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A FREE-BOUNDARY PROBLEM WITH MOVING CONTACT
POINTS*

IVAN FUMAGALLIt

Abstract. This paper concerns the theoretical and numerical analysis of a free boundary prob-
lem for the Laplace equation, with a curvature condition on the free boundary. This boundary is de-
scribed as the graph of a function, and contact angles are imposed at the moving contact points. The
equations are set in the framework of classical Sobolev Banach spaces, and existence and uniqueness
of the solution are proved via a fixed-point iteration, exploiting a suitably defined lifting operator
from the free boundary. The free-boundary function and the bulk solution are approximated by
piecewise linear finite elements, and the well-posedness and convergence of the discrete problem are
proved. This proof hinges upon a stability result for the Riesz projection onto the discrete space,
which is separately proven and has an interest per se.
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Introduction. Free boundary problems governed by PDEs present many differ-
ent features, that make their theoretical and numerical analysis a challenging task.
In the present work, a free boundary problem for the Laplacian with a curvature
condition is considered, in the presence of moving contact points. The free boundary
is described as the graph of a function, and Neumann conditions are imposed at the
end points, in order to account for the enforcement of a contact angle.

A milestone work on this subject is represented by [20]. In that paper, a free
boundary problem for the fully Dirichlet Laplacian was investigated, in the case of
fized contact points. The well-posedness of the continuous problem, and the stability
and convergence of its piecewise linear finite element approximation were proved. Few
extensions of that work are available in the literature, in the direction of generalizing
the results to the Stokes operator [10], potential flows [3] or optimal control problems
governed by free boundary systems [1]. In the case of shape optimization problems,
in which moving boundary are similarly entailed, different techniques have been em-
ployed, to draw a theoretical and numerical analysis of the problem (see, e.g. [4,8,13]).
However, the presence of moving contact points is still an open problem, in the the-
oretical literature. Indeed, as stated in the conclusions of [20], this objective is not
straightforwardly achievable, and a careful consideration of the boundary conditions
is crucial.

This paper aims at extending the results of [20] to the case of a free boundary
with moving contact points. This represents a first step towards a better theoretical
and numerical description of free surface flows with moving contact lines, which are
relevant in many applications and whose study is the subject of an active compu-
tational literature (see, e.g. [7,9,16,22]). The free-boundary problem is set in the
framework of classical Wf Sobolev spaces, and in order to prove its well-posedness,
a proper definition of a lifting operator is introduced, connecting the bulk problem
with the equation governing the free boundary. The continuous problem is, then,
discretized by means of a piecewise linear finite element method, and the stability
and convergence of the resulting scheme are proved, resorting to the proof of a Wp1
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F1G. 1. Reference domain (left) and actual configuration (right) for the problem.

stability result for the Riesz projection onto the discrete space. In this regard, a result
presented in [19] for a fully Dirichlet bulk problem is extended to the case of mixed
boundary conditions.

The present paper is made of two parts. section 1 is devoted to the definition of the
free boundary problem under inspection and to the analysis of its weak formulation.
The proof of its well-posedness via a fixed point iteration is provided in subsection 1.2.
In section 2, a piecewise linear finite element approximation is introduced for both
the bulk solution and the free-boundary function. Stability and convergence of the
numerical scheme is stated, hinging upon the stability of the Riesz projection onto
the discrete scheme, to whose proof subsection 2.1 is dedicated.

1. Problem definition. Let Q¥ € R? be a free-boundary, bounded domain
defined as

QY ={(z,y) | x € (0,1),y € (0,1 + w(x))},

where w € W2, (0,1) is a function such that [lw|w: < 1. We denote by I'* the top
boundary of Q%:

r“ ={(z,1+w(x)) |z (0,1}

As displayed in Figure 1, the lateral boundary of the domain is named ¢, whereas
¥, is the bottom side. This domain ¥ is the image of the unit square Q° = (0, 1)?
through the W1 -regular map

T 00— R2, (z,y) = V(& n) = (§ A +w(@))n).

One can notice that, being w bounded, all the possible Q“ are contained in the all-
holding domain Q* = (0,1) x (0,2).

Given a Lebesgue space exponent p € [2, 00), with its conjugate ¢: 1/p+1/q = 1,
the free-surface problem addressed in the present work is to find (w,u) € W1 (0,1) x
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W, (€2*) such that

—Au=0 in Q“,
u=g on X, UT'Y,
Opu =0 on ¥¢,

(1) Opu = YH,, on I'*,
S0)=0,  W(1) =,
i w(t)dt =0,

where the function g € WL (Q*) is given, v is the unit outward normal vector of the

I
domain, H, = — (w’/\/l + (w’)Q)) is the curvature of the top boundary, ¥ = cot 6

is a prescribed steepness of the top boundary at its right end, and v > 0 represents
a surface tension coefficient. The conditions on the first derivative of w prescribe the
angles between the free boundary I'Y and the wall £¢, that have to be 7/2 at the left
contact point and 6 at the right one. In particular, the left condition w’(0) = 0 is the
one that arises if the line z = 0 is a symmetry axis, and we look at 2“ as the section
of a planarly symmetric or axisymmetric domain: indeed, this kind of symmetries are
often involved in the applications (see, for example, [6,7,23]).

Remark 1.1. The last equation in problem (1) is a zero-average constraint on
the function w. This is necessary to ensure the uniqueness of w, since this function
appears in the equations only through its derivatives. This constraint corresponds to
an area/volume constraint on the domain.

Remark 1.2. Throughout the present work, the linearized -curvature
H, = —w”//14 (w)? will be considered. This choice prevents the functional set-
ting of the problem from getting technically over-complicated, without affecting the
generality of the results, as pointed out also in [1,20]. For simplicity, we use the same
symbol H,, already adopted for the complete curvature introduced above.

1.1. Weak formulation of the problem. As stated above, the variational
framework in which the problem at hand is set involves the classical Sobolev spaces
W2 (0,1), for the free-boundary function w, and W, (Q¥), for the bulk solution u.
In order to account for the boundary conditions and the zero-average constraint, the
following spaces are introduced:

wk,1) = {w e Wk(o,1) ’ /Olwdtzo},
WF (Q9) = {u € WFQ®) | u=0on 5, UT¥},
W= WL(0,1)x W} (Q),
Z=WH0,1)x W} (Q¥),
where ¢ =p/(p — 1).

Remark 1.3 (Poincaré inequality). In both W}(0,1) and I/Iofsl (Q“) Poincaré
inequality holds, for any s € [1,00] (see, e.g., [14, Theorems 8.11-8.12]). For each
s € [1,00] we will denote by ¢, C5 the positive constants such that

[wllwio,1) < esllew’lLeo,1), Vo € Wi(0,1),
lullwioe) < CsllVullpsae), Yu € WH(QY),
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with ¢,, Cs independent of w, thanks to the assumption [[wl|w1 (0,1) < 1.

Problem (1) can be stated in weak form as: Find (w,u — ¢g) € W such that, for
any (x,v) € Z,

@) a“(u,v) =0,
blw, x) = a®(u, E“X) + ¢x(1),

where

a®(u,v) = / Vu - Vude,

1
b(w,X)z/ W'y dt,
0

and E“y is a suitable extension of x onto {2“, that is going to be defined in Lemma
1.4. Indeed, provided that such an extension is zero on ¥, we can write that

/1 Au(t, 1+ w(t))x(t)v/1+ (W'(t))2dt = Opu x dl’
0 I

= 8,,uwadF:/ Vu-VE®xdx,
FW

w

and since the boundary conditions on I' require
1 1
b(w, x) = / w'x' = 7/ WX +¥x(1)
0 0
1
= [ duutt, 1+ wl)x(OVIT WO + ux()
0

we have that (2) is actually the weak formulation of (1).

LEMMA 1.4 (Extension).  For every x € Wi(0,1) there exists an extension
EYx e WHQ¥), as long as q < 2, such that E“x|r« = x, E¥X|g, =0, and

||EwXHqu(Qw) < Co(||w||Wolo(o,1))||XHW11(QM),
where co depends only on [|wl|w1 (0,1), and not on the extension.

Proof. Given some xy € W(0,1), let X¥ : 9Q° — R be an extension of x to the
whole boundary of the reference domain Q°, such that X|ro = x, X|g, = 0, and
X(t,n) = nx(t), t = 0,1. Thanks to the compact embedding W7 (0,1) C V[/ql_l/q(O7 1),
holding for ¢ < 2, x is qu_l/q—regular, and so is Y [2]. Therefore, ¥ can be extended

as a function EX Q0 5 R, _Thanks to the theory of traces, this bulk extension can
be done in such a way that Ex € qu(QO) and

IEXIw; @0y < ClIXll 117900y < Collxllwi0,1)s

with ¢y independent of x,w. Eventually, E‘X can be continuously mapped to a qu—
regular E¥y: Q¥ — R by means of the change of variables induced by ¥*, and the
following steps conclude the proof:

IE“Xlwp ) < elllwllwy o) IEXwz @0y < Coclllwllwy o,0)lxIwio,1)-
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Remark 1.5. The extension E“x is not unique, but this does not affect prob-
lem (2), since for any given pair of admissible extensions EY, EY, we have that

EYx — Egx e W, () for any x € W] (€2¥), whence o (u, EY x — E5'x) = 0.

1.2. Well-posedness of the problem. In this section, the proof of the well-
posedness of the weak problem (2) is addressed. Following the ideas of [1,20], the
well-posedness of the individual problems on w and u is going to be proved, and then,
the result for the coupled problem will be achieved via a fixed-point iteration. The
fixed-point iteration that will be considered is the following: given (w,u) € W, let
@ € WL(0,1) be the solution of

(3) b(@,x) = a”(u, Bx) + ¢¥x(1),  Vx € W(0,1),

and then let w — g € VIO/pl (Q“) solve

(4) a“(d,v) =0,  YveWHQ¥).

We are going to show that this is actually a fixed-point iteration in the compact set
B={(wu) eW|lwlwyoy < e lullwyoe <}

for a suitable choice of 0 < e, < 1, and that the map

(5) T:B—W, T(w,u) = (T (w,u), To(T) (w,u),u)) = (0,n),

is a contraction map. To this aim, it is worth to introduce some notation related
to the mapping ¥* induced by w. We denote by = the composition with ¥*: if not
clear from the context, it will be explicitly stated which particular choice for w is
considered. With this notation, we introduce the bilinear form

Al w) s W) x WHQO) - R such that  a(3,53w) = | VAl 4“V,
QO

where A = |det VU*|(VU*)~1(VI*)~T. We point out that a(u,v;w) = a*(u,v)
for any u e W) (Q¥) and v € W} (). The properties of the forms @ and a* are
very strictly related, thanks to the following Lemma 1.6 on the equivalence of norms,
which is based on the inequality

(6) vIA“v < Cqlv]?, Vv € R?,

holding for w ranging in the unit ball of W1 (0,1) and being C'4 > 0 independent of
w.

LEMMA 1.6. There exists a constant ¢, > 0 such that
1 ~
—llullwioey < Nallwyao) < enllullwy @),
Jor any uw e W) ("), p € [1,00] and w € W, (0,1) such that ||w|lw 0,1y < 1.

The well-posedness of the problems (3) and (4) hinges upon the results of conti-
nuity and inf-sup stability of the forms a“, b, a collected in the following statement.
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LEMMA 1.7. There exists a constant & > 0 such that the following inequali-
ties hold for any w € WL(0,1), x € W}(0,1),a 6W1 (Q%),7 eW,] (Q%),u eW,
(Q¥),v Gqu (Qw):

(7) b(w, x) < lwlw Ixlwy < llwllwr Ixllwy,

b(w,
(8) lolwe <2 sup  2@X)
XEWL(0,1)\0 HX||W1

) (@, ) < Calllwy [,
(10) @l <& sup l(f”“)
sewl@ono 01V
() @ (u,0) < fulwy olwy < lullwy ol
w
(12) oy <@ sp S0

veE WHQ=)\0 lollws

Proof. Starting from the proof of (8), let us take a fixed w € WL (0,1). Recalling
Remark 1.3 and noticing that L>°(0,1) = (L(0,1)), we have that

Jyw'fat dt
lwllw 0,1) < Coolw|wr (0,1) = oo SUP
rerro 1z
Now, since for any f € Ll(O 1) we can define a function x(z) = [ fdt — fo f dt such
that x € W1 (0,1) and x’ = f, we can write
L LA
W' fdt w'x' dt
lwllwz 0,1) < €oo  SUP foi <cCx SUp fi
rerro) I f o xew0.1) Xlwp e
b
S CZO sup (w7X)

XEW}(0,1) ||X||W11(Qw)7

that is exactly (8).
Concerning the form @, we observe that a possible expression for the constant C4
defined in (6) is
Loo } .

With this definition, we can notice that any eigenvalue A of A% fulfills

1+w

L

Ca = max [|A¥||L~ = max max{1+|w||L°o§
ol ol

1
2CA < A < 20147
and hence the results in [17] yield the existence of a suitable & and the validity of (9)
and (10).

The proof concludes by noticing that the remaining inequalities can be proven
by means of Cauchy-Schwarz inequality, Lemma 1.6 and the inequalities (8)—(10) just
demonstrated. ]

Now, we can prove the well-posedness of the individual problems (3) and (4), that
can be stated as in the following result.
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PROPOSITION 1.8. The solution maps Ty : B — WL (0,1) and Ty : B — Vf/pl Q)
defined in (5) are injective and continuous.

Proof. Employing the continuity and inf-sup inequalities for a“(-,-) and b(:,-),
stated in Lemma 1.7, we can prove the existence and uniqueness of the solutions to
problems (3) and (4), that is equivalent to the thesis.

Starting with problem (3), uniqueness comes directly from (8), whereas for exis-
tence some more steps are needed. Let ¢ be the linear functional over Wll (0,1) defined
by the right-hand side of (3), namely ¢(x) = a*(u, E“x) + ¢x(1). Being a“(-,-) con-
tinuous, ¢ € (W}(0,1)) € (W4(0,1))" and hence Riesz theorem implies the existence
of a @ € W4(0,1) such that b(@, x) = ¢(x) for any x € W4 (0,1). Now, it is enough
to show that & actually belongs to WL (0,1) and it is the solution of problem (3).
We employ a density argument, like in [1]. Given a Cauchy sequence {x;}nen in
W4 (0,1), such a sequence is Cauchy also w.r.t. the full norm of W}(0,1), due to the
continuous embedding W3 (0,1) < W}(0,1). Therefore, thanks to the continuity of
b(@,-) and (-), & fulfills (3) for a test function y given by the W} (0, 1)-limit of y,.
Finally, being W} (0, 1) dense in Wi(0, 1), a sequence {x,, } can be constructed for any
x € W(0,1), yielding that & is indeed the solution of (3). The bound on lllwz 0,1)
required to state that @ € WL (0,1) derives directly from the inf-sup inequality (8).

Regarding problem (4), since I/Iofpl (Q), I/Iofql (Q“) are reflexive spaces, uniqueness
comes from the application of Brezzi-Necas-Babuska theorem (see, e.g., [5, Theo-
rem 2.6]), together with the inf-sup stability (12) of the form a®.

Eventually, the continuity of the maps 7}, T5 stems from that of the forms a“(-, -)
and b(-, ). 0

We are now ready to state the main result for the existence of the solution to (2).

THEOREM 1.9. Let

~

B = {(w,a) e WL(0,1)x Wy () | lwllwx 0.1) < &g [Ullwz o) < 5} ,

Then, there exist 1,6 > 0 and P > 2 such that, if [¢| < ¥, l9llwi @ < 0 for
some p € (2,P), and g € W2(Q*) for some s > 2, the map T:B->B defined as

T(w,?) = (Th(w,v), To(w,v)) is a contraction w.r.t. the norm
I(w, Wl = ellwlw 0,1y + € rollTlw o),

for € and ey sufficiently small.

Proof. At first, we are going to show that the image of B through the map T is
indeed contained in B. Let @ = T} (w,u),u = To(0,u). From (8), the expression of
problem (3) and the continuity (9) of the form @, we have that

& blw, a(a, Ex; 1
Blwion <2 sup @) g, @@EGW) +exl)
XEWL(0,1)\{0} ||XHW11(0,1) XEWL(0,1)\{0} HX||W11(0,1)

< Cacolullwy (o) + ] < Catoe + 9,

whence (@0, u) € B if g, are chosen in such a way that Cacoe + 1 < 5. Analogous
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arguments yield

[allwrqoy < Igllwi(ao) + @ sup —
’ ’ 3 [0llw o
e W (Q0)\{0} 2 (9)
= =~ —a /g\a i}\ﬂ’/\:’Y ~ ~
~ Gy +a sup M < (1+C0)|Flwom,
e WEH(Q0)\ (0} a

and hence the final solution 7(w, @) € B, as long as § < (1 +aCy) 'e.

Now, in order to show that T is a contraction map, we introduce w; = T4 (w;, u;)
and u; = To(w;, u;), where (w;,u;),¢ = 1,2, are given elements of B. Following the
proof of [20, Theorem 2.1], one can show that

~ ~ 1+¢
@1 — Dallw (0,1) < caComax § Casc /b
et 1—eyp
(13) (elleon = wallwa o) + ol = Ballw o))

1+egp
1—€fb

2 ~ ~ ~
:coocomax{CA;c } (w1 — wa, wy — 2|,
where SRS the preimage of u; via the map ¥*: : Q0 — Q@i In order to Control
||u1 — Uy HWl(QO) instead, some more steps are due: indeed, the difference @ ul —uz does

not belong to Wp1 (Q¥), since it is equal to §; — go on I'°, where gy, g» are different
preimages of the Dirichlet datum ¢ via the maps induced by w;,ws, respectively.
Employing the triangle inequality and the inf-sup condition (10) of the form af(:, -;w1)
gives

a1 = wllwi ooy < [[91 = G2llwz (o)

(14) N a(ﬂ1 — g1 — Us +§2,6;c~u1)
+« sup

Be W2 (Q0)\{0)

Tolwa o)

Noticing that

o~ o~

(i, 0:&1) = e, B5;32) =0 VB e W} (Q0),
we can bound the second term of (14) as follows:
@ (i =G~ T2 + 52,51 ) = (G2 — 51,5 51) — iz, B500)
= (G2 — G1,5:51) + Q(tz, T; 02) — alua, 0;51)
< Callgr — G2llw (o) 10]wp (00
L IteEn

b o o~ ~
- baHm — wallw (0,1 [[0llw (o)

Thanks to the assumption g € W2(Q*), the difference between the two preimages of
this function can be controlled in terms of the difference in the maps:

~ ~ ~ ~ 1-2
161 = Gallw o0y < Collglwzian 181 = Fallyyite 1) < Collallwz o

—walw 0,1)-
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Therefore, we can conclude that

=~ = - L 4eq -
(15) lan = Uallwycaoy < | (1 +aCa)Cyllglwzor) + a1 E;b)f} o1 — @2lw (0,1)-

Eventually, merging (13) and (15) yields the thesis, provided that

(16) lgllwz@e <8< (1+aCa) e,

~ ~ 1 N 1
(17 1+ aC’A)ngfb(S—l—agsfbl +ef + % % maX{C’A;cl +§fb}5 <1,
fb T Efb

(18) @< Efb — Czcpe. 0

Remark 1.10. The last part of the proof of Theorem 1.9 requires, among other
bounds, a restriction on the admissible steepness . In particular, an interpretation
of inequality (18) is that the limitation on the angle comes from a trade-off between
the bound € on the bulk solution and the bound ey, on the free-boundary function.
Appropriately balancing this trade-off, we can obtain different bounds on 1, any of
which entails ¥ < 1. Anyway, this latter limitation is not much restrictive, since
it allows % to range approximately in (65°,115°): many fluid dynamics applications
actually involve contact angles that lie in this range [7,23].

Thanks to the equivalence of norms stated in Lemma 1.6, the following result is
a direct consequence of Theorem 1.9.

COROLLARY L.11. If |lgllw2(q+) and ¢ are sufficiently small, then for any given
p € (2, P) problem (2) admits a unique solution (w,u) € B, that can be obtained by
fixed point iterations, starting with any initial guess (w(o), u(o)) € B.

Remark 1.12. The statement of Corollary 1.11, as well as all the previous results,
still hold if a non-homogeneous bulk equation,

—Au=f in Q,
is considered, provided that || f|| o, is sufficiently small.
(W (@)
2. The discrete problem. Let us introduce a triangulation 7,2 for the domain
00 with a discretization step h, and denote by {n; = (fk,nk)}ivzhl the nodes of this

mesh, with the first Nr + 1 nodes lying on I'° and ordered from left to right. On 7.,
we set up a conforming finite element space

Vo= {vn € CO(Q0) | wa|x € Py(K) VK € T, and vp|rous, = 0}

of piecewise linear functions with zero trace on I'’ UY;,. Considering the first coordi-
nate of the points of the mesh 7}, lying on I'’, we denote by Sy, = {[&, §k+1]}gil the
corresponding one-dimensional grid for the interval [0,1]. On this second mesh, we
introduce the finite element space S, of zero-mean piecewise linear functions:

1
Sy, = {Xh S CO([O, 1]) Xh‘[fk@wﬂ] S Pl([§k~§k+1]) Vk = 1, .. .,Nr, and/ Xh = 0} .
0

Given an element wy, of this space, the domain Q° can be transformed into a

o
domain Q“* via a piecewise linear map 3", and the space V}, o is mapped to an
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other piecewise-linear finite element space V}, on the new domain. In these settings,
the classical finite element formulation for problem (2) reads as follows:

Find (wp, ur — gn) € S, x Y;h such that

(19) { a“h (uh, Uh) =0 V’U}L S ‘;h,
b

(wWh, xn) = a“" (un, By xn) +¥xa(l)  Yxn € Sh,

where g, is the piecewise linear interpolation of the Dirichlet datum g.
As for the continuous problem, the discrete problem (19) requires a proper defi-

nition of a lifting operator E}" : Sy — X;h. For the problem at hand, we can simply
define it as

EJ"xn = (JnExn) o o,

where Jj, : H(Q0) — Y;h is the classical Clément interpolator [18]. It is worth remark-
ing that, differently from [20], one can not consider a discrete extension Ejx; having
support on the only upper side I'“, because it would spoil the nullity of the difference
Exy, — JoEx), on the lateral boundary X9: this subject will be better discussed in
Remark 2.2.

In order to prove the well-posedness of problem (19), as well as the stability and
convergence properties of the approximation, we need to show that the forms a“»
and b are inf-sup stable also in the discrete spaces, and that the functional xj, +—
a“" (up, E;"xn) is continuous. To this aim, two main conditions are required:

1. Exh - JhEXh € I/Iofql (29, where E is defined as in the proof of Lemma 1.4,
that is, this difference is an admissible test function for the continuous prob-
lem on the domain Q°;

2. the Riesz projection operator R V[O/21 (%) —H;h’m defined as the solution
operator of problem

(20) VRyu-Vo, = [ Vu-Vo,, Vo, €Vig,
0o 0o

is stable in WZ} (929) for any p € [1,00), namely
(21) 9Cg > 0 such that HRhuHW;(QO) < CR”UHW;(QO), Yu € Wpl (QO)

To prove condition 1, we observe that any discrete test function X e Sy belongs
to Wi(0,1), thus the proof of Lemma 1.4 can be followed. Therefore, EXh € VV1 (Q9)
and, since also piecewise polynomials belong to W1 (029), the difference Exh JhEXh is

in qu (929). Concerning the second condition, some more work is needed, in order to
deal with mixed boundary conditions: this discussion is postponed to subsection 2.1.

Under the above conditions, the proofs of [20, Proposition 3.3] and of all the
consequent results therein can be followed without any modifications: in those results,
the role of having fully Dirichlet boundary conditions is to provide Poincaré inequality
and the stability of the Riesz projection, both of which still hold for our spaces

Vf/pl (Q9), V[O/Z} (), Vi Thus, we can state the following collective result:
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THEOREM 2.1.
(i) Under the hypotheses of Theorem 1.9, the discrete problem (19) admits a
unique solution (wp,up) in

B, ZBH(‘;}L Xgh),

which can be computed by fized point iterations like in the continuous case,
starting from any (w9, ul)) € By,.

(1t) If € and ey are sufficiently small, and the solution (w,u) € B of the contin-
uous problem belongs to W2 (0,1) x W2(Q¥) for some p > 2, then there are
two constants C, hg € (0,00) such that, for any h € (0, ho],

[w=wnllwz 0,1) + [[we ¥ —up o W™ lw1(ao) < Ch([|wllwez (0,1) + [[ullwz@e))-

Remark 2.2. As observed in the conclusions of [20], the proof of a convergence
result like (ii) of Theorem 2.1 exploits that the difference e, = Exh—JhEXh belongs to
{fv e W (Q°) | v=0on dQ}. This is straightforwardly granted in the fully-Dirichlet
case with fixed contact points considered in [20], since ep|ro = 0 by definition, and the
restrictions of both EXh and JhEXh to X0 U Xy are set to zero. In the present work,
instead, the desired property holds because Exy, is linear on the Neumann boundary
%0, and the interpolator .J, preserves linear functions.

2.1. Stability of Riesz projection. The present section is devoted to the proof
of the inequality (21) for the Riesz projection operator defined in (20). Since this result
may have an interest per se, we collect here the geometrical settings in which our proof
takes place:

e we consider a rectangular domain  (like the square Q° of the previous sec-
tions);

e we denote by I'p a couple of opposite boundary sides of Q (that corresponds
to I'° U ¥, in the previous sections);

e in the different problems that will be introduced, homogeneous Dirichlet
boundary conditions will be enforced, on the boundary I'p, whilst homo-
geneous Neumann boundary conditions will be applied elsewhere.

In particular, the last point ensures some compatibility conditions that provide second-
order Sobolev regularity of the functions involved, thanks to results like those in [15].

In order to tackle the main result of the present section, we have to extend the

following technical result by Rannacher and Scott:

LEMMA 2.3 ( [19, section 3]). Denoting by H}(Q) the space

Hy(Q) = {v € W5(Q) | v|ag = 0},
let functions f € HL(Q) and £ € [H}())? be given, and let w € HE(Q) be such that

—Aw = f+divf in
w =0 on 0f).

Then, for any convexr polygonal domain Q, there exists an ag € (0,1] such that for
all parameter values o € (0, aq] the following a priori estimates hold

(1) if f =0,

/Q 03:20‘|V2u')|2 <c (/Q 05:20‘|divf\2 +a (¢ 2 /Q 02:20‘|f|2> ;
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(i) if £ =0,

[ozevtap < canic [ aevap

where V2 denotes the Hessian matriz, and o, : 2 — [0,00) is defined in terms of an
arbitrary point z € Q and an arbitrary scalar ¢ € R, as 0,¢(x) = y/|x —z]? + (2.

In particular, we need to consider mixed boundary conditions, instead of fully
Dirichlet ones, and thus to prove the following result:

LEMMA 2.4. Let w be the solution of the following problem over a rectangle ):

—Aw = f+divf inQ,
(22) w=0 on I'p,
Opw=0 on I\ T'p,

where I'p is the union of a pair of opposite sides of 2, and f € H%D (Q) and £ €
[H} (Q)]? are given functions, such that faQ\FD f-v = 0. Then, there exists a constant
agq € (0,1] such that, for any o € (0, aq), the inequalities (i)-(ii) of Lemma 2.3 hold
for w in the place of w.

These different boundary conditions play a crucial role in the proof of Lemma 2.4.
Indeed, the regularity results holding for fully Dirichlet boundary conditions do not
straightforwardly extend to the case of mixed conditions, for which some additional
restrictions on the domain shape and regularity, and on the boundary data, have to
be taken into account. In the framework outlined at the beginning of the present
section, we can resort to the regularity results of [11,15]. In the following we report
the proof of Lemma 2.4: we will follow the lines of that of Lemma 2.3, showing where
the above-cited regularity results are employed and how the boundary integral terms
- appearing in the case of mixed conditions - are dealt with. For ease of notation,
throughout the present section, ¢ will denote any positive constant that depends at
most on the domain Q. The value of this constant may vary from line to line and
even within a single line.

Proof of Lemma 2.4. The proof builds on a bound for the complete H?(£2) norm
of w in terms of its Laplacian, in the form

(23) lwllg20) < ¢ ([[Aw| L2y + wll2@)) »

that can be found, for a generic polygon, in [11, Theorem 4.3.1.4]. To simplify the
notation, the dependence of o, ¢ on z and ¢ will be understood.

Concerning point (ii), the proof follows the lines of [19], thanks to the fact that
an inequality like (23), involving L>-type spaces, still holds if L*(2~®)_type spaces
are considered, for any « [11, Theorem 4.3.2.4].

Regarding point (i), we follow the ideas of the proof of a similar result by [19]. To
this aim, we need to collect the following two instrumental properties of the weight
function o. First, we notice that [10, (2.2)]

(24) |VEeY| < Ch a0k,
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where the superscript k& denotes the k-th derivative order, and the constant Cj
depends only on k and a. Moreover,

(25) Opo® = aoa_lw =ac* *(x—z) v Vxe€oiQ,
o

and being ) convex, d,,0% > 0 on the whole boundary 9f2.
Now we are ready to prove (i). Since

V2(0_1+a/2w) — Ul+a/2v2w+wv2al+a/2 +vw®v0_1+a/2 +vo,1+o¢/2 ®vw’

employing the triangle inequality, together with (23) and (24), yields
ploying g q Yy, tog Y

/02+a|v2w|2 S/ |V2(0_1+a/2w)‘2+c/ 2 oo 2+C/ |Vw|2 a
Q Q

gc/ (g2+a|v2w‘2+w2|v20_1+0é/2|2+2|vw|2|vo_l+a/2‘2>
Q
+C/ szo‘_2+c/ |Vw[*o™
Q Q
SC/ (*Fe[div £[* + o + |Vw|*e®) .
Q

To control the last term at the right-hand side of this inequality, we observe that the
weak formulation of problem (22) is

(26) /Vw~Vv:/vdivf Vv € HE(Q).
Q Q

Therefore, recalling that 0,0 > 0 on 012, the following steps can be performed:

| Vw|? = Vu) V(o“w) — = V
|
1
(26)/dlv(f)0 w+ = / w?Ao® / w20, c*
Q 2 Ja 2 Joq

(27) (24)
< /Uo‘+2divf 072w+c/ w2a® 2
Q Q
< c/ 02+°‘|divf|2—|—c/ o 2w,
Q Q

Now, to conclude the proof, a proper bound for [, 0*~?w? is required. To this aim,

we introduce a function ¢ solving the following problem:

—A¢ = sgn(w)w?* in Q,
¢=0 on I'p,
8u¢20 on 6Q\FD

Being w € H'(Q), it belongs to L* (Q) for any s € [1,00), in particular to L'*%/2(Q).
Thus the function ¢ belongs to W? (©), and an inequality similar to (23) holds
for any o # 0 [11, Theorem 4.3.2.4]:

+a/2

6]l

14a /2

o) < e (Jlsgn(w) W/ | preasso) + 6]l preracey ) -
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This inequality, combined with the hypothesis | OO\I'p f-v =0 and a careful employ-
ment of Holder inequality, yields

ol 5242, /Q wsgn(w / Vi Ve / divE &
| [r w’ < el i3z 101303

whence

243a

ol <l s, = o ([ o0ro/ B gmeorm i ) T
Q

1/2 a/(24+a)
< (/ 02+a|f|2> </ O.(2+04)2/(2a)) 7
" \Ja Q

where in the last step, Holder inequality has been employed again. Now, noticing that

(cf. (24))
(29) [VEo| Lo (o) < cCFF,

(28)

we can further bound (27) and (28) as

J R R e s LU PN
Q Q

1/2
ol < c¢ (o) (+20) (/ 02+a|f|2) .
Q

Merging these two inequalities gives thesis (i) for ag = 1. ]

The inequalities of Lemma 2.4 are instrumental to the proof of the following
result, that actually states the stability of the Riesz projection operator defined in
(20).

PROPOSITION 2.5. Let I'p be a portion of a polygonal domain 2 C R?, discretized

as a reqular mesh Ty, having discretization step h. Then, the Riesz projection defined
as in (20) is stable in W; (), for any p € [1,00), i.e. (21) holds independently of p.

Proof. We follow the proof of a similar result, stated in [19, section 2], for the case
of fully Dirichlet boundary conditions. The main difference lies in the boundary con-
ditions imposed on the auxiliary problems that are going to be introduced. Anyway,
thanks to Lemma 2.4, only little further difficulties will arise. For completeness, we
report the whole proof in our framework. Let us denote by H}f_(€2) the usual Hilbert
space

Hp,(Q) = {v € W5 (Q) | vlr, =0}

Consider now a point z inside a triangle K, € 75, and let §, € C§°(K.) be an
approximation of the Dirac delta concentrated in z, such that [12,21]

(30) / 5.=1, IV <ch >k, VkeN,
Q

(31) Do) = / 5.0, Veelh i=12.
Q
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It is worthwhile to observe already at this early stage that the generic point z on
which §, is concentrated belongs to the interior of 2: for the present proof, there
will be no need to consider the possibility of choosing z on the boundary 0. Fix
i € {1,2} and let g. € H{_(Q) be a regularized i—th derivative of the Green function
for the Laplacian, defined as the solution of

(32) / Vg, - Vi — / 5.0, Ve e Hb (.
Q Q

Thence, combining (32) with (31) and the definition (20) of the Riesz operator yields

8 Rypu(z) 2 / 5. 0, Rpu 2 / Vg, - VRuu 2 / VRhug. - VRyu
Q Q Q

(2:0)/thgzVU:/ngVU_/VUV(gZ_Rth)
Q Q Q@

s, 0u— | Vu- V(g — Rng.).
Q Q

Let us introduce the weight function

o(z) = /|x — z| + x2h2,
with a fixed x > 1 independent of h, for which, thanks to (29),
(33) HkaHLOO(Q) < c(rkh)'F

Then, one can show that [19, (2.6)]

M,
JouRtlzria) < el Tulliey (14 1),

where « is a generic scalar in (0,1] and
M}, = max o' /2V (9. — Rig:)|l 12 ()

Therefore, a sufficient condition for the thesis of the present lemma is that M, < c,h®
for a proper choice of k,a. The rest of the proof is, thus, devoted to show that the
quantity M, = [|o'+%/2V (g, — Rpg.)| 12(a) fulfills M, < c,h®, independently of z.

Introducing the quantity ¢, = 0?7%(g9, — Rpg.) and employing the Galerkin
orthogonality stemming from (20), we can rewrite

M2 = / 1|V (g, — Ryg.)|?

/ V(9. - Rng.) - V(. — Tnis) / V(g: — Rngs) - Vo (g, — Rig.)

v(gz - Rhgz) : V(’l/) - Ih"r/)z) - 5 V( Rhg ) V0_2+a
Q Q
1 2 2+«
= 0 v(gz - Rhgz) ' V(¢z - Ihwz) + 5 Q(gz - Rhgz) Ao

1
- 5/ (gz - R;ng)281,0'2+0‘,
o0
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where 7, denotes the classical Lagrange interpolator onto the piecewise linear finite
element space Vj,. Being the domain ) convex, the normal derivative of o2+ is

positive (cf. (25)), and hence,

1
Mz2 < / v(gz - Rhgz) : V("l)z - Ihwz) + 5 / (gz - Rth)QACTera
Q Q

1 1 Lo

<5 [ oI~ Rug P 4 5 [ o7V - T
Q Q
1
+ 5 / (gz - Rhgz)2A0—2+a
Q

1 1 1

= §M3 + 5/ o2V (Y, — Int))? + B / (9- — Rng.)*Ac*.
Q Q

Thanks to (24), we can then obtain

M2 < / o2V (g, — Tup, ) + ¢ / (g — Rngs)".
Q Q

Since maxge7, (maxg o/ ming o) < ¢, the classical interpolation error estimate
(see, e.g., [18, Theorem 3.4.3]) can be extended to the weighted-norm case, namely

(34) /UP|V(U—IhU)|2 < ch? Z / o?|V20)?
Q K

KeTy

holds for any p € R and for any v € H?(Q2). Thus, recalling the definition of 1, and
inequality (33), the interpolation error estimate (34) yields

M22 < Ch2 Z / 0'_2_a [04+2a‘v2(gz - Rhgz)|2 + (gz - Rhgz)Q‘V2U2+a|2
KeT, 7 K
+2‘V(9z - RhQZ)‘2|VU2+a|2]

+ C/ Ua(gz - Rhgz)z'
Q

Now, observing that V2Ryg. = 0, because Rjg. is piecewise linear, and employing
(24) and (33) gives

M? < ch2/ o? T Vg, |2 + c/ (9: — Rng:)? (0“4 ch®o™%7?)
) Q
+ 2(:h2/ o %0a +2|V(g. — Rng.)|?
Q

Sch2/02+a|v2gz|2+cn_2/02+Q|V(gz—Rhgz)|2
Q Q

Ll r?) / (9o — Rng.)?,
Q

whence, for k large enough,

(35) M? < ch? /

O_2+a|v2gz‘2+c/ O_a(gz *Rhgz)?
Q Q
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In order to control the last term of (35), we introduce the following auxiliary
problem:

—Aw = Ua(gz - Rhgz) in Qu
w=0 on I'p,
d,w =0 on 90\ T'p.

Thanks to Lemma 2.4 and (24), the solution w to the problem belongs to
H} () N H?(2), and the following inequality holds:

/ o V| < cofl(/ih)i/ o®~*|V[o* (9= — Rng-)]?
0 Q

< ca~ (kh) "2 / [0%(g: — Rngs)? + 0> |V (gs — Rugs)[?]
Q

— a2 M2+ [ 00, ~ Rago?.

Being (g9. — Rpg.) € H%D (€2), and resorting again to the H!-orthogonality of this
function w.r.t. the discrete space, the last integral of (35) can be bounded as follows:

/ 0°(g. — Rng.)? = / V(w - Tyw) - V(g: — Rugs)
Q Q

1/2
< M, (/ oV (w —Ihw)2>
Q

< c(ar)tM? —|—ccmh2/ oY VA2
Q
< c(cm)_lMZQ +C"1_1 |:MZ2 +/ U(gz - Rhgz)2:|
Q

< 20(cw<;)71MZ2 + Cﬂfl/ o(g. — Rhgz)Q;
Q

whence, for x large enough,
(36) / o(g- — Rhgz)2 < L]\/[z2
Q k—1

Then, combining (35) and (36) and choosing  large enough provides
M? < ch2/ o2t |V3g, 2.
Q

In the last step of the proof, we employ (i) of Lemma 2.4 on g,, with f = §, e;.
Indeed, since d,|9q = 0 and g, fulfills (32), g, is the solution of

—Ag, =divf in Q,
g, =0 on I'p,
0vg, =0 on 0N\ T'p.

Thus, the following a priori estimate holds:

M2 < ch? [/ o?T¥ Ve, |? +Oé_1(lih)_2/
Q

0_2+a62|2:| 7
Q
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whence, recalling also (30) and (33),

Mf < ch® + ca” 'k 2he.

Eventually, choosing « large enough, a bound of the form M, < c¢,h® is proven.
Since the right-hand side of such inequality does not depend on the point z, this
concludes the proof. O

3. Conclusions. The present work has dealt with the theoretical and numerical
analysis of a free boundary problem for the Laplacian with mixed boundary conditions,
where the contact points were free to move, and contact angles have been enforced.
The treatment of this latter condition is new, in this context. Uniqueness and local
existence of the solution of the continuous problem have been proved, via a fixed-point
argument. The proof has hinged upon the suitable definition of a lifting operator
extending functions defined on the free surface. Then, piecewise linear finite elements
have been introduced to discretize both the free-boundary function w and the bulk
solution u. In these settings, the Riesz projector onto the discrete bulk space has
been proved to be stable with respect to the I/Vp1 norm. Finally, this result has been
employed to prove the well-posedness and the optimal convergence of the discrete
approximation.

Acknowledgments. The author thanks the Department of Mathematics of the
University of Maryland, College Park, and in particular R.H. Nochetto, for hosting
him for a visiting period, during which part of the present work was carried out. Both
R.H. Nochetto and H. Antil are thanked for the interesting interactions in the prelimi-
nary stage of the present work. The author also shows his gratitude to N. Parolini and
M. Verani, for the useful discussions about different aspects of the results presented
here.

REFERENCES

[1] H. ANTIL, R. H. NOCHETTO, AND P. SODRE, Optimal control of a free boundary problem: anal-
ysis with second-order sufficient conditions, SIAM J. Control Optim., 52 (2014), pp. 2771—
2799.

[2] D. N. ArNoLD, L. R. ScOTT, AND M. VOGELIUS, Regular inversion of the divergence operator
with Dirichlet boundary conditions on a polygon, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4),
15 (1988), pp. 169-192 (1989).

[3] K. Bal, S. CHOO, S. CHUNG, AND D. KiMm, Numerical solutions for nonlinear free surface flows
by finite element methods, Appl. Math. Comput., 163 (2005), pp. 941 — 959.

[4] K. EPPLER, H. HARBRECHT, AND R. SCHNEIDER, On convergence in elliptic shape optimization,
SIAM J. Control Optim., 46 (2007), pp. 61-83.

[5] A. ERN AND J.-L. GUERMOND, Theory and practice of finite elements, vol. 159 of Applied
Mathematical Sciences, Springer-Verlag, New York, 2004.

[6] K. M. FORWARD AND G. C. RUTLEDGE, Free surface electrospinning from a wire electrode,

Chemical Engineering Journal, 183 (2012), pp. 492 — 503.

[7] 1. FUMAGALLI, N. PAROLINI, AND M. VERANI, On a free-surface problem with moving contact
line: from variational principles to stable numerical approzimations. Under review (MOX
preprint 03/2017, http://mox.polimi.it/publication-results/?id=649&tipo=add_qmox).

[8] I. FuMAGALLI, N. PAROLINI, AND M. VERANI, Shape optimization for Stokes flows: a finite
element convergence analysis, ESAIM Math. Model. Numer. Anal., 49 (2015), pp. 921-
951.

[9] J.-F. GERBEAU AND T. LELIVRE, Generalized Navier boundary condition and geometric con-
servation law for surface tension, Comput. Method Appl. M., 198 (2009), pp. 644 — 656.

[10] V. GirauLT, R. H. NOCHETTO, AND R. SCOTT, Mazimum-norm stability of the finite element
Stokes projection, J. Math. Pures Appl. (9), 84 (2005), pp. 279-330.

[11] P. GRISVARD, Elliptic problems in nonsmooth domains, vol. 24 of Monographs and Studies in
Mathematics, Pitman (Advanced Publishing Program), Boston, MA, 1985.


http://mox.polimi.it/publication-results/?id=649&tipo=add_qmox

A FREE-BOUNDARY PROBLEM WITH MOVING CONTACT POINTS 19

HousToN, PAUL AND WIHLER, THOMAS PASCAL, Discontinuous Galerkin methods for problems

B.

E.

with Dirac delta source, ESAIM Math. Model. Numer. Anal., 46 (2012), pp. 1467-1483.
KINIGER AND B. VEXLER, A priori error estimates for finite element discretizations of a
shape optimization problem, ESAIM Math. Model. Numer. Anal., 47 (2013), pp. 1733-1763.
H. LieB AND M. Loss, Analysis, vol. 14 of Graduate Studies in Mathematics, American
Mathematical Society, Providence, RI, second ed., 2001.

. LORENZI, A mized problem for the Laplace equation in a right angle with an oblique deriva-

tive given on a side of the angle, Ann. Mat. Pur. Appl., 100 (1974), pp. 259-306.

. MANSERVISI AND R. SCARDOVELLI, A variational approach to the contact angle dynamics of

spreading droplets, Comput. & Fluids, 38 (2009), pp. 406-424.

. G. MEYERS, An LP-estimate for the gradient of solutions of second order elliptic divergence

equations, Ann. Scuola Norm. Sup. Pisa (3), 17 (1963), pp. 189-206.

. QUARTERONI AND A. VALLI, Numerical approximation of partial differential equations,

vol. 23 of Springer Series in Computational Mathematics, Springer-Verlag, Berlin, 1994.

. RANNACHER AND R. SCOTT, Some optimal error estimates for piecewise linear finite element

approzimations, Math. Comp., 38 (1982), pp. 437-445.

. SAAVEDRA AND L. R. Scorrt, Variational formulation of a model free-boundary problem,

Math. Comp., 57 (1991), pp. 451-475.

. ScoTT, Finite element convergence for singular data, Numer. Math., 21 (1973/74), pp. 317-

327.

. W. WALKER, A mized formulation of a sharp interface model of Stokes flow with moving

contact lines, ESAIM Math. Model. Numer. Anal., 48 (2014), pp. 969-1009.

. YAMAMOTO, T. ITO, T. WAKIMOTO, AND K. KATOH, Numerical simulations of spontaneous

capillary rises with very low capillary numbers using a front-tracking method combined
with generalized Navier boundary condition, Int. J. Multiphase Flow, 51 (2013), pp. 22 —
32.



MOX Technical Reports, last issues
Dipartimento di Matematica

Politecnico di Milano, ViaBonardi 9 - 20133 Milano (Italy)

32/2017

31/2017

29/2017

30/2017

27/2017

28/2017

26/2017

23/2017

25/2017

24/2017

Riccobelli, D.; Ciarletta, P.
Shape transitions in a soft incompressible sphere with residual stresses

Schiltz, F.; Masci, C.; Agasisti, T.; Horn, D.
Using Machine Learning to Model Interaction Effectsin Education: a
Graphical Approach.

Antonietti, P.F.; Mascotto, L.; Verani, M.
A multigrid algorithm for the $p$--version of the Virtual Element Method

Bacchelli, V.; Micheletti, S.; Perotto, S.; Pierotti, D.
Parameter identification for the linear wave equation with Robin boundary
condition

Bonaventura, L.; Ferretti, R.; Rocchi L.;
Afully semi-Lagrangian discretization for the 2D Navier--Stokes equations
in the vorticity--streamfunction formulation

Pini, A.; Spreafico, L.; Vantini, S.; Vietti, A.
Multi-aspect local inference for functional data: analysis of ultrasound
tongue profiles

Masci, C.; Johnes, G.; Agasiti, T.
Sudent and School Performance in the OECD: a Machine Learning
Approach.

Quarteroni, A.; Vergara, C.
Computational models for hemodynamics

Paulon, G.; Delorio, M.; Guglielmi, A.; leva, F.
Joint modelling of recurrent events and survival: a Bayesian nonparametric
approach

Domanin, M.; Bissacco, D.; LeVan, D.; Vergara, C.
Computational fluid-dynamic comparison between patch-based and direct
suture closure techniques after carotid endarterectomy



	qmox33-copertina
	mox-20177371228
	Introduction
	Problem definition
	Weak formulation of the problem
	Well-posedness of the problem

	The discrete problem
	Stability of Riesz projection

	Conclusions
	Conclusions
	Acknowledgments
	References

	qmox33-terza_di_copertina

