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Abstract

We propose and analyse a new discontinuous reduced basis element method for the
approximation of parametrized elliptic PDEs in partitioned domains. The method is
built upon an offline stage (parameter independent) and an online (parameter depen-
dent) one. In the offline stage we build a non-conforming (discontinuous) global reduced
space as a direct sum of local basis functions built independently on each subdomain.
In the online stage, for a given value of the parameter, the approximate solution is
obtained by ensuring the weak continuity of the fluxes and of the solution itself thanks
to a discontinuous Galerkin approach. The new method extends and generalizes the
methods introduced in [16, 18]. We prove stability and convergence properties of the
proposed method, as well as conditioning properties of the associated algebraic online
system. We also propose a two-level preconditioner for the online problem which ex-
ploits the pre-existing decomposition of the domain and is based upon the introduction
of a global coarse finite element space. Numerical tests are performed to validate our
theoretical results.

Introduction

The Reduced Basis (RB) method, see e.g. [26, 25|, for elliptic Parametrized Partial Differ-
ential Equations (PPDEs) has been successfully developed to approximate the solution of
problems like:

find u(p) € V such that A(u(p),v;p) = F(v; ) Yo eV, (1)
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where V is a suitable Hilbert space, u = (u1,...,up) is a P-tuple of parameters which
belongs to a subspace D of R, A is a continuous coercive bilinear form defined on V x V
and F' is a linear continuous functional on V.

When the domain Q(u) of the PPDE is decomposed into several subdomains, a convenient
numerical approach is provided by the so-called Reduced Basis Element (RBE) method,
presented in [22, 20, 21, 23], in which local (i.e., defined on each subdomain) reduced bases
are built by restriction of global solutions, while the global continuity of the RB solution
is guaranteed either by the introduction of suitable Lagrange multipliers, as in [18], or by
adopting a discontinuous Galerkin (DG) approach, as in [11].

Several improvements of the RBE idea have been recently proposed. One instance is
the so-called static condensation Reduced Basis Element method [14, 15, 12|, where a RB
approximation of the Schur complement is proposed and rigorous a posteriori error estima-
tors are derived. Another approach is represented by the so-called Reduced Basis Hybrid
Method (RBHM) [16, 18], where a global coarse solution, responsible for ensuring interface
continuity of normal fluxes, is overlaid to the subspace of local reduced basis computed of-
fline at subdomain levels. The continuity of the global reduced solution is enforced using
Lagrange multipliers. A further instance is provided by the Reduced Basis - Domain Decom-
position - Finite Element (RDF) method [16, 17], in which the continuity of the elements of
the reduced space on the whole domain Q () is guaranteed by the introduction of additional
degrees of freedom on the interfaces, corresponding to the fine-grid Finite Element (FE)
Lagrangian basis functions associated with the nodes on each interface. Ideas related to the
RBE approach can also be applied to the RB approximation of multiscale phenomena, as
done in [1, 19].

In this work we propose a discontinuous Galerkin Reduced Basis Element (DGRBE)
method which represents in fact a generalization and an improvement of both RDF and
RBHM. As a matter of fact, as in the RDF method, the DGRBE approximation is based
upon a set of local basis functions that feature non-homogeneous Neumann conditions, how-
ever it does not require the introduction of additional degrees of freedom on the interfaces.
Moreover, a possible preconditioner for the reduced problem makes use of a coarse space
correction on the local basis inspired from the RBHM. We point out that this correction
was essential to ensure interface stress continuities in RBHM, whereas in DGRBE method
it only serves the purpose of improving the spectral properties of the preconditioner to solve
the associated online linear system.

Furtherly, the underlying DG approach allows for the use of independent elementwise
representation of the numerical solution, without necessitating Lagrange multipliers to ensure
the continuity across the internal interfaces, as was the case for RBHM. The DGRBE method
is then well suited for global meshes which are non-conforming on the subdomain interfaces.
We point out that the local bases are constructed by solving local problems with suitably
chosen boundary conditions. No approximate solution of the global problem (1) is therefore
required. This makes the DGRBE method particularly well suited for problems defined
on “modular” domains, namely composed by an arbitrary number of subdomains that are
geometrical transformation of few parameter-independent reference subdomains, cf. [14, 18§].
We show by numerical experiments that, as regards the accuracy, the DGRBE approximation
of (1) on a partitioned domain is comparable to a fine-grid FE one, but is based on a
significantly lower dimensional approximation space. After introducing the DGRBE method,
we carry out its analysis in the case of elliptic problems. More precisely, we prove: the well-
posedness of the method, its stability and some convergence estimates.

An outline of the paper is as follows. In Section 1 the main features of the DGRBE
method are introduced, while in Section 2 the theoretical analysis is carried out. In Sec-
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tion 3 a two level preconditioner is presented and it is meant to make the preconditioned
online system weakly scalable. Finally, in Section 4 some numerical tests are shown. In the
appendices some implementation details are reported.

1 The DGRBE method

We assume that a parameter dependent open subset Q(p) C R? is given, where p is a
parameter belonging to the space D C R”, P > 1. Given an integer Ng > 1, we assume
that the domain is composed of a finite number of non-overlapping subdomains,

Ng
) = JQw) vueD

where each Q;(u) is an open bounded subset of R2. The model problem we are considering
is the following:

—v(p)Au(p) +o(pu(p) = f(p) inQ(p), @)

up) = 0 on 0Q(p),
where f € L2(Q(p)) is a given source term and v(u), o(p) are p-dependent constant coeffi-
cients. We point out that our results can be extended to the case of subdomain-wise constant
coefficients or, under suitable regularity assumptions, to the case of space-dependent func-
tions. We also remark that the parameter dependence can be both physical and geometrical,
that is both the coefficients and the domain can depend on the parameters. To follow a
reduced basis approach, we define a reference domain Q = Q(m), for a suitably chosen
i € D. Correspondingly, we define the reference subdomains Q; = Q;(z), for ¢ = 1... Ng.
Let T!: Q; — Q;(p), be the local geometrical transformation mapping the reference sub-
domains into the “physical” ones. By patching together these local transformations, we can
define a global transformation 7T* which maps the reference domain €2 onto (). We assume
that the global map T* is continuous and bijective. Setting V = H}(£), we define

Awvip) = [ v Vwo T V(o T de + [ o) (weT") (e T#)ds.
Q(p) Q(p)
for all w,v € V. For the sake of notation, in what follows we let the composition with T*
to be understood.

The reduced-order method we are going to introduce features two main components:

e a local reduced basis for each subdomain;
e a DG-type interface conditions at subdomain boundaries.

In what follows we explain the role played by these components during the two stages of the
DGRBE method: the offline stage and the online stage. Details about the implementation
aspects can be found in Appendix A.

1.1 Offline stage

The offline stage of the DGRBE method is inspired to the offline stage of the RDF method
introduced in [16] and follows ideas which can also be found in [14].
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For each i = 1,..., Ng, we define a (parameter independent) conforming quasi-uniform
triangulation 7 ; on Q;. Setting I'; = 9€;\0Q, we define the local spaces

V;' = {’Ui S L2(Q) |'UZ|Q1 e Hl(Qi),Ui =0 on aQZ\F“’UZ =0 on Q\QZ}7
Vhﬂ' = {’Uh,,' eV ‘ Uh,z‘|K S Pl(K) VK € 7;%1'}.

The idea behind the construction of the local bases is the following: on each subdomain
we build a local reduced basis such that, for each value of the parameters, it allows a good
approximation of the solution of the two following problems:

_V(N)Aﬂi(ﬂ)+0(/~‘a)gz'(<ﬂ)> = f(w), inQi(p)
e = 0 onTip) (3)
u(p) = 0, otherwise,
and
—v(p)Aw;(p, B) + o(p)wi(p, B) = 0, in Q;(p)
QB — g(6), onTiw) ()
wi(w,8) = 0, otherwise,

where g(f) is a Neumann datum which depends on an artificial parameter 8 € R. Recalling
that u(p) is the solution of (2), we now observe that if 3 g(8;) is an approximation of
8157(#) r;, for a given set {1,..., Bz} C R, then by linearity u;(p) = @; () + >, wi(p, 8;) is
an approximation of u(u)\gi( w)- Thus, building a space able to approximate the solutions of
problems (3) and (4) on each subspace allows to approximate also the solution of the initial
problem (2). In the following we made the above idea more clear. We first introduce the
local forms

A (wi, v ) :/

Qi (p)
for all w;,v; € V;. We then define

v(p) Vw;-Vou; dx +/

o) wivide, Flosw) = [ fwuds,
Qi (p) Q

()

1/2
i

v, = (Uiavi)v/ Vw;,v; € Vi,

(wivvi)w = Aj(wi,vi; ), i

where i is the parameter value chosen to define the reference domain. Next, we define
the extended parameter space D = D x {0,...,npc,} and we denote with g = (u, 5) the
generic element of D. Denoting with V{ ¢ the space of the traces on I'; of the elements of
Vh.,i, we introduce a S-dependent functional Iiﬁ belonging to the dual space of VIE ¢, for all
B €40,...,npc}. We are now able to define the local problems which we use to build the
local basis. Given a parameter value p € 5, find up, ; () € Vi,; such that

Ai(n (1), vni; ) = Fi(vns 8) + (T2 onile) Yoni € Vi, (5)

We assume that, for each choice of wy,; and vy ; in Vj, 4, it holds

E(vh,i;ﬁ) = Fi(vpi; ) and (Zf,vh,,'|pi> =0 VpeDx{0}, ie, when =0,
Fi(vn ) =0 YpeDx{l,...,npc,}
We observe that we are considering the FE approximation of problems (3) and (4) when
B = 0 and B # 0, respectively. The linear functional If serves the purpose of (weakly)
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imposing the non-homogeneous Neumann boundary conditions. We propose two possible
choices of If : the former is based on the approximation of the weak normal derivative of the
fine FE solution, the latter on the approximation of the normal derivative of the continuous
global solution along the internal interfaces.

The well-posedness of the local problem (5) is guaranteed by the following lemma, which
can be proven using a standard energy argument (cf. [24]).

Lemma 1.1. Let D¥ be the Jacobian matriz of T* and let J!* be its determinant. For every
w in D, we assume that v(p) >0, o(p) >0 and J* >0 on Q;, i =1,..., Ng, and define

ai(p) = min{;gg; "(‘f)} min [min{Ami, (D#)"1(D#)"T)  1}J#]

ASION

Ki(p) = max { 583, 208} max [max{Anas (D)1 (DF)7T)  1}7#]

Then, fori=1,...,Ng, it holds:

i) 0 < ai(p) < Ki(p);

i) for each vi,w; in V; and for each p in D,

ai(p) vill§, < Ai(v,v; ), |ai(w,v; )| < Ki(p) [|willv; [Jvillv; -

By applying the Greedy algorithm [25, 26] to problem (5) we obtain a local RB space
VP = span{ani(i}), .. @ni (1)},

where the parameters ¥, k = 1,..., N;, are chosen by the Greedy algorithm. What we
obtain is that the solution uZ5B(n) € V1B of

i

AR (), vlP; ) = Fi(vfP; ) + (27, 0P

RB RB
79 Y Fi> Vvi € ‘/z )

satisfies
ni () — @ (@)l < €, (6)
for a given (small) tolerance. The global DGRBE space is now defined as

Ns
VRB — @‘/;RB- (7)
=1

A basis of the space VFB is Bpp = Uilisl BrB.i-

Remark 1.2. The set of parameters on which a single local problem depend can be smaller
than the global set of parameters associated with problem (2). For instance if the domain
Q(w) depends on the parameter, it can happen that the geometry of a single subdomain
Q;(p) depends only on some components of p, thus the i-th local problem depends on
Mi = (Wiy,- -« Mip, ), where {i1,...,ip,} C {1,...,P}. This fact can be very favourable
in terms of the offline computational cost, because the local Greedy algorithm could be
performed on a parameter space which has a smaller dimension than the global one.

We discuss two possible definitions of Iiﬁ , used to construct the local bases.
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Method A: approxrimation of the weak normal derivative of a fine-grid discrete
solution First of all, we observe that the weak normal derivative of the fine-grid solution

!/
is actually a functional F}'; € (V}F Z) , which corresponds to an element w,sl(ﬁ) € Vhr);i
by the Riesz representation theorem. We then consider a basis Bli = {¢p1,. .. ’¢NF7:} of

VhF;?, denote by wy, () the expansion coefficients of wg’z(u) with respect to B, and set
npc = Nr,. Then,

npc

Zwm (bhmavhz

Inspired to (8), we define the functional If such that

<]:}il:p Vh,i|T

)Fi Vvh}i S Vhi. (8)

npc

(TP, ons Z Ly (B)(@h,m Vn,i

Jr, Yopi € Vi,

where 1y,,3(8) = 1 if and only if 8 = m, otherwise it is null. In this way, the local Greedy
procedure can take into account the Neumann data associated with each interface basis ¢y, ;,
i=1,...,Np,.
Method B: Legendre approximation of the normal derivative of the continuous
solution We assume now that the interface I'; of €; is regular (or, at least, it is a finite
union of regular components). The idea is now to approximate the normal derivative with
a properly chosen L? orthogonal basis {¢y, }5°_,. We write

W)~ S )i 9)

m=1
and consider its approximation obtained by truncating the series. We denote the truncated
sum with @' (u) and choose the Legendre polynomials as basis functions. We now define
the functional Iiﬁ in the following way:

npc

<Iiﬁvvh,i|1‘ Z ]]-{m} d)ma

m=1

)ri Vvhﬂ- S Vhi'

We chose np¢ in order to achieve a good local approximation, as we will discuss later.

1.2 Online stage

The elements of V8 are obviously discontinuous functions across subdomain interfaces. To
compensate for that, we introduce the following DG-type bilinear form

ADG( RB RB ZA RB RB p) +dp G( RB, RB. H)‘FCDG( RB,,URB;“)’ (10)

where

dp ("B w3 ) = / y(u){VwRP} - [vRB] ds - / v(1) (V) - [wRB] ds
I'(w) I'(w)

R S N G R I
"

(11)
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for a suitable constant v > 0. Here I'(u) is the union of all internal interfaces, and we
used the standard notation for jump and average operators, see [6], that on I';; = ©; N §;
becomes:

{VURB}‘FU(H) =
[v""]

where ny, is the normal unit vector pointing outwards Qi (p), k =i, 5.
For any given value g € D, the corresponding global reduced approximation takes the
following form

((VU’LRB”F”(H) + (VU]RB)

L (H)) )

N —

B

iy

Py = (v P + WFF ) |e s

find «®P () € VFB such that  Apg(u®(u), v; ) = F(0fB; ) Vol'B ¢ VEB. (12)

where F(v*8; u) = vazsl Fi(vf'B; ).

2 Convergence analysis

In this section we present the convergence analysis of the DGRBE method, focusing in
particular on the approximation properties of the online problem (12). We assume that
the weak solution u(u) of the continuous problem (2) has H%(Q) regularity. We then set
V = H}(Q) N H2(Q) and V(RB) = VEB + V. In the following, we will denote with the
symbol < all the inequalities valid up to a multiplicative constant, which can depend also
on the parameter p. We define the norms

||v|\%G_H = Z?;Sl A;(v,v; ) + epa (v, v; @) Vv e V(RB) VueD,
ol = lolbeu + 12 305 ke, [l Yo €V(RB) VpeD,
and observe that |v?7||pg . = [[vEB] g,y for any 08 € VEB  as each element of V7P is
piecewise linear. We define also the reference parameter independent norms ||-||pe = [|||pc.a
and ||-lpe = || | pe, @, which are equivalent to the parameter dependent norms. We observe
that, as we are using piecewise linear polynomials, ||[v??| pg = [|[v*8| pg for all 7?8 € VEB,
We assume than that, for i = 1,..., Ng, the local basis {({,... ,(}'\,7_} of VB satisfies the
following orthogonality conditions '

(;i,g,i)vizéjk jk=1,...,N;, i=1,...,Ng, (13)

as guaranteed by the Greedy algorithm [25, 26]. Exploiting (7), we observe that we can

uniquely express every element of VEB as vfiB = Zi]\fl viRB, and that

Ns

™8 he = Y (0P, 0fP),, + cpa (0P, 0" ). (14)
i=1

We prove that the form Apg is coercive and continuous with respect to the DG-type
reference norm (14). This guarantees that the DGRBE online problem (12) is well posed.
We assume that the mesh is quasi uniform. We recall the following trace inequality

see [5, 6], where K is an arbitrary element of the fine triangulation, e is an edge of K and
he is the length of e.

ov |2

n S e Holf gy + Pelvlfie gy Yo € HA(K), (15)

L2(e)
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Proposition 2.1 (Stability of the DGRBE method). The following estimates hold.
1. For all u € D, there exists apc(p) > 0 such that for all viiB € VEB
Apc (0,0 p) > ape ()0 | be,

provided the stability parameter v in (10) has been chosen large enough.

2. For all p € D, there exists Kpg(p) > 0 such that for every w,v € V(RB)
Apc(w,v;p) < Kpg(p)|wlpelvlpe-

Proof. As regards the coercivity, given vf*8 ¢ V1B
upper bound for the term dpg(vEB, v1*8; u)

and p € D, we need to find a suitable
. Using Young’s inequality we obtain

v(p) /F( ){WRB}-[[URB]] < w(p)[{Vo P} na L2 oy 10T - ez (o)
©n

h e(p)
<v(p) (%m) HVO ™2} - mllE gy + 55 10T 2 lEe gy )

with e(p) > 0. Then, using (15), together with the quasi-uniformity of the mesh coercivity
follows from Lemma 1.1 provided ~ is sufficiently large. As for the continuity, the volume
terms and cpg can be easily bounded, by the Cauchy-Schwarz inequality. Let us then
consider again the derivative consistency term. Given w,v € V(RB), inequality (15) and
the quasi-uniformity of the mesh lead to

v(p) | {Vwl-[o] <v(p){Vw} - nallie @) [T - nalle )

I'(p)
Ns
_ 1
SKEEAY T ST (T wlih ) + hlwlEe ) 7z ] mallz e S llwllpellviipe:
i=1 KeTy,;
and the thesis follows. O

We now prove global error estimates. To ease the notation, we will omit the parameter
dependence of the domain. Given a parameter value pu € D, the idea is to build 275 (u) €
VEB for which it is possible to estimate [|u(p) — 2B (u)|pe. To show that we can bound
the approximation error with |Ju(p) — 228 (u)| pg, we observe that

lu(pe) = " (w)lpe < lu(p) = 2" (w)lpe + 1277 (1) = w"F (1)l pe,

and that, as Apg(u(p) — uf*B (p), 2RB (p) — uf*B (p); u) = 0 by strong consistency,
1
1275 () — P (u)|he < ——=Apa(z"" (1) —u(p), 2% (1) — u"*P (u); p)
OéDG(N)
Kpa(p
< KoaW)y kB u(w)llpalle™® (1) — w1 o
aDG(M)

We follow the approach used in [6], which first requires a local best approximation result.
Usually, the local best approximation is given employing a piecewise polynomial interpolant.
As we do not dispose of such an interpolant, we will have to build an element of our local
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spaces (best fit) which reasonably provides a good approximation of the continuous solution.
We finally observe that, for each u € D, the reduced space built by applying the Greedy
algorithm to problem (5) contains the element

npc

i Z wm K, )a

and the weights wy, (p) are defined in (8) and (9) for Method A and Method B, respectively.
The following lemmas hold.

Lemma 2.2 (Method A). If the local reduced basis are built using Method A, then zFB ()
approzimates up ;(p) € Vi s, i.€, the restriction to Q; of the global fine-grid solution up(p)
such that

2P () = ulB (p,0) + wiP (p), where

Apc(un(p),vn; ) = F(op; )  Yop € Vi, (16)

where Vj, = @?fl Vh,i. Moreover it holds that
lun (1) = 22 ()i < e, (17)
luni(p) = 272 ()2, S Phe”, (18)

with @ﬁ =14 Nr, max,, wy, (). Here Nr, is the number of fine-grid interface basis.

Proof. We first observe that uy_; (1) is the solution of
Ai(upi(p),vni ) = Fi(vpip) + <-7:}l:iavh,i> Yon,i € Vi,

where FH

!/
hi € (V}f;) can be decomposed as in (8). We then note that wp;(p) can be

written as wp, ;(p) = Un; (1, 0) + wp, i () where @y ;(p, 0) solves problem (5) with 5 = 0 and
wh,i(p) = Zgil wm(u)ﬂhyi(u, m). Using (6) and observing that

llwn.i(p) —wrp.i(p IIIMzSZwm Wis,o (1) =057 (,m) i < "N, maxw;(), (19)

estimate (17) follows from triangular inequality. As for (18), we observe that the norm |- || ..;
is associated with a diffusion reaction operator and we conclude. O

Lemma 2.3 (Method B). If the local reduced basis are built using Method B, then zFP (u)
is an approzimation of u(p)|q,, where u(p) is the weak solution of (16) in H{(Q). Setting

du(p) .,
S0 = | ) |
on L2(r)
where W (p) is the truncated sum (9), it holds that
Qu(p «
(i)l — =% ()l S <||f|Lz<m> |2 ) Fa( R, (20)
L2(T)
ou(p .
Ju()la, — = (1) sy B2 (nfanm + |2 ) )+ @l (2)
L2(T;)

with @ﬁ =1+ Mpc max,, wy,(p). Here Mpc is the number of Legendre polynomials con-
sidered on each interface.
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Proof. We first split the restriction of the exact solution to Q; as u(u)
where 4;(p) and w;(p) are such that

o, = wi(p) +wi(p),

Fi> )
T,

i

u(p)
on

» Vi

A (i (p), v p) = F(vis ), A (wi(p), vis p) = (’/(H)
for all v; € V;. We then define w; () such that

Ay(@i(p), vi; p) = (W (), vi|r,)r,  Vo; € Vi

where @' (p) is the polynomial expansion (9) truncated after the first Mpzc terms. Moreover,
it holds that w;(u) = Z%ﬁ‘f Wi ()i i (), where ¥, () € Vi, m = 1,..., M, are the
harmonic extensions of the basis of Neumann boundary data, i.e.,

Ai(Ym,i(),vi; ) = (dm(p), vilr,)r, Vv € V.

Note that up ;(p, m) is the FE approximation of i, (), then the FE approximation of
i) is Wi () = M2 w,, (), i (12, m). By triangular inequality,

()l — 27 ()i < Wi (pe) = i Cpa Ol + i (g, 0) — % (, 0) |

+ llwi () — Wi ()l g,i + llwi(p) — Wi ()
+ lwn,i(1) — wrp.i(0) .

B
Recalling the standard error estimates of the FE method (cf. [24]), exploiting (6) an reasoning

as in (19) inequality (20) follows. As regards (21), the proof is similar. O

In order to prove a global approximation estimate, we use an argument similar to that
used in [6], Section 4.3. First of all, we need to recall the following trace inequalities:

lolE2ey < he I0lIE2 sy + helvfingy Vo € H(K) VK € T,
where e is an edge of K,
||'Ui||L2(Fi) < h_lllvi‘liz(Qi) + h|vi\%11(9i) Yu; € HI(QZ'), i=1,...,Ng. (22)

We define our global best fit as: 258 () = SN 288 (). The following result holds.

i=1~1

Theorem 2.4. Let u(p) be the exact weak solution of problem (2), and let uBP(u) and
ugB (p) be the approximated solution obtained with Method A and Method B, respectively.
Then,

1 *
)~ w2 ) < 1 flhocny + Vs (147 ) o (23)

Ns
o)~ % G0l < Al ey + (14 ) S0t + Vs (14 1) o, (2a)
i=1

where @ﬁ, (PE and &;(p) are defined as in Lemma 2.2 and in 2.3. All the hidden constants
depend on the domain €2 and the parameter p, but are independent of h and €*.
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Proof. Let us start with estimate (23). First of all we observe that the solution uy, (@) of (16)
is such that

lu(p) — un()lpe < Al fllez @),

see, for instance, [27]. We then observe that as Vj, and thus V#B are piecewise polynomials
space, in order to prove the thesis it is sufficient to estimate the error ||us(p) — 28 ()| pe.
Moreover, we observe that we need just to estimate the jump terms, as the others are already
bounded by (17). For every i = 1,..., Ng, denoting with n(i) the number of neighbours of

Q; and applying inequality (22) together with Lemma 2.2, we obtain

.,
D DI (YR () [

{i,5: QN #0}

1

S302 ) = =W e, + lun() = 22 ) e

{i,5: N #0} (25)
<Z ) (e (1) = =F2 QI + h™2lun (k) = 205 (1) |2 )

(o) ore)

where the hidden constant depends also on M = max; n(4), and the thesis follows.
As for (24), it is sufficient to find an upper bound for the jump term of || - || pg, because
the other terms can be controlled by the local estimate (20) and by observing that

Ns
D> lulw) = 2P W) = ) ) S 1F()]7 2@

i=1 K€Th i

Let n(i) be the number of neighbours of €, for ¢ = 1,..., Ng. Thanks to inequality (22),
reasoning as in (25) and recalling Lemma 2.3, we have

0
7 > Mulw) = 2P,
{i,j-ﬁ-mﬁ;ﬁ@}
A (D] +h*2||u(u)lmfzzRB(u)llizmi))

<Z ) (M)
<h||fL2(Q)+<1+ )Zé” +m(1+;)¢55*>27

where we have also used that

Ns
du(p)
1175 S Z IVu()lli @) < IVam)liz@ < 1z,
i=1 oLz
and the thesis follows. O

Remark 2.5. Note that for both methods the contribution to the error due to the local RB
increases as the square root of the number of subdomains.
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Remark 2.6. As for Method B, we observe that the quality of the global approximation
relies strongly on how well the normal derivative of u(p) on the interfaces can be approxi-
mated by a polynomial expansion, on each internal interface. In our numerical tests, shown
in Section 4, we chose Mgc = h~'/2. This choice can be motivated by some theoretical
results about the Legendre polynomials approximation of L? functions, provided that we
assume high regularity on the solution u(u). We note that, if u(u) € H5(Q) then 8’5—(””) has
H*(2) regularity on each regular component of the internal interface. Thus, the following
approximation result holds:

— T () Otk

¢f. [10]. In this way, the error due to the approximation of the normal derivative on the
interfaces scales as h. A possible alternative to the requirement of a high regularity of
the solution is the introduction of a suitable a posteriori error estimator which allow to
automatically tune the number of polynomial bases at the interface. The latter approach is
currently under investigation.

< M4

~ )

H4(T')

L2(T)

2.1 Spectral bounds

We prove now some spectral bounds on the condition number of the matrix associated with
the online problem (12) through the basis Bgrp.

We observe that for i = 1,..., Ng, every element vRB 6 VEB can be expressed as
vEB = ZJ L ViCE We set vy = (vl, ..., V). Then, cach v VRB is associated with a
vector vI*8 = (v1,...,vys). In the following, denote with | - | the Euclidean norm.

Lemma 2.7. It holds:

lofPI7, = vil* Wit € VP i=1,...,Ns.

Proof. Thanks to the orthogonality assumption (13), for i = 1,..., Ng, it holds
N;

[N, = (0ffF,0fP) Zv CJ,kaCk = > Vivi (G Gy, = vive.

Vi J,k=1

Lemma 2.8. It holds

RB’URB,

i) < v(p)y WEB|2 BB ¢ yRE

CD(;(v n

where vy is the penalization coefficient defined in (11) and the hidden constant depends only
on the reference domain €.

Proof. Let us consider the interface I';; between ; and €2;. Recalling that:

vk llLz(r,,) < Cr,, Vo € Vi, k=1, j, (26)
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cf. [9], we observe that, using the Schwarz inequality and (26)

/FJ [vRE]?

< c%ij<vf3 2 4 PP, + 2 R,

o2y, )

A

c2, (vﬁB

Using Lemma 2.7 we finally have

/Fij [vRB]?

Summing (27) over ¢ and j, we get

‘/F[[URBHQ

where the hidden constant depends on the maximum number of neighbouring subdomains
a given subdomain can have. Recalling (11), the thesis follows. O

> 4 ||v;-*B||2vj).

<2 (vn? T |vj|2). (27)

< Cf,Ivesl?,

From Lemma 2.7 and Lemma 2.8 we can obtain the following result.

Theorem 2.9. The minimum and mazimum eigenvalues of Arp satisfy

Amin(Arp) 2 apc(B),  Amac(Arp) S Kpe(p) (1 + V(Z)V) ;

for every p € D, where ~y is defined in (11) and A, is defined as in Lemma 2.8. The condition
number of Arp can therefore be bounded by

Kpa(w) v(p)y
~ArB) S apa(p) <1+ h )

3 Preconditioning the online system

In this section we propose a possible two-level preconditioner to efficiently solve the online
system. More precisely, we aim to find a preconditioner for the parameter independent

bilinear form
Ns

B(wp,vp) = Z (Wh,i,vn,i)y. + DG (Vn, wh [),
i=1
which is the scalar product associated with the norm || - ||pe (see (14)) and is spectrally
equivalent to the form Apg(-, ;) (see Proposition 2.1). In the following, B will be the
matrix associated with B through the basis Brg and P the preconditioner of the online
algebraic system.

The key ingredient of our two-level preconditioner is the construction of a coarse solver.
Fori=1,...,Ng we define a parameter independent coarse triangulation 7z ;, and assume
that each fine triangulation 7; ; introduced in Section 1.1 is a refinement of the correspond-
ing Tz.;. On each subdomain we define the local reduced space V;?B as

VB = Vi © Vi, i, (28)
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where Vi ; is the piecewise discontinuous linear FE space associated with Tg ;, while Vi, ;
is the space spanned by local reduced basis computed in V}, ;. We denote with By ; the
standard FE basis of Vi ,; and with By, ; the basis of Vy,;. A basis for V8 is then
Brp,i = Bu,iUBy, ;. We show in Appendix B how to build a basis which satisfies the direct
sum assumption in (28). The offline-online decomposition of the method enriched with a
coarse space is very similar to that shown in Section 1. The main difference is that now the
global reduced space is defined as

Ng Ng Ng
VEB — @ V;RB = ‘/}qz D @ VNi,i- (29)
=1 =1

i=1
We note that Vg = @f\;sl Vi is a non-conforming global coarse approximation space.

Remark 3.1. As regards the stability of the online problem associated with the reduced
space (29) and the approximation properties, the results proven in Section 2 still hold.

3.1 Two level Schwarz preconditioner

In this section we introduce a two level Schwarz preconditioner based on the reduced space
enriched with a coarse FE space, following the approach used in [2, 3, 4]. We recall that
the global space is the DGRBE space V*# defined in (29), we then define the global coarse
space Wy = @?]:31 Vi, and the local spaces W; = V.BB for i = 1,..., Ng (see (28) for the
definition). We observe that W, C @il\fl W; = VEB,

Let RY: W; — V2B be the inclusion W; — V2B, Now, it is possible to define the local
operators B;, ¢ =0,..., Ng such that

Bi(wi,vi) = B(R;T’wl,R;r’Ul) Vwi,vi € Wl
We then introduce some projection-like operators P; = RiTlgi: VEB _, R;FWi, for i =
0,...,Ns, where P;: VEB — W; is such that:
Bi(ﬁiw,vi) = B(w, R}v;) Vv € W;.

The two level additive Schwarz preconditioner is then defined by P,q = Zfiso P;. Employing
the matrix notation we have Poy = P™!'B with P~! = Zf\fo R;FBZ-_lRi, being R and B;
the matrix representation of RY and B;(-, ), respectively.

We next provide an estimate for the condition number of the preconditioned matrix

P~!B. The arguments used are similar to [2]. Given w € VEB  we define wy € W such
that:

Ns
wozz:wé, wh =T ¥ wlg,, i=1,...,Ns, (30)
1=1
where Hrﬁ“ is the L? projection onto Vyr ;. It holds that:
|[w — wé”L?(Qi) < H|w|H1(Qi)a |w6| N |w|H1(Qi) ) (31)

fori =1,...,Ng, cf. [8]. We now report some preliminary lemmas whose proofs are based
upon standard arguments (cf. [2]).
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Lemma 3.2. For any w,v € VEB  we consider their unique decompositions as w =
ENS Rlw;, v= ZNS RTUZ, with w;,v; € W; fori=1,...,Ng. It holds that:

Ns
B(w,v) = ZBi(wi,wi)qLI(w,v), where  I(w, Z / UMV T+ U103 ds .
=1 Zj 1

Moreowver,
1 H &
[ (w,w)| S ﬂ”wHi?(Q) g Z wlF (),
i=1

where the hidden constant is independent of the mesh sizes h and H and of the penalty
parameter y.

Lemma 3.3. For any w € VEB  let wy be the piecewise L2 projection defined in (30). Then
the following estimates hold:

Bofucun) $ (24975 ) Blww), Bw =@ =) $ (1447 ) Bw)

where the hidden constant is independent of h, H and ~.

Lemma 3.4 (Stable decomposition). For any w € VB let wy be the element of Wy
defined by (30) and let w; € Wy, i = 1,..., Ng, be the uniquely determined elements such

that w — RYwy = ZZ ® RYw,;. Then:

Ns
ZBi(wi,wi) <y C2B(w,w), with C2 = O (Z) .

=0

Proof. We denote by wy = Rt w. We have that
Z Bi(wi, wi) = B(w — Wp, w — @0) + Bo(wo, ’LU()) — I(w — Wp, w — @0)
We observe that, thanks to Lemma 3.2, and to (31), we have

~ . 1 . H & .
[ (w — wo, w — wo)| < ﬂﬂw — WollL2a) + " Z lw — wo\%{l(ni)
=1
Ns

S Z'w‘Hl(Q NW B(w, w).
h h
Exploiting Lemma 3.3 we can conclude. O

We can finally prove the following proposition about the condition number of the pre-
conditioned matrix P~1B.

Proposition 3.5. The following estimate holds
-1 2 H
K(PTB) <7 Co(2+ M) $Sv(2+ M)+,

where M is the maximum neighbours of each subdomain.

Proof. The proof is similar to [2], Theorem 5.1, and follows the general theory of Schwarz
methods, see [28]. O
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=1 =2 =3 l=4 l=5
Nr, 15 29 57 113 225
Mpc 4 6 7 10 13
Ny, 324 1328 5376 21632 86784
Method A B A B A B A B A B
NgrB 35 17 57 20.5  97.5 21 168 275 293 335
NpGRBE 70 34 114 41 195 42 336 55 586 67

Nn/Nperee 4.6 95 116 324 275 128 644 393 148 1295

Table 1: Example 1. Dimensions of the space involved in the computations.

4 Numerical results

In this section we show some numerical tests in order to validate the theoretical results
presented in the previous sections. We recall that we denote with “Method A” and “Method
B” the strategies for the construction of the local basis introduced in Section 1.1

4.1 Example 1. Comparison of the two enrichment strategies

We make a comparison between the two proposed strategies for the construction of the local
bases. We tested both strategies on a diffusion reaction problem defined on 2 = ;U with
Q7 =(0,1) x (0,1) and Q5 = (1,2) x (0,1). We then consider a parameter g = (1, ..., f14)
belonging to D = [0.1,10] x [0,1]*> € R* and we set v(u) = 1, 0 = 1. The right-hand side
function f(w) is chosen such that the exact solution is:

pal

2 u3 1

u(p) = —= sin(mz) sin(my) + — - sin(27x) sin(2ry) + — - sin(37z) sin(37y).
1 w1 2 H1 3
We consider a sequence of uniform refinements 7y,, [ = 2,...,5, of a given initial grid 7y,,
hi_1

such that hy = =5+ for [ = 2,...,5.

In Table 1 we report the dimensions of the spaces involved in the computations. We have
denoted with N, the dimension of the fine FE space upon which the reduced bases are built,
with Ngp average number of local basis on each subdomain and with Npgrpg the dimension
of the whole DGRBE space. From the results, it is evident that Method A produces bigger
DGRBE spaces and thus has a greater computational cost than Method B. In Figure 1
we show the relative approximation error in energy norm of the enriched DGRBE method
and we compare it with the fine-grid FE solution relative approximation error. The errors
are computed with respect to u(p), and represent an average on a sample of 24 parameter
values. We see that the DGRBE recovers the convergence order of the FE solution. Indeed,
we observe that the curves relative to the DGRBE approximation and the fine FE one are
almost overlapped.

4.2 Example 2. Several subdomain case

We tested Method B on a domain composed by many subdomains. We define a global
domain of the form Q = (0,5) x (0,5) with S € N, partitioned into Ng = S? subdomains.
We built a Legendre basis on each non-Dirichlet side of the square-shaped subdomains. In
Figure 2 we plot the relative DGRBE approximation error as a function of the fine mesh
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L e 10% 5
107 E 107 E
107 E 107 E

L fine B r fine 1
10—3wudﬂ \\\\HW» L 10—3wuw; \\\\H\; L
N N N N
(a) Method A (b) Method B

Figure 1: Example 1. Relative approximation error of the two different enrichment methods
versus h.

size, and we compare it with the error given by the fine and the coarse FE approximations.
The method does not show a worsening of the performances as the number of subdomain
increases.

10%grm e 3 10%grm R RERLE 3 10%grm e 3
107 3 107 3 107F 3
107 3 107 3 W07 E

F —F— DGRBE| - F —F— DGRBE| 1 F —F— DGRBE| 1
r —O— fine b r —©— fine b r —©— fine b
10—3””\[1' P \\\\H‘\ P 10_3””"1, L \\\\H‘\ L 10—3””\% L \\\\\\‘\
N N Ny Ny N N
(a) S=2, Ng=4 (b) S=3, Ng =9 (c) S =4, Ng = 16

Figure 2: Example 2. Comparison od the DGRBE relative approximation error and the FE
coarse one, as functions of the fine mesh size h.

4.3 Example 3. Two-level preconditioner

We tested the two level preconditioner of Section 3 on the problem introduced in the Exam-
ple 2, see Section 4.2. We chose to use Ng = 16,64 and we applied Method B of Section 1.1
to build the local basis. As for the meshes, we define a coarse mesh Ty and a sequence of
uniform refinements 7p,, I = 1,...,6, assuming that the restrictions of these meshes to each
subdomain are conforming triangulations. We then set

Té:ﬂlla 77lll:77ll+13 l:]‘?"'357 a’nd TI{I/:’];D? 7;L/l:777'l+27 1:1""74'

In Table 2 and in Table 3 we show the condition number of the non-preconditioned online
system and the preconditioned one, for Ng = 16 and Ng = 64, respectively. In brackets we
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No coarse H H/ Hy

h o 9.68e2 (44)  1.94e2 (51) / /

nfz  1.91e3 (98) 4.04e2 (100) 5.17e2 (109) /

h/a  3.78e3 (131) 8.20e2 (135) 1.06e3 (152) 1.66e3 (163)
hjs  7.50e3 (176) 1.65e3 (195) 2.15e3 (184) 3.40e3 (223)
hfic 1.49e4 (218) 3.31e3 (252) 4.32e3 (264) 6.87e3 (271)

(a) Non preconditioned

H H/ Hy
h 114 (21) / /
hy  25.6 (32) 11.6 (25) /
s 52.7 (41) 237 (33)  9.87 (22)
njs 104 (52)  54.1 (43) 21.5 (29)

(52)
hfie 205 (63) 109 (53)  44.0 (37)

(b) Preconditioned

Table 2: Example 3, Ng = 16. Condition number of the online system (fine mesh size on
the rows, coarse mesh size on the columns) and iteration counts (between parentheses).

report the numbers of conjugate gradient iterations needed to solve the online system (12)
(with a tolerance of 10=?). As regards the non-preconditioned case, the values reported
are referred to the online matrices associated with the space (7) (column “no coarse”) and
with the spaces (29) for different values of the coarse mesh size (columns “H?”, “H/2” and
“H/"). The condition number of the non-preconditioned matrix has been evaluated by
explicitly computing the extremal eigenvalues. Differently, the condition number of the
preconditioned system has been computed as in [2], by exploiting the connections between the
Lanczos technique and the Preconditioned Conjugate Gradient (PCG) method, as presented
in detail in [13]. We observe that the condition number of the preconditioned system scales
as expected by Proposition 3.5. We observe also the condition number of the preconditioned
system and thus the number of PCG iterations are independent of the number of subdomains.
In our tests we used an initial coarse mesh size H ~ 0.5.

5 Conclusions

We have introduced the DGRBE method and carried out its convergence analysis. In partic-
ular we have proven the well-posedness of the method and we have shown that the DGRBE
approximation error scales as the size of the fine mesh on which the local bases are built,
provided we use properly defined local problems to build the local bases and set a sufficiently
small tolerance in the local Greedy procedures. We have presented two possible methods to
generate the local bases. We have finally proposed a possible preconditioner for the online
problem, which exploits the pre-existing decomposition of the domain, but requires a slight
modification in the Greedy procedure used to build the local bases. The modified Greedy
algorithm is needed to ensure the linear independence between the coarse space and the local
bases, which is crucial to guarantee the well-posedness of the method. Through numerical
experiments, we have compared the DGRBE approximation with the FE one based on the
fine meshes on which the local basis are built. We have shown that the accuracy of both
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No coarse H H/ Hy
h  1.73e3 (127) 6.04e2 (87) / /
hja  2.73e3 (230) 1.24e3 (157) 1.67e3 (181) /
hjs  5.43e3 (304) 2.52e3 (207) 3.42e3 (215) 5.41e3 (222)
hjg  1.08e4 (408) 5.08e3 (300) 6.93e3 (311) 1.11e4 (335)
hfie 2.17e4 (539) 1.02e4 (384) 1.39e4 (331) 2.23e4 (341)
(a) Non preconditioned
H H/p Hy
ho 114 (21) / /
hj2  25.6 (33) 11.6 (26) /
hja  53.0 (43) 23.8 (33) 9.92 (23)
hfg 105 (54) 54.2 (46) 21.6 (31)
h/i6 205 (63) 109 (53) 44.0 (37)

(b) Preconditioned

Table 3: Example 3, Ng = 64. Condition number of the online system (fine mesh size on
the rows, coarse mesh size on the columns) and iteration counts (between parentheses).

methods is similar, but the former is based on a lower dimensional approximation space.
This property holds for any given fine triangulation. We also tested the performances of the
proposed preconditioner. Further developments of this work are the study of a posteriori
error estimators which provide upper bounds for the approximation error of the reduced
solution with respect to the fine-grid one. Moreover, the strategy proposed can be extended
to more general problems, e.g. the Stokes problem, in which some stabilization techniques
may be needed to guarantee the stability of the method.

Appendix A Implementation issues

We now sum up the main ingredients of the DGRBE method, from the implementation point
of view.

As regards the offline stage of the DGRBE method, we point out that it can be split
into two sub-steps: i) the local offline stage, where the local reduced bases and the local
discrete operators are built; ) the global offline stage, where the global DGRBE space and
the interface discrete operators are constructed.

We consider now the local offline stage on the subdomain ;. With respect to a given FE
basis By; = {¢%,...,¢n,.} of Vi, given i = (p, 3) € D the matrix form of the reference
problem (5) reads

Ay, (1)us, (1) = Fa, () + 11, (8).

As usual in the RB context, we assume that the local operators depends “affinely” on the
parameter [26, 25|, i.e.,

Qa; Qr; Qz;
An ()= 0% (WAL, Fu(p) =) OLwFi, L.0=) 670M)1L, (32)
qg=1 qg=1 q=1
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where Aj ;, F ; and Ij ; are parameter independent arrays, while ©% , ©% and ©F are
real valued functions of the parameter € D and 8 € Dpc. In order to recover such
“affine” decomposition of the operators, suitable empirical interpolation techniques may be
needed [7]. We denote with Brp; = {¢{,...,¢k,} C Vi, the basis of the space V;*P
produced by the Greedy algorithm, i.e., the local reduced basis. We denote with Zrp ; the
matrices whose columns are the coefficients of the expansion of the elements of Brp; with
respect to the fine basis By ;. In the local offline stage the following matrices and vectors
are then built and stored:

Abpii= Z%B,iAZJZRB,i Vg=1,...,Qa4,,
Fhp: = Zkp,Fh Vg=1,...,QF,
Ihp, = Z%B,iIZ,w Vg=1,...,Qz,.
As for the global offline stage, we start by considering the matrices associated to the

interface terms through the bases By, and By j. Setting T';;(p) = 99Q;(p) N O, (p), as
regards the jump term we have

v / .
(Cr(1)pg = (Z)W/F ( )902 epds Vp=1,..., Ny, VYg=1,...,Np, Vr,r' e {i,j}.
ij (K

As for the derivative consistency term, we define

1 / .
Dy (1)) pg = /1‘ " 3 v(p) (Ve mp)gp,ds Vp=1,.... Ny, Yg=1,...,Np, Vr, r e {i,j},
ij (K

where n, is the normal unit vector of I';;(u), exiting from €,. We assume that also these
interface matrices admit an affine decomposition as in (32), i.e.,

Qec, . @b,
Crm(m)= Y. 04 (WCL, Dip(w)= Y O ()DL,
g=1 q=1

for suitably chosen parameter independent matrices C? _,,
G%M" @qDT, of .
In the global offline stage we build and store the following matrices:

D? , and real valued functions

!

C‘I]%B,r,r’ = S(T’ 7’/) ZgB,ng,WZRBﬂ" Vq = ]-7 ) QCV,V,N VT, T'/ € {imj}a
D%B,T,T’ = S(’I", ’I"/) Z£B7TDg7T’ZRB,T/ Vq = 1a LR aQDT’T/ V’I", TI € {7/7.7}a

where S(r,r’") = 1if r =/, S(r,7") = —1 otherwise, and Q¢_,, @p, , are the numbers
of affine terms of C, ,» and D, ,, respectively. These matrices have to be built for each
interface.

During the online stage, the matrices built and stored during the offline stage have to
be properly assembled exploiting the affine decomposition property, for a given value of the
parameter ;1 € D. First of all the arrays Agp i (1), Crp.,ij(t), Drp,ij(pt) and Frp (@)
have to be built, exploiting the affine decomposition (which follows from the fine-grid oper-
ators affine decomposition (32) and (33)), by summing the previously stored quantities. In
order to simplify the exposition, if Q; N 2; = 0, we assume that Crp; (i) and Drp.; (@)
are null matrices of dimension N; x N;. Moreover, if i # j, we assume that Agp; ;(p) is
the null matrix of dimension NV; x IN;. For the sake of notation, we now omit the parameter
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dependence of matrices and vectors. We define:

Aon = (ARB,ij)ij=1. ns» Con=(CrBij)i =1 ns» Don=DrBij)i=1  ns-
(33)

The matrix associated to the online problem (12) is then: Agrp = Aon+Con+Don —&-D(T")n.
We finally define upp = (un,);—; . n.» a0d Frp = (Fn,);—;
associated with the online problem (12) is then

Agrpurp = Fgrp.

Appendix B Construction of the local basis for the two-
level preconditioner

To make sure that the local reduced spaces Vy;, ; and the coarse ones Vp; are in direct sum
as assumed in (29) the standard implementation of the RB Greedy algorithm [26] will not
serve the purpose. We propose a possible way to build the space Vy, ;, which is described
in detail in the pseudo-algorithm below (Algorithm B.1). It is a proper modification of the
algorithm shown in [26, 25]. We consider local a posteriori error estimators A’;L N, D — R,
1=1,..., Ng, based on the dual norm of the residual, similarly to the a poteriori estimator
of the standard RB method (cf. [26, 25]). The estimator A];J,i satisfies

lan,i () = iy s ()i < Ay s() Ve D,
where @, ;(f1) solves (5) and uf; (i) € Vi ; is such that
Ai(u];{,i(ﬁ)a U];I,i; ) = Fi(vlf{,ﬁ ) + <IE,UI;I,2‘|F1-> VU?M € Vf]}m (34)
with Vi ; = Vi @ span{@p i(s}), ..., tn,i(pe)}. Note that Vi ; = Vi ;. It holds that
A?{z(ﬁ) =0 < uni(p) € Vf’fr,m (35)

cf. [26]. Thanks to (35), if the parameter value ﬁf"’l picked up at the k-th step of the
Greedy algorithm is such that A¥, (") > 0, then @, ;(f; ') is independent of V} ; and,
in particular of Vg ;.

At each step of our Greedy algorithm, we ensure also some orthogonality properties on
the local basis. This is useful to control the conditioning of the linear system associated with

problem (34), to be solved many times during the Greedy procedure.

Algorithm B.1 (Greedy algorithm for the i-th local problem).
k=0; Xo={0}; e =e*+1;
while £F > ¢* do
it = argmaxgep Al (R);
= Al (i)
computation of ﬂhyi(ﬁfﬂ);
(¢} = orthonormalization of i (E ) wort. Vi = Vi ® Xy and (-,-)y,;
Xiy1 = X @ span{Ci 1 };
k=k+1;
end while
Ni = k,’ VNi,i = XNi'
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