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Abstract

We analyze a dual mixed nonconforming discretization of a generalized Darcy-Forchheimer
model. Compared to the analogous scheme proposed in [23], we consider general, i.e., non-
quadratic, Forchheimer nonlinearities; we admit mixed, inhomogeneous boundary conditions;
we allow for more general, i.e., with lower Lebesgue regularity, permeability tensors; we con-
struct general-order schemes; we prove convergence to the exact solution under low regularity
assumptions, based on novel Sobolev-trace inequalities for broken spaces; we derive error es-
timates of general-order assuming extra regularity of the exact solution and data; we present
numerical results assessing the performance of the proposed schemes for different types of
nonlinearity and nonlinear solvers.

AMS subject classification: 76505; 656N12; 65N30.

Keywords: generalized Darcy—Forchheimer law; Sobolev-trace inequalities; Crouzeix-Raviart
elements; high-order schemes.

1 Introduction

State-of-the-art. The Darcy—Forchheimer’s law models the fluid flow in porous media [21]. It
is a nonlinear extension of Darcy’s law and provides a more accurate description of high-velocity
flow behaviours. Numerical discretizations of Darcy—Forchheimer equations pose extra theoretical
and computational challenges compared to their linear counterpart; as such, they have received
increasing attention over the last three decades. In [19], existence and uniqueness are established for
a semi-discrete formulation of the standard (quadratic) Darcy—Forchheimer model. Well-posedness
of the fully discrete scheme and corresponding error estimates are provided in [26]; see also [|2§];
more general nonlinearities are considered in [24]. In these works, the problem is formulated
in the standard mixed setting, and Raviart-Thomas/piecewise-polynomial pairs are employed.
A different approach is undertaken in [23], where a lowest order mixed dual formulation based
on piecewise-constant/lowest order Crouzeix-Raviart (CR in what follows) pairs is introduced:
convergence to the exact solution of discrete solution sequences under mesh refinements is proved
and the analysis of a nonlinear solver is also provided. Numerical results for this scheme are
presented in [25]; see also [30] for results concerning the standard mixed formulation. We also
mention [35], where, compared to [23], additional stabilization in the normal direction for the
fluxes are considered, following ideas from [14] for the linear case. More recent contributions
include [2441(94(16}17,29L[31}34}/36L[37].

Goals of the paper. The main objective of this work is to design a general-order dual mixed
formulation for a generalized Darcy—Forchheimer problem. The starting point is the work [23] of
Girault and Wheeler, which we extend along several directions.
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e We consider more general nonlinearities, replacing the quadratic Darcy—Forchheimer non-
linearity with an (a — 2)-type law, which boils down to the classical one when o = 3; see
problem below.

e We admit inhomogeneous, mixed boundary conditions.
e We allow for permeability tensors K with lower Lebesgue regularity; cf. @ below.

e We introduce a general-order scheme employing piecewise-polynomial spaces of order p — 1
for the fluxes and Crouzeix-Raviart spaces of order p for the potentials.

e We prove convergence under low-regularity assumptions on the solution and data, based on
novel Sobolev-trace inequalities in broken spaces, with constants independent of the type of
discretization spaces (in particular, independent of the polynomial degree in our case).

e We derive general-order error estimates under additional regularity assumptions on the so-
lution and data.

e We present numerical experiments assessing the performance of the scheme for different values
of the nonlinearity parameter o and for different nonlinear solvers.

The use of high-order schemes for nonlinear problems may appear counterintuitive, as solutions
can exhibit singular behavior even for regular data and smooth domains; our motivation is the
prospective development of hp-adaptive strategies, which are particularly well suited for the efficient
discretization of such problems. As in [23], we adopt a dual mixed formulation and discretize
the potential with nonconforming (Crouzeix-Raviart) elements. Using nonconforming methods
in the discretization of more complex nonlinear problems is important, as standard conforming
discretization might not converge to the exact solution; cf. [5].

Outline of the remainder of the paper. While in Section [I.I] we set some standard spaces,
their properties, and assumptions on the problem domain, Section [2] is devoted to introduce the
general nonlinear Darcy—Forchheimer model problem and prove its well-posedness. In Section
we introduce admissible sequences of meshes, broken Sobolev spaces, and finite element (piecewise-
polynomial and Crouzeix-Raviart) spaces; we also discuss known and novel Sobolev-Poincaré and
Sobolev-trace inequalities for functions in piecewise Sobolev spaces. The method is introduced in
Section {4} its convergence for low-regularity solution and data is detailed in Section [5] while error
estimates under extra regularity assumptions are derived in Section [} Numerical experiments are
given in Section [7} while some conclusions are drawn in Section [§ Appendix [A]is concerned with
the proof of technical results needed for the well-posedness of the continuous problem.

1.1 Functional setting

We consider a domain € in R?, d = 2,3, with boundary I', which we split into I' = I'p U 'y. We
assume that either

2 is star-shaped with respect to a ball By of radius R (1)

or
Q admits a shape-regular decomposition into 9% simplices. (2)

These two options are relevant to establish some inequalities in Section below, with constants
that are explicit with respect to the geometric parameters in ([1f) and . The simplicial subdivision
in is not related to the discretization meshes in Section below.

The diameter of € is hg; ng is the outward unit normal vector to I'. We denote scalars in
standard font; vector fields in boldface font; tensors in underlined boldface font. Greek letters in
boldface font denote multi-indices in N%; the lengths are |3| := Z?:l B, for 3 in N%. For a generic
subset X of Q with diameter hx, and for all p in [1,00) and k in N, we consider the Lebesgue
and Sobolev spaces L¥(X) and W*P(X), which we endow with norm, and seminorm and norm,

respectively,
e



and

1 k %
ol ) = (D2 1Dl (x) 7 ol = (3 (85" Plweog)”)
|a|=F £=0

Sobolev spaces of noninteger order are constructed by interpolation. The subspace of functions
in LP(X) with zero average over X is L{(X). Sobolev norms and seminorms applied to vector
fields are denoted by ||~||Wk,p(X) and |~|Wk,p(X); Lebesgue norms applied to tensors are denoted by
[lp(x)- We recall the following Sobolev embeddings [20, Sect. 2.3]:

o if kp < d, Wk’p(X) — LYX) for all ¢ in [p, df‘]icp];

o if kp =d, WHP(X) < LX) for all ¢ in [p, o0).

We spell out the generic Sobolev embedding bound: for k, p, and ¢ as above, there exists a positive
constant Csop, depending on ¢, k, p, and X, such that

P
”v”LQ(X) < Csophg ”’UHW’%P(X) ACAS Wk’p(X)~ (3)

Given an index p in [1,00), we define (with 1 < p < p* < p*)

d—1) . .

f_ P o JEED ifp<d L ifp<d

' p= : p = . (4)
o0 otherwise; %) otherwise.

We have the following trace theorem [20, Ch. 3.2]: given I a subset of the boundary of X, there
exists a positive constant Cry. such that

HU”LPn (f) g ||’U||Lpﬁ (ax) — § CTrC”UHWl,p(X) V'U € Wl’p(X). (5)

Csanllvl g,

The trace operator is surjective from W' (X) to WP (I"). We consider the subspace of functions

in WH?(X) with trace g in Wi’p(lﬂ)

L7(X) = {v € W(X) | v = g}

A Poincaré-Steklov inequality holds true [20, Ch. 3.3]: there exists a positive constant Cpg de-
pending only on p and X such that

(6)

WiP(x T CoX
[olirce) < Coshy ooy Vo€ { £ c

WHP(X) N LE(KQ).
Inequality @ holds true also for functions with zero average over a subset of X and/or 0X with

nonzero measure. We denote the Euclidean vector norm by |v| = vvT - v. For generic Banach
spaces X and Y, Y C X, we consider the quotient space X/Y endowed with quotient norm

T = inf ||z — .
2l x /v yeyll yllx

(2,7)
Hﬂ‘x’

Moreover, X* denotes the dual space of X, which we endow with the norm ||z|| y. = sup,cx
where (z, ) denotes the action of the functional z on the elements z in X.

2 The model problem

Given @ > 2,0 : Q2 - R, gy : 'y — R, and gp : 'p — R, we consider the generalized Darcy—
Forchheimer problem: find a flux u : © — R¢ and a potential p : © — R such that

Vp+%571u + %|u|°‘_2u =0 inQ

Vau=> in Q

B (7)
u-n=gy on 'y
P=9p on I'p.



If 'y =T, then b and gx must satisfy the compatibility conditions

/dex:/rgNds. (8)

The permeability tensor 571 is positive definite; let Ay > 0 be its smallest eigenvalue over (2.
The density p, the viscosity p, and the Darcy—Forchheimer coefficient § are positive constants.
With the notation as in , we assume that

K 'eL+=2(Q), be B:=LI))(Q) =L (Q), )
o)ty 4=t Lo
gn € Gy ==L (Dy) = L7 (), gp € Gp == W= (I'p),

and, for a generic g in Gp, we define the spaces

1,0’ 2 . B
V= LYQ), Q, i {W (QNLQ) ifTy=T

1,/ .
WF'E’Q(Q) if 'y #T.
On the continuous level, we may also take Gy equal to [Wé’o‘/ (T'n)]*; however, this choice would
not be fine on the discrete level, since we shall be using nonconforming spaces.

We consider the following variational formulation: find (u,p) € V x Q,,, such that

H/(K_l)u~vdx+é/ |u|a72u~vdx—|—/Vp~vdx:0 Vvevy (10a)
P Ja P Ja Q
/u-qux:—/qux+/ gn q ds VY qe€ Q. (10Db)
Q Q I'n
Introduce

H:={veV|V.veLl) Q)
and
D:={veH|v-np, =0,V-v=0inQ}. (11)

An integration by parts reveals that v in V belongs to D if and only if v satisfies
/Vq-vdx:O Vq € Q. (12)
Q

Lemma 2.1. IfT'y 4T, for any a in (1,00) and g in Gp, we have the inf-sup condition

v-Vqdx
inf sup fQ q _
QEWF’,;/,Q(Q)VGL“(Q) ”Vq”L“/(Q)HVHL“(Q)

(13)

If 'y =T, then the inf-sup condition holds true by replacing W;g/q(ﬂ) with Wl’“l(Q) NL3(Q).

Proof. A duality argument reveals

Vq a’ V- V dX ’
||VQHLn’(Q) veLa(@) IV Q||Lu’(Q)||VHLn(Q)
Taking the infimum over all q on both sides yields (13). O

Next, we show that there exists solution to (10b]) for given b and gy.
Proposition 2.2. Given b and gy as in @D, there exist ug in V /D satisfying

/Ug-quXZ—/quX—l—/ gy q ds Vqe Qo (14)
Q Q 'n
and a positive constant Cy only depending on o« and ) such that

el iy < Ce (bl + lonlly e en,)- (15)

Proof. For a = 3 and pure Neumann boundary conditions, the proof can be found in |23, Prop. 1].
Here, we consider general o > 2 and mixed boundary conditions. We consider two cases.



Case 1: mixed/Dirichlet boundary conditions. Triangle’s inequality, Cauchy-Schwarz’ in-
equality, the continuous Sobolev embedding theorem 7 and the continuous trace theorem
yield, for a hidden constant only depending on « and §2,

'—/qux—i—/ g qds
Q I'n

i.e., the mapping q — — [, b q dx + fFN g q ds belongs to (Qg)*. The assertion follows from the
inf-sup condition (L3]).

S (BBl ey ) + Ion ey oy ) lalwror )y Va€ Qo,

Case 2: pure Neumann boundary conditions. The compatibility condition (), triangle’s
inequality, Cauchy-Schwarz’ inequality, the continuous Sobolev embedding theorem ({3, the con-
tinuous trace theorem , and Poincaré-Steklov’s inequality yield, for a hidden constant only
depending on « and {2,

‘—/qux—k/ g qds gmf( /b(q—c)dx‘—k / g(q—c)ds
Q 'y ceR Q 'y

< (Il ccorso oy + 98 oty o ) 108 (Il =ellpcans @) + lla=€llyane o)

S (\|b||L<<a’>*>’(Q) + ||9N||L<<a’>ﬁ>’(rN>) lalwi.ar 0)-

The mapping q — — fQ bqdx + fFN g q ds belongs to (Qp)*. The assertion follows from the
inf-sup condition . [

We consider the reduced problem on the kernel D: given uy as in , find ug in D such that

%/(Kil)(uo—&-u@).vdx—i—g/ [ug 4+ u|* 2((ug +uy) - v)dx =0 YveD. (16)
Q Q

We denote by A(-) : L%(2) — L% (Q) the mapping

A(v) = PRty + é|v|a_2v. (17)
p p
Since
1
a—2 a—2_ 1o’ ol
= d
ot - ()
1 a—1
= (/ v|(e=De’ dx>a = (/ |V|adx> T = vl
Q Q
we have

1% — ﬁ a—
AW ooy < A s+ 2] IV (13)

The following result extends [23, Prop. 2] from a = 3 to o > 2 and mixed boundary conditions.
The proof is omitted for brevity and is essentially based on the inf-sup condition .

Proposition 2.3. The solution u = ug + uy to is also solution to (10) and vice-versa.
Moreover, given u solution to , there exists a unique p in Qg,, solution to (LOb)), i.e.,

A(u)=Vp. (19)
We now show an algebraic inequality involving A(-).

Lemma 2.4. For all v and w in V, the following inequality holds true: there exists a positive
constant Cgr, depending on « such that

[A(V) — A(w)| < %|K_1| |v —w|+ CpgL §|v —w|(|v]* 7% + |w|*7?) Yo > 2. (20)



Proof. Triangle’s inequality yields

AG) = Aw)] < 2K = w2l i ]

Using |7, Lemma 2.1], there exists a positive constant Cpy, such that
HV‘OL*QV - |w\°‘72w‘ < CpL |v — W] (|v|°‘72 + |w|°‘72) .
The assertion follows combining the two bounds above. O

Based on [23 Sect. 2], in order to show the well-posedness of , it suffices to prove the
following three properties of A(-):

1. monotonicity, i.e., recalling that Ay, is the smallest eigenvalue of Kﬁl, we have

Pl =l < [ (AW+Y) = Av+y) (w-v)dx YyvweVs (@
Q

2. coercivity, i.e., we have
. 1
lim (7/ A(v+y) ~v) = +o00 Yy € V; (21b)
Vlige =+ MVIiLa ) Jao

3. hemi-continuity, i.e., given y, v, and w in V, the mapping
t%/A(y+v+tw)~wdx (21¢)
Q

is continuous from R into R.

The proofs of these properties are postponed to Appendix [A] We are in a position to show the
well-posedness of and hence, due to Proposition of (10)).

Proposition 2.5. Given b and gy as in @, problem admits a unique solution (u,p) in
VY x Qg,,. Moreover, given Cy as in , we have

20/ _ 1 Oé, _ ’r_ é a,7 ’_

”uHL“(Q) < ( (aﬁa’ I HK 1”;%712 +2) Ce 1(||bHL((a’)*>’(Q) + ||gN||L((u/)u)/(FN))a ! (22a)
and

[T B 2% (o — 1 ,ua/ _1ya’—1 o

19 Dl oy < (2 g+ 2) (O a2, +2) ™

: CZ(”b”L((a’)*)’(Q) + ||9N‘|L((a/)ﬂ)/(FN))~

Proof. Based on |32, Chapt. I], properties (21al), (21b]), and (21c) yield the existence and unique-
ness of a solution u to (16). Proposition yields the existence and uniqueness of p solution

to . As in Proposition we split u as ug + uy. Since ug belongs to D, we have

(22b)

O/Vp-uo/A(u)~u0dx.
Q Q

Estimates (103]) with v equal to u, and (105 with v and y equal to u and u, entail

12 ﬁ o
0= / Afu) - udx - / Afw) g dx > 2 )20 + 2l o
Q Q 1Y P

B

Hoge—1 a—1
- ;HK ||Lﬁ(9)||UHLQ(Q)HU£||La(Q) - ;”u”La(Q)”ufHLQ(Q)'



Applying Young’s inequality twice gives

1z N 1 € a 1 o
)‘mln”uHL2(Q) + = ||11||La HK HLa 2 (@) (a||u||La(Q) + m”ueﬂm(m)
IB « 1 [0
+ - aHUHLo(Q) + EHUZHL”(Q) ;
whence
B B ep K-! o 1/8 Ep K1 a
(= o I s )l ) = 5(; ~ YR o )0l o
u 1 o B a
< ~ rmn||UHL2 @ * e 'p|| K™ HLQL12(Q)||UZ||La(Q) + ;p||uf||La(Q)'

Estimate (22al) follows from applying and taking

B k-1
ZH HLa Z(Q)"

Estimate (22b)) follows from combining 7 , and (22a)).

E =

3 Finite element spaces and functional inequalities

This section is devoted to introduce the basic setting for a nonconforming discretization of prob-
lem . More precisely, sequences of regular meshes, and corresponding broken Sobolev and finite
element spaces are introduced in Section important inequalities (Poincaré— and trace-type) for
broken Sobolev and Crouzeix-Raviart spaces are exhibited in Section [3.2l While the tools devel-
oped in Section 3.2 below remain valid in arbitrary dimension, henceforth we fix d = 2. This choice
allows us to characterize the Crouzeix-Raviart space in in two equivalent ways; see Section
[3.1] below for more details.

3.1 Meshes, and broken Sobolev and finite element spaces

Meshes. We consider mesh sequences {7}, where each T, is a finite collection of disjoint, closed,
simplicial elements such that Q = (J Kxer, K. For each K in Tn, OK, hg, and R denote the
boundary of, the diameter of, and the radius of the largest ball contained in K, respectively. We
assume that the sequence of meshes is shape-regular, i.e., there exists a positive constant v such
that hx < ¥R for all K in Ty, for all meshes 7y,. The piecewise L2-projector 11%7» onto the space
of polynomials of order s, s in N, is given by

/HO hy e dx 7/ v qs dx Yo e L2(Q), Vg, € Py(K), VYK € Tg; (23)
K K

the vector version of this projection operator is HS’TI‘.

We associate each T, with the set Fy, of facets. With each facet F' in Fj,, we associate its
diameter hr and a unit normal vector ng, and

e cither there exist distinct K1 p and Ka p in Ty such that F' = 0K p NOKs r and F is called
an internal facet,

e or there exists Kp in 7y such that I C 0Kpg NT and F is called a boundary facet.

Interfaces and boundary facets are collected in the subsets ]-"l{ and ]-"f, respectively; we assume
that it is possible to split the boundary facets into Dirichlet ]-"}? and Neumann }-}le boundary
facets, i.e., F is in FP if it belongs to ]-'h and F is contained in I'p (similar for the Neumann
case); we also introduce F{ P := FLUFP and FIN := F UFY. The set of facets of an element K



is F&; we also define FEP := FK N ]—'}? and FET .= FEn ]-'}{. For F in Fy, we define the facet
patches

wp = | J{K € Tu | F e F¥}.

The piecewise L2-projector %7 onto the space of facet polynomials of order s, s in N, reads
/ %71y g, ds == / v gsds Yo e WHH(Q), Vg, € Po(F) VYF € Fy;
F F

the vector version of this projection operator is Hg’f b

We associate each Ty, with the set of its vertices Vy; the set of vertices of a given element K is VK.
The vertices of K are denoted by v; i, ¢ = 1,2,3, and the corresponding barycentric coordinates
by Ak,i; when convenient, we shall replace A ; with Ax p where F' is the facet opposite to the
i-th vertex and we shall omit the subscript A when no confusion occurs.

Consider now an element K in T,. A local continuous trace inequality holds true |11, Corol-
lary 1.3]: if p is in [1,d), there exists a positive constant CPFR depending only on p and ~ such
that

ol ot oy < Ch(lellior ) + 19 o) (24)

Broken Sobolev spaces. For p larger than or equal to 1, we define
WP (T) = {uelP(Q) | uxg € WP(K) VKeT}.

For every v in WH?(7;,) and F in Fy, the jump operator on F is well-defined thanks to the trace
theorem and is given by

[[’U]] o UK, ¢ DK, g ~nF—|—v|K2,FnK2YF ‘ng ifFC]:}{, F:aK17FmaK2,F
L U FNK, - NQ ifFG}-ﬁB,FcaKFﬂF.

We further define the normal jump operator on F' of a vector field v in WLP(Ty,) as

[[V]]Fn =

)

VK, p DK g +V\K2,F "NK, p if Fc ]:}{, F :8K17F08K27F
ViFDKp ifFE.FhB,FC(?KFﬂF.

We omit the subscript F' whenever it is clear from the context. For k in N, we introduce
WP (Th) == {v € WH(Ta) | ([v] af_1)o.r = O Vai_y € Pror(F), VF € Fi},
and, for vp in Ll(f)7 [ C T such that each F in ]-'}{3 is either fully contained in T or not,
Wi, (T T) 1= {o € Wi ()| ([o] = vp.af1)or = 0
Vai_, € Pp_1(F), VF € FP with F c T'}.
Vector valued and tensor valued broken Sobolev spaces are denoted using the boldface and underlined-

boldface fonts, respectively.

Finite element spaces. We denote the space of polynomials of order smaller than or equal to
a nonnegative integer k over an element K and an edge F by Pr(K) and Py(F), respectively. If
k is a negative integer, we set Py (K) = Py (F) = (). We introduce the Lagrangian finite element
space of order k:

ﬁk(ﬂl) = {qh € CO(Q) | ah| K S Pk(K) VK € 7;1}

Given an element K in 7y, basis functions of each local space can be split into

e vertex basis functions denoted by {¢”i}5_;; (25a)
e facet modal basis functions associated with each facet F of FX, denoted by {<pf ?;11; (25b)
e bulk modal basis functions denoted by {gof}l(i_ll)(k_Q)/Z. (25¢)



We introduce the piecewise-polynomial space of order k
Pk(ﬁl) = {qk S L2(Q) ‘ k| K € Pk(K) VK € ﬁl},

vector valued piecewise-polynomial spaces are denoted by P (7y). Given g in Gp, we further define
the Crouzeix-Raviart (CR) spaces [18,|27]

CRx(Th) := {an € Px(T) | ([an] . gk—1)o.r =0 Vgi_, € Pu_1(F), VF € Fi}, (26a)
CRy,g(Th, Fir') = {an € CRx(Tw) | ([an] — 9, G—1)o,r = 0Vgi_1 € Px_1(F), VF € Fy}. (26b)
We have the inclusions

CRk(IHI) c Wllg’p(ﬁl)v CRk,g(ﬂn]:hD) C Wllc:Z(E’FD)

Next, we introduce a basis for the Crouzeix-Raviart spaces. We denote the univariate Legendre
polynomials of degree k over I := [—1,1] by Sk(:). With each facet F in JF,, we associate the facet
nonconforming bubble function |15, Def. 3.2] (which is extended by zero outside wp)

(27)

bE Sk (1= 2\ p) VK € Ty, K Cwp
g 0 otherwise.

We first detail a set of unisolvent degrees of freedom for the odd degree Crouzeix-Raviart spaces
CRy,¢(Th, FP). Given an element K, consider for all F 1n ]-' K the mapped Legendre polynomi-
als SJF on F, j non-negative integer, and a basis {mﬁ |B| o of Pr_3(K) consisting of elements

such that HmEH @ = 1. We introduce a set of linear functionals: given v in W!(Q),
LOQ

|F|*1/vsfds Vj=0,....k—1 VFeFN (282)

F

|K|*1/vmg dx Bl =0,....k=3, VK €T, (28b)
K

The functionals in are a set of unisolvent degrees of freedom (DoFs) for CRy, 4 (T, Fi2); see,
e.g., |1, Lemma 2.1].

We detail next a set of unisolvent degrees of freedom for even degree Crouzeix-Raviart spaces.
With each element K in 7y, we associate the bulk nonconforming bubble function [33, Rem. 2]
(which is extended by zero outside K)

1_ 3 G.(1— 92\
b s(—14+> 1 Sk(1—=2X;)) on K . (29)
0 otherwise,

and we consider the linear functionals
|K|*1/ vbE ds. (30)
K

The functionals in and are a set of unisolvent DoFs for CRy,,(Tn, ) if and only if,
cf. [1, Lemma 2.2], v satisfies the compatibility condition

Z/ > — L —ds=0 VK € Ty.

FEdK 1<]<k 1 |SFHL2(F

The Crouzeix-Raviart spaces in are spanned by modal and nonconforming bubble functions [6].
This characterization depends on the order of the scheme:

e odd order Crouzeix-Raviart elements are spanned by the modal functions and .
and the facet nonconforming bubbles , ie.,

CRy(7h) = span (b,{ and {pF Yool VF C Ry {pf ) D02 \ﬂ(eﬁ,); (31)



e cven degree Crouzeix-Raviart elements are spanned by the modal functions and the bulk
nonconforming bubbles, i.e.,

CRi(7n) = span (Lp” Y C Vs {ef Yo VF C B b and {pf }EPETV P VK € L)L (32)

The spaces in (3] and (26) coincide; see, e.g., [13, Lem. 1.2, 1.3] and [33]. For even k,
the functions in l.’ are hnearly dependent, cf. |22] for the second order case, since the piecewise
nonconforming bubble function, which on each element is given by b, is globally continuous. As
such, in order to obtain a basis, it is necessary to remove one bulk nonconforming bubble function.

Seminorms in broken Sobolev spaces. We add a subscript h to all differential operators to
denote corresponding operators defined piecewise over Ty; for instance, Vy, is the broken gradient
over Ty,.

Given p and ¢ larger than or equal to 1, we endow, whenever it makes sense for the above
choices of p and ¢, the space W P(7T;,) with the seminorms, for d = 2,

d > +d 1
lollwria iy = 1V0 0llee ) + (> hg v 7 iz )7 (33a)
FEJ:ID
5 a4 N
Hl’Ul”W%"g;q(/Th) = ||Vh ’UHLP(Q) + ( Z th P q IIUH‘ Lq(F)) P (33b)

FeFIP

Both seminorms are stronger than the seminorm ||V 0|y, .-

3.2 Inequalities in broken Sobolev and Crouzeix-Raviart spaces

We recall the following technical, preliminary result, cf. |11, Theorem 1.7] and [10, Theorem 3.4].
Amongst other things, it states that the seminorms in are norms. Recall that the spatial
dimension d is 2.

Lemma 3.1 (Sobolev-Poincaré and -trace inequalities in broken Sobolev spaces). Let Q satisfy
either or [@). Let {Tn} be a family of meshes as in Section[3.] and p be in [1,d). There exist
positive constants Cdp and C’gT depending on p, T'p, Q through either R or N in and , d,
and the shape-regularity parameter v such that, for all v € W;g (Th),

vl < Ol ot 7, vae [y, (342)

# #
HU”LQ(F) S CVST||/UHV\;11“,]1;;10ﬁ (Th) Vq € [1,]7 ] (34b)

The explicit dependence of C&p and C’gT on the parameters highlighted above is discussed in [11),
Theorem 1.7] and [10, Theorem 3.4].

Now, we establish a variant of Lemma where weaker norms on the right-hand sides of
are employed, notably, we replace ||”||W;’P;‘1(Th) by |||-||‘W;,p;Q(71).
D D

Proposition 3.2 (Improved Sobolev-Poincaré and -trace inequalities in broken Sobolev spaces).
Let Q satisfy either or (2). Let {7}1} be a family of meshes as in Sectwn and p be in [1, d)
There exist positive constants C’SP and C’ST depending on p, I'p, Q through either R or N in
and ., d, and the shape-regularity parameter v such that, for all v € Wr’g (Th),

1olae) < Copllollygymet ) Vg e [1,p"], (35a)

i #
||vHL‘1(F) S CST”'IU‘HWI{,;;N (Th) Vq S [lap } (35b)

Proof. A proof of (35al) is given in |11, Corollary 1.10]. Therefore, we focus on (35b]). We assume
that ¢ = p', since the assertion for smaller values of q follows from Hélder’s inequality.
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Recall that Hg’T“ denotes the piecewise average operator over Ty,. Triangle’s inequality gives
_ Hg’ThU HO’Th

0 (36)

L (T)’

ol ey < [ o

As for the first term on the right-hand side, an elementwise trace inequality on the elements
abutting I" (constant C}}R depending on the shape-regularity parameter «), cf. , an elementwise
Sobolev embedding inequality (constant Csop depending on the shape-regularity parameter ),
cf. , and an elementwise Poincaré-Steklov inequality (constant Cpg depending on the shape-
regularity parameter ), cf. @, lead to

0
H’U — HO’Thv

oty S Crr(L+ CrsCoon) [V vl

Inserting this inequality in yields

_
ol ) < Ch(1+ CosCion) [V vl + 150

. (37)

The assertion follows by estimating the second term on the right-hand side. We apply Lemma

and get, for CgT as in ([34b)),

0,Th
HHO v

=

(38)

L7* (@) SCgT( Z HHHO ” m

FeFlP

Lp“(F))

Recall that HS’F“ is the piecewise average operator over Fy,. We estimate each jump term sepa-

rately:
s o]y < 37 o]) = 157 17 0l e

The second term on the right-hand side is good to go. As for the first one, proceeding exactly as in
the proof of |11}, Corollary 1.10], standard manipulations give the existence of a positive constant C
depending only on ~ and p such that

(2, Il--me]

Combining the above display, , , entails the assertion. O
Due to definitions and (33b)), we note that

(39)

LP* (F) L (F) H

1
T <OIVnlln oy

Lp“(F)>

|||Qh|||w}gW(Th) =[Vn qhHLP(Q)
—dZ+d%
+ Z e

Thus, we have the following immediate consequence of Proposition [3.2]

p
Hov}-hg

1
P D
) € CRay (T AD)

Corollary 3.3 (Improved Sobolev Poincaré and -trace inequalities in Crouzeix-Raviart spaces).
Let Q satzsfy either or (2). Let {Tun} be a family of meshes as in Sectzon and p be in [1,d).

Given CSP and CST as in ), for all qn in CRy 4, (’7}“.7-'h ), gp in Gp,

~ p 1
thum)scsp[nvhqhuwm( S, ] veenp) (o)
FeFrP )

~ p 1
lanlhory < Cr[IVnanlny + (30 [1870n]| . )] Vaelpl  (0b)
FeFpP

Remark 1. Corollary extends |23, Propositions 4 and 5] to the general-order case. The tools
employed in the proof of Corollary [3.3]do not rely on any averaging operator. As such, the constants
in do not depend on the structure of the discretization space, with the exception of the zero
moments up to order p — 1 coming from the definition of the CR spaces in ; this might be
helpful in the proof of the convergence of the scheme, e.g., on a fixed mesh and increasing the
polynomial degree. "
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4 A general-order method

For a generic g in Gp, we introduce the finite element spaces,

Vi~l= P 1(Th),

o CRi(Th) NLE(Q) if Ty =T
97\ CRuy(Th, FP)  if Iy #T.

We consider the method: find (uy,py) € Vi~ ! x QF g Such that

%/(Kil)uh cvpdx + %/ |uh\°‘72uh -vp dx +/ Viuph-vhdx =0 Vv € VﬁA (41a)
Q Q Q

/uh~thh dx:f/bqh dx+/ gN Qn ds VQhGQZ,o (41b)
Q Q I'n

The method with & = 1, @ = 3, and pure Neumann boundary conditions was analyzed in [23].
This section is devoted to investigate the well-posedness of (Section and error estimate for
(Section [6)) method (41]).

4.1 'Well-posedness
We define the discrete counterpart of the space D in as

’Dk L. {vhevk ‘/thh vpdx =0 thGQhO}
and its L%-orthogonal in Vy~*
DE b = {whev ‘ /wh-vhdx:() vVheD{fl}.
Q

We prove a discrete inf-sup condition.

Lemma 4.1. For all a in (1,00), there exists a positive constant by only depending on a, the
shape-regqularity parameter v, and the order k, such that

vy -V
inf sup fQ h Ll

> by,. (42)
an€QL 4, v, eVE! [V OthLn’(Q)HVhHLu(Q)

Proof. Given qy in Qﬁ, gp and Hz’_ﬁ‘ as in 7 an L% — L? polynomial inverse inequality gives
f— 0,7n — — ‘-1
Wh = | Vian|® 2 Vi an, an llwhH Le@) < by, 1H"Vh”Lu(Q) =b,"'|Vu %H:n'(m- (43)

A duality argument reveals

a ,
||thh|| "Q w :/V .‘thh|ﬂ _2thh
L ||VthHif(19 Q thqh”a *1
OTh
b /Vth UTk 1 <bh1 sup /thh.ih
[ T e Jo Y Toalle
()

Taking the infimum over qy, in @4, on both sides of the above display yields .

We prove the discrete version of Proposition

12



Lemma 4.2. Given b and gy as in @D, there exists uy ¢ in ’Df:u‘ satisfying
/uh,l'vh‘thXZ_/thdX+/ gN dn ds VQhGQ’ﬁ,o
Q Q I'n

and a positive constant 5’4 depending on the order k through by in , I'p, Q through either R
or N in and , and the shape-regularity parameter v such that

el oy < Ce (I8l ey + lon ety en) )- (44)

Proof. We consider two cases.

Case 1: mixed/Dirichlet boundary conditions. Triangle’s inequality, Cauchy-Schwarz’ in-
equality, the broken Sobolev-Poincaré inequality (40al), and the broken trace inequality (40bl) yield,
for a hidden constant only depending on k, I'p, € through either R or 91 in and (2)), and ~,

‘—/ bqhdx+/ g qn ds
Q T'n

where the mapping q, — — fQ b qn dx + fFN g qn ds belongs to (9270)*' The assertion follows
from the discrete inf-sup condition (42).

k
S (Bellg oy @y + 198 oty oy ) IVh @llper iy Yan € Qho,

Case 2: pure Neumann boundary conditions. For all ¢ in R, triangle’s inequality, Cauchy-
Schwarz’ inequality, the compatibility condition , the broken Sobolev-Poincaré inequality 7
and the discrete broken trace inequality (40b|) yield, for a hidden constant only depending on k,
I'p, Q through either R or 91 in and nd v,

’—/bqh dx+/ g an ds /b(qh—C)dX / g (an —c)ds
Q I'n Q I'n

< (I8l @y + g lgansy ) (s =l @) + lan =€l r, )

< +

S (||b||L<<a’>*>'(Q) + ||9N||L<<a'>ﬁ>’(pN)) [Vhanllpe @) Van € Qh o-

The mapping q — — fﬂ b qn dx + fFN g qn ds belongs to (Qﬁ,o)*- The assertion follows from the
discrete inf-sup condition . O

We now consider the discrete version of (16): find up o in ’Dﬁfl such that
% 1 B a—2 _ k=1
p (K™ )(up,0+up ) - vhpdx+ P [uno+up e|* “(upo+tune) vpdx =0 Vv, € Dy . (45)
Q Q

A finite-dimensional modification of the arguments in Proposition and the discrete inf-sup
condition entail the following result.

Proposition 4.3. Given b and gy as in @, problem admits a unique solution (uy,pp) in
Vﬁfl X Qﬁ)gD. Moreover, given Cy as in , we have

pad (a — l)ua/ _1yo’—1 & =o' a'—1
[l ) < (7[3&, 1S g +2) Ce 7 (Il carr @y + 1Nl ccanty o ) (46a)
and

A BN /2% (a—D)p® | 1 al—1 a7
IV pnllger @) < (;HK 1HLﬁ(Q)+;) (7@/ K7 +2)

’ CIZ(”bHL((a')*)’(Q) + ||9N||L<<a’)ﬁ>’(rN))-

(46b)
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Remark 2. Given vy, in DY we have
h»

Fi (VvheVL) F
/ o7 an [vu], dx =" / o7 qn [val, dx—/% Vi vy,
Fh Fh Q

(IBP)

vheD?
= /Vth'Vth( nEP)
Q

0 th S Q%,,’07

whence [vy], =0 on each F in F,. As such, V -vy, belongs to L%(£2) and in particular we have
D) = {v, €V)| Vv, =0}

The characterization above is not valid for general k larger than 1. Indeed, the term (qun, Vi, -vy)
does not vanish in general; to see this, consider vy in ’Dﬁ_l, observe that V -vy i belongs
to Pr_o(K) on each K in 7, and the bulk moments of ¢ in are up to order kK — 3. On
the one hand, this fact does not undermine the well-posedness of the method as well as the deriva-
tion of error estimates of optimal order since in the dual-mixed formulation the inclusion
’Dﬁ_l C D is not necessary, while it would be essential in the standard mixed counterpart. "

5 Convergence analysis

In this section, we discuss the strong convergence in the natural norms of sequences of solutions
(up, pn) to method . To this aim, we proceed by showing the following intermediate steps:

e introduce ¢y in L*(Q), cf. , which represents a lifting of the discrete divergence of u,
and show its strong convergence in L¥(Q2) to 0, see Theorem [5.1

e show strong convergence of several interpolation, projection, ...operators, see Lemma

e show weak convergence in L*(Q) of the fluxes, see Lemma

e show strong convergence in L2(Q) of the fluxes, see Lemma

e show weak convergence in LO‘,(Q) of the gradient of the potentials, see Proposition

e show strong convergence in L® of the fluxes, see Theorem [5.7}

e show strong convergence in LQI(Q) of the gradient of the potentials, see Theorem |5.8
Several of these results will be proven under an additional assumption:

a € (2,4). (47)

We preliminarily introduce the Crouzeix-Raviart interpolant Zy; see, e.g., [15[131122]; due to the
intrinsic different nature of the spaces depending on the parity of the order k of the scheme, cf.
Section we distinguish two cases. For odd k and given q in W' (2), we consider the interpolant
7. defined such that the DoF's in of q and Zj, q coincide. Instead, for even k and ¢ in Wl’t(Q),
t > 2, we consider the modal interpolant Zy: Zj q is the unique function in the Crouzeix-Raviart
space such that

o 7, q(v) :==q(v) for all v in Vy;
e the facet (28a)) and bulk (28b)) moments of q and Zj, q coincide;
e the coefficients of the nonconforming bubbles in in the expansion of Zj q are set to 0.

For an arbitrary order (even or odd) k, the above definitions of Zj imply
/(qukq)SJFds:O Vj=0,....,k—1, VYFeF, (48a)
F

/(q—qu)mgdx:o VIB|=0,....k—3, VK € Ty,. (48b)
K

For k, r, and m larger than or equal to 1, standard techniques [12] entail

b7 la =T dllpm gy + 1V =2k @)llpm o) S 07" ldllwen (@) Ya€ WW™(Q), s := min{r,k +1}. (49)
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5.1 Weak convergence in the natural norms

Given w in L%(Q2) with V -w in L((“l)*)/(Q), a larger than 2, let ¢, = cp(w) in ’Dﬁ*u‘ solve

/ ch - Vigndx=— [ w-Vyqudx— [ V-wqy,dx+ (W -ng,qn)ry Vaw € Qf o (50)
Q Q Q

The existence of a solution to follows from the discrete inf-sup condition together with
the fact that the right-hand side is a linear functional on Q’,?ho, as can be shown by arguments
analogous to those of the proof of Lemma [£.2] We further set

Py(w) = H%T}l’w + cp(w). (51)

The operator HkRirl’n denotes the Raviart-Thomas interpolant of order k — 1. Given 1p the
indicator function of F in K (for a K = K in Ty, with F in FX), H}}T{Th in particular satisfies

(w— I " w), gl 5k = 0 Var , € Pyo(K), VK € Tn,  (52)
v -(H?:rl’ﬂ‘w) = HZ’E V-w on each K, (53)
(I w) np),qb 1 )or = (W-np,qf_1p)ox  VYai_y € Proy(F), VF € Fu.  (54)

The right-hand side in is well-posed due to the regularity of w and 1z, which belongs to
W (0K), a larger than 2; cf. [20, Ch. 17].

Theorem 5.1. Let a be larger than 2. Let c, in ’fou‘ be solution to for w in L*(Q)
with V -w in L((a/)*)/(Q). Then, for hidden constants only depending on the degree k and the
shape-regularity parameter v, we have

RT,7;
lenlle oy S [w - TR ]

)JFHV'W*H%T{V'WH . (55)

Le(Q LD ()

Proof. For all qy, in Qﬁ,m we have

/ch(w)-thh dx—/w~thh dx—/(V~w)qh dx + (w-nq)qn ds
Q Q Q

I'n

IBP
U203 (wonp, fan] Lr)ox,

FeFy
(aneQ} 0).ED (56)
9B 5 (i e (a0 1570 o),
FeFy F
a 1
=Sl R R T A
KeTi,  Ferk Wa (F) Wa (0K)

The dual norms on the right-hand side are well-posed since a is larger than 2. We first derive a
bound for the second term on the right-hand side of . The continuous trace inequality and
Poincaré-Steklov’s inequality @ entail

0,Tn
o 137 sy S 19 @bl e (57)

Next, we derive an upper bound for the first term on the right-hand side of . Given F in FX,
K in Ty, a duality argument gives

((w — H?T{T}‘W) ‘ng, Q)

H(w — TR w) nKH ) = sup (58)

1la "
W () el () ]

There exists a stable facet-to-cell lifting operator £X : W (F) — whe (K), cf. [20, Lem. 17.1
and Eq. (17.8)], which requires a larger than 2 and combines the zero-extension from an F in FX
to 0K with the right-inverse of the trace operator over K. In particular, it holds true that

L (¢)=¢lp on K, L (D)o ) < Cellllyytor gy ¥ € Wh(K).  (59)
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For all F and K such that F belongs to FX, let ¢ denote E?F (p— Hg’_flh ). Holder’s inequality
entails

(w =T w) nw, o)

(54) (59)
= (W — TS w) g, o — T 0) g = (W =TI w) - ng, ) orc,

(IBP) /K (w— T w) - Vo dx + /K (V (w — TI5Thw) )y dx (60)
@@ .63
<

RT,Tn
HW —II.7 w)

w— T . ,
Le(KF) + HV w H’“l v WHL«M*)'(KF))WIW” (KF)

S (Jw-mmmw| e Vel
Le*(KF) LD (K ) Wa ' (F)

Combining and , we deduce

0,Fn
HW'HK — (v nK)H(W%'“/(F))*

(61)
< waﬂ}:}“{ﬂ‘w‘ JrHV'W*HZ’_T?V'WH L .
LG(KF) L((a")™) (KF)
Since i
a a
= >1, 62
@y~ d (62

Jensen’s inequality for sequences entails

Y a
a ((a)*) CaHy=y %

(Z HV~W*H2’_T;'V~WH )%:(Z HV~W*H2’_7§1V~W’

)

LaDN*) (K LaN*) (K
KeTy (5) KeTn (%)
©2) ((a)")’ a1
= (Y HV~w7H2’_T§V~w’ @ :HVW—H%_T;VWH o
ot L.((a’)*) (K) L((a”)*) ()
h

Combining the above display, , , and yields

/ ch - Vihan dx S (Hw — HkR:rl’Thw‘
Q

w_T% . H ) .
Lo (K) + HV W ko1 VoW L((a)*) (@) IV anll, (2) (63)

The assertion follows from the inf-sup condition and the fact that cy, is selected in ’Dﬁfu‘. O
We have strong convergence of several interpolation and projection operators in certain norms.

Lemma 5.2. Let w be in L8(Q) with V-w in L) (Q), a larger than 2, and q in W (),
s' larger than 1. Given Hz’j‘{ and Hg’j‘{, Hfi[‘l’ﬂ“, Py, and Ty as in , 777 ,
and , we have

. T . T . .
}1111)% Hg_‘lw =w, lllgr%) H}}:rl "wW=w, &13% Pu(w) =w, in L*(Q) (64)
lim 0" v.w=yV.w, in LE(Q),  (65)
lim ¥V, Tq = Vq nL¥(Q).  (66)

—

Proof. The validity of and follows from a density argument and the stability of H%_Tll‘

and Zj, in the correct norms. The proof of follows recalling that Py, (w) is H%_T‘l‘ (W) + cn(w),
and applying to the first term, and Theorem and standard polynomial approximation
properties to the second term. O

Remark 3. In light of and ([46b), u, and Vy, py, are uniformly bounded in L*(2) and LO‘,/(Q)7
respectively; hence, we deduce the weak convergence in L*(2) of a subsequence of uy, and in L* (£2)
of a subsequence of Vy py. With an abuse of notation, we still denote these subsequences by uy
and Vh Ph- ]
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We show the weak convergence in L*(Q2) of uy to u.

Lemma 5.3. Let u and uy, for a mesh Ty, be the solutions to and , respectively. Then,
we have

limu, =u  weakly in LY(Q).
h—0
Proof. Let u denote the weak limit in L*(Q2) of the subsequence {uy} in Remark 3| The assertion
follows if we prove u = u. Given uy as in , we consider the splittings
u= (ﬁ — ug) +uy =: ug + uy. uy = (uh - Ph(lu)) + Ph(Ug) =!Up,0 + Uhe- (67)

We preliminarily observe

©
I
<

/ (Ao + une) — A(vy + 1ne) - (uno — vi) dx
Q

[E

/ —A(vy + uh,e) : (uh,o —vp)dx Vv € Vﬁfl.
Q

Now, let v be in D and vy, := Py(v). We have

1
)S |Q“’[

P e — B
| APL(V) + upe) —A(V'f‘llz)”m'(ﬂ ;HK 1”L : +CBL;.

a
a+2 (Q

- (IPu(v) + un g

Using and Remark [3] entails
lim A(PL(v) + ) = AV + 1) in LY (Q). (69)
—

The weak convergence of uy ¢ to U, which is a consequence of the weak convergence of up to u
and the strong convergence of uy, 4 to U, and the strong convergence of Py, (v) to v in L*(2) entail

1%ir%(uh,o —Pu(v))=up—v weakly in L¥(Q). (70)
—
Then, and allow for passing to the limit in and obtain
/A(v+ug)~(ﬁ0—v)dx§0 Vv € D.
Q

Given an arbitrary ¢ in D and € > 0, fixing v as g +¢c¢ and as ug — e, the hemi-continuity (21c])
yields

At +wy) - pdx =0 Vo € D.
Q
The assertion follows from the uniqueness of the solution to (16)). O

We prove an auxiliary result, which extends [23, Eq. (3.36)] to the general-order case.

Lemma 5.4. Let (u,p) and (uy,pn) for a mesh Ty be the solutions to and , and k > 1.
Then, we have

/ (A(u) — A(uy)) - vpdx = / (p—Zkp) (Vi vy — Hg’_Tg Vi-vp)dx Vv, e DPTL (71)
Q Q
If k =1, then we recover (23, Eq. (3.36)], i.e.,

/ (A(u) — A(uy)) - vpdx =0 Vv, € Dy, (72)
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Proof. Given vy, in Dﬁfl and K in Ty, we have
(8D)
/K(P ~Zk p)(V -viy — H%E; V vy)dx /K(P —Z;p) V -vpdx
-28 )
/ (Ze p—p)(Vh - g ) ds — / (Zxp—p) V -vpdx = / V(Zyp—p) - vhdx (73)
oK K K

(vieDE™h)
= / V(Ikp—p)-vhdx—i—/ V(ph—Ikp)~vhdx:/ V(pn —p) - vi dx.
K K K

The assertion follows from summing over K in 7y, subtracting to 7 and the above display.
O

We now show the strong convergence in L?(2) of uy, to u.

Lemma 5.5. Let u and uy, for a mesh T, be the solutions to and , respectively. Then,
we have

li = in L?(Q).
limu, =u in (Q)

Proof. Since ug belongs to D, we write
(L1),(0) 1)
o TLED / cn(ug) - Vi g dx @ / Pp(ug) - Vihqn dx — / o - Viagn dx - Van € Qf o,
Q Q Q

i.e., thanks to 7 uyp,o belongs to ’Dﬁ_l. Then, for k > 1, we write

[ © u
E hwinllon = P a0y D £ o — Pr(uo)
(21a)
2 / (Ao + wne) — APy (o) + ung)) - (o — Pi(ug)) dx
Q
(74)
67), (71, (73
/ (A(uo + up) — APy () + uns)) - (uno — P (uo)) dx
Q

+/ Viu(@Zkp—p) - (a0 — Pn(up)) dx.
Q

Proceeding as in the proof of (69), A(Pn(ug) 4 up,¢) converges strongly in L (Q) to A(ug + uy);
up o converges weakly in L*(£2) to ug, cf. Lemma Py, up converges strongly in L¥(2) to uy,
cf. (64). Therefore, we can pass to the limit for h going to 0 in the first term on the right-hand
side of and get 0. On the other hand, Py(ug) converges strongly in L*(2) to ug, cf. ;
V1 I p converges strongly in L (Q) to Vi p, cf. (66). Therefore, we can pass to the limit for h
going to 0 in the second term on the right-hand side of and get 0. Therefore, we can pass to
the limit in and the assertion follows for k larger than 1.

The case k = 1 is dealt with analogously and no pressure term appears; cf. and [23]. O

Define wy, as
Wh = Vh Pnh - (75)

We have that

e wy, is uniformly bounded in L% () due to Proposition whence there exists w in L (Q)
such that
limwy, =w  weakly in L (Q); (76)
h—0
e py, is uniformly bounded in L) () due to Corollary 3.3 and Proposition whence there
exists q in L(®)" (Q) such that

limp, =q  weakly in L(®) Q). (77)
h—0
We show the weak convergence in L (Q) of the gradient of the potential variable.
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Proposition 5.6. Let (u,p) and (un,pn) for a mesh Ty, be the solutions to and , respec-
tively, and let the be valid. Then, for wy as in , we have

limwy, =Vp  weakly in L (Q).
h—0
Proof. We split the proof into two steps.

Step 1: proving that the limit is the gradient of a function q. An integration by parts
yields

/Wh pdx @ T / Von <de—/ [pu] (o - nF>ds—/ﬂphv~¢dx Vo € [CE QP (1)

KeTy

Standard polynomial approximation (PA) results yield

IBP (PA),(63)
‘/F pu] (¢ -np)ds ’( 269 ‘/ ) Vihpn dx‘ S blelwieo)lVapnl

Lo (Q)

Hence, the left-hand side of the above display tends to zero when h goes to zero, which combined
with and allows for passing to the limit in and obtain

/w-cpdx:—/qV-cpdx,
Q Q

i.,e., w = V q and ¢ belongs to Wl’o‘/(Q).

Step 2: proving that q equals p. Given v in L%(Q) taking H v as a test function

in (41a) gives
/Wh.Hg’z—;‘vdx Vi Ph .Hg’ﬂ‘vdx /Auh HOThvdx
Q T
:_/(A(uh)—A( ) - no’fhvdx+/A 0Ty dx (79)
Q
—/(.A(uh)—.A( ) - HOThvdx+/vp 10y dx.
Q

Using in the above display together with Holder’s inequality applied twice With exponents
(o/(er = 2),2,200/(4 — ), which is an admissible choice since « is in (2,4) due to [47), give

B
< I

/Q (A(uy) — A(w) - 1 by dx| <

0,7n
=l [T v

L&~z (Q) L5 ()
(80)

Th‘

B - 0,
+Cpn o=l (e + o) [T e

The strong convergence in L2(Q2) of uy, to u, cf. Lemma and the strong convergence in Lis Q)
of Hg’_ﬂl‘v to v, cf. , imply that the left-hand side of tends to zero when h goes to zero. The
assertion follows passing to the limit in and using the uniqueness of the solution of . O

5.2 Strong convergence in the natural norms

Next, we show the strong convergence of uy, in L*(£2).

Theorem 5.7. Let (u,p) and (uy, pn) for a mesh Ty be the solutions to and , respectively,
and let be valid. Assume that K™ is in La-2 (Q). Then, we have

limu, =u in LY(Q).
h—0
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Proof. We have

R ﬁ/(K_l)uh'uth-‘ré/ |Uh|adX+/Vhph-Uth
pJa P Ja Q

u k—1
e o D )ﬁ/(K_l)uh'uth-Fé/ |uh|adx+/ Vi Ph -up e dx.
P Ja P Ja Q

Using the fact that K~ is in L% (€2), the strong convergence of uy, to u in L2(Q), see Lemma
and the weak convergence of uy to u in L%(Q2), see Lemma for the first term on the left-
hand side, the weak convergence of Vi py to Vp in L (Q), see Proposition and the strong
convergence of uy, s to ug in LY(£2), see Lemma for the third term on the left-hand side, and
passing to the limit h going to 0 entail

H/(K_l)u~udx+limé/ |uh|adx—|—/Vp~udx:0. (81)
P Ja h=0p Jo Q

Taking u = ug + ug as test function v in the continuous formulation (10a)) gives

E/(Kil)u-udx—ké/ \u|adx+/Vp-udx:O (82)
P Ja P Ja Q
Taking the difference of and yields

. a _ @
Jim [[un[|e o) = [1allte o)-

Next, we show the strong convergence of Vy, py in LQI(Q).

Theorem 5.8. Let (u,p) and (uy, pn) for a mesh Ty, be the solutions to and , respectively,
and let be valid. Assume that K~ is in La-2 (Q). Then, we have

lim Viop,=Vp in L¥(Q).
h—0
Proof. Subtracting (10a)) and (41al), we have
/(.A(u) — A(uy)) - va dx = / Vi (pn—p) - Vi dx
Q Q
:/ V(P —Ikp)~vhdx—|—/ Viu(Zrp—p) - vhdx Vvh GVﬁ_l.
Q Q

Using in the above display together with triangle’s inequality and Holder’s inequality with
exponents (a/(a — 2), o, a) give

/Vh(p—Ikp)-vhdx +
Q

/ (A1) — A(un)) - vi dx
Q

/ Viu(ph —Zk p) - Vi dx‘ <
Q

|k -1
< /th(p —Zkp) - Vh dx‘ + ;”K HLﬁ(Q)Hu —nlpayIVillLay (83)
+ C é o a—2 a—2
BL P [u uh”La(sz)(”uhHLa(m + ||u||La(Q))HVhHLa(Q)'
We deduce
Vi - Vi(ph —Zk p) dx
bnl|Va(pn —Ze P)llpor o) < sup Jo
vheVh! ||Vh||La(Q)

EVE'Y v Va(p—Tip)dx

h Q Ik -1

< sup ™I + *HK ||Lﬁ(m||u - uh”L“(Q)

vev Lo (Q) p =

5 a—2 a—2
+ CpL ;Hu = Up||pa o) ([ La (o) + [llLaq))-
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Triangle’s inequality and the above estimate yield

b1 [[Vu (P = Pn)llLer (@) < bul Va(p =Zk )llLer (o) + bl Vi (Pn —Zk i) Lo (o)

<A +)[IVilp —Zep)llpo ) + MHK 1”1,

u = un g q)

a=2(Q)

p a—2
+ CpL EHU_uhHLa(Q)(Huh“LQ(Q +||11||La(9)

The assertion follows from combining the above estimate with the strong convergences in L*()
of uy, to u (here we use that K~ is in L= (Q)), cf. Theorem and in L (Q) of Vi, T p
to V p, cf. (66). O

Due to the uniqueness of the solution (u, p), we deduce the convergence of the whole sequence.

6 Error estimates

The goal of this section is to establish general-order error estimates for method .
Given an element K in 7y, a polynomial inverse estimate holds true: there exists a positive
constant CX  depending only on k and +, such that

mv

IV -l ) < Ciny Vai € Py(K), VK € Th. (84)

We show an upper bound for the error in the L?-norm of the flux variable.

Proposition 6.1. Let (u,p) and (un, pn) for a mesh Ty be solutions to and , respectively.
Assume that

{uEL4°‘_8(Q), el™®Q) ifa>2

K
20 -~ o ceHY(Q)NQ,,.
ucLis(Q), K'eLa2(Q) onlyifac(24), P BN

Then, for all wy, in Vﬁ_l, we have

Hu — uhHLQ(Q) < G(K_lauaw]m Oé)

B

+
/u'/\'mzn

a—2
(o= Dlla — willgago (Il + I l5i2e@)  (s5)

+

C Co I Vn(p —Z, ,
p>\m'm SP II’(H&X Z’I’L’UH h(p k p) ||L2(Q)

where

min

G(Kil,u, “’hva) = ||K 1”
a—2 .
(1 + %) [u— WhHL—i‘)‘a @ only if a € (2,4).

B oo ,
1+ — =) lu—wnll2(q if a > 2

The last term on the right-hand side of drops if k = 1; cf. [25, Theorem 8] and .

Proof. We prove the assertion for K~! in L>°(€) as the other case follows analogously.
For a given wy, in Vﬁfl, triangle’s inequality implies

[u—unlr2o) < lu—Wnllgzg) + lun = Whllp2()- (86)

Choosing u as uy in (21a)) and w, — wy, as vy, in , applying inequality (20)), Cauchy-Schwarz’
inequality (if aris in (2, 4), then we use Holder’s inequality with exponents (a/(a—2),2a/(4—a),2)),
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and Holder’s inequality with exponents (4,4, 2), we have

ETa)
%)\min”uh - WhHiQ(Q) ? A(A(Uh) - A(Wh)) . (Uh — Wh) dX

BO0 [ (A - Awn) - (un — W) dx

Q
£ 3 [ @p- )V (= ) = T V-, wi) dx
KeT, * 5 (87)
H -1
< ;HK ||L00(Q)Hu_WhHL2(Q)”uh_Wh||L2(Q)

ﬁ a—2 a—2
+ CpL ;Hu - WhHL4(Q) (Hu”ma—s(g) + HWhHLm—S(Q)) [lun — Wh||L2(Q)

+ Z HP_IkPHL?(K)HV'(uh_Wh)HL2(K)'
KeTy

Using that p —Zj p has zero average over 0K for all K in Ty, the polynomial inverse estimate 7
Cauchy-Schwarz’ inequality, and Poincaré-Steklov’s inequality @ imply

-
Z P —Z pHLZ(K)”V (un — Vh)HL2(K) < Z P —Zk P||L2(K)C£v hKl [Jay — Vh”L?(K)
KE7—}\ K67-h

1 1
-2 2 2 2 2
< ((max G52 32 0 IP=TellEqe) (D un = Vil )
" KeTh KeT,

< Csp max Cive V(0 =Zi ) [l (@) 1un = Vil -

Combining the display above and yields

—1
[un — wy| MHU—W I + max CpCE |V (p—Zx p)||
h hilpz(n) = Amin hilL2(Q) Pmin KeTh PUiny h{P kP)llLz (@)
a—2 a—2
+ CgL Ao lu— Wh||L4(Q) (HUHLM%(Q) + ||WhHL4a—8(Q))~

Inserting the above display in , the assertion follows. O
We are now in the position to derive error estimates.

Theorem 6.2. Let (u,p) and (upn,pn) be the solutions to and (A1), respectively. Given s
i N, assume that

{ueWsA(Q), Voue W5 (Q), e L®(Q) if o> 2 b e W),

K_l
ueWota(Q), VaueWs3(Q), K ' eLa2(Q) only if a € (2,4),

Denoting s :== min{k, s}, for hidden constants only depending on k, T'p, Q through either % or N
m and , v, a, B, p, 1, and K™, the following estimates hold true:

u—unllpzi0) S0 ([ullwsea@ + IV Ul et gyt [Pl wer12(0)) if a>2 (38)
= wallgagy S0 (Il oo+ IV Wl )+ [Plhyosnagey)  omly if @€ (2.
and
V(P —pn)llrer ) S b (lullwea) + IV Ul et gt [IPllws+1.2(0)) if a>2 (39)
Ve —pn)llLar ) Sh*(lull_ o 20 +1Vull o o+ IPlwerrz) onlyif a€(2,4).
() W i-a () w (Q) ()

Proof. We prove the assertion for K~ in L (Q); the other case follows analogously as in Propo-
sition [6.1] using different Sobolev embeddings and noting that /2 = (((2a/(4 — «))’)*)’.
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Flux error estimates. Given ¢, = cp(u) solution to with u as in (L0), we pick wy, equal
to T1, 7} () + ey (u) in and get

0,7Th
=l < ((u =0Tl el
a—2
0,Ts 0 Th
(T ) e tege ) (s + 67 )+ et 7 )

+ | Vu(p —Zk P)||L2(Q) =Ty +T5- T3+ Ty.
Standard polynomial approximation properties and with a = 2, 4, and 4o — 8 imply
Ty S b ([ullwez ) + 11V allwe o) Ty Sh¥([ullwye ) + 11V ull e s Q))
Ts ||UHL4u s T ||V'u|‘za(24a—s>’>*>'(g)'
Using the interpolation estimates , we further obtain
Ty S 0% [Ipllwys+1.2(0)-

Estimate follows combining the above bounds.
Potential error estimates. Subtracting from (10a)), we have
f/Q(A(uh) ~ A(w) -vhdx:/ﬂvh(ph—p)-vhdx
= / Vi (pn —Ikp)-vhdx-i-/ Vu(Zip—p) vidx Vv, e VETL
Usmg in the above display together with triangle’s inequality, Cauchy-Schwarz’ inequality

(if K~'is in La-2(Q) we rather use Holder’s inequality with exponents (20/(a — 2),2,)), and
Holder’s inequality with exponents (2,2a/(a — 2), a) give

/ Vi - Vi(pn —Zy p) dx| <
Q

/ Vi - Vi (p—Zy p) dx| +
Q

‘ﬂﬂm%Amywm
Q

T
< "‘*HK 1HLOC(Q)||U_uh||L2(Q)||vh||L2(Q) (90)

/ Vh - Vh(p —Ik p) dX
Q

B a—2
+Car *Ilu un g2 (lanllg ey + IMallzio) Valle q)-

We deduce
©2) Jo Vi - Vi(pn —Zk p) dx
bul|Vi(Ph ~Zkp)llper o) < sup = ol
vpEVET? VhllLe (@)
vy tev vV -Tip)dx  p
< sup > + EIKY| oo Jlu—u
B T

s
+ CiL ;||u up g2 Q)(HuhHLm @ T (e @)
Triangle’s inequality, Holder’s inequality, and the above estimate yield
bn||Vi(p — Ph)HLa’(Q) < bu[|Vi(p —Zk P)||La/(Q) + by || Viu(pn —Zx p) ||La’(Q)

AT
< (1+00)[[Vi(p —Zi D)o () + *HK e oy 1o = il (91)
+ CgL ;Hu Un |2 Q)(”uhHLM @ * HuHL?"‘ )

We now show that uy, is bounded in L2%(2) for fixed order k. Triangle’s inequality, an L2* — L2
polynomial inverse inequality, and the stability of the projection imply

0,Th o
T A e v ST = wllgago) + [ulge o)

e

L2o(Q) L2o(Q)
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Since the Sobolev embedding W4(Q) in L2*(Q) holds true, estimate gives
[allLae (@) S lallwrso = u, € L*(Q). (92)
The assertion follows inserting , , and in , and noting that o/ is smaller than 2. [J

Remark 4. In the lowest-order counterpart of Theorem see [23, Prop. 8], the error estimate
on the fluxes is decoupled from the potential. Indeed, for k = 1 the right-hand side of
vanishes and a Galerkin orthogonality property for the mapping A holds true; thus, in the
term involving the pressure does not longer appear. This fact is confirmed on the numerical level
as well; see Figure [f] below. "

7 Numerical experiments

Here, we assess the numerical performance of method ; to this aim, we consider two iterative
schemes in order to cope with the nonlinearity. In what follows, we consider a slight generalization
of problem , where the first equation admits an inhomogeneous right-hand side f.

Iterative scheme 1. We consider a standard fixed point iterative scheme. We initialize the
scheme constructing an initial guess (u),p)) in Vﬁ_l X Qﬁ g+ Which is solution to the linear
Darcy model problem

%/Q(K_l)u%vhdx—&—/ﬂvhpg -vthZ/Qf-vhdx Vv, e Vit (93a)

/th~uﬂdX:—/bqh dx—|—/ gN gn ds ‘v’qheQ§70. (93b)
Q Q I'n

Then, for all n > 1, given the solution (u} ™', pi~') at the (n — 1)-th step of the iterative scheme,
we solve: find (ull,p}) in Yy~ x QF 4, such that

H/(Kfl)uﬂ-vhdx+é/ ’uﬁfl‘a_zuﬂvhder/Vpﬂ-vhdx:/f-vhdx Vv € Vi1 (94a)
P Ja P Ja Q Q

/thuﬁdx:—/bqh dx+/ gN Qn ds theQﬁyo. (94b)
Q Q I'n

With obvious notation for the matrices M, N*~! and B, and for the vectors f, b, and g, we set

n. (M+N*! BT f
A" = r:= .
B 0 -b+g

In matrix form, reads

Iterative scheme 2. We further consider a relazed (also known in the literature as damped or
Mann’s) fixed point iterative scheme; see, e.g., [8, Sect. 1.2, Ch. 4]. The initial guess (0}, py) =
(uf,p}) is the solution to (93). Then, for all n > 1, give2n @=L pp ), we proce;ed as follows:
(4) find (u}, pp) solution to where the term ‘uﬁflf_ is replaced by |ﬁﬁ71‘a_ ; (i1) given a
relaxation parameter w in (0, 1], set

U = wup + (1 - w)iy Ph = P - (95)
When no confusion occurs, we shall denote either (up, p) or (af,py) by sp.

Meshes. We consider sequences of shape-regular, quasi-uniform, unstructured simplicial meshes
with decreasing diameter.
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. . . . -2
Parameters. Given N the matrix associated with % fQ [up|* “ul - vy, dx, we set

_ (M+N B7
A"( B 0)‘

We consider the following stopping criterion for the iterative scheme:
|As} = |2 < TOL. (96)

In all experiments below, TOL is set to 1078. We also consider a maximum number of itera-
tions nmax equal to 2500. We set K =1, and u = p = 1. We consider full Neumann boundary
conditions, i.e., set I'y = I', and impose the zero-mean condition for the potential as a Lagrange
multiplier.

Test case 1. On the domain Q := (-1, 1), we consider the following exact flux and potential:

ate) = () p(r,y) = cos (5) sin (5y). (97)

cos(my) 2
The corresponding data are computed accordingly: the source term is given by
a=2
£z, y) = sin(rz) — Z sin (Z2) sin (3y) + B(sin(rz)? + cos(my)?) 2 sin(rz) |
) - a=2 ’
cos(my) — 5 cos (5) cos (3y) + B(sin(mx)? + cos(ry)?) = cos(my)

the divergence constraint is given by b(z,y) = —27 sin(7x) sin(7y); the Neumann boundary da-
tum gy is 0 on the left and right facets; 1 on the bottom facet; —1 on the top facet.

Test case 2. On the domain Q := (—1,1)?, we consider the following exact flux and potential:

uz.y) = ( 4 ) and  pley) = 2® 4y (98)

The corresponding data are computed accordingly: the source term is given by
a—2
1+27= 3z
-1-2"2 f+3y

the divergence constraint is given by b(x,y) = 0; the Neumann boundary datum gy is 1 on the
right and bottom facets; —1 on the left and top facets.

Error measures. In what follows, for a fixed order k, we compute the following error measures:

Vi —pp)llger
and EP = [Va(p—p)llL @ (99)
’ IV pllLer (o)

[u— urﬁ”L2(Q)

EY =
hotn [allyzq)

The same error measures are considered when uj is replaced by u}.

Numerical results: varying the order of accuracy; fixed point scheme. In Figure|[l] we
display the errors in under mesh refinements for the iterative scheme . We consider orders
of accuracy k in {1,2,3,4}, @ = 3, and 8 = 10. In Table [I} we report the number of iterations
needed to meet the stopping criterion . The number of iterations seems stable with respect
to the order of accuracy k (with the exception of the lowest order case) and to the mesh size h.

Numerical results: varying the coefficient g of the nonlinear term; fixed point scheme.
In Figure 2| we display the errors in under mesh refinements for the iterative scheme (94)).
We consider § in {1, 10,50, 100}, £ = 2, and a = 3. In Table[2] we report the number of iterations
needed to meet the stopping criterion . The number of iterations grows linearly with the
value of (.
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Figure 1: Exact solution in (97)); h-convergence of the flux (left-panel) and the potential (right-panel) for
kin {1,2,3,4}, « = 3, and 8 = 10. Standard fixed point iterative scheme .

h=0.5 h=0.3 h=0.15 h=0.08

k=1 85 122 145 160
k=2 202 170 162 160
k=3 162 167 166 166
k=4 162 167 166 166

Table 1: Exact solution in (]Z?D: iterations needed to meet the stopping criterion for different values
of k, « = 3, and 8 = 10. Standard fixed point iterative scheme .

) -~ O(Npor,) |
—5=1
100k 10° =10 |-
| ——( = 50 i
& =100 - =100

errors
errors

Figure 2: Exact solution in ; h-convergence of the flux (left-panel) and the potential (right-panel) for
B in {1,10,50,100}, k = 2, and o = 3. Standard fixed point iterative scheme .

h=0.5 h=0.3 h=0.15 h=0.08

g=1 23 22 22 21
B8 =10 202 170 162 160
B8 =50 913 753 770 745

8 =100 1604 1382 1464 1450

Table 2: Exact solution in @: iterations needed to meet the stopping criterion for different values
of B, k =2, and o = 3. Standard fixed point iterative scheme (94]).
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Numerical results: varying the exponent o of the nonlinear term; 2 < a < 3; fixed
point scheme. In Figure|3] we display the errors in under mesh refinements for the iterative
scheme . We consider « in {2.2,2.4,2.6,2.8}, k = 2, and 8 = 10. In Table 3] we report the

number of iterations needed to meet the stopping criterion .

The number of iterations grows

- OWpop,f

L \
AL
-- O(Npops [
——a = 2.2 - =22
10 a=24 { a=24
J —-a = 2.6 o =26 |
N e = 2.8 R - = 2.8
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10° 10* 10° p 10*
N2 ArL/2
Npors N,
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Figure 3: Exact solution in ; h-convergence of the flux (left-panel) and the potential (right-panel) for
ain {2.2,2.4,2.6,2.8}, k =2, and 8 = 10. Standard fixed point iterative scheme .

h=0.5 h=0.3 h=0.15 h=0.08

a =22 11 11 11 11
a=24 17 18 18 19
a=26 28 28 28 28
oa=28 52 52 92 o1

Table 3: Exact solution in @: iterations needed to meet the stopping criterion for values of a smaller
than 3, k£ = 2, and 8 = 10. Standard fixed point iterative scheme (94]).

with «. Similar results were obtained using higher order methods.

For « larger than 3, the standard fixed point algorithm fails to reach the prescribed
tolerance within the prescribed maximum number of iterations; we do not report the results here for
the sake of conciseness. Thus, in the next paragraphs, we employ the relaxed iterative scheme
for such values of a.

Numerical results: varying the exponent a of the nonlinear term; 2 < o < 4; re-
laxed scheme. In Figureld] we display the errors in under mesh refinements for the relaxed
scheme . We consider « in {2.2,2.4,2.6,2.8,3.2,34,3.6,3.8,4}, k = 2, § = 10, and relaxation
parameter w = 0.5. The corresponding number of iterations is reported in Table[d] The number of
iterations remains essentially stable as « increases; for values of a smaller than 3, this was instead
not the case for scheme ; cf. Table |3] For values of « close to 2, the relaxed version requires
more iterations.

Numerical results: varying the exponent a of the nonlinear term; a > 4; relaxed
scheme. In Figure we display the errors in under mesh refinements for the relaxed
scheme (95). We consider « in {4.2,4.4,4.6,4.8,5,5.1}, k = 2, 8 = 10, and relaxation param-
eter w = 0.5. The corresponding number of iterations is reported in Table 5] ~ The number of
iterations grows with «, differently from what was reported in Table [} optimal convergence rates
are observed. Convergence is not achieved for « larger than or equal to 5.2 within the prescribed
maximum number of iterations.

27



€errors

Figure 4:
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Exact solution in (97)); h-convergence of the flux (left-panel) and the potential (right-panel) for
ain {2.2,2.4,2.6,2.8,3.2,3.4,3.6,3.8,4}, k = 2, and 8 = 10. Relaxed fixed point iterative scheme
with w = 0.5.

h=0.5 h=0.3 h=0.15 h=0.08

a=22
a=24
a=2.06
a=28
a=3.2
a=34
a=3.6
a=3.8
a=4

23
22
22
22
23
22
22
23
23

22
22
22
22
22
22
22
23
23

22 22
22 22
22 22
22 22
22 22
22 22
22 22
23 23
23 23

Table 4: Exact solution in @: iterations needed to meet the stopping criterion for values of «
between 2 and 4, k = 2, and 8 = 10. Relaxed fixed point iterative scheme with w = 0.5.
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Figure 5: Exact solution in (97); h-convergence of the flux (left-panel) and the potential (right-panel) for
ain {4.2,4.4,4.6,4.8,5,5.1}, k = 2, and 8 = 10. Relaxed fixed point iterative scheme with w = 0.5.
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h=0.5 h=0.3 h=0.15 h=0.08

a=42 25 25 25 25
a=44 33 33 33 33
a=4.6 50 45 47 47
a=438 85 73 (s 7
a=2>5 224 172 187 186

a=5.1 934 715 774 2051

Table 5: Exact solution in : iterations needed to meet the stopping criterion for values of « larger
than 4, k = 2, and 8 = 10. Relaxed fixed point iterative scheme with w = 0.5.

Numerical results: varying the relaxation parameter w; o > 4; relaxed scheme. As
a first attempt to address the lack of convergence for large o observed in the previous paragraph, we
consider different choices of the relaxation parameter w. We consider w in {0.1,0.2,0.3,0.4,0.5, 0.6, 0.8},
a in {4.6,5.1,6}, k = 2, and 5 = 10. In Table @ we report the number of iterations under mesh
refinements for the relaxed scheme . The results suggest that a careful choice of the relaxation

h=0.5 h=0.3 h=0.15 h=0.08 h=0.5 h=0.3 h=0.15 h=0.08
w=0.1 145 143 140 139 w=0.1 148 146 142 141
w=20.2 69 68 67 67 w=0.2 71 70 68 68
w=20.3 44 43 43 43 w=20.3 45 44 44 44
w=04 31 31 31 32 w=04 33 32 32 33
w=0.5 50 45 47 47 w=0.5 Nmax Nmax Nmax Nmax
w=0.6 T'max T'max Tmax Tmax w = 0.6 Mmax Mmax Tmax Mmax
w=0.8  Nmax Nmax Nmax Nmax w=0.8  Nmax Nmax Nmax Nmax
(a) a=4.6 (b) a=5.1

h=0.5 h=0.3 h=0.15 h=0.08

w=0.1 154 154 146 146
w=0.2 73 73 70 70
w=20.3 47 47 45 46
w=04 274 227 245 243
w=20.5 Nmax Nmax Nmax Nmax
w=0.6 Nmax Mmax M max Tmax
w=0.8  Nmax Nmax TNmax Mmax
(c)a=6

Table 6: Exact solution in : iterations for different values of w, k = 2, 8 = 10, and o = 4.6 (top-left
panel), a = 5.1 (top-right panel), and a = 6 (bottom panel). Relaxed fixed point iterative scheme .
The entry nmax stands for “maximum number of iterations is reached”.

parameter may affect the performance of the method, not only by possibly optimizing the number
of iterations, but also by determining whether the method converges or not; the optimal value of w
may depend on the exponent of the nonlinear term «. More sophisticated iterative schemes should
be used in order to avoid such a dependence and to cope with larger a.

Lack of consistency for higher order methods. In Figure @ we display the errors in
under mesh refinements for the iterative scheme . We consider £ =1,2, a = 3, and § = 10. As
detailed in Remark {4} the error estimates for the lowest order discretization of are decoupled
whence the error of the fluxes is zero up to machine precision. This is instead not the case for
higher polynomial degrees; cf. also Proposition [6.1]

8 Conclusions

In this work, we presented and analyzed a general-order dual mixed nonconforming discretization
for a generalized Darcy—Forchheimer problem. Our approach extends the framework in [23], along
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Figure 6: Exact solution us in ; h-convergence of the flux (left-panel) and the potential (right-panel)
for k =1,2, a = 3, and 8 = 10. Standard fixed point iterative scheme .

different directions:

e (a-2)-type Forchheimer nonlinearities are allowed, moving beyond the standard quadratic
model;

e the proposed method accommodates mixed, inhomogeneous boundary conditions, and per-
mits permeability tensors with lower Lebesgue regularity;

e we developed general-order schemes based on piecewise-polynomial spaces of order k — 1 for
the fluxes paired with Crouzeix-Raviart elements of order k for the potentials;

e based on novel Sobolev-trace inequalities for broken spaces with constants independent of
the polynomial degree, we established convergence to the exact solution under low-regularity
assumptions;

e we further derived general-order error estimates assuming additional regularity of the exact
solution and data.

The theoretical findings were supported by numerical experiments that assessed the performance
of two iterative schemes for different nonlinearity parameters «, orders k, and parameters of the
model. While a standard fixed point scheme does not converge for large nonlinearity parameters «,
a relaxed version may reach convergence by suitably tuning the relaxation parameter.

The framework introduced in this work lays the essential mathematical groundwork for our
future objective: the prospective development of hp-adaptive strategies to efficiently discretize
complex generalized Darcy-Forchheimer models.
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Properties of the nonlinear operator

This section is devoted with showing three properties of A():

1. monotonicity, in Section [AT}

2. coercivity, in Section [A22}

3. hemi-continuity, in Section

A.1 Monotonicity

Here, we show that A(-) is monotone.

Proposition A.1. Let y be in V. Then, recalling that Amiy, is the smallest eigenvalue of K1,

the

following estimate holds true:

Pl =iy < [ (AG-+y) = Al +3) - (w = v) dx Y w,veV.
Q
Proof. We define J : LY(Q) — R as
1u/ . 16/
J(v) === K H)v-vdx+ —— v|®dx Vv eLYN).
) =52 [ 22 [ @

The first Gateaux derivative J'(v) : L*(€2) — L% () reads

(T (v),w) = %/Q(Kil)v~wdx—|— g/ﬂ [v|*2v - wdx Vv, weL*Q). (100)

The second Gateaux derivative J”(v)w : L(Q) — L% (Q) reads

(T"(V)z,w) =E [ (K )z wdx
’ /Q (101)

+ B (a=2)v|* (v z)(v-w)+ |[v[* ?z-wdx Vv #0,w,zecL*Q).
P Ja

with

" —F Dz wdx W,z ().
(T (O)W,z>—p/ﬂ(K ) d VYV w,z € L¥Q)

Let y be fixed in L*(f2), and v and w be in L*(Q2). Definev:=v+yand w:=w+y; w—Vv
coincides with w — v. Hence, we use the fundamental theorem of calculus and get

J

(AW) — AF)) - (W = v) dx = / (AW) — ARF) - (% — 7)) dx

Q

=, <J’(W)—J’(G),€v—§>:/o (T"(F + 0 — ) (W — V), w — ¥) db.



The integral on the right-hand side is well-defined for all « > 2 since
V[T (v - 2)(v - w) < V| zwl.
For all v and w in L*(Q)

(J"(v)w,w) = %/(K_lw)~wdx+§/(a —2)v|* v -w|r + |v]* T w|dx > %)\min”WHi?(Q)-
Q Q

In particular, we deduce

~ - 0 - 7
/Q(A(W) —AWV)) - (w—v)dx > ;/\min\lw — Vo) = ;)‘minHW = V20

A.2 Coercivity

Here, we show that A(-) is coercive.

Proposition A.2. Lety be in V. We have

1
lim (*/ A(v+y) -v) = 4o0.
IVl @y =40 MIVlLa ) Ja
Proof. Let v and w be in V; define v := v + y. The definition of v yields

/QA(V)-vdx:/QA(V)ﬁdx—/QA( ydx L0 71 /A )oydx.  (102)

We manipulate the two terms on the right-hand side separately. As for the former, we have

~ ~ 1% 1~y ~ 5 ~la 1 ~2 ﬂ ~ o
USRS / (K9) - vax+ / 12 > D 9 ey + Sy (103

As for the latter, Holder’s inequality twice entails
/ AF) -y dx < BIKT L oy o e o) 19l o) + éHVll o (@ 1Y Il (104)
o = IR s ) Wiine@ IV liLe @) 7 iVilLe @) 1Y e @)
Inserting (103]) and (104) in we have

N [t <112
/Q.A(v) cydx > *)\min”VHL2(Q)

- N T 1Yl ()
S (O A e
9115 oy
~ 1% 1 ||yHL’1 Q)
HV”La(Q (”VHLQ(Q) - ||Y||La(sz) - EH— HLa 2(Q) 1o )
IV IIE oy
Since l} HLZ(Z) — 1 when [[v||pa(q) — 00, we have, for ||VHE;(QQ) sufficiently large,

K|, =,

. K g s

T [ A®) vax 2 S (e 0 — Wl (1~ e )) 2 1917
[Vl m/ b (Phaee =l (1= 191120y e

O
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A.3 Hemi-continuity

Here, we show that the mapping A(-) is hemi-continuous.

Proposition A.3. Giveny, v, and w in V, the mapping
t—)/A(y+v+tw) -wdx
Q

s continuous from R into R.

Proof. Giveny, v, and w in L%(Q), and defining v := v+y, for all ¢t and ¢g in R, the fundamental
theorem of calculus gives

/Q (A + tov) — AF + tv)) - vdx (T +tov) — T'(V +1tv),v)
= —(t —tp) /0 (J"(v—tv—0(t —tg)v)v,v)do.

Holder’s inequality in (101)), the fact that v —tv — (¢t — tog)v belongs to L*(2), and the fact that
J"(v)w : L¥(Q) — L* () yield that the right-hand side of the above display tends to zero as t
goes to tg. The assertion follows. O
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