transverse intra-
and extracellular coefficients are set to

σe
l = 2× 10−3, σe

t = 1.3514× 10−3, σi
l = 3× 10−3, σi

t = 3.1525× 10−4 pF/cm2.

An external stimulus current Iapp is applied to initiate activation, and the system
is integrated in time using a fixed time step up to a prescribed final time. In the
ischemic and ischemic-radius configurations, tissue heterogeneity is introduced through
a modified Ten Tusscher ionic model including an ATP-sensitive potassium current [14].
In this setting, the extracellular potassium concentration Ko, sodium conductance gNa,
and L-type calcium conductance gCaL are modified as reported in Table 1. In the
ischemic-radius case, the spatial extent of the ischemic region is modeled by a circular
inclusion whose radius is treated as a random parameter sampled uniformly in the
interval [1.80, 3.33] (cm). Each 2d configuration is split into training, validation, and
test sets of fixed size, see Table 1. Each high-fidelity solution has been computed with
a MATLAB code, where the linear system resulting from the FEM discretization (5) is
solved with standard backslash. Note that a single solution run on an M1-chip equipped
laptop required about 8 minutes. The 3d dataset is generated on an ellipsoidal geometry
Ω ⊂ R3 defined through the parametric mapping:

x = a(r) cos θ cosϕ,

y = b(r) cos θ sinϕ,

z = c(r) sinϕ,

(12)

where r ∈ [0, 1], θ ∈ [−3π/8, π/8], and ϕ ∈ [−3π/2, π/2]. The functions a(r), b(r), and
c(r) interpolate between the semi-axis bounds a ∈ [a1, a2], b ∈ [b1, b2], and c ∈ [c1, c2]
reported in Table 1. The parameterized domain is discretized on a structured grid in
the (r, θ, ϕ) coordinates. Electrical activation is initiated by a short-duration stimulus
current, and electrophysiological dynamics are again modeled using the Ten Tusscher
ionic model. Training, validation, and test samples are obtained by uniformly sampling
observation points on the 3d geometry. Each high-fidelity solution has been solved using
a PETSc [5] implementation. We notice that in this case the high number of degrees of
freedom of the problem required employing an iterative solver. In particular, since the
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Figure 3: Multi-start strategy for the 2d domain. The starred point is the target: the initial guess of
the inverse problem loop is chosen as the center of the subdomains which generates the pseudo-ECG
closest to the observed one.

iteration matrix derived from the IMEX scheme described in Section 2.1.3 is symmetric
definite positive, we employed the conjugate method (CG) preconditioned with the
algebraic multigrid (AMG) provided by HYPRE [15], wrapped in PETSc. From a
computational standpoint, each high-fidelity simulation required around 20 minutes
on a single node of CINECA HPC supercomputer LEONARDO [39], equipped with 4
NVIDIA A100 GPUs each with 32GB memory.

3.2. Initial guess for the inverse problem solution

Training is carried out using a three-stage Adam optimization algorithm with pro-
gressively decreasing learning rates, followed by a second order BFGS refinement phase.

To initialize the inverse optimization procedure, we adopt a multi-start strategy
based on a discrete set of candidate points distributed over the computational domain
(see Figure 3 for the 2d case and Figure 4 for the 3d case).

Let {pi}Ni=1 denote a predefined set of candidate locations, which may be chosen
by uniformly subdividing the domain and picking the center of each of the subdo-
mains. Regarding the 2d case, for each pi, we evaluate the discrepancy between the
corresponding simulated pseudo-ECG signal and the observed one, i.e.

p̂ = argmin
p∈{pi}Ni

MSE
(
p̃ECG(t, p), pECG(t)

)
,

and we select as initial guess the point minimizing the data misfit. This discrete
screening step provides a physically meaningful prior located in the region of highest
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Figure 4: Representation of repartition in subdomains of the 3d domain for the multi-start strategy.
The partitioning has been performed using spherical coordinates.

similarity with the measured signal. Therefore, starting from p̂ we perform a gradient-
based optimization in the parameter space to refine the estimate and recover the target
location.

For the 3d case, we observed a significant impact of identifiability issues, i.e., dif-
ferent initial stimuli may generate very similar pseudo-ECG signals, leading the above
strategy to fail in more than 20% of the test cases. To address this limitation while
maintaining a reasonable computational cost for potential clinical applications, we
adopt a more robust approach: (i) we perform some Adam iterations of the inverse
optimization starting from each candidate point {pi}i in the domain partition, and (ii)
we conclude the inverse optimization starting from the point which minimizes the dis-
crepancy with the observed pseudo-ECG after step (i). As discussed in Section 3.3, this
strategy is an acceptable trade-off between computational efficiency and reconstruction
accuracy in the presence in non-convex-optimization scenarios.

3.3. ECG-initial stimulus (2d/3d)

In Table 2 we can find the experimental setup for the 2d case. Results reported
in Tables 3–4 assess both the accuracy of the forward latent dynamics model and the
effectiveness of the inverse optimization procedure used to localize the initial activation
site. In particular, Table 3 highlights how the forward model provides accurate pseudo-
ECG reconstructions across a wide range of latent dimensions, with normalized RMSE
values consistently of order 10−3 and Pearson dissimilarity remaining below 4× 10−3.
The best compromise between accuracy and computational cost is obtained for 12–16
latent states. Increasing the latent dimension beyond this range does not lead to sys-
tematic improvements and may result in a degradation of generalization performance,
as observed for 18 and 20 latent states. However, for 24 latent states the mean value
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(b) Inverse problem reconstructions corresponding to the
forward solutions shown on the left.

Figure 5: 2d initial stimulus test case. Left (color online): Forward problem solutions (pseudo-ECGs
generated by the ROM for different parameter instances). Different colors indicate different cases.
Dashed lines indicates ground truth solution, while continuous lines indicate ML reconstructions.
Results show good correspondence between ground truth and neural network approximation. Right
(color online): Corresponding inverse reconstructions obtained from those forward-generated signals.
Each inverse solution is computed using the pseudo-ECG displayed on the left as observed data.

for validation loss is minimized to 1.778× 10−4 ± 7.777× 10−6 (notice that in Table 3
only the smallest value obtained is reported), while memory usage and training time
remain within the observed range. Hence, we choose to deal with a model with 20
latent states for surrogating the forward problem.

The inverse optimization loop for 2d stimulus localization exhibits stable and re-
liable convergence behavior, as summarized in Table 4. The minimum achieved loss
reaches values below 10−7, while the mean loss over the test dataset remains on the
order of 10−4 with limited variability across samples: this aspect entails robust recov-
ery of the initial stimulus location from pseudo-ECG measurements. Furthermore, the
inverse problem is solved with modest computational requirements, with an average
optimization time of approximately 80 seconds per instance and limited CPU memory
usage, confirming the practical feasibility of the proposed approach for 2d ECG-based
stimulus reconstruction. Plots of the forward and the inverse problem solutions for the
2d case are reported in Figure 5.

For the 3d ECG–initial stimulus reconstruction task we provide details regarding
the architecture in Table 5. Results reported in Tables 6-7 underline both the in-
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Figure 6: 3d initial stimulus test case. Top (color online): Forward problem solutions (pseudo-ECGs
generated by the ROM for different parameter instances). Different colors indicate different cases.
Dashed lines indicates ground truth solution, while continuous lines indicate ML reconstructions.
Results show good correspondence between ground truth and neural network approximation. Bottom
(color online): Corresponding inverse reconstructions obtained from those forward-generated signals
(green is the ground truth while red is the corresponding reconstruction). Each inverse solution is
computed using the pseudo-ECG displayed on the left as observed data.
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Figure 7: Mean square error of the distance between the ground truth stimulus center and the re-
construction (3d case). We consider the following number of subdivisions of the domain in the radial
direction (a) 1, (b) 2, (c) 4 and (d) 6.

creased complexity of the forward approximation and the effectiveness of the inverse
optimization procedure in this 3-dimensional case. Although generalization errors are
higher in this case, Table 6 shows that the forward model is able to accurately re-
produce pseudo-ECG signals, reflecting the higher complexity of the 3d geometry and
dynamics. Normalized RMSE values are of order 10−2 and Pearson dissimilarity re-
mains below 1.6× 10−2. The best trade-off between accuracy and computational cost
is achieved for 16-20 latent states, where both error metrics are minimized. Further
increasing the latent dimension does not yield significant improvements while substan-
tially increasing memory usage and training time, which already reach considerable
values due to the large-scale nature of the problem. Therefore, even in this case, the
number of latent states for surrogating the forward problem is fixed at 20.

Retrieving stimulus localization in 3d remains effective despite the increased dimen-
sionality and the presence of identifiability issues, which have been mitigated through
the procedure described in Section 3.2. In Figure 7 we study the distribution of the
mean squared error (MSE) across the test set as the number of radial subdivisions is
varied from 1 to 6. Our results indicate that the number of initial guesses in the trans-
mural direction does not significantly influence the accuracy of the inverse problem
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Parameter Forward model Inverse model

Temporal step dt 6× 10−3 –

Dynamic network layers [4, 8] –

Reconstruction network layers [17, 17, 17, 17] –

Regularization parameter α 4.7× 10−3 –

Number of subdomains – 40× 20

Adam epochs (stage 1 / stage 2) 300/300 20/20

Adam learning rate (stage 1) 1× 10−2 1× 10−2

Adam learning rate (stage 2) 1× 10−3 1× 10−3

BFGS epochs 10,000 20

Table 2: Architecture and optimization parameters for the forward and inverse models for the 2d
initial stimulus case. Here, dt denotes the temporal step size of the forward Euler scheme used in the
dynamics network, the dynamic and reconstruction network layers specify the number of neurons per
hidden layer, α is the regularization parameter weighting the training loss, Adam epochs and learning
rates correspond to the two-stage Adam optimization procedure, BFGS epochs indicate the number of
iterations of the quasi-Newton optimizer used for fine-tuning, while the number of subdomains defines
the spatial partitioning adopted for the optimization of the inverse problem.

Latent states Training loss Validation loss Normalized RMSE Pearson dissimilarity CPU memory [GB] Training time [h]

8 6.612× 10−4 2.033× 10−4 7.034× 10−3 2.857× 10−3 4.47 10.45

12 5.855× 10−4 1.821× 10−4 6.695× 10−3 2.587× 10−3 5.38 9.91

16 5.817× 10−4 1.888× 10−4 6.797× 10−3 2.668× 10−3 5.75 9.75

18 7.619× 10−4 2.662× 10−4 8.018× 10−3 3.714× 10−3 5.69 9.76

20 5.912× 10−4 2.617× 10−4 7.553× 10−3 3.295× 10−3 6.10 10.10

24 5.400× 10−4 1.687× 10−4 6.436× 10−3 2.392× 10−3 6.61 10.82

Table 3: Performance metrics for the 2d initial stimulus model with varying numbers of latent states
(forward problem approximation).

solution, which consistently maintains an average error of approximately 0.0007 cm.
Conversely, increasing the number of radial subdivisions introduces outliers into the er-
ror distribution and increases the overall computational complexity of the minimization
process.

As reported in Table 7, the minimum loss achieved is of order 10−6, while the mean
loss over the test dataset remains below 10−3, albeit with higher variability compared
to the 2d case.

As expected, the overall computational burden is higher, but still compatible with
offline or near real time clinical applications with an average optimization time of
approximately 640 seconds per instance. Plots of the forward and the inverse problem
solutions for the 3d case are summarized in Figure 6.
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Metric Value

Minimum loss 9.25× 10−8

Mean loss (test dataset) 1.06× 10−4 ± 1.06× 10−5

Maximum CPU memory usage 5.30 GB

Mean optimization time per data 82 s

Table 4: Summary statistics of the inverse optimization loop for the 2d initial stimulus case.

Parameter Forward model Inverse model

Temporal step dt 10× 10−3 –

Dynamic network layers [24, 20, 20, 12] –

Reconstruction network layers [20, 40, 40, 23] –

Regularization parameter α 3.7× 10−3 –

Number of subdomains – 4× 1× 4 [θ, r, ϕ]

Adam epochs (stage 1/stage 2) 10000/10000 30/30

Adam learning rate (stage 1) 1× 10−2 1× 10−2

Adam learning rate (stage 2) 1× 10−3 1× 10−3

BFGS epochs 2500 20

Table 5: Architecture and optimization parameters for the forward and inverse models for the 3d
initial stimulus case. Here, dt denotes the temporal step size of the forward Euler scheme used in the
dynamics network, the dynamic and reconstruction network layers specify the number of neurons per
hidden layer, α is the regularization parameter weighting the training loss, Adam epochs and learning
rates correspond to the two-stage Adam optimization procedure, BFGS epochs indicate the number of
iterations of the quasi-Newton optimizer used for fine-tuning, while the number of subdomains defines
the spatial partitioning adopted for the optimization of the inverse problem.

3.4. ECG-ischemic region (2d)

In this section, the inverse problem reduces to estimating the coordinates of the cen-
troid of the ischemic region, while the radius is assumed to be known and fixed. Figure 8
shows results of both forward and inverse problems. On the left, the pseudo-ECG
signals generated by the surrogate model are shown for different centroid instances,
proving an excellent agreement with the corresponding high-fidelity solutions. On the
right, the inverse reconstructions highlight the capability of the proposed framework
to accurately recover the location and extent of the ischemic regions from the observed
pseudo-ECG data. The reconstructions are consistent with the forward simulations,
confirming the robustness of the approach.

The architectural choices and optimization parameters used for both the forward
and inverse models are reported in Table 8. The forward surrogate is characterized
by a moderately deep reconstruction network and a compact latent dynamics. The
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Latent states Training loss Validation loss Normalized RMSE Pearson dissimilarity CPU memory [GB] Training time [h]

8 1.100× 10−3 8.291× 10−4 1.441× 10−2 1.051× 10−2 43.13 67.72

12 1.759× 10−3 1.151× 10−3 1.738× 10−2 1.534× 10−2 46.55 65.53

16 6.969× 10−4 4.023× 10−4 1.027× 10−2 5.327× 10−3 69.64 109.86

20 6.254× 10−4 3.481× 10−4 9.471× 10−3 4.531× 10−3 67.77 87.56

26 6.251× 10−4 3.716× 10−4 9.764× 10−3 4.816× 10−3 80.76 91.96

Table 6: Performance metrics for the 3d initial stimulus model with varying numbers of latent states
(forward problem approximation).

Metric Value

Minimum loss 3.24× 10−6

Mean loss (test dataset) 4.60× 10−4 ± 2.50× 10−3

Maximum CPU memory usage 5.45 GB

Mean optimization time per data 640 s

Table 7: Summary statistics of the inverse optimization loop for the 3d initiali stimulus case.

inverse problem is formulated in a low-dimensional parameter space corresponding to
the centroid coordinates (x, y) of the ischemic region. The optimization is therefore
computationally short and efficient as shown in Table 10.

Accuracy of the forward surrogate model varies together with the dimension of the
latent space (cf. Table 9). We observe that increasing the number of latent states
generally improves the predictive performance, as reflected by the decrease in normal-
ized RMSE and Pearson dissimilarity. In particular, the configuration with 24 latent
states provides the best trade-off between accuracy and computational cost, achieving
the lowest error metrics while maintaining a reasonable memory footprint and training
time.

We fix the number of latent states to 24 for the solution of the inverse problem.
Results in Table 10 indicate a low minimum loss and a satisfactory mean error over the
test dataset, with moderate variability across samples. Moreover, the computational
cost for the inverse problem remains contained, with an average optimization time
below two minutes per instance and a memory usage compatible with standard CPU
resources. Overall, these results confirm the effectiveness of the proposed data-driven
strategy for the identification of ischemic regions from pseudo-ECG measurements.

3.5. ECG-based ischemic region identification with variable radius (2d)

Tables 11–13 detail the architectural specifications, surrogate model accuracy, and
inverse optimization performance for the two-dimensional variable-radius ischemic re-
gion identification problem. In this setting, the unknown parameter vector,

p = (x, y, r) ∈ Ω× R+,

defines both the spatial location and the extent of a circular ischemic region char-
acterized by modified electrophysiological properties through a reduced intracellular
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(b) Inverse problem reconstructions corresponding to the
forward solutions shown on the left.

Figure 8: 2d test case for identification of the ischemic region. Left (color online): Forward problem
solutions (pseudo-ECGs generated by the ROM for different parameter instances). Different colors
indicate different cases. Dashed lines indicates ground truth solution, while continuous lines indicate
ML reconstructions. Results show good correspondence between ground truth and neural network
approximation. Right: Corresponding inverse reconstructions obtained from those forward-generated
signals. Each inverse solution is computed using the pseudo-ECG displayed on the left as observed
data.

conductivity tensor Di. Table 11 reports the hyperparameters adopted for both the
forward surrogate model and the inverse optimization procedure. For the inverse prob-
lem, the parameter space is partitioned into 40× 20 subdomains.

The accuracy of the forward surrogate as a function of the latent dimension is
analyzed in Table 12. In this case, the forward model is trained using a regularization
term to the loss function presented in Equation 9. This term adds the information
regarding the frequency-domain. Given predicted and target pseudo-ECG signals, the
training loss reads

LFFT(S(p), pECG) = L(S(p), pECG) +
ω

Nleads

Nleads∑
i=1

∥∥∥F(pECGi)−F(p̃ECGi(·; p))
∥∥∥2

,

where F denotes the discrete Fourier transform applied along the temporal dimension,
and ω = 10−3 is a weighting parameter balancing the contribution of the frequency-
domain term. This formulation promotes agreement between predicted and target
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Parameter Forward model Inverse model

Temporal step dt 6× 10−3 –

Dynamic network layers [4, 8] –

Reconstruction network layers [17, 17, 17, 17, 17] –

Regularization parameter α 4.7× 10−3 –

Number of subdomains – 40× 20

Adam epochs (stage 1 / stage 2) 300/300 20/20

Adam learning rate (stage 1) 1× 10−2 1× 10−2

Adam learning rate (stage 2) 1× 10−3 1× 10−3

BFGS epochs 15,000 20

Table 8: Architecture and optimization parameters for the forward and inverse models for the 2d case
for the identification of the ischemic region. Here, dt denotes the temporal step size of the forward
Euler scheme used in the dynamics network, the dynamic and reconstruction network layers specify
the number of neurons per hidden layer, α is the regularization parameter weighting the training loss,
Adam epochs and learning rates correspond to the two-stage Adam optimization procedure, BFGS
epochs indicate the number of iterations of the quasi-Newton optimizer used for fine-tuning, while
the number of subdomains defines the spatial partitioning adopted for the optimization of the inverse
problem.

Latent states Training loss Validation loss Normalized RMSE Pearson dissimilarity CPU memory [GB] Training time [h]

8 3.903× 10−4 3.770× 10−4 8.919× 10−3 7.572× 10−3 5.16 16.87

12 1.076× 10−3 8.652× 10−4 1.376× 10−2 1.816× 10−2 5.53 10.11

16 4.654× 10−4 3.568× 10−4 7.962× 10−3 6.031× 10−3 6.22 15.46

18 3.361× 10−4 1.632× 10−4 7.801× 10−3 5.796× 10−3 5.75 15.58

20 4.229× 10−4 2.334× 10−4 7.009× 10−3 4.678× 10−3 6.18 16.01

24 3.506× 10−4 1.635× 10−4 5.816× 10−3 3.218× 10−3 6.58 15.99

Table 9: Performance metrics for the 2d case for the identification of the ischemic region with varying
numbers of latent states (forward problem approximation).

signals not only in time but also in their spectral content, which is particularly rel-
evant for catching the small oscillations observed in ECGs due to the varying radius
of the ischemia. Even in this case, increasing the number of latent states improves
the predictive performance up to an optimal range, with the configuration employing
16 latent states achieving the lowest validation loss, normalized RMSE, and Pearson
dissimilarity. This indicates an improved reconstruction of both the amplitude and
temporal structure of the pseudo-ECG signals. Further increases in the latent dimen-
sion do not lead to systematic accuracy gains and are accompanied by higher memory
requirements, suggesting diminishing returns beyond a moderate latent dimensionality.
Therefore, in this case the dimension of the latent space for surrogating the forward
operator is fixed at 16.

Finally, Table 13 reports aggregate statistics of the optimization loop for the in-
verse problem. The order of magnitude of the minimum achieved loss (10−6) confirms
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Metric Value

Minimum loss 7.46× 10−8

Mean loss (test dataset) 3.02× 10−3 ± 1.59× 10−2

Maximum CPU memory usage 10.69 GB

Mean optimization time per data 96 s

Table 10: Summary statistics of the inverse optimization loop for the 2d case for the identification of
the ischemic region.

the capability of the surrogate-based forward model to accurately reproduce observed
pseudo-ECG signals, while the mean loss and its standard deviation indicate stable
convergence across the test set. The mean optimization time highlights the compu-
tational efficiency of the proposed framework, enabling repeated forward evaluations
within a gradient-based inverse problem formulation. Overall, these results demon-
strate that the surrogate model provides an accurate and efficient forward model for
solving the two-dimensional ischemic region localization problem with variable radius.
Plots of the forward and the inverse problem solutions for the 2d case with ischemic
region and variable radius are reported in Figure 9.

4. Conclusions

In this work, we propose a reduced, data-driven computational framework inspired
by Latent Dynamics Networks (LDNets) [33] for the efficient solution of inverse prob-
lems in cardiac electrophysiology. Due to the multi-query nature of the inverse problem,
the core idea is to replace the repeated evaluation of high-fidelity electrophysiological
models with a surrogate model capable of accurately approximating the nonlinear map-
ping between low-dimensional parameters, such as initial activation sites or ischemic
region descriptors, and the corresponding pseudo-ECG signals. This approach enables
a drastic reduction in computational cost while maintaining high predictive accuracy,
with errors typically on the order of 10−4 in relative terms. Furthermore, this frame-
work can be straightforwardly extended to incorporate real clinical data, should such
data become available

The end-to-end forward surrogate is designed to capture the temporal evolution of
the system through a compact latent representation: in this way we are able to decouple
the learning dynamics and the problem of reconstructing observable quantities. This
structure allows for efficient inference and good generalization across different parame-
ter configurations, as confirmed by the extensive campaign of numerical experiments in
both two- and three-dimensional settings. In particular, we observed that moderately
sized latent spaces provide the best trade-off between accuracy, robustness, and com-
putational resources, avoiding overparameterization effects while retaining expressive
power. Furthermore, numerical results obtained for different benchmark problems with
in-silico data, demonstrate that the proposed framework achieves accurate parameter
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(b) Inverse problem reconstructions corresponding to the
forward solutions shown on the left.

Figure 9: 2d case for the identification of the ischemic region with variable radius. Left (color
online): Forward problem solutions (pseudo-ECGs generated by the ROM for different parameter in-
stances). Different colors indicate different cases. Dashed lines indicates ground truth solution, while
continuous lines indicate ML reconstructions. Results show good correspondence between ground
truth and neural network approximation. Right: Corresponding inverse reconstructions obtained
from those forward-generated signals. Each inverse solution is computed using the pseudo-ECG dis-
played on the left as observed data.

23



Parameter Forward model Inverse model

Temporal step dt 0.12 –

Dynamic network layers [6, 6] –

Reconstruction network layers [20, 20, 20, 20] –

Regularization parameter α 4.7× 10−3 –

Number of subdomains – 40× 20

Adam epochs (stage 1 / stage 2 / stage 3) 200/200/200 20/20/ –

Adam learning rate (stage 1) 1× 10−2 1× 10−2

Adam learning rate (stage 2) 1× 10−3 1× 10−3

Adam learning rate (stage 3) 5× 10−4 –

BFGS epochs 10,000 50

Table 11: Architecture and optimization parameters for the forward and inverse models for the 2d case
for the identification of the ischemic region with variable radius. Here, dt denotes the temporal step size
of the forward Euler scheme used in the dynamics network, the dynamic and reconstruction network
layers specify the number of neurons per hidden layer, α is the regularization parameter weighting
the training loss, Adam epochs and learning rates correspond to the two-stage Adam optimization
procedure, BFGS epochs indicate the number of iterations of the quasi-Newton optimizer used for fine-
tuning, while the number of subdomains defines the spatial partitioning adopted for the optimization
of the inverse problem.

reconstruction with moderate memory usage and reduced computational time. These
features make the approach particularly appealing for other multi-query contexts (such
as uncertainty quantification or optimal control) and pave the way toward real-time or
near real-time applications.

The inverse problem is formulated directly in a low-dimensional parameter space,
improving the stability and tractability of the optimization process. Moreover, for the
problem of identifying radius and centroid of an ischemic region we introduced a com-
bined time–frequency loss function, which incorporates both time-domain discrepancies
and spectral information via Fourier transforms. This modification proves particularly
beneficial in capturing subtle dynamical features of the pseudo-ECG signals and im-
proves the identifiability of the underlying parameters.

Convergence of the inverse solver is ensured by combining a tailored, domain-
partitioned multi-start initialization with a hybrid optimization routine that leverages
both Adam and second order quasi-Newton (BFGS) methods. In more challenging
scenarios, such the identification of the stimulus in three dimensional domains, we
prove that a multi-start strategy based on multiple initial guesses provides a robust
compromise between computational efficiency and reconstruction accuracy.

Overall, the proposed methodology represents a significant step toward practical,
noninvasive, and data-driven solutions to inverse problems in electrocardiology. Fu-
ture developments will focus on extending the framework to more realistic anatomical
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Latent states Training loss Validation loss Normalized RMSE Pearson dissimilarity CPU memory [GB] Training time [h]

8 4.414× 10−4 5.470× 10−4 1.223× 10−2 1.268× 10−2 4.61 11.04

12 4.192× 10−4 3.241× 10−4 1.028× 10−2 8.936× 10−3 5.15 10.84

16 4.182× 10−4 2.165× 10−4 8.034× 10−3 5.449× 10−3 5.39 10.37

18 4.566× 10−4 3.862× 10−4 1.039× 10−2 9.119× 10−3 5.40 10.80

20 3.948× 10−4 4.217× 10−4 1.120× 10−2 1.062× 10−2 5.88 10.71

24 4.265× 10−4 3.297× 10−4 1.005× 10−2 8.520× 10−3 6.53 10.86

Table 12: Performance metrics for the 2d case for the identification of the ischemic region with variable
radius with varying numbers of latent states (forward problem approximation).

Metric Value

Minimum loss 4.33× 10−6

Mean loss (all data) 1.85× 10−2 ± 3.30× 10−3

Maximum CPU memory usage 12.44 GB

Mean optimization time 92 s

Table 13: Summary statistics of the inverse optimization loop in the 2d case for the identification of
the ischemic region with variable radius.

geometries, incorporating patient-specific data, and further improving robustness with
respect to noise and model uncertainties, with the ultimate goal of supporting clinical
decision-making processes such as ablation planning and the localization of arrhythmic
sources.
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