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Abstract

‘We consider the Virtual Element discretization of the Navier—Stokes equations coupled
with the heat equation where the viscosity depends on the temperature. We present the
Virtual Element discretization of the coupled problem, show its well-posedness, and prove
optimal error estimates. Numerical experiments which confirm the theoretical error bounds
are also presented.
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1 Introduction

In this paper, we consider the stationary flow of a viscous incompressible fluid, in the case where
the viscosity of the fluid depends on the temperature. Such a fluid-thermal coupling appears in
many physical phenomena and it is involved in wide range industrial applications, e.g. cooling
processes in steel industries, industrial furnaces, boilers, heat exchangers and nuclear power
plants.

Due to its importance in many practical applications, the numerical approximation of cou-
pled Navier-Stokes and heat equations have been widely studied. In [41] a generalized Boussi-
nesq problem modelling the motion of a nonisothermal incompressible fluid subject to a heat
source has been discretized by means of mixed finite element methods. A spectral discretiza-
tion of the Navier-Stokes equation coupled with the heat equation has been proposed in [3],
in the stationary case, and in [4] in the unsteady one. Finite Element approximation of the
time dependent Boussinesq model with nonlinear viscosity depending on the temperature has
been studied in [6]. Recently, the finite element approximation of the heat equation coupled
with Stokes equations with nonlinear slip boundary conditions has been analyzed in [35]. Finite
element methods for Darcy’s problem coupled with the heat equation has been studied in [23].

In this paper we are interested in the Virtual Element discretization of the coupled thermo-
fluid dynamic problem. The Virtual Element method (VEM) is a generalization of the Fi-
nite Element Method that takes inspiration from modern Mimetic Finite Difference schemes
[18, 19, 5]. It belongs to the family of polytopal element methods, i.e. finite element meth-
ods that can support polygonal/polyhedral meshes. Polytopal methods such as polygonal
FEM, polygonal and Hybridizable Discontinuous Galerkin, Hybrid High Order methods, see
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e.g.[40, 27, 34, 2, 32, 39, 33, 8, 7] have received substantial attention in the last years for fluid
mechanic problems, thanks to their flexibly in handling complicated geometries and their abil-
ity preserving the underlying physical models’ fundamental properties. The VEM has received
substantial attention in the last ten years for a wide range problems stemming from of Engi-
neering applications. We refer to the book [10] where the current state of the art on the Virtual
FElement Method is reported, collecting contributions from many of the most active researchers
in this field. VEMs for Stokes and Navier-Stokes equations have been proposed and analyzed
in [9, 15, 44, 16, 13]; we refer, e.g., to [22, 11, 20], for the development of VEM for convection
dominated problems.

The remaining part of the manuscript is organized as follows. Section 2 describes the coupled
thermo-fluid dynamic problem together with the theoretical results. Section 3 is devoted to the
Virtual Elements discretization. The existence of discrete solutions is established in 4 whereas
the a priori convergence analysis is presented in Section 5. In Section 6 we present some
numerical experiments to test the practical performance of the proposed VEM scheme. Finally,
in Section7 we draw some conclusions.

We close this introduction with some standard notation. Let 2 C R? be the computational
domain, we denote with © = (z, z2) the independent variable. With a usual notation the
symbols V and A denote the gradient and the Laplacian for scalar functions, while A, V,
e and div denote the vector Laplacian, the gradient, the symmetric gradient operator and
the divergence operator, whereas div denotes the vector valued divergence operator for tensor
fields. Throughout the paper, we will follow the usual notation for Sobolev spaces and norms [1].
Hence, for an open bounded domain w, the norms in the spaces W, (w) and LP(w) are denoted
by [|-lws(w) and [||| zr(w) respectively. Norm and seminorm in H*(w) are denoted respectively
by |||lsw and |-|s.., while (+,-), and || - ||, denote the L?*inner product and the L?*norm (the
subscript w may be omitted when w is the whole computational domain 2).

2 Continuous problem

Let © C R? be a polygonal bounded domain with a Lipschitz-continuous boundary 9€2. We
consider the following coupled thermo-fluid dynamic problem

—div(v(¥) e(u)) + (Vu)u —Vp=f in Q,
divu =0 in €,
—div(k V) +u-Vi=g in Q, (1)
u=20 on 01},
¥ =9p on 012,

where the unknowns u, p and ¥ represent the velocity, the pressure and the temperature of the
fluid respectively; the function v is the temperature depending viscosity of the fluid, x is the
thermal conductivity, f and g stand for the the external volume source terms and ¥p is the
Dirichlet datum for the temperature.

Equation (1) models the stationary flow of a viscous incompressible fluid (governed by a
Navier-Stokes equation), where the viscosity of the fluid depends on the temperature (governed
by an elliptic equation).

For sake of simplicity we here consider Dirichlet homogeneous boundary conditions for the
velocity field, different boundary conditions can be treated as well. Moreover, the analysis
of the three dimensional case could be developed with similar arguments. From now on, we
assume that the model data satisfy the following assumptions.

(A0) Data assumptions:

e the conductivity x is positive and bounded, i.e. there exist k., £* > 0 s.t.

0 < ke <k(x) <kK* foralaxe



e the viscosity v is positive, bounded and Lipschitz continuous, i.e. there exist v, v*,
Uip > 0 s.t.
0<wv. <v(d) <v* for all ¥ € R,
|v(91) — v(¥2)] < vip|th — Vs for all 91,99 € R;

e the external loads satisfy f € [L?(Q)]2, g € L*(Q);
e the Dirichlet datum satisfy ¥p € C°(09).

Notice that the regularity assumption on the boundary datum is required in order to define
its nodal interpolant in the discrete VEM setting (see (30)). Let us define the continuous spaces

V= [H(}(Q)}Qy Q= L%(Q) = {q c LQ(Q) s.t. /quQ = 0} ,
Y:=H'Q), Xo:=H)(Q), Zp:={0ccH(Q) st. opo=1p}

endowed with natural norms, and the forms

(i) DXV XV SR, av (9, v) = /Q v()e(u) : e()dQ,  (2)
ar(5): Tx TR, ar(9,0) = /Qwa V9 dQ, 3)
() VXV XV SR, oy (w; u,v) = /Q(Vu)wmdQ, @)
(i) VXX S SR, er(u; ¥,0) ::/ﬂu-VﬂUdQ, 5)
b(): V x Q> R, b(v,q) = /quivv Q. (©6)

Notice that under the assumptions (A0) the forms are well defined, furthermore the following
hold

(P0) Stability properties of the continuous forms:
e for any ¥ € ¥ the bilinear form ay (9; -, ) is coercive and continuous, i.e.

ay (9; v,v) > 1/*|vﬁ79, ay (9; w,v) < v'|uli0|v|ia. for all u, v € V;;
e the bilinear form ar(-,-) is coercive and continuous, i.e.
ar(o,0) > k.ol o, ar(¥,0) <" I qlolia, for all ¥, o € 3;

e the convective trilinear forms cy (+; -, -) and er(+; -, -) are continuous with continuity constant
Ceonv, 1-€.

cy(w; u,v) < Ceonv|w|1,0lul10]v]1,0, for all w, u, v € V,

10, foralueV,d,o0eX;

er(u; 9,0) < Coony|u

valldlello

e the bilinear form b(-, -) is continuous and realizes the inf-sup condition with inf-sup constant
£ >0, ie.

b(UaQ) S |v|1,Q |q||O,Q for all v eV and q S Qa
b(v,
@9 > Blglon  forallge Q.
veV "U|1,Q

The variational formulation of Problem (1) reads as follows:

find (u,p,¥) € V x Q X Ip, such that

ay (¥, u,v) + ey (u; u,v) + b(v,p) = (f,v) forallv eV, %
b(u,q) =0 for all ¢ € Q,
ar(¥,0) + cr(u;d,0) = (g,0) for all o € X.



Let us introduce the kernel of the bilinear form b(-,-) that corresponds to the functions in V'
with vanishing divergence, i.e.

Z:={veV st divv=0}.
Then, Problem (7) can be formulated in the equivalent kernel form:
find (u,?) € Z x ¥p, such that
ay (9, u,v) + ey (u; u,v) = (f,v) forallv € Z, (8)
ar(¥,0) + cr(u;9,0) = (g,0) for all o € X.

We can observe by a direct computation, that, for a fixed w € Z, the bilinear forms cy (w; -, -)
and ¢y (w; -, -) are skew symmetric, i.e.
ey (w;u,v) = —cy (w;v,u) for all u, v € V, )

cr(w;9,0) = —cp(w; 0,9) for all ¥, o € X.

Therefore, for w € Z, the forms ¢y (w; -, -) and ¢y (w; -, -) can be equivalently defined as follows

ci}‘cw(w; u,v) = i(Cv(Uﬁ u,v) — cy (w; vv“)) for all u, v € V, (10)
1
C%(ew(w; 1970.) = §(CT(U); 1970—) — CT('UJ; o, 19)) for all 9, o € 3. (11)

However, at the discrete level cy (w; -, -) and ;5% (w; -,-) (resp. cr(w; -,-) and KV (w; -, -))

will lead to different bilinear forms, in general.

In the context of the analysis of incompressible flows, it is useful to introduce the concept
of Helmholtz—Hodge projector (see for instance [38, Lemma 2.6] and [36, Theorem 3.3]). For
every w € [L%(Q)]? there exist wy € H(div; Q) and ¢ € H'(Q)/R such that

w:w0+VC, (12)

where wy is L2-orthogonal to the gradients, that is (wg, V) = 0 for all ¢ € H'(Q) (which
implies, in particular, that wq is solenoidal, i.e. divwg = 0). The orthogonal decomposition
(12) is unique and is called Helmholtz—Hodge decomposition, and P(w) := wy is the Helmholtz—
Hodge projector of w.

Combining the argument in [3, Theorem 2.2] and the definition of Helmholtz—Hodge pro-
jector, the following existence result holds.

Theorem 2.1. Under the data assumptions (AQ), Problem (7) admits at least a solution
(u,p,9) € V x Q x Xp. Moreover the solution satisfies the bound

[l o+ 19120 < C2y (IPG) 10 + 19200+ 10012 2.00) (13)

where the constant Cegy depends on the domain  and on the constants k., K* and v, in the
data assumptions (AO0).

Assuming suitable bounds on the data of the problem and on the velocity solution it is possible
to establish the following uniqueness result [3, Proposition 2.3]

Theorem 2.2. Under the data assumptions (AQ), assume moreover that there exist two posi-
tive constants Cyata and Cso1 depending on the domain £ and on the constants ks, K* and v,
in the data assumptions (AQ) s.t.

i) the data of the problem satisfies
Chua (P10 + 19210+ 190 200) < 1, (14)

i) Problem (7) admits a solution (u,p,9) with uw € W}(Q) where ¢ > 2 and the following
bound holds
Csot Mip [ulwr ()2 <1, (15)

then this solution is unique.



3 Virtual Elements discretization

3.1 Notation and preliminaries

We now introduce some basic tools and notations useful in the construction and the theoretical
analysis of Virtual Element Methods.

Let {Q2,}x be a sequence of decompositions of the domain @ C R? into general polytopal
elements E where h := supgeq, hr. We suppose that {Q,}, fulfils the following assumption.
(A1) Mesh assumption:
there exists a positive constant ¢ such that for any F € {Qp},

e [ is star-shaped with respect to a ball Bg of radius > phg;
e any edge e of F has length > ohg.

We remark that the hypotheses above, though not too restrictive in many practical cases, could
possibly be further relaxed, combining the present analysis with the studies in [21, 28, 30].

Using standard VEM notations, for n € N and s € RT and p =1, ..., 400 let us introduce
the spaces:

e P, (w): the set of polynomials on w C Q of degree < n (with P_;(w) = {0}),
P, (Q) :={q € L*(Q) st qlg €Pn(E) foral EecQ},
o Wi(h) :={veL*(Q) st vlgpeW;(E) forall EeQ}

equipped with the broken norm and seminorm

”Uuzxjvg(nh) = Z ”U‘ {jV;(E) ) |U|p = () = Z ‘UVI:(/;(E) s if 1 <p<oo,
EecQy, EcQy,
“UH;;{/;(Qh) = 1{3%%2}2 ||/UH€I/P(E) , |v|€V;(Qh) = Er%%}i ‘U|€V;(E) s if p = o0.

Let E € Qp, we denote with hg the diameter, with |E| the area, with g = (vg,1,25,2) the
centroid. A natural basis associated with the space P,,(F) is the set of normalized monomials

M, (E) := {ma, with |a| <n}
where, for any multi-index o = (a1, ap) € N2
. 2 (- g\ o 2
Me = 2131 (T) and la := ;ai.
Moreover for any m < n we denote with
@n\m(E) = span {mq, with m+1<|a| <n}.

Furthermore, we introduce the following notations: let { ¥ ¥} geq, be a family of forms X Z: H§:1 Wyl (E) —
R, then we define

4

X JIwei@n) =R, X(ug,.oue) ==Y X, ), (16)
j=1 EeQy

for any u; € W/ (Qy) and j =1,..., L
For any F, let us define the following polynomial projections:

e the L2-projection I1%F: L2(E) — P, (E), given by
/ qn(v— TI%F0)dE =0 for all v € L*(FE) and ¢, € P,(E), 17)
E

with obvious extension for vector functions II%¥: [L2(E))? — [P,(E))? and tensor func-
tions TI0'” : [L2(E)]|2*2 — [P, (E)]**?;



e the H'-seminorm projection Iy F: H(E) — P, (E), defined by
/ Vg -Vv—TYFv)dE=0 forallve H(E) and g, € P,(E),
E
/ (v— TYFo)ds =0,
OB

with extension for vector fields ITY-F: [H(E)]? — [P, (E)]?.

In the following the symbol < will denote a bound up to a generic positive constant, in-
dependent of the mesh size h, but which may depend on €2, on the “polynomial” order of the
method &k and on the regularity constant appearing in the mesh assumption (A1).

We finally recall the following well know useful results:

e Poincaré inequality [42, Theorem 1.3.3]
lelle S lpha  forany ¢ € Hy(Q); (18)
e Sobolev embedding H'(Q2) C LP(2) [42, Theorem 1.3.4]: let 2 < p < co, then
el S llellie  for any o € H (Q); (19)
e Polynomial inverse estimate [29, Theorem 4.5.11]: let 1 < ¢, p < oo, then for any E € Q,
Ipallzoce) € B " Ipallioe) for any p, € Bu(B); (20)

e Bramble-Hilbert Lemma [29, Lemma 4.3.8]: let 0 <t < s<n-+1,and 1 < ¢,p < oo such
that s —2/p >t — 2/q, then for any E € Q,

o = IO P ol my S by TP gl ) for any ¢ € Wi(E). (21)

The present section is devoted to the construction of the proposed virtual elements scheme.
In Subsections 3.2 and 3.3 we present the inf-sup stable divergence—free velocities-pressures pair
of spaces and the temperatures spaces, respectively. In Subsection 3.4 we define the discrete
computable forms. Finally in Subsection 3.5 we show the virtual elements discretization of
Problems (7) and (8).

Let £ > 2 be the “polynomial” order of the method. The lowest order case k = 1 can be
treated as well using a slightly different approach [9]. We recall that, in standard finite element
fashion, the VEM spaces are first defined elementwise and then assembled globally. In the
following we will denote by E a general polygon having /. edges e, while ng will denote the
unit vector that is normal to OF and outward with respect to E.

3.2 Virtual Elements velocities space and pressure space

In the present section we outline an overview of the divergence-free Virtual Elements spaces for
the Navier-Stokes equation [15, 44, 16].
We consider on each polygonal element F € €);, the “enhanced” virtual space

Vi(E):= {vh € [C°(E)]? s.t. (i) Avy + Vs € ztP,_1(E), for some s € L3(E),
(ZZ) divoy, € ]P)kfl(E) s
(iii) vn)e € [Pr(e)]® Ve € OE,

(iv) (v — I Fop, 2t Pro1)p = 0 V1 € @k—l\kfiﬁ’(E) )

(22)
where x+ = (72, —x1). We here summarize the main properties of the space V;,(E) (we refer
to [16] for a deeper analysis).



(P1) Polynomial inclusion: [Py(E)]? C V,(E);

(P2) Degrees of freedom: the following linear operators Dy constitute a set of DoFs for
Vh(E):
Dy 1 the values of vy, at the vertexes of the polygon E,
Dy 2 the values of v, at k — 1 distinct points of every edge e € OF,

Dy 3 the moments of vy,
1
E/ vy, - mrime dE for any mq € My_3(E),
E

L= %(Iz — Zo.B, —T1 + T1,E),

Dy 4 the moments of divwvy,

where m

R
ﬁ/ divvy, me dE for any meq € Mi_1(F) with |a| > 0;
E

(P3) Polynomial projections: the DoFs Dy allow us to compute the following linear oper-
ators:
0% Vi (E) = [Pe(B)?,  TVE: VVL(E) — [Pr_1(E)>*2.

The global velocity space V, is defined by gluing the local spaces with the obvious associated
sets of global DoF's:

Vi={vh €V st. wvpp€Vy(E) foral EeQ}. (23)

The discrete pressure space @, is given by the piecewise polynomial functions of degree k£ — 1,
i.e.

Qh = {qh S Q s.t. an|E S ]P)kfl(E) for all £ € Qh} . (24)

The couple of spaces (V,, Q) is inf-sup stable [15], and we denote with B > 0 the inf-sup

~

stability constant, i.e. § is such that

b(v 1y Qh )
sup PO 5 Be s for any gn € Q. (25)
vREV ) |ﬁuh|17Q
Let us introduce the discrete kernel
Zyp ={v, €Vy st. blvp,qn) =0 forall g, €Qp} (26)

then recalling (i7) in (22) and (24), the following kernel inclusion holds
Z,CZz, (27)

i.e. the functions in the discrete kernel are exactly divergence-free.

3.3 Virtual Elements space for the temperatures

In this section, we briefly introduce the H'-conforming virtual space for the temperatures, that
consists on the so-called nodal “enhanced” virtual space [5]. We thus consider on each element
E € Q, the space

Sy (E) = {ah € COE) st. (i) Aoy € Py(E),
(ZZ) Ohle € ]P’k(e) Ve € OF, (28)

(iii) (o — 10 Fon, Dr)e =0 Vpj, € Prg_o(E) } :

We here summarize the main properties of the space Xp,(E) (see [5]).



(P4) Polynomial inclusion: Py (E) C X (E);

(P5) Degrees of freedom: the following linear operators Dy constitute a set of DoF's for
Eh(E):

Dx1 the values of o, at the vertexes of the polygon E,
Dx2 the values of 0, at k — 1 distinct points of every edge e € OF,

Dx3 the moments of o,
1
—/ on Mo dF for any mq € My_o(E);
|E| J&

(P6) Polynomial projections: the DoFs Dy allow us to compute the following linear oper-
ators:
007 S,(E) = Pu(E), T2 : VEL(E) = [Py_1(E).

The global velocity space ¥y, is defined by gluing the local spaces with the obvious associated
sets of global DoF's:

Ypi={op €3 s.t. onE € Yh(E) for all E € Qp},
with its homogeneous boundary counterpart
EO,h = {O’h € X s.t. OhloQ = 0} . (29)

In order to treat non-homogeneous Dirichlet data, accordingly to the data assumptions (AO0),
let us consider the “nodal” interpolant ¥p  of ¥p defined by:

Ipn € CY(0Q) sit. Upn € Pr(e) for any edge e C 09,

30
Ip n(x;) = Ip(x;) for any node x; € e, for any edge e C 0f. (30)

Then the discrete counterpart of the space Xp is defined as follows:
ED,h = {O'h € X s.t. Ohjon = ﬂD,h}~ (31)

3.4 Virtual Element forms

The next step in the construction of our method is the definition of discrete versions of the
continuous second order forms in (2) and (3), of the convective forms in (4) and (5) and the
approximation of the right-hand side terms. It is clear that for an arbitrary function in Vi
or Y;, the forms are not computable since the discrete functions are not known in closed form.
Therefore, following the usual procedure in the VEM setting, we need to construct discrete
forms that are computable by means of the only knowledge of the DoFs.
In the light of properties (P3) and (P6) we define the computable discrete forms.

e Discrete second order forms (cf. (2) and (3))

0 (O, vn) = /E p(9F9,) O (up) - TIE e(vy) dE + sE(Opiun, vn),  (32)
0 (O, on) = /E K IOE V0, - TIE Vo dE + sE(0h, o), (33)
where the VEM stabilizing terms are given by
sE(On; un, vp) = v 70,) SE (I — TP )uy, (I -5 )vy), (34)
sE(On, o) == (T " k) SE((I - T")0, (I —TI0 )o) (35)

and where SE(+,-): V,(E) x VL(E) = R and SE(-,): £,(E) x £,(E) — R are computable
symmetric discrete forms satisfying
\vh\%E < S{;(vh,vh) < |Uh|%,E for all v € V1, (E) ﬂkcrHQ’E,

(36)
|Uh|iE < Sg(ah,ah) < ‘Uhﬁ,E for all 0}, € Ep(E) ﬂkerH%E,



Many examples can be found in the VEM literature [18, 12]. In the present paper we consider
the so-called dofi-dofi stabilization defined as follows: let 4y, U5 and Jh, dy, denote the real
valued vectors containing the values of the local degrees of freedom associated to up, vy in the
space V', and to 9J;, and o, in the space ¥, respectively, then

Sg(uh,'vh) = ﬂh-ﬁh, Squ'(ﬁh,O'h) = "9h'5:h-

e Discrete convective forms (cf. (4) and (5))

c]ﬁ;’h(wh; Up, V) 1= /E[HU (V'u.h)l'[]C wh} H%Evh dE, (37)
&y (un; On,op) = /E (I Py, - 107 V9, ) T P 0, AE (38)
and their skew-symmetric formulation (cf. (10) and (11))
A (whs un, vp) = %(Cgh(wh» Wh, v4) — 5 (Whs VR, UR)) (39)
C;E“ZWE(’LUM Op,0n) = %(CT w(wp; O, on) — c%h(wh; O’h7’l9h)) . (40)
e Discrete external forces
Frp =T05f, gnp=T0%,  forall E€qy,. (41)

The global forms, defined accordingly to the notation (16), satisfy the following.

(P7) Stability properties of the discrete forms:
e for any ¥ € ¥ the bilinear form ay,,(9J; -, -) is coercive and continuous, i.e.

avp (%5 vp,vn) > aunlvnli g, avia (s ws,vn) < @V luglolvslie

for all uy, vy, € Vi
e the bilinear form arp (-, ) is coercive and continuous, i.e.

arn(on,0n) = Bukislonl o, ar(9n,0n) < B*K*|Vnlalonlia .

for all 9y, op € Xp;
e the convective trilinear forms c?}“;LW(~; -,+) and quew( ; -,+) are continuous, i.e.

skew

5 (w; u,v) < C

c%k‘ibw(u; 3,0) < C

for all w, u, v € V,
forallu e V, o, 0 € X,

where a,, o, B, 5%, écom are positive constants depending on the domain €2, on the “polyno-
mial” order of the method &k and on the regularity constant appearing in the mesh assumption
(A1).

3.5 Virtual Element problem

Having in mind the spaces (23), (24), (31) and (29), the discrete forms (32), (33), (39), (40),
the form (6), the discrete loading terms (41), the virtual element discretization of Problem (7)
is given by

find (wp,pn, ) € Vi X Qn X Ep p, such that

av.n(In, wn,vn) + 5 (wns wn, 1) + b(vn,pr) = (F5, 1) Vv € Vi, (42)
b(wn,qn) =0 Van € Qn,
arn(On, on) + S (wn; In, o) = (gn, on) Yo € Xo,n-



Recalling the definition of thediscrete kernel Zj, in (26), the previous problem can be also
written in the kernel formulation, i.e.

find (up,9n) € Z}, X Lp p, such that

avn(On, wn, vn) + 5 (wns wn, vn) = (Fr,vn)  Yoi, € Zy, (43)
arn (O, on) + SE (W In, o) = (gn, on) Vou € Xoh-

4 Existence of discrete solutions

In the present section we establish the existence of discrete solutions.

Proposition 4.1. Under the data assumptions (AO), assume moreover that there exists Cex;
depending on the domain Q and the shape regularity constant in assumption (A1) s.t.

lYp,n

then Problem (42) admits at least a solution (wp,pn,9n) € Zp X Qp X Xp,p. Moreover, the
following bound holds

l1/2,00 < Coxi min{vy, fy } (44)

[un|? o + [[9n]

20 < C (IIF4ll5; + 1912 10 + 190113 2.00) (45)

where the constant éest depends on the domain €2 and on the constants k., K* and v, in the
data assumptions (AOQ) and the shape regularity constant in assumption (A1).

Proof. Let 192 € Xp,, be the solution of the following auxiliary problem
find ¥ € Bp 5, such that

/ V99 -Vo,d2=0 Vo, € Sg.
Q

Then, by Lax-Milgram Lemma, 192 satisfies the bound

l1/2,60 - (46)

Notice that Problem (43) can be equivalently formulated as follows

[97]11.0 < Ca lldpn

find (up,9}) € Z}j, x X1, such that
ay,p (97 + 192, Up, Vp) + c?}f‘;lw(uh,; up,vp) = (fh,vn) You € Zp, (47)
ar (05, + 07, 0n) + S5 (wns 93, + 07, 00) = (gn, o) Vou € Son-
We now prove that Problem (47) admits solutions. Let 3 := Z), x X 5, and, for any (up,¥5) € 3
let A#92): 3 5 R given by
AWrI) (g, o) = ay,n (95 + 99, wp,vp) + C?}fzw(uh; Up,vp) — (FpyVh) (48)
+arn (95, + 95, 0n) + S5 (un; 095, + 95, 01) = (9n, 0n)

for all (vp,0p) € 3. Then employing property (P7) and the skew-symmetry of the convective
forms cﬁ}f‘;‘” and c%“;w (cf. (39) and (40)) we obtain

A(“h"w(u;wﬁi) > 0‘*1’*|Uh|isz + B*H*Wmisz = frllz; [unli0

o 9 qo skew 9 9o (49)
—lgnl-1.0l9% 1.0 + ar p (9%, 95) + 75" (wn; 95, 9%) -

From property (P7) and (46) it holds that

arn(09,95) > —arn (09,9 arn(95,95)? > —B* k" Ca |[9pull1 /2.0 19510,

-~

C

Snv Calltpnll12.0lunlia+ 10717 q)-
(50)

KW (wp;99,95) > —Coonv 19910 [un]1,0

lia > —
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Therefore inserting (50) in (49), we infer

o . . 1~ o
A(uh,yﬁh)(uh7 97) > <mln{oz*,[ﬂ}rnln{zj,,7 K} — §C’c0nVC’Q |‘19D7h”1/2,ﬂ> (|uh|%ﬂ + \19h|in)+

%,sz + |0Z|%,S2)1/2 .
(51)

— (U FallE; +1onl210)" 2+ B* K" Ca lWpallija0) (fun

Let us set

min{a*7 ﬁ*}

C’exi < =~
Cconv CQ

)

then from (44) and (51) we get
A(uh,ﬁZ) o 1 : 2 012
(un, 05) = 5 min{a, B} min{ve, we(Junli o + 19711 o)+

— ((F31%; +l9nl21 )72 + 8" 5*Ca |90l /2.0 ) (fun

?,Q + |79Z|%,Q)1/2 .
(52)
Let
(IfrllZ; +lgnl210)"? + B 5" Ca 91 /2.0

0:=2 min{ov, B, } min{v., £} ”

and 8 := {(vp,0n) €I s, Juplf g+ 057 o < 0} then (52) implies

A0 (g, 99) >0 for any (up, V) € S.

Employing the fixed-point Theorem [37, Chap. IV, Corollary 1.1] there exists (up,?95) € S s.t.
A(“h’ﬁm(vh,ah) =0 for all (vp,04) € 3, i.e. Problem (47) admits solution. Let 9, = 99 + 192,
then (upn, V) € Zp X o5, is a solution of Problem (43). Bound (45) follows from (53) and (46)
and the definition of S.

Finally, the existence of solutions (wp,pp,99) € Vi, x Qp X X 1, of the equivalent Problem
(42) is a direct consequence of (25) (see for instance [24]). O

Remark 4.1. Notice that, differently from the continuous problem, in order to establish the
existence result for the discrete problem (44) we need that the conductivity k and the viscosity
v are sufficiently large with respect to the Dirichlet datum ¥p (cf. bound (42)). A careful
inspection of the proof of Theorem 2.1 (see [3, Theorem 2.2]) shows that the gap between the
continuous and the discrete case is the different construction of the (skew-symmetric) convective

forms cr(u; +,-) and S5V (uy; -, -).

We now investigate whether Problem (43) admits a unique solution. We introduce the
analysis with the following lemma.

Lemma 4.1. Let 04,1, 0na € Epp, let v, € Vi, such that vy, € [WP(Q,)]? with p > 2. There

exists a positive constant dip only depending on €, k, and the shape regularity constant in
(A1) such that for any wy, € Vi,

lav,(oh,13 V8, wh) — avn(0h,2; Vh wh)| < Ciipttiplon,s — on2l10 [onl w2 [walie. (54)
Proof. From definition of ay (-, -) (cf. (32)) we have

lav,n (on,15 0, W) — av,p(Oh,2; Vh, wh)| < Z |5V (0h,15 VR, wh) — s (On,2; v, wh)| +
EcQy,

+ Z / ’V(H%Ea;“l) — V(H%EJ}L,Q)‘ ‘H(,i’jﬂls(vh)|}ﬂg’fle(wh)’ dE :=n1 + 1.
EcQy, E

(55)

Concerning the term 7y, from (34) and (36), and recalling property (P0), we infer
m < Y pgFony) — v Pon)| |ST (T =TI Yo, (I - T % )w,)|
EeQy

Svip Y 09 (on1 = on2) [(T =T F)vnly e [(T - T )w),
EecQy,

1,E -
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Then employing the inverse estimate (20) and the Bramble-Hilbert Lemma (21)

—2 E 1-2
m S vip Y hg I (0n1 — on2)lee) b onlwa @z wnl.e
EeQy,

where p is such that 1/p + 1/q = 1/2. Therefore, since Hg’E is continuous with respect to the
LP-norm, from the Hélder inequality for sequences we infer

m St Y, lony —ona

|Lo(m) VRl wr(m)2 [whlie

Een
1/p 1/q ) 1/2
o 2 ows—enalioe) (2 Eulbyone) (X ki)
EeQy, EeQy, EeQy,
S Yiipllon,n — o2 Lo [on| w2 lwalie -
Then, since p > 2, from the Sobolev embedding (19) we obtain
M S Viplona — on2lrelvnlwe .z walie - (56)

For what concerns the term 72 in (55), using similar argument to that used for 7;, we have

m< Y [ o) - v ona)| [T e on)] T2 efuwn) | 4

EeQy, 2
< Vip Z T (o1 — on2)lle ey [onlwieuz [whle (57)
EeQy,
< Vlip‘o'h,l — Oh,2[1,Q U}Ll[W{}(Qh)P‘wh 1,0 -
The thesis follows combining (56) and (57) in (55). O

We now state the following result concerning the uniqueness of the discrete solution.

Proposition 4.2. Under the data assumptions (A0), assume moreover that there exist two
positive constants Cgasa and Cyo) depending on the domain ), on k, on the constants k., K*
and vy in the data assumptions (A0) and on the shape regularity constant in assumption (A1)
s.t.

i) the data of the problem satisfies

Clata (‘fhPZh* +lgnl* 1.0+ [[9pn ﬁ/z,ag) <1, (58)
ii) Problem (42) admits a solution (wp,pn,?5,) with wy, € [Wj()]* where ¢ > 2 and the
following bound holds

-~

Col Viip |Un|w (a2 < 1. (59)
Then, referring to (45) and (54), if
K= CoomCont (1 Cip ) (60)
.V Cata BakixCsol

this solution is unique.

Proof. We limit to sketch the proof since it follows the guidelines of the proof of [3, Proposition
2.3]. Let (wp,i,Pn,;) € Zp, X Ep,p with ¢ = 1,2 two solutions of Problem (43) and let

Opi=up1 —Up2 € Zy, Ch = Vp1 —Vn2 € Xo,h -

Then from (43), employing the skew-symmetry of the convective forms ci}fi‘” and ca‘k‘jlw, we infer

arn(Chy Cn) = =75 (83 Vn1, Cn) » (61)
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and

av.n(Pn,2, On,0n) = —C?}fiw(%; Up1,0n) — (avn (U1, wni,0n) — avp(On2, un1,01)) - (62)

Recalling properties (P7), from (61) we derive

Bkl < Ceonv|On 1.0l 0n,1]

Loellhlie -

Thus recalling that (wp,1,95,1) satisfies bound (45), from (58)

Cconv Cest
Cdata 6 o

In a similar way, employing properties (P7) and Lemma 4.1, from (62) we infer

(€

Lo < 10n]1,0 - (63)

o |0h)T o < aconv|uh,1|1,§l‘6h|iﬂ + alileip|uh¢1‘[qu(ﬂh)]QKhh,Q‘éhh,Q .
Using again (45) and (58), from (59) and (63) we derive

CVlip Cconv Cest

Cconvcegt 2 2
il o < =2 —=0nlT 0 + =2 = 1010,
' Cdata Csol Cdataﬁ* Ros
that is
16n]7 0 < K[0nliq-
Now the proof follows from (60). O

5 Convergence results: a prior: analysis

In present section we derive the rate of convergence for the proposed VEM scheme (42). We
preliminary recall some optimal approximation properties for the discrete temperatures spaces
Yo.n, Xp,n and the velocities space V', that can be found in [31, 17] and [16] respectively.

Lemma 5.1 (Approximation property of Xo 5, Xp ). Under the assumption (Al) for any
T € XgNH*TL(Qy,) (resp. Sp N HTY(Qy,)) there exists 71 € Yo 4, (resp. Xp.pn) such that for all
E € Qy, it holds

7= 7rllo,e + helr — mrhe S A Tlsi1,m
where 0 < s < k.

Lemma 5.2 (Approximation property of V). Under the assumption (A1) for any v € V N
[H*TY(Q4)]? there exists v € V', such that for all E € Qy, it holds

v —vzllo.s + helv — vzl e S hy vl
where 0 < s < k. Furthermore if v € Z it holds vz € Z},.

In order to derive the error estimates, we state the following assumption on the solutions
and on the data of Problem (1).

(A2) Regularity assumptions:
e the solution (u,p,d) satisfy u € [H*+1(Q,)]2, p € [H*(Q)], 9 € [H*+1(Q)],
e the viscosity v, the conductivity  satisty v(9) € W2 (), k € W2 (Q4),
e the external loads f and g satisfy f € [H*T1(Q,)]?, g € [H*FH(Q4)].

for some 0 < s < k.
In the following R(-) will denote a generic constant depending on the norms of u, p, ¥, v,
K, f and g in the aforementioned spaces.
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Proposition 5.1. Under the assumptions (A0), (A1) and under the assumptions of Theorem
2.2 and Proposition 4.2, let (u,p,d) be the solution of (7) and (wp,pp, %) be the solution of
(42). Assuming moreover (A2) the following error estimates hold:

|uh — u|179 + H19 - ﬂhHLQ < ”R(u, 9, v, K) h®,
Hp — Ph |0,Q S R(U’p’ 197 v, K’) h's .

Proof. We preliminary observe that under the assumptions of Theorem 2.2 (resp. Proposition
4.2) and recalling (13) (resp. (45)) the following hold

-~

C2 C?
[ulf o + 19]3 o < Cgebt ) lun i o + 1970 < A;St . (64)
data data

The proof follows the following steps.
Step 1. Interpolation error estimates.
Let us introduce the following error quantities

er :==u—urg, o7 =19 —19r, 01 =p-—pr,
en i=uUr —Up, op =97 =, Oh *= DI — Dh »

where ¥; and uz are the interpolant function of ¥ and w of Lemma 5.1 and Lemma 5.2 re-
spectively and p; € @y, is defined elementwise by pr|lg = Hg’ﬂp for any E € Qp (cf. (17)).
Therefore from Lemma 5.2, Lemma 5.1 and Bramble-Hilbert Lemma (21), we have

lez]i,0 < R(u)h®, lloz

o SR@)A, ler

lLo SR(p)h°. (65)

Notice now that since u € Z, from Lemma 5.2 it holds that e;, € Z}. Whereas from Lemma
5.17 op € E().’h.

Step 2. Error equation for the temperature.

Employing Property (P7) and manipulating the second equation in (8) and (43) we obtain

Bukislonlt g < arn(on,on) = arn(91,04) — arp(9n, on)
= (ar,n(V1,0n) — ar(9,04)) + (ar (¥, 0n) — ar,n(In, on))
= (arn(91,00) — ar(V,04)) + (5 (wns In,on) — % (u; 9,04)) + (9 — g, on)

= na,T + Ne, T + 779 .
(66)
We now estimate the three terms above.
e estimate of 1, p: we split 74,7 into local contributions naE’T. Recalling definitions (3) and (33)

and the property of the L2-projection we have

nlp = / KIE VO -1 Vo, dE + sE(9r, on) — / x V9 - Vo, dE
E E

= / K (5, Vo — V) - 1105 Vo, dE — / KV - (I —T0)5)Voy, dE + s£(01, o)
B E
= / K (T2 V9 — V) - 17 Vay, dE — / (I -T)") (kYY) - Vo, dE + sE (01, o).
E E
Then from Property (P0), (35) and (36), employing Bramble-Hilbert Lemma (21), we obtain

nEr < (W IIYE V91 = Vollo.e + 111 - TR5) (99)

lo.6 + K11 =T )0111,5) |

1
< (Jozh 4 0= TEE 0l + 1T = TE) (<)o g+ ) onl s

K||lws (E
et Wl + P ) o,

*78
s ey (lor .

14



Therefore summing the local contributions and employing (65) we obtain
77a,T S R(ﬂ, H) }LS |O'h|17Q . (67)
e estimate of 7., employing the skew-symmetry of C%%W(~; +,+) (cf. (40)) we have

Ner = G5 (wns O, on) — 5 (ws 9, 00) + GG (ws 0, 00) — S (s 9, 03)

skew skew skew skew (68)
= —crp (up; oz, 0n) — ey (W —up; 9, 01) + g (w; 9, 00) — 7 (w; 9, 04) -
From Property (P7), bounds (64) and (65) we have
CSka;?V(Uh; or,0n) + C?k,iw(u —up; ¥,0h) < aconv (|’uh|1,QHUI |1,Q +|u—uy 1,9”19 |1Q) |Uh|1,Q
é\Vconv é\Vest 6conv Cest
< ——llozlhelonla + o (lezlia +lenl1,0) lonl1o
data data
é\(COHVC(QS S
< Cit|€h,|1,sz onl1,0 + R(u,9)h®|opli0.-
data (69)
Furthermore employing [16, Lemma 4.3]
cﬁlfiw(u; 3, 0n) — cSTkeW(u; 9,0) < R(w, ) h’|op|1,0.- (70)
Therefore collecting in (68), bounds (69) and (70) we obtain
GCOHVCCS S
Ner < —2 =y |1 alon]io + R(u,9) h* oy |10 (71)

Cdata

e estimate of 1,: employing the definition of L2-projection (17) and Bramble-Hilbert Lemma
(21) we infer
ng < R(9) hot? lon

Finally combining (67), (71) and (72) in (66) we get

1,0- (72)

S Cconvccst
Cdataﬁ*l‘ﬁ*
Step 3. Error equation for the velocity.

We now analyse the velocity error equation. Combining the first equation in (8) and (43)
together with Property (P7), we have

|on] 1.0 lenl1.o + R(u,d, k) h* + R(g) h*+?. (73)

awvilenlt o < avin(Un; en,en) = avn(Un; uz, en) — av,n(Vn; wn, en)
= (av,n(Vn; uz, en) — av(¥; u,en)) + (av (9 u, en) — av,p(On; un, en))
skew

(av,n(Un; uz,en) — ay (V; w,en)) + (5" (un; wn, en) — SV (u; u,ep)) + (f — froen)

*Na,v + Ne,v + nf -

(74)
We now estimate each term above.
e estimate of 1), v: we split the term into local contributions nfv. Recalling definitions (2) and
(32) we have '

nly = / v(I 29, T E Vur - TP Ve, dE + sE(0; uz, en) —/ v(9) Vu - Ve, dE
E E
= /EV(HZ’Eﬁh) (H%ﬁVuI —Vu)- HZ;ElVeh dE + sE(9p; uz, en)+

_/ v(9) V- (I —T1F Ve, dE + / W) P9y) — v(@)) Vu - T Ve, dE
E E

PG G+
(75)
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Recalling Property (P0), the stability bounds (34) and (36), and the definition of L?-projection
(17), the first three sub-terms can be bounded as follows

3
> ¢ < (v E Vuz — Vallog + (I - TE) () Vu)llo.e + v (1 — )P )uz| g)len)1.e
i=1

1
<" (Jeshe + 10 = TPyl g + 1T = TF)0(0) Tl g ) el

s [v()llws, (E)
vty (leshe + lulns + 2 g ) el
Therefore s
S F <R v) I enlia. (76)
EeQy i=1

For the term (4, employing similar computations to that in (57) (recalling that p is such that
1/p+1/q =1/2) we infer

CF <TI0, — O Lo () lwlwamyzlenl,e

< vip (T (W = 9) Loy + 1 = TR0 1oy ) g oz lenl. e

< Viip <H19h = e ) + 19wz (m) h‘i;) [ulwa(gy2lenlie
< vtip (llonllzo ) + lozllogey + 190wy o) b ) lulw; mylenls.

where we also used the continuity of the L2-projection w.r.t. the LP-norm and Bramble-Hilbert
(21). From the Holder inequality for sequences and the Sobolev embedding (19), we infer

Z Cf S viip (|ow],0 + lloz
EeQy,

Therefore from (65) and (15)

l1o + RW)A®) [ulwr@.zlenlo-

Cii .

> o< Gllonlalenlio + R() A lenli o (77)
sol

EeQy,

for a suitable positive constant Cip. Collecting (75) and (76) in (77) we obtain

Cy

Na,v < £ |Jh|1,sz|eh 0+ R(% 7, V) h? |eh|1,ﬂ : (78)
1
SO

C,

e estimate of 7.,y : direct application of [16, Lemma 4.3 and Lemma 4.4] yields

~ ~

CCOI]V Ces S
ey < — V2 ey |2 o + R(u) h® len|io. (79)
data

e estimate of ny: using the same argument used above for 7, we obtain
ng <R lenlio. (80)

Collecting (78), (79) and (80) in the error equation (74) we obtain

~

Cconv Ccst

data

Cri
1o+ =2onl1q. (81)

a*V*leIh,Q < R(’U/, 197 V)hs + R(f)hs+2 + C
sol

len

Step 4. Error estimates for the velocity and the temperature
Now employing the estimate (73) in (81) we infer

é\(C(Jnvé\(cst aconvccst Clip 2
Qply — —2 - ezl < R(u, 9, v,k)h* + R(f,g)h 2.
( Caata Caata  CsolBxkx ‘ Ill'Q ( ) (f g)
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Therefore assuming that v, and k, large enough
lezlio < R(u,d,v,k)h* + R(f, g)h*. (82)
We finally collect the estimates (82), (73) and the error bounds (65) obtaining
lu—unli0 + [0 = Ol < Flu, 0, v, k)h° + F(f,g)h" 2. (83)

Step 5. Error estimate for the pressure.
In the last step we briefly study the convergence error for the pressures. From the first equation
in (7) and (42), simple computations yield

b(vn, on) = b(vn, pr) — b(vn, pr) = b(vh,p) — b(vn, pr) — b(vn, or)

= (avn(On; wn, v1) — av (95 w,vp)) + (557 (wns wn, vi) — & (u; u,vy)) +

(84)
+ (f = Fr,vn) — b(vn, or)
= Ya,v + Ye,V + Yf + -
e estimate of v, v the estimate of 7, v follows the same steps for the bound of 7, v
* Clip s
Ya,v < VU — upli0lvn|io + C l||19 — Onllr,elvnlie + Rlu,9,v) h* lvp|ia
therefore from (83) we have
Yav < (R(u,¥,v,5) h* +R(f,9) h*+?) |vp|1,0- (85)
e estimate of 7. y: simple computations yield
Ve = (c?}f‘;w(uh; up,vp) — ci}fiw(u; 'u.,'vh)) + (c?}fzw(u; w,vp) — Y (u; u,vp))
= (c?}‘jlw(uh —u; Up,Vp) + c?}fiw(u; up —u,vp)) + (c?}fiw(u; w,vp) — & (u; u,vp)) .
(86)
Employing Property (P7) and bounds (64) and estimate (83), we have
RN (wy, — u; wn, vn) + Y (w5 wp — w,v8) < Ceony (Julio + [unli0) [u —unlio [valie
-~ Ces é\\195
< Ceonv b S ) e — g vkl
Cdata Cdata
< (R(u7 197 v, KJ) h? + R(f7 g) h8+2) |Uh|l,ﬂ .
(87)
Whereas applying [16, Lemma 4.3] we have
c?}jil“’(u; u,vy) — ci}‘e‘”(u; u,vp) < R(u)h®|vp|1 - (88)
Therefore (86), (87) and (88) implies
Ye, v S (R(u7ﬂ7 v, K) h? +R(-f7g) hs+2) |vh|1,9~ (89)

o estimate of 7z +,: the term v¢ can be bounded as ng. The term +y, can be bounded, recalling
Property (P0), by Bramble-Hilbert Lemma 21. Then we have

¢+ < (RUF)) AT+ R(p) h°) [onlra - (90)
Employing the inf-sup stability (25), from (85)—(90), we obtain

b
om < sup (Vh, 0n)

< F(w,9,p,v, k) b* + F(f,9) h*2.
v EVY, |Uh

1,Q

B“Qh|

The pressure error estimates follows from the previous bound and (65):

”p 7thO,E < ]"(u,197p7 v, K/) h® + f(f,g) B2
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Remark 5.1. Note that the proposed VEM scheme (43) has the following favorable property that
extends to the context of coupled problems the convergence result obtained for the Navier—Stokes
equation: the error components partly decouple. In fact the velocity and the temperature errors
do not depend directly on the discrete pressures, but only indirectly through the approximation
of the loading and convection terms and such dependence on the full load is much weaker with
respect to standard mized schemes. In some situations the partial decoupling of the errors
induces a positive effect on the velocity/temperature approzimation (see for instance Test 2).

6 Numerical results

In this section we present two numerical experiments to test the practical performance of the
proposed VEM scheme (42) and the possible advantages related to the divergence-free velocity
solutions. In the tests we consider k = 2.

6.1 Fixed point iteration

We describe the linearization strategy based on a fixed-point iteration adopted to solve the
non-linear coupled problem.

LINEAR FIXED POINT ITERATION
Starting from (u?, p%) = (0,0), for n > 0, until convergence solve

e HEAT equation

{ﬁnd 3t € ¥p p, such that

arp (97 op) + C%%W(UZ; I on) = (gh, on) Yo € Xo,h,
e OSEEN equation

find (uZH7 pZ“) € Vi, x Qp, such that

n+1, n+1 sk . n+1 n+1ly _
aVJl(ﬁh ; Uy 7Uh) + C?/,?’LW(UZ7 Uy, 7vh) + b(vh7ph ) - hs Uh) vvh € Vh7

(
b(up™,qn) =0 Van € Qn.

Notice that at each step of the fixed-point iteration the solution wj is still divergence-free,
therefore the linearization procedure does non affect the divergence-free property of the final
discrete solution. At each iteration we need to solve two linear systems with dimension

k(k — 1)

N,
2 P

k(3k — 1)
2

N_DoFs HEAT = Ny + (k—1)Ng +

N_DoFs OSEEN:2NV+2(k—1)NE+< >Np+1,

where Ny, Ng, Np denotes the number of internal vertices, internal edges and polygons in €2,
respectively. The dimension of the linear system for the OSEEN equation can be significantly
reduced considering the so-called reduced spaces (see [16]). We now derive the convergence of
the fixed-point iteration.

Proposition 6.1. Under the assumptions (A0), (A1) and under the assumptions of Propo-
sition 4.2, let (up, pr,Vp) be the solution of (42). Then the sequence {(u},py,97)}n generated
by the LINEAR FIXED POINT ITERATION satisfies

lim |up —upli,o=0 lim |9y, — V51,0 =0 lim ||pr — prllo =0.
n—oo n—oo

n—oo

Proof. We only sketch the proof since it can be derived using similar technique to that in the
proof of Proposition 4.2. For any n > 0, let us introduce the error quantities

n.__ ., n n .__ qn n._,n
hi=Uup —Up, oy =9 — Uy, 0h *=1Dp — Dh -
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Note that §; € Z}, and o} € g . Simple computations yield

arn(o) ™ op ) = =Y (87 9n,op )

Therefore form Property (P7) and bound (64) we obtain.

~

~
CCOI]V C
_

1 t
Butkixlog 1 < =10hl1a- (91)
data
For the velocity we can derive the following equation
1 1 1 k 1 1 1 1
avp (955 03O = — U (0hs wn, 05 ) — (avin (03 un, 3 Y) — avn (Vs wn, 637))

Then, employing properties (P7) and Lemma 4.1 we infer

@07 o < Ceonvlunli,al0711,0l07 10 + Criptiip [t w0, g2l 10185 10 -

Using (64) and (59), from (91) we derive

6n+1 CconvCest 5n Clip CconvCest 5n
|0, o € —=—— 0o+ x—=——I05l.q,
data sol Cdataﬁ*’f*

that, recalling (60), corresponds to

105 e < K |8

1,0 -

Therefore, since ul) = 0 from (64), we have

Cls Coony C2
|07 ]1,0 < Ll G lon]i,e < A;L(MKTL71~ (92)
data Cdataﬁ*’/‘-’*

Concerning the pressure we derive

b(vp, 07 = avn(9n; wn,vn) — avp (90wl vy)+

R (uans wn,on) — R (s o) 03)
= (av.n(9n; wn, i) — avp (O3 wp, vp)) — avp (O 87 vg)
— (87 un,vn) — Y (up; 87 o)
Lemma 4.1 implies
avn (Un; un,vn) — avp (07 wp,v,) < élipl’lip|0'}?+l|1,Q|uh|[qu(Q)]2‘vh|1,Q7 (94)
whereas Property (P7) yields
—ay (O 87 vy) < o' |80 1 alvnlo
7Cskew(6n, u _ skew/, n, 6n+1 < A~ 5" 6n+1 n
Vi (O wn,vn) — VY (uhs 85 wn) < Coony (183]1.0lunle + 10, 1eluplie) [valie .-
(95)
Then recalling (59) and (64) from (93), (94) and (95), for any v;, € V), we have
b(vp, 0p ! Cy .. o~ C . C
M S Alp |UZ+1|1VQ +lav + CconvALSt |62+1|1,Q + Cconv/\ﬂ‘éml,ﬂ .
‘vhh»ﬂ Csol data data
Therefore from the inf-sup stability (25) and (92) we have
a - 62 61‘
Bllgr oo < Coonyzt (14 m—2— | K"+ O(K™)
Cdata CSOI/B*K/*
Now the thesis follows from (60). O
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QUADRILATERAL TRIANGULAR VORONOI RANDOM

Figure 1: Test 1. Example of the adopted polygonal meshes.

Test 1. Error convergence In this test we examine the practical performance and the
convergence properties of the proposed scheme (42) in the light of Proposition 5.1.

In order to compute the VEM error between the exact solution ue, and the VEM solution uy,
we consider the computable error quantities

err(up, H') := sqrt < D> [ Vttex — H?’EVuhH?J’E) /1 Vtex]lo
EeQy,

err(up, L?) := sqrt ( Z |tex — Hg’Euh| 07E> /| texllo -
EeQy,

Analogous error quantities are considered to measure the error between the exact solution Jey
and the VEM solution 9. For the pressure error we take err(pp, L?) := ||p — pnllo.0-

In the present test we consider Problem (1) on the unit square Q = (0,1)2, the viscosity
is v(¥) = 2 + 92, the conductivity is x(z,y) = 1, the load terms f and g and the Dirichlet
boundary conditions are chosen in accordance with the analytical solution

o siny+ycosy —xsiny
’ll/ex(x>y) =e€ <_;Bcosy—ysiny—COSy> ’

Pex (T, y) = sin(nz) cos(4ry) ,
Pex(x, y) = sin(4dnz) sin(ny) .

Notice that the viscosity v satisfies Property (P0O) whenever |[¢| < ¥y,.x. The domain Q
is partitioned with the following sequences of polygonal meshes: QUADRILATERAL distorted
meshes, TRIANGULAR meshes, CVT (Centroidal Voronoi Tessellations) meshes, RANDOM Voronoi
meshes (see Fig. 1). For the generation of the Voronoi meshes we used the code Polymesher
[43]. For each family of meshes we take the sequence with diameter h = 272, 273, 274 275
276,

In Table 1 we show the dimensions of the linear systems solved at each iteration of the
fixed-point procedure and number of iterations needed for the adopter sequences of meshes.
We iterate the fixed-point procedure with the tolerance TOLL=1e-7.

In Fig. 2 we display the errors err(un, H'), err(up, L?), err(Vp, H'), err(dp, L?) and
err(pn, L?) for the the sequences of meshes aforementioned. We notice that the theoretical
predictions of Proposition 5.1 are confirmed, moreover we observe that the method is robust
with respect to the mesh distortion.

Test 2. Convection-dominated transport of a passive scalar. The scope of the present
test is to show that divergence-free discrete velocity solutions might also be of advantage in
coupled problems. We investigate the behavior of the proposed method for the test proposed
in [38, Example 6.6]. We consider the following coupled problem on the domain Q = (0,4) x
(0,2) \ [2,4] x [0,1] with a flow field which is governed by the Stokes equation

—vdiv(e(u)) —Vp=0 in Q,
divu=0 in Q, (96)
—kAY+u-VI=0 in Q,
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QUADRILATERAL MESHES

TRIANGULAR MESHES

1/h  HEAT OSEEN N_IT 1/h  HEAT O0SEEN N_IT
4 49 147 6 4 129 403 6
8 225 643 6 8 605 1847 6
16 961 2691 6 16 2547 7705 5
32 3969 11011 5 32 10331 31121 5
64 16129 44547 6 64 41985 126211 6
VORONOI MESHES RANDOM MESHES
1/h  HEAT OSEEN N_IT 1/h  HEAT O0SEEN N_IT
4 63 175 6 4 69 187 6
8 315 823 6 8 307 807 6
16 1399 3567 6 16 1367 3503 6
32 5847 14767 5 32 5659 14391 5
64 23877 60043 6 64 22921 58131 6

Table 1: Test 1. Dimensions of the linear systems solved at each iteration of the fixed-point
procedure and number of iterations.

10° 100
10% e o 10?2 o-
£ 10 = z £10% =
o = 1 = e
H = H o
pteees = Ceerr (B, FD) fe-err (6,,H)
08 ‘4‘ e-err (0, L) 10 -+-err (0, L)
xerr(uy, H') x-err (uy,, H')
Lo-err (uy,, L?) Le-err (uy,, L)
o-exr (pn, L) lo-orr (pp, L2)
10°® ! 10°® -
10" 10"
h h
QUADRIALTERAL MESHES TRIANGULAR MESHES
10° 100
102k : i:::;;::ii«— il : w2k ; L
107 : T Fe-exr (0, H") 104k T Fe-err (6, H)
" -+-err (0, L%) el -+-err (0, L%)
= 5 x-err (uy,, H') T x-err (uy,, H')
e +-err (w,, L%) - 8 +-err (w,, L*)
108k Fe-err (pj,, L?) . Fe-exx (py,, L*)
10

VORONOI MESHES

h

RANDOM MESHES

Figure 2: Test 1. Convergence histories of the VEM (42) for the adopted families of polygonal
meshes.
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= r out -

Figure 3: Test 2. Domain and boundary conditions description (left) and mesh with diameter
h =272 (right).

Figure 4: Test 2. Quiver of the numerical velocity u; with h = 274,

coupled with the following boundary conditions (see Fig. 3 left)

(0.5y(2—y), 0)T on Ty,
(4 (y_ 1)(2_3/)7 O)T on 1ﬂout:
0 on N\ (Tin UTout),

¥=1 1_‘ina
{ on @7

u
u

kVY-n=0 ondQ\ Ty,
u

the viscosity is ¥ = 1e-2, the conductivity is k = 1le-6. The exact temperature solution is
Dex = 1.

For the sake of the comparison with the results reported in [38, Example 6.6], the domain §2
is partitioned with a sequence of triangular meshes with diameter h = 271, 272, 273 274 275
(see Fig. 3 right). The continuous convective form associated with the spaces satisfying the
boundary conditions (97) is not skew-symmetric, therefore in the discrete scheme we consider
the convective form (38) in the place of (40). Note that the heat equation for the temperature
in (96) is convection-dominated. However, it is worth stressing that, differently form [38],
we do not employ any stabilization technique to stabilize the discrete problem (we refer to
[22, 11, 20] for the analysis of the stabilized method in the VEM context both for the convection-
dominated elliptic equations and Oseen equations). Fig. 4, Fig. 5 and Table 2 present the
results of the numerical simulations. As exhibited in [38, Example 6.6] the violation of the
divergence constraint, as it appears in the classical mixed finite element, pollutes the discrete
temperature solution with strong spurious oscillations. By contrast, the proposed VEM scheme
with divergence-free velocity solution computes the temperature with high accuracy as depicted
in Fig. 5 and Table 2.

i/h 2 4 8 16 32
min(d, —1) -7.88e-11 -2.78e-10 =-2.87e-08 -4.47e-09 -3.23e-09

max(d, —1) +4.50e-11 +7.5le-11 +2.42e-08 +2.90e-09 +5.34e-09

Table 2: Test 2. Minimal and maximal of ¥ — 1 (DoFs values).
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Figure 5: Test 2. Absolute value of the velocity |up| (left) and temperature ¥, (right) with
h =274

7 Conclusions

We presented a Virtual Element discretization of a thermo-fluid dynamic problem modeling
the stationary flow of a viscous incompressible fluid (governed by a Navier-Stokes equation),
where the viscosity of the fluid depends on the temperature (governed by an elliptic equation).
We have show the the discrete problem is well-posed and prove optimal error estimates. Nu-
merical experiments which confirm the theoretical error bounds are also presented. Further
developments may include the introduction of uncertainty in the thermal conductivity x, based
on the ideas of [25, 26] as well as the three-dimensional extension, based on employing the
three-dimensional VEM for Navier-Stokes proposed in [14].
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